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This paper outlines some of the general considerations which must be 
taken into account in setting up any practical sampling inspection plan. 
An economical method of inspection is developed in detail for the case 
where the purpose of the inspection is to determine the acceptability of 
discrete lots of a product submitted by a producer^ By employing proba- 
bility theory, the method places a definite barrier in the path of material 
of defective quality and gives this protection to the consumer with a 
minimum of inspection expense. 

NE of the common questions in every day inspection work is, 
How Much Inspection? The answer must always be arrived at 

in the light of economy for only the least amount of inspection which 
will accomplish the purpose can be justified. 

We wish here to consider the problem of setting up an economical 
inspection plan whose immediate purpose is the elimination of indi- 
vidual lots of product which are unsatisfactory in quality. By a lot 
of unsatisfactory quality is meant one that contains more than a 
specified proportion of defective pieces. This proportion is usually 
small and is based on economic considerations. The interest in 
inspections made for the elimination of such lots is shared by two 
parties,—the producer and the consumer. The consumer establishes 
certain requirements for the quality of delivered product. The 
producer so arranges his manufacturing processes and provides such 
an inspection routine as will insure the quality demanded. Our 
problem recognizes that the consumer runs some risk of receiving 
lots of unsatisfactory quality, if the quality of each lot is judged by 
the results of inspecting only a sample. The method of attack 
presumes the adoption of a risk whose magnitude is agreeable to the 
consumer and the selection of a particular inspection procedure which 
will involve a minimum of inspection expense on the part of the 
producer while guaranteeing the protection agreed upon. 

Considering various possible concepts of a risk, the consumer would 
prefer to have one adopted that was worded as follows: 

"Not more than a specified proportion of the delivered lots 
shall be unsatisfactory in quality." 

In other words, he would like to have the assurance that "the risk 
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of receiving a lot of unsatisfactory quality shall not exceed some 
definite figure." This risk involves two probabilities: 

(a) that an unsatisfactory lot will be submitted for inspection. 
{h) that the inspector will pass as satisfactory, an unsatisfactory 

lot submitted for inspection. 

Without definite information regarding probable variations in the 
producer's performance and without an absolute assurance that this 
performance will remain consistently the same, the use of probability 
(a) in stating the risk to the consumer might be misleading. This 
probability will therefore receive no further consideration in this paper 
so far as the definition of the risk to the consumer is involved. 

For probability (6) a reasonably low value for an upper limit can 
be given without any knowledge of the producer's performance. 
This upper limit (as defined below) has been taken as the starting 
point for the inspection method presented in this paper. The concept 
of risk which has been adopted gives the consumer unconditional 
assurance that his "chance of getting any unsatisfactory lot submitted 
for inspection shall not exceed some definite magnitude." This 
magnitude is the Consumer's Risk used. 

Our problem may hence be stated as follows: 

Given a product of a specified type of apparatus or material 
coming from a producer in discrete lots, what inspection plan 
will involve a minimum of inspection expense, and at the same 
time insure that under no conditions will more than a specified 
proportion of the unsatisfactory lots submitted for inspection be 
passed for delivery to consumers? 

This problem is economic in character and its solution involves the 
use of probability theory for establishing the height of the barrier 
to be placed in the path of unsatisfactory material. 

Our attention will be directed particularly to the inspection of 
material which is produced more or less continuously on a quantity 
basis as distinguished from intermittent production in relatively 
small amounts. Under these conditions the producer is able to 
secure a continuing record of performance and to set up an inspection 
program which takes advantage of current quality trends. 

General Considerations in Setting Up an Inspection Method 

The broad purpose of inspection is to control quality by critical 
examinations at strategic points in the production process. Raw 
materials must be inspected. Some of the rough and finished parts 
must be inspected. In the manufacture of even the simpler kinds of 
merchandise, inspections dot the chart of progress from raw materials 



A METHOD OF SAMPLING INSPECTION 615 

to the finished product. The distribution of inspection activities 
throughout any process must be so ordered that the net cost of pro- 
duction will be consistent with the quality demanded by the customer. 
To determine whether an inspection should be made, or how much 
should be made at any one of the formative stages, is a major problem 
involving questions of both quality and economy. 

One hundred per cent inspection is often uneconomical at a point 
in the production process where inspection is clearly warranted, par- 
ticularly when preceded or followed by other inspections, inasmuch as 
the cost of more inspection at that point may not be reflected by a 
corresponding increase in the value of the finished product. In 
special cases, for example where inspection is destructive, 100 per cent 
inspection may be totally impracticable. Sampling inspections are 
often best from the standpoint of both the producer and the consumer 
when the value of quality and the cost of quality are weighed in the 
balance. 

To arrive at an answer to the question, How Much Inspection, it is 
first essential to define clearly just what the inspection is intended to 
accomplish and to weigh all of the important factors both preceding 
and following the inspection in question which have a direct influence 
on the quality of the finished product and which as a whole determine 
how large a part this inspection step must play in controlling quality. 
Should it serve as an agency for making sure that the product at this 
stage conforms 100 per cent with the requirements for the features 
inspected? If so, 100 per cent inspection is required. Or should it 
serve to make reasonably certain that the quality passing to the next 
stage is such that no extraordinary effort would have to be expended 
on defective material? If so, sampling inspection may be employed. 
Ahead of all else, decisions are needed as to the specific requirements 
that must be satisfied by the inspection plan itself. This part of the 
problem is a practical one—one which must be approached in the light 
of experience, knowledge of conditions and the statistics of past per- 
formance. Once the basic requirements of the plan are agreed upon, 
probability theory can assist in formulating the details which will 
accomplish the desired results. It is important to hold in mind that 
statistical methods are aids to engineering judgment and not a sub- 
stitute for it. 

An attempt has been made in Fig. 1 to show schematically some of 
the outstanding general considerations which must be taken into 
account in establishing a proper setting for any problem that seeks 
to determine the economical amount of inspection. Inspections vary 
widely in purpose, type and character. While their broad purpose is 
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to control quality, the immediate objects of individual inspection 
steps differ. For example, the object of one step may be to secure 
information which will assist directly in controlling the manufacturing 
process by detecting errors or trends in performance which would 
become troublesome if allowed to persist unchecked. In other places 
the immediate object may be to determine the acceptability of definite 
quantities of product or to provide a screen for sorting the bad pieces 
or the bad lots from the good ones. Materials, parts in process and 
finished units are scrutinized with these objects in view. Depending 
on circumstances, the character and completeness of inspections vary 
from visual examination of small samples to careful measurement or 
testing of each piece. 

Conditions Under Which the Present Method Applies 

A large amount of industrial inspection work consists in comparing 
individual pieces with a standard—such as gauging a dimension or 
measuring an electrical property—to determine whether the pieces do 
or do not conform with the requirements given in specifications. This 
is often referred to as inspection by the "method of attributes." Con- 
sideration will be directed here to the case where non-destructive 
sampling inspection of this kind is conducted on discrete lots of 
product for the purpose of determining their acceptability. 

From the standpoint of sampling theory, one of the general require- 
ments is that each lot should be composed of pieces which were 
produced under the same essential conditions. Practically, this means 
that an attempt should be made to avoid grouping together batches 
of material, which, due to manufacturing conditions or methods, are 
apt to differ in quality. It is presumed, of course, that the sample 
drawn from any lot will be a random sample so that it may fairly 
represent the quality of the entire lot. 

Summing up the general conditions for which a solution is sought, 
we assume 

(1) The purpose of the inspection is to determine the acceptability 
of individual lots submitted for inspection, i.e., sorting good 
lots from bad. 

(2) The inspection is made by the "method of attributes" to 
determine conformance with a particular requirement, i.e., 
each piece does or does not meet the limits specified. 

(3) A lot is homogeneous in quality and the sample from it is a 
random sample. 

The starred items in Fig. 1 indicate the set of conditions involved in 
our problem. 
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Protection and Economy Features of the Method 

The adoption of sampling inspection at any stage of manufacture 
carries with it the premise that the product emerging from this point 
does not have to conform 100 per cent with specification requirements. 
It is often more economical, all things considered, to allow a small 
percentage of defective pieces to pass on to subsequent assembly 
stages or inspections for later rejection than to bear the expense of a 
100 per cent inspection. Under these conditions, the status of the 
inspection can be clarified by establishing a definite tolerance for 
defects for the lots submitted to the inspector for acceptance. This 
may be specified as an allowable percentage defective, a figure which 
may be considered as the border line of distinction between a satis- 
factory lot and an unsatisfactory one. Thus, if the percentage 
defective is greater than this "tolerance per cent defective," the lot 
is unsatisfactory and should be rejected. We say "should be" 
rejected but this cannot be accomplished with absolute certainty if 
only a sample is examined. Sampling inspection involves taking 
chances since the exact quality of a lot is not known when only a part 
is inspected. According to the laws of chance, a sample will occasion- 
ally give favorable indications for bad lots which will result in passing 
them for delivery to consumers. 

The first requirement for the method will therefore be in the form 
of a definite insurance against passing any unsatisfactory lot that is 
submitted for inspection. 

The second requirement that will be imposed is that the inspection 
expense be a minimum, subject to the degree of protection afforded 
by the first requirement. 

For the first requirement, there must be specified at the outset a 
value for the tolerance per cent defective as well as a limit to the 
chance of accepting any submitted lot of unsatisfactory quality. The 
latter has, for convenience, been termed the Consumer's Risk and is 
defined, numerically, as the probability of passing any lot submitted 
for inspection which contains the tolerance number of defects. 

As will be shown further on, the first requirement can be satisfied 
with a large number of different combinations of sample sizes and 
acceptance criteria. To satisfy the second requirement, it is necessary 
then to determine the expected amount of inspection for a variety of 
inspection plans, determine the cost of examining or testing, add the 
costs other than those incurred in the simple process of examining 
samples, and choose among these plans that which involves a minimum 
of inspection expense. 

There are, of course, a number of possible general methods of 
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inspection procedure, such as single sampling, double sampling, 
multiple sampling, etc., which allow the examination of only one 
sample, of two samples, or of more than two samples before a pre- 
scribed disposition of the entire lot is made. For each of these general 
methods, different combinations of sample sizes and acceptance 
criteria can be found which will satisfy the first requirement. We now 
prescribe that any lot which fails to pass the sampling requirements 
shall be completely inspected. Under this condition, one of the above 
mentioned combinations will give a lesser amount of inspection than 
the rest. Since a major cost item is that associated with the amount 
of inspection, we will carry through in detail the problem of finding 
the combination which will result in the minimum amount of in- 
spection for one simple general method of inspection. 

Single Sampling Method of Inspection 

Attention is now directed to what is termed the Single Sampling 
method of inspection, which involves the following procedure: 

(a) Inspect a sample. 
(b) If the acceptance number for the sample is not exceeded, accept 

the lot. 
(r) If the acceptance number is exceeded, inspect the remainder of 

the lot. 

The term "Acceptance Number" is introduced to designate the 
allowable number of defects in the sample. 

For this procedure, the first requirement reduces the problem to 
one which can be solved readily by determining probabilities associated 
with sampling from a finite lot containing the tolerance number of 
defects. For any sample size, there is a definite probability of finding 
no defects, of finding exactly one defect, exactly two defects, etc. 
If, under the above conditions, the acceptance number were 1, for 
example, there is one value of sample size such that the probability 
of finding one or less defects is equal to the value of the Consumer's 
Risk specified. Since a lot will be accepted if the observed number 
of defects does not exceed the acceptance number, the probability 
of finding one or less defects in a sample selected from a lot of tolerance 
quality is the risk of accepting any lot of tolerance quality submitted 
to the inspector. It follows that the risk of accepting a lot of worse- 
than-tolerance quality is less than the Consumer's Risk just defined. 
If the producer gets into trouble and begins to submit lots of un- 
satisfactory quality, the consumer has the assurance that his chance 
of getting them will not exceed this figure. In fact, the worse the 
quality, the less will be their chance of passing without a detailed 
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inspection. Thus the amount of inspection is automatically increased 
as quality degenerates. 

For every acceptance number, such as 0, 1, 2, etc., there is an unique 
size of sample which will satisfy the specified values of tolerance 
per cent defective and Consumer's Risk. We thus have many pairs 
of values of sample size and acceptance number from which to choose. 

The second requirement dictates which pair shall be chosen. We 
will select that pair which involves the least amount of inspection 
for product of expected quality. In industry, the quality emerging 
from any process tends to settle down to some level which may be 
expected more or less regularly day by day. If this level could be 
maintained quite constant, if the variations in quality were no larger 
than the variations that could be attributed to chance, then inspection 
could often be safely dispensed with. But practically, while such a 
level may be adhered to most of the time, instances of man failure 
or machine failure are bound to arise spasmodically and as a result 
the quality of the output may gradually or suddenly become unsatis- 
factory. The method of solution takes into consideration this usual 
or expected quality and requires an estimate of the expected quality 
under normal conditions. A satisfactory estimate of this can usually 
be obtained by reviewing data for a past period during which normal 
conditions existed and by utilizing such other pertinent information 
as bears on manufacturing performance under present or anticipated 
conditions. This expected value is defined as the process average to 
be used in the solution. Thus the method under discussion will 
assure the producer of a minimum of inspection expense so long as 
he holds to his expected performance. If he gets into trouble and 
the quality becomes poorer than normally expected, the method 
automatically increases the inspection by an amount which varies 
with the degree of quality degeneration. This reacts on the producer 
directly by increasing his inspection expense and serves as an incentive 
to the elimination of the causes of trouble. The producer's expected 
performance is thus made use of in a way that affects the economy 
of the producer's inspection work but is not used to color or affect 
the magnitude of the Consumer's Risk. 

The amount of inspection, that will be done in the long run for 
uniform product1 of process average quality is made up of two parts: 

(1) The number of pieces inspected in the samples. 
(2) The number of pieces inspected in the remainder of those lots 

which fail to be accepted when a sample is examined. 
'By "uniform product" is meant one produced under a constant system of 

chance causes, giving rise to a quality which is a chance variable. In the present 
paper, this chance variable is assumed to be the Point Binomial. 
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But what proportion of the lots will fail to be accepted on the basis 
of the sampling results? Here is where probability theory comes in 
again. There will be a definite probability of exceeding the acceptance 
number in samples drawn from material of process average quality. 
Since we are interested in the amount of inspection in the long run, 
the sample at this stage of the problem may be regarded as drawn from 
a very large (mathematically infinite) quantity of homogeneous 
product whose percentage defective is equal to the process average 
per cent defective. Thus, for example, with an acceptance number 
of 1, the average 2 number of pieces inspected per lot as a result of 
extended inspections is equal to the number of pieces in the remainder 
of a lot multiplied by the probability of finding more than one defect 
in a sample drawn from an infinite quantity of material of this quality. 
This value plus the number of pieces inspected in the sample gives 
the average amount of inspection per lot for an acceptance number of 1. 
Similar results are found for all other acceptance numbers and the 
desired solution is obtained by choosing that acceptance number for 
which the average amount of inspection per lot is a minimum. 

The plan thus provides the inspector with a definite routine to 
follow, such that his inspection effort will be a minimum under normal 
conditions. 

Charts for Single Sampling 

For any specified value of Consumer's Risk, charts may readily be 
constructed to give the acceptance number, the sample size, and the 
average number of pieces inspected per lot for the conditions outlined 
above. To illustrate the general character of these charts, Figs. 2, 
3 and 4 are presented for a Consumer's Risk value of 10 per cent. 

In the appendix it is shown that the acceptance number which 
satisfies the condition of minimum inspection is dependent on two 
factors, (1), the tolerance number of defects for a lot, and (2), the 
ratio of the process average to the tolerance for defects. Fig. 2 based 
on this relationship defines zones of acceptance numbers for which 
the inspection is a minimum. 

Fig. 3 gives curves for finding the sample size. The mathematical 
basis for these curves is likewise given in the appendix. For a given 
tolerance number of defects and the acceptance number found from 
Fig. 2, the value of tolerance times sample size is determined. This 
quantity divided by the tolerance gives the sample size. The curves 
shown are based on an approximation which is satisfactory for practical 
use when the tolerance for defects does not exceed 10 per cent and the 
sample size is not extremely small. 

2 It is to be noted that wherever "average" appears in the paper, "expected" 
value, in the rigorous probability sense, is meant. 
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Fig. 4 gives curves which enable one to determine the minimum 
average number of pieces inspected per lot for uniform product of 
process average quality. For a given tolerance number of defects 
and a given ratio of process average to tolerance, a value of tolerance 
times minimum average number inspected per lot is determined. 
This when divided by the tolerance gives the desired value of minimum 
average number inspected per lot. 

Illustrative Example 

Suppose that lots of 1,000 pieces each are inspected for a charac- 
teristic having a specified tolerance of 5 per cent defective and that 
the process average quality of submitted lots is 1 per cent defective. 
If it is desired to have a risk of 10 per cent of accepting a 5 per cent 
defective lot, what single sampling plan should be followed by the 
inspector to give a minimum amount of inspection, and how much 
inspection per lot will be required on the average? 

Referring to Fig. 2, for "Tolerance Number of Defects" (.05 
X 1,000) = 50 and "Ratio of Process Average to Tolerance" (.01/.05) 
= .20, we find the acceptance number = 3. 

Referring to Fig. 3, for "Tolerance Number of Defects" = 50 and 
"Acceptance Number" = 3, we find "Tolerance Times Sample Size" 
= 6.5. Dividing by the tolerance (expressed as a fraction defective) 
= .05, gives a sample size of 130. 

Referring to Fig. 4, for "Tolerance Number of Defects" = 50 and 
"Ratio of Process Average to Tolerance" = .20, we find by inter- 
polation that the "Tolerance Times Minimum Average Number 
Inspected" = 8.2. Dividing by the tolerance, .05, gives an average 
number inspected per lot of 164. 

This solution has thus been obtained by the initial specification of 
first, the tolerance per cent defective for a single lot and a value for 
the Consumer's Risk, these two factors being combined to give a 
definite measure of protection against passing faulty material, and 
second, a minimum amount of inspection for product of process 
average quality. 

These two requirements control the exact details of inspection 
procedure and must be initially chosen on the basis of practical 
considerations and circumstances. The specification of these factors 
lends definiteness to the problem of inspection and provides a rational- 
ized basis of procedure which can be depended on to give the desired 
degree of protection. Obviously, any value of Consumer's Risk may 
be chosen according to circumstances. The value which is proper 
in any case is dependent on the conditions associated with the product 
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inspected, such as the degree of control exerted by the producing 
agencies, or the protective measures which precede or follow the 
inspection step in question. For any Consumer's Risk value, sets of 
charts similar to Figs. 2, 3, and 4 may be constructed. 

Other Methods of Inspection 

The above detailed discussion has been limited to one simple 
method of inspection, Single Sampling, in order to show how certain 
concepts and principles may be applied with the aid of sampling 
theory. The same principles are readily extended to a plan of double 
sampling or of multiple sampling in which cases a second sample may 
be examined if the first fails or a third, fourth, etc. examined if the 
preceding samples fail, before resorting to a detailed inspection of 
the remainder of a lot. As a matter of fact, for given values of 
tolerance and risk, the minimum average amount of inspection per 
lot will be somewhat less for plans which permit the examination of 
more than one sample before detailing, but when consideration is 
given to the costs associated with interruption of work, extraction of 
additional random samples, inconveniences or difficulties in handling 
the routine called for, etc., it has not been found economical in general 
to examine more than two samples from any lot. 

It may be well to point out that other basically different require- 
ments may be chosen for setting up economical sampling inspection 
plans. For example a satisfactory method has been devised to meet 
the following requirements: 

(1) A limiting value to the average per cent defective after in- 
spection. 

(2) A minimum amount of inspection for product of process average 
quality. 

This method has been found of value in continuous production where 
the inspection is intended to serve as a partial screen for defective 
units. It differs from that described above in that it provides a 
fixed limit to the average quality of product after inspection rather 
than a limit to the quality of each individual lot. 

The solution of such problems, which employ probability theory 
as an aid, always demands a concise statement of the conditions and 
the specification of numerical requirements which the inspection must 
satisfy. 

MATHEMATICAL APPENDIX 

The problem considered is to minimize the average number of 
pieces inspected per lot in Single Sampling Inspection. The method 
and equations developed below may be extended to problems involving 
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2, 3, 4, etc., samples. The method of extension is somewhat compli- 
cated although the procedure is identical in nature. For example, in 
Minimum Double Sampling, first and second acceptance numbers and 
corresponding first and second sample sizes must be found, and at 
the same time the total Consumer's Risk must be properly divided 
between the two samples. We will restrict our attention to the 
problem of Minimum Single Sampling. 

The first seven variables defined below in Table I enter into the 
two equations needed for the solution of the problem, the first three 
being fixed by the requirement of the method that a definite protection 
be provided against accepting faulty material, the fourth being fixed 
by the requirement that the average amount of inspection shall be 
a minimum for uniform product of process average quality. There- 
fore, the three unknown variables are c, n, and I. The five variables 
N, n, /, p, and pi are replaced in the solution by four variables which 
have been obtained from the original variables by combining pi with 
the other four, viz. M = piN, a = pin, z = pj, and k = p/pi. 
Since M, P, and k are specified by the method, the unknown variables 
are c, a, and z. Two tables showing respectively the notation 3 and 
the disposition of the variables are presented below. 

TABLE I 

Nomenclature 
N = number of pieces in lot, 
P = Consumer's Risk, the probability of accepting a submitted lot of tolerance 

quality, 
pi = tolerance fraction defective, 
p = process average (expected) fraction defective, 
c = acceptance number, the maximum allowable number of defective pieces in 

sample, 
n = number of pieces in sample, 
I = average (expected) number of pieces inspected per lot, 

M = piN = number of defective pieces in lot of tolerance quality, 
a = pin = expected number of defective pieces in sample drawn from lot of 

tolerance quality, 
s = pj = product of tolerance and average (expected) number of pieces in- 

spected per lot, 
k = p/pt = ratio of process average to tolerance, 

m = number of defects found in sample, 
TV! CN = -r-rr " ., . = number of combinations of N things taken n at a time. (TV — «) In! 

The solution of the problem requires the consideration of the 
3 The symbols p and pi, as used in this problem, are assumed true parameters of 

the universe sampled and according to the notation adopted by these Laboratories 
should be primed, i.e. p' and pi'. For the sake of simplicity here the prime notation 
has been omitted in the equations. Ref. W. A. Shewhart, "Quality Control," 
Bell System Technical Journal, Vol. VI, p. 723, footnote 3, October, 1927, 
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following two equations: 
z = fi(M, a, c, k), (1) 

P=MM,a,c), (2) 

where/i and/2 represent symbolic functions wh.ch are to be determined 
later. 

We wish to find a pair of values (c, a) which will make 2 a minimum, 

TABLE II 
Disposition of Variables 

Initial Initial Initial Variables Fixed Unknown 
Variables Fixed Unknown Used in Variables Variables 
Involved Variables Variables Method of Method of Method 

N N II 
| 

M 
P P P P 
Pt Pt k = pjpt k 
P P c c 
c c a = pin a 
n n z = pJ z 
I I 

subject to the condition that this pair (c, a) satisfies equation (2). 
Hence, due to the discreteness of c, pairs (c, a) satisfying (2) are 
substituted in (1) until a minimum value of 2 is found. Thus, for 
P = .10 and for given values of M and k, we read c from Fig. 2, 
a for this value of c from Fig. 3, and the minimum value of 2 from 
Fig. 4. 

Basis of Fig. 2 Giving Minimum Acceptance Numbers 

In determining the function/1 involved in equation (1), the average 
number of pieces inspected per lot, /, is treated as the dependent 
variable. Since a sample is always taken, n pieces will be inspected 
from every lot submitted. The number of times that the remainder 
of the lot {N — n) will be inspected on the average is determined 
from the expression giving the probability that more than c defective 
pieces will be found in n. The sample is assumed to be drawn from 
a product of which a fraction, p, is defective. The probability that c 
or less defective pieces will be found in n pieces selected at random 
from a product containing p fraction defective pieces is given by the 
sum of the first c + 1 terms of the Point Binomial [(1 — p) + ij\n. 
Hence the average number of pieces inspected per lot is determined 
from the relation, 
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I = n + {N - n) \ I - Y Cm
n(l - • 

L m=0 J 

For the condition, p < .10, which is usual in practice, it has been 
found satisfactory to replace the Point Binomial by the Poisson 
Exponential.4 By multiplying both sides of the equation by pt we 
obtain z in the form, 

m~c (ka)me ka 

d') m=0 

which is the function/i desired. 
To obtain /o, we state the probability of finding c or less defects in 

a sample n taken from a lot N containing M = ptN defective pieces. 
This is given by the equation, 

i m=c 
r> _ _L_ V rN-MrM 1 — n—TO '-'TO • 

C-n '7/1=0 

But this equation is too difficult to handle in general computations 
on a large scale. When pi < .10 and n is sufficiently large, a satis- 
factory approximation to the above equation may be developed from 
the first c + 1 terms of the Point Binomial, that is 

m=c l M\n~m I M\m . . - M 

^=S.Cs(1-¥) {-W) , -nee p.-jf- 

An even better approximation is obtained by interchanging 5 n 

and M in the latter equation giving the expression, 

P=Z e( 1 -Xr 771=0 

n \M-m/n 
N \N 

Since we obtain the final form, 

p = mfee(i-^r"(ffr. (2') 
771 = 0 

vhich is the function/n desired. ^ ^ 

Now that we have /i and/o as expressed in equations (!') and (2 ) 
ve must explain how big. 2 was obtained. When P — .10, for any 
lair {M, k), a particular pair (c, a) was found which made z a minimum. 
Phe acceptance number c may assume only discrete values since any 

4G A. Campbell, "Probability Curves Showing Poisson's Exponential Sum- 
mation," Bell System Technical Journal, Vol. II, pp. 95-113, January, 1923. 5 Paul P Coggins, "Some General Results of Elementary Sampling Theory for 
Engineering Use," Bell System Technical Journal, Vol. VII, p. 44, Equation (11), 
January, 1928. 
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piece must be considered either as defective or non-defective. Hence 
minimum values of 2 ^mm.) will be found for many pairs {M, k) for 
the same value of c. From this it is evident that on an M, k plane 
there exist zones in which the acceptance numbers are identical. To 
find the boundary lines of these zones it was noted that for certain 
pairs (il/, k) two pairs of (c, a) exist, giving the same minimum value 
for 2. These values of c were found to differ by 1 in all such cases. 
Designating in general two such adjacent acceptance numbers as c 
and c + 1 and corresponding values of a which satisfy the Consumer's 
Risk as ac and ac+i, we may obtain these boundary curves from the 
equation, 

. T^c {kdc) me~kac m^+1 (&ac+1) me-kac+i 
{M - ac) E  = {M - ac+l) E ' ^  

m=0 Wl • m=0 Wl 

In using the above equation to determine these boundary curves 
for Fig. 2, the following steps were taken: 

(1) Assume values for c and c -f 1. 
(2) Determine ac and ac+i for a given value of P assuming N to 

be infinite. 
(3) For any given value for k, solve the linear equation in M 

obtained by substituting the assumed values in the above 
equation. 

(4) Using the value of M thus found, determine the exact values 
of ac and ac+i from equation (2') for P = .10 (Fig. 3). 

(5) Using the same value of k, again solve the linear equation in M 
substituting the values of ac and ac+i obtained from step (4). 

(6) If the values ac and ac+i obtained in step (4) satisfy the value of 
M thus found, the values of M and k define a point on the 
boundary curve between two adjacent acceptance numbers. 
If these values of a do not satisfy the value of M thus de- 
termined, steps (4) and (5) may be repeated until the limiting 
conditions are satisfied. 

Basis of Fig. 3 Giving n for Any c 

For given values of the Consumer's Risk P and acceptance number 
c, the sample size n may be obtained from equation (2') since a = pin. 
For the case P = .10 values of a are presented in Fig. 3 for selected 
ranges of M and c. 

Basis of Fig. 4 Giving the Minimum Average Number of 
Pieces Inspected Per Lot 

The curves in Fig. 4 represent specific values of 2min. on an M, k 
plane for P = .10. Each curve was obtained by substituting given 
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values of k, and (c, a) in equation (1') and solving for M. If, for 
this value of M thus found, the selected values of c and a coincide 
with those read respectively from Figs. 2 and 3, a point was established 
for the given value of smin. on the ilf, k plane. If not, sufficient trials 
were made until the condition given by Figs. 2 and 3 were met. The 
curves for 2mln were thus determined. To obtain /mjn. it was only 

necessary to use the relation /mln = 1 

Pi 



The Frequency Distribution of the Unknown Mean 
of a Sampled Universe 

By E. C. MOLINA and R. I. WILKINSON 

In drawing conclusions as to the reliability of the mean of a sample it 
is important that all relevant information be taken into consideration. 
The mathematical analysis in this paper is based on the Laplacian Bayes 
Theorem which implicitly comprehends the results of a sample together 
with the a priori knowledge available concerning the parameters of the 
universe. 

The discussion is limited to a universe assumed to be normal but whose 
mean and precision constant are unknown. Several simplifying, yet quite 
reasonable, assumptions regarding the forms and independence of the 
a priori frequency distribution of the true mean and standard deviation are 
incorporated in the analysis so that numerical answers may more easily 
be deduced. 

Conclusions, properly drawn, are usually quite definitely dependent 
upon the a priori assumptions made, and especially so in the case of small 
samples. A considerable space is, therefore, devoted to the solution of a 
problem in which the sample is only five, taking up a wide variety of these 
a priori assumptions. They give, in consequence, a wide range of numerical 
results, appearing in the form of probable errors in the mean of the sample. 
Each set of assumptions is briefly discussed indicating how the sampling 
technician may be able to make a selection consistent with his a priori 
knowledge of a particular problem. 

EVERY observation or series of observations upon the items 
composing a "universe" or "population" may be regarded as 

constituting a sample. We may divide sampling into two broad 
natural classes, (1) Sampling of Attributes, and (2) Sampling of 
Variables. The theory of the first class concerns itself with some 
particular characteristic, such as the color red, which each item of 
the universe definitely does or does not possess, and endeavors to 
assign, ultimately, a numerical value to the probability that the 
number or proportion of the items in the universe having this character- 
istic lies within any given range. The second division comprehends 
that wide variety of problems in which each item of the universe 
displays to a greater or less degree the same particular quality, such 
as length, weight, or resistance. After having drawn a random 
sample of items, probability theory is called upon to assert with what 
likelihood certain important descriptive constants or "parameters" 
of the universe lie within any given ranges. 

In either class the problem is legitimately attacked by means of a 
posteriori probability theory. This theory makes use of the two 
important distinct kinds of knowledge which, in varying amounts, 
are always at hand, namely, (1) a priori or preexisting information 
regarding the universe and the possible values which the unknown 

632 
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values of zmin., k, and (c, a) in equation (!') and solving for M. If, for 
this value of M thus found, the selected values of c and a coincide 
with those read respectively from Figs. 2 and 3, a point was established 
for the given value of zmln_ on the M, k plane. If not, sufficient trials 
were made until the condition given by Figs. 2 and 3 were met. The 
curves for 2mln. were thus determined. To obtain Irn^i it was only 

necessary to use the relation Imia = • 
Pt 
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parameters may assume, and (2) the actual observed value of the 
studied characteristic in each item of the sample. The a priori 
information may be meager, in some instances hardly more than the 
limits between which the parameters must lie, and again, from past 
experience a great deal may be known about the universe, such as 
its general form of frequency distribution, the most likely value for 
each of its parameters to take, and a general feeling that they will 
not, except in rare cases, lie outside of certain well defined ranges 
closely bordering their believed most likely values. When the a 
priori knowledge is meager, more weight must be attached to the 
results of the sample, but when considerable a priori information is 
at hand relatively less reliance should be placed in the sample; and 
in some rare cases it is conceivable that so much is known before 
the drawings are made that a particular sample, especially if small, 
would justifiably be disregarded entirely. 

The Sampling of Attributes on the a posteriori basis for both 
infinite and finite universes has already been set forth in these pages 
at considerable length.1 The theory of Sampling of Variables when 
the samples are large becomes usually a matter of assuming that some 
of the parameters of the sample are sufficiently close to those of the 
universe that no sensible error will be made in assuming them to be 
equal. In this case the a priori knowledge of the universe, unless 
far more exact than is normally found in practice, would exercise 
but a slight effect in the conclusions which might be drawn, and is 
therefore quite often properly neglected. 

When, for one reason or another, some conclusions are demanded 
after having taken a small sized sample, it cannot safely be assumed 
that the sample itself adequately describes the universe, and what a 
priori knowledge we have must, of necessity, play an important role 
in the determination of any legitimate statements as to the constitution 
of the universe. 

The purpose of this paper is to study in strict accordance with the 
theory of probability the conclusions which may be drawn concerning 
the true parameters of the unknown universe after a "sample of varia- 
bles" of any size has been examined. 

The paper is divided into the following five sections: 
I. The general equation is given for the a posteriori probability 
1 "Deviation of Random Samples from Average Conditions and Significance 

to Trathe Men," by E. C. Molina and R. P. Crowell, January 1924. "Some General 
Results of Elementary Sampling Theory for Engineering Use," by P. P. Coggins, 
January 1928. This second paper is based on another by Mr. E. C. Molina presented 
before the Statistical Section of the International Mathematical Congress, held at 
Toronto in August 1924. 
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that the true mean of a sampled normal universe lies 
within a given range. 

II. Certain mild restrictions are placed on the general equation of 
(I) to facilitate its use in practice. 

III. The selection of a priori frequency functions in practice is dis- 
cussed. 

IV. A typical example is selected and solved for various a priori 
existence probability distributions with a discussion of the 
ranges of errors. 

V. Conclusions. 

I. The General A Posteriori Equation 

It is common, unless information is known to the contrary, to 
assume that the universe from which the sample is to be made is 
composed of an infinite number of items all having a particular 
characteristic whose numerical value from item to item follows the 
normal frequency law. In the remainder of this paper we shall 
limit ourselves to a discussion involving only this type of universe. 
The problem may now be precisely stated: 

A set of n observations has been made on a variable quantity 
drawn from a universe wherein the normal law of errors 

/ h\1/2 

(w /' = l/2<r2 

is satisfied but the values of the mean and the precision constant, 
or standard deviation, are unknown; before the observations were 
made the probability in favor of the simultaneous existence of the 
inequalities 

ni < mean < w + dm (1) 

h < precision constant < h + dh (2) 

was some function of m and h, say W{m, h)dmdh\ what is the proba- 
bility that after the observations were made the unknown mean 
satisfies the inequality (1)? 

Let Xi, Xz •' ■ Xn be the values for x given by the n observations. 
Set 

nx = ^fxi, ns- = — x)2. 
i i 

Now if m and h were known the probability that a set of n observa- 
tions, not yet made, would give values Xi, .ra, ■ ■ ■ xn would be 

/ /, \ (1/2) n . 
( — j e -(Xi~m)tdxidx2 • • • dxn. (3) 



(4) 
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Therefore, by the Laplacian generalization of the Bayes formula, 
the a posteriori probability that 

m < mean < m + dm 

is (cancelling factors which do not involve m or h) 
Xco 2 

W{m, h)¥U0-)ne-mXi-m)2dh 
= — —  

dm I W{m, h)h(U2) ne~h-(Zi~m)2dh 
—co 0 

= Adm r W(m, h)h^ne-h~^-m)2dh, 
Jo 

where T is a constant such that 
fOO 
I P(m)dm = 1. 

«y—oo 

II. Introduction of Restrictions on General Equation 

We are now confronted by a difficulty inherent to a posteriori 
probability problems. What do we know as to the form of the a 
priori existence probability function W(m, h) ? If in a specific practical 
problem the form of W{m, h) is unknown, no conclusions can be 
drawn from the set of observations unless some assumptions are made 
and then the weight assignable to the conclusions drawn is a delicate 
question depending on the reasonableness of the assumptions.3 

The analysis and results given below are based on assumptions 
which the writers believe will be found justifiable in many problems 
of practical interest. 

A first assumption which suggests itself is that m and h are inde- 
pendent a priori so that we may write 

W{m, h) = Wi{m) WJh). (5) 
On this assumption 

P{m)dm = AWi{m)dm f W2{h)h(-ll2)"e~h-{Xi~'">2dh. (6) 
Jo 

As a second step toward tentative solutions assume that 

W2O1) = Kh^ce-a\ (7) 
2 See Poincare; "Calcul des Probabilites"; 2d edition; articles 178 and 179. 3 In this connection see italicized paragraph, page 266, "Probability and Its 

Engineering Uses," T. C. Fry, 1928. 
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where K, c and a are constants. This, by means of the change of 
variable 

y = h[a + XXx,- - w)2] 

and throwing the definite integral 

Jf»co 
,y(l/2)(n + c)g-I/^-y 

0 

in with the constant A, reduces (6) to 

P{m)din = A'Wi{m)[a + I](xi — m)2]~(1/2)('I+2+c)dw. (8) 

We are still confronted with the a priori existence probability 
function Wi{m). 

A plausible form, suggested by the well known "Student"4 distri- 
bution of the ratio (x — m)/s for a set of observations to be made 
from a normal universe of known mean and standard deviation, is 

W^m) = AxlXA- - m)2]-"'2^, (9) 

where M is the value of m which is a priori most probable, N and B 
are positive constants while the equation 

Xoo 
Wi(m)dm = 1 

00 
gives 

_ B^VQN) 
7r1/2r[|(A - 1)] ' 

With this assumed form and noting that 

XXxi — m)- = ns2 -|- n{x — m)2 

equation (8) gives 

P{m)dm = A'^l + B(M - 

w Ti . / ns- x 
x[1 + (j+^70(^~)J ' (10) 

the integral of P{m)dm between plus and minus infinity determining 
A". 

Recapitulating: formula (10) gives us the a posteriori frequency 
distribution for m in terms of the observed data and the arbitrary 
constants a, c} N, B, M which have entered into the problem in 

4 The writers are aware of the fact that the "Student" frequency function has 
been put forwaid in more than one place as the solution for an a posteriori problem. 
But it should be noted that the various deductions of this function which have been 
given by "Student" and others are entirely a priori. 
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consequence of the three assumptions made regarding the form of 
the a priori existence probability function W{m, h)\ the three assump- 
tions being embodied in equations (5), (7) and (9). 

III. Practical Selection of A Priori Frequency 
Distributions 

In equation (10) we have first to assign a numerical value to each 
of the five constants a, c, N, B, M, before the probability P(m) can 
be evaluated for any desired range of m. Obviously, in actual practise, 
the selection of their values is extremely important and too much 
care cannot be exercised in an attempt to satisfy the engineering 
judgment that all of the a priori information at hand has been nicely 
comprehended. 

In an endeavor to reduce the number of constants to which we 
must assign values we shall consider first the a priori function 

IF2(/0 = Kh^ce-ah. 
Setting 

h = c/2a (11) 

makes W^ih) a maximum. On the other hand, the value of h which 
would make the observed set of values of x most probable is given 
by the equation 

1_ _ 2 Y. (xi - w)2 

h n ' 

or, if m be set equal to x, we obtain the simpler equation 

h = \l2s\ (12) 

Upon eliminating h from (11) and (12),5 

a = cs2. (13) 

In Fig. 3 are shown four frequency curves of Wzih). Curve I is 
plotted for c = 3 according to equation (13), and to illustrate the 
wide possibility of forms, curves II and III have been constructed, 
keeping c = 3, after changing equation (13) to 

cs2 , cs2 

a ~ \ - As2 a ~ 1 + As2' 

respectively. Curve IV again satisfies equation (13) but has c in- 
creased from 3 to 6. 

6 It should be carefully noted that there is no necessary relation between the 
a priori most probable value of h and the value of h which would make the observed event 
most probable. The elimination of h between (11) and (12) is justified solely by the 
practical consideration that a tentative relation between a and c will reduce by 
one the number of arbitrary constants to which numerical values must be assigned. 
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For every assumption of a and c in the a priori distribution of h 
there is, of course, a corresponding a priori distribution, 0((t), of the 
standard deviation. Here 

(t>{<T)da = K'c-^e-^'^da 
and 

/ fla/2)c+i 
K ^ + i)" 

The distributions of a corresponding to each of the four frequency 
curves of h in Fig. 3 are shown in Fig. 4 with similar designations. 

In many cases, too, it is obvious that very little is known concerning 
the shape and the parameters of the mean's a priori distribution 
beyond that it is generally unimodal and quite likely to be fairly 
symmetrical about its most probable value; a mathematical expression 
of this has been set up in equation (9). In this circumstance we 
may not introduce serious restrictions if we make two further assump- 
tions which greatly simplify (9). 

The first is that we set M = x which says that, a priori, the most 
probable value of the unknown mean was the same as that which was 
later calculated as the mean in the sample.0 It is admitted that the 
chance of exactly fixing on M = x from a priori information is very 
small, yet if our knowledge is so slight that we must introduce some 
guesswork here, the selection of the value of x at least has the advan- 
tage of being a possible one which M might assume and, except in 
rare cases, it will not be greatly distant from the true m in that particu- 
lar lot. The logical difficulty here also may be minimized by selecting 
a form of Wi{m) of such flatness that over a considerable range of 
values in the neighborhood of x the existence probability does not 
take on widely differing magnitudes.7 

The second assumption can more readily be allowed, and consists 
in empirically defining 

B = ^ 2- 
a -|- ns2 

This removes a degree of freedom from the Wi{m) function but, as 
far as its form is concerned, except in special cases, the one variable, 
N, may serve quite well in characterizing the pre-existing information. 
As is clearly shown in Fig. 1, the increase of N indicates a greater 

6 While it does not matter in this particular problem, the authors wish to carefully 
distinguish, at least in thought, between an "observed" parameter and a parameter 
calculated from individual observations. 

7 The setting o{ M = x, it should be noted, has no effect if all values of the mean 
are made a priori equally likely by setting N — Q (that is, Wiini) = A i). 
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certainty in the investigator's mind that the true value of m lies 
closer and closer to the assumed most probable figure, M. 

With these two assumptions incorporated in equation (10) we may 
now write 

in which 
P{m)dm =f(t)dt = A"'^ + t*)-v'2)Tdt, (10') 

<«> 

T = n + 2 + c + N, 

1 T^T) A'" --- 
[ " (i + r-)-(ll2)rdt 

%J — 00 
7r^r[Kr - i)] 

The formula (10') is a "Student" 8 frequency form with the argu- 

ments n and 1  replaced by w + 2 + c + iV and 
^(l -f a/ns2)112 

respectively. 
Fig. 2 shows curves plotted for ranges of t such that 

I 

+' 
(1 + t2)-^Tdt = .50, .80, .90, and .9973,9 

t 

and the errors in the mean corresponding to any of these probabilities, 
after determining t, may be found by evaluating x — m in equation 
(14). 

IV. Solution of a Typical Example 

Five samples of retardation coils rated at 47 ohms are taken from a 
large lot, and careful measurements show them to have resistances of 
46.30, 44.40, 47.72, 50.50, and 45.58 ohms respectively. We are 
asked to determine the probable and 99.73 per cent errors of the 
average of these resistances, assuming that the samples have been 
drawn from a normal universe. 

The average of these five values is x = 46.90 ohms and their standard 
deviation about this average is found to be ^ = 2.097. 

From the preceding discussion it is evident that as many answers 
to this problem may be obtained as there are assumptions made 
regarding, in general, the a priori distributions of the mean and 

8 Student: "The Probable Error of a Mean," Biometrika, Vol. VI, No. 1, March 
1908. 

3 Student: "New Tables for Testing the Significance of Observations," Metron, 
Vol. V, No. 3, I-XI1-1925. Tables 1 and II, pages 114-118, for values of k' = 2 
to 21. 
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precision constant, and in our particular analysis the five constants 
found in equation (10). In Table I and Fig. 1 we tabulate and 
portray graphically twenty-one complete solutions of the example 
based upon as many sets of values given to these constants. A wide 

TABLE I 
x -- 46.90 w = 5 s = 2.097 

No. 

Parameters in Existence Probability Distributions 
T 

= 71+2 
+ C +N 

A Posteriori Probability 
Values of Errors in 

Observed Mean 

Mean Precision Constant Probable 
or 50% 
Error 

99.73% 
Error 

M N Ax B c a K 

1 46.9 0   .2274 -3 0 — 4 .923 11.16 
2 46.9 0 — .2274 -2 0 — 5 .776 6.94 
3 46.9 0 — .2274 0 0 — 7 .623 4.23 
4 46.9 0 — .1421 3 13.19* 475.5 10 .626 3.61 
5 46.9 0 — .1098 3 23.55t 2,024 10 .712 4.10 
6 46.9 0 — .1605 3 9.163f 191.2 10 .589 3.39 
7 46.9 0 — .1034 6 26.38* 80,770 13 .625 3.39 
8 46.9 1 — .2274 0 0 — 8 .566 3.59 
9 46.9 1 — .1421 3 13.19* 475.5 11 .587 3.33 

10 46.9 2 .1518 .2274 0 0 — 9 .524 3.17 
11 46.9 2 .1200 .1421 3 13.19* 475.5 12 .558 3.08 
12 46.9 2 .1055 .1098 3 23.55t 2,024 12 .635 3.50 
13 46.9 2 .1275 .1605 3 9.163t 191.2 12 .525 2.90 
14 46.9 2 .1023 .1034 6 26.38* 80,770 15 .575 3.01 
15 46.9 4 .3036 .2274 0 0 — 11 .464 2.63 
16 46.9 4 .2400 .1421 3 13.19* 475.5 14 .511 2.71 
17 46.9 4 .2110 .1098 3 23.55t 2,024 14 .581 3.09 
18 46.9 4 .2551 .1605 3 9.163f 191.2 14 .480 2.55 
19 46.9 4 .2047 .1034 6 26.38* 80,770 17 .537 2.76 
20 41.0 2 .1200 .1421 3 13.19* 475.5 — .665 § 3.87§ 
21 49.0 2 .1200 .1421 3 13.19* 475.5 — .635§ 3.65§ 

* a — ci2. 
CS' 

A -r -io . 
§ Errors determined by planimeter method. 

variety of a priori conditions is assumed giving, in consequence, 
widely varying probable and 99.73 per cent errors. 

The a priori frequency functions, 0(o-), for the standard deviation 
in the first seven cases are shown in broken lines superposed upon 
the distributions of precision constants in Fig. 1. The scales of h 
and a are not to be confused, the attempt being only to represent 
the form of the 0((r) frequency curves. 

(a) If we wish to be very conservative we might select values for 
the unknown constants which would make all values of m and g 
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equally likely, that is, TV = 0, c = - 3, a = 0.10 Here the precision 
constant's a priori distribution is decidedly exponential and we might 
predict the large probable and 99.73 per cent errors in the observed 
average which actually result. 

Case 1 in Table I and Fig. 1 presents the problem in its entirety 
with the resultant errors tabulated as well as shown graphically. 

(b) The engineer's knowledge, however, in all probability, is not so 
limited as in (a) above, at least regarding the precision constant 

— 
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Fig. 2—Errors of averages of samples of size n. 
I—99.73 per cent Error. 

II—90.00 per cent Error. 
III—80.00 per cent Error. 
IV—50.00 per cent Error. 

Note; Abscissa: T = « + 2+ c + 7y. 
Ordinate: I = The Product of the Error of the Average and the Square 

Root of B. 

(or the standard deviation). He knows that extremely small values 
of the precision constant are less likely than larger ones, and to some 
extent we picture the transition from (a) to this impression in the 
Cases Nos. 2 and 3 which as before may be found completely portrayed 

10 The formula for P{m) resulting from a substitution of these constants in 
equation (10') reproduces the result obtained by Drs. J. Neyman and E. S. Pearson 
for all values of the a priori function W'{m, a-) equally likely: Biometrika, Vol. XX^, 
Parts 1 and II, July 1928; "On the Use and Interpretation of Certain Test Criteria 
for Purposes of Statistical Inference," page 196, equation XXXV. 
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in Table I and Fig. 1. Case No. 2, it is interesting to note, is the 
familiar "Student" formula; Case No. 3's outstanding characteristic 
is that all values of h are a priori equally likely. The errors in the 
mean have here been greatly reduced by merely changing the existence 
probability distribution of the precision constant. 

(c) Again, the experienced analyst is quite likely to assume willingly 
that the distribution of the precision constant (and likewise the 
standard deviation) is of a unimodal form having its maximum value 
not greatly distant from the figure determined in the sample. Cases 
Nos. 4 to 7 inclusive typify this kind of assumption while, at the same 
time, all values of the true mean are held a priori, equally likely. 
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Fig. 3—Typical a priori frequency distributions of the precision constant. 
W2Q1) = KhW°e-a*. 

I—c = 3, a = cs- = 13.1922. 
II—c = 3, a = . = 23.5467- 

III—c = 3, a = 
1 - As3 

cs3 

= 9.1629- 1 + As3 

IV—c = 6, a = cs3 — 26.3845. 

The constants for Cases Nos. 4 and 7 have been so selected as to 
bring the modal value of h at that found from the sample, that is, 
that value of h has been made most likely a priori which will make 
the probability of occurrence of the particular value (1/2.J2) calculated 
from the observations, a maximum. Case No. 7 is a considerably 
more peaked distribution than Case No. 4 indicating more faith in 
the modal figure selected as being close to the true value. Cases 
Nos. 5 and 6 illustrate how the mode of the WtQi) function which 
always lies at h = c/2a may be shifted either down or up and the 
extent of modification in the resulting errors which may be expected. 
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The four frequency distributions of h just considered are the same 
as those shown in more detail in Fig. 3; the corresponding distributions 
of the standard deviation are found detailed on Fig. 4. 

(d) If the interpreter of the data is closely familiar with the sampled 
product and has been observing similar lots for some time he may 
have a reasonably good idea as to the value of the general average 
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Fig. 4—Typical a priori frequency distributions of the standard deviation. 
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1 - .Is2 
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= 9.1629. 1 + .Is2 

IV—c = 6, a = cs2 = 26.3845. 

of items produced under these same essential conditions. In Cases 
Nos. 8 to 19, inclusive, use is made of this knowledge on the assumption 
that x, the mean of the sample, turns out to be so nearly equal to M, 
the most likely a priori value of the true mean m, that we may safely 
call them identical. Three values of N, regulating the spread of the 
W\{m) distribution to conform to the observer's best judgment of 
the true circumstances have been associated with the same sequence 
of a priori assumptions regarding the precision constant as were 
presented in Cases Nos. 3 to 7. 



644 BELL SYSTEM TECHNICAL JOURNAL 

The errors found in Cases Nos. 8 to 19 on the various combinations 
of a priori frequency curves lie in a fairly narrow band distinctly 
below those determined from the more conservative assumptions 
underlying Cases Nos. 1, 2 and 3. This well illustrates the importance 
of carefully surveying and as far as possible completely utilizing the 
knowledge available before the sample has been made. 

(e) Finally, cases are bound to occur in which the engineer can 
quite definitely say that some value of M other than x is a priori 
most probable; this situation is encountered in Cases Nos. 20 and 21. 
These are identical with Case No. 11 except that in Case No. 20, 
M has been reduced about 6 ohms and in Case No. 21 raised about 
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2 ohms. The errors are somewhat increased by these changes in M, 
as, of course, we should have predicted. Comparisons such as this 
should help the investigator to decide whether or not his previously 
selected figure for M is sufficiently close to x that they may safely 
be equated. 

In the event that it is decided that M may not be set equal to x, 
in any particular problem, as in Cases Nos. 20 and 21, the symmetrical 
"Student" form of distribution for P{m), (except when N = Q) no 
longer occurs. This is clear from an inspection of Fig. 5 which 
shows the three cases plotted on the same scale. 

It is suggested then, since the integral of P{m)dm here may become 
difficult to handle, that recourse be had to the use of a planimeter 
on the distribution plotted from equation (10) on rectangular co- 
ordinate paper. In this way may be determined within what range, 

M = 46,9 

M =41.0 M = 49,0 

43 45 49 50 42 46 47 46 
m = TRUE MEAN 
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equidistant above and below x, lies the proportion of the total area 
corresponding to the desired probability.11 

V. Conclusions 

We have presented a general equation for the probability that the 
true mean of a sampled normal universe lies within a given range, 
incorporating the kind of knowledge the investigator may be expected 
to have before the sample was made as well as the information directly 
presented by the individual observations themselves. It cannot be 
overemphasized that the problem by its very nature is indefinite 
since it would be a rare instance indeed to find a mathematical expres- 
sion which would completely and exactly summarize the a priori 
knowledge, impressions and beliefs in the mind of any person con- 
fronted with its solution. All that can be found is, at best, an approxi- 
mate probability based upon certain assumptions we are willing to 
make in order to arrive at a numerical result. And only by utilizing 
as far as possible all of the available knowledge will the most nearly 
correct probability values ascertainable be realized. 

11 On certain test cases of "Student" distributions, the error in planimeter readings 
averaged about one-half of one per cent, and in no case exceeded one per cent. 
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Speech Power and Its Measurement 1 

By L. J. SIVIAN 

The paper is chiefly concerned with the important speech power quanti- 
ties—frequency spectra, distributions of instantaneous, average, syllabic 
and peak amplitudes, etc.—as they obtain in actual speech for a large range 
of voices, talking levels, and subject matters. The analysis is not nearly 
so complete nor so fine-grained as that which, in principle, can be derived 
from oscillographic records of individual speech sounds. Its advantage is 
in the speed with which data can be secured, under widely varying condi- 
tions and on a scale which warrants statistical conclusions. Some of the 
methods in use for measurements of this type are described. A "level 
analyzer" has been developed, primarily for the measurement of average 
and peak pressure amplitudes in speech and music, both as to magnitude 
and as to position in the frequency spectrum. Illustrative results are 
given for samples of speech, music and noise. 

SPEECH sounds are so variable from one to another, from one 
individual to another, from one conversation to another, as 

to make it necessary to deal with speech power in a statistical 
manner. This is particularly true of engineering applications, as 
distinguished from studies in phonetics and voice dynamics. It is 
largely from the viewpoint of the former that the subject is here 
treated. 

Speech power occurs in several states, e.g. acoustic, electric, mag- 
netic, mechanical, optical, thermal, etc., but its measurement largely 
refers to speech in the acoustic or in the electric form. Acoustically, 
the simplest quantity to define is the instantaneous power transmitted 
through unit area tangent to the wave front. That power is L = P-U^ 
where P is the pressure and U the air particle velocity. With P 
expressed in bars (dynes per cm.2), and U in cm./sec., L is given in 
ergs/cm.2 X sec. We do not directly measure the product P- U. 
No suitable means for doing that has been developed. In a progressive 
plane wave, or with good approximation in any progressive wave at 
sufficient distance from the source, P and U are in phase, and the 
expression for L simplifies down to L = P2/pc = IT1- pc, where pc is a 
constant equal to 41.5 mechanical ohms—the sound radiation re- 
sistance of air. Hence for the type of waves mentioned the wattmeter 
type of measurement (pressure X velocity, corresponding to voltage X 
current in the electrical case) may be replaced with the simpler 
measurement of pressure (voltage) or velocity (current) alone. 

What are the acoustic voltmeters and ammeters that are capable 
1 Presented before Acoustical Society of America, May 11, 1929. 

646 



SPEECH POWER AND ITS MEASUREMENT 647 

of measuring the instantaneous pressures and velocities respectively? 
First, as to acoustic ammeters: perhaps the two best known forms 
are the Rayleigh disk and the hot-wire microphone. The disk gives 
absolute values of U but its response is so slow that it can be used 
only to measure the effective values in comparatively sustained sound 
waves lasting, say one second or longer, or for the ballistic integration 
of shorter pulses. Hence it does not give a measure of the instan- 
taneous velocities for even the slowest audio-frequency vibration- 
Furthermore, its use when exposed to the speaker in an open room, 
is rendered difficult by its susceptibility to spurious air currents. 
The only application of the disk to vocal power measurements which 
has come to my notice, is one by Prof. Zernov,2 published in 1908. 
For sustained loud singing and shouting he found energy densities 
ranging from 0.3 to 2.0 X 10-4 ergs/cm.3, at 2 meters distance from 
the singer. Assuming uniform distribution over a hemisphere of 2 m. 
radius, this gives a total power output of the voice of the order of 
50,000 microwatts. At 2 m. distance reflections from the walls of the 
room materially raise the energy density as compared with that in a 
progressive wave. 

Another acoustic ammeter is the hot-wire microphone. The re- 
sistance variations of the wire tend to follow the instantaneous values 
of the air particle velocity in the sound wave, but the sensitivity is a 
complicated function of the frequency, rapidly decreasing as the 
latter increases. Hence it does not give true oscillograms of speech 
sounds which in general include a frequency range of six or seven 
octaves. 

Still another device in this general cla^s is the glow-discharge micro- 
phone. Its response is determined largely by the amplitude of the 
air particle motion (E. Meyer, E.N.T., v. 6, 17-21, 1929). Hence, for 
constant sound intensity the response is inversely proportional to the 
frequency, roughly. No method for its absolute calibration has been 
proposed other than comparison with a microphone of known per- 
formance. The frequency response and the somewhat erratic be- 
havior of the device in its present status, render it rather unsuitable 
for speech power studies. 

Nearly all our information concerning speech power and the wave- 
form of speech sounds has been obtained with acoustic voltmeters, 
i.e., with devices responding to pressure in the sound wave. To a 
first approximation, the ear belongs to this class. It includes the 
resonators which Helmholtz used in his vowel studies. Generally, 
the vital element in these devices is a diaphragm which vibrates with 

2 Ann. dcr Phys., 26, 94, 1908. 
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the alternating sound pressure and whose motion is converted (indi- 
rectly, as a rule) into a visual record. These acoustic voltmeters 
have gradually evolved from Scott's phonautograph and Koenig's 
manometric capsules and indicating flames of some 70 years ago to 
the present day technique. Their extensive use accounts for the 
fact that sound measurements frequently are expressed in terms of 
pressure rather than in terms of power. In many cases, when the 
relation between pressure and velocity is not known or too complex 
a function of frequency to be manageable,—the description of the 
sound wave must be confined to pressure values alone. 

The first requisite for absolute measurements of speech pressures 
is a microphone which admits of an absolute electroacoustic calibration 
over the range of audio frequencies, and which has a substantially 
uniform sensitivity over the most important part of that range. 
The development of the condenser microphone and of the thermophone 
method for calibrating it, supplied this need. This fundamental 
contribution to the subject is due to E. C. Wente.3 Using such a 
calibrated condenser microphone in conjunction with a vacuum tube 
amplifier and an oscillograph which were uniformly sensitive up to 
about 6000 p.p.s., I. B. Crandall and C. F. Sacia,4 and I. B. 
Crandall4 obtained oscillograms of the fundamental speech sounds 
in the English language. Essentially, these oscillograms give a 
picture of the instantaneous pressures throughout the duration of 
the sound, impressed on the microphone diaphragm at 2.5 cm. from 
the speaker's lips. A certain amount of similar work on German 
speech sounds has been published by Trendelenburg.5 From the 
standpoint of phonetics these pressure amplitude oscillograms of in- 
dividual sounds are a most comprehensive source of information. 
Their chief use has been in determining the frequency spectra of the 
fundamental speech sounds. Sacia0 and Sacia and Beck 7 have used 
them to compute the mean and the peak powers of those sounds. 

From the standpoint of engineering applications, speech power has 
a twofold interest: (a), there is the question of designing microphones, 
receivers, circuits, room acoustics, of controlling noise levels, etc., 
{b), the control of apparatus (chiefly adjustment of amplification) 
while it is handling speech from persons who acoustically are not 
controllable. 

a Phys. Rev., July 1917, April 1922, June 1922. 
4 Bell Sys. Tech. Jour., April 1924 and Oct. 1925, resp. 
6 Wiss. Veroff. a. d. Siemens-Konzern, 1924 and 1925. 
6 Bell Sys. Tech. Jour., Oct. 1925. 
7 Bell Sys. Tech. Jour., July 1926. 
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In connection with (a) we can use data obtained under "laboratory" 
conditions, i.e. with the speakers, their voice levels, the talking speed, 
etc., suitably selected. Perhaps the simplest statistical characteristic 
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of speech is the average power, i.e. the ratio of the total energy in a 
large number of speech sounds divided by the total speech time. 
The quantity immediately measured is the pressure on the transmitter 
diaphragm. The corresponding power flow through unit area is 
computed. In doing so it is roughly assumed that the pressure on 
the diaphragm is twice as great as it would be in free air, which is 
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assuming total reflection by the transmitter. It is further assumed 
that the power flow is uniform over a hemisphere whose radius is the 
distance from the speaker's lips to the diaphragm. For this average 
power flow with "normally modulated" voices, Crandall and Mac- 
kenzie 8 found the value of 12.5 microwatts. More recently Sacia 6 

gave 7.4 microwatts, including pauses between speech sounds, which 
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Fig. 2—Time distribution of speech pressures. 

occupied about one-third of the total time. Some measurements 
made since then have led to substantially similar values, and so the 
value of 10 microwatts may be taken as fairly representative of a 
normal level. The corresponding average pressure on the diaphragm, 
at 5 cm. distance from the lips, was found to be about 5 bars. The 
averaging, of course, is for the absolute values of the pressures. Some 
notion of the level involved may be gained by noting th it is at 

8 Phys. Rev., March 1922. 
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decidedly fatiguing to maintain a speech level 20 db higher for more 
than a few seconds. 

It should be noted that the distributions of the instantaneous 
power and instantaneous pressure values in respect to their average 
values are quite different for speech from what they are in a sinusoidal 

Fig. 1 and Fig. 2 show the extent of the difference for powers wave. 
and pressures respectively. Clearly, speech as a whole is decidedly 
more "peaked" than a sinusoidal wave. Values of peak factors for 
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Fig. 3—Energy spectrum of connected speech-composite curves for 4 men and for 
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individual speech sounds, i.e. the ratio of peak amplitude to mean 
effective amplitude, are given in Sacia's paper.5 

A paramount characteristic of speech is the distribution of 
power and pressure in the frequency spectrum. That is so because 
in general the systems responding to or carrying speech (including 
the ear) have pronounced frequency characteristics. The same is 
true of noise sources interfering with speech. Here, as for total 
powers and pressures, the simplest quantity is the average spectrum 
for a large number of speech sounds. Crandall and Mackenzie8 

obtained the energy spectrum shown in Fig. 3, based on speech from 
six voices. They used a condenser microphone whose output was 
analyzed by a series of resonant circuits covering the range from 75 
to 5000 p.p.s. Fig. 4 shows a recent determination in which the 
average pressure is given as a function of frequency. The apparatus 
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used to obtain the cata will be described in detail elsewhere. Briefly, 
a series of band-pass filters are used to separate the frequency compo- 
nents. The output of any one filter goes into a rectilinear vacuum 
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tube rectifier, and a fluxmeter integrates the rectified current over the 
duration of the speech. Simultaneously with this measurement the 
total spectrum also is rectified and integrated. The integration 
periods used were 15 seconds long. The pressure in any one band is 
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given by the product: (100-05a X band width in cycles X total pres- 
sure), where a is the ordinate expressed in decibels (db). In using 
average spectra of this sort it is well to remember that they are 
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determined not only by the amplitudes in the individual speech sounds 
but equally by frequency of occurrence. Thus the fact that nearly 
all vowels for male voices at normal levels have a fundamental fre- 
quency between 80 and 150 p.p.s. tends to accentuate that region 
even though the fundamental amplitudes in individual speech sounds 
not be outstandingly large. 

The data in Fig. 4 are for close talking conditions, 5 cm. from the 
lips to the diaphragm. Fig. 5 shows the effect of distance on the 
spectral distribution. The two distances are 5 cm. and 90 cm. 
respectively, in both cases the transmitter being set into a large 
fiber-board wall. The shapes of the two spectra are almost identical 
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Fig. 6—Effect of level on voice spectrum—'average pressures per frequency interval 
of 1 cycle per second—composite, three male voices, distance 3 ft. 

indicating that, on the average, even at 5 cm. the condenser micro- 
phone does not greatly affect the voice as a sound generator. The 
largest difference between the two is in the lowest band, from 62 to 
125 p.p.s., perhaps owing to the relatively low radiation efficiency of 
the voice at those frequencies. 

The ratio of the distances is 18 : 1, that of the average pressures 
14 : 1. The average pressure is nearly inversely proportional to the 
distance, part of the difference probably being chargeable to the 
more nearly total reflection for the distant condition. It is implied, 
of course, that even for the latter condition the direct sound is large 
compared with that reaching the microphone by reflections. 

So far the spectra discussed were those of normally modulated 
voices. Fig. 6 shows what happens to the average spectrum when a 
high, rather declamatory level is adopted. The higher level is rela- 
tively poorer in frequencies below 500 p.p.s., relatively richer between 
500 and 4000 p.p.s., and above 4000 p.p.s. its spectrum is nearly the 
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same as for normal levels. The decrease at low frequencies is most 
pronounced in the band from 62 to 125 p.p.s., i.e. in the region of the 
voice fundamental frequency at normal levels. This leaves two 
possibilities. Either at the high speech level the fundamental fre- 
quency is the same as for normal, but its amplitude is relatively small; 
and the spacing of the overtones is the same as at normal levels. 
Or else—and more probably as indicated by the auditory pitch sense 
—passage to the high level is attended by an actual upward shifting 
of the fundamental frequency, and a correspondingly larger spacing 
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Fig. 7—Average pressures per frequency interval of 1 cycle per second—piano 
selection—Liszt's "Hungarian Rhapsody No. 2"—average total pressure =3.5 
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of the overtones. In addition the amplitude of this new fundamental 
would be relatively lower than for the normal level. The average 
spectrum method is incapable of deciding between the two alternatives. 
Some oscillograms were made at normal and high speech levels, 
which clearly indicated that the second alternative is the correct one, 
or at least the prevalent one. For most vowel sounds, the fundamental 
frequency was found shifted from about 100 p.p.s. at normal to 
about 200 p.p.s. at the higher level. This result has an intimate 
bearing on the loss of naturalness encountered when speech originally 
picked up at normal voice levels is subsequently reproduced at much 
higher levels. A corresponding change, though in the opposite di- 
rection, probably takes place in going from normal to subnormal 
levels. Some evidence of this will be seen in the section on peak 
amplitudes. 

The method of average pressure-frequency spectra is equally 
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applicable to sounds other than speech, provided they are sustained 
or can be repeated. Two illustrations are given. Fig. 7 is for a 
piano composition. Characteristic in comparison with speech is the 
relative smallness of high frequencies. Spectra of radically different 
types of compositions were found to be rather similar. The instru- 
ment, the room acoustics and the position of the microphone largely 
determine the picture. In this case, the microphone was about 7 ft. 
from the keyboard, and the reverberation time between 1.2 seconds 
at 100 p.p.s. and 1.0 second at 4000 p.p.s. 

Fig. 8 gives the spectrum of street noise entering a laboratory 
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Fig. 8—Average pressures per frequency interval of 1 cycle per second—street 
noise—10th floor Bell Telephone Laboratories facing east—2.50—3.20 P.M., Oct. 10, 
1928—average total pressure = 0.75 bar. 

window, ten floors above the street. Street traffic and an elevated 
railway are the chief contributors, the measurements being taken 
during traffic peak hours. The relative poverty in high frequencies 
is even more pronounced than for the piano. 

We shall now consider the type of apparatus intended primarily 
for measurements when the speakers are not acoustically controllable. 
Instead of averaging over a large number of words the measurement 
is essentially that of mean power in syllables. Usually it covers the 
whole spectrum rather than a particular frequency band. It has 
been widely used for controlling amplification in radio broadcasting, 
in phonograph and film recording of speech, and for rapid measurement 
and electrical control of speech levels in telephone conversations. 
A typical device of this sort is the "volume indicator" 9 shown in 

9 Essential features of this apparatus are shown by E. L. Nelson, U. S. Patent 
No. 1523827, filed 8/31/22. 
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Fig. 9, developed about ten years ago. Essentially it is a vacuum 
tube rectifier with a rapid action d.c. meter in the plate circuit. 
It is operated on a part of the characteristic such that the rectified 
plate current is roughly proportional to the square of the speech 
voltage. The rectifier is preceded by an amplifier of adjustable gain. 
For the speech level under measurement the gain is adjusted to such 
a value that the fluctuating meter deflections attain a prescribed 
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maximum value on the average of once in about three seconds. That 
value of gain, expressed in decibels with respect to a certain normal 
value of the gain, gives the volume indicator measure of the speech 
level. The meter, combined with the electric circuit, has a dynamic 
characteristic as shown in the curve, which gives the maximum 
deflection as a function of the duration of the a.-c. input. For inputs 
lasting more than about 0.18 second the maximum deflection remains 
the same. Since the average syllable duration is of the order of 
0.2 second, it follows that the maximum deflection of the "volume 
indicator" meter is approximately proportioned to the mean power in 
the syllable. By comparison with oscillograms, or by equivalent 
methods, the volume indicator readings can be correlated by absolute 
quantities. Fig. 10 is an example showing the relation between 
speech level as measured with the volume indicator and the average 
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instantaneous amplitude of the speech waves on a certain laboratory 
telephone circuit of the commercial type. 

Fig. 11 illustrates the type of data which can be expeditiously 
secured by means of the volume indicator. Here the levels for a 
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large number of speakers and conversations (over a laboratory tele- 
phone circuit of the commercial type) are determined. To cover the 
same ground by means of oscillographic measurements would have 
been a decidedly formidable task. 

Another device for the rapid measurement of speech levels is the 
"impulse meter," 10 shown in Fig. 12. This is essentially a peak 

10 D. Thicrbach, Zs. F. Techn. Physik, No. 11, 1928. 



BELL SYSTEM TECHNICAL JOURNAL 

100 

90 -J 

"80 ^ 
> u 

70 i 60 < 
•/) 

50 £ 

i 

30 u 

20 5 o K 
10 ^ 

0 

/ 

/ 
/ 

/ 

/ 

/ 

"L-VOLUME INDICATOR READING-DB 

Fig. 11—Distribution of speaker's levels—87 men and 59 women. 
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voltmeter. The curve shows the time rate at which the potential on 
the blocking condenser builds up. The time required for the galva- 
nometer to reach its maximum deflection is determined by the dynamic 
characteristic of the meter and associated plate circuit, as well as by 
the time constant of the condenser charging circuit. 
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LEVEL 
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14.1 

s X SPEAKER-A X \ 
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  LOW 0.33 
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  LOW 0.46 X 

v SPEAKER-B 
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■ X 
 NORMAL 2.0 
  LOW 0.67 

SPEAKER-C 
\ 

\ \ ^ \ 

— -   
"O 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 

"R-RATIO OF PEAK TO AVERAGE TOTAL PRE5SURE-DB 
Fig. 13—Distribution of peak pressures for entire speech spectrum—three male 

voices—each peak is the maximum instantaneous pressure during 1/8 sec. 

In using the volume indicator type of instrument in the telephone 
plant, limits are observed which have been determined by trial to give 
satisfactory operating results. The fact that it is possible to set such 
limits indicates a correlation between mean syllabic power and peak 
pressures. The overload capacity of apparatus is so important that 
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laboratory investigations of quantities affecting it merit more funda- 
mental study than can be made with instruments of the volume indi- 
cator type. The quantities of interest are the instantaneous amplitudes 
of the wave peaks, the frequency of their occurrence and their distri- 
bution in the frequency spectrum. The apparatus used to obtain the 
data described below will be described in detail elsewhere. It is suffi- 
cient to state here that it is capable of directly (and automatically) 
registering the magnitudes and frequency of occurrence of the in- 
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Fig. 14—Peak pressures of speech—composite, three male voices—each peak is 
the maximum instantaneous pressure during 1/8 sec.—average total pressure: 

High (declamatory) level—8.7 bars; 
Normal (conversational) level—1.6 bars; 
Low (confidential) level—0.5 bar. 

stantaneous peaks over a range of 60 db, corresponding to a power 
ratio of 1,000,000 : 1. The peak amplitudes were measured for the 
whole spectrum and also for restricted frequency bands selected by 
filters. 

Fig. 13 and Fig. 14 show the results of some measurements with 
undistorted speech. Each individual observation gives the magnitude 
of the peak pressure in a 1/8 second interval. This is about as short 
an interval as one can use and still retain a high degree of probability 
that the individual measurements will give the maximum peak 
amplitudes in syllables. Otherwise, from the standpoint of the 
apparatus, the individual observations could be confined to much 
shorter time intervals, resulting in many more measurements for a 



SPEECH POWER AND ITS MEASUREMENT 661 

given length of speech. The ordinates give the ratios of the peak 
pressures to the average total speech pressure. In Fig. 13 the peaks 
are those of speech as a whole; in Fig. 14 the ordinates give the peak 
pressures in the several frequency bands. This is done for three 
widely different average levels spread over a range of 30 db. From 

30 

20 

S io uj Q 11 i 
io D 0 
f y -to 

QZ -30 
5 lj- O -40 

-50 

-60 

Fig. 15—Peak pressures in piano music—Liszt's "Hungarian Rhapsody No. 2" 
—each peak is the maximum instantaneous pressure during 1/8 sec.—average total 
pressure 4.0 bars. 

the standpoint of providing apparatus overload capacity it is some- 
times important to know not only the maximum values of all peaks 
(which might be uneconomical to provide for) but the upper limit of 
a certain percentage of all the peaks. The lower half- of Fig. 14 
illustrates this method of analyzing the peak data. It is interesting 
to note how much larger the transmission capacity must be to take 
care of the highest 25 per cent of the peaks. 

Fig. 15 gives a similar picture of the peak amplitude distribution 
in a piano composition, for which the average amplitudes are given in 
Fig. 7. The microphone was about 7 ft. laterally from the center 
of the keyboard, and the measurements were made in a room having 
an average reverberation of about 1 second. 

My thanks are due to Dr. H. K. Dunn and Mr. S. D. W hite of 
Bell Telephone Laboratories, who have obtained most of the data 
discussed in this paper. 
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92.5% 

1000 
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Asymptotic Dipole Radiation Formulas 

By W. HOWARD WISE 

THE analysis of the radiation from dipoles as given by Sommerfeld 
and by von Hoerschelmann is deficient in one respect: it does 

not give the true 1 asymptotic expressions for the radiation leaving at 
a considerable angle from the horizontal. The correct asymptotic 
formulas have already been easily supplied by an appeal to the 
Reciprocal Theorem; lately M. J. O. Strutt2 has got them directly 
from the boundary conditions and H. Weyl3 has derived the correct 
asymptotic formula for a vertical dipole at the surface of the earth 
by a method quite different from Sommerfeld's. In the present 
paper it is shown how they can be got by merely improving the rigor 
of Sommerfeld's analysis. 

The present analysis begins with the formulas of von Hoerschelmann 
for the wave potentials of vertical and horizontal dipoles at a finite 
distance above the surface of the earth and generally follows Sommer- 
feld. The derivation of an asymptotic approximation for the wave 
potential of a vertical dipole is considerably different from Sommer- 
feld's and results in the simpler and more precise formulas deduced 
from the reciprocal theorem. 

Most of the analysis is somewhat simplified by taking the permea- 
bility of the earth to be unity. 

The notation used is chiefly that of Bateman.4 

r = variable of integration, throughout the paper. 

k- = e/ior -f- iirafiico 

J = Vt2 — ki2, m = Vr2 — ki1. 

The subscripts I and 2 refer to air and ground respectively. 
Ri, Ri, a, p, (p, w, .r, y and z are adequately defined by Fig. 1. 

cos 0x = xlR, cos Oy = yJR, cos 6Z = z/R, R2 = x2 + y2 + z2. 
The wave potential of a horizontal dipole is 5'4 

1 See paragraph following equation (8). 
2 M. J. O. Strutt, Ann. d. Phys., Bd. 1, p. 721, 1929. 
3 H. Weyl, Ann. d. Phys., Bd. 60. p. 481, 1919. 
4 "Electrical and Optical Wave Motion," pp. 73-75. 
6 H. v. Hoerschelmann, Jahrb. d. draht. Teleg., Bd. 5, 1912, pp. 14-188. 
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/ pikilii pikiRi O \ 
nl = i><(-rRr+^7"i T+^MTp)e~'"TdT)+jx-0 

w - k? 
4-^X2 cos 

Jo (/ + m){kjl + k^tn) 
Ji{Tp)e~wlT2dT. (1) 

gikilti gikilii 
   h - = IIj00 is the wave potential of a dipole placed 

Ki 1\2 
parallel to a perfectly conducting plane, ^2 infinite. So, writing 

Ri 

Fig. 1 

nA = 11* + nA and correspondingly Eh = £" + £A 

£'4 = - - [n-4 + k'-1i{i^ in«4 + i11 * 

(W - kj2) T2 

k-fl + ky-m 
1 r erwl ( 

= -,-w2 cos /1(rp)J-j--^ 

^ r ji(Tp)g-"-t +i-'„.dT' 
Jo K2 I -\- ky-m 

- I tHT 

= — fco2 cos 

= -ivjl 4- T Mrp)e-- ( Ji', + 1 ) rdr kc dx J0 \ k2-l + / 

.1 a2 /T, = — lu-r-n „ 7 F — 2 

where 
^i2 a.raw 

V 
= f Oq 

2k 
kjl + ky2m /o(rp)g wlTdT. 

(2) 

(3) 
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When ^2 = 00. y ^ 2i?2_1 exp ikiRt and Ef is zero. When 
k2 = k\, V = \R-rl exp ik\Ro and £Z

A just cancels the field of the 
image dipole in E*. 

The wave potential of a vertical dipole is ^ 4 

o ikiRt p i k\Ri 
n-'=V-V+y- (4) 

V is the function IIo analysed by Sommerfeld in Riemann-Webers 
Differentialgleichungen der Physik. Sommerfeld transforms the inte- 
gration from 0 to =» into an integration from — oo to + oo by re- 
placing the Bessel function by its equivalent Hankel functions and 
then wraps the real axis path of integration around the zero of fe22/ 
-|- &i2m and the two branch cuts from ki and ^2 to + i co. He thus 
gets V = P + Qi + Q2 where P is the integral around the zero of 
kSl + kihn, Qi is the integral around the branch cut from ki, Q2 is 
the integral around the branch cut from ki and the function inte- 
grated is 

2, kl\ , Wir^-'rdr. (5) kiH + ki-m 

I and m are pure imaginaries on the branch cuts, which are rectangular 
hyperbolas, from ki and ki respectively. As one carries r counter- 
clockwise around the branch cut from ki to I travels up the 
right hand side of the imaginary axis from — i<x> + e to -f- «<» + e. 
A similar statement holds for m. 

Multiplying numerator and denominator of equation (5) by kzH 
- ki-m and then taking out a factor {W - ^i4)"1 our integrand 
becomes 

—hi—- k^ - ksp - 
ki* — k^ (r — 5)(t + s) 

where s = + kiki h- ^kP + kf. Integrating around the pole at 
r = 5, we get 

P=-^. ; 2iri 25 i hill—hi— hill—hi Ho^e-^-^s 

= 0 if k^P - ki2 - kS-yJs2 - kP = 0 

= " (6) 

k^s* - k;1 - kSs* - W = Ik^P - k^ = likikiS. 
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I and m must have their real parts positive and so in taking the 
square roots of 52 — £i2 = — V -f- (^o2 + ^x2) and 52 — k-r = — kS 
■+■ (^22 + ^i2) one halves the smallest angle with the positive real axis. 
If they both lie on the same side of the real axis P is zero. In order 
that they may lie on opposite sides of the real axis it is necessary that 

arg /ed < arg (k\- + k*-) < arg k**. 

Writing = a -f //3 and k? = x + iy this means that 

2 a/3 i 0:2 + o 
y > ———- /3. a- — p- a- — P" 

The goal of the paper being asymptotic formulas for the sky waves 
of vertical and horizontal dipoles the ground wave, P, will hereafter 
be ignored. This is possible because at the high frequencies for which 
dipoles are useful the ground wave is very highly damped. 

Sommerfeld gets an asymptotic expression for Qi by noting that if 
we are at a great distance from the source most of the value of the 
integral comes from that portion of the path of integration very close 
to ki. The solution he arrives at is 

_2(S2 + tiS + nJ + + ,.,)£^ where Si = __^L=t|,. (7) 

Neglecting higher powers of l/R than the first, equation (7) sums 
up into 

Ql 2^003 0. (8) 

&22 cos d2 -j- ki-yf/rf — k{2 R 

But in getting equation (7) Sommerfeld has replaced Vr2 — k-? by 
a'^i2 — ki2. This is a needless approximation which ruins the sym- 
metry, damages the utility and tends to hide the physical meaning of 
the final result. To get the true asymptotic formula for (2i it is 
necessary to confine the approximations to the purely operational 
variety, i.e. make no approximations of substitution before integrating 
but let the approximation reside wholly in the manner of integrating, 
as follows 

Qi= f krl + k?mIU{TI')e'""rdT 

= - ■£ flh\rp) ^ (Co + CJ. + CJ* + ■■■)rdT 

a Annalen der Physik, Band 28, 1909, page 705. 
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where 

Co + Cxi + C2/
2 + • • • = ^22 - (^22/ + kHP + ^l2 - W). 

To the extent that most of the value of the integral comes from 
that portion of the path of integration very close to r2 = fci2 the 
expansion in powers of I is valid. Replacing each / by — (d/dw) 
we have then 

+ "> 
Now 

d eikyIii , .. „ x e
iklR- . cos dz e

ikiRl 

"E D ( ikl COS 02) p I p rj OW Ro -"-2 JV2 ^2 

"[,+£5r] 

s 
where y = — iki cos dz, 

g ikiRi d3 eiklRt / , , 0 0cos 0, , 0 , , ikx sin2 9Z , ^ 
-5^T!r=r +37^r+2'37^n!^+''7 

etc., and so 
oikiRi 

Ql ~ 2(7^0 + 72Cl + 73C2 + + • * 

giktRi 
+ 2 cos ^z(l7

0Co + 27^1 + 372C2 + + • • ■) 
2 

gikiRt 
+ f&i sin2 02(1 • 270Ci + 2 • 37^2 + 3 ■ 472C3 + + • • •) — 

+ higher order terms 

  2fe227 eaiRa 

^227 + ki^y2 + kx2 — k-f R2 

, / 5 , ^1 sin2 dz d2 \ 2k2
2y  

+ [ cos 'dy+ 2 dy2 ) kfy + kx^iy2 + kx2 - k,2 ^ 

+ higher order terms. (10) 

The second order term can be neglected if ^1^2 >> 1, say if 
R > 20X. It will hereafter be supposed that this is the case. 

Multiplying numerator and denominator of the first order term by 
i and canceling a kx we have finally 
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n ^ 2£2
2 cos dz eihR- 

k->- cos dz + ki^ko2 — ki2 sin2 dz 

This Qi behaves as one would rightfully expect a true asymptotic 
formula to behave. It is 2(exp ikiR^lR* at ^2 = 00 and l(exp ikiR^)! 
i?2 at ^2 = ki. 

In so far as k* is considerably larger than ki and the expansion in 
powers of I is valid Qz is negligible in comparison with (2i.7 Perhaps 
the easiest way of seeing this is to note that equation (10) might just 
as well have been obtained directly from V instead of from Q\. 

Substituting equation (11) in equation (4) we get 

n," ~ (' 1 + ^ cos 0, - kdw - w sin2 e. \ 
\ ^22 cos dz + ki-yjk-/ — ki1 sin2 6Z / Ri ' 

whence 

p i ^ 172 
~ — fco sin2 6Z{\ + 003®=)•——(13) 

R 
where 

k-f cos dz — kx^ki2 — ki2 sin2 dz R, = 
kz2 cos 9Z + ki^ko2 — k2 sin2 dz 

Substituting equation (11) in equation (2) and adding E™ we get 

P ikiR 
Ez

b ~ — fw cos Ox cos dz{\ — Rieikl2a0030=) ^ ■ (14) 

is the coefficient of reflection for a plane wave polarized in the 
plane of incidence. 

The horizontal fields of a horizontal dipole are 

v = - - [ n/ + n/ + £ n.*)' 

= " ^ ^ (f. n'A +1n-4)] (15) 

^ = - - [ ^ (In.' + ^n/ +1 n/)] 

and 

= — ico 

7 Riemann-Weber's " DifTerentialgleichungen der Physik," p. 556. 
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II'a + ^2£(ln^ + sII'a)] 

= - ^(Hx00 + nx
A) + cot (pEyh\ (16) 

E#'1 = Ex
h sin (p — Eyh cos ^ ~ — iw sin ^(IIx" + nxA). (17) 

Evidently the procedure which yielded the true asymptotic expres- 

Fig. 2—Vertical dipole polar diagrams computed for X =6 meters, 
e = 9, m = 1, and cr = KT13 

sion for V will do the same for nxA. The details are not interesting. 
The result is 

2k x cos 6z eiklIt2 

nxA  
ki cos dz + — kj sin2 9Z Eo 

(18) 
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Substituting equation (18) in equation (17) we get 

ikiR 
Ev

h ~ + 7CO sin ^(1 - R2eiki2a coa9:) 

669 

(19) 

where 

R* = ■yjk-r — kr sin2 dz — k\ cos 6: 

V&22 — k\2 sin2 dz + ky, cos dz 

Ro is the coefficient of reflection for a plane wave polarized perpen- 
dicular to the plane of incidence. 

Formulas (13), (14) and (19) are just what one would]get by applying 

©2 

45 

0.5 

Fig. 3—Polar diagrams of the horizontal fields of horizontal dipolcs computed for 
X = 6 meters, e = 9, n = 1 and a = 10-13 

the coefficient of reflection from an imperfect reflector to the reflected 
waves of the corresponding electrostatic formulas. 
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Returning to equation (15) 

d- 
Eyh= —iuki 2 

dydx 

= —?a) 
a2 

{kr^n* - k2-
2V) 

dydx 

~ —iu cos 9X cos 0y ( — 1 + 
h,~ 1 \ PiklT 

1-^(1+^) (20) 

Usually one cares only for £/ at ^ = 7r/2 and Ex
h and Ey

b are of 
no particular interest. Figs. 2, 3 and 4 are polar diagrams in the 

15° 

30° 

45° 

60° 

0.50 0.25 

75° 

0.75 
90° 

Fig. 4—Polar diagrams of the vertical fields of horizontal dipoles computed for 
X = 6 meters, e = 9, n = I and a- = 10-13 

vertical plane of equations (13), (14) and (19). Assuming the con- 
ductivity of the air to be zero and the dielectric constant to be unity 

^2 = Wie + i2c\a), kx = 27r/X, 

where e is the dielectric constant of the ground referred to air as 
unity and o* is the conductivity of the ground in electromagnetic units. 
The values of e and cr used in computing the polar diagrams are 
generally supposed to be somewhere in the neighborhood of their 
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average values for earth but they vary so much with the locality that 
the diagrams can scarcely be regarded as giving more than a general 
idea as to what may be expected of the formulas. 

The number attached to each curve is the height of its dipole in 
quarter wave-lengths. 

Formulas (13), (14) and (19) are just what one would get by applying 
the Reciprocal Theorem to two dipoles, one near the earth and the 
other far away. The electric field acting on the one near the earth 
is composed of a direct field and a reflected field which is Ri or R*, 
as the case may be, times the direct field. 

When the depth to groundwater, bedrock, an orebody or any 
marked discontinuity in the electrical properties of the ground is 
known and is not too great the effect of this discontinuity on the polar 
diagram ought not to be ignored. The asymptotic formulas for any 
stratified ground are got by putting the coefficients of reflection for 
a plane wave reflected from the surface of that ground in place of the 
corresponding coefficients in equations (13), (14) and (19). For a 
number of rather obvious reasons it would usually be out of the 
question to deal with more than one plane of discontinuity; one is 
bad enough. The coefficients for a single plane of discontinuity at a 
depth A are ^   

# i _ ^22 cos 02 — r]ikl->Jk2
2 — k{2 sin2 0z 

k2
2 cos 02 + 771&W&22 — ^i2 sin2 02 

and 

D — kr sin2 02 — 772&1 cos 0Z -A. 2 — =  , 
■\k2

2 — ki2 sin2 02 — 772^1 cos 02 
where 

M2 1 + 5i M2 1 + ^2 
Vi 1 T t 772  1 7-, Mi 1 — di /11 1 — 62 

- k{2 sin2 dz — h2iii^ki2 
^ Sln" 

- k{2 sin2 02 — kr/io^kz2 — k{2 sin2 02 

_ ixsslki2 
- ki2 sin2 

u 1 £ 1 ki oin 6Z rt. . 

- k(2 sin2 1 Oz + M2-V^32 — ki2 sin2 02 

If A is not large and £3 is considerably different from k2 then ^ 
and 772 will differ considerably from unity. 



Statistical Theories of Matter, Radiation and Electricity1 

By KARL K. DARROW 

The atomic or " kinetic " theory of gases, with its interpretations of such 
qualities as temperature, pressure, viscosity and conductivity, has ranked 
for more than half a century as a very important part of theoretical physics. 
A corresponding theory for radiation and for negative electricity is much 
to be desired, since it is known that in many ways each of these entities 
behaves as though it were atomic. There are, however, differences among 
the three, and only within the last five years have these been formulated 
suitably. This article is devoted to the resulting statistical theories. 

THE major subjects of this article are two extensions of what 
formerly was called atomic theory—that is to say, the attempt 

to explain as many as possible of the properties of pieces of matter 
large enough to be visible and tangible and ponderable, by visualizing 
these as swarms of tiny particles each endowed with only a very few 
and simple qualities. Among the properties of gases, for example, 
are pressure and viscosity and entropy and temperature. Conceivably 
one might invest the ultimate atoms with all four. The atomic theory 
of gases as it stands today, however, is the outcome of a very different 
procedure. It is the achievement of an effort to interpret these four 
properties and several more as features of a hypothetical assemblage 
of very many corpuscles all alike, and not possessing them nor 
any others except position and velocity and mass (and moment of 
inertia, sometimes) and the liability to make elastic impacts with 
each other. On the whole the effort has been remarkably successful. 
Therefore viscosity and temperature and entropy are not attributed 
to single atoms, but pictures and expressions for them are derived as 
qualities of the assemblage. The theory which leads to these results 
is called statistical; it is based on certain assumptions which, in the 
form in which they were originally made, constitute the classical 
statistics. The successes of the classical statistics are a part of the 
evidence that matter is corpuscular. Once they were nearly the 
whole of the evidence, for they antedated the striking demonstrations 
of individual atoms which now spring to the mind whenever one is 
asked to state the reasons for accepting the atomic theory. 

Radiation resembles a gas in some respects. Entropy and temper- 
ature and pressure, for example, are properties displayed by radiation 
when enclosed in a space surrounded by a wall of even temperature, 
just as they are by a gas in a like situation. It seems quite natural 
that one should try to interpret them in the same way as for a gas 
they are interpreted by the atomic theory: imagining the radiation 

1 Physical Review Supplement, Vol. 1, July 1929, pp. 90-155. 
672 
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as an assemblage of innumerable particles, a swarm of photons or 
corpuscles of light. Nowadays at least the idea seems quite natural; 
but of course, in the years when no one as yet had broken away from 
the tradition that light is altogether wavelike, it would doubtless 
have been thought a very wild one. Even after Einstein had ventured 
such a breach with the past, nearly a score of years elapsed before 
there was developed out of the theory of quanta an adequate conception 
of the "radiation-gas." The historical sequence in the growth of 
the atomic theory of matter was here inverted: there was abundant 
evidence for the corpuscular theory of light, in phenomena such as 
the Compton effect and the photoelectric effect showing the work of 
individual photons, before the statistical theory of these corpuscles 
was perfected. We now see that the trouble was, that even when 
one accepts the notion of corpuscles of light without reserve, and even 
when one knows the proper values of energy and momentum to be 
assigned to these corpuscles, it still is not correct to apply to them the 
same statistics as gives such good results when applied to the atoms 
of matter. Bose discovered how to remodel the statistics, in order to 
construct a competent atomic theory of the radiation in thermal 
equilibrium in an enclosure. 

The other of the new extensions of atomic theory is partly a revival 
—the resurrection of the theory, first proposed some thirty years ago, 
that part at least of the negative electricity within a metal acts like 
a swarm of freely-flying corpuscles which collide now and again not 
with each other but with the atoms. It was of course the classical 
statistics which was always used in developing this theory. Moribund 
because of several incurable discordances with fact, the theory was 
resuscitated by Pauli and by Sommerfeld with a revision of the 
statistics. It was not quite the same revision as enabled Bose to set 
up an atomic theory of radiation, but a very similar one, invented 
first by Fermi and later independently by Dirac. One cannot say 
that the so-renovated "electron-gas theory" is a perfect explanation 
of all the multifarious phenomena of the flow of electricity and heat 
inside of metals and outward through the boundaries of metals. Its 
initial successes, however, are so auspicious as to suggest that the 
hope of further progress lies not in renouncing it (as seemed to be 
almost inevitable before the alterations) but in amending it in its 
details. 

Is the atomic theory of material gases to remain untouched by 
these novel ideas? Apparently all three forms of statistics, the classical 
and the two recent types, lead to very nearly the same conclusions 
when applied to material gases. Only at remarkably low temperatures 
and remarkably high densities do their predictions diverge; and under 
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these conditions the experimental data are not easy to interpret for 
that purpose. Suppose, however, that eventually the data are proved 
to decide for one of the new forms of statistics against the old: what 
then? Probably we shall merely remove one of the theoretical 
foundation-stones of the kinetic theory of gases and insert another to 
take its place, meanwhile leaving practically intact the great super- 
structure of formulae and equations whereby the kinetic theory makes 
contact with experience. Happily this is an easier process in theo- 
retical physics than in architecture. 

Custom has lately changed the meaning of the term atomic theory, 
making it almost synonymous with theory of the structure of the atom; 
but the province which this latter has taken for its own is one to which 
its forerunner disclaimed all right of entry. It was never supposed 
that all of the properties of a gas can be interpreted as statistical features 
of a swarm of corpuscles. The earlier atomic theory conceded some 
of them to the individual atoms, thus in effect renouncing the ambition 
to explain them; and among these were the spectra. Where the 
statistical theory left off, the builders of atom models took up the 
work. Bohr, for example, designed a model for the individual hydro- 
gen atom, competent—at least to a great extent—to explain the 
Balmer series and the rest of the line-spectrum of "atomic hydrogen." 
This model he constructed, following Rutherford, out of a pair of 
corpuscles. What he and his successors thus developed was in a 
way an atomic theory of the atom—a degree deeper, or further, or higher 
perhaps, then the atomic theory of matter which had provided him 
with the notion and the scale of the atom to begin with. 

What then distinguishes this new "atomic theory of the atom" 
from its ancestor? Well, the major differences in method and in aim 
are traceable to the fact, that in the later theory the number of 
elementary particles which constitute the system is quite manageably 
small, while in the earlier, it is inconceivably tremendous. 

Bohr constructed his model for the hydrogen atom with only a 
pair of corpuscles, and those for all the other atoms out of not more 
than a few dozen each. Now with a model consisting only of two 
particles, one can specify positions and velocities for these with the 
utmost of precision, and go merrily ahead predicting and describing 
orbits with as much exactness as one cares to lavish. Even with 
dozens of electrons and a nucleus one can attain at least a specious 
accuracy of detail; remember the portraits of the electron-orbits of 
massive atoms which six or seven years ago were so profuse. Perhaps 
it is not wise to make such definite assertions; but it is feasible. Not 
so, however, with the subjects of the older theory. 
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The model proposed for a cubic centimetre of gas under the ordinary 
conditions of temperature and pressure consists of something like 1020 

particles. Merely the mention of so extravagant a figure is sufficient 
to persuade that it is vain to dream of making any progress by postu- 
lating a definite position and a definite velocity for each of these. 
The life of the human race would not be long enough to write down 
even the postulates, to say nothing of the inferences. 

This seems a fearful handicap; but it is not so at all. Adopting 
the statistical method, one does not even begin upon the hopeless 
task of fixing place and motion for every particle. We content our- 
selves with writing down a function, which states how many among 
the multitude of particles we assume to be situated in each small 
(but not too small) element of volume; and how many we assume to 
have momenta which lie in each small (but not too small) range of 
momentum. These are specifications much more modest and vague; 
but they are ample. For the things which we wish to interpret— 
entropy and temperature, viscosity and conduction and diffusion— 
the atomic picture need not be made one whit more definite. 

In saying this I am understating the case. If the atomic picture 
could be made more definite, say by stating the locations and the 
velocities of all the atoms with absolute precision, the meanings 
which we shall presently attach to entropy and temperature would 
be dissolved. Our theory of these entities depends upon the vagueness 
of the picture. Seemingly they appeal to us as physical realities 
because our senses and our instruments are too obtuse to perceive 
the atoms. Our minds must feign a somewhat similar obtuseness, 
pretending not to fix the particles of the imagined swarm too sharply; 
therefore it does not matter that they are so numerous that the 
pretence becomes sincere. Exact knowledge of the individual atoms 
is unattainable: but it is useless, is not desirable even. One remembers 
ALsop's tale of the fox and the inaccessible grapes; in this case it is 
probable that the grapes really are sour. 

For that matter, perhaps they do not even exist. One of the most 
striking of the very recent ideas in theoretical physics is the thought, 
that even for atom-models with but a few particles, even in thinking 
of an isolated particle, it may be altogether pointless to assign exact 
positions and velocities. In dealing with a swarm of particles by the 
statistical way, we do in effect fix the position of each corpuscle, 
but with a certain latitude; we fix the velocity of each, but again 
with a certain latitude. Perhaps this latitude, this indefiniteness, 
is something inherent in nature. Insisting as I am upon the contrast 
between the theory of the structure of the atom and the statistical 
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theory of matter and radiation, I may in effect be insisting on the 
contrast between a faulty way of visualizing some phenomena, and a 
correct way of visualizing all. 

A function of the sort which I just mentioned, a so-called distribution- 
function, is the goal of every statistical theory. I have said that it 
states how many among the multitude of particles we assume to be 
located in each small element of space and to have momentum com- 
prised in each small range of values of momentum. So it does; but 
the purpose of a statistical theory is, to derive it from assumptions 
still more fundamental, in preference to assuming it outright. Of 
course one might say instead, that the reason for deriving a distribu- 
tion-function is to put the fundamental assumptions to their test. 
Whichever viewpoint one prefers, it is the distribution-function which 
is tested by experiment: indirectly, in that it supplies numerical 
values for such things as conductivity, viscosity, specific heat; and 
directly, for there are now immediate ways of observing it in certain 
cases. 

A distribution-function commonly appears in an equation of this 
form: 

dN = fix, y, z, px, py, pz) ■dxdydzdpxdp,jdpz. (1) 

Such an equation will as a rule refer to some particular assemblage 
of particles, say iV altogether, occupying some definite region of space: 
a gas in a tube, radiation in a cavity, electrons in a wire. It is to be 
read as follows: udN, equal to f■ dxdydzdpxdpydpz, stands for the 
number of particles having coordinates in dx at .r, in dy at y, in dz 
at 2, and components of momentum in dpx at px, in dp,, at pv, in dpz 
at pzr The phrasing "in dx at .x" is a succinct alternative for 
"between .x and x + rf.x." 

The function / is the distribution-function in the variables in 
question—here the coordinates of the particles referred to some 
Cartesian frame in the ordinary or "coordinate" space, and the 
components of momentum resolved along the axes of that frame, the 
momenta. Heretofore it has been customary to use the components 
of velocity rather than the momenta, but these are much to be pre- 
ferred : partly because it is they which figure in the canonical equations, 
but chiefly because we shall find when we pass over to the study of 
assemblages of photons that the momenta play the same role in these 
as they do in assemblages of atoms, while the speeds of all photons 
are the same. There is a well-known formula for translating a 
distribution-function from one set of variables to another set dependent 
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on the first, which we shall use in special cases.2 It is also well known 
that to obtain the distribution-function in some of the independent 
variables from the distribution-function of all of them, it is necessary 
to integrate the latter over the entire range of all the other variables: 
in such a case as is symbolized by equation (1), the distribution in 
pz would be obtained by integrating / with respect to the first five 
variables over the entire range of each. 

The product dxdydz is an element of volume in ordinary or coordinate- 
space; the product dpIdpydpz is an element of volume in momentum- 
space, in which each particle is represented by a point having for its 
coordinates in a Cartesian frame the values of its momenta; the 
product dxdydzdpxdpydpz is an element of volume in phase-space. 
The function / describes the distribution of the assemblage in this 
phase-space of six dimensions. In some cases—for instance, that of 
electrons in a metal not at an even temperature, and that of oscillators 
—we shall have to think continually of this six-dimensional space. 
In others—whenever we deal with photons, and whenever we consider 
atoms or electrons in a region where neither temperature nor potential 
varies from place to place—we shall be able to assume that the distri- 
bution in the coordinate-space is uniform (that / is independent of x, 
y, z) and to dismiss it from mind, and to derive the distribution in 
the three-dimensional momentum-space quite separately as if there 
were no other. Even in these simplest cases it would no doubt be 
more consistent to operate always in the phase-space. Unhappily 
the human mind is so constructed, that no matter how much it may 
ratiocinate about space of six dimensions or six trillion, it always 
visualizes in space of three. 

In an equation such as (1), the differential element or the product 
of such elements which terminates the right-hand member must be 
neither too large nor too small. If it is so large that / varies con- 
siderably from one point in it to another, then its multiplier, which 
is by definition the mean value of / in the said element, must be com- 
puted by the methods of integral calculus. If on the other hand it is 
so small that it contains only a few of the corpuscles, then the product 
of / into its size may be many times as great or many times as small 
as the number which it does contain. This is easily perceived by 
proceeding to the absurd limit of dividing the space into say ten 
times as many elements as there are corpuscles, so that in at least 

2 Let Mi, Mj, ••• represent the variables of the first set, fi, im, ••• those of the 
second; let /(mi, Mo, ■••) and F{vi, v*, ■••) stand for the distribution-functions in 
the two sets; then 

rv \ ff a(Mi, M2. •••) 
3(„. ■ 

44 



678 BELL SYSTEM TECHNICAL JOURNAL 

nine-tenths of the elements the number of participles is zero while/ 
is greater than zero, and in the others the number is generally much 
greater than / times the size of the element. To subdivide the space 
so finely would be to make the atomic picture too definite, and ruin 
it for the purposes for which we now require it. 

It is not too early in this paper for me to say emphatically that the 
differential elements which figure in equations such as (1) must not 
be identified with the elementary compartments of the phase-space, 
which we shall presently encounter, and which are so important in 
the new statistics and in the old alike. It takes a great many of these 
latter to make up an element large enough to be employed in an 
equation like (1). Otherwise expressed: the subdivision of the phase- 
space into the elementary cells or compartments of the forthcoming 
theory is much too fine to be used in connection with the distribution- 
function. Much confusion may arise from failing to realize this.3 

In speaking of the distribution-function, I have been tacitly assuming 
that there is such a thing as a stable, self-sustaining, changeless 
distribution of the atoms of a gas, the photons in a cavity, the electrons 
in a wire. This assumption must now be examined. It is scarcely 
self-evident: one might guess at first that the more numerous the 
particles, the more abruptly would the distribution vary from one 
moment to the next, and that an assemblage of 1020 particles would 
be in such unceasing turmoil that it would be senseless to imagine 
one single distribution for it. 

Experience however shows the reverse. The gas in a tube remains 
uniformly dense and stationary, it does not surge forever to and fro 
nor huddle in a corner nor become spontaneously hot at one end and 
cold at the other. In the radiation in a cavity with heated walls the 
intensity comprised within any portion of the spectral range remains 
unchanged so long as the temperature of the walls is constant. The 
distribution-in-velocity of the electrons streaming from a heated 
filament does not appear to change. Moreover, when by artifice the 
gas in a tube is forced to assume uneven density, non-uniform temper- 
ature, or any sort of flow or turbulence, it settles down very quickly 
into a stagnant uniformity as soon as it is left to itself. 

Now we know that while a gas is passing from an unstable state— 
a state of non-uniform temperature, for instance—to its stable and 
permanent condition, a property which we call its entropy and denote 

31 am thinking particularly of the fact that in most expositions of the classical 
statistics one is adjured that there must be many particles in each compartment, 
and then in taking up the Fermi statistics one is told that there must be not more 
than one in each compartment; yet the two lead to formulae which in the limiting 
case are the same. 
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by 5 is increasing; in certain simple cases we can evaluate this rate 
of change of entropy. We know that when a gas is in its stable 
condition, its entropy is at a maximum; we know how to compute 
the entropy (except perhaps for an additive constant) of a given 
quantity of a gas in this condition, as a function of its temperature 
and others of its measurable properties. And when we have evaluated 
both the entropy 5 and the energy £ of a gas under any specific 
conditions, we know that its absolute temperature is determined by 
the following equation, 

dSldE = 1/r, (2) 

which is the definition of absolute temperature. 
If we had obtained by some independent way an adequate atomic 

picture of entropy, so that whenever a distribution-function was 
suggested we could compute the value of S\ then necessarily the 
stable distribution would be the one for which S has the greatest 
value compatible with the given number of particles and the given 
amount of energy. We do not have an independent way. But if 
instead we adopt some tentative atomic picture of entropy, some 
function 5 of which we can compute the value for any given distribu- 
tion: then the test of our picture will be, whether the distribution 
for which this tentative 6" has its greatest value is verified by experi- 
ment to be the stable one. It will be found that this distribution 
"of maximum 5" involves the derivative dS/dE, and therefore the 
absolute temperature; so the temperature enters into the postulated 
distribution-function in the course of its derivation, not by separate 
assumption or by an afterthought. 

This method is the very notable one invented by Boltzmann, and 
continued by Planck. One choice of the function S which is to be 
identified with entropy leads to the classical or Maxwell-Boltzmann 
distribution-law; another leads either to the Bose or to the Fermi 
distribution, the difference between these two entering in at another 
point. 

Each of these suggested functions is logarithmic; it is proportional 
to the logarithm of a function which is called probability. In theo- 
retical physics it is a fairly general rule, that when a theorist introduces 
the word probability he is abandoning all hope of explaining by cause- 
and-effect the phenomena of which he is discoursing. This is the 
disadvantage of Boltzmann's method. The "distribution of maximum 
5" is baptized "the most probable distribution"; there is even a 
numerical estimate of its "probability," and in general it turns out 
to have so much greater a probability than all the others put together 
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that one accepts without demur the conclusions that in practice it 
will be stable. But there is no proof that the "most probable" 
distribution is always or even usually followed by another exactly 
like it, nor that an "improbable" distribution is always or even 
usually followed by another of greater probability: there is no study 
of the way in which one distribution is transformed into another, 
there are no assumptions about the collisions or encounters which 
presumably offer to the particles their means of interchanging speed 
and energy, and to the assemblage its means of approaching the 
stable distribution. There are other statistical methods in which 
account is taken of these things, and we shall have a glimpse of one 
of them in the last section of this paper; but the notion of causality 
is absent from the method which will be followed in deriving the 
distribution-laws of Maxwell and Boltzmann, of Bose, and of Fermi 
and Dirac. 

These three distribution-laws will be applied to freely-flying particles 
in regions which are either field-free, or else pervaded by a field 
(electrostatic or gravitational) derivable from a potential. It may 
surprise the reader to hear so little about oscillators, considering that 
the statistics which Planck applied to these objects was the first of 
all the modifications of the classical statistics, was the source of the 
entire quantum-theory, and therefore the most important advance 
of the physics of the last quarter-century. The history of this period 
is very curious; but I cannot mention more than a couple of the 
salient points. 

The Planckian oscillators served two purposes: they enabled Planck 
to derive the law of distribution of radiant energy at uniform temper- 
ature in a cavity, by supposing the radiation to be entirely wavelike 
and to be in equilibrium with myriads of oscillators in the walls of 
the cavity; and they enabled various savants to develop, step by 
step, a progressively improving theory of the specific heat of solids. 
The Bose statistics made them quite superfluous for the first purpose: 
by applying this statistics to the radiation supposed to consist of 
corpuscles, we can derive the same law of distribution without invoking 
the oscillators at all. As for the second: as early as 1912 (which 
seems remarkable, now) Debye had replaced the concept of a solid 
as a latticework of vibrating atoms by the concept of a solid as a 
system of stationary waves agitating a continuum. I do not mean 
to imply, of course, that the existence of the atoms was denied; I 
mean no more than to say, that in these statistical reasonings the 
individual vibrating atom was replaced by an individual pattern of 
stationary waves. Today we are becoming familiar with the idea 
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that in certain reasonings, a freely-flying electron or quantum or even 
an atom in a region bounded by walls may be replaced by a pattern 
of stationary waves filling the whole of this region. Thus it seems 
that the free particle, the oscillator, the stationary wave-pattern, are 
in close affinity with one another; they may simply represent different 
ways of looking at the same thing. Though on almost every page 
of this article I shall write in the language of the strictest corpuscular 
theory, it is probable that every one of the results could be translated 
into the language of oscillators or the language of waves. 

There are still assumptions to be made about the individual particles. 
They are to have position, momentum and energy. Momentum 
may be separated into mass and velocity; often it is better left as 
an elementary concept. It will turn out that one of the essential 
differences between photons on the one hand, electrons and atoms on 
the other—that is to say, between the particles out of which we shall 
try to build a picture of radiation, and those of which we shall build 
models of gases and of electricity in metals—lies in the relation be- 
tween momentum and energy. 

Experience with matter in bulk leads to the well-known equations 
connecting kinetic energy K and momentum p with mass m and speed y: 

and these are supposed to hold for the ultimate particles of matter 
and of electricity. 

During the years in which the corpuscular theory of light was 
struggling into existence—for, it will be remembered, light was still 
considered to be entirely wavelike even after Planck had founded 
the quantum-theory by his statistics of oscillators—Einstein pro- 
posed at two different times (1905 and 1917) the following formula for 
the energy and the momentum of photons in terms of their wavelength: 

Historically it is interesting that he proposed the latter formula 
because of certain statistical studies which he had made of the equi- 
librium between photons and atoms. The verification of the latter 
by the Compton effect, of the former by the photoelectric effect and 
many other phenomena, is too familiar to require comment. 

Now from equations (3) we deduce, for particles of matter and of 
electricity: 

K - %mv2, p = mv (3) 

E = hc/'K, p = h/\. (4) 

(5) 
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and from equations (4) we deduce, for particles of light: 

E = pc. (6) 

The difference between these two relations is responsible for some of 
the contrasts between radiation-gas on the one hand, electron-gas 
and material gases on the other; but by no means for the major part. 
The major difference lies in the statistical theory, as we shall now 
find out. 

The Classical Statistics 

We are going to represent three kinds of objects—ordinary or 
material gases, radiation in enclosures, negative electricity in metals— 
as assemblages of particles possessing location and momentum. We 
may visualize such an assemblage first as a swarm of points in ordinary 
space, with a coordinate-frame along the axes of which the coordinates 
x, y, z of the particles are measured; then as a swarm of points in 
momentum-space with a frame along the axes of which the momenta 
px, py, pz are measured. 

I will first illustrate the method of classical statistics by using it to 
ascertain the most likely distribution of particles in ordinary space, 
a case where seemingly the result may be foreseen. For it seems a 
truth of intuition that inside a box of ordinary space, with nothing 
{e.g. no variations of potential) to distinguish one region from another, 
the particles must tend to distribute themselves uniformly. This is 
a conclusion to which the statistical method must lead. The uniform 
distribution must be the most probable. How then should we define 
the "probability" of a distribution so that it shall be greatest for 
the uniform one? 

But in the first place, what is a uniform distribution? We must 
divide the space—mentally, of course—into conpartments of equal 
volume. The distribution will then be called uniform, if the numbers 
of particles in the various compartments are about the same. But 
this clearly requires that these subdivisions be of a certain size. 
Their linear dimensions cannot for example be smaller than the 
average distance between particles, as then a "uniform distribution" 
would be impossible. To partition the space too finely would be 
like studying a painting with a microscope. The quality which we 
wish to define evades too sharp a scrutiny. The compartments 
should contain large numbers of particles, both for the stated reason 
and for the convenience of a certain mathematical approximation 
which is made. 

Denote then by N the total number of particles, by m the number 
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of compartments into which the volume V is divided, by Ni the 
number of particles in the *th compartment. A distribution is 
described by stating all the numbers Ni, No - • - , N,-, • • ■Ar

m. 
The basis of the classical statistics is the fact that if the particles 

have identities—if each of them is labelled by a distinctive letter, 
for instance—there are different ways of arranging them in the same 
distribution. One starts with any arrangement compatible with the 
prescribed "populations" Ah, Ah, and obtains all the other 
arrangements by interchanging particles ad libitum among the com- 
partments, respecting only the condition that each of these shall 
always have as many as it had at first. The total number of distinct 
arrangements, the number of permutations of the combination Aff, Ah, 
• • • Nm, is by a well-known theorem:4 

W = AhlAh!- • • AhJ " (7) 

This number has its minimum value of unity for a distribution in 
which all the particles are crowded into one compartment, which 
would be the most non-uniform conceivable; and its maximum value 
for the uniform distribution, as I now proceed to show.0 

Let us use the logarithm of W instead of W itself. If JV has a 
maximum for any distribution so also will its logarithm, which is 
easier to handle, and will presently be chosen as the representation 
of entropy. We have: 

log IT = log A! — 2] log Nil. (8) 

Now we introduce Stirling's approximation for the factorial of a 
large number—by far the greatest and the most frequently invoked 

4 Imagine yourself stationed beside a set of m baskets and an urn filled with N 
lettered but otherwise indistinguishable balls, which are to be lifted out at random 
and dropped into the baskets under the following rules of the game: the first -Afi 
which come to your hand are to be dropped into basket 1, the next No to come to 
your hand are to go into basket 2, and so on to the end. Having acted accordingly, 
you note down the assortments of balls in the various baskets, and repeat the process 
ad infinitum. Now there are iV! different orders in which the balls may come out 
of the urn. When the inspection of the baskets after two drawings reveals different 
results, the orders must certainly have been different. But two different orders 
need not reveal two different results to the inspection. Take any order, to start 
with; then there are (<2 - 1) = {NA-NoA. • • ■ Nm\ - 1) others which yield the same 
result. For there are Ni! orders in which the earliest Afi balls emerge might come 
out, without any of them losing its place among the first iVij there are iVo! orders 
in which the next iVj might come, without any losing its place in the second basket; 
and so forth. Each of the iV! orders then is but one among Q altogether which 
lead to the same result; so that there are only Nl/Q different results. 6 What will actually be shown is that for the uniform distribution the function 
W is stationary; that it is maximum (not minimum) seems fairly obvious from the 
physics of the case, and can be proved. 
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of the mathematical aids in statistical theory. It is: 

xl = (2Trx)ll2(x!e)x, (9) 
log x\ = x log x — x % log (2tx). 

The first two terms of this latter expression form an approximation 
singularly good even when x is no greater than ten or thereabouts. 
Using it we have: 

log W = const. — Y,Ni log Ni. (10) 

Denote by W0 the value of W for some particular distribution Afi0, 
AV, • • • Nm

0 and by IT = W0 + 5TU its value for some other only 
slightly different distribution iVi0 + 8Nit N^0 + 8N2, • • • Nm

0 + 8Nm. 
The difference between the values of log W for these two distributions 
is to first order of approximation: 

5 log W = bWjW = - Z(1 + log N^bNi. (11) 
1 

If IT0 is a maximum for the distribution N^- • • Nm, then the difference 
between log W0 and the value of log W for any other slightly different 
or "slightly varied" distribution must vanish to first approximation. 
The quantity on the right of (11), the "first variation" of log W, 
must be zero for any permitted set of values of bNi, • • ■ bNm \ meaning 
by "permitted" any set of integer values adding up to zero, for we 
consider an assemblage of an invariable number of particles. 

Now one sees immediately that the right-hand side of (11) does 
vanish, if all the populations N? have the same value, say a; for then 

log W = — ]C(l + log a)bNi = const. J^bNi (12) 
1 i 

and the permitted variations are precisely those, for which the sum- 
mation is zero. 

We do therefore reach the result which was desired. Failing it, 
this mode of "counting the ways in which a distribution may be 
realized" would have been unprofitable. As it is, the quantities W 
and log W are greatest for the uniform distribution which seems 
intuitively the most probable and is the rule for gases, and least for 
the utterly non-uniform one which seems the least probable. Tenta- 
tively the former is adopted as measure of the "probability" of a 
distribution. 

I point out in passing that while the foregoing result is mathe- 
matically valid for any value of the constant a, the total number of 
particles prescribed for the assemblage determines the value of a 
which is physically permissible: viz. N/m. 
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We proceed to apply this method to the swarm of points in mo- 
mentum-space representing the assemblage. 

Like the coordinate-space, the momentum-space is to be divided 
into equal compartments large enough to contain each a multitude 
of particles. We are to define a distribution by specifying how many 
particles are in each compartment, and calculate as before the number 
W which is to measure the "probability" of the distribution. The 
values for W, for log W and for the variation of log W are obtained 
just as before. There is however an important novelty. Since the 
energy of a particle depends on its position in momentum-space, 
different distributions usually entail different values for the total 
energy of the assemblage. If we compute the variation of log W 
due to a slight change in distribution, we shall usually be computing 
a variation in log W correlated with a certain variation of the total 
energy U of the assemblage. 

We now take the very great step of identifying the quantity log W 
with entropy. 

More precisely, we assume that the entropy 5 is proportional to 
the logarithm of W: 

S = k\og W, (13) 

introducing a constant factor k, and relying on subsequent experiments 
to teach us its numerical value. 

Now when a gas being initially in thermal equilibrium at temperature 
T receives an infinitesimal amount of energy dE, and regains thermal 
equilibrium with its augmented energy, its entropy ascends by the 
amount of dS given by the equation: 

dSIdE = 1/T. (14) 

If then the foregoing model of the gas and the foregoing picture of 
entropy are justified, the variation of log W in passing from the 
most probable distribution consonant with a total energy E to the 
most probable distribution consonant with a total energy E + dE 
(the total number of particles remaining the same) must be equal 
to {\lkT)dE. 

If we start from the most probable distribution for energy E and 
make any slight change in it involving an energy-change dE, the 
new distribution will presumably differ but little from the most 
probable distribution for E + dE. We therefore say: the most 
probable distribution for energy E is the one of which the first variation 
is dE/kT. This expression vanishes, if we are comparing distributions 
for which E is the same; which is as it should be. 
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It is now easily shown that such a distribution is the following 

Ni = a exp (— ei/kT), (15) 

in which a stands for any constant and e,- for the average energy of 
particles in the ith. compartment, which is related to the average 
momenta of these particles by the equation 

* =+ PS + P?Y (16) 

for we have only to write down the expression for bS as furnished 
by equation (11), and introduce into it the value of log Ni as supplied 
by equation (15): 

hS = - ^E(l + log N^hNi 
= - k(l+ log alZWi -f ZaSNi/T = 5E/T, (17) 

the result which was desired. 
The value to be chosen for the constant a will be determined as 

before by the total number of particles. Denote this number by N, 
and conceive the compartments as tiny cubes of volume H, so that 
there are l/II of them per unit volume of the momentum-space. 
The density p of the particles in momentum-space, which is no other 
than the distribution-function in the momenta, is given anywhere by 
the value of NfH computed for the value of energy there prevailing: 

p = NifH = ^exp (- elkT) 

(18) 
_ IT e-pj?l2mkTe-pl,"-l2mkTe-P:*l2mkT 

and it is the integral of this expression over the whole of momentum- 
space which is equal to N: 

r* co /"»co /^oo 
N = | I I pdpjpydpz. (19) 

*/_oo ty—co ty—co 

The integration is easily affected; the triple integral is the product of 
three identical single integrals, and we have: 

N = (2mkT)112 jf" e^dw J', (20) 

w being a symbol for each of the three momenta in turn; so that 

NH rn 

" (iTrnkT)3'2 { ' 
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The expression for the number of particles in any compartment thus 
becomes: 

involving the four constants m, N, k and 11. The first three are 
determinable by experiment, the third is the universal constant 
known in Boltzmann's honor by his name, though he himself never 
evaluated it. The fourth, the volume H assigned to the compart- 
ments, drops out of the distribution-functions—out of the function 
p, out of the distribution-in-energy soon to be deduced, out of the 
fundamental distribution-function / in the coordinates and momenta 
defined by equation (1), and which I now set down in place of p: 

V standing for the volume in ordinary space of the enclosure which 
contains the assemblage. This evasion of H is very deceptive; for it 
suggests not merely that the exact volume of the compartments is of 
no importance, but that the compartments themselves were invented 
only as a momentary stepping-stone to the distribution-functions, 
and should be allowed to shrink to zero like the infinitesimals of the 
calculus. This however is precisely what is not allowed. It is of the 
essence of the argument that there are compartments of finite size. 
As will presently transpire, I suspect that the division of momentum- 
space into compartments should be regarded as a quantum postulate, 
even in this case of the derivation of the Maxwell-Boltzmann law 
which seems to be at the opposite extreme from all the notions of 
quantum-theory. 

The next step is the derivation of the distribution-in-energy. In 
preface I point out that the distribution which we are considering is, 
in respect to the directions of motion of the particles in ordinary 
space, isotropic. Mathematically, this occurs because Px, Pv and pz 

enter symmetrically into all the distribution functions; physically it 
occurs because we have made no assumption leading to a preference 
of any direction over any other. Later on we may establish a preferred 
direction by introducing a field of force, and then the impending 
steps may have to be reconsidered. Until then the distribution 
which we shall study will be described completely by saying that 
they are isotropic and giving the distribution-function-in-energy. 
This may be obtained from the distribution-function-in-the-momenta 

Ni (iTrmkT)3'2 exp (— ei/kT), (22) 

(23) 
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by transforming to a polar coordinate frame in the momentum- 
space.6 

I follow practically the same route. 
Divide up the momentum-space into spherical "shells" by means 

of a sequence of spheres all centered at the origin. Each sphere 
corresponds to a value of e, each shell to a range de of values of €. 
Take one of the latter at random; call it shell s, denote by es and by 
€,+1 or es + de the energy-values at its boundary spheres, by ra and 
r, + dr the radii of these, hy dV the volume of the shell. Then: 

ra = (2meg)
1/2, dr = de, 

dV = Airrfdr = -^_(2irmyi2(esy'2de. (24) 

Suppose to begin with that each shell is large enough to contain very 
many compartments. The number Qs of compartments in shell s 
will then be: 

Q,=d V/H = (2 Tm)"W"de (25) 

and the average number of particles per compartment in shell s, 
call it Na, will be: 

Na = a exp (— es/kT) (26) 

and the total number Ma of particles in the shell will be: 

2Nir 
Ma = QaNa = (;^3/2 eWe-^dt = F{ta)de. (27) 

This is the number of particles having energy-values in de at ea. 
Hence the distribution-function-in-energy F is the factor multiplying 
de (it would be well to discard the subscript ^ in writing it). I have 
copied the value of a from (21), but it could have been derived by 
integrating F from e = 0 to e = co and equating the integral to N. 

The separation of il/g or F{e)de into two factors—Qa the number of 
compartments in the shell s, Na the average number of particles per 
compartment—is highly advantageous in searching for the distinctions 

8 Denote by p the quantity {pj + py2 -f p,2)1/2 which is the magnitude of the 
momentum; and by 6 and </> the angles which with p constitute a spherical coordinate 
system. We have 

pdpzdpydp, = pp- sin OdOdtpdp = ~-r e~Pll-mkrp>1 sin ddOd<t>dp ti 

and the distribution-in-momentum is obtained by integrating over all values of 0 
and <£, the distribution-in-energy from it by means of the relation (5). 
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between the various proposed statistical laws. We shall see that in 
passing from one to another sometimes one of the factors is changed, 
sometimes the other, sometimes both. 

In particular, we may pass from the Maxwell-Boltzmann law to a 
distribution like that which Planck derived for oscillators, simply by 
changing the factor Qa. We have been dividing the momentum-space 
into compartments of equal volume, so that the number comprised 
in a shell s between spheres e8 and es + des is proportional to es

1/2^es. 
Let us instead divide it into compartments of which the volumes 
increase steadily from the origin outward, at such a rate that the 
number in a shell s is proportional to des without the factor e8

l/2. 
This is, of course, not the way in which Planck's postulate is ha- 

bitually stated, though it is substantially the way in which Planck 
stated it himself. Usually it is said, that Planck restricted the energy 
of the particles of the assemblage to a set of "permitted values" 
spaced at equal intervals: say the values a, a + 6, a + 26, a + 36, 
• • • where a and 6 stand for constants. Each of these permitted 
values corresponds to a sphere in the momentum-space. In the shell 
s there are approximately rfe3/6 of these "permitted spheres"; the 
approximation being closer, the larger €s and des are in comparison 
to 6. Now whether we conceive that the rfes/6 sets of particles in 
the shell 5 are located on the surfaces of as many permitted spheres, 
or alternatively that they are scattered through as many compart- 
ments, is for the statistical results of no importance. There may be 
other reasons for preferring one picture to the other; but the pre- 
dictions of the statistical theory are the same, whichever is adopted. 
I will therefore alternate between the two pictures, retaining for the 
moment that of a subdivision of the momentum-space into compart- 
ments; but now it will be expedient to think of these as thin spherical 
films, centered at the origin and increasing in volume from the inner- 
most outward at the specified rate. 

If the shell 5 is large enough to contain many of these compartments 
or permitted spheres, we may use the first approximation for the 
number which it contains: 

and putting the expression (26) for the number of particles per com- 
partment, we get: 

Qs = de/b, (28) 

Ma = Q.Ns = ^exp (— e,fkT)des = F{es}de. (29) 

for the number of particles having energy-values between es and 
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e, + des. The value of the constant is fixed as heretofore by the 
condition that the integral of F over the entire range of energy from 
0 to M shall be equal to N: 

so that we arrive at the following distribution-in-energy function: 

This function certainly does not display any feature which suggests 
the achievements of Planck! It looks as smooth and continuous as 
the Maxwell-Boltzmann function itself, and the constant b, the step 
or interval between the successive permitted energy-values or the 
boundaries of successive compartments, is nowhere to be seen. The 
constant b however has slipped out for the same reason as the constant 
H from the function (23), and the apparent continuity is due in both 
cases to the same cause. In preparing and effecting the integration 
(30) in order to obtain a value for the constant a, we assumed that 
the various permitted energy-values within the range de, are all 
sufficiently nearly equal to be identified with the single value e,. 
That is to say, we smoothed over the discontinuities which had 
previously been brought in by the assumption of separate compart- 
ments. No wonder that there is not a sign of them in the function 
(31), even as there is not a sign of them in the Maxwell-Boltzmann 
law! 

We might however avoid this smoothing-over, if we could attain 
the value of a by an actual summation over the various compartments 
instead of by integration. Now with Planck's postulate this is 
mathematically feasible and indeed easy. For the number of particles 
in the ith. compartment being 

(30) 

F(e) =^exp(- tlkT). (31) 

Ni = a exp (— ei/kT) (32) 

the total number of particles is computed thus: 
00 

N = YINi = ae~alkTJ2e iblkT 

(33) ! _ e-blkT 

by virtue of the very convenient consequence of the binomial theorem 
that (1 + x + a:2 + • ■ •) = (1 — x)-1; so that for a we obtain the 
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exact value: 
a = Ne^'kT(eb'kT - 1) (34) 

and for the populations of the various compartments, the formula: 

Here the discontinuity implied in the classical picture of a momentum- 
space divided into compartments is admitted and accepted, as it 
never was in the process of deriving the Maxwell-Boltzmann law. 
Planck did not put discontinuity into the classical statistics; it was 
there already; he refrained from disregarding it. Instead of confining 
his studies to the circumstances in which it can safely be ignored, 
he extended them to ranges where it had to be taken account of, 
and he took account of it. 

As I intimated, the distribution (35) was proposed by Planck not 
for freely-moving particles, but for oscillators. The "Planckian 
oscillator" may be visualized as a particle which executes simple- 
harmonic vibrations back and forth in a straight line across a position 
of equilibrium, to which it is attracted by a force proportional to its 
displacement. It is like a free particle, in that its state at any moment 
is described by giving the values of its position q and momentum p, 
q being measured from its point of equilibrium; but it is unlike a 
free particle in that its energy depends not on p alone but on both p 
and q, being a function of the form {Ap2 + Bq2). Therefore we must 
envisage not the momentum-space alone but the phase-space of the 
variable p and q. In principle it would have been better, had we 
envisaged the phase-space all along; but since for an assemblage of 
free particles that space has six dimensions, it was impractical to 
visualize more than the momentum-space, and since the energy 
depended only on the momenta that compromise was not detrimental 
except for one feature which I can later introduce. Here the compro- 
mise would be ruinous, but it is unnecessary since the phase-space 
has only two dimensions. 

Visualize then this two-dimensional phase-space as a plane with p 
and q axes at right angles to each other. Suppose all the oscillators 
to have the same mass and the same natural frequency, which is to 
say, the same values of the constants A and B in the above-mentioned 
formula for their energy; but let them differ in amplitude. The 
point representing any oscillator in the phase-space runs round and 
round in an elliptical orbit centered at the origin. Different ampli- 
tudes correspond to different ellipses. The energy of an oscillator 
depends on its amplitude; therefore different energy-values correspond 

Ni = Ne-hlkTe-iblkr{(t'lkT - 1). (35) 
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to different ellipses, and reversely. If we divide the phase-space 
into compartments by a succession of ellipses centered at the origin, 
each of these compartments corresponds to a specific range of energy- 
values. If the dividing ellipses are so spaced that these compartments 
are of equal area (equal volume of the phase-space), they correspond 
to equal ranges of energy-values—an important difference between 
this case and the one which was previously treated. 

If the dividing ellipses are spaced to form equal compartments, 
they themselves correspond to energy-values forming a linear sequence: 
call these a, a + h, a + 2b, ■ ■ ■ a + ih • • ■ as before. Whether we 
call these the "permitted" energy-values and allow the oscillators 
only the choice among them, or whether we sprinkle the oscillators 
uniformly through the compartments, makes only a secondary differ- 
ence. In this case, in fact, we can easily see exactly what difference 
it makes. If the oscillators are sprinkled uniformly in each compart- 
ment, then by applying the classical statistics we get just the same 
distribution (35) as when we assume them restricted to the energy- 
values (a + ih). But when we undertake to evaluate the average 
energy of all the oscillators, then in the one case we must put down 
the mean energy of those in the ith. compartment as the arithmetic 
mean of the values a + ih and a + {i + 1)6, while in the other case 
we must put down the energy of those at the «th permitted ellipse 
as « + ih. Hence to change over from the picture of permitted 
energy-values to the picture of compartments is the same thing as 
to replace the original sequence of permitted energy-values by another 
sequence of values located midway between them. I mention this 
chiefly in order to emphasize that the subdivision of phase-space into 
compartments is ipso facto quantum-theory. 

As every reader knows, Planck postulated that the quantity h— 
the interval between the permitted energy-values, or the energy-range 
within a compartment, whichever picture is chosen—is the product 
of a universal constant {h) and the frequency of the oscillators {v). 
The area of the equal compartments is then equal to the universal 
constant7 whatever the frequency of the oscillators. From this 
latter statement the general principle is derived: To state it one must 
first adopt a symbol (say n) and a name (say number of degrees of 

7 The point in the phase-space representing an oscillator of mass m, frequency v, 
and amplitude Cdescribes an ellipse having semi-axes Cand Ivmi'Cand area 
its energy is i7 = 2irzwi/JCJ; hence the relation between energy U and area F is 

U = vF 

and the area between two ellipses is equal to h if the energy-difference between them 
is equal to hv. 
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freedom) for the number of distinct coordinates q required to describe 
the individual member of whatever assemblage one may be considering; 
this is also the number of distinct momenta p, there being one p for 
each q. Then the principle generalized out of Planck's postulate for 
oscillators is this: For an assemblage of individuals with n degrees of 
freedom the phase-space is to be divided into compartments of volume hn. 

We will now see what the classical statistics, supplemented by 
this principle, proposes for an assemblage of particles for which the 
relation between energy and momentum is e = cp as it is for corpuscles 
of light, instead of e = p-jlm as it is for corpuscles of matter. 

Different energy-values correspond as before to different spheres 
all centred at the origin of the momentum-space, but the numerical 
relations are changed. Instead of equations (24), we have: 

es = crs, des = cdrs, 

dV = Airrs
2drs = (47r/c3)es

2<ies, ^ ^ 

dV standing for the volume of the shell s covering the energy-range 
between es and ea + des. Divide the momentum-space into compart- 
ments of equal volume II. We derive the "smoothed-over" distri- 
bution-function for the case in which Ni varies so little from one 
compartment to the next that even when the shell ^ is thick enough 
to comprise very many compartments the values of Ni for all of 
them may be equated to a mean value Ns. Under these conditions 
we may write for the number of compartments in the shell s, 

Qs = dVjll = {±ir!cNI)efdes. (37) 

Putting down the classical value (15) for the number of particles in 
any of these compartments, remembering that Ni is identified with 
N,,, we obtain for Ms the number of particles in the shell s: 

Ms = QsNs = ol^ttIc*!!) es2e~f,lkTdes = F(es)d€s (38) 

and evaluate a by the same procedure as before. The result is; 

= flikr " (39) 

This is the smoothed-over distribution-in-energy predicted for the 
radiation-gas by the classical statistics, it being assumed that the 
momentum-space is to be divided into compartments of equal volume. 
Experiment however supplies a quite different distribution-in-energy, 
to wit: 

ry \ _ / Stt V \ e2 

^ V ^ ) et,kT - 1 ' ^40) 

45 
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It looks as if (39) might be the limiting form of (40)—as if the 
actual distribution-law might be obtained by avoiding the approxi- 
mations whereby we came to the formula (39), as Planck s law of 
distribution for oscillators was obtained by refraining from approxi- 
mation. Such however is not the case. True, the second factor in 
(39) is evidently the limiting form, for very high temperatures, of 
the second factor in (40). But the first factor in (40) contains nothing 
but the volume of the gas and some universal constants, while the 
first factor in (39) contains the temperature and an apparently dis- 
posable constant standing for the number of particles in the assemblage. 
The former is not the limit of the latter. It will be noted also that 
although I said that the volume of the elements of phase-space was 
to be set equal to hz, this assumption in no wise enters into the function 
(39). Bose in fact found it necessary to upset the basis of the classical 
statistics, in order to arrive at (40) instead of (39). 

The Bose Statistics 

The momentum-space of the photons is to be divided as heretofore 
into equal compartments, and various distributions of the particles 
among these are to be compared, in order that we may elect one of 
them as "the most probable" and make a picture of the entropy of 
the assemblage. But the manner of defining a distribution, the 
manner of "counting the ways" in which it may be realized and 
computing its "probability," is to be changed, and changed in a 
most thoroughgoing and fundamental way. 

Start with any distribution of the particles, defined as heretofore: 
defined that is, by saying that there are iVo of the particles in the 
compartment 0, Ni in the compartment 1, and in general Ni in the 
compartment i. 

Count the number of compartments containing no particle; call it 
Zo. Count the number of compartments containing one particle 
apiece; call it Zi. In general, let Zi stand for the number of compart- 
ments containing i particles apiece. Put down the values of all the 
numbers Z,-. 

Now change the terminology. Elect some neutral word, "arrange- 
ment" say, to denote what we have heretofore denoted as a "distri- 
bution," and use the latter word in the following new sense: a distri- 
bution shall henceforth be described by stating the values of the 
numbers Zo, Z1} Zi, • • ■, Zf, ■ • • and the total energy of the assemblage.8 

8 It is of course confusing thus to change the meanings of words, but in the long 
run less confusing (I think) than to use some other word than distribution for the 
concept always called by that name in the new statistics. 
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This means that each distribution in the new sense comprises a 
number of distinct distributions in the old sense. This we shall 
regard as the number of different ways in which the distribution in 
the new sense may be realized. Going over entirely to the new 
terminology: we shall now identify the probability W* of a distribution 
with the number of arrangements which are included in it. Previously 
we identified the probability W of an arrangement with the number 
of permutations included in it, according to equation (7). This we 
now must forget; we must proceed as if the probability of each arrange- 
ment were the same. 

The number W* is now to be evaluated. In doing this we must 
remember that we have to count, not the total number of arrangements 
yielding the prescribed set of values of the quantities Zi, but the 
portion of these which give the prescribed value to the total energy 
of the assemblage. 

As before, we superpose upon the partitioning of the momentum- 
space into small compartments of equal volume H, another partitioning 
into spherical shells each of which is sufficiently large to contain many 
of the compartments, yet sufficiently small so that the same value 
of e may be assigned to all the compartments within it. The final 
result is thus to be a "smoothed-over " formula. It is rather singular 
that whereas Planck introduced the quantum into physics by avoiding 
the smoothing-over which had been customary in the classical statistics 
the quantum-formula for radiation is now derived by a method in 
which it is accepted. 

Consider then any shell at random, say the "shell 5." Denote by 
Qa or by Z the total number of compartments in it; by Z,s the number 
of these compartments which contain i particles apiece; by Ma the 
number of particles in the shell. According to the scheme now being 
tried out, the number of ways of attaining the particular distribution 
characterized by the numbers Z,s is given by the formula: 

W*= V-l , , Q. = EZi.. (41) 
A-Oa • A,\t! C,la ■ ' ' ' » 

As the energy-values for all the compartments in the shell are (by 
hypothesis) approximately the same, these various ways of attaining 
the distribution ZiS all corresponding to approximately the same total 
energy, as well as the same total number of compartments and the 
same total number of particles. 

Suppose this process repeated for every one of the shells s. The 
total number of ways of attaining the actual distribution, compatible 
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with the conditions of constancy of total energy, total number of 
particles and total number of compartments, is then the product of 
all the quantities Ws*: call it W*: 

W* = UW*. (42) 
s 

As before, and with the same end in view, we form the expression for 
log W*, and employ Stirling's formula (assuming thus in effect that 
none of the quantities Zis is smaller than ten or so): 

log W* = 52 log Ws* = Lll(?s log Qs — 52Zis log Zis]. (43) 
s s i 

We now take the very great step of identifying not log W of equation 
(10), but log W*, multiplied by a constant k, with the entropy of the 
assemblage. 

S = k\og W*. (44) 

Then, when the numbers Zis are changed by small amounts 5ZIS, 
the ensuing change bE in the total energy E of the assemblage must 
be linked to the ensuing change in {k log W*) by the equation: 

bS = log W*) = bElT. (45) 

The first variation of {k log W*) is given thus: 

b(k log W*) = — ^ZL(1 + log Zis)bZis. (45a) 
5 i 

Let us try the distribution: 

Zfs = ase-*''kT. (46) 

Substituting this expression into (45a), we get: 

b{k log W*) = — k52Y2{\ + log as — ies/kT)bZis 
s i 

= — ^Z(l + log cxs)52^is + (47) 
S » s » 

= SE/r, 

for the summation ^,-5Zia vanishes because the number of compart- 
ments in each shell is invariable, while the quantity tsYliZis is equal 
to the total energy of the particles in the shell s. 

The new statistics, in proposing a new conception of entropy as 
embodied in equation (44), therefore leads to a new distribution for 
thermal equilibrium. This distribution is expressed by equation (46) 
in the new-fashioned way, by stating the number of compartments 
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in each shell which contain each of the permissible quotas of particles. 
We must translate it into a distribution-function-in-energy such as 
we used to express the results of the old statistics. 

Before undertaking this translation, we compute the values of the 
constants as by summing the numbers Zia over all values of i for 
each shell separately, and equating the sum to the total number Qt 

of compartments in the shell. We obtain: 

Qa = = aXe-*-1"1, = aa(l - e-'/*1")-1. (48) 
i i 

On substituting these values of aa into (46) we get something which 
begins to look familiar. 

Next for the number Ma of the particles in the shell s, we compute: 

Ma = ZiZu = 0^-^(1 - e~t'/kT)~2 

i 

= Q" e*.lkT _ i ' (49) 

which begins to look very familiar indeed. 
Now for Qa, the number of compartments in the shell s, we put 

the value already stated in equation (37), derived from the assumption 
that the compartments are all of the same volume II: 

M- = % ! du ' F(e.)d'.- (50) 

Here the function F(ea) is the " smoothed-over" distribution-in- 
energy in which the new statistics culminates. Unlike those which 
we earlier derived from the old statistics, it involves the volume of 
the elementary compartments directly. Whereas from the old sta- 
tistics we obtained formulae involving the quantum only by avoiding 
the approximation, here we obtain a quantum-formula even when 
we admit the approximation—a contrast on which, I think, it is 
worth while to insist. 

Let us then, in preparing for the final assumption, accept the 
principle generalized from Planck's assumption about oscillators; let 
the elementary cell of phase-space be given the volume h3. This is 
not yet an assumption about the compartment of momentum-space. 
Supplement it, then, by supposing that the compartment of phase- 
space h3 is the product of the compartment II of momentum-space 
and the entire volume V occupied by the radiation-gas. Then: 

II = h3l V. (51) 
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This assumption—let me remark in passing—takes a very elegant 
form if we replace the compartments by the permitted energy-values, 
and then the corpuscular picture by the wave picture; for then we have 
a series of permitted wave-lengths, which are precisely those which 
can form stationary waves in a cube of volume V. 

So the new statistics leads to the distribution-law: 

Dividing out the factor V, we get the number of particles per unit 
volume having energy-values between e and e -f- de, in an assemblage 
having the most probable distribution at the temperature T. Multi- 
plying this by e, we get the total energy per unit volume in the pos- 
session of such particles. Identifying these particles with photons, 
we observe that they have wave-lengths between c/i/e and c/i/(e + de), 
frequencies between e//t and (e -|- de)/li. Transforming then from 
the variable e to the new variables X and v, we obtain distribution- 
functions which give the density of radiant energy as functions of 
wave-length and frequency. It turns out that these agree absolutely 
with the observed distributions, except that they lack a factor 2. 
This factor is at once imported, and is ascribed to the fact that light 
is polarizable. So we arrive at the black body radiation-formula: 

Stt/J VHv t Z1\ 
P{v)dv = ehvlkT _ j ^ 

and the new statistics is justified by its success. 
It will be observed that the new statistics leads to a precise value 

for the number of photons per unit volume, at any prescribed temper- 
ature; whereas the old statistics led to nothing of the sort, but to a 
formula which contained the number of atoms per unit volume as a 
disposable constant. This corresponds to a profound physical differ- 
ence between radiation-gas and material gases. When I state the 
temperature and the volume of a box containing helium, I am not 
giving data enough to fix the quantity of helium inside the box; 
on the contrary, the quantity and the density of the helium in the 
box can be varied ad libitum while the temperature and the volume 
are held constant. But when I state the temperature and the volume 
of an enclosure containing radiation, I am giving data sufficient to 
fix the amount of radiant energy and the number of quanta in the 
enclosure absolutely. This is a fact of experience, and the new 
statistics is evidently in accord with it. But if one were tempted to 
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try out the new statistics upon a material gas, would there be any 
way of avoiding the inadmissible conclusion that the number of atoms 
in such a gas is also absolutely fixed by temperature and volume? 

There is such a way. One might replace the distribution proposed 
in equation (46) by a more general one involving a disposable constant 
B, as follows: 

Z.-, = ase-u-w. (54) 

On substituting this into the expression for {k log W) we get instead 
of (47) the equation: 

8ik log W*) = - £E(1 + log aJZSZis + kBZZiSZi, 
s i si 

+-LZe^^Z.-a. (55) 
s i 

The right-hand member must as before reduce to 5E/T if the distri- 
bution (54) is acceptable; and this it will do, provided that not only 
Y,iSZ{a but also J^sHiiSZi, is zero. Now the second of these quanti- 
ties is zero for all variations in which the total number of particles 
remains the same. The distribution (54) enjoys a greater entropy 
than any other which is compatible with the same total energy and 
the same total number of particles. The distribution (46) was still 
more exalted; it enjoyed a greater entropy than any other compatible 
with the same total energy, even including those for which the total 
number of particles was somewhat different. But the distribution 
(54) is sufficiently distinguished to be qualified as the most probable 
distribution for a material gas. It seems rather singular that the 
distribution (46) is required for radiation-gas. Here is evidently one 
of the deep differences between matter and radiation. 

Following the same routine as before, we arrive at the following 
expression for the number of particles in the shell s: 

M, = Qa eB+t,lkT _ 1 

and in dealing with radiation-gas we have put 5 = 0 and have taken 
the value of Q, from equation (37). If in dealing with a material 
gas we take the value of Q, from equation (25) instead and put H 
= /i3/ V we obtain: 

JZi1rdl'L - (S?) 

and now it is obvious that we must evaluate B in terms of the total 
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number of particles N by the already so familiar way of integrating 
F{ts) over the entire energy-range from 0 to co and setting the integral 
equal to N. 

Einstein proposed this as an alternative to the Maxwell-Boltzmann 
law derived from the classical statistics. It is not easy to decide 
which of the two is supported by experiment, as with increasing 
temperature the formula (57) becomes more and more nearly like the 
classical one, and it turns out that throughout the convenient ranges 
of temperature and pressure the two are indistinguishable. It would 
be very valuable to determine between the two, as then we should 
know which of the two ways of defining a distribution and estimating 
the probability thereof, which of the two pictures of entropy, is the 
proper one for a material gas. The reader may have remarked that 
if one were to apply Bose's method to the problem of determining the 
most probable distribution of particles in ordinary space, one would 
reach a result at variance with that of the classical statistics, and 
therefore at variance with intuition. One must deal altogether with 
the six dimensional phase-space, to be perfectly consistent. This is 
to be regretted. 

The Fermi Statistics 

The statistics invented by Fermi, and later independently by 
Dirac, involves the same fundamental assumptions as that of Bose—■ 
the same manner of counting the ways in which a distribution may 
be realized, of defining its probability, of picturing its entropy. But 
there is an additional assumption, of the nature of a limitation: it is 
postulated, that a compartment may contain not more than some 
specific maximum number of particles. In particular for a gas to 
which no external field is applied, it is postulated that each compart- 
ment must either be empty, or else contain one particle only. 

The "exclusion-principle of Pauli" gave the hint from which the 
Fermi-Dirac theory sprang. This principle may be paraphrased as 
follows. In Bohr's "atomic theory of the atom" the electrons be- 
longing to an atom are forbidden to revolve in any except certain 
specific orbits, set apart from the rest as the "permitted" orbits, 
and labelled by specific "quantum-numbers." In later versions of 
the theory the "permitted orbits" are less conspicuous, the "permitted 
quantum-numbers" more so; but the picture is acceptable at all 
events as a beginning. Upon this prohibition, then, Pauli superposed 
another; not more than one electron is allowed in each orbit or to 
each set of quantum-numbers. Perhaps it would be better to say 
"not more than some definite small number of electrons . . ." 
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instead of "not more than one." The affinity of this to one of Fermi's 
assumptions will soon be manifest. It would take much too long 
to give an idea of the successes of the Pauli principle; they are however 
so great as to increase the inherent plausibility of Fermi's idea very 
much—or perhaps I should say, so great as to render the idea plausible, 
which otherwise it might not seem. 

The reasoning follows exactly the same course as when we were 
deriving the distribution-law (56), except that all the summations 
over the variable i are now summations of two terms only, the term 
for 2 = 0 and the term for 2 = 1. For each of the shells there are 
only two numbers Zls required to describe the distribution: viz. Zoa 

the number of empty compartments and Z\s the number of compart- 
ments containing one particle apiece. We try the distribution (54): 

Zo, = a,; Zls = ase
B-""T, (58) 

and easily find that it is the distribution of maximum probability, 
by comparison with all the others compatible with the same total 
number of particles and the same total energy. We arrive then at 
the following expression for the number of particles in the shell s: 

M. = Q.^L + ! ' (59) 

There is no point in putting for Qs the value appropriate to radiation- 
gas, since the Bose formula has already proved adequate for that case. 
Fermi put the value appropriate to material gases, and obtained: 

ir _ a vv (esY'-des. _ . , . . 
h3(ir)112 ' g-s+tjM-r _}_ i Fiea)d€s. (60) 

This formula is the point of departure for the theory of the electron- 
gas in metals revived and remodelled by Pauli and Sommerfeld, to 
the experimental tests of which most of the rest of this article will 
be devoted. 

Application of the Fermi Statistics to the Electrons 
in Metals 

We are asked to conceive of a piece of metal as a region populated 
with "free" electrons, and surrounded by a wall; the electrons being 
distributed according to the formula of Fermi. 

The Fermi distribution-function involves the total number N of 
the electrons, which is a disposable constant. It also involves the 
volume V which this assemblage of N particles pervades. For this 
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we set the volume of the piece of metal—a decision which is tanta- 
mount to ignoring the atoms, to supposing the metal a vacuum 
inhabited by free electrons only. So remarkable an assumption, 
even though it be made only in approximation, requires some excuse. 
Its strangeness may be mitigated by recalling, first, that slow electrons 
may go through atoms (at least through certain kinds of atoms) 
as imperturbably as if the atoms were not there; and second, that a 
wave-train may go without being scattered at all through a crowd 
of particles individually quite able to scatter it, provided that the 
particles are arranged in a regular lattice having a spacing smaller 
than the wave-length of the waves. The speeds attributed to electrons 
in metals are so low and their wave-lengths are so great, that perhaps 
they do behave in such a way. 

The "wall" is the agency which prevents the electrons from escaping; 
it is commonly imagined as a sharp and sudden gradation of potential 
at the surface of the metal. Any electron moving towards it from 
within, with a velocity of which the component normal to the bounding 
surface may be denoted by u, is supposed to be driven back into the 
body of the metal if the corresponding "component of kinetic energy" 
±mu2 is less than a certain constant Wa; while if \mu2 > Wa the electron 
escapes, but with its kinetic energy diminished by Wa. According 
to newer ideas electrons may sometimes escape even when their 
values of \mu2 are smaller than Wa, and may sometimes fail to escape 
in the contrary case; but the earlier and simpler conception remains 
approximately valid, and I will abide by it for a time. The constant 
Wa may be named the work-function. 

Like the constant N, the work-function figures as a disposable 
constant in the theory. It is an ambition of physicists to explain 
as many as possible of the differences between different metals, by 
varying only the values of these two constants. Later we shall find 
it necessary to introduce others, beginning with the one which in the 
older theories appeared as the mean free path of the electrons; but 
there are several results of value which can be obtained with no other 
but these two. 

I repeat now from (60) the Fermi formula for the distribution-in- 
energy of an assemblage of N particles in volume V at temperature T, 
with two changes made to bring the notation into harmony with that 
of Sommerfeld: 

FU = (61) 

Here the symbol 1/A replaces eB, and a factor G to which we shall 
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assign the value 2 is introduced for a reason which will be stated 
later. The corresponding distribution-function in the coordinates 
and momenta is this: 

G 1 
/(*, y, 2, px, Pv, P.) = wA-let"'T+ 1' (62) 

The first step now is the same as in the classical statistics: to deter- 
mine the constant A in terms of N by integrating F{e) over the whole 
range of energy-values from 0 to <», and equating the integral to N: 

^ F(e)de = N. (63) 
Jo 

This was an easy step in the classical statistics, but here it is very 
hard. The integral of F(e) is not one of the common well-known 
functions to be found in mathematical tables, nor a combination of 
such; and we do not get a simple equation to be solved for A in terms 
of N. Sommerfeld indeed found it necessary to compromise by 
deducing two series-expansions for the integral, one being available 
for values of A smaller than unity, the other for the opposite extreme. 
By a stroke of luck which seems almost too good to be true, the first 
one or two terms of one or the other of these expansions form an 
approximation amply good enough for all the cases where as yet 
theory and experiment can be compared. 

I consider first the approximation which is of no importance in the 
theory of electrons in metals—the one for values of A so very small 
that the second term in the denominator of F(e) is negligible by 
comparison with the first. Then the distribution-law approaches 
that of Maxwell and Boltzmann, and of necessity the constant A 
must possess the value which in the limit makes ^(e) identical with 
the classical expression written in equation (27): to wit, the value: 

Nh3 

A =1J~{2TmkT)-™ (64) 

It would however be a great error to suppose that this value of A 
can be substituted into the function F under all circumstances. This 
value is acceptable only if A is very small relatively to unity, which 
is to say, if the quantity to which A is here equated is very small. 
So the question arises: in any physical case, is the combination on 
the right-hand side of equation (64) a small fraction of unity, or is 
it not? 

Now for any material gas under any conditions usual in the labora- 
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tory, A is indeed very small. The new statistics leads to a result 
indistinguishable from that of the old statistics. To discriminate 
between the two by experiments on material gases, one would have 
to work with temperatures so low and densities so high that the 
gases would probably either be liquefied already, or at least would 
be in a condition very different from that "ideal" state to which the 
statistics is tacitly supposed to apply. Perhaps though it is not 
impossible to make the test with helium or hydrogen. 

A this point apparently Fermi stopped. But it occurred to Pauli 
that if the new statistics were applied to an electron-gas as dense as 
that which Riecke and Drude had supposed to pervade the interiors 
of metals, the deviations from the classical distribution would be 
much more pronounced. For, in the first place, the mass m of the 
individual electron is smaller by several orders of magnitude than the 
mass of the atoms or molecules of any material gas. And, in the 
second place, if the number N of free electrons in a piece of metal 
is as great as or greater than the number of atoms, then it is thousands 
of times as great as the number of particles in an equal volume of a 
material gas. Now the quantity equated to A in equation (64) 
contains N in the numerator and ?«3/2 in the denominator, and for the 
hypothetical electron-gas within the metals it is no longer small. 
The expression (64) for A is then no longer acceptable. 

While the statement just made about m is based on a fact of experi- 
ence, the statement about N is not so firmly grounded. We have no 
direct knowledge of the number of free electrons in a given volume, 
say the number n (= NjV) in unit volume, of a metal. This as I 
said above is a disposable constant of the theory. One of the tests 
of the theory is whether one can obtain correct numerical values of 
half-a-dozen properties of a metal by choosing a single value of n 
for that metal. So long as the classical statistics was applied to the 
electron-gas, this was impossible. If the value of n was put as high 
as the number of atoms in unit volume, the predicted value of specific 
heat (and we may now add, the predicted value of susceptibility) 
turned out to be too large; if n was lowered sufficiently to avoid this 
particular discordance, other predictions were impaired. It was 
however the general impression, that one should put n equal to the 
number of atoms or a small multiple thereof. I suspect that this 
decision was largely due to a feeling that since the free electrons are 
detached from atoms, and since all the atoms are alike, any atom 
should supply as many free electrons as any other. However that 
may be, it was natural though not inevitable for Pauli and for Sommer- 
feld to link the Fermi statistics with the postulate that there are as 
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many free electrons as there are atoms, and test the combination of 
these two assumptions. 

On putting for m the mass of the electron, for NjV the number of 
atoms per unit volume of any metal, for T any temperature from 
zero absolute up to several thousand degrees, and for G any small 
integer, one finds that the quantity equated to A in (64) is very large. 
Thus with NjV = 5.9-1022 (the number of atoms in a cc. of silver), 
T — 300° K., G = 2, Sommerfeld computed: 

(nh3/G)(2irnikT)~312 = about 2400 (65) 

a result which invalidates equation (64). 
We turn then to the other series-expansion of the integral SF{€)de, 

the one which Sommerfeld proved applicable for large values of A. 
The first two terms of this expansion are as follows: 

jTTwde = JV = (2m*r log .4)»» (l + ^ (log ^)-=+ • • ■) ■ (66) 

Taking the first term only of this expansion and putting the aforesaid 
values of N/V and T and solving for log A, one finds a very large 
value indeed (log,. A = 325). Assuredly then we may use the first 
two terms of this expansion by themselves when we are dealing with 
the electron-gas in a metal, and indeed the first term will for some 
purposes be amply sufficient. 

We have thus the following first—and second—approximation 
formulae for A in terms of n or N/V: 

2mkT log A = h2{3n/iirGy13 first approx. 

2mkT log A = hVIW3 [ 1 - (2x
iy (^g)"4"] (67) 

second approx. ' 

(the second approximation being computed by putting the first- 
approximation value of log A into the second term of the series 
expansion). 

On substituting one or the other of these into the distribution- 
functions (61) and (62), we have the postulated distribution of the 
free electrons expressed to as high a degree of approximation as we 
require, with no disposable constant except n; and we are ready for 
the applications. 

The Specific Heat 

As it was the notorious difficulty with the specific heat which 
spoiled the old electron-gas theory in which the classical statistics 
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was coupled with the assumption that there are as many free electrons 
as atoms, let us first of all find out whether this difficulty remains. 

Any distribution-law for an assemblage leads immediately to a 
formula for the total energy E thereof as function of the temperature, 
which is: 

E = C tF{e)d<:. (68) 
Jq 

Putting the distribution-in-energy (27) derived from the classical 
statistics, we find: 

E=\ NkT (69) 
£ 

and putting the one just derived from the Fermi statistics with the 
first-approximation value of ^4, we find; 

£ = £o + \lVT\ 

2T VGh2 ( 3M \2/3 

ii0 " 5 2m [attGJ ' (70) 

tt ^(2-jrky ( 3n Y'3 

T = 3mG-F-i4rfj ' 

two exceedingly different formulaa. 
The derivatives dEjdT of these expressions are the formulae supplied 

by the two statistics for the specific heat of the electron-gas. The 
classical theory predicts for the specific heat a constant value, while 
the Fermi statistics makes it proportional to the temperature—being 
thus in harmony with Nernst's heat theorem, while the other is not— 
and gives it even at room temperatures but a small fraction of the 
classical value. 

Experimentally the specific heat of the electron-gas cannot be 
measured separately from that of the lattice of atoms, which constitutes 
the metal—an admission which seems to condemn as vain all hope 
of testing these formulae. Nevertheless one can conclude with fair 
certainty that the classical expression is inadmissible; for the specific 
heat of an ordinary metal agrees so well with the value attributed 
by statistical theories both old and new to the atoms alone, that there 
is simply none left over for the electrons—no such great excess, that 
is to say, as the amount 3nk/2 which the classical theory requires. 
The device of reducing n to so low a value that 3nk/2 would be in- 
appreciable makes trouble in other directions, as I have intimated. 
But with the new statistics the theoretical value y VT is inappreciable 
even when n is made as great as the number of the atoms and T as 
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great as many hundreds of degrees. Probably no one who did not 
often lament the defeat of the old and so very desirable electron-gas 
theory by that hard fact about the specific heat will ever quite realize 
the rejoicing caused by this victory of the new, which by this achieve- 
ment succeeded a se faire pardonner many deficiencies in other fields- 

Features of the Fermi Distribution 

I will now mention some of the features of the Fermi distribution 
which has thus justified itself by passing its first test. 

The most startling of these may be inferred from the distribution- 
function (62) or (61), by inserting the first-approximation formula 
for A presented in equation (67), and a new symbol Wc 

f=G 1 . W. = ]t(^L J h3
e

{'-wi>ltT + ! ' * 2m\4irG 

At the absolute zero the exponential term is either infinity or zero, 
according as the variable e is greater or less than Wi. Therefore the 
density of the electrons in phase-space is constant and equal to Gjh3 

for all energy-values less than Wi, zero for all values of energy greater 
than Wi. 

This striking result can easily be deduced from Fermi's basic 
assumption, without any statistics at all. Absolute zero is by defini- 
tion the temperature of the state, being in which the assemblage 
can give away no energy whatever. If not more than one electron 
may occupy any compartment of the phase-space, absolute zero is 
attained when there is an electron in every compartment from the 
origin outwards to a sphere which is centered at the origin, and which 
has just the volume needful to contain as many compartments as 
there are electrons. The number of electrons in unit volume of the 
phase-space is and remains equal to the number of compartments in 
unit volume, i.e. to the reciprocal of the volume of the elementary 
compartment, from the origin outward to this sphere; there it suddenly 
sinks to zero, and so continues. Cooling-down of an assemblage is 
settling-down of the particles into this the most condensed of all 
permissible arrangements; it is like crystallization upon a lattice, 
only the lattice is in the phase-space. 

The foregoing statements may all be repeated, with the words phase- 
space replaced by momentum-space. In the momentum-space, a sphere 
of radius p, consequently of volume Airp3!?), contains (47r/>3/3)/(&3/F) 
of the elementary compartments. If we set this number equal to the 
total number of electrons N, and solve the resulting equation for p, 
we get the radius of the sphere which would just contain all the 

2/3 
(71) 
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electrons if there were one in each compartment. If we set the vol- 
ume of the sphere equal to NhziVG and solve for p, we get the radius 
pm of the sphere which would just contain all the electrons if there 
were G of them in each compartment. But this is the maximum 
value of the momentum of the electrons, it is the momentum of the 
fastest of the electrons. The corresponding speed vm of the fastest of 
the electrons is pmjm, therefore is given by the expression : 

and the corresponding kinetic energy \mvj is the same as W 
It is expedient to set down for future reference the mean values of 

speed v and of several integer powers of v, for a gas distributed according 
to the Fermi law at the absolute zero. The general formula for 
the mean value of any power v' of v is this: 

and in particular: 

v~v = 3/2vm', v = 3vm/4] v2 = 3vm
2/5] v3 = \vm

3. (72a) 

The corresponding values for the Maxwell distribution are these: 

Plotted as functions of e, the distribution-function f in the co- 
ordinates and momenta starts out as an horizontal straight line at a 
distance Gjh3 from the axis of abscissae, while the distribution-function 
F in the energy starts out as a concave-upward parabolic arc; these 
continue as far as the abscissa e = Wi, and from then on the curves 
coincide with the axis of abscissae. 

The foregoing statements are valid for absolute zero; what happens 
as the temperature rises? Sommerfeld has proved that the sharp 
angles in the distribution-curve are very gradually and slowly rounded 
off, the curve always traversing the midpoint of the vertical arc BC 
(Fig. 1). The far end of the curve sinks down to the axis of abscissae 
in the fashion of the Maxwell law. Even at room-temperature and 
even far above, however, the distribution departs so little from the 
absolute-zero form that many phenomena may be interpreted in a 
qualitative way, simply by imagining the absolute-zero distribution— 
the completely degenerate distribution, it is called—to persist all 

(71a) 

v~' = 2{ml2TrkTyi2-, v2 = {2kTjm); 

v = 2{2kTlirmyi2\ v3 = 4Tr(2kT/irm)312. 

(72b) 



RECENT STATISTICAL THEORIES 709 

through the observable range of temperatures. Indeed, in calculating 
electrical resistance and certain other properties of metals, one may 
use the mean values of the various powers of v which are tabulated 
in (72a). There are however other properties of metals, thermal 
conductivity for instance, for the estimation of which it is not sufficient 
to assume that the mean values of the powers of v are always the same 
as at absolute zero, and one must derive more nearly approximate 
values for them; for these however I refer the reader to Sommerfeld. 

0.5 

n 
0.90 0.95 1.00 1.05 1.10 

Fig. 1—Graphs of the Fermi distribution-function / plotted against e/TF,- as 
independent variable, for an electron-gas having 6.5 • 1CF particles per cc., at 
temperatures zero (rectilinear curve) and 1500° K. (rounded curve). The value of 
Wi is 6 equivalent volts. 

In practice, the values of Wi are rather astonishingly great; no less, 
for example, than 5.6 equivalent volts for silver, 5.7 for tungsten, 
6.0 for platinum. Obviously they depend on the compactness of the 
lattice, being greater the more closely-packed the atoms are. In 
potassium and sodium the atoms are relatively widely spaced, and 
the corresponding values of Wi are about 2.1 and 3.2 in equivalent 
volts. 

46 
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The contrast between this and the classical situation is evidently 
enormous. Where formerly we were asked to think of the electrons 
in a metal at usual temperatures as being distributed Maxwell-wise 
about a very modest mean energy, say about 0.02 of an equivalent 
volt, we are now invited to conceive them as distributed all through 
a range of energies extending from zero up to as much as half a dozen 
equivalent volts, and more abundantly the nearer one approaches 
to the top of this range, abruptly though the distribution ceases 
when the very top is reached. This is "zero-point energy" with 
a vengeance! 

The pressure of the electron-gas is related to the energy-per-unit- 
volume by the equation valid also in the classical theory: 

and therefore varies like the total energy—starting from a value 
absurdly high at the absolute zero (hundreds of thousands of atmos- 
pheres) and increasing therefrom very slowly at first, though according 
to a T- law, as the temperature rises. I do not know of any manometer 
for measuring internal electron-pressures, but if anybody should 
invent one he had better make it strong. 

There is manifest ground for doubting these remarkable proposals: 
thermionic data seem to show that the work-function which opposes 
the egress of the electrons from a metal is itself less than half-a-dozen 
volts (in the usual measure), for some metals less than two—what 
then keeps these fast electrons confined within the metal? It turns 
out, however, that in augmenting the vis viva of the electrons the new 
theory also raises the top of the wall which they must overleap. 
Here indeed we meet with the first of the new experiments which tend 
to confirm the new theory. 

Thermionic Emission 

The simplest theory of the thermionic current is, that it consists of 
all the electrons belonging to the interior electron-gas which fly 
against the boundary-surface of the metal with velocities such that the 
component u thereof perpendicular to the boundary-surface is great 
enough to make the "energy-component" \miC- greater than a constant 
Wa—the said constant being interpreted as the work-function or the 
retarding potential-drop at the edge of the metal. The thermionic 
electrons are those which swim up to the surface with an outward- 
bound velocity-component so large, that by means of the kinetic 
energy of their outward motion they can climb over the wall. 
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Evidently any thermionic emission must distort the distribution of 
the electron-gas inside the metal, as it is an unbalanced outflow of 
electrons. The situation in which the efflux is balanced by a corre- 
sponding influx from an electron-gas outside the metal is much 
regarded in thermodynamic theory, but one cannot measure currents 
in that situation any more than one can measure heat-flow between 
two bodies at equal temperature. In assuming, then, that the 
distribution of the internal electrons is that of Fermi or that of Max- 
well, we shall probably be invalidating our conclusions except for the 
limiting case of an infinitesimal emission. It seems probable, however, 
that with the thermionic currents of practice the approximation is 
good enough. 

The simplest theory of the thermionic current, then, consists 
entirely of the equation: 

i=e^)G XIdU £ dV £ dW ■U A-J* + 1 ■ (73) 

This is a restatement of the first sentence of this section, plus the 
assertion that even when electrons are leaking out through the wall of 
the metal the distribution within remains practically that of Fermi. 
The factor e stands for the electron-charge; the symbol i thus for the 
thermionic current-density in electrostatic units. The factor m3 

enters because, in conformity with usage, I have translated from the 
momenta into the velocity-components u, v, w as independent variables. 
The quantities Uo and Wa are related by the equation: 

Wa = hmio2. (74) 

In the integrand we are of course to put %m{u2 + y2 -f w2) for e. 
Setting for A the first-approximation value from (107) with the 

symbol Wi defined in (71), we obtain: 

i=e{j)'£££" +1dMw- (75) 

The integration is perfectly straightforward if the second term in 
the denominator may be neglected relatively to the first. This seems 
unnatural, for we have just been noticing that over part of the energy- 
range, from c = Wi downwards, the second term is larger than the 
first. But if Wa is considerably larger than IF,—and by this I mean, 
if (Wa — Wi)IkT is positive and considerably larger than unity— 
then the electrons which escape are those which belong to the extreme 
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upper part of the energy-range, where the first term is much the 
larger. Writing then M-exp []— (e — Wi)jkT~\ for the integrand, 
we integrate with ease by well-known formulas, and get: 

i = {kTye-™°-w*ltT. (76) 

The experimental test consists in plotting (log i ~ 2 log T) against 
l/T; we should get a straight line provided that Wa does not vary 
with temperature. The experiments do lead to precisely this result. 
The slope of the line varies from metal to metal, and depends on the 
state of the metal surface; identifying it with (Wa — Wi)/k, one finds 
that Wa exceeds Wi by amounts ranging from one equivalent volt 
upward to five or six; so the approximation just mentioned is abun- 
dantly justified, even up to temperatures of incandescence. 

The contrast with the predictions of the classical theory is peculiarly 
interesting. Assuming the Maxwell distribution for the interior 
electrons, one arrives easily (the reader can do it by substituting the 
value of A from (64) into (73)) at the formula: 

i = iyk^(kT)ll2e~w- (77) 

On testing this formula by plotting (log i — % log T) against 1/T, it 
is found that the experiments yield lines as beautifully straight as those 
obtained by plotting (log i — 2 log T). Indeed—as everyone knows 
who has dabbled in thermionics—a function of the type exp (— c/T) 
varies so exceedingly rapidly with 1/T that it makes no perceptible 
difference to the graph whether or not the function is multiplied by a 
constant or by any modest power of T. One cannot then use the 
graphs to distinguish between the theories, even if one could be sure 
that Wa is not a function of T. But the classical theory proposes 
that we identify the slope of the aforesaid line with Walk] and it 
has been the custom so to do. 

Now if the Fermi distribution-function is the right one, physicists 
have been underestimating the work-function all along. They have 
plotted experimental curves which agreed in shape with (76) and (77) 
and from these they have evaluated the constant figuring in the 
exponent, a constant which they have denoted usually by — b/k] 
and then they have equated b to Wa, whereas if it is right to apply 
the new statistics they should have added Wi to b and then equated 
the sum to Wa. Nor is the alteration slight: for if there are as many 
free electrons in the metal as there are atoms, then Wi is six volts 
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or thereabouts, and the quantity to be added to the observed constant 
b is larger than h itself. 

Is there then any other way of determining the work-function than 
out of this apparently ambiguous current-vs-temperature curve? If 
there is a direct and independent way, it may serve not only to decide 
between the two statistics, but also—if it favors the new by yielding 
a value for Wa greater than the thermionic h—to give an experimental 
value for {Wa — b) = W* and hence for the disposable constant n 
which is the one uncertain quantity in the theoretical formula for Wi. 
It may, that is to say, serve to determine the number of electrons 
per unit volume of the electron-gas. 

Now it seems that the diffraction of electrons by crystals provides 
an independent and direct way of determining the work-function. 
For in the phenomena in which negative electricity behaves as a 
wave-motion, the work-function figures in the index of refraction; 
and the index of refraction of a metal may be determined from the 
diffraction-patterns which it forms when irradiated with slow electrons. 
Ample data concerning one metal—nickel—have already been acquired 
by Davisson and Germer, and from these it transpires that the work- 
function is much in excess of the thermionic constant b—so much 
indeed, that the corresponding value of Wi implies that there are 
twice as many free electrons as atoms in the metal, or even more.9 

The values deduced for the work-function from the refractive index 
vary however with the speed of the electrons; and it is evident that 
much remains to be understood. 

The factor which multiples T2 exp (Wa — Wi)lkTj in the 
right-hand member of (76) involves universal constants only (sup- 
posing that G is such) and is therefore the same for all metals—a 
principle derived by Richardson from the first and second laws of 
thermodynamics twenty years ago, without any assumptions at all 
about the distribution of the electrons. Its actual value 2irk2meGlh3 

differs only by the factor G from the value derived by Dushman, 
which is numerically equal—in the customary units—to 60.2 amperes 
per cm.2 per degree squared. There are several metals for which the 
experimental value of this quantity—commonly known as ^4, a 
symbol which in this article is monopolized by another meaning— 
agrees well with 60.2. One might infer that G must be unity, a 
choice which would demolish the theory of paramagnetism; but there 
is another recourse; one may suppose that half the electrons which 

9 L. Rosenfeld, E. E. Witmer (l. c. infra). From Rupp they cite values of re- 
fractive index for six other metals (Al, Cr, Cu, Ag, Au, Pb) and compute values of «. 
In considering these, however, the reader should assess G. P. Thomson's criticism 
of Rupp's values. 
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come up to the bounding surface from within with energy sufficient 
to escape are nevertheless reflected. A factor (1 — r)—r being 
called the coefficient of reflection, and being put equal to \—then 
enters into the formula, and balances out the factor 2 introduced by 
giving the preferred value to G. Moreover one may explain values 
of the constant still smaller than 60.2, or between 60.2 and 120.4, 
by adjusting r accordingly. But there are also recorded values 
enormously greater than 120; so evidently something remains to be 
understood.10 

The methods of wave-mechanics have been applied by Fowler and 
Nordheim to the problem of evaluating this coefficient of reflection. 
They have attained some notable results in the fields of thermionics, 
cold discharge, and photoelectric effect. These however are conse- 
quences not of the new statistics only, but of a combination of the 
new statistics with the new way of considering the transmission and 
reflection of electron-waves at surfaces. There is not space for me 
to deal with the latter, beyond indicating its point of departure and 
its chief results. 

Thus far I have been speaking of a metal as an equipotential region 
surrounded by a surface at which there is a sharp potential-drop, 
and beyond which there is the equipotential region of outer space. 
Fowler and Nordheim however, like Schottky and others before 
them, conceive a metal as an equipotential region surrounded by a 
surface, beyond which lies a region in which there is a field (or at all 
events an image-field) the strength of which is a function of the 
distance from the surface. The quantity Wa appears as the integral 
of this field-strength, from the surface to infinity. Electrons of a 
given kinetic energy being supposed to fall against the surface from 
within, the fraction which fails to pass completely through the region 
of the field depends upon the kinetic energy of the electrons and 
upon the shape (not solely upon the integral) of the field-strength-vs- 
distance curve. The average value of this fraction for all the electrons 
of all speeds coming up to the surface from within—the average 
being taken with due regard to the relative proportions of the electrons 
of various speeds, that is to the distribution-in-velocity—is the 
coefficient r aforesaid. For certain simple shapes of the field-vs- 
distance curve it may be calculated. One thus arrives at the be- 

10 If the empirical equation is of the form i = aTn exp (— bIT), then whatever 
may be the values of the constants a and b, one can always claim that it agrees with 
the foregoing theory provided one assumes that Wi or r or both vary with temperature 
in just the proper way. But, as Fowler puts it: "the variety of possible uncon- 
trollable hypotheses (if such assumptions are to be admitted) becomes too large 
for profitable discussion." 
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ginnings of a theory of the effects of surface-conditions on thermionic- 
emission, and of the cold discharge. 

The Cold Discharge 

Suppose that a potential-difference is now applied between the 
metal and a neighboring electrode, such that near the metal the 
resulting field-strength is very great. Does it penetrate the region 
which I have just been describing? Assume that it does penetrate as 
far as the "surface" just defined. Then, everywhere beyond the 
surface, the actual field is the resultant of this "applied" and the 
previously-mentioned "intrinsic" field. The shape of the field- 
strength-vs-distance curve is thus changed, in a way which is calculable 
if we have postulated some particular original shape; and in certain 
simple cases it is possible to calculate the consequent change of the 
coefficient r, and therefore the electron-current—or the additional 
electron-current—which the applied field causes to emerge from the 
metal. This is the current known as the "cold discharge." 

Nordheim adopted for the field-strength-vs-distance curve, in the 
absence of applied P. D., the shape which is most commonly proposed 
—the inverse-square curve, the law of the "image-force" which a 
charge in the vicinity of a conductor experiences because of its "elec- 
trical image " in the conductor. For the current i of the cold discharge 
he then derived this approximate formula: 

i = c'SF2e*p c"IF), (78) 

in which F stands for the applied field, 5 for the surface-area of the 
metal exposed to it, c' and c" for constants which can be calculated 
when Wi is known. 

There are certain experiments (for an account of which I refer to 
Nordheim's paper in the Physikalische Zeitschrift) which indicate 
that the actual relation between the current and the field-strength 
agrees in form with (78), but that the predicted values of c' and c" 
are too large—too large by a factor of the order of ten in the latter 
case, by several orders of magnitude in the former. However it is 
possible to explain away these contradictions. One may assume, 
for instance, that the actual surface concerned in the discharge is a 
collection of small spots which altogether have but a small fraction 
of the total area of the metal surface; and that over these small spots, 
the field-strength is much higher than it would be if the metal were 
everywhere uniform and smooth. The ratio of the observed to the 
predicted value of c' then gives the fraction of the total surface which 
is covered by these "active" spots, and the ratio of the observed to 
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the predicted value of c" gives the reciprocal of the factor by which 
the field-strength must be multiplied. 

This explanation has the disadvantage of being not only plausible 
but much too easy. So long as there is not any independent evidence 
about the area of the effective spots or the field-strength prevailing 
over them, the theory simply delivers an equation with two disposable 
constants, which is not very valuable for testing the underlying 
assumptions. It appears from the data examined by Nordheim, 
however, that the ratio of the predicted to the observed value of c'' 
is always between 10 and 20, and the ratio of the observed to the 
predicted value of c' is always about 10-10 (at least for tungsten). 
This uniformity of the two quantities which figure in the theory as 
the disposable constants may be taken as a confirmation of some 
weight. 

Photoelectric Effect 

According to the former theory, the elementary process of the 
photoelectric effect runs thus: a quantum dives into a metal, and gives 
its whole energy (say £o) to an electron initially at rest, which then 
may escape from the metal after suffering a reduction of kinetic 
energy equal at least to Wa and possibly more (more, that is to say, 
if the electron loses kinetic energy on its way to the surface). Even 
;f we suppose that the electron originally belonged to an electron-gas 
conforming to the classical statistics, its initial energy would almost 
always be quite negligible compared to that which the quantum gives 
it. But if the electron-gas obeys the new statistics, it comprises 
electrons with energy-values ranging up to Wi. However if the new 
statistics is valid, then the reduction of kinetic energy at the boundary 
is also greater by Wi than we have hitherto supposed. The net 
result is, that by the new statistics as by the old we derive Einstein's 
equation for the maximum kinetic energy of the electrons expelled 
by quanta of frequency v: 

Emnx = Eo + Wi - Wa = hv + const. (79) 

only the additive constant is now (Wi ~ Wa) instead of (— Wa). 
This additive constant should as before agree with the thermionic 
constant b. 

The new theory has one marked distinction, probably an advantage, 
over the old: it implies a sharply definite maximum kinetic energy— 
that is to say, the distribution-in-energy function of the escaping 
electrons should jump suddenly from zero to some definitely higher 
value at the energy-value E = Emilx prescribed by (79); the slope of 
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the curve representing this function should make an acute angle with 
the axis of E where they intersect at -Emax. The Maxwellian distribu- 
tion predicted by the classical statistics for the interior electrons 
suggests however that the curve in question should approach the 
axis asymptotically. The new statistics leads also to certain inferences 
about the shape of the curve for values of E less than £max- A great 
quantity of data bearing on this subject has been obtained by Ives 
and his collaborators; but the interpretation is made difficult by the 
presumption that some allowance must be made for the energy- 
losses suffered by electrons after they absorb quanta but before they 
reach the surface, and will require much study. 

Paramagnetism of the Electron-Gas 

The susceptibility of the electron-gas was calculated by Pauli even 
before the specific heat was evaluated by Sommerfeld, but as it 
involves an extra complication I have inverted the historical order. 

The complication is due of course to that assumption which is made 
in order to explain why the electron-gas should be magnetic at all—■ 
the assumption that electrons are magnets. Perhaps I am too cautious 
in referring to it as an assumption, it being so well authenticated 
by the gyromagnetic effect and by the general usefulness of the 
"spinning electron" in the explanation of spectra. These phenomena 
impose a special value on the magnetic moment of the electron, 
to wit, the value, 

Ato = eh/SiTmoc, (80) 

nio standing for the rest-mass of the electron. Further they require 
that when the electron is floating in a magnetic field, its moment 
(considered as a vector) shall be either parallel or anti-parallel to the 
field. Denote by 9 the angle between the moment of the electron 
and the magnetic field: then 9 must be either 0 or tt.11 Now when a 
magnet of moment M is inclined at an angle 0 to a magnetic field II, 
its "extra magnetic energy" is — Mil cos 0.12 In dealing with the 
electron-gas, then, we are in effect assuming that when a field II is 
applied to it the energy of every electron is either increased or decreased 
by the amount: 

A = ehHlSirnioC. (81) 
11 It comes to the same thing, and may on other grounds be preferable, to assign 

Ho twice the value given in (80), and to 9 the values 60° and 120°. 12The magnetic energy, or energy due to the "interaction between the magnet 
and the field" is put equal to zero when the magnet is transverse to the field, which 
is consistent with the picture that the field alters the energy of the magnet by speeding 
up or slowing down the revolving electricity. The formula here given is a first 
approximation. 
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As I mentioned earlier, the idea of compartments in the momentum 
space may be replaced by the idea of "permitted energy-values," 
at least in some situations. Let us for convenience return to the 
latter conception. Then we may .say that when a magnetic field is 
applied to an electron-gas of which the particles are magnets, each of 
the permitted energy-values is split into two. To any previously- 
permitted value e correspond a pair of new ones, e + A and e — A; 
or let me say e + wA, using m as a symbol which may have only 
the values -f 1 and — 1. 

Pauli assumed that the most probable distribution of the electrons 
among this doubled set of energy-values is to be determined by the 
new statistics, including Fermi's postulate so modified as to state 
that not more than one electron may possess any one of the permitted 
values. 

Previously I used the symbol Z!S to denote the number of compart- 
ments or permitted energy-values which lie in the shell ^ and are 
occupied by i electrons apiece; and the symbol Q3 to denote the total 
number of permitted energy-values in the shell s. Now there are Qa 

permitted values which are shifted upward by A from the original 
ones, and Qa more which are shifted downward by A from the original 
ones. Let Zia+i stand for the number in this upward-shifted group 
which are occupied by i electrons apiece, and Zi3_i for the corre- 
sponding number in the downward-shifted groups; Zt-3m shall be the 
general symbol for the two. 

Now consider the distribution: 

This answers the standard requirements for thermal equilibrium. 
For if we define W* in Bose's way, and then say that the entropy is 
k log W*, we find that when the energy of the assemblage is varied 
by 8E—the total number of cells and the total number of particles 
remaining constant—the first variation of the entropy is 8E/T, as it 
should be. I leave it to the reader to prove this statement as corre- 
sponding statements for other distributions (e.g. (47)) were earlier 
proved, and to determine the values of the quantities asm; on doing 
which, and substituting the results into this distribution, he should 
obtain 

Zism = aame-iB-i*'+m*ltT, m = +1, - 1, 

i = 0, 1. 
(82) 

+1 gi3+(e,+A)/fcr J 
Q* 

y _  vs  
^Is' -1 gB+K-Aj/fcr _j_ j 

a 
^ = (^m|(2^)3/2(^)1/2- (83) 
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It is best, perhaps, to regard these formulae as the descriptions of 
two electron-gases, one composed entirely of magnets parallel to the 
field, the other of anti-parallel magnets; the actual electron-gas is a 
mixture of the two. The quantity Zis, _i, for example, is the number 
of parallel magnets having energy-values shifted downwards through 
A from the Q8 originally-permitted energy-values which lay in the 
shell 5. True, these magnets are no longer themselves in the shell 5, 
owing to the shift; their energies lie between (es — A) and (es — A 
-f </es), not between es and es + deB-, but for ease of integration it is 
better to think of them as being associated with the original unshifted 
energy-values. The total number of magnets comprised in the 
parallel gas is then given by the equation: 

^=7^^ (2™)3/2 ( . * (84) (x) 1/2 h? (27r'")3/2 fo eB+c-WT + ! 

For brevity denote by L the constant before the integral; and use the 
symbol 0 for the function defined as follows: 

0(«) 
_ r- (e)"2d€ 

To^wr + l (85) 

Then expanding Ni as a power-series in the variable A/kT which is 
HoHJkT, we find: 

Ni = L ^0(5) — ^^•0,(5) + terms of higher order in H ■ (86) 

Similarly one obtains, for the total number N* of electron-magnets in 
the "anti-parallel gas," a formula: 

Nz = L |^0(5) + 0,(.S) + terms of higher order in i/j (87) 

Now the total magnetic moment of the "parallel gas" is iVi^o in 
the same sense as the field, and the total magnetic moment of the 
"anti-parallel gas" is in the sense opposed to the field; so that 
the net magnetic moment of the entire assemblage of electrons is 
(fVi — Nz)hq. We will carry out the computations only for values 
of H so low that we may ignore all terms beyond the second in the 
expansions for Ni and iVb. The net magnetic moment is then approxi- 
mately proportional to //; its quotient by H, the susceptibility x of 
the electron-gas, is constant. It is a fact of experience that with 
nearly all paramagnetic substances the susceptibility is independent 
of II up to the highest attainable values of this variable. The limi- 
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tation which we are here accepting will probably therefore not prove 
serious. Our approximative formula for x is then as follows: 

MT *7% ITT 2^M02 ./✓px _ NnJ (OQ. 
X=(N1- N2)h0/H = - (B) - -^y, (88) 

and all that remains is to make the step made in every previous case 
—to determine the last remaining unspecified constant, B, in terms 
of the total number N of the particles of the assemblage. 

This number N is the sum of Afi and N^. Ignoring the terms of 
higher order in H, we have: 

N = 2L(fi{B) (89) 

and this is substantially the equation which was used to determine 
Sommerfeld's constant A in terms of N; for eB and \/A are one and 
the same. To make this equation identical with (63), or rather to 
make (63) identical with this one, we must there put G = 2, as we 
did—this is the reason for having introduced that factor G. 

The procedure is then as follows: put — B for log A in the right- 
hand member of equation (66)—differentiate it with respect to B— 
insert into the derivative the value of B obtained by equating to N 
the right-hand member of (66), i.e., the value given in (67)—and 
substitute into (88). The resulting value for x is this: 

X = 12 ^|y/3/xo2«1/3W7oA-2. (90) 

To pass now to the experiments: is it permissible to suppose that the 
susceptibility of any metal is due entirely to the electron-gas within it? 
This is the same sort of uncertainty as confuses the question of the 
specific heat. Here we have every reason to expect that the magnet- 
ization of an ordinary paramagnetic metal is a threefold effect, in- 
volving not only the orientation of the electrons but also the orientation 
of the atoms, and finally that alteration of the electron-orbits in the 
atoms which gives rise to diamagnetism. To disentangle these three 
contributions to the net magnetic moment seems almost beyond the 
powers of any theory. With the alkali metals, however there is 
strong evidence that the second may be absent. Spectroscopic data 
show quite definitely that the magnetic moment of the alkali-metal 
ion—the atom minus its valence electron—is zero. If every atom 
in an alkali metal has surrendered its valence electron to the electron- 
gas, then there will be no orientation of the ions by the magnetic 
field, and the number of electrons forming the electron-gas will be 
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equal to the number of atoms. The values of x computed with this 
last assumption should then be not less than the actual susceptibility; 
they may be somewhat greater, because of the diamagnetic effect 
which is opposed in sign to the paramagnetic effect and therefore 
neutralizes it in part. Of this diamagnetic effect we can predict the 
order of magnitude, and we may expect that it will be greater, the 
higher the atomic number of the metal. 

The value of x proposed above is the value for absolute zero; for 
higher temperatures a closer approximation can be obtained by using 
two terms of the expansion in (66), instead of the first term only. 
It appears, however, that the alteration is slight. Like the average 
energy and the pressure, the susceptibility of the electron-gas should 
be very nearly the same at all temperatures from absolute zero up 
through room-temperature and far beyond. Now it is a fact that the 
susceptibility of the alkali-metals is independent of temperature—a 
fact so surprising, that the desire to explain it seems to have been 
Pauli's principal incentive in undertaking this research. For if the 
electron-gas were governed by the classical statistics, and the electrons 
were as many as the atoms, the susceptibility of a metal would increase 
as the temperature diminished and attain enormous values near the 
absolute zero. 

When Pauli published the theory to which this section is devoted, 
the experimental data indicated that the susceptibilities of potassium 
and sodium were somewhat lower, those of rubidium and caesium 
markedly lower than the predicted values—divergences which might 
be charged to the diamagnetic effect or to faults in the theory. Recent 
Canadian work, coming out very much a propos, has improved the 
situation remarkably. This tabulation (taken from E. S. Bieler, 
to whose article I refer for the sources) shows the comparison: 

Na K Rb Cs 

Theoretical (Pauli)  0.66 0.52 0.49 0.45 
Experimental: 

McLennan et al  0.61 0.42 0.31 0.42 
Lane  0.65 0.54 

(All numerical values to be multiplied by 10-6) 

Singularly enough, the agreements are too good! one would expect 
the diamagnetic effect to be more considerable than the very slight 
discrepancies between the experimental and the theoretical values for 
sodium, potassium, and oesium. Perhaps further work on the theory 
of the diamagnetic effect would now be desirable. 
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Returning once more to the meaning of G, one sees that the placing 
of the value 2 for G in equation (61) and all of its descendants amounts 
to the making of the assumption that the electron-gas is really a 
mixture of two equally numerous and entirely independent assemblages 
of particles, each for itself obeying the Fermi statistics. This seems 
a rather odd idea, but inevitable. 

Theory of Conduction 

The new theory of conduction developed by Houston and Bloch is 
based upon the wave-theory of negative electricity, in which the 
interior of a metal is conceived to be filled not with darting corpuscles, 
but with stationary waves—as many distinct patterns of loops and 
nodes, it may be, as in the corpuscle-picture there are free electrons. 
It is not a consequence of the Fermi statistics alone, but of the Fermi 
statistics plus the wave-theory. Of course, if we come to decide that 
the Fermi statistics implies the wave-theory and vice versa, this warning 
will seem superfluous; but it is not superfluous, so long as the new 
statistics is used with reference to corpuscles. Now the corpuscle- 
picture of negative electricity is not only familiar, but seems likely to 
survive as the most convenient for describing most of the phenomena 
in which electrons figure. I will therefore express as much as possible 
of the new theory of conduction in the language of corpuscles, although 
eventually I shall be forced to make an assumption which will come 
to the same result as converting the corpuscles into waves. 

To realize the things to be explained, conceive a slab of metal, 
having a thickness d measured along the x-axis; suppose a potential- 
difference V to exist between its faces, so that a field E = Vjd directed 
along the axis of x pervades it. 

If the electrons in the metal moved perfectly freely, then any 
which was introduced without kinetic energy at the negative side of 
the slab would fall forthwith to the positive side, arriving there with 
the full kinetic energy eV and the full corresponding velocity of 
magnitude (2eF/w)1/2 directed along the axis of x. Certainly nothing 
of the sort occurs. When a potential-gradient exists along a wire, 
for instance, heat is developed uniformly everywhere and there is 
nothing to suggest that the electrons are moving more rapidly at the 
positive than at the negative end. 

We must then suppose that the free flight of the electron is inter- 
rupted at frequent intervals, and that at every interruption it loses 
the kinetic energy and the component of velocity up the potential 
gradient which it has acquired from the field since the last one previous. 
Or at least, the average loss of kinetic energy and of "drift-speed" 
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at interruptions must be balanced by the average gain between 
interruptions. 

In the corpuscle-theory these Interruptions are pictured as actual 
impacts or collisions of the electrons with the atoms. Evidently, 
if we could assume that whenever an electron hits an atom it rebounds 
in some direction perfectly transverse to the field, then we should 
have a mechanism in which the drift-speed of the electron up the 
potential-gradient is annulled at every impact. This would be much 
too artificial. But if we think of both the electrons and the atoms as 
elastic spheres, the latter being so massive that they never budge 
when struck, the result is in effect the same. For then, the angle 
between the direction along which an electron approaches an atom 
and the direction along which it flies away after collision is on the 
average 90°. The rebound is as likely to be backward as forward; 
the rebounding sphere retains on the average no memory of its former 
direction of flight. This I will prove later. 

There is a difficulty, which I must not leave unmentioned, although 
in this place I can do nothing to clear it away. In the development 
of these ideas we shall in effect assume that at the end of each free 
path the electron loses not only the forward drift-speed but the whole 
of the kinetic energy which it acquired while traversing that free 
path under the influence of the field. But if it collides with infinitely 
massive spheres it does not lose kinetic energy at all. If it collides 
with spheres of the mass of an atom, it loses kinetic energy, but does 
not completely lose its drift-speed. The theory of this latter case 
has been developed by Compton and Hertz for use in the study of 
conduction in gases, and might be applied to the problem presented 
by metals, but probably fits them no better than does the other 
hypothesis. 

With this elastic-sphere model, then, the average interval between 
impacts is the average interval during which the electron is piling up 
drift-speed, only to lose it all at the end of the interval and be forced 
to start afresh from scratch. Denote by to the length of this average 
interval. Since the acceleration of the electron is eE/m, its drift- 
speed at the end of the period to is (eEto/m), its average drift-speed 
is half as great. Now I must dispel the impression that the drift-speed 
is the whole of the speed which the electron has. On the contrary, 
the mean speed of the thermal agitation—let me call it v—is immensely 
larger than the small contribution which any ordinary field (indeed, 
any not very extraordinary field) can impart to an electron over a 
distance comparable with the distance between atoms. The field 
must not be supposed to do more than bend very slightly the rectilinear 



724 BELL SYSTEM TECHNICAL JOURNAL 

paths of the electrons from impact to impact. This statement is 
true with the classical statistics, a fortiori with the new. Denote by 
I the average distance traversed by an electron between impacts. 
Then to is Ijv, and the average drift-speed is %{eEl/mv).13 The corre- 
sponding current-density is the product of this by the numer of 
electrons in unit volume multiplied by the charge of each. So, for 
the current-density produced by unit-field-strength, which is by 
definition the conductivity a, we obtain the formula: 

a = \neHlmv. (91) 

The constant /, the mean free path, is the third disposable constant 
of the theory of electrons in metals. 

I fear that the foregoing passage sounds very old-fashioned; but 
nevertheless it expresses the corpuscle-theory of conduction. The 
notion of elastic spheres is only accessory—an image which may or 
may not be the best to represent the central idea, the idea that the 
life-history of a corpuscle in a metal pervaded by a field is an alter- 
nation of gradual gain and sudden loss. The mean free path is the 
average distance of uninterrupted gain. 

The common test of the formula (91) is the test by the temperature- 
variation. The result of this, incidentally, was regarded as quite as 
grave a demerit of the old electron-gas theory as the difficulty with 
the specific heat. 

It is a fact of experience that the resistivity p = l/o- of any metal 
varies rapidly with temperature. For many metals it varies directly 
as T over quite a wide range; at low temperatures even more swiftly, 
not to speak of the strange phenomenon of supraconductivity. Now 
in equation (151) we have p set equal to a combination of two universal 
constants with three quantities v, n, I between which last the responsi- 
bility for these great variations must be divided. 

According to the classical statistics v is proportional to Tin. This 
is a variation in the right sense, but not fast enough. To make p 
vary as T we must then make nl vary as l/T1'2. With the Fermi 
statistics the requirement is harder. The mean speed of thermal 
agitation is almost independent of temperature, and the burden of 
the whole responsibility for making p proportional to T must be 
loaded upon nl. The first step with the new statistics is a step 
backward. 

Can we reasonably assume n to be the cause of the variation? 
13 It is the mean of the reciprocal of the speed, not the reciprocal of the mean 

speed, which should figure here; but with so rough a formula the distinction is 
scarcely worth making. 
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If so, then it must diminish with rising temperature. It would seem 
reasonable enough for n to increase with rise of temperature, for 
presumably the free electrons arise from ionization of the atoms, and 
ionization is promoted by heat; but for n to decrease would seem very 
odd, notwithstanding Waterman's successes in accounting for some 
of the data by such a theory. 

Part of the burden, then, must be cast on the mean free path— 
indeed the whole of it, if we adopt the new statistics so that v is held 
constant, and suppose in addition that n does not vary with tempera- 
ture. But the elastic-sphere conception cannot stand the strain. 
It gives for the mean free path a value independent of temperature,14 

except insofar as the metal dilates with increase of heat. This is 
pretty nearly checkmate. 

If however we might suppose that an electron may sometimes go 
clear through an atom without being reflected or deflected, and that 
the chance of such a piercing is relatively smaller and the chance of 
a rebounding relatively greater, the more violently the atom is vi- 
brating—then by this theory the mean free path would diminish as 
the temperature rises, which is what is desired. This is an idea 
proposed long since by Wien. 

The new idea is in result the same. The probability of the re- 
bounding, or let me say of the scattering of an electron by an atom, 
is supposed to increase with the vigor of the vibrations of the latter. 
But for this a new reason is advanced: the reason, that while vibrating 
the atom is most of the time away from its equilibrium-place in the 
crystal lattice, and its relations with its companions are distorted. 
The probability of scattering is made to depend not only on the 
presence of the atom somewhere along the path down which the 
electron is rushing, but also on the relative positions of all the other 
atoms in the crystal. 

To make such an assumption is, in effect, to compromise between 
the corpuscle-theory and the wave-theory. For what is the evidence 
from which it is inferred that a beam of light falling upon a grating, 
say, or a beam of X-rays falling upon a crystal, are undulatory? 
Essentially this: the way in which the beam is scattered or diffracted 
by the regular array of rulings on the grating or atom-groups in the 
crystal is different—greatly and strikingly different—from the way 
in which we know that it would be scattered by a single ruling, or 
suspect with good reason that it would be scattered by a single atom- 

14 The value l/iW/f familiar in the kinetic theory of gases, N standing for the 
number of fixed spheres per unit volume, R for the sum of the radii of a fixed and 
a moving sphere. 

47 
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group. For instance, there are directions in which no light at all is 
sent by the regular array, though assuredly light would be scattered 
in those directions by any member of the array if it were solitary. 
These facts are explained by invoking interference of waves. The 
wavelets expanding outwards from the various rulings or scattering 
particles are supposed to arrive in opposite phases at the "dark 
fringes" of the diffraction-pattern, so that they cancel each other. 
But one might also say that the beam of light is a stream of corpuscles 
which are deflected or scattered by the atom-groups or rulings which 
they happen to strike, and that the law of scattering of the individual 
atom-group is altered by the marshalling of the scattering elements 
into a regular pattern, so that in particular the probability of a 
deflection towards one of the dark fringes is reduced to zero. 

I am not prepared to say that such a compromise is a full alternative 
for the wave-theory, though modern theoretical physics seems to be 
tending in that direction. But if we wish to describe with the language 
of the corpuscle-theory the phenomena of diffraction by a crystal, 
whether of waves of light or waves of negative electricity; then we 
must certainly adopt the idea of a probability-of-scattering, of a 
mean-free-path, which varies with the irregularity of the placing of 
the atoms. 

The principle is especially simple and especially startling, if we deal 
with a beam of which the wave-length—considering it as a beam of 
waves—exceeds the spacing of the lattice. Waves of such a magnitude 
would not be diffracted at all by scattering particles placed exactly 
at the points of the lattice. Though any particle singly would scatter 
them, they flow through the lattice intact. If then we wish to interpret 
the beam as a stream of corpuscles, the probability of deflection of 
any corpuscle by any atom must sink to zero when the arrangement is 
made perfect; the mean free path must then be considered infinite. 

The resistance of a perfect crystal of an element should then be 
zero when all the atoms are stationary in their places on the lattice— 
if they ever are, which apparently they are not; and should increase 
steadily with increasing temperature, in a way which can be computed 
if we know two things: the way in which the scattering of waves by 
particles on a lattice varies with the amplitude of the quiverings of 
the particles about their lattice-points, and the way in which the 
amplitudes of the particles vary with the temperature. The second 
of these questions is the subject of the theory of specific heats of 
solids, developed principally by Debye. The first has been profoundly 
studied by Debye and by several other physicists interested chiefly 
in the scattering of X-rays by crystals. Transferring their results 
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into the theory of the diffraction of electron-waves, Houston demon- 
strated that over a wide range of temperatures the resistance of a 
perfect crystal should vary as the absolute temperature. 

To determine not only the law of variation of resistance with 
temperature but the actual value of the resistivity for any metal, 
it would be necessary to evaluate the mean free path of the electrons. 
By the thoroughgoing corpuscular theory, this depends on the size of 
the atoms from which the corpuscles rebound; by the wave-theory, 
it depends on the scattering-power of the individual atom, which thus 
takes the place of the "size of the atom." The problem of computing 
the scattering-power of an atom for electron-waves belongs to the 
new mechanics. Houston was able to obtain good numerical agree- 
ments for several metals. 

Another way of introducing irregularity into a crystal of an element 
consists in replacing a small fraction of the atoms, chosen at random 
here and there on the lattice, by atoms of another element. Certain 
alloys, known as "solid solutions," are of this type; and it is not 
only known that the resistance of such an alloy is greater than that 
of the element which is most abundant in it, but it has been shown 
by Nordheim that the dependence of resistance on percentage of 
substituted atoms follows the rule to be expected from the diffraction 
theory of resistance.15 

Since then the conception of mean-free-path can be reinterpreted 
in terms of the wave-theory, and since it appears to be possible to 
deduce from the wave-theory a law of variation of mean-free-path 
with temperature which can be incorporated intact into the corpuscle- 
theory it is permissible to return to the corpuscle-picture to set up a 
theory of conduction of heat and of electricity, and of the thermo- 
electric effects in crystals. 

We shall apply what I may call the method of the perturbed distri- 
bution-function, developed by Lorentz. The idea is, to begin by 
deriving a distribution suiting the actual case. The functions which 
we have hitherto employed, that of Maxwell and that of Fermi, 
are isotropic; it is only in the combination + t + f2), hereafter 
to be called v-, that the velocity-components £, r?, f appear in them.16 

These "standard" functions may be appropriate to a uniform metal 
in which the temperature and the potential are uniform. Evidently 
they are not appropriate to a metal in which there is an electric field, 

15 The idea that the free paths of electrons extend from one irregularity of the 
crystal to another was propounded before the advent of the wave-theory of negative 
electricity. 161 shall use the velocity-components hereafter in lieu of the momentum compo- 
nents, to conform with the custom. 
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or a temperature-gradient, or which varies in its chemical nature 
from place to place, as might an alloy. If in such a case we orient 
the axis of x parallel to the gradient of the variable quantity—be it 
electric potential, temperature, or whatever else—we must expect if 
to enter differently into the distribution-function from 77 and 

Various arguments show that as a rule the departures from the 
standard function must be rather small. Lorentz therefore postulated 
that in the presence of a gradient directed parallel to the x-axis, 
the actual distribution should differ from the standard function /o (v) 
—this he of course assumed to be Maxwell's—by virtue of a small 
additive term, a new function of v multiplied by the velocity-compo- 
nent 

/ = fo(v) + tg(v), (92) 

and he proceeded to determine the new function g by the condition 
that / should remain constant in time despite the collisions of the 
electrons with the atoms. More precisely, he found for each of the 
three cases with which we shall be concerned a function g, such that 
the distribution-function obtained by adding £g to fo conforms to 
that condition. This justifies the procedure. 

Much the simplest case of the three is that of a uniform metal at a 
uniform temperature, subject to an electric field; for here the distri- 
bution-function need not vary from place to place. It will be well 
to go through the reasoning in this instance, though the formula for 
conductivity in which it leads differs but little from (91). 

It is required, to find a function g of the combination (^2 -\- ri1 -\- f2)1/2 

such that if at any moment the distribution (/o + £g) prevails, it 
continues unchanged throughout time—the number of particles in 
any compartment or cell of the velocity-space (the momentum-space 
of the earlier pages, with its unit of length altered in the ratio m : \) 
stays constant. Choose a compartment enclosed between planes f 
and £ + 77 and 77 + ^77, f and f + di;. Call it the compartment C. 
Its volume is d^dr\d^, which to save a profusion of Greek letters I 
will usually denote by dr. The number of particles in it is J-dr. 
This number must remain unchanged, though individual particles 
are constantly moving into and out of C in either of two ways—by 
"drift" and by "collision." 

Owing to the field £, all of the particles have a steady acceleration 
a = e£/w, because of which they are continually and continuously 
drifting from cell to cell. One easily sees that the number which 
thus drift out of C per unit time (it is best to think of "unit time" 
not as one second, but as a period small compared with the mean 
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time between impacts) is equal to first approximation to £*/(£ + 
■q, l;)dr)di;A1 This loss is partly balanced by an inward drift of particles 
which are accelerated into the compartment from the one lying 
beyond the plane the balance is not perfect, for the number drifting 
in per unit time is equal to a/(^, r?, i;)d-qd£ and there is a difference 
a{dfjd^)dT outstanding.18 This difference must be balanced by the 
entrances and exits of particles which undergo collisions. 

Let adt represent the number of electrons which, being initially in 
the compartment C, suffer impacts during unit time and are thus 
suddenly bumped out of it; and bdt the number which, being initially 
in other compartments, suffer such impacts during unit time that 
they suddenly turn up in C. The function g must be so chosen, 
that the lack of balance between the electrons drifting out and the 
electrons drifting in is just compensated by the lack of balance between 
those bumped into the compartment and those which are bumped out: 

-%=b-a. (93) 
m d£ K ' 

We must therefore evaluate {b — a) in terms of the distribution- 
function. 

We already have a formula ready-made for the number of impacts 
experienced per unit time by the particles of speed y; it is vjl for each 
particle, so that: 

a = (v/l)fd%dT]d£. (94) 

Since however we have also to compute b, we shall find it expedient 
to classify these impacts according to the destinations of the particles, 
so to speak—according to the compartments of velocity-space into 
which they are bounced. A particle of speed v is located, in the 
velocity-space, on a sphere of radius v centered at the origin. Collision 
with an immovable atom changes the direction, but not the magnitude 
of the velocity; in the velocity-space, the particle suddenly moves to 
some other point on the same sphere. When electrons jump out of 
the compartment C because of impacts, they land in the other com- 
partments which with C form a spherical layer around the origin. 
When electrons jump into C because of impacts, they come from the 
other compartments of that same layer. We shall derive an expression 

17 During a time dt so short that adt is small by comparison with d^, the particles 
which initially lie between the plane (i; + — adt) and the side (ij + dt) of the 
compartment move out of it, while the particles which initially lie between the 
side £ of the compartment and the plane (£— adt) move into it; these two classes 
of particles number/(£ + dt, v, £)adt-drid£ and /(£, tj, fiadt-dridt respectively. 

18 This expression figures in the equations as a net loss, but in fact has a negative 
sign (since df/dt < 0) and therefore is actually a gain. 
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for the number of particles leaping from C into any other cell C of 
the layer, and an expression for the number leaping reversely. The 
difference or lack of balance between these numbers, integrated over 
all the cells C, will be the required quantity {b — a). 

We begin by inquiring how many particles make such impacts that 
their paths (in the coordinate-space, of course—not the velocity-space) 
are deflected through angles between say d and d + dd. To be 
deflected through an angle 0, an electron must strike an atom at a 
point where its surface is so oriented, that the normal (which is the 
line of centres at the instant of collision) is inclined to the line of 
approach of the electron at the angle \p = Ktt — 0). Denote by R 
the radius of the atom, and suppose that the radius of the electron 
is negligibly small.19 Think of all the f-d^d-qd^ electrons which at 
some particular moment of time are in unit volume of the metal, and 
belong to the compartment C of the velocity-space. Imagine each of 
these to be the centre, in the coordinate-space, of a pair of circles 
lying in the plane perpendicular to its path, and having radii R sin ^ 
and i?(sin i/' + d sin yp) =i?(sin yp + cos ypdyp). As time goes on, let 
these circles travel in the direction normal to their plane with the 
speed v. During unit time each pair of circles traces out a pair of 
cylinders of length v, containing between them a cylindrical sheath of 
volume v ■ 2irR? sin yp cos ypdyp. Multiplying this by the number 
f-d%di]d£ of the electrons, we get the total volume included in all of 
these sheaths. Multiplying this by the number N of atoms in unit 
volume, we get the number of atoms located with their centres in these 
sheaths—which is the number of atoms so placed that in unit time, 
electrons of the stated cell impinge on them at angles between yp 
and yp + dyp—which is the number of impacts per unit time in which 
electrons are deflected through angles between 0 and 0 + dO, which 
accordingly is this; 

N-fd^dqd^• 2ttvR2 sin yp cos ypdyp = fd£drid£ ■ NirR2v • % sin ddd. (95) 

It will be convenient to express this as a fraction of the total number 
of impacts—call it Zdr—experienced per unit time by all the electrons 
in question, which by integrating (95) is found to be: 

Zdr = irNR2vf-dT, (96) 

substituting which into (95) we get: 

Z-2 sin yp cos ypdyp = Z-^ sin Odd. (97) 
19 The formulae remain valid even if the diameter of the electron is supposed 

not negligibly small, provided that we interpret R as the sum of the radii of atom 
and electron; but the generalization is not, so far as I know, of any practical value. 
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It will be observed that deflections smaller than 90° are equally 
numerous with deflections greater than 90°, so that on the average 
the electrons after impact have no reminiscence of their prior direction 
of motion, as I mentioned earlier. Also, comparing (96) with (94), 
one derives the expression for mean free path, 

I = \INttR-, (98) 

cited already in a footnote. To appreciate the most important 
feature of the expression (97) we must however return to the velocity- 
space. 

In the velocity-space, the electrons of which the paths in coordinate- 
space are deflected through angles between 2d and 2d -f d2d execute 
leaps from the compartment C into other compartments of the spherical 
layer aforesaid, located on a certain region thereof. These occupy 
a belt or collar on the sphere, intercepted between two cones drawn 
with their common apex at the centre, their common axis pointing 
towards C and their apical semi-angles equal to d and d -\- dd respec- 
tively. Now the area of this belt is itself proportional to sin ddd. 
This is very important: for it means that the electrons which are 
bounced out of C by collisions are sprinkled uniformly over all the 
rest of the sphere. More yet: it means that the electrons which 
are bounced out of any cell of the spherical layer are sprinkled uni- 
formly through all the rest of the layer. 

Consider then the interchange of electrons between two cells of the 
layer, say C at (£, 77, f) with volume dr, and C at (^ t/, f) with 
volume dr'. The number leaping from C to C is equal to the total 
number of impacts occurring in C multiplied by the ratio which the 
volume of C bears to the volume V of the layer. The number 
leaping from C to C is equal to the total number of impacts occurring 
in C, multiplied by the ratio which the volume of C bears to the 
volume of the layer. The excess of the latter over the former is then: 

ZW, V, ndr'idrlV) - Zit, 77, WridT'/V), (99) 

which with the aid of (96) and (98) may be written thus: 

r,'. n -/({, 1. f)>'. (100) 

This is the quantity of which the integral with respect to £', 77', f, 
extended over the spherical layer, is equal to {b — a)dT—the net 
rate at which compartment C gains particles through impacts. 

Making Lorentz' postulate about the form of the distribution- 
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function /, and remembering that throughout the spherical layer the 
combination (^,2 -f t?'2 + r'2)1/2 is confined within a narrow range of 
values around v we obtain: 

b — a = (f/O •«(»)■ J ({' - &dr'IV. (101) 

To effect the integration it is expedient to change over to polar 
coordinates in the velocity-space. Leaving the origin where it was, 
and directing the polar axis towards C, we make the radial coordi- 
nates and the colatitude-angle identical with our v and 0, and for the 
meridian-angle we use the symbol </>. Dividing up the layer into 
compartments by latitude circles and meridians, we have for any one 
of them: 

dr'lV = (l/47r) sin eddd*. (102) 

Consequently we obtain:20 

b — a = (vIAvl)g{v) • r dd sin 0 f d<f)(^ — ^). (103) 
Jo Jo 

Everything therefore hinges on the evaluation of (^ - £)—the change 
in the ^-component of velocity which the electron incurs when it 
leaps from C to C—as a function of 0 and (/>. Now it may be shown 
without much difficulty,21 that: 

£' — £ = — 2v cos cos u = — 2v sin 50 cos co (104) 

wherein xp stands as before for the angle between the line of approach 
of the electron and the line of centres at the instant of impact, and oj 
stands for the angle between the line of centres and the axis of x. 
There is also a standard formula 22 relating cos u to (f> and the 

20 Lest someone be disconcerted by the apparent difference between this equation 
and that given by Lorentz, I remark that I am using 0 to designate an angle twice 
as great as the one which he denoted by 0. ... 21 Let v, v' represent the vector velocities of the electron before and after impact, 
Ci the unit vector along the line of centres at the moment of impact. The components 
of v and v' along the line of centres are equal in magnitude and opposite in direction; 
the components perpendicular to the line of centres are equal in magnitude and 
direction. Writing these statements down in vector notation: 

v• C] = v'-Ci; v - iv-Ci)ci = v' - (y'-Ci)ci = u' + (v-c,)ci, hence, 
v' — v = — 2(i;-Ci)ci = — 2v cos ^-Ci; £' — £ = — 2v cos \p cos w. 

22 Imagine two planes P, and P2 intersecting along a vertical axis, the dihedral 
angle between them being <£. Through a point O on the axis draw a horizontal 
plane N, and from O draw two lines of unit length ORi and ORi, the former in plane 
Pi and inclined at /3 to the vertical axis, the latter in plane Pi and inclined at i/- 
to the vertical axis; w is the angle between them. The points Pi and Ri are at 
heights cos /3 and cos ^ above the plane H. On the vertical line through Ri put 
a point P3 at distance cos /3 above H. Expressions for the sides of the right-angled 
triangle P1P2P3 are easily obtained, and (214) is derived by applying the theorem 
of Pythagoras to them. 
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angle = arc cos (£/z') between the initial path of the electron and 
the axis of x, as follows: 

cos co = cos /3 cos i/s + sin 0 sin ^ cos 0. (105) 

We now have everything necessary to do the integration in equation 
(103), and we find: 

b - a = (f£//)g(y). (106) 

Substituting this into equation (93), the condition that the distribution- 
function (/o + £g) shall be stable by virtue of perfect balance between 
the rates at which electrons are shifted from compartment to com- 
partment by the impacts and by the accelerating field, we get: 

(e£/w) ^ (/„ + £g) = (f£//)g. (107) 

If the term £giv) is truly small by comparison with the term /o(z'), 
we may neglect the second term on the left; and since {dfajdv) = 
(dfo/dv)(dv/d£) = (£/v)(dfo/dv), the culmination of all the argument is 
in the formula: 

. , s £1 eE dfo 

for the alteration which the applied electric field imposes on the 
distribution. Notice that g involves £ and rj and f only in the combi- 
nation v; this justifies the procedure of Lorentz. 

Now each electron which during unit time crosses any surface 
imagined in the metal contributes an amount e to the current through 
that surface; but the contributions made by electrons crossing in 
opposite senses are opposite in sign—what we perceive as current is 
net current, the excess of the flow of charge one way over the flow the 
other. Conceive a plane surface-element of area da, normal to the 
field, therefore normal to the axis of sr. We must classify the electrons 
which traverse it according to their values of £. Let H(^)d^da 
represent the number passing through in unit time, and having at the 
moment of passage .r-components of velocity in the range d£ at £. 
This is equal to the number which at any instant have their x-compo- 
nents of velocity in this range, and are situated in the right prism 
having da for its base and extending a distance £ down the direction 
of .v:23 

H{t)dtda = tfadt f dv f dfM v, f). (109) 
*/ —oo 9^ -co 

23 This would be immediately obvious, if all the electrons were moving parallel 
to the rc-axis and made no impacts. Electrons having y and z components of velocity 
in addition to the x--component will drift obliquely out of the prism, and electrons 
making impacts will be thrown out of the range dtj; but each electron thus lost will 
be balanced by another coming in from outside. 
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Since for electrons crossing in opposite senses ^ is of opposite signs, 
the integral of this expression over all values of multiplied by e, 
gives the net current through da when the proper distribution-function 
is inserted. Evidently the integral will vanish when / is isotropic; 
there are enormous flows of charge both ways through da, but they 
are balanced. Unbalance is brought about by the non-isotropic 
perturbation-term in the distribution-function. Making the postulate 
of Lorentz, we obtain for the net current through unit area perpen- 
dicular to the field, the current-density J, the expression: 

J = e fH{t)dt = e r r f*dtdvdt-eg(v). (110) 
U */—CO — CO t/ — CO 

Set for g{v) the expression in (217), and to effect the integration 
transform into polar coordinates in the velocity-space, orienting the 
polar axis along the axis of integrating over the angles, one obtains: 

WEAir ("* 2dfo , .111. J — I v2 -j- dv. (HI) m 3 J0 dv x / 

The final integration is easy if one chooses for/o the Maxwell function, 
not quite so easy if one chooses that of Fermi. A further step will be 
of some advantage. Integrating by parts, and noticing that v vanishes 
at the lower and /o at the upper limit, we find: 

{00 
fovdv (112) 

and the integral remaining, divided by n the number of electrons per 
unit volume, is seen to be l/47r times the mean value of f-1,—the 
average of the reciprocal of the speed of the electrons, in the absence 
of the field. Denoting this by v~l, we may write as the general 
formula for conductivity: 

J 2/e2« — /11 -j \ 
o- = v: = 2 v • (HU E 3 m 

The analogy with (91) is obvious, but we must not be misled into 
identifying the average of the reciprocal speed with the reciprocal of 
the average speed; they are not quite equal. 

The actual final formute obtained by the old and the new statistics 
■—substituting, that is to say, the appropriate values of f_1 from (72b) 
and (72a), and putting G = 2—are as follows: 

-5(2^5 (old), (114a) 

8tt e2l / 3n\2'3 . , 
(new)- (114b) 
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As Sommerfeld has shown, all of the reasoning by which (108) was 
reached remains intact even when it is supposed that / is a function 
of v\ in that case, I remains under the integral sign in (111), and the 
integral itself is equal to nj^ir times the mean value of v~2d(lv2)/dv. 
This generalization may be of some value. 

Uniform Metal with a Temperature-Gradient; Thermal Conduction 

We have now to find a function g such that the distribution (/o + £g) 
is stable in a metal in which there is a constant gradient of temperature 
along the axis of .r. When we find it, we shall be able to evaluate 
the integral 

W = hmjJ j d£dridUg(vy?, (115) 

which is like the integral in (219) except for the differently-chosen 
form of g and the substitution of hmv2 for e, and therefore represents 
the net rate of flow of kinetic energy borne by electrons through unit 
area perpendicular to the gradient—the contribution of the electrons 
to the flow of heat, under the circumstances stated. 

The standard distribution-function /o, involving as it does the 
temperature T, is in this case itself a function of x. One might expect 
that this dependence of/o on x would be sufficient to fulfil the require- 
ments. An isotropic distribution which varies from point to point 
cannot however be stable; the particles conforming to such a one at 
any given moment would proceed to drift off down the gradient, 
A stable distribution cannot be isotropic. We must repeat the 
process of balancing the rates at which particles enter and leave each 
compartment of the phase-space through collisions and through drift. 
I say the phase-space now, instead of the velocity-space; for this 
case is made more complicated than the previous one by reason of 
the fact, that we now must make the balance separately for the 
electrons contained in each of the six-dimensional cells d^drjd^dxdydz, 
whereas previously we could make it en bloc for all of the particles in 
the entire metal comprised within any velocity-cell d^drjd^. 

Consider then the six-dimensional cell dfd-qd^dxdydz = ds, and the 
/(£, V> T. y, z)ds electrons in it. The first three factors in ds denote 
the range of velocity, the last three the range in position, within 
which an electron must lie if it is to belong to ds. Electrons in the 
proper range of position are continually entering or leaving the proper 
range of velocity, because of impacts. The net rate at which ds 
gains electrons in this way is given, as before, by (106). Electrons 
in the proper range of velocity are continually drifting into the proper 
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range of position, coming into dxdydz from the region adjacent to it 
on the side towards smaller or greater values of x, according as f is 
positive or negative. By the same sort of reasoning as led to the 
term adf/d^ in (93), one sees that the net rate at which ds loses electrons 
in this way is £df/dx. Equating the two, we have: 

and when we put/o for/as before, on the ground that the term (^g) in 
the full expression for / makes but a small contribution to the left-hand 
member, we have all that is required for computing g from (116) 
and W from (115) for whatever standard function we elect. 

At this point, however, there arises a difficulty. If having adopted 
this way of determining g we proceed to compute the electric current 
J in the metal by formula (110) we find that it is not zero. The 
reasoning has led to the conclusion that wherever there is a net current 
of heat in a metal, there is also a net current of electricity. This 
conclusion is not in accord with experiment. Yet there is apparently 
no other way to circumvent it, than to suppose that when a gradient 
of temperature is maintained in a metal there arises a spontaneous 
internal electric field, of just such a magnitude as to counteract the 
electric current which would otherwise persist. The gradient of 
temperature calls forth a gradient of potential; the actual distribution- 
function is the one which is stable under both these gradients com- 
bined. In the bookkeeping of the compartment ds, the net gain 
from impacts {h — a) is balanced against the sum of the net loss 
through drift in the coordinate-space (£df/dx) and the net loss through 
drift in the velocity-space {adfldfi. Putting these statements into 
the form of equations, and denoting by E the hypothetical electric 
field and by «(= eEjm) the acceleration which it imparts to each 
electron, we have: 

a pair of equations for determining E and the function g. 
Lorentz, adopting the Maxwell-Boltzmann function for /o, solved 

the equations, and obtained: 

Zdf/dx = b — a = Uv/l)g(v) (116) 

a {df/dO + m/dx) = b - a = Uv/l)g (117) 

(118) 

lk_dT 
2 m dx 

(119) 
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Sommerfeld adopted the Fermi function, and obtained for the 
degenerate case:24 

The coefficient of dTjdx in these expressions for W is by definition 
the thermal conductivity, usually denoted by k. One notices that 
these expressions for k like those for a, involve the more or less dis- 
posable constants n and I. This however is not true of the ratio of 
the conductivities. 

For the ratio of thermal to electric conductivity, the old statistics 
and the new supply expressions involving nothing but T and the ratio 
of the universal constants k and e, and differing only by a slight 
numerical factor: 

Kja = 2(k/e)2T(= 4.2 X lO"11 at T = 291° K) (121) 

by the old statistics, and 

by the new. 
This "Wiedemann-Franz ratio" seems to have been predestined to 

encourage the devotees of the electron-gas theory. Every other 
formula offered by the theory contained either n or I or both, and 
therefore could not serve as an ultimate critical test; for any discrep- 
ancy with the data could be removed by adjusting these constants. 
True, the ensemble of the formula} provided by the classical theory 
ran counter to the data in so many different ways, that the net result 
was quite unfavourable; but one could not point out any single predic- 
tion which was certainly wrong. If however the Wiedemann-Franz 
ratio had departed by an order of magnitude or more from the value 
of 2(^/e)27^ the electron-gas theory could hardly have survived the 
blow. But in this one case where disagreement would have been 
fatal, there was agreement; not perfect, but rather too good to be 
discarded as fortuitous. For many of the familiar metals the ratio, 
when measured at room-temperature, turned out to be around 6 or 
7 • lO-11. This more than any other one fact was what kept alive the 
feeling, that in spite of all its difficulties the electron-gas theory must 
be fundamentally right. 

24 To derive this formula it was necessary to proceed to the second-approximation 
expression for the Fermi distribution-function; the first approximation merely 
yielded zero for IV. 

(120) 

The Wiedemann-Franz Ratio 

k/<x = lir2{kle)2T(= 7.1 X 10-11 at T = 291° K) (122) 



738 BELL SYSTEM TECHNICAL JOURNAL 

For the twelve metals Al, Cu, Ag, Au, Ni, Zn, Cd, Pb, Sn, Pt, Pd 
and Fe, the average of the values of k/o- at 291° K is 7.11-lO-11. 
The agreement with the prediction of the new statistics is more than 
good. It is so very good, that it must be partly accidental, especially 
as the individual values from which the average is formed depart 
from it by varying amounts. One may still doubt whether it is to 
be admitted as one of the items which compel the adoption of the 
new statistics. Drude, be it recalled, obtained the value 6.3-lO-11 

out of the crude assumption that all of the electrons in any volume- 
element have the same speed.25 It used to be regarded as rather 
amusing that the elaborate calculations of Lorentz merely impaired 
the agreement which Drude had attained in a naively simple way. 

Both theories require that the ratio be proportional to T; this is 
fairly well satisfied over wide ranges of temperature, but at extreme 
degrees of cold there is marked divergence, which is inconvenient. 
It may be desirable to invoke other mechanisms of conduction to 
supplement the free electrons—as for instance the passing-along of 
electrons from atom directly to atom to assist in the conduction of 
electricity, or the transmission of elastic vibrations to aid in the 
transfer of heat. Indeed, when one reflects that insulators though 
they lack free electrons yet have some device for the transmission 
of heat, one wonders why this device should not be available to 
metals also, and exalt their values of k and of k/ct above the predictions 
of the electron-gas theory. 

Intrinsic Potential Difference 

We have seen that in a metal where there is no electric current and 
yet there is a current of heat, an internal electric field must be imagined. 
We shall now see that in a metal where there is no electric current, 
but the number of electrons per unit volume varies from point to 
point, there must also be an internal electric field. This sounds 
plausible to intuition, for one would expect the electrons to diffuse 
from regions of higher to regions of lower density unless they were 
impeded by some force. The equations (117) and (118) enable us 
to evaluate this force. 

Returning to these equations, introduce polar coordinates v, 9, 0 
in the velocity-space as we have formerly done; then £ = v cos 9. 
Multiply both sides of equation (117) by cos 9; the right-hand member 
of the new equation is then proportional to £2g. Integrate both 

25 Drude of course could evaluate the ratio kje without knowing either k or e 
accurately or at all, since it is the same as the ratio Nok/Noe — No standing for the 
number of molecules in a gramme-molecule, the Loschmidt number—and Nok is 
the gas-constant R while NaC is the Faraday constant of electrolysis. 
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members of this new equation over the entire velocity-space. The 
integral on the right then vanishes by reason of (118), and for the 
integrals on the left we have: 

a jj dT(dfo/d£) cos 9 + j dr^dfo/dx) cos 9 = 0. (123) 

By obvious transformations we get: 

a / dT^tcos2 9dTfoV cos2 9 = 0- (124) 

Integrating over the angles: 

Ta/f%w + Ts/^ = 0- (125) 

Leaving the second term as it is, but integrating the first by parts, 
we find that as /o vanishes (whichever statistics we use) at one limit 
and v at the other limit of integration, we get: 

— |q:J^4irfoV~1-v2dv j"4irfoV-v2dv = 0. (126) 

The integrals are written in this curious fashion, to bring out the 
feature that they are proportional to the mean values of functions— 
the functions z1-1 and v, respectively—averaged over the electrons in 
question; which is to say, all the electrons contained in the compart- 
ment dxdydz of coordinate-space, to which equation (117) has reference. 
They are in fact equal to the products of these mean values, to wit 
the mean reciprocal speed and the mean speed, by the number ndxdydz 
of the electrons in the compartment dxdydz. Rewriting (125) accord- 
ingly, with overlinings to signify averages, and dividing out the 
factors dxdydz and 1/3, we get: 

— 2anv~l + d(nv)/dx = 0, (127) 

and this is the equation for the acceleration a or the accelerating 
field £ = ma/e, required to counteract the electric current which 
otherwise would be produced in the presence of the gradient d(nv)/dx 
of the quantity nv. This is the gradient which evokes the hypothetical 
electric field; gradients of temperature or of concentration act indi- 
rectly, by making nv vary. 

With the classical statistics the development is extremely simple, 
for v depends on temperature only, while n may be varied at will. 
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Heretofore we have tacitly assumed that n remains the same while 
T and therefore v vary along the axis of x, so that: 

d(nv)/dx = ndvjdx = n(dv/dT)(dT/dx), (128) 

and the reader can verify the expressions for a and W given in (119) 
by starting from this point. But now we will assume that T and v 
remain the same while n varies along the ^-direction with a gradient 
dn/dx. Then: 

d(nv)/dx = v-dn/dx. (129) 

Putting this into (127), and recalling that in the Maxwell distribution 
the mean values of v and v~l are thus related, 

v = {2kT/m)ir\ (130) 

one perceives that v disappears by division from the two sides of the 
equation, leaving this: 

an = {eEjm)n = (kT/m/dn/dx, (131) 

the desired equation for the necessary electric field. Integrating it, 
we obtain another of very familiar aspect: 

n = no exp {eE/kT)(x — s:o) = wo exp (— ~ Vo^/kT). (132) 

This is the celebrated equation of Boltzmann embodying the 
statement that if in an assemblage of particles at uniform temperature 
there are variations in the number-per-unit-volume from place to 
place, then there must also be a field of force against which work 
must be done to move a particle from place to place—and vice versa. 
Specifically: if at any two points P and O the number-per-unit-volume 
of the particles has values n and no, there must be a field of force 
such that when a particle is moved from 0 to P its potential energy 
is increased by - kT-login/no). If the particles are electrons and 
the field of force is electric and derived from a potential having values 
F at P and Fo at 0, then of course this change in potential energy is 
expressed by e(F — Fo). 

Boltzmann's equation is so deeply rooted in modern physics, that 
it seems strange and suspicious that the new statistics should substitute 
another but it does. The reason for the innovation stands out very 
clearly in (127) when the absolute-zero extreme of the Fermi distri- 
bution is applied. Owing to the dependence of v on n, owing to the 
interrelation between average speed and number per-unit-volume which 
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distinguishes a system conforming to the new statistics, the second 
term in (127) is no longer proportional to dn/dx. Instead, we have: 

3 3/m / 37i \2/3 — n n22\ 
= 4OT- = 4^7 (sgj : " 3/2l,~ (,33) 

substituting which values into (237), we obtain: 

7,2 / 2 \ 2/3 
= a = w (sg) (134) 

and integrating: 

= +cr- f0)=^[(^)2"-(|^)5"]. (.35) 

This is the formula which supplants Boltzmann's equation. 
Consulting (71), we see that (135) may be rewritten thus: 

eiV, - V0) = (Wi)i - (TTi)o, (136) 

which is to say: if there is equilibrium between two samples of electron- 
gas, both being at absolute zero and distributed according to the 
Fermi law, and the fastest electrons of the two having values of kinetic 
energy Wn and PFio respectively—then there is a potential-difference 
between the two, such that if the fastest electron of either group 
were to cross over to the other, its kinetic energy on arrival would 
be equal to that of the fastest electron of the group which it joins. 
So stated, the proposition is easy to remember, and one might even 
come to think it obvious. 

Consider now a pair of pieces of different metals, in contact with 
one another. One may conceive that they are welded together by an 
alloy in which the proportion of either varies continuously from zero 
to one hundred per cent, if one feels the need for a mathematical 
continuity. If the two pieces were separate, the number of electrons 
per unit volume would probably not be the same for the two; certainly 
it is not the same if the number of electrons is equal to the number 
of atoms per unit volume, for this varies from metal to metal. If 
the process of welding the metals together does not alter the concen- 
tration of the electrons in either at points remote from the junction, 
then a potential-difference given by (132) or (135)—according as the 
old or the new statistics is the proper one—must arise between the 
metals. Taking Sommerfeld's example of potassium and silver: if in 
unit volume of each of these metals there are as many electrons as 
atoms, and if this state of affairs continued when the two are welded 

48 
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together, then between the interiors of the metals across the weld 
there must be a potential-difference of 4.2 volts,26 potassium being 
negative. This figure is calculated by the formula (135); the classical 
formula gives a value considerably lower, about 0.04 volt. This 
contrast is characteristic. Both the new and the old statistics associate 
an internal or intrinsic potential-difference with a difference in electron- 
concentration, and vice versa; but the amount of the P. D. associated 
with a given pair of concentrations is by no means the same by the 
two theories; and in actual cases, the new statistics gives much the 
larger amount. 

Though it is not actually possible to measure the potential in the 
interior of a metal, there are phenomena which indicate that between 

A 

B 

Fig. 2. 

two metals touching one another, or between two parts of a metal 
maintained at different temperatures, there is a difference of potential. 
These are the thermoelectric phenomena—Peltier effect, Thomson 
effect, thermal electromotive force. The internal potential-gradient 
reveals itself through the fact that when an electric current is sent 
through the region where it exists, the rate of generation of heat 
departs from that which is calculated by Joule's law. We must 
therefore apply the statistics—this will be the last application which 
I shall consider—to the problem of evaluating the transport and the 
generation of heat in an electron-gas, in which the distribution- 
function is perturbed by an electric field and simultaneously by either 
of the two other influences—varying temperature, varying concen- 
tration of electrons—which we have heretofore considered separately. 

26 Sommerfeld originally computed 5.7 volts, having put (7 = 1; the value 4.2 
corresponds to G = 2. 
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Before undertaking this I had better dispel any notion that the 
"contact" or "Volta" potential-difference between a pair of metals 
is the measure of the P. D. between their interiors for which we have 
just been deriving theoretical expressions. It is in fact a measure of 
something else, as one sees by examining an arrangement like that of 
Figure 2, where A and B signify pieces of two metals which are in 
contact at 1, and face one another across a gap between 2 and 3. 
Consider an electron anywhere inside A, and estimate the potential- 
barriers which it must cross in order to arrive at the point P2 just 
outside of the boundary 2, and also those which it must cross in 
order to pass through the metal B and reach the point P3 just outside 
of the boundary 3. Recalling the symbols and the relations introduced 
in the section on thermionics, one sees that there is a potential- 
difference between P2 and P3 given by the expression 

{WaA - Wan) - {WiA - Win) = ^ - bn. (137) 

This is the contact potential difference; and we see that if the new 
statistics is correct, it is equal (at the absolute-zero limit) to the 
difference between the values, for the two metals in question, of that 
quantity b which appears in Richardson's equation and used to be 
regarded as the surface work-function. By the old statistics, it differs 
from (Ba — hn) by the amount of the internal potential-difference 
between the metals across the junction 1. Perhaps this difference 
between the consequences of the two theories could be tested by 
experiment. 

Theory of the Thermoelectric Phenomena 

We turn now to the problem of evaluating the rate of generation of 
heat in a metal through which an electric current is flowing, and in 
which (according to these theories) there is an intrinsic electric 
potential-gradient due to a temperature-gradient, or to a gradient of 
electron-concentration, or both together. The process leads to 
formulae which can be tested by experiment, furnishing thus some 
additional ways of finding out whether these ideas of the new statistics, 
of the perturbed distribution-function and of the internal electric 
field are justifiable. 

The expression for the rate of generation of heat per unit volume 
in a conductor traversed by currents of electricity and heat flowing 
along the axis of x and having current-densities J and W respectively, 
is {JE — dWjdx). Here E stands for the electric field—not in general 
for the applied electric field alone, but for the sum of this and the 
hypothetical internal field. I denote the corresponding acceleration 
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by a, as before, and the rate at which heat is generated per unit 
volume by r; then: 

~ r — {maje)! — dW/dx. (138) 

The current-density of heat is given by the formula (115), which I 
repeat: 

W = 2m J"vi cos2 dgdr. (139) 

Here g stands as always for the non-isotropic perturbation-term in 
the distribution-function. This and the acceleration a are to be 
determined from the two equations, 

a(dfo/d£) + £(dfo/dx) = (v£/l)g = (v2 cos 0//)g, (140) 

Jfe = j" ^2gdr ~ 7)2 cosZ OgdTy (141) 

which are the same as (117) and (118) except that the electric current 
is no longer set equal to zero. 

Multiply both sides of (140) by hnv2 cos 9, and integrate over the 
entire velocity-space. The integral of the right-hand member is 
W/l] developing the integral of the left-hand member, we find: 

W = \ml{— Aanv -f- d{nv3)/dx). (142) 

Multiply both sides of (140) by cos 9, and integrate over the entire 
velocity-space; the integral of the right-hand member is Jjle-, de- 
veloping the integral of the left-hand member, we get the equation 
of which (127) was a special case, to wit: 

— 2anv~l -f- d(nv)jdx = ZJjel. (143) 

Evidently these equations suffice to translate (138) into an expression 
for r in terms of the mean free path, the universal constants, and 
the averages of various powers of v. 

Postulating the Maxwell-Boltzmann distribution-function for /o; 
working out the expressions for a and for dWjdx, and importing the 
formulae for a (equation 114a) and k (equation 119), one finds: 

r. . , T IkdT J2 

J[ma e) = J ■   
2 e dx o- 

(144) 
df dT\ kdT 

dW/dx =JZ[^7U j UX* \ LLJi/ / t/ LLX/ 
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so the value predicted for the rate of generation of heat per unit 
volume amounts to this: 

The first term is obviously the Joule heat; the second is not directly 
a consequence of this current-flow, as it would occur whatever the 
agency which set up the temperature-distribution in question. It is 
the third term which concerns us; this is a "reversible heat," pro- 
portional to the first power of the current, so that when the current 
flows in one sense heat is absorbed and when it is reversed heat Is 
evolved. The sign is such, that heat is absorbed when the electrons 
are flowing towards the hotter part of the metal; the magnitude is 
such, that as the electrons move onward they acquire just enough 
energy to raise their temperature to that of the regions which they 
enter. The coefficient of this term therefore represents the specific 
heat of the electron-gas, which is the same as that of any other mona- 
tomic gas when referred to equal numbers of particles. 

Adopting instead the Fermi distribution, and inserting into (142) 
and (143) the values of v and v~l and v3 prevailing at absolute zero, 
we find on making the substitutions in the expression (138) for r that 
the terms containing the first power of J balance one another out. 
This might have been expected; for we have just seen that these 
terms form a sum which is proportional to the specific heat of the 
electron-gas; and if this result may be extended to an electron-gas 
conforming to the Fermi distribution, then since the specific heat 
vanishes at zero so also must this "reversible heat." Working 
through the second approximation, Sommerfeld found that the net 
coefficient of the term in J in the expression for r is in fact proportional 
to the specific heat of the electron-gas, being therefore proportional 
to T, and given by the formula: 

Now it is a fact of experience that when an electric current flows 
along a uniform wire of uneven temperature, heat is generated at a 
rate which involves a term proportional to the current and which 
changes sign when the current changes sense. This "Thomson heat," 
like the maximum value which experiments allow us to admit for the 
specific heat of the electron-gas, has always been much smaller than 
the value which the classical statistics requires provided that the free 

(146) 
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electrons are about as numerous as the atoms. For the Thomson 
heat as for the specific heat, the new statistics sharply reduces the 
amounts demanded—to about one per cent of those on which the 
classical theory insists, at room-temperature that is to say and as- 
suming always that the free electrons are equal in number to the atoms. 
Agreement in order of magnitude is now attained, and for some metals 
the advantage is possibly greater; there are indications, too, that the 
Thomson heat is proportional to T over wide ranges of temperature. 

Finally we consider the "Peltier heat"—a term proportional to the 
current and changing sign when the current changes sense, observed 
when there is a flow of electricity across a weld or area of contact 
between two metals. This is clearly to be interpreted as a term in 
the first power of J, occurring when into the combination J{maje)— 
all that remains of the expression (138) for r, when the gradient of 
temperature is annulled—we substitute the value of a derived from 
(143) with the assumption that n varies continuously across the weld 
from the value appropriate to the one metal to the value appropriate 
to the other. Using the classical statistics, we find that there is such 
a term; denoting by n and no the electron-concentrations in the two 
metals, we find for its value: 

(kT/e) log (n/no)J. (147) 

Its value for unit current is obviously the intrinsic potential-difference 
between the metals. Using instead the new statistics, we find that 
at the absolute zero there is no such term; we must proceed to the 
next approximation, doing which, Sommerfeld obtained the expression: 

2 tt2 m(kT)2 

3 clr 

Putting the current equal to unity, we find a value very considerably 
smaller than the intrinsic potential-difference between the metals— 
a fraction of a millivolt. This is the order of magnitude of the Peltier 
heat as it is actually observed in many cases. Curiously enough, 
this fact by itself is in accord with both the theories. By the classical 
statistics, the intrinsic potential-difference between two metals is 
generally small, and the Peltier heat for unit current gives its value 
directly; by the Fermi statistics, the intrinsic potential-difference is 
generally large, but the Peltier heat for unit current is only a small 
fraction of it. 

Omissions 

Among the subjects omitted from this article there are several of 
much interest, which the reader may trace from the annexed bibli- 
ography; in particular: 

AttG \2/:{  ATGV'3 

3n ) \ 3mo / J ' 
(148) 
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Sommerfeld's theory of the Hall effect; 
Houston's extension of Sommerfeld's theory of intrinsic potential 

difference, including especially an explanation of the Peltier heat 
arising when current flows between two differently-oriented crystals of 
a single substance; 

Bloch's use of the new methods of quantum mechanics to make 
allowance for the influence of the atoms on the conduction-electrons; 

Fermi's application of statistical methods to the problem of deter- 
mining the distribution of electrons in the individual atom; 

Fuerth's work on the fluctuations in the new statistics. 
The bibliography will indicate other interesting advances in a 

variety of problems. 
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Physical Properties and Methods of Test For Some 
Sheet Non-Ferrous Metals 

By J. R. TOWNSEND and W. A. STRAW 

This paper covers an investigation which was undertaken to secure a 
simple and reliable method of test for sheet non-ferrous metals. An 
account of the early development work leading to the adoption of the 
Rockwell hardness tester for a preliminary inspection of sheet metals and 
the tensile test as the basic test to be referred to in case the Rockwell test 
results were near to or outside the established Rockwell limits for a given 
lot of material was published in 1927.1 The continuation of this work 
including establishment of test limits for four grades of brass and for 
two grades each of nickel silver and phosphor bronze will be published this 
year.2 

This present paper describes the development work reported by these two 
papers. 

Considerable attention has been given to the Rockwell tester, which, 
as a result of this work, has been found satisfactory for use as a specification 
instrument for brasses 0.020 in. and thicker, when used under standardized 
methods of test and calibrated with standard test blocks. Other tests such 
as the bend test, ductility test and other hardness tests have been studied 
but further development work is necessary. 

The Rockwell hardness and tensile strength limits are given for four 
alloys of brass, and two alloys each of nickel silver and phosphor bronze. 
The physical properties of the rolling series upon which these limits were 
based are presented as well as experience data obtained on shipments of 
commercial material. The limits for brass alloys A, B and E are considered 
final, but the limits for the other metals are tentative until more complete 
experience is available. 

Grain size limits are given for annealed brass and nickel silver sheet. 
For inspection pui poses the grain size is estimated by comparison with the 
standard photomicrographs reproduced in the 1929 report of Committee 
E4 of the A. S. T. M. on Metallography. 

Refinements in the calibration of the Rockwell tester are given, as 
well as the development of testing technique. An experimental model 
of a motor-driven bend test machine is described. 

HE investigation which this paper covers was undertaken because 
of the need for a simple method of test which would afford a 

more definite determination of the properties of thin-sheet non-ferrous 
metals than any which has yet been developed. Large quantities of 

1" Physical Properties and Methods of Test for Sheet Brass," by H. N. Van 
Deusen, L. I. Shaw, and C. H. Davis, Proceedings of the American Society for Testing 
Materials, 1927. 

In addition to the authors the following took an important part in the investi- 
gational work. Messrs. H. N. Van Deusen C. H. Greenall and W. S. Hayford, of the 
Bell Telephone Laboratories, Messrs. W. H. Bassett, R. M.Tree, Alden Merrill and G. 
S. Mallett of the American Brass Co., and Messrs. L. I. Shaw, M. D. Helfrick 
H. F. Culver and G. R. Brown of the Western Electric Co. Messrs. N. E. Newton 
and W. H. Eastlake of the Northern Electric Co., Montreal, participated in the 
conferences which were held as the work progressed. 2 "Physical Properties and Methods of Test for Sheet Non-Ferrous Metals," 
by J. R. Townsend, W. A. Straw and C. H. Davis, presented before A. S. T. M., 
June 1929. 
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brass, nickel silver and phosphor bronze are used in the manufacture 
of telephone apparatus as structural members, springs, and bearings. 
Because of space limitations, the parts are necessarily small; many 
are formed into irregular shapes; spring parts must maintain accurate 
adjustments and have long fatigue life; certain other parts must 
resist wear. All requirements are steadily becoming more exacting 
because of the increasing complexity of telephone systems and it, 
therefore, became necessary to insure more closely the uniformity 
of the material used in the apparatus. 

The methods of test developed to check the uniformity of material 
are of equal concern to both consumer and supplier. Both are 
interested in a test rapid enough for use in inspection work and also 
so simple that specially trained men are not necessary for the actual 
testing. Due to the large amount of material that must be inspected 
it is necessary that any tests used require little time to apply and be 
adaptable to modern production methods. Furthermore, close agree- 
ment in test results is necessary. Since no test method was available 
fulfilling these requirements, it became necessary either to develop new 
methods of test or to modify existing methods. In addition, limits 
were desired that would represent the best quality of material obtain- 
able consistent with commercial mill practices. 

As a result of this need a cooperative program of tests was laid 
out which would lead to the drafting of requirements on thin-sheet 
metals. Those cooperating in this program were associated in the 
production and use of such material, and each member had already 
done preliminary work which evidenced his interest in the problem. 
The group was limited to one producer and one consumer in order 
that the work might be expedited, and the results that have been 
obtained justify the plan. 

The results of the investigation are given herein for such value as 
they may have to the industry. It is hoped that this work may act 
as a stimulus to others interested in this problem so that ultimately 
definite standards may result, including the refinements demanded 
by modern industry. 

The results of the study of the methods of test suitable for high 
and clock brass sheet of the order of 0.020 in. and thicker are presented 
and it is shown that the Rockwell tester gives the most reliable 
information of the several hardness testing machines available at the 
present time. Methods of operation of the Rockwell hardness tester 
were worked out by the cooperating laboratories and a method of 
carrying on tension tests was developed. The limitations in the use 
of the Rockwell hardness tester for sheet metal are pointed out and 
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the need for the development of a tester capable of higher precision 
in the harder materials and also capable of making hardness tests 
on material less than 0.020 in. thick is emphasized. 

The tensile strength limits are determined by the following pro- 
cedure. The tension test results of the rolling series are plotted 
against the actual percentage of reduction by cold rolling. Two 
limiting curves are drawn in giving the minimum and maximum 
tensile strength for all reductions covering the range of commercial 
anneals. These two curves are based on years of experience with 
these metals and also on the rolling series. The tensile strength 
limits were taken from these curves for the theoretically correct 
reduction for each temper. Rockwell hardness tests are made on the 
grip ends of the tension test specimens, thus establishing the Rockwell 
hardness-tensile strength relationship for the material. Having 
established the tensile strength-reduction relationship, the corre- 
sponding hardness values are obtained from the Rockwell hardness- 
tensile strength curve. These limits are then subjected to trial on 
a large number of shipments of material. 

The Rockwell test is considered a preliminary inspection test and 
is mainly useful because of its economy of time and material. The 
tension test, on the other hand, is considered the test upon which the 
acceptance or rejection of the material is based. In practice, material 
within the Rockwell hardness limits is accepted unless the hardness 
reading is near or outside the hardness limits, in which case a tension 
test is made. 

This paper covers high and clock brass sheet and four other alloys 
of brass. One of these contains less lead than clock brass and is 
designed for use where a material combining moderate drawing and 
cutting properties is desired. Another has a nominal composition of 
72 per cent of copper and 28 per cent of zinc. Grain size requirements 
are given for two others mainly used for drawing purposes. One of 
these consists of nominally 85 per cent of copper and 15 per cent of 
zinc and the other of 75 per cent of copper and 25 per cent of zinc. 
This paper also covers two nickel-silver alloys and two phosphor- 
bronze alloys. 

The Rockwell hardness and tensile strength limits given for all of these 
alloys other than high, clock and alloy E brass may be considered 
tentative in view of the limited experience had with commercial 
shipments of materials purchased in accordance with these limits 
up to the present time. The requirements for high, clock and alloy E 
brass are considered final. Alloy E brass has a lead content midway 
between high and clock-brass. 
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Method of Handling Work 

The round-robin tests on the Rockwell hardness tester, standard 
test blocks and calibration of the machines were made by the American 
Brass Co. (Waterbury, Buffalo and Kenosha Branches), Bell Telephone 
Laboratories, and the Western Electric Co. The tension tests were 
also made by these laboratories. All of the rolling series were manu- 
factured by the American Brass Co. Experience data on shipments 
of non-ferrous metals were obtained jointly by the American Brass 
Co. and the Western Electric Co. 

Methods of Test 
Tension Test: 

As stated previously, the tension test is considered the basic me- 
chanical test for cold worked materials. Complete data on tensile 
properties were therefore obtained on the rolling series. All tests 
were made in accordance with the standard testing procedure developed 
for use in the Bell System and given in Appendix II. This method 
has been in use over 4 years and has been found satisfactory to all 
concerned. Three tension test specimens were made from each 
sample. The tensile strength, proportional limit, percentage of 
elongation in 2 in. and modulus of elasticity were determined for 
each sample of the high-brass rolling series. The specimen 14 in. in 
length was used which allowed the use of an 8-in. gage length Ander- 
son 3 extensometer. The shorter specimen with the 2-in. gage length 
was used for the clock brass and all later work. The tests were made 
on an Amsler tension testing machine. The machine was carefully 
calibrated, the load indications being correct to less than ^ of 1 per cent. 

The tensile strength and percentage of elongation on the high-brass 
sheet rolling series are plotted in Fig. 8 against per cent reduction by 
rolling. Nearly a straight line relation exists between the tensile strength 
and percentage reduction by rolling and the values are grouped closely 
about this line. The curve is plotted to show the average result, but 
separate curves could readily be drawn for each thickness. This test 
also has little sensitivity in the harder tempers where the curve becomes 
asymptotic. The proportional limit is difficult to measure with any 
degree of accuracy on account of the personal factor involved in 
interpreting curves. The results in this case showed no definite 
relation to any of the other values. 

In order to evaluate the test results, it is necessary to establish 
control limits to determine whether any variations in the data 

3 H. A. Anderson, "Tension Tests of Thin Gage Metals and Ligh Alloys," Proc. 
A. S. T. M., Vol. 24, Part II, p. 990 (1924). 
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are significant. By significant variations are meant variations 
that can be assigned to definite sources, such as measuring errors, 
defects in the metal tested, testing errors, etc. For the case under 
consideration, a method of analysis was employed which allows for 
small sample numbers. The method used is described elsewhere.4 

Figure 1 shows an engineering analysis of the tensile strength 
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Fig. 1—Statistical Analysis of Round-Robin Tension Tests on Alloy B Nickel Silver. 
(а) Points are average of all specimens milled at laboratories indicated, and 

tested by the four laboratories. 
(б) Points are average of all specimens tested at laboratories indicated, and 

milled at the several laboratories. 

results for alloy B nickel silver plotted in two ways.5 The data in 
Fig. 1 (a) were obtained by computing, for each of the laboratories, 
the average tensile strength and the standard deviation 5 of all the 
specimens milled by that laboratory and tested by each of the four 
laboratories A, B, C and D. The data in Fig. 1 {h) were obtained 

4 See Modified Criterion No. 1 in Appendix I to the Report of Sub-Committee 
XV on Die-Cast Metals and Alloys appended to the report of Committee B-2 on 
Non-Fcrrous Metals and Alloys, presented before the American Society for Testing 
Materials, June 1929. 

6 The methods used are those described by W. A. Shewhart in a paper on "Quality 
Control," The Bell System Technical Journal, Vol. VI, October 1927. 
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by computing, for each of the laboratories, the average tensile strength 
and the standard deviation of the specimens milled in the four labora- 
tories and tested in each of the respective laboratories. In each 
instance the specimens tested or milled by an individual laboratory 
are grouped together. The dotted lines on the diagrams represent 
the control limits within which the data should fall without leaving 
anything to chance, which means that points falling without these 
control limits indicate variations due to assignable causes, such as 
errors in measurements, defects in the material, etc. These diagrams 
show, therefore, that the tensile strength results between laboratories 
do not reveal significant or assignable difficulties other than those 
which could be attributed to chance. In other words, the analysis 
gave no indication of the presence of assignable variations between 
the testing laboratories. 

These specimens were prepared by cross milling the gage length 
with a milling cutter shaped to conform to the final shape of the 
specimen desired. This method, which has been described elsewhere,6 

results in the saving of time and produces specimens of a uniform 
character. 

Scleroscope Hardness Tests: 

Previous to this investigation Bell System specifications on non- 
ferrous materials were written in terms of scleroscope hardness, but 
considerable trouble was encountered between the suppliers and users 
of metal due to difficulty in checking each other's readings. Because 
results could not be duplicated on two instruments, it was necessary 
to allow rather wide limits in each temper of material. This resulted 
in considerable overlapping in scleroscope limits of the tempers of 
materials accepted under these specifications. Experience had shown 
it to be impossible to make correction curves for any two instruments 
which would hold for any reasonable length of time, and if any re- 
placements such as new hammers were necessary the calibration 
was changed. 

In order to obtain more definite information as to what could be 
expected from the scleroscope, comparisons were made between four 
type "C" sclerscopes located in four laboratories using the same 
samples of materials. Great care was taken in preparing the samples 
so that they were flat and free from any dirt and roughness. The 
instruments were in good commercial adjustment and were employed 
in the usual manner, the magnifier hammer being used. A single 

6 R. L. Templin, "Methods for Determining the Tensile Properties of Thin 
Sheet Metals," Proc. A. S. T. M., Vol. 27, 1927. 
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thickness of material was used in each case. The results of one of 
these comparison tests are shown in Fig. 2. Two other such com- 
parisons were made incidental to the work being done to establish 
operating technique on the Rockwell tester, but the results shown 
here are typical. At least five readings were made on each sample 
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Fig. 2—Brass "Round-Robin" Scries. Comparison of Rockwell and Scleroscope 
Testers. 

and the average was used in preparing these curves. It will be 
noted that the readings on the different scleroscopes varied as much 
as eight points from each other on cold-rolled materials. The varia- 
tions in readings between the machines follow no apparent law, one 
machine reading higher at one part of the scale and lower at another. 
It will also be noted from the curves that the range of the scleroscope 
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is much smaller than that of the Rockwell on the same samples. In 
other words, the sensitivity of the scleroscope is considerably less 
than that of the Rockwell. 

An investigation was made of the type "D" recording scleroscope 
equipped with a universal hammer to obtain a comparison with the 
type "C" instruments. The conclusion reached was that there was 
little difference between the two instruments as regards precision. 
It was not considered worth while, therefore, to make elaborate com- 
parison tests. Hence, this type of instrument was not used in the 
round-robin tests. 

In view of the difficulties encountered in using the scleroscope, 
which have also been brought out by previous investigators, no 
further effort was made to adapt it for use as a specification instrument. 

Rockwell Hardness Tests: 
While the Rockwell hardness tester has been used quite extensively 

and with considerable success in testing steels it has been used com- 
paratively little for testing non-ferrous metals. Our experience 
previous to this investigation indicated that it might prove satisfactory 
as a specification instrument for non-ferrous metals. Considerable 
work had already been done by various laboratories to determine 
the limitations of this machine. Furthermore, the routine testing 
with the Rockwell of all incoming shipments of material had been 
instituted for the purpose of accumulating specification data. While 
each individual machine seemed to give satisfactory results to the 
user there was little information available as to what agreement 
could be obtained with machines in other laboratories. Figure 3 
gives results of tests on identical samples with five different machines 
in the laboratories of one of the participating companies before any 
attempt was made to eliminate mechanical irregularities in the 
machines. While there was considerable difference between machines, 
there was a probability that these differences could be reduced by care- 
fully going over the machines and establishing technique of test. 

Before making any further comparative tests, careful study was 
made of each machine and various mechanical irregularities were 
eliminated. In order to get close comparative results the ball pene- 
trators must be in good condition, the load must be applied without 
impact and at approximately the same rate in different machines, 
the value of the load must be the same, and the method of supporting 
the specimen across the anvil is important. Due to the lever system 
of applying load and measuring the amount of penetration of the 
material under this load, a slight amount of friction in the bearings 
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may result in variations in readings which are not apparent without 
comparisons with standard blocks. A set of directions for calibrating 
the Rockwell tester was drawn up which called for a thorough check 
of these various features of the machine. (See Appendix I.) 

Other questions had to be settled, such as the size of ball pene- 
trator to be used and the amount of the load. The possibility of vary- 
ing the load and size of ball renders the Rockwell machine capable of 
broad application for testing purposes. Preliminary tests made to 
determine the most suitable combination of ball and load to be used 
indicated that the standard "B" scale of the instrument (rg-in. ball 
and 100-kg. load) would be the most satisfactory for brass. However, 
it was decided to try also a f-in. ball with the same load. In our 
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Fig. 3—Preliminary Comparison of Rockwell Testers. 

later work on nickel silver and phosphor bronze it was found that 
the 150-kg. load gave more satisfactory results with those materials. 
A larger ball is desirable to get readings on annealed brass and copper 
but with harder materials sensitivity of reading is increased by 
increasing the load and retaining the rB"-in. ball. 

The question of the number of thicknesses of material to be tested 
was also given consideration. On very thin materials there is a 
distinct anvil effect which can be reduced or eliminated by super- 
posing several samples on each other. However, this method of test- 
ing soon proved to be objectionable. The Rockwell tester does not 
distinguish between actual penetration of the material and descent 
of the penetrator from any other cause, and since one hardness number 
of the Rockwell machine corresponds to an 0.00008-in. movement 
of the penetrator, great care must be taken to insure that movement 
of the penetrator is due only to actual penetration of the material. 
Unless the spaces under the penetrator between two or more layers 
are completely closed by the 10-kg. minor load, low readings will be 
obtained. With spring materials, which are frequently curved due 

49 
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to coiling, this condition is often encountered. Furthermore, in 
very thin materials there is a side flow so that the upper sheets fail 
to take their share of the load and tend to curl up around the pene- 
trator in such a manner as to prevent the proper measurement of 
depth. There is also a possibility of including small particles of dirt 
between the specimens which would result in lower hardness readings. 
These matters must be very closely watched. An indentation in the 
anvil just barely visible on a polished surface in strongly reflected 
light will cause erroneous readings. It is necessary, therefore, that 
the anvils be sufficiently hard for the purpose. During the past year, 
harder anvils have been furnished and greatly improved results have 
been obtained in the testing of thin materials. 

A comparison of the methods used by the laboratories in making 
tests indicated that personal factors might account for some of the 
differences in readings. One of these personal factors which appeared 
to be of major importance was the amount of time allowed for the 
drift of the penetrator after the major load is completely applied. 
It was the custom of some of the participating laboratories to allow 
this drift to continue until it had practically ceased while others 
removed the major load and read the hardness as soon as possible 
after the major load had been completely applied. This drift is very 
noticeable in the softer tempers of non-ferrous metals and may amount 
to as much as 10 Rockwell numbers. In general, it is more noticeable 
with non-ferrous metals than with steels. In order to eliminate this 
personal factor, the practice of operating the reset mechanism which 
removes the major load, immediately upon the full application the 
major load was adopted. 

Three separate rolling series were used in the round-robin tests 
which were made after the various machines had been checked up. 
In each case tests were made with both ^ and |-in. balls using the 
100-kg. load. All tests were made on each of six machines located in 
the six different laboratories. Typical results of one of these series are 
shown in Fig. 2 which gives the results of a brass rolling series using 
both the | and re-in. ball. It will be noted that the greatest sensi- 
tivity is obtained by using the i^-in. ball, and this was later adopted 
as a standard ball for testing brass. Much better agreement between 
Rockwell testers than between scleroscope testers is also apparent. 

Rockwell data were obtained on the high-brass and clock-brass 
rolling series in all thicknesses and tempers using one thickness of 
material and the standard "B" scale. The plot of the results of these 
tests on high brass is shown in Fig. 6. These curves appear normal 
for thicknesses of 0.012 in. and above, but below this thickness the 
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hardness readings bear no relation to tensile strength due to the 
anvil effect. 

The Rockwell hardness test is carried on in the same manner as 
given in Appendix I of this paper. All of the Rockwell hardness 
tests were made on the two grip ends of the tension test specimens. 
This was done in order to have Rockwell hardness tests and tension 
tests made on as nearly identical material as possible. Commercial 
experience with the Rockwell machine in the routine testing of sheet 
non-ferrous metals has indicated the importance of the following 
precautions. 

Ball Peneirator.—Slight variations in the size and sphericity of 
the ball penetrators are to be expected and must be guarded against. 
The results of several hundred measurements made at various points 
on the "B" scale show that a deviation of less than 0.00002 in. in the 
diameter of the A-in. ball has no effect on the hardness readings. 
Balls showing a greater variation give noticeable error in hardness 
readings. Penetrator balls have been held within this limit. 

Anvil Surface.—It is desirable that the penetrator be perpen- 
dicular to the testing surface of the anvil. It is assumed that the 
penetrator is operating perpendicular to the seating surface and in line 
with the capstan head. Any Jack of perpendicularity would then be 
due to lack of parallelism of the seating and testing surfaces of the 
anvil. This is checked by a fixture designed to hold the anvil so that 
the specimen supporting surface might be checked. A hardened flat, 
2 in. square and | in. thick, having a f|-in. hole through its center, 
was lapped so that its two surfaces were flat and parallel to within 
0.00005 in. By placing the fixture holding the anvil on the table of 
an optimeter and sliding the supporting surface of the anvil under a 
ball-pointed feeler gage, errors in flatness and parallelism may be 
measured to 0.00005 in. Anvils whose surfaces were found to be 
plane to within 0.0001 in. were considered satisfactory. 

Machine Errors.—Observations on four Rockwell machines at the 
Western Electric Co., one of which handles approximately 10,000 
tests per month and all of which were overhauled and calibrated for 
their entire range once a week, showed that changes in calibration 
occurring in this interval were less than one hardness number. Before 
beginning a series of readings the correction to be applied was deter- 
mined by taking readings on a standard block. The average change 
on all three scales was about one hardness number. Variations from 
calibration were rarely greater than 1.5 numbers unless the pene- 
trator was damaged or the instrument was out of adjustment due 
to misuse. 
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The effectiveness with which standard test blocks may be used in 
bringing Rockwell testers into agreement is shown by the following 
calibration: 

Approximate Hardness, "B" Scale, 
^c-in. Ball, 100-kg. Load 

(Red Figures) 

25 60 80 

Before overhauling and checking the entire scale, 
average difference in hardness readings between 
three testers    

After overhauling and checking the entire scale, 
average difference in hardness readings between 

6.0 

0.9 

3.7 

1.2 

3.4 

0.9 

Calibration of Test Blocks.—It was first thought that a Rockwell 
hardness machine would hold its adjustment over a long period if 
carefully maintained and could serve as a standard machine to be 
used for the calibration of test blocks. More complete experience 
has shown, however, that wear of the operating parts and slight 
variations in friction caused the "standard machine" to vary slightly 
in its readings. Naturally, the calibration of standard test blocks 
under these conditions is unsatisfactory because it might result in the 
establishment of several sets of standard blocks, leading to confusion 
in the application of the Rockwell hardness test limits to commercial 
material. 

A new method of calibrating the Rockwell hardness tester was 
devised. This method consisted in preparing a set of test blocks cover- 
ing the range of hardness of the high-brass and clock-brass rolling series. 
These blocks were checked by the various cooperating laboratories 
as well as the manufacturers of the Rockwell hardness tester, namely, 
the Wilson-Maeulen Co. These blocks were considered the basic 
standards for the Rockwell tests. Sub-standard blocks were calibrated 
in comparison with these standard blocks and placed in use by the 
various cooperating laboratories. The high-brass rolling series and the 
clock-brass rolling series were then retested for Rockwell hardness 
using the new calibration. It was found that the hardness readings 
differed one to two points from the values previously determined for 
several tempers. At the same time experience with commercial ship- 
ments of material showed that a shift was necessary in the Rockwell 
hardness-tensile strength relationship. This verified our conclusions 
with regard to the adoption of the new method of calibration. 

After the establishment of the standard brass test blocks it was 
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seen that blocks would also be required to cover the nickel-silver and 
the phosphor-bronze alloys. To prepare new series of blocks espe- 
cially for these materials would have resulted in a wide variety of 
blocks and would have been found burdensome to the laboratories. 
Consequently, a single series of test blocks covering the brass, nickel- 
silver, and phosphor bronze alloys was selected. Thisseries of test blocks 
started with the original blocks to which were added a few additional 
blocks made necessary in order to cover the range of the nickel-silver 
and phosphor-bronze alloys. The data upon which the calibration 
of these blocks was based have been submitted to the Section on In- 
dentation Hardness of the A. S. T. M. Committee E-l on Methods of 
Testing. 

Hardness of Thin Sheet.—The Rockwell hardness test has certain 
limitations in its application to the testing of thin sheet stock. Mate- 
rial less than 0.020 in. thick gives hardness readings different from 
thicker sheet of the same temper. Referring to the curves shown 
hereinafter of Rockwell hardness plotted against tensile strength for 
materials thinner than No. 24 B. & S. gage the points fall below the 
curve. This apparently is due to lack of support of the metal about 
the penetrator and consequently a low reading is given. For still 
thinner material the penetrator passes nearly through the metal and 
the hardness reading recorded is inaccurate due to the effect of the 
supporting anvil in addition to lack of support of the metal. 

Cleaning Anvil and Specimen.—Inasmuch as the Rockwell hardness 
tester measures hardness in terms of penetration, any movement 
of the penetrator affects the hardness reading. In other words, if 
the metal has a roughened surface or if the anvil is not polished smooth 
the metal will flow under the high unit pressure involved and this will 
cause the Rockwell hardness reading to be lower than its true value. 
It is considered necessary therefore that the anvil should be polished 
flat and the material tested should be reasonably free from surface 
imperfections and oxide film. Table III shows the effect on the 
hardness readings of polishing the anvil. 

In addition to the need of polishing the anvils, if close agreement is 
to be had, some refinement is also needed in the use of the standard 
test blocks. It is difficult to obtain test blocks that will not show a 
variation in hardness. It has been customary, therefore, in calibrating 
test blocks to take five readings, one in each corner of the test block 
and one in the center. These readings are made on a machine which 
has been calibrated with the standard test blocks both before and 
after calibration of the secondary blocks. Experience in calibrating 
the Rockwell hardness machine with standard test blocks has empha- 



762 BELL SYSTEM TECHNICAL JOURNAL 

Table III—Rockwell Hardness Tests on Alloy G Brass Sheet Showing 
Effect of Using Unpolished and Polished Anvil 

Sample 
Tensile 

Unpolished Anvil. "B" Scale, 
j^-in. Ball, 100-kg. Load 

(Red Figures) 
Polished Anvil, "B" Scale. 

^lg-in. Ball, 100-kg. Load 
(Red Figures) 

B. & S. 
Gage 

Temper, 
B. & S. 
Num- 
bers 
Hard 

Strength, 
lb. per 
sq. in. Aver- 

age 
of IS 
Read- 
ings 

Maxi- 
mum 

Mini- 
mum Range 

Aver- 
age 

of 15 
Read- 
ings 

Maxi- 
mum 

Mini- 
mum Range 

No. 20 

2 
4 
6 
8 

10 

64,000 
77,800 
85,400 
93,800 
99,000 

73.3 
83.5 
87.0 
90.3 
92.1 

74.0 
83.8 
87.6 
90.0 
92.7 

72.8 
82.9 
86.2 
90.0 
91.3 

1.2 
0.9 
1.4 
0.8 
1.4 

72.9 
83.5 
86.7 
90.7 
92.7 

73.6 
83.7 
86.7 
90.8 
92.8 

71.8 
83.0 
86.0 
90.3 
92.6 

1.8 
0.7 
0.7 
0.5 
0.2 

No. 22 

2 
4 
6 
8 

10 

65,100 
79,100 
88,200 
99,300 
98,200 

74.2 
83.4 
88.3 
90.0 
91.8 

75.0 
83.8 
88.9 
90.2 
92.2 

73.6 
83.2 
88.0 
89.7 
91.7 

1.4 
0.5 
0.8 
0.5 
0.5 

72.6 
83.8 
88.0 
90.1 
92.2 

73.5 
84.2 
88.3 
90.2 
92.4 

71.3 
83.0 
87.8 
89.8 
91.8 

2.2 
1.2 
0.5 
0.4 
0.6 

No. 24 

2 
4 
6 
8 

10 

61,000 
81,600 
91,400 
96,600 
97,800 

67.6 
84.3 
89.0 
91.0 
91.9 

68.8 
84.7 
89.7 
91.2 
92.7 

67.1 
83.7 
88.7 
90.7 
91.2 

1.7 
1.0 
1.0 
0.5 
1.5 

63.9 
82.7 
87.8 
89.7 
91.2 

65.3 
83.0 
88.0 
89.9 
91.5 

61.6 
82.2 
87.6 
89.3 
90.9 

3.7 
0.8 
0.4 
0.6 
0.6 

No. 26 

2 
4 
6 
8 

10 

58,100 
71,800 
88,600 
95,600 
99,100 

64.4 
77.3 
87.4 
90.2 
91.2 

65.9 
77.8 
88.0 
90.7 
91.7 

63.0 
76.9 
86.7 
89.9 
90.8 

2.9 
0.9 
1.3 
0.8 
0.9 

58.4 
75.1 
86.2 
89.5 
91.0 

59.4 
75.5 
86.5 
89.9 
91.3 

56.8 
74.4 
85.8 
89.2 
90.6 

2.6 
1.1 
0.7 
0.7 
0.7 

No. 28 

2 
4 
6 
8 

10 

61,100 
71,400 
83,600 
94,700 

100,100 

65.4 
77.0 
83.2 
89.6 
91.5 

66.9 
77.9 
83.8 
90.3 
92.0 

64.2 
76.0 
82.1 
89.1 
90.5 

2.7 
1.7 
1.7 
1.2 
1.5 

55.7 
72.1 
81.2 
88.2 
90.4 

57.6 
73.3 
81.5 
88.5 
90.8 

52.3 
71.1 
80.7 
88.0 
90.1 

5.3 
2.2 
0.8 
0.5 
0.7 

sized the need for keeping these blocks clean and free from oxide, 
grease or other accumulated matter. This applies with equal force 
to the test specimens. Various methods of cleaning the test blocks 
have been tried. A successful and convenient method is to rub the 
surfaces of the test block by hand with chiffon velvet or other lap 
material dipped in tripoli and water. Test blocks cleaned in this way 
do not show a greater variation in readings than that of the original 
test for uniformity. 

A variation in hardness must be permitted in these five readings 
and on the basis of experience with a large number of blocks it is 
considered that test blocks should have no greater variation than as 
follows: When tested using the "B" scale, r&-in. ball, 100-kg. load 
(red figures); for blocks under 40, 3 points variation is allowed; for 
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blocks from 40 to 60, 2% points; and for blocks over 60, points. 
Acceptance or rejection of blocks is based on these limits, except 
where a minus reading results and in this case the 60-kg. load is 
used. Blocks of this uniformity are calibrated for use with the 60, 
100 and 150-kg. loads. 

Rockwell Scales Employed.—It has been found that the Rockwell 
"B" scale employing the 100-kg. load, the r^-in. diameter ball and 
reading the red figures, is satisfactory for rolled brass sheet; but in 
the case of the nickel-silver and phosphor-bronze alloys it was found 
that the Rockwell hardness-tensile strength curve became asymp- 
totic, showing very little change in hardness for a large increase in 
tensile strength in the harder tempers. A load of 150 kg. was sub- 
stituted for the 100-kg. load and resulted in an improvement since 
by using the larger load, a greater depth of penetration was obtained 
and consequently better sensitivity in the higher tempers. The 
curve, shown by Fig. 1.3, gives the Rockwell hardness-tensile strength 
relationship employing the 100 and 150-kg. loads on the Rockwell 
tester. The 150-kg. load has been adopted for nickel-silver and 

TABLE IV 

Diameter" of Average Grain for Annealed Brass and Nickel Silver 

Material 

High-Brass. .. 

Alloy C Brass. 

Alloy D Brass. 

Alloy E Brass. 

Alloy A Nickel 
Silver  

Anneal 

Light  
Drawing. . . . 
Soft Drawing 

Light   
Drawing. . . . 
Soft Drawing 

Light.  
Drawing. . . . 
Soft Drawing 

Light.  
Drawing. . . , 
Soft Drawing 

Light.   
Drawing. . . . 
Soft Drawing 

Average 
Tensile 

Strength, 
lb. per sq. in. 

Rockwell 
Hardness, 

" B" Scale, 
Ila-in. Ball, 

60-kg. Load. 
Maximum 

Diameter of 
Average Grain m m. 

Minimum Maximum 

50,000 80 0.010 0.035 
47,000 65 0.035 0.090 
43,000 55 0.090 0.200 

42,000 76 0.010 0.030 
40,000 61 0.030 0.070 
39,000 55 0.070 0.150 

53,000 82 0.010 0.030 
49,000 72 0.030 0.075 
45,000 59 0.075 0.200 

50,000 80 0.010 0.035 
46,000 67 0.035 0.080 
44,000 57 0.080 0.160 

55,000 87 0.010 0.025 
54,000 80 0.025 0.050 
52,500 77 0.040 0.100 

" The method for determining the grain size of the material is the Jeffries method 
as described in the note under Section 9 of the Society's Standard Rules Governing 
the Preparation of Micrographs of Metals and Alloys (E 2-27), see 1927 Book of 
A. S. T. M. Standards, Part I, p. 778. 
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phosphor-bronze alloys and the Rockwell hardnesses reported here- 
inafter for these materials are the values obtained using a 150-kg. 
load, a rs-in. diameter ball and reading on the "B" scale or red 
figures. The 60-kg. load is used for testing annealed material. (See 
Table IV.) 

Fatigue Tests: 

The endurance limit of each of the metals covered by this paper has 
been determined for the annealed condition and as rolled four and ten 
numbers hard. The results of these tests are covered by another 
paper.7 

Bend Test Machine: 

In connection with the Amsler bend test machine, an improvement 
on this machine has been developed employing a motor drive and 
accurately prepared and aligned jaws. Figure 4 shows a model of 

Fig. 4—Experimental Bend Testing Machine. 
T is the tensioning grip. 5 is the specimen. 
C is the guide clamp. B is the radius block. 

7J. R. Townsend and C. H. Greenall, "Fatigue Studies of Non-Ferrous Sheet 
Metals," presented before the American Society for Testing Materials in June, 1929 
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this machine built for experimental purposes. A strip of metal S, 
^ in. wide, is clamped between a pair of radius blocks, B, selected at 
random. The upper portion of the specimen is held by a tensioning 
grip, T, and guided by two clamps, C. The specimen is bent back 
and forth over the pair of radius blocks and each bend of 90 deg. 

50 

540 

!30 

20 

10 
40,000 50,000 

+ -e 

O = 14 GA. (.064") 
(.051") 
(.040") 
(.032") 
(.025") 
(.020") 
(.016") 
(.0125") 
(.010") 
(.008") 
(.006") 
(.005") 

x = 16 " 
+ = 18 " 
• = 20 " 
0 = 22 
® = 24 " 
0=26 " 
□ = 28 " 
A = 30 
ffl = 32 '■ 
H = 34 " 
®=36 ■■ 

« m 

Q+ 

60,000 70,000 80,000 90,000 
TENSILE STRENGTH - PSI 

100,000 110,000 

Fig. 5—Relation of Number of 90-deg. Bends to Failure to Tensile Strength of 
Alloy G Brass. Ratio of Mandrel Radius to Thickness, 8 to 1. 

and return is recorded as one bend by a counter. Using another 
strip of the same metal but a pair of radius blocks of different radii 
another result is obtained. If the number of bends is plotted 
on log paper against the ratio of the thickness of the metal to the 
radius of the blocks, a straight line results. It is possible therefore 
to select any standard ratio of block radius to thickness of metal and 
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by two tests employing two different pairs of radius blocks to deter- 
mine the number of bends for this predetermined ratio by interpolation. 
The ratio finally selected as most representative was 8 to 1. Figure 5 
gives the bend test results for alloy G brass. 

The bend test reveals the ductility and toughness of the metal 
under test. It should show a close correlation to the forming and 
drawing properties of sheet metal. Further studies will be required 
to work out such relationships. 

Grain Count: 

A series of photomicrographs of annealed brass has been adopted 
covering the grain sizes 0.010 to 0.200 mm. diameter of average grain.8 

Inasmuch as the alpha phase grain structure of nickel silver is sim- 
ilar to that of brass, one set of standards may be employed for these 
metals. Those standards were carefully counted by the Jeffries 
method as described in the note to Section 9 of the A. S. T. M. 
Standard Rules Governing the Preparation of Micrographs of Metals 
and Alloys (E 2-27) 9 and were photographed at a magnification 
of 75 diameters. The grain size of a specimen under examination 
is estimated by comparing the specimen with the standard photo- 
micrographs. For alloy A nickel silver, a magnification of 150 is 
employed because of the smaller grain size of this material compared 
with brass. The limits of diameter of average grain of the alloys 
used for drawing purposes are given in Table IV, namely for high 
brass sheet, alloys C, D, and E brass, and alloy A nickel silver. 
(See Table VI for chemical composition.) The grain size limits are 
based on the range of commercial annealing practice. Inasmuch as 
these annealed materials are employed only for drawing purposes, no 
tensile strength limits are necessary. Maximum Rockwell hardness 
limits are given to exclude cold-worked metal. 

Determination of Limits 

High and Clock Brass: 

Three separate rolling series were used for the round-robin hard- 
ness tests. The first of these consisted of a group of materials so 
arranged as to give a complete range of the hardnesses desired. The 
second was high brass with a nominal composition of 65 per cent 
copper and 35 per cent zinc. The third was nickel silver with a 
nominal composition of 64 per cent copper, 18 per cent zinc, and 18 

8 Report of Committee E-4 on Metallography, presented before the American 
Society for Testing Materials in June, 1929. 3 1927 Book of A. S. T. M. Standards, Part I, p. 778. 
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per cent nickel. Each of these series included eleven tempers ranging; 
from annealed material to the hardness resulting from 10 B. & S. 
gage numbers reduction. The samples were approximately 6 in. 
square and § in. thick. 

Complete series of samples comprising a fairly wide range of thick- 
nesses were obtained for high-brass sheet in order to thoroughly 
evaluate the methods of tests. These series were prepared in the 
following B. & S. gages: Nos. 14, 16, 20, 24, 28, 32 and 36. In each 
gage the samples had the following hardnesses: Annealed and 2, 4, 
6, 8 and 10 B. & S. gage numbers reduction. These rolling series, 
therefore, included forty-two samples covering the usual commercial 
range of hardness and the range of thickness of greatest importance 
in telephone apparatus. These series were made under regular mill 
conditions with careful supervision to insure representative rolling 
practice and with complete records of the operations, special atten- 
tion being given to accurate records of the percentage of reduction. 
Care was taken to have the metal given approximately a 50 per cent 
reduction before annealing to insure a uniform grain growth. The 
temperature of annealing was equivalent to about 600° C. for one- 
half hour, giving material of about average properties. These series 
were rolled from four bars of the following compositions: 

Bar No. 1 Bar No. 2 Bar No. 3 Bar No. 4 

Copper, per cent  
Zinc, " "   
Lead, " "   
Iron, " "   

65.19 
34.77 

0.01 
0.03 

64.94 
35.02 
0.02 
0.02 

65.10 
34.85 

0.02 
0.03 

65.13 
34.82 

0.02 
0.03 

The samples were flat strips 10 ft. long and 6 in. wide. 
The rolling series on clock brass were made in the following gages 

and tempers: Nos. 12, 14, 16 and 18 B. & S. gages and 2, 4, 6 and 8 
B. & S. gage numbers reduction. The composition was: Copper 
61.63 per cent, zinc 36.75 per cent, lead 1.57 per cent, iron 0.05 per 
cent. This material is so nearly like high-brass sheet in its prop- 
erties that the data collected when added to that already available 
were considered sufficient for the preparation of a set of requirements. 
The tensile strength-percentage of reduction curve for high brass is 
shown by Figure 10. The physical properties of high and clock brass 
are shown by Tables I and II. 

As mentioned above, Rockwell hardness limits given have been 
revised to agree with the more recently established Rockwell standards. 
These limits have been verified by experience data collected on 
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TABLE II 
Physical Tests on Clock-Brass Sheet Rolling Series 

Sample 
Num- 
ber 

502-2 
502-4 
502-6 
502-8 
340 
341 

414 
412 
342 
190 
415 
413 
191 

Thick- 
ness, 

in. 

0.081 
0.064 
0.050 
0.039 
0.143 
0.081 

0.040 
0.079 
0.033 
0.020 
0.040 
0.078 
0.032 

Temper 

Soft 
Quarter 

Hard 
Half Hard 

Hard 

B. & S. 
Gage 
Num- 
bers 
Hard 

Reduc- 
tion by 
Rolling, 

per 
cent 

20.4 
36.6 
49.8 
60.4 

Tensile 
Strength, 

lb. per 
sq. in. 

59,250 
72,750 
83,700 
90,000 
45,900 
51,400 

61,800 
64,500 
70,200 
64,600 
74,300 
74,800 
74,500 

Elonga- 
tion in 
2 in., 
per 

cent 

32 
9 
6 
4 

62 
40 

25 
23 
14 
13 

8 
8.5 
5.5 

Sclero- 
scope 
Steel 

Magni- 
fier 

Ham- 
mer, 
One 

Thick- 
ness 

35 
48 
54 
58 
15 
25 

35 
40 
39 

46 
45 

Rock- 
well 
"B" 

Scale, 
One 

Thick- 
ness 

68 
80 
85 
88 
21 
56 

70 
77 
78 
65 
82 
84 
79 

Meyer's 
Analysis 

"A." 
kg. 

106 
125 
137.5 
152 
67 
86 

106 
119 
125 
113.5 
127 
125 
123.5 

material furnished under the limits by a number of suppliers. Table 
V shows the Rockwell hardness limits. Figure 6 shows Rockwell 
hardness plotted against tensile strength for the high-brass rolling 

100 

90 

80 

70 
Q a. c rr 

60 

50 

40 

A 

// 

s A 

/ O = 14 GAUGE 
x = 16 " 
4- = 20 " 
• = 24 " 
A = 28 " t 

50,000 60,000 70,000 80,000 90,000 100,000 110,000 
TENSILE STRENGTH—PSI 

Fig. 6—Relation of High Brass Rolling Series. Rockwell Hardness to Tensile 
Strength, Using Standard Rockwell Blocks. 
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series retested using standard blocks. There have been no changes 
in tensile strength limits. Figure 19 shows Rockwell hardness plotted 
against tensile strength, for high and clock brass, the individual point 
representing determinations of Rockwell hardness and tensile strength 
on commercial shipments of material. The lines drawn show the 
grouping of the data according to thickness. 

Alloys C and D Brass Sheet: 

The chemical composition limits for alloys C and D brass sheet 
are given in Table VI. 

Alloy E Brass Sheet: 

Four rolling series were made from one bar of metal having the 
analysis shown in Table VII. These series begin at B. & S. gage Nos. 

TABLE VII 
Chemical Analyses of Rolling Series 

Alloy E 
Brass 

Alloy G 
Brass 

Alloy A 
Nickel 
Silver 

Alloy B 
Nickel 
Silver 

Alloy A 
Phosphor 

Bronze 
Alloy C 

Phosphor 
Bronze 

Copper, per cent  66.02 71.73 71.31 55.23 95.35 91.84 
Lead, per cent  1.08 0.02 0.005 0.01 0.02 
Iron, per cent  0.03 0.03 0.12 0.06 0.05 0.03 
Zinc, per cent  32.87 28.21 10.74 26.27 0.00 0.00 
Nickel, per cent  0.01 17.62 18.38 0.00 0.00 
Manganese, per cent. . . . 0.12 0.11 
Tin, per cent  d.bo 4.48 8.08 
Phosphorus, per cent.... 0.08 0.03 
Graphite, per cent  0.00 o.ob 
Combined Carbon, per 

cent  0.013 0.018 

10, 14, 18 and 22 and were rolled 1, 2 and 4 B. & S. gage numbers 
from commercial anneals in the 500 to 650° C. range. Figure 7 shows 
Rockwell hardness plotted against tensile strength for alloy E brass. 

In a previous paper 10 it was shown that different Rockwell hard- 
ness values were required for material 0.040 in. and thicker, and mate- 
rials less than 0.040 in. thick. This change in limits is dependent 
upon thickness and is not sharply defined, but it has been found 
sufficiently accurate for all practical purposes to consider that the 
division occurs at 0.040 in. In the case of the alloy E brass rolling 
series results shown by Fig. 7, only one curve was drawn since not 
sufficient data were available to show this division. The curve prac- 
tically agrees with the curves given in a previous paper 10 for the 

10 H. N. Van Deusen, L. I. Shaw and C. H. Davis, loc. cit. 
50 
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high-brass rolling series, and also with the data shown on Fig. 19 for 
commercial shipments of high and clock brass. 

The composition of alloy E brass is midway between that of high 
and clock-brass, and consequently it was to be expected that the 
Rockwell hardness limits for this material would be the same as for 
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Fig. 7—Relation of Rockwell Hardness to Tensile Strength of Alloy E Brass. 

the foregoing. The tension test is more sensitive to such changes in 
chemical composition and since it is the test upon which acceptance 
or rejection of material is based, separate tensile strength limits are 
given. The separate tensile strength and the combined Rockwel 
hardness limits for these alloys are given in Table V. The physical 
properties of alloy E brass are given in Table VIII. 
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It will be noted that the Rockwell hardness and tensile strength limits 
for alloy E brass are given only for material 1, 2 and 4 numbers 
hard. This alloy is not normally used in higher tempers as it is 
especially adapted for use where both forming and machining opera- 
tions are involved, so that higher leaded or harder materials would 
not be suitable. 

The chemical composition requirements for alloy E brass sheet are 
given in Table VI. 

TABLE IX 
Physical Properties of Alloy G Brass Sheet 

B. & S. Gage Temper, 
B. & S. 

Numbers 
Hard 

Thickness, 
in. 

Actual 
Percentagf 
Reduction 
by Rolling 

Rockwell 
Hardness, 

'■B" Scale, 
^-in. Ball, 

100-kg. Load 
(Red Figures) 

Tensile 
Strength, 

lb. per 
sq. in. 

Elonga- 
tion in 
2 in., 

per cent 

0 0.0655 0 8.5 46,200 68 
2 0.0655 20.6 70.1 60,500 32.5 

No. 14  4 0.0660 35.0 83.4 74,600 11 
6 0.0658 50.6 88.2 83,800 7.5 
8 0.0655 60.4 92.6 95,600 6.5 

10 0.0655 68.8 93.4 98,600 6.5 

0 0.0520 0 22.7 48,300 60 
2 0.0522 21.4 69.0 59,700 33 

No. 16  4 0.0515 37.6 83.7 76,200 9 
6 0.0500 49.9 87.7 86,400 6 
8 0.0503 61.5 91.0 93,000 6.5 

10 0.0512 68.6 93.5 102,000 4.5 

0 0.0424 0 21.8 48,700 63 
2 0.0409 21.0 73.2 63,400 25.5 

No. 18 4 0.0412 36.8 .81.6 74,900 9.5 
6 0.0408 49.6 87.9 86,800 6 
8 0.0415 59.4 90.1 92,700 4 

I 10 0.0412 69.6 92.4 96,900 3 

0 0.0339 0 27.6 48,900 57 
2 0.0333 22.2 73.3 64,000 25 

No. 20 4 0.0329 37.4 83.5 77,800 7.5 
6 0.0330 49.9 87.0 85,400 5 
8 0.0324 60.7 90.3 93,800 3 

10 0.0320 68.5 92.1 99,000 3 

, 0 0.0256 0 15.4 47,100 64 
2 0.0260 23.0 74.2 65,100 22.5 

No. 22 1 4 0.0265 39.9 83.4 79,100 7.5 
6 0.0263 50.5 88.3 88,200 2.5 
8 0.0260 60.7 90.0 93,300 3 

I 10 0.0255 68.8 91.8 98,200 2.5 

0 0.0201 0 16.0 46,300 61 
2 0.0203 21.1 67.6 61,000 26 

No. 24  4 0.0204 39.6 84.3 81,600 6 
6 0.0204 53.3 89.0 91,400 3.5 
8 0.0208 59.3 91.0 96,600 2 

10 0.0207 66.6 91.9 97,800 2 
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TABLE IX—Continued 

B. & S. Gage 
Temper. 
B. & S. 

Numbers 
Hard 

Thickness, 
in. 

Actual 
Percentage 
Reduction 
by Rolling 

Rockwell 
Hardness, 
"B" Scale, 
^-in. Ball, 

100-kg. Load 
(Red Figures) 

Tensile 
Strength, 

lb. per 
sq. in. 

Elonga- 
tion in 
2 in., 

per cent 

0 0.0169 0 11.0 46,200 58.0 
2 0.0167 17.3 64.4 58,100 26.5 

No. 26 ... 4 0.0168 34.3 77.3 71,800 9 
6 0.0168 50.9 87.4 88,600 2 
8 0.0165 62.4 90.2 95,600 1.5 

10 0.0172 66.5 91.2 99,100 1.5 

0 0.0133 0 13.2 45,800 61.5 
2 0.0135 21.1 65.4 61,100 24 

No. 28 4 0.0134 33.5 77.0 71,400 8 
6 0.0135 49.0 83.2 83,600 2 
8 0.0135 60.1 89.6 94,700 1.5 

10 0.0132 67.7 91.5 100,100 1 

0 0.0108 0 28.5 45,600 54 
2 0.0103 18.8 55.7 63,600 20 

No. 30 4 0.0106 36.6 75.7 74,000 4 
6 0.0106 48.7 81.2 84,000 2 
8 0.0108 58.6 86.1 90,600 1.5 

10 0.0108 68.4 90.3 98,600 1 

1 0.0085 0 46,800 51.5 
2 0.0084 17.8 60,500 24.5 

No. 32 4 0.0085 33.6 73,900 5 
6 0.0087 46.0 84,300 1.5 
8 0.0086 59.4 89,700 1 

10 0.0085 63.0 96,700 0.5 

0 0.0071 0 41,200 39 
2 0.0065 29.2 64,400 20.5 

No. 34 4 0.0071 39.6 70,900 4.5 
6 0.0071 46.9 79,800 1.5 
8 0.00705 57.1 85,700 1 

10 0.0072 64.5 89,200 0.75 

0 0.0057 0 41,600 33 
2 0.0054 16.7 55,700 18 

No. 36 4 0.0056 34.1 73,400 4 
6 0.0056 51.5 81,900 2 
8 0.0056 60.9 87,700 2 

10 0.0052 68.3 93,100 1 

Note.—Tensile strength and percentage elongation are an average of 3 specimens 
in each case; Rockwell hardness values are an average of 15 determinations of 5 
readings on each of 3 tension test specimens. 

Alloy G Brass Sheet: 

It has been pointed out in a previous paper 11 that this material, 
consisting nominally of 72 per cent of copper and 28 per cent of 
zinc, gives the maximum tensile properties possible with the alpha 

11 W. H. Bassett and C. H. Davis, "Physical Characteristics of Copper and Zinc 
Alloys," Proceedings, Inst. Metals Div., Am. Inst. Mining and Metallurgical Engrs., 
1928. 



778 BELL SYSTEM TECHNICAL JOURNAL 

brasses in the cold-rolled condition. A bar of alloy G brass of the 
chemical composition shown in Table VII was rolled 2, 4, 6, 8 and 10 
numbers hard in every even B. & S. gage number from No. 14 to 
No. 36, inclusive. Table IX gives the physical properties of the 
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Rolling Series. 

rolling series. The Rockwell hardness-tensile strength curve is 
shown in Fig. 8 and the tensile strength-reduction curve is shown 
by Fig. 9. The chemical composition limits are given in Table VI, 
and the tensile strength and Rockwell hardness limits are given in 
Table X. 
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Nickel Silver: 
Two nickel-silver alloys were investigated, one containing nom- 

inally 72 per cent of copper, 10 per cent of zinc and 18 per cent of 
nickel, which will be designated "alloy A"; and the other containing 
55 per cent of copper, 27 per cent of zinc, and 18 per cent of nickel 
and designated "alloy B." Alloy A is used mainly for forming and 
deep drawing purposes, whereas alloy B is used for springs. 
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Fig. 9—Relation of Tensile Strength to Percentage of Reduction by Rolling of 
Alloy G Brass Rolling Series. 

Alloy A Nickel-Silver Sheet.—The average composition of three 
bars of alloy A cast from the same pot of metal are given in Table VII. 
Table XI shows the physical properties of alloy A. Figure 11 shows 
the Rockwell hardness-tensile strength relationship and Fig. 12 shows 
the tensile strength limits plotted against percentage of reduction. 
The tensile strength and Rockwell hardness limits for this material 
are given in Table XII and the composition limits in Table VI. 
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TABLE X 

Rockwell Hardness and Tensile Strength Limits for Alloy G Brass Sheet 

Thickness 
Temper, 

B. & S. Numbers 
Hard 

Per- 
centage 
Reduc- 
tion by 
Rolling 

Tensile Strength, 
lb. per sq. in. 

Rockwell 
Hardness, 

" B" Scale, 
hi-in. Ball. 100-kg. Load 

(Red Figures) 

Mini- 
mum 

Maxi- 
mum 

Mini- 
mum 

Maxi- 
mum 

0.040 in. and over... 
0.020 to 0.040 in.. . . | Quarter hard. 1 | 11.0 

11.0 
49.000 
49,000 

59,000 
59,000 

35 
30 

67 
63 

0.040 in. and over... 
0.020 to 0.040 in.. . . | Half hard.... 2 { 

20.7 
20.7 

56,500 
56,500 

66,500 
66,500 

63 
57 

76 
73 

0.040 In. and over... 
0.020 to 0.040 in.. . . | Hard  4 | 37.1 

37.1 
71,000 
71,000 

81,000 
81,000 

80 
77 

86 
84 

0.040 in. and over... 
0.020 to 0.040 in.. . . | Extra hard. . . 6 { 

50.0 
50.0 

82,500 
82,500 

91,500 
91,500 

87 
85 

91 
89 

0.040 in. and over... 
0.020 to 0.040 in.. . . | Spring  8 ( 

60.5 
60.5 

90,500 
90,500 

99,500 
99,500 

90 
88 

94 
92 

0.040 in. and over... 
0.020 to 0.040 in.. . . | Extra spring.. 10 { 

68.7 
68.7 

95,000 
95,000 

104,000 
104,000 

92 
90 

96 
94 
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TABLE XI 

Physical Properties of Alloy A Nickel-Silver Sheet 

B. & S. 
Gage 

Temper, 
B. & S. 

Numbers 
Hard 

Thickness, 
in. 

Actual 
Percentage 

Elonga- 
tion in 

Rockwell Hardness, 
"B" Scale, hii-in. Ball 

(Red Figures) Tensile 
Strength, 

by Rolling per cent 100-kg. 
Load 

150-kg. 
Load 

sq.in. 

No. 10  0 0.1034 0 37.5 37.5 —13.5 54,500 
No. 11  1 0.0910 7.3 17.5 73.3 37.5 62,200 
No. 10  2 0.1022 21.1 8.5 80.1 48.7 70,400 
No. 10  4 0.1037 36.9 5.5 84.0 55.2 79,500 
No. 10  6 0.1035 49.8 5.0 86.7 59.7 82,900 

No. 16  0 0.0517 0 36.5 37.3 —16.7 55,100 
No. 17  1 0.0460 10.6 21.5 69.1 30.1 61,300 
No. 16. . 2 0.0516 22.3 7.5 78.7 45.5 69,500 
No. 16  4 0.0503 39.5 3.5 84.5 56.2 79,700 
No. 16  6 0.0512 49.8 4.0 86.3 59.0 82,800 

No. 22  0 0.0257 0 32.0 36.4 54,400 
No. 23  1 0.0301 7.8 20.0 66.6 26.1 60,600 
No. 22.. . 2 0.0266 17.2 7.0 75.5 41.1 69,100 
No. 22  4 0.0263 36.1 2.5 81.4 51.0 79,600 
No. 22  6 0.0263 48.7 2.0 83.3 55.0 83,700 

No. 28  0 0.0128 0 35.5 23.0 54,500 
No. 27  1 0.0145 11.5 16.0 65.6 62,800 
No. 28  2 0.0132 21.2 4.5 72.2 69,200 
No. 28  4 O.OI37 35.6 1.5 77.1 80,700 
No. 28  6 0.0130 47.4 1.0 81.1 84,900 

No. 30  0 0.0105 0 30.5 54,600 
No. 32  0 0.0085 0 32.0 55,100 

No. 34  0 0.0059 0 28.5 55,600 
No. 34  1 0.0077 | 12.5 

17.6 \ 6.0 65,200 1 
No. 34  
No. 34  

2 
4 

0.0058 | 
0.0062 

25.0 
29.4 
41.2 

} 2.5 
1.0 

74,400 
78,800 

No. 34  6 0.0060 50.8 1.0 87,900 

Note.—Tensile strength and percentage elongation are an average of 3 specimens 
in each case; Rockwell hardness values are an average of 15 determinations of 5 
readings on each of 3 tension test specimens. 

Alloy B Nickel-Silver Sheet.—The five bars of alloy B had the 
average analysis given in Table VII. The rolling series made from 
these five bars consisted of the tempers 2, 4, 6, 8 and 10 numbers hard 
for each of the even B. & S. gage numbers from No. 14 to No. 36, 
inclusive. The physical properties of this material are given in 
Table XIII. The Rockwell hardness-tensile strength relationship is 
shown by Fig. 13 and the tensile strength limits plotted against 
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TABLE XIII 

Physical Properties of Alloy B Nickel-Silver Sheet 

Rockwell Hardness, 
" B" Scale, j^-in. Ball 

Temper. Actual Tensile Elonga- (Red Figures) 
B. & S. B. & S. Thickness. Percentage Strength, tion in 
Gage Numbers in. Reduction lb. per 2 in., 

Hard by Rolling sq.in. per cent 100-kg. ISO-kg. 
Load Load 

No. 14  0 0.0666 0 66,100 45.5 53.6 9.5 
No. 14  2 0.0653 22.6 81,300 13.0 87.6 62.2 
No. 14  4 0.0664 37.2 93,400 5.0 92.8 70.5 
No. 14  6 0.0670 47.8 103,400 3.0 96.0 76.2 
No. 14  8 0.0659 58.8 108,600 3.5 97.9 69.0 
No. 14  10 0.0654 68.3 114,300 3.8 99.1 82.3 

No. 16  0 0.0513 0 65,100 47.0 51.1 5.3 
No. 16  2 0,0522 21.6 85,600 12.0 89.6 65.4 
No. 16  4 0.0506 40,1 97,400 3.0 93.8 70.6 
No. 16  6 0.0513 51.3 104,500 3.0 96.6 75.3 
No. 16  8 0.0500 60.8 111,400 3.0 98.9 79.3 
No. 16  10 0.0510 67.6 114,500 3.0 99.7 80.9 

No. 18  0 0.0418 0 65,300 45.5 50.6 7.4 
No. 18  2 0.0413 19.4 81,100 16.0 85.3 59.0 
No. 18  4 0.0415 37.6 97,400 4.0 93.4 70.7 
No. 18  6 0.0415 50.9 103,600 2.5 94.9 73.4 
No. 18  8 0.0398 62.1 110,400 2.0 96.8 77.2 
No. 18  10 0.0419 66.8 115,000 2.5 98.9 79.1 

No. 20  0 0.0326 0 67,600 44.0 56.2 14.7 
No. 20  2 0.0335 19.9 80,700 16.5 85.0 59.6 
No. 20  4 0.0330 35.4 96,300 3.0 90.9 69.9 
No. 20  6 0.0325 51.4 107,200 2.0 94.6 74.9 
No. 20  8 0.0328 61.4 109,500 2.0 95.3 76.3 
No. 20  10 0.0339 67.8 113,600 2.0 96.7 77.8 

No. 22  0 0.0286 0 74,600 35.5 67.6 34.5 
No. 22  2 0.0271 16.5 80,600 19.5 83.4 57.2 
No. 22  4 0.0259 37.8 98,700 2.0 91.3 70.1 
No. 22  6 0.0260 49.6 107,000 1.5 94.0 74.2 
No. 22  8 0.0262 60.6 112,200 1.5 95.5 76.6 
No. 22  10 0.0264 68.7 113,500 2.0 96.0 77.3 

No. 24  0 0.0209 0 66,900 42.0 60.6 19.0 
No. 24  2 0.0210 19.4 94,900 8.5 90.6 68.8 
No. 24  4 0.0211 34.9 98,700 2.0 90.9 69.0 
No. 24  6 0.0208 49.1 107,000 1.0 93.4 73.2 
No. 24  8 0.0211 58.8 112,400 1.5 95.5 76.1 
No. 24 10 0.0209 68.9 116,200 1.5 96.6 78.5 
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TABLE XIII—Continued 

B. &. S. 
Gage 

Temper. 
B. & S. 

Numbers 
Hard 

Thickness, 
in. 

Actual 
Percentage 
Reduction 
by Rolling 

Tensile 
Strength, 

lb. per 
sq. in. 

Elonga- 
tion in 
2 in., 

per cent 

Rockwell 
" B" Scale, 

(Red F 

100-kg. 
Load 

lardness, 
lie-in. Ball 
gures) 

150-kg. 
Load 

No. 26 0 0.0177 0 65,200 41.0 57.9 2.7 
No. 26  2 0.0166 21.9 83,000 11.5 86.3 58.7 
No. 26. . . . 4 0.0167 35.8 108,200 2.0 94.2 72.6 
No. 26. . . . 6 0.0172 40.3 106,600 1.5 93.3 71.9 
No. 26. . . . 8 0.0166 60.2 112,600 1.0 95.4 74.8 
No. 26. . . . 10 0.0170 67.4 114,700 1.0 96.2 77.4 

No. 28. . . . 0 0.0139 0 64,500 34.0 59.8 3.3 
No. 28. . . . 2 0.0136 20.3 83,300 12.5 84.9 50.3 
No. 28 4 0.0126 38.5 102,800 1.5 92.4 63.8 
No. 28  6 0.0128 51.4 116,300 1.5 96.3 72.7 
No. 28 8 0.0133 58.4 111,500 1.0 95.4 73.3 
No. 28 10 0.0133 68.0 116,400 1.0 96.3 74.7 

No. 30 0 0.0106 0 65,300 39.0 56.2 
No. 30 2 0.0111 18.4 77,500 14.5 80.6 
No. 30. . . . 4 0.0112 35.9 95,600 2.5 89.2 
No. 30 6 0.0105 46.4 107,500 1.0 94.0 
No. 30 8 0.0107 59.1 119,500 1.0 97.1 
No. 30 10 0.0106 66.7 115,100 1.0 96.7 

No. 32  0 0.0092 0 67,000 38.0 55.1 
No. 32  2 0.0087 17.0 76,800 16.0 71.5 
No. 32  4 0.0089 34.6 91,200 2.0 83.0 
No. 32. . . . 6 0.0092 49.1 102,400 1.0 90.4 
No. 32  8 0.0084 60.5 112,600 1.0 93.4 
No. 32. . . . 10 0.0086 66.9 122,200 1.0 97.6 

No. 34. . .. 0 0.0070 0 66,200 33.C 66.4 
No. 34. . . . 2 0.0068 23.5 86,200 6.5 75.7 
No. 34. . . . 4 0.0066 40.0 96,300 2.0 79.1 
No. 34. . . . 6 0.0069 50.0 100,500 1.0 81.0 
No. 34. . . . 8 0.0068 61.1 109,200 1.0 83.3 
No. 34. . . . 10 0.0067 68.3 115,900 1.0 87.2 

No. 36. . . . 0 0.0055 0 69,400 34.0 78.9 
No. 36. . . . 2 0.0063 23.0 83,200 8.5 81.5 
No. 36. . . . 4 0.0058 35.3 96,500 1.5 81.6 
No. 36. . . . 6 0.0055 45.0 102,700 1.0 83.1 
No. 36  8 0.0059 57.7 104,100 1.0 82.9 
No. 36. • • . . 10 0.0057 67.1 111,100 1.0 84.9 

Note.—Tensile strength values are an average of 3 specimens in each case; Rock- 
well hardness values are an average of 15 determinations of 5 readings on each of 
3 tension test specimens. 
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percentage reduction are shown in Fig. 14. Table XII shows the 
Rockwell hardness and tensile strength limits for alloy B. The 
chemical composition limits are given in Table VI. 

Referring to the curve plotted in Fig. 14, showing the tensile 
strength limits plotted against percentage of reduction, it is seen that 
one series lies close to the upper curve whereas the remaining rolling 
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Fig. 13—Relation of Rockwell Hardness to Tensile Strength of Alloy B Nickel- 
Silver Rolling Series Using 100 and 150-kg. Loads. 

series are nearer to the lower curve. This is due to the fact that the 
bar rolled to No. 22 B. & S. gage sheet had a lighter anneal in the 
ready-to-finish condition than the other bars, but it was felt that this 
anneal was close to the commercial range of annealing practice and 
consequently this series was given some weight when the commercial 
limits were drawn up. 
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14—Relation of Tensile Strength to Percentage of Reduction of Alloy B Nickel 
Silver Rolling Series. 

TABLE XIV 
Physical Properties of Alloy A Phosphor-Bronze Sheet 

Temper, B. & S. 
Numbers 

Hard 

B. & S. 
Gage, 

in. 
Actual 

Percentage 
Reduction 
by Rolling 

Tensile 
Strength, 

lb. per 
sq. in. 

Elongatio in 2 in., 
per cent 

0.0636 0 46,900 53 
0.0501 21.2 61,200 21.8 
0.0395 37.8 75,150 8.0 
0.0321 49.5 85,700 4.0 
0.0248 61.0 93,900 2.5 
0.0203 68.1 97,450 2.0 

0.0324 0 47,000 51 
0.0242 25.2 62,500 15.5 
0.0199 38.6 73,600 6 
0.0166 48.8 83,950 2.5 
0.0126 61.0 91,900 1.5 
0.0105 67.6 97,350 1.5 

0.0162 0 46,350 38.5 
0.0129 20.4 61,250 15.5 
0.0107 33.3 72,800 4,5 
0.0082 49.2 84,900 1.5 
0.0062 61.7 94,450 1.3 
0.0050 68.8 96,400 1 

Rockwell Hardness, 
"B" Scale, Ball 

(Red Figures) 

100-kg. Load 150-kg. Load 

Soft 
2. . . 
4. . , 
6. . 
8. . 
10. . 

Soft 
2. . 
4. . 
6. . 
8. . 
10. , 

Soft 
2. . 
4. . 
6. . 
8. . 
10. 

23.8 
75.9 
84.8 
88.9 
91.4 
92.2 

26.6 
75.3 
80.6 
84.4 
88.1 
89.3 

—6.9 
43.3 
58.3 
65.2 
68.8 
69.7 

—7.6 
43.2 
48.0 
55.0 

Note.—Tensile strength and percentage elongation are an average of 3 specimens 
in each case; Rockwell hardness values are an average of 15 determinations of 5 
readings on each of 3 tension test specimens. 
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Phosphor Bronze: 

Two grades of phosphor bronze have been investigated, designated 
alloys A and C, containing 4 and 8 per cent of tin, respectively. 

Alloy A Phosphor-Bronze Sheet.—Three rolling series representative 
of the entire number investigated were made from the bar of metal 
of the analysis shown in Table VII. These three series were rolled 
to all even numbers hard from 2 to 10, B. & S. gage for Nos. 14, 

n© 70 
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Fig. 15—Relation of Rockwell Hardness to Tensile Strength of Alloy A Phosphor- 
Bronze Rolling Series. 

20 and 28. The physical properties are given in Table XIV. The 
Rockwell hardness-tensile strength relationship for alloy A is given 
in Fig. 15 and the tensile strength-reduction relationship is shown 
in Fig. 16. The Rockwell hardness and tensile strength limits for 
alloy A are given in Table XV and the chemical composition require- 
ments are given in Table VI. 
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Alloy C Phosphor-Bronze Sheet.—The alloy C rolling series were 
made from five bars of metal having the average composition shown 
in Table VII. This material was rolled to all even hardness numbers 
from 2 to 10 numbers hard, for all even B. & S. gage numbers from 
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Fig. 16—Relation of Tensile Strength to Percentage of Reduction by Rolling of 
Alloy A Phosphor-Bronze Rolling Series. 

No. 14 to No. 36, inclusive. The physical properties of this material 
are given in Table XVI. The Rockwell hardness-tensile strength 
relationship is shown in Fig. 17 and the tensile strength-reduction 
relationship is shown in Fig. 18. The physical requirements for alloy 
C are given in Table XV and the chemical requirements in Table VI. 
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TABLE XVI 

Physical Properties of Alloy C Phosphor-Bronze Sheet 

B. & S. 
Gage 

Temper, 
B. & S. 

Numbers 
Hard 

Thickness, 
in. 

Actual 
Percentage 
Reduction 
by Rolling 

Tensile Strength, 
lb. per 
sq. in. 

Elonga- 
tion in 
2 in.. 

per cent 

Rockwell 
"B" Scale 

(Red F 

100-kg. 
Load 

Hardness, 
%-in. Ball 

igures) 

150-kg. 
Load 

No. 14  0 0.0663 0 62,400 68.0 56.3 14.7 
No. 14  2 0.0640 22.0 72,800 36.0 83.7 56.0 
No. 14  4 0.0649 37.5 86,900 17.0 93.0 71.3 
No. 14  6 0.0659 50.5 100,900 10.0 97.3 78.3 
No. 14  8 0.0671 59.4 110,300 7.5 99.6 81.6 
No. 14  10 0.0669 67.7 116,300 6.5 101.4 84.7 

No. 16  0 0.0515 0 54,700 76.0 42.0 —7.3 
No. 16  2 0.0536 19.4 80,400 33.0 88.4 63.6 
No. 16  4 0.0539 35.4 83,800 20.0 91.9 67.7 
No. 16  6 0.0519 49.8 97,100 9.0 96.4 76.2 
No. 16  8 0.0535 60.2 107,700 7.0 99.2 80.6 
No. 16  10 0.0549 67.1 115,700 7.0 101.1 83.2 

No. 18  0 0.0429 0 60,400 71.0 50.7 7.7 
No. 18  2 0.0412 20.6 71,200 36.0 82.3 55.0 
No. 18  4 0.0430 34.9 99,200 11.5 96.0 73.4 
No. 18  6 0.0431 48.2 95,700 10.0 94.5 73.4 
No. 18  8 0.0420 59.9 106,500 5.5 97.7 78.4 
No. 18  10 0.0416 69.3 116,800 4.0 100.2 82.6 

No. 20  0 0.0336 0 61,200 65.5 50.2 6.7 
No. 20  2 0.0344 18.6 78,300 34.0 85.4 60.3 
No. 20  4 0.0332 35.6 87,500 15.0 91.0 69.1 
No. 20  6 0.0334 49.4 114,200 5.0 98.3 80.4 
No. 20  8 0.0347 57.9 105,900 5.0 96.1 77.1 
No. 20  10 0.0332 68.5 113,600 3.0 98.6 80.7 

No. 22  0 0.0264 0 53,700 74.0 45.8 —C.4 
No. 22  2 0.0267 22.0 80,200 32.0 85.4 60.8 
No. 22  4 0.0273 35.5 95,400 12.0 92.9 72.8 
No. 22  6 0.0263 49.5 102,400 7.0 94.6 75.1 
No. 22  8 0.0260 61.3 121,000 3.0 99.0 82.9 
No. 22  10 0.0266 67.7 112,100 3.0 97.3 80.3 

No. 24  0 0.0221 0 59,700 67.5 52.3 11.0 
No. 24  2 0.0200 22.4 77,300 26.0 85.8 60.2 
No. 24  4 0.0219 35.2 95,500 14.0 92.2 71.4 
No. 24  6 0.0221 48,8 108,500 5.0 95.9 77.1 
No. 24  8 0.0213 55.1 110,700 3.0 96.9 78.8 
No. 24 10 0.0216 67.4 124,800 2.0 100.0 84.0 
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TABLE XVI—Continued 

B. & S. 
Gage 

Temper, 
B. & S. 

Numbers 
Hard 

Thickness, 
in. 

Actual 
Percentage 
Reduction 
by Rolling 

Tensile 
Strength, 

lb. per 
sq. in. 

Elonga- 
tion in 
2 in., 

per cent 

Rockwell Hardness. 
"B" Scale, Ball 

(Red Figures) 

100-kg. 
Load 

150-kg. 
Load 

No. 26  0 0,0174 0 54,300 69.0 57.3 25.0 
No. 26  2 0.0176 22.6 73,600 38.0 81.5 52.6 
No. 26  4 0.0178 32.9 86,800 15.0 89.2 65.9 
No. 26  6 0.0166 49,9 108,500 4.0 96.1 76.3 
No. 26  8 0.0173 60.1 116,600 2.0 97.3 78.7 
No. 26  10 0.0168 65.7 115,700 2.0 97.7 80.3 

No. 28  0 0.0130 0 57,500 58.0 61.6 26.5 
No. 28  2 0.0129 23.2 73,400 30.0 82.4 46.4 
No. 28  4 0.0137 40.1 91,500 11.0 90.8 66.1 
No. 28  6 0.0128 52.9 105,300 4.0 95.1 69.6 
No. 28  8 0.0150 55.6 107,000 3.0 95.1 74.1 
No. 28  10 0.0138 66.4 117,600 1.0 99.0 81.1 

No. 30  0 0.0110 0 55,400 61.0 65.3 43.1 
No. 30  2 0.0110 17.6 72,400 27.5 85.2 50.3 
No. 30  4 0.0111 34.2 86,500 12.5 90.3 54.2 
No. 30  6 0.0109 53.0 102,200 2.5 94.5 63.1 
No. 30  8 0.0115 58.8 101,900 1.0 96.1 69.7 
No. 30  10 0.0114 66.7 111,000 1.5 98.3 74.4 

No. 32  0 0.0086 0 58,200 52.0 
No. 32  2 0.0077 28.6 89,000 8.0 
No. 32  4 0.0087 28.6 91,400 9.0 
No. 32  6 0.0090 47.6 97,200 3.0 
No. 32  8 0.0088 61.3 108,200 1.5 
No. 32  10 0.0088 67.0 115,300 1.5 

No. 34  0 0.0063 0 63,900 50.0 
No. 34  2 0.0063 24.0 81,900 17.5 
No. 34  4 0.0061 41.9 99,100 7.0 
No. 34  6 0,0063 44.5 111,300 2.5 
No. 34  8 0.0064 63.4 110,200 1.5 
No. 34  10 0.0066 70.0 118,800 1.0 

No. 36  0 0.0054 0 61,300 51.0 
No. 36  2 0.0054 16.1 77,900 25.0 
No. 36  4 0,0049 35.4 97,900 4.5 
No. 36  6 0.0053 52.4 103,000 4.0 
No. 36  8 0.0054 58.0 114,800 1.5 
No. 36  10 0.0059 68.3 110,500 1.5 

Note.—Tensile strength and percentage elongation are an average of 3 specimens 
in each case; Rockwell hardness values are an average of 15 determinations of 5 
readings on each of the 3 tension test specimens. 
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Experience Data 

During and subsequent to the laboratory work covered in this 
paper, a series of data was obtained on regular commercial shipments 
of non-ferrous sheet material. About 700 lots of brass, nickel-silver 
and phosphor-bronze sheet in various tempers and grades were tested 
on the Rockwell and scleroscope by both the producer and consumer. 
The lots ranged in size from 100 to about 50,000 lbs. of sheet metal 
and included material from at least five different mills. The sheet 
ranged in thickness from 0.010 to 0.500 in. A representative sample 
about 6 in. long and from 1 to 6 in. wide was taken from each 
lot. Tests were made on identical samples, five readings being made 
with each instrument and the average taken. All tests were made 
by the inspectors who were normally responsible for the control of the 
material, even though they were not in all cases familiar with the opera- 
tion of the Rockwell machine. The Rockwell machines were, of 
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course, put in good mechanical condition and the methods of test 
outlined in Appendix I were followed. The results obtained con- 
stituted an independent verification of the conclusion that the 
Rockwell machine was more sensitive but much less subject to varia- 
tion and personal error than the scleroscope. 

Figure 19 is representative of the results obtained, showing a 
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Fig. 19—Typical Comparisons of Rockwell and Scleroscope Machines in Commercial 
Tests on Brass. 

direct comparison of the Rockwell and the scleroscope readings on 
two tempers of high brass. It illustrates the consistency of the 
readings of the two Rockwell instruments as compared with the two 
scleroscopes. Figure 20 represents similar results obtained on nickel 
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Fig. 20—Typical Results Showing Differences in Rockwell and Scleroscope Machines 
in Commercial Tests on Nickel Silver. 
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silver plotted to show directly the differences between readings on 
the two machines of each type, one being assumed as a standard. 
Figure 21 shows the frequency of occurrence of the various degrees 
of difference between the two instruments, giving results for both 
the Rockwell and the scleroscope. One of the instruments was taken 
as a standard and the variations of the other instrument from it are 
plotted to left or right as they are negative or positive. The fre- 
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Fig. 23—Comparison of Curves of Results from Experience Data with Limits 
Adopted, for High-Brass Sheet. 

quency of occurrence of differences of the magnitudes represented 
by the abscissas are plotted as ordinates in per cent of the total read- 
ings made on the group of samples for which the curve is drawn. 
In this typical case it is seen that about 50 per cent of the Rockwell 
readings from one machine are 4 points below those from the other 
machine. Application of a conversion factor would, therefore, move 
the curve to the right 4 points and very close checks between the two 
machines would result. The scleroscope curve shows that readings 
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of the two instruments agree on only about 15 per cent of the total, 
and that in this case the differences are both positive and negative, 
thus not permitting the application of a conversion factor. 

Experience data were also collected for Rockwell hardness and 
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Fig. 24—Comparison of Curves of Results from Experience Data with Limits 
Adopted, for Alloy B Nickel-Silver Sheet. 

tensile strength of the metals, the values being averages of tests on 
individual shipments. 

Figure 22 shows graphically the data obtained on high and clock- 
brass sheet, and Fig. 23 the experience data which have been averaged 
and shown as a smooth curve for comparison with the specification 
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limits shown as points for high-brass sheet. The agreement is close. 
Figures 24, 25, and 26 show similar smooth curves of experience 
data for nickel silver and phosphor bronze. In these latter cases the 
experience data are not sufficiently complete to verify the specification 
limits in all tempers, but in general the accuracy of the specification 
limits is verified. 
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Fig. 25—Comparison of Curves of Results from Experience Data with Limits 
Adopted, for Alloy A Phosphor-Bronze Sheet. 

In addition to the data, the experience of mills supplying material 
indicates that the limits proposed are satisfactory. Instances where 
the limits were not met served only to emphasize the advantages of 
control of the physical properties. Variations from the nominal 
annealing temperature, composition or percentage reduction in all 
cases explained the variations from the specification limits. 
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Conclusion 

The purposes stated in this paper have been accomplished, namely, 
the development of a commercial method of test for sheet non- 
ferrous metals and limits for use in commercial specifications. 

The conclusion reached that the tension test is the best available 
static test for non-ferrous sheet metal in the hard tempers has been 
confirmed. 

Because of its close correlation to the tension test, the Rockwell 
hardness test has been adopted for preliminary inspection purposes. 
Other hardness tests have been studied but this test is the most 
satisfactory for sheet metals 0.020 in. thick and thicker. It has limited 
use for material less than 0.020 in. thick. Material near to or outside 
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of the Rockwell hardness limits is subjected to the tension test. 
Rejection of material is based solely on the tension test. 

Refinements in the application of the Rockwell hardness test as 
an inspection instrument have been worked out and it is shown that 
close agreement can be obtained between producer and consumer on 
commercial shipments of material. 

The necessity for the adoption of a series of Rockwell standard 
blocks covering the range of hardness of certain non-ferrous sheet and 
the calibration of testing machines to these standards is emphasized. 

Grain-size limits are given for annealed brass of four compositions 
and for one nickel-silver alloy. This is the most satisfactory method 
of controlling the annealed material. 

Tentative tensile strength and Rockwell hardness limits for brass 
alloy G, nickel-silver and phosphor-bronze alloys have been devel- 
oped. These limits are considered preliminary until more complete 
information on actual shipments of material is available. The limits 
for high and clock brass are considered entirely satisfactory. 

A modified bend test has been presented as having considerable 
value in determining the forming and drawing qualities of sheet 
metals. 

APPENDIX I 

STANDARD TEST PROCEDURE FOR ROCKWELL HARDNESS 
TESTS 

Standard Test Blocks 
1. Standard test blocks are in the possession of the Bell Laboratories and sub- 

standard blocks are calibrated from these blocks. These sub-standard blocks are 
used to calibrate the Rockwell machines. All specifications are written in terms of 
these standard blocks. Before a Rockwell machine is used for tests on metal sup- 
plied to specifications it should be calibrated by the sub-standard block. 

Adjustments 
2. (a) Dash Pot.—The dash pot on the Rockwell tester shall be so adjusted that 

the operating handle completes its travel in from five to ten seconds with no specimen 
on the machine and with the machine set up to apply a major load of 100 kg. 

{b) Index Lever Adjustment.—As specified in the Rockwell tester instruction book, 
the following tests (and adjustments, if necessary) should be made. 

"Put a piece of material on the anvil and turn the capstan elevating nut to 
bring the material up against the ball penetrator. Keep turning to elevate the 
material until the hand feels positive resistance to further turning, which will be 
felt after the 10-kg. minor load has been picked up and when the major load is 
encountered. When excessive power would have to be used to raise the work 
higher, take note of the position of the pointer on the dial. After setting the dial 
so that C-0 and B-30 are at the top then: 

{!) If pointer stands between B-50 and B-70 no adjustment is needed. 
{2) If pointer stands between B-45 and B-50 adjustment is advisable. 
(J) If it stands anywhere else, adjustment is imperative. 
"As the pointer revolves several times when the work is being elevated it is 

pointed out here that the readings mentioned apply to that revolution of the pointer 
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which occurs as the reference mark on the gage stem disappears into the sleeve. 
The object of the adjustment is to see that the elevation of the specimen to pick 
up the minor load shall not be carried so far as to cause even a partial application 
of the major load, which to make a proper test, must be applied only through the 
release mechanism." 

'To Make the Index Lever Adjustment, if Necessary.—When the test piece is 
elevated until it starts to pick up the major load, loosen the lock nut of the screw 
through the index lever which carries at its lower end a small steel plate engaging 
the ball on the penetrator shaft while using a small screw-driver to firmly hold the 
screw until after the nut is loose. Then turn the screw very slightly and note 
result on position of gage pointer which should be at B-60 to B-70 before reclamping 
the screw with its lock nut." 

(c) Protection Against Vibration.—If the bench or table on which the Rockwell 
tester is mounted is subject to vibration, such as felt in the vicinity of other machines, 
the tester should be mounted on a metal plate on sponge rubber at least 1 in. thick 
or on any type of mounting that will effectually eliminate vibration from the machine. 
Otherwise the pointer will penetrate farther into the material than when such 
vibrations are absent. , . , . , . 

Cushioning of Latch.—If, when the operating handle is being returned to its 
normal position, the latch operates with such a snap as to noticeably change the 
position of the dial pointer, felt or rubber washers should be placed under the trip 
button in order to cushion this blow. If this snap is severe, difference in reading 
of several hardness numbers may result. 

Testing Methods 
3. The anvil used shall have a polished bearing surface for the material of about 

^ in. in diameter. It shall be hard enough so that no visible indentation is made 
when the thinnest material is tested. . 

Before using the machine it shall be operated several times on a piece of scrap 
material in order to firmly settle the penetrator, anvil and moving parts of the 
machine. This should be done every day before the machine is used. 

Make a reading on at least one of the standard test blocks. This need not be 
done every day if it has been found that the machine does not change. 

The Rockwell ball should be replaced by a new one occasionally and the operator 
should be on the lookout for any permanent deformation of the ball which will 
ordinarily be indicated by high readings on the standard test blocks. 

When applying the minor load, the capstan screw should be turned up so that 
the pointer stops at "O" with a maximum variation of five divisions. The 
last movement of this screw must always be in such a direction as to elevate the 
speamen^iying ^ major ioa(j operating handle shall be allowed to revolve 

without interference until the major load is completely applied. This may be 
observed in two ways, (1) when the pointer suddenly slows down, or (2) watching 
the weight arm to see that it is completely free from the control of the dash pot. 
When the major load has thus been completely applied, the operating handle shall 
be immediately brought back to the latched position without waiting for it to com- 
plete its revolution. This should be accomplished in less than two seconds after 
the major load is completely applied. , , , 

The test specimen shall be well supported to prevent errors due to the overhang 
of the specimen. 

All tests shall be made upon one thickness ol the material. 

APPENDIX II 

STANDARD TEST PROCEDURE FOR TENSION TESTING OF 
THIN SHEET METALS 

General . 

1 (a) These specifications cover general methods for testing the tensile strength 
of thin sheet, strip and flat wire materials for use in the manufacture of telephone 
apparatus. They shall form part of individual specifications covering sheet metals 
for specific purposes whenever so provided in the individual specifications. 
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Note.—By thin sheet material is meant material 0.05 in. or less, in thickness. 
This thickness lies in the range where it becomes necessary to abandon the use of 
the ordinary micrometer and to use the barrel type micrometer or a still more sensi- 
tive device in order to keep the probable error of measurement as low as possible. 

(6) In case of any difference in the provisions of this and the individual specifi- 
cation, the provisions of the individual specification shall govern. 

Specimens for Tension Tests 
2. Selection of Specimen.—The test specimens shall be chosen in such numbers 

and from such locations in each lot of material as to be representative of the quality 
of this material. The method of selecting specimens will be specified in the individual 
specifications when found necessary. 

3. Dimensions of Specimens for Tension Test.— 
(a) Materials \ in. or Less in Width.—For strip or flat materials less than 3 in. 

wide, the specimen shall consist of the appropriate length cut from the material 
as furnished. For gage lengths of 2 and 8 in., the length of the test specimen shall 
be not less than 8 and 14 in., respectively. 

{b) Materials More Than \ in. in Width.—For materials over § in. wide, two 
alternative specimens are allowed. 

(i) Standard Specimen: 
The specimen which shall be regarded as standard shall have dimensions and 

be machined as shown in Fig. 27. 
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Fig. 27—Tension Test Specimens for Sheet Material Over \ in. in Width. 

(a) Specimen for Use in Determining Tensile Strength and Elongation in 2 in. 
{b) Specimen for Use in Determining Proportional Limit and Modulus of Elas- 

ticity. 
(2) Alternative Specimen: 
This specimen shall be in the form of a strip up to U in. in width, having parallel 

sides and having about 0.001 to 0.002 in. of the material removed from the edges 
of the specimen near the center by grinding with a fine-grained stone. This specimen 
shall have the lengths given above for materials less than ^ in. wide. It may only 
bemused so long as good breaks (which occur at the point of reduced section and 
without tearing) are obtained and where the strength of the material does not 
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approximate the acceptance limits. The milled specimens (see Standard Specimen 
above) are to be regarded as standard and are to be used where good breaks are 
not obtained with these wider specimens and as referee test specimens where the 
strength of the material approximates the acceptance limits u „ u,. 

4 Cleaning, of Specimens—Bdore being measured, each test specimen sha 1 be 
thoroughly cleaned with carbon tetrachloride applied by rubbing with a soft cloth. 
When being measured, each specimen shall be wiped clear of dust immediately 
before being inserted in the measuring instrument. . 

5. Measurement of Specimens—The dimensions of the specimen shall be measured 
between flat parallel surfaces of hardened steel, or other appropriate material, 
approximately A in. in diameter which shall be applied in such a manner as to 
exert on the specimen, while the measurement is being taken, a normal pressure 
0f ^QdMion If Pleasuring Instrument.—The measuring instrument shall be 
suitably adjusted and calibrated to indicate the distance between the measuring 
surfaces of the mandrels when exerting a normal pressure of approximately 16 oz. 
or 35 lb. per sq. in. of mandrel end area with an error not greater than ± 0.UUUU5 in., 
i.e., to the nearest 0.0001 in. 

Notes 

1 When measuring very thin materials, the micrometer or measuring instrument 
should be adjusted and calibrated with the greatest practicable accuracy. 

2 The measuring instrument should be calibrated preferably by means of a 
hardened steel gage block having flat parallel surfaces and of a thickness approxi- 
mately equal to that of the material to be measured. 

3 In order to obtain an accurate check, it is essential that the mandrel surfaces 
and faces of the gage be freed from dust immediately before being brought together. 

4 If a barrel type micrometer indicating 0.0001 in. per scale division is used, 
care'should be taken to have the instrument in good operating condition. I he 
instrument can then be adjusted to give the first click of the ratchet at a mandrel 
pressure of 16 oz. ± 4 oz. by suitable adjustment of the ratchet spring measuring 
the mandrel pressure by means of a small spring balance, having flat parallel contact 
surfaces inserted between the mandrels. The micrometer screw and nut shall be 
so adjusted that no end play or shake of the spindle may be felt when the spindle 
is gently pushed back and forth in the direction of the axis of the screw. 

5 In calibrating the micrometer against a standard gage block, or in measuring 
a specimen, the spindle shall be rotated slowly into contact with the work by means 
of the ratchet until the ratchet clicks once, be retracted about 0.002 in. and again 
slowly rotated into contact until the ratchet clicks once before reading is taken. 
In order to avoid exceeding the normal pressure of the mandrels in operating the 
micrometer, the mandrel shall be brought against the work at a rate not exceeding 
0 001 in. per second at both first and second contacts given above. 1 his rate is 
approximately the maximum rate at which the operator is able to count the hall 
thousandths marks on the barrel as they pass the zero line on the frame. 

7. Method of Computing Cross-Section.— 
(a) Material \ in. or Less in Width—Tor strip material of flat wire i in. or less 

in width the width and thickness shall be measured along the major axis of the 
specimen at the middle point and at distances of approximately 2 and 4 in respec- 
tively at each side of the middle point. The cross-section of strip and flat wire 
material shall be assumed to be a rectangle. The area of cross-section to be used 
in computing the tensile strength of the material shall be the product of the average 
of the five thickness readings and the average of the five width readings. 

{b) Cross-Section of Standard Test Specimen for Material Over \ in. in Width — 
For the standard test specimen described in Section 3 (ft), the width shall be measured 
at the point of minimum width as determined by trial measurements. The thickness 
shall be measured in a plane normal to the major axis of the specimen at the point 
of minimum width, at the middle and at each edge of the specimen. When meas- 
uring the thickness at the edge of the specimen, the outer edges of the contact 
surfaces of the measuring instrument shall be approximately 32 in inside of the 
edge of the material. The area of cross-section shall be taken as the product of 
the minimum width and the average of the three thickness readings above specified. 
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Note.—In some cases, it may be found that the thickness of the material near 
the fillets is so much less than the thickness in the plane of minimum width that the 
minimum area of cross-section occurs near the fillet. In measuring specimens, the 
operator should be on the lookout for this condition and, in case it is found, the 
width of the specimen at the point of minimum width should be further reduced by 
grinding with a stone until the minimum cross-section is brought to the middle of 
the specimen. 

(c) Cross-Section of Test Specimen Over \ in. in Width.—For specimens over § in. 
wide as described in Section 3 (6), the measurements shall be made as on the standard 
specimen, as described in Paragraph {b) above. 

Method of Testing 
8. Testing Machine.— 
(a) Design.—Testing machines shall be of a design in which the applied load is 

balanced by increasing the lever arm of a movable weight or by some other means 
employing weights without the use of springs. 

{b) Method of Mounting.—The testing machine shall be installed on a solid 
foundation of such a nature that the machine is maintained in a level position. 

(c) Range.—It is desirable that the testing machine should be capable of applying 
and measuring a load about 50 per cent greater than the normal anticipated breaking 
strength of the test specimen. 

(d) Sensitivity.—All bearings and knife edges of the testing machine shall be so 
proportioned and adjusted that the position of the beam, when balanced at the 
normal breaking load of the specimen, shall be perceptibly changed by a change 
of load of 0.1 per cent. 

(e) Accuracy.—The machine shall be calibrated with dead weights so that a load 
equal to the breaking load of the material tested shall be indicated with an erroi 
of less than ±0.1 per cent. 

(/) Method of Applying Load.—The mechanism for applying load to the test 
specimen shall be such as to advance the pulling head of the machine at a uniform 
rate, such as may be obtained by a motor drive operating from a well regulated 
source of power. The machine shall be capable of being operated at different 
uniform rates of speed, including the rate of approximately 0.05 in. per minute 
of the moving head. Unless otherwise specified in individual specifications, the 
maximum speed of the moving head in making a test shall be 0.025 in. per inch 
free length of specimen per minute. 

(g) Jaws.—The jaws or grips of the testing machine shall be designed so as to 
produce and maintain axial alignment of the specimen without producing tearing 
stresses. The edges of the jaws shall be rounded so as not to noticeably deform 
the specimen near the borders of the region where the specimen comes in contact 
with the jaws. 
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Articulation Testing Methods 

By H. FLETCHER and J. C. STEINBERG 

This paper is chiefly concerned with the technique of making articulation 
tests. The construction of a syllabic testing list, the selection of a testing 
crew, the methods of comparing articulation data for various crews, and 
the significance of the test as a measure of the speech capabilities of a 
system are discussed. Various types of lists for different uses are also 
discussed. 

THE transference of thought by means of speech is a very compli- 
cated, although common, process. So long as the process runs 

smoothly, its complications are forgotten. When an auditor fails to 
understand the speaker, however, inquiry into the reasons for the 
difficulty begins. 

The production, the transmission, and the reception of speech 
constitute the three important elements of the process. To determine 
defects in any one of these, it is necessary to have a quantitative 
means of measuring the recognizability of the speech sounds that the 
auditor hears. The term "recognizability" as used here refers to 
correctness with which an auditor identifies a sound as being one, 
or some combination, of the fundamental speech sounds, when no 
meaning is associated with the sounds. 

During the past few years methods of measuring the recognizability 
of speech sounds have come into greater and greater use both in this 
country and abroad. In order to compare the results obtained by 
various crews in various languages, it is desirable to standardize the 
methods of test and to set up reference circuits for purposes of cali- 
bration. It is the aim of this paper to discuss the methods that 
have been found the most useful, not only in determining defects in 
transmission, but defects in the production and reception of speech 
as well. 

One needs only to tabulate the various devices that are used for 
transmitting speech to realize the importance of a quantitative 
method of rating their performance. There may be mentioned, for 
example, the various telephone and radio systems, the phonograph, 
sound pictures, rooms and auditoriums with various types of acoustic 
treatment, audiphone sets for the deafened, speaking tubes, etc. 

Methods of measuring the recognizability of speech sounds have 
not been used so extensively for determining the ability of persons 
to speak properly. Such methods should be of value in the training 
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of public speakers, actors, students of foreign languages or pupils in 
deaf schools who are learning to speak. 

The rating of auditors by measuring the recognizability of speech 
sounds which they hear has been used to some extent. For example, 
such methods have been used to determine the ability of students to 
interpret a spoken foreign language. Also, the deafness of a person 
can be determined by such methods. In this case, however, the 
specialists have usually tried to vary transmission systems between 
the speaker and listener so as to compensate for the loss of hearing, 
the amount of such compensation being determined by measuring 
the recognizability of speech sounds. 

The best method of determining the recognizability of the speech 
sounds naturally depends upon which of the things just enumerated 
is to be rated. In principle, the method in each case consists in the 
pronunciation of "selected speech sounds" by a speaker, the trans- 
mission of these sounds to an observer's ears, and the recording by 
the observer of the sounds which he recognizes. Such methods 
applied to telephone systems have been frequently referred to as 
articulation tests. The term "articulation" would be more logically 
used if it were applied only to cases where the speaking abilities of 
persons are being determined. However, it has been used so fre- 
quently in connection with rating transmission systems that it seems 
convenient to retain it. 

The "selected speech sounds" which are ordinarily used in articu- 
lation tests are meaningless monosyllables. The percentage of the 
total number of spoken syllables which are correctly observed is 
called the syllable articulation. This percentage has frequently been 
called simply "the articulation." 

A syllable is considered to be incorrectly observed, if one or more 
of the fundamental speech sounds which it contains are mistaken. 
It is frequently desirable to analyze these mistakes and determine 
the articulation of the speech sounds. The percentage of the total 
number of spoken sounds which are correctly observed is called the 
sound articulation. When the attention is directed toward a specific 
fundamental sound, such as "b" or "t" or "a," etc., then the term 
"individual sound articulation" is used. For example, the individual 
sound articulation for "b" is the percentage of the number of times 
that "b" was called that it was observed correctly. Similarly, the 
terms "consonant articulation" or "vowel articulation" refer to the 
percentages of the total number of spoken consonant or vowel sounds 
which are correctly observed. 

The articulation values as defined above are taken as the measures 
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of the recognizabilities of the various phonetic units. English words 
and short sentences have also been used for testing purposes. When 
material of this kind is used, a new element enters, namely, the 
thought or meaning associated with the sentence or word. The 
criterion for the correct observation of words or sentences is also 
different from that used in the case of articulation tests. If the 
thought or meaning of a word or sentence is correctly understood, 
it is considered to be correctly received, even though the observer 
may not have correctly recognized each sound that was spoken. 
The terms "word articulation" or "sentence articulation," therefore, 
seem inappropriate when referring to the results of such tests. The 
term "intelligibility" has frequently been used in this sense. Since 
it has also been used in a more general sense, the terms "discrete 
word intelligibility" and "discrete sentence intelligibility" will be 
used when referring to the results obtained by using disconnected 
words or sentences for the testing material. They are defined as the 
percentage of the total number of spoken words and sentences, 
respectively, that are correctly interpreted according to the criterion 
given above. 

Very early in the work of developing the telephone, words and 
sentences which were chosen in a haphazard way were used for testing 
purposes. Word lists of various sorts have been worked out and 
used with some success. Even in very recent years some of these 
word lists have been used to good advantage. The main objections 
which have developed, to the continuous use of such lists are: {a) it 
is hard to make the lists equally difficult without resorting to very 
long lists of words, {b) a very large number of lists are necessary in 
order to avoid memory effects. 

Dr. G. A. Campbell1 was one of the first to propose a system of 
syllabic speech sounds for testing the transmission characteristics of 
the telephone system. These syllables had no meaning and were 
constructed by combining the various initial consonants with the 
vowel "ee," such as bee, fee, etc. With these lists the consonant 
articulation was taken as a measure of the system. 

Later Dr. I. B. Crandall2 worked out a system which used both 
simple and compound consonant forms in a vowel-consonant and 
consonant-vowel type of syllable. All of the common vowels were 
used, and the combinations were formed in ways which are usually 
found in written speech. The sounds occurred with the same fre- 
quency as they occur in ordinary written material. As in the Camp- 
bell lists, the articulation was based on the consonant sounds alone. 

1 "Telephonic Intelligibility," G. A. Campbell, Phil. Mug., Jan. 1910. 2 "Composition of Speech," I. B. Crandall, Phys. Rev., 10, p. 74, July 1917. 
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Several other lists which have not been published were proposed 
and used, the differences being in the choice of the fundamental 
speech sounds, in their arrangement into syllables, and in the relative 
frequency of occurrence, both of the different syllable forms and of 
the speech sounds in each form. There was a distinct effort to make 
the lists as nearly like speech as possible by using the syllable forms, 
and by using the particular combinations of fundamental sounds 
that occur frequently in English. Difficulties were encountered in 
testing, however, when this was carried too far in that enough different 
syllables could not be obtained for continuous testing. On the other 
hand, when random combinations of sounds were made, without 
regard to the particular combinations occurring in English, syllables 
that were very unusual and difficult to pronounce were obtained, 
unless the combinations were restricted to the simple syllable forms 
having only two or three sounds. In other words, testing lists must 
be selected with two things in mind; namely, they must be repre- 
sentative of speech and they must be suitable for making tests. The 
experience with these various lists also indicated that the results 
obtained with one system of lists could be calculated approximately 
from the results obtained with other systems by properly weighting 
the individual sound articulation values. 

This experience led to the adoption by the Laboratories of a system 
of lists which has been used during the past ten years in studies of 
the effects of distortion upon the recognition of speech sounds.3 

These lists which have been referred to in the literature as the standard 
articulation lists were made up of only the con-vow, vow-con and 
con-vow-con syllable forms. The various fundamental sounds of 
English were combined at random into the syllables, such that each 
sound occurred approximately with uniform frequency. 

During the past few years it has become evident that still further 
simplifications in the syllable forms used in the standard articulation 
lists might be made. Also our methods of making articulation tests 
and interpreting the results obtained have undergone considerable 
changes during this time. It is with these new methods that the 
present paper is chiefly concerned. 

In order to distinguish between the old lists and the ones modified 
as described below, the prefixes "old" and "new" will be placed 
before the title "Standard Articulation Lists." When there is no 
chance for confusion, the new lists will be called simply the standard 
articulation lists, since they are the principal ones now being used in 
the work at Bell Telephone Laboratories. 

3 "Nature of Speecli and Its Interpretation," H. Fletcher, Journal Franklin 
Inslitule, June, 1922. 
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New Standard Articulation Lists 

In setting up any testing list it is necessary to classify and select a 
representative group of speech sounds. The National Phonetic 
Association uses a basic alphabet of 65 different sounds and also uses 
numerous modifiers which serve to distinguish slight variations in a 
given sound. Such a system is too complex for testing purposes. 
The revised scientific alphabet uses 48 simple sounds of which 24 are 
consonants, 19 vowels, and 5 diphthongs. Besides these fundamental 
sounds, connected speech contains certain recurrent combinations of 
them, such as st, ing, etc. 

In speech these fundamental sounds are combined into syllables in 
a large variety of ways, but as mentioned before, in constructing a 
testing list it is desirable to adhere to very simple syllable forms. 
More complex forms which include the compound endings are either 
too few in number or involve unusual speech sound combinations. 
In either case they are soon memorized by a testing crew working with 
such lists. In the new lists, therefore, simplifications are made by 
omitting the con-vow and vow-con types of syllables, leaving only 
the con-vow-con type. In order to make syllables of this type it is 
obviously necessary to have the same number of vowels and conso- 
nants, provided that each consonant may be used in both the initial 
and the final position. Some consonants, however, can be used only 
in the former while others can be used only in the latter position. 

With these facts in mind the sounds that are shown in Table I were 
adopted for these new lists. It will be noticed that all of the conso- 
nants are used in both the initial and final positions in the syllable, 
except h, w, and y, which are used only in the former, and zh, ng, 
and st, which are used only in the latter position. As was the case 
in the old standard lists, it will be seen that, in the new lists the 
vowel variants have been excluded. They occur infrequently in 
speech and phoneticians do not universely agree on their pronunciation. 
For this reason they are not included. Also, the diphthongs I, ou, 
oi, and ew, which were used in the old lists, were omitted from the 
new lists. The last two of these diphthong sounds occur very infre- 
quently in speech. Although the diphthongs, I and ou, do occur 
quite frequently, it was felt that their essential properties were em- 
braced by the properties of their constituent vowel sounds. By their 
omission and also by the introduction of the compound st as a final 
consonant, it is possible to construct any desired number of sylla- 
bles of the con-vow-con type, from the speech sounds shown in the 
table. 
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TABLE I 
Speech Sounds for New Standard Testing Lists * 

Initial 
Consonant I.P.A. Key Word Vowel I.P.A. Key Word Final 

Consonant I.P.A. 

b a [a:] father b 
d a d 
f a [es] fame f 
g go a g 
k i 

a' 

i—i 
K 

i—i fat k 
i i 

m 
a 
e [e] get 

1 
m 

n e n 
r e [is] greet r 
P e P 
s i [i] tin s 
sh ship i sh 
th* this o 1 

1 > 1 
1 but th' 

th n thin o th 
t 6 [0:] go t 
V 6 V 
ch CtS] church u 1—

I G i 
i full ch 

z u z 
j 

1—1 
to 

"U 
1 

1 judge u Cu:] rule j. 
[3] h u zh 

w o' O] haul ng to] 
y 1 

1 yawl o' St 

Note: Final r and ng are used in the list only when they occur in combination 
with the following vowels: 

a'r (as in carry, paragraph) 
ar (as in are, far, tar) 
er (as in bury, ferry, verify) 
ir (as in spirit) 
or (as in her, utter, fir) 
o'r (as in for, lore) 
ur (as in your, sure) 

a'ng (as in bang, sang) 
eng (as in geng, e as in ten) 
ing (as in sing, wring) 
ong (as in sung, hung) 
ung (as in gung, u as in took) 
o'ng (as in long, wrong) 

* The symbols for the sounds are those of the International Phonetic Association's 
alphabet. See Pronunciation of Standard English in America, Krapp, Oxford 
University Press, 1919. See also Revised Scientific Alphabet, Funk and Wagnall's 
Dictionary. 

The testing syllables are formed in the following way. Cards 
upon which the initial consonants are written are placed in one box; 
others upon which the vowel sounds are written are placed in a second 
box; and those upon which the final consonant sounds are written are 
placed in a third box. A card from each box is drawn at random, 
thus forming the con-vow-con syllable. By drawing all of the sounds, 
a list of 22 syllables is formed. This process is repeated three times to 
obtain a list of 66 syllables which is a unit that has been found con- 
venient to use. A list of syllables of about this length can be used 
without giving callers and observers a rest period. In such a list 
each initial consonant occurs three times, each vowel six times, and 
each final consonant three times. 
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In forming such syllables only those combinations involving final r 
and ng that are shown in Table I are included. Much confusion 
exists concerning the pronunciation of other combinations of these 
sounds. Syllables that represent slang in English are also omitted. 
These omissions are made by returning the card upon which the 
sound in question is written to its box and drawing another card. 
By combining the sounds at random in this manner any desired 
number of lists may be made which for practical purposes are all of 
equal difficulty. 

In addition to containing a certain speech sound content, connected 
speech is characterized by inflection, accent, a rate of utterance, etc. 
In the earlier articulation studies the test syllables were called singly 
at intervals of about three seconds. When considered with respect 
to connected speech this procedure seems somewhat artificial. Com- 
parative tests were made in which the syllables were called singly 
and as parts of introductory sentences. The tests showed the syllable 
articulation to be somewhat larger when the introductory sentences 
were used. The increase was due largely to the greater ease in 
interpreting the initial consonants of the syllables, when they were 
inserted in the introductory sentences. The effect was most noticeable 
for the stop and fricative consonants which have relatively short 
durations. In order to make the technique more nearly like connected 
speech the syllables are called in the short introductory sentences. 
The use of such introductory sentences also helps to insure that any 
element in the transmission system being tested, whose performance 
depends particularly upon their immediate past history, will be in 
the condition in which we are interested for determining speech 
transmission capabilities. 

A list of sentences which is used for this purpose together with a 
sample record of articulation data is shown in the articulation test 
record of Table II. For calling purposes, the syllables on the cards 
are written in the spaces under the columns marked "called" of the 
test record. These sentences are called uniformly at the rate of 
15 per minute. When the syllables in the first column are called, 
the sentences are repeated using the syllables in the second column 
and then those in the third column. 

The observers are provided with blank articulation test record 
sheets. They write the sounds which they hear in the corresponding 
"observed" columns. When the test is completed the observed and 
called sheets are compared and the various articulations obtained. 

For good results it has been found advisable to use a testing crew 
of ten people—5 men and 5 women. Eight people are ordinarily 
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TABLE II 

Articulation Test Record 

nATF 3-/i-Z3 SYLLABLE ARTICULATION >S'IS%  

TITLE or TFCT /%f/)erice T^srs condition Tr«rrFn /Sao"£ow /Ztss   
TEST NO Z2 OBSERVER tilLSi   

LIST NOt •J'-f-J? CALLER   

NO OBSERVED CALLED OBSERVED CALLED OBSERVED CALLED 
1 TMK FIRBT GROUP 10 ?r?aV noW F po2L jOo'tA to A . ̂  to 6 
2 CAN YOU HEAR poc/) » ' poc/i /7ez nSzA sAetA S/Z. 
» 1 WILL NOW BAY Set?* . / -yere/ / dcA > ' /o'cA tacA' t fucA 
4 AS THE FOURTH WRITE cA&ef > / c A a*/ thorn \ ' -/Ao'm tAo / > / tAt/ 
B WRITE DOWN run \ ' tun /?o6 > ' AaA po tA { pot'A 
0 DID YOU UNDERSTAND c/nz- kiz- e/ef c/otA ita'zn / h/a/n 
7 1 CONTINUE WITH ■foz. ■fozA c/ecA cAe./ <fu m gun 
• /o'/ ' /o'/ /an /on na-sA n d tA 
0 TRY THE COMBINATION /'as zjja tA jAa/ ' -sAs/ to? ' to'g 

fho'th tA as/> muz- ' muz. /ung /on? 
11 WRITE THE FOLLOWING yydr ' k/ut /sJ tee/ c/iz e/' Z-A 
12 NOW TRY Y3P yap ht/'-f 

f lU/t tat tat 
13 THIRTEEN WILL BE J ' J /n* a 

/ / 
Zna/ JOS t tA a'r zAa'r 

14 YOU SHOULD OBSERVE 6ec/? 6SJT tA*v SO V must ' must 
IB WRITE CLEARLY a&m dem /tot ' fst Vo'c/ / yo'e/ 
10 the 6 vc6 to'? ' ra? let ',u 

YOU MAY PERCEIVE ioH / OS t /A't ' /A/yO rep rSJ 
10 1 AM ABOUT TO SAY aat ' faf yar / tar tA ep Aep 
'• TRY TO HEAR hus / tias zAu t rzAut   cAuv 
20 PLEASE WRITE /?/!/ i-A't'A /Cut tut Aet tAesA 
21 LISTEN CAREFULLY TO tSq ' to? tun? / -tun? /><? S / 6as 
22 THE LAST GROUP IB sAe/ ^'sA o'/ tAev 1/esA Ao-s s-Aat 

employed in a test, the remaining two being held for emergencies in 
order to keep the work going. One member of the crew calls at a 
time, and the remaining members act as observers. Ordinarily, eight 
callers are used with four observers recording simultaneously for each 
caller, although as many as eight or nine observers may be used. 
The order is arranged such that the various members are equally 
represented in the test. 
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Each observer's sheet (Table II) furnishes a value of syllable 
articulation (the percentage correctly observed), corresponding to a 
particular caller-observer pair and to 66 syllables or 198 speech sounds 
called. These values of syllable articulation are recorded in the form 
shown in Table III. The average of each column gives the average 
articulation for each observer. The averages of the rows give the 
callers' articulation. 

TABLE III 

Apticulation Test Result Record 
fhok  .Tmx Felice   
 CONDITION Ckl* ^r<-r  

mwmncc S1r7-Z/Bi - 9,/i7/*9 
CONDITION 

r"^r /rs. C*/. MC SiS. /1U *// /tss. 
S/-S s-/.s- Sa o srs syo vss s/.r 

73. S (Jo tf.s- 37" 66 S sos SX.o 63 7 
S6.o /S.3 37 S So. ¥3S So.f 

j/'-r 67. o S3, a Vl-S 6So S7.S Jg.o sir 
Vr.s Si o sV.s 3a S 

V/.o SJ.o Sa.o S3.o 3Sa V7.o 
-r/.-r S/.S /r-T S3.o S7.S V/.o SOJ 
ye.s' So.o 36. S S/.S S?.o 63. S S/J 

■fur. s-/? ff6 srs S7o 36. o J/.o fSS 37.6 

When the articulation values are near 100 per cent or 0 per cent, 
then a group of values will not distribute itself symmetrically about 
the arithmetic mean or average value. For the high values, this is 
due to the fact that one cannot get a higher value than 100 per cent. 
To some observers, the 100 per cent mark may be obtained very 
easily and to others it may be obtained only with considerable effort. 
This difference in difficulty cannot be registered in the percentages 
obtained. A similar reason exists for the unsymmetrical grouping for 
values near zero. Our experiments have shown that this grouping is 
symmetrical in the range from 20 per cent to 80 per cent. For the 
range from 80 per cent to 100 per cent, the average value is less than 
the most frequent value, and for the range from 0 per cent to 20 per 
cent, the average value is greater than the most frequent value. 
These differences are of the order of 1 or 2 per cent. From an 
extensive series of tests, the averaging factor curve of Fig. 1 was 
constructed which enables the data to be averaged, in a way, such 
that the average value is approximately equal to the value which 
would be most frequently observed in a large number of tests. To do 
this, each observed articulation, based on 66 syllables, is converted 
into an averaging factor by means of the above curve. These factors 
are then averaged and the average value reconverted into average 
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articulation by means of the above curve. The value so obtained is 
taken as the average syllable articulation for the test. 

The articulations for the various sounds are recorded on the Articu- 
lation Test Analysis Record of Table IV. In making the analysis 
the total errors for each caller are counted. The occurrences per 
caller are the products of the number of times the sounds are spoken 
by the caller, and the number of observers. One analysis sheet 
contains the results for a complete test. 

100 

80 

40 

20 

20 40 60 
ARTICULATION 

80 100 

Fig. 1—Averaging factor curve 

In dealing with the syllable articulation the unit is 66 called syllables, 
or the result of one caller and one observer. Hence a number of 
syllable values are obtained for one test which are averaged by 
means of the averaging factor curve. When we deal with the articu- 
lation of the individual speech sounds, it is advisable to use a larger 
unit since each sound occurs only six times in a 66 syllable unit. 
In Table IV the errors are shown for each caller as a unit, and since 
there were 7 observers per caller, each sound occurs 42 times. This 
is a unit of sufficient size to qualitatively compare various voices. 
However, in drawing conclusions as regards the effects of the circuit 
upon the transmission of the various sounds, it is best to use eight 
callers as a unit, so that each sound, depending upon the number of 
observers, occurs of an order of 200 to 300 times. In this case the 
articulation of an individual sound has a precision that is comparable 
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with the precision of the syllable articulation when based on 66 called 
syllables, as will be discussed in a later paragraph. 

TABLE IV 

Articulation Test Analysis Record 
a/t*/** r. ^'Ar titlc P/tficncej Tesrs  
 /W-i/at g/tr/ia condition /s-oo^/.»w   
OBSERVERS . -SOU«*B AWTICUUATION BYLLABLE AI»TICULATlOK_^^ 

K 
E J 

OCCUN, PER CALLER 
ERRORS PER CALLER IMO. SOUND 8Hr. PS PS PC yfty Torii, r*m. Ottmr. 

a 2 /o /IT 2 2 3 ja 334   88.7 
- « / / _± e [  _r!  Z i o 

27 
2a 

— Z __ yj},  
f7  
fo 

334 
334 
334 

— 94 9 - - 
a 

— 4 22 yf — /S — 732 —   
T o Z i o / a y a 334 f7.L 
/ 2 o 2 ' o f 8 f 3 33 334 9e.2 
a /2 / i ■y yz ■f yo PS 

  
334 83L 

T TV / o 0 o o — y 
o 

a o 33( 
334 - 

994 
0 o Z o o o 7 979 

„ ■T 2 /f / 8 3 4 4t — 334 8ii 
/ / / / 4 4 y ys 334 9S.S 

| 
TOTAL if // 4/ 2/ 98 7<> ta So 408 34« 8f.o 

    — — — — | 
84.3 
So-f oh 4* /3 4 // /3 2 a a 7 

74 
"| 

334 
334 - 
    

d 9 3 4 a B 7 yo (S* 334 997 
1 /2 ZS 23 2/ 22 /27\ 334 42.2 
S « t 4 a /J 3 y Z 42 304 SIS 
» 2/ 2 o o o « / 

3 
y U8 914 

/ « /T 4 /o 9 3 4 z Sf 334 etf 
k « /7 i * // J /Z yy 4 

o - 72 
9 

33C' 78i 
1 42 f o J o a 2 3 334 973 
m 4Z / Z 4 4 2 J" 7 o Z7\ 334 92J> 
n 4i * s o yo 7 4 9 

4 
74 

yS. S(\ 334 831 
ng // 0 o 2 / / S 

e 
/4 728 9oS 

P 41 // 4 s yf 2/ 93 33i 723 
, 4t 3 o o z fj 

23 - J 
22 

4 2 78 334   942 
• « /a S /< 9 /e 77 728 334 ty.r 
,k 2/ 2B 24 yf 25" yy Zo yyt 3V 472 
•I 2/ t o a 2 7 2 

2S 
y 32 728] B7.o 

( 4i /S a tS /.? 33 24 /3 741 3*1 Sis 
til 22 24 /7 22 27 yC - 22 27 777 334 473 
in 4i 20 24 2S yf 77 yz 20 yf yn 334 348 

u /7 7 'Z yo 4 9 J" 74 78 334 7(8   
iv 0 0 o a o o o 4 o /4/? Toco 
y 2/ / o o a y o / O 3 748 982 
i 2/ i 4 y/ 4 yz 9 f 73 ta /A SfS 

*A K 24 32 27 27 Z.I 24 227 334 JZ4 
1 

TOTAL Uf 243 M 234 242 254 2*8 242 2*4 arzj 7f.f 
■-IB4B (• «•) 

Selection of Testing Personnel 

It is necessary to set up the technique of testing, such that the 
values of syllable articulation can be reproduced within acceptable 
limits. The limits depend upon the control of the auditory and vocal 
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characteristics of the testing crew, the control of numerous haphazard 
factors, and the control of the practice or experience that the crew 
acquires in the testing of circuits. 

The departure from normal, in acuity of hearing of prospective 
crew members, should be measured with a good audiometer. In our 
laboratories the 2-A audiometer is used for this purpose. Only those 
individuals whose average hearing loss departs from normal in the 
speech range of frequencies (100 to 8,000 cycles per second) by less 
than 5 db (decibels) are selected. Although of normal hearing, some 
observers of a crew usually obtain higher values of syllable articulation 
than do others. The averages of the columns of Table III are a 
typical set of results for nine observers who have passed such a hearing 
test and who have had a year or more of experience in observing. 

Observer A. H. obtained the highest percentage, namely 59, and 
observer M. W. obtained the lowest percentage, namely 38. In 
general this order would be preserved in a series of tests, although 
haphazard variations in a single test might change the order. The 
spread in observations is of an order of 20 per cent. More extended 
tests have shown that the spread tends to decrease as the observed 
percentages approach 0 or 100. In order to make a replacement in 
the observing personnel from time to time without causing a probable 
change of more than 2 per cent in the average percentage, it is necessary 
to use an observing crew of 8 to 10 persons. Our experience has 
shown that men and women show no characteristic difference when 
acting as observers. 

The ability of prospective crew members to enunciate the sounds 
in a normal way is determined in the following manner. An extensive 
series of tests on various voices have yielded data which are arbitrarily 
used as a basis for determining normalcy. These tests were made 
with a simplified list consisting of common English words which will 
be described in a later paragraph (see Table XVII). Tests were 
made under three conditions; namely, direct transmission through 
the air in a quiet, well damped room, transmission over a circuit 
which uniformly transmitted the frequency range from 100-4,500 
cycles, transmission over a circuit having a carbon transmitter. A 
diagram of this latter circuit is shown in Fig. 7. The sounds were 
observed by a crew of experienced observers. Table V gives the 
results of tests that were made upon 21 male and 23 female voices, 
the personnel being selected from various departments of the Labora- 
tories. The average articulations of the simple consonant sounds are 
shown. The data are given separately for men and women. 
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TABLE V 

Normal Enunciation 

Air Transmission 

Speech Sound Av. % Articulation of 
Sounds 

Men 

98.7 
100.0 
99.4 
97.5 

100.0 
100.0 
100.0 
100.0 
99.2 
99.4 

100.0 
96.9 

100.0 
97.5 

100.0 
90.4 
97.5 
98.3 
93.3 

100.0 
100.0 
98.2 

Women 

98.0 
99.3 

100.0 
84.8 

100.0 
98.0 

100.0 
100.0 
91.3 

100.0 
100.0 
95.8 

100.0 
99.1 

100.0 
80.6 
87.0 

100.0 
78.9 
99.3 

100.0 
94.6 

Band 100 to 4,500" 

Av. % Articulation of 
Sounds 

Men 

96.2 
98.4 
98.7 
96.5 
99.4 
99.4 
99.1 
98.1 
97.5 
99.4 
99.7 
97.2 

100.0 
95.0 

100.0 
75.2 
93.3 
99.4 
96.2 

100.0 
95.9 
96.4 

Women 

90.1 
98.0 
98.3 
87.7 
94.6 
98.0 
99.7 
97.7 
95.5 
99.1 
99.4 
96.6 
99.7 
68.0 
99.8 
56.3 
87.7 
96.6 
83.6 
98.9 
70.8 
90.2 

Carbon Transmitter 
Circuit 

Av. % Articulation of 
Sounds 

Men 

95.0 
98.7 
91.9 
79.6 
70.6 
94.4 
78.1 
96.0 
86.5 
95.5 
93.7 
80.0 
96.9 
91.2 
98.3 
60.1 
74.1 
92.9 
87.1 
97.5 
91.2 
87.5 

For our work, a prospective crew member is required to call such a 
list of syllables to a crew of experienced observers. If the observed 
articulations of the sounds are reasonably close to those indicated in 
Table V for each circuit, and if no obvious irregularities are noticed 
in the speech, the prospect is considered satisfactory for testing work. 
Measurements are also made upon the individual's speech power, 
but it has not been found necessary to use the information in the 
process of selection. 

Aside from the practical application to the methods of testing, 
the table is interesting in showing characteristic differences between 
the voices of men and women. In general, woman's speech is more 
difficult to interpret than man's, particularly, in the case of the 
sibilant and fricative consonants. This is probably due to the fact 
that in woman's speech, these sounds are not only fainter, but occupy 
higher frequency ranges than in man's speech. The frequency range 
from 6,000 to 8,000 cycles for the former, is approximately equivalent 
to the range from 4,000 to 6,000 cycles for the latter. In the case of 



ARTICULATION TESTING METHODS 819 

the voiced sounds, woman's speech has only one half as many compo- 
nents as man's, which also may cause greater difficulty in interpreting 
the former. 

With respect to the vowel sounds, the crew members are instructed 
in the correct manner of enunciation. Only those vowels which have 
definite differences have been included in the testing lists, so that, 
slight differences in enunciation do not seriously affect the observed 
results. 

The object of the selection process is to determine in a broad but 
definite way the normalcy in speech of prospective members, and to 
eliminate those individuals who have speech characteristics which 
are not readily reproducible should it be necessary to change the 
testing personnel. The row averages of Table III show a typical 
set of results for 8 callers who were selected in the above way, and 
have had a year or more of experience in calling. 

The spread in results is of an order of 20 per cent, so that, if a crew 
of 8 to 10 callers is used, a replacement may be made in the calling 
personnel without causing a change in the average percentage of 
more than 2 per cent. Owing to inherent differences in the voices 
of men and women, they are equally represented on the testing crew. 
Individuals who have the equivalent of a high school education, 
and whose ages range from 18 to 23 years, are usually selected for 
this work. 

Control of Haphazard Factors 

Haphazard factors arise from various sources, some of which can 
be controlled reasonably well. The observers work in a sound- 
proof room, so that extraneous noises will not affect the articulation 
results. The calling is ordinarily done in a sound-proof booth that 
has been especially treated with sound absorbing material so as to 
reduce the reverberation time to an order of a few tenths of a second. 
Ordinarily the crew does not test more than two to four hours during 
the day, and the schedule is usually arranged so that this is not 
done continuously. 

The intensity level of each caller is also measured during the test, 
as small variations in intensity level may cause rather large variations 
in articulation. Ordinarily the various callers are permitted to call 
at the intensity level most natural to them, although in some tests 
the callers all attempt, by watching an indicator, to call at the same 
level. Various instruments have been used for measuring the intensity 
levels during tests. The volume indicator 4 has proven quite satis- 

4 This instrument depends for its readings, essentially upon the syllabic powers 
of the vowel and semi-vowel sounds, so that the reading of the instrument is deter- 
mined largely by the amplitudes in the frequency range from 100 to 2,000 cycles. 
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factory and is the instrument ordinarily used for this work. It has 
the advantage over some of the other instruments that were tried, 
of being in much more general use on speech circuits. 

Control of other haphazard factors of a more or less psychological 
character, may best be obtained by taking enough data so as to average 
out their effects. This involves the number of syllables that are 
called by each speaker and the number of caller-observer pairs that 
are used in the test. The variability of caller-observer pairs for a 
calling unit of 66 syllables may be seen from Table III. The probable 
error 5 in percentage articulation of a single observation (es) i.e., 
one caller-observer pair as taken from the data in the table, is it 9. 
The probable error of the average articulation (tav.) of the 56 caller- 
observer pairs is ± 1.2. 

It has been found from a large number of tests that the probable 
error of a number of crews, each consisting of one caller and one 
observer, is of an order of it 12 (per cent articulation) for a 66 syllable 
unit when the syllable articulation is around 50 per cent. This value 
tends to decrease with increasing experience in testing, and with 
increasing or decreasing values of syllable articulation. The use of 
36 caller observer pairs obviously reduces the probable error to an 
order of it 2 in percentage articulation, which is about the order of 
magnitude of the errors involved in maintaining the testing personnel 
over a period of time. 

Since as will be shown in a later paragraph, the syllable articulation 
is equal to the cube of the sound articulation, the probable error in 
the sound articulation 6 for one caller and one observer, or a unit of 
198 sounds, is of an order of it 6 when its value is around 80 per cent. 
Since each individual sound is called only six times, the probable 
error for each individual sound for a single caller-observer pair is of 

caller and 8 callers, each sound is called 192 times, which reduces 
the probable error for the articulation of each sound to ± 6. Under 

2 2 p , _ 
s o = 67 -and Eav = -= ; where, n = number of caller-observer pairs; d = 

n — 1 ' Vw 

difference between the articulation of a caller-observer pair and the average arti- 
culation of n caller-observer pairs. 

If a test comprises 4 observers per 

es = -^ el = 3L2cz, 

e3 = ± 12, 5 = .5, L = 51/3, 
e» _L A Cl = Js*i* 

Cs = prob. error in syl. art. for one caller-observer pair. 
= prob. error in sound art. for one caller-observer pair. 
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the same circumstances, the probable error for the average syllable 
articulation is ± 2, and that for the sound articulation is ± 1. 

Control of Practice Effects 

The third factor entering into the reproducibility of articulation 
results is practice and experience. The practice effect manifests itself 
in various ways. An increase in articulation takes place as the 
observers become more familiar with the vocal characteristics of the 
speakers. Similar effects are observed as they become more accus- 
tomed to a given technique, or to a particular type of distortion. 
In general, these effects become smaller as the testing crew becomes 
more experienced. 
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Fig. 2 shows several typical growth curves that were obtained in 
the process of training new crew members. In this process the new 
members observe continually on various circuits until the results 
compare favorably with the results that are obtained by experienced 
observers. In such tests, experienced speakers are used. The aver- 
ages for two new observers, of the results that were obtained on a 
high grade circuit, are shown by Curve I. Two speakers were used 
in these tests. A limited amount of testing was done by the observers 
prior to the above tests. Upon the completion of the tests of Curve I 
about 30 or 40 additional tests were made on various circuits. A 

53 
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series of tests, in which several speakers were used, were then under- 
taken on a carbon transmitter circuit. In Curve II the averages for 
the two observers, of results on two voices, are shown. Three to 
four weeks' time was spent by the observers in making the various 
tests mentioned above. 

The curves under III show similar data that were taken at a later 
date by one new observer, for several voices. All of the above tests 
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Fig. 3—Practice effects for an experienced crew 

were made with the standard lists. In Curve IV, data are shown 
that were obtained with the vowel and consonant word lists (see 
Table XVII). In these tests four new observers were used and no 
preliminary training was given. It is evident that with the word 
lists, the results reach a state of saturation very quickly. 

After a crew has spent several months in testing, its performance 
becomes largely mechanical. Under such circumstances the practice 
effects are rather small for types of distorted speech with which it 
has had experience. When the speech distortion is unusual, however, 
rather large practice effects may be obtained. Fig. 3 shows such 
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practice effects for several types of distortion for a crew of eight people. 
All six of the circuits were tested on each test before going on to the 
following test. The first three tests were made successively and 
covered a period of about two months. In each test the types of 
distortion were interspersed. In other words half of the first test 
was completed with the filters in one order, and the other half with 
the filters in the reverse order. The fourth test was made about three 
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Fig. 4—Practice effects 

months later, and the fifth test was made approximately six months 
later. Although the crew had been testing various circuits for about 
a year, and were thoroughly accustomed to the routine, these particular 
circuits had not been previously tested, so that, the crew's experience 
with these types of speech distortion was small. It is evident that 
the articulation of an experienced crew reaches saturation very 
quickly. It is probable that practice effects for a crew of several 
years' experience with distorted speech would be negligible. 
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Several procedures are followed in order to correct, in so far as 
possible, for practice effects. In comparative tests, whenever it is 
possible, the circuits to be compared are interspersed so as to average 
out practice effects. If it is desired to compare the articulation of a 
very new or unusual circuit (from the standpoint of the speech distor- 
tion) with one of common experience, several successive tests are 
made upon the new circuit until no further increase in articulation 
with practice appears. When it is impossible to intersperse the tests, 
the data may be corrected to a given state of practice by means of 
curves which were obtained in the following way. Although as will 
be seen, this procedure is valid only under certain restrictions, which 
will be discussed, such a correction will always tend to correct the 
data to a more comparable basis. 

In Fig. 4-a a practice curve is shown that was obtained for a crew, 
from two series of tests that were separated by an interval of three 
months. The dots represent tests that were made upon a circuit 
which uniformly transmitted a frequency range from 100 to 5,500 
cycles. The circles were obtained from a circuit of the type shown 
in Fig. 7 involving the carbon transmitter. In both cases the various 
articulation values correspond to different received speech levels. 
The crosses represent similar results that were obtained with a different 
crew on the latter type of circuit. 

In Fig. 4-c the data of the first three tests in Fig. 3 are shown. 
In this case the distortion was varied and the received speech level 
held constant. As previously stated, in so far as was known, the 
crew had no previous experience with these types of speech distortion 
so that the practice for the various types of distortion ought to be 
comparable. 

All of the solid curves are graphs of the following equation 

(1 - 5') = (1 - 5)- -, (1) 

where S' = decimal value of syllable articulation obtained on a given 
circuit at one stage of a crew's career, 

5 = the value obtained on the same circuit at a later stage of 
the crew's career, 

x = a number called the practice factor. 

The values of the practice factor x that were necessary in order to 
fit the observed values are shown in the figure. It is impossible to 
state definitely that a crew has uniform practice with various types 
of distortion for the reason that experience is cumulative. A crew's 
experience with one type of distortion may be of aid in the under- 
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standing of some other type of distorted speech. With this in mind 
it will be seen that a constant value of fits the data for the various 
types of distortion reasonably well. In the case of changing speech 
levels with a constant type of speech distortion, where the question 
of uniformity of experience is not so important, the fit is even better. 

It is reasonable to suppose that an inexperienced observer must 
make a greater mental effort than an experienced observer to obtain 
the same articulation values. In other words the element reflected 
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by these curves is closely associated with the burden or strain upon 
the observer. A somewhat analogous situation obtains when tests are 
made with two different techniques which differ primarily in the 
burden imposed on the observer. In making the filter tests described 
above, two techniques which differed in this respect were used. One 
was the standard technique, in which one syllable was called with 
the introductory sentences. In the other, the syllables were called 
in groups of three (three in succession) with the sentences. The 
syllables were uttered as nearly in the manner of a three syllable 
word as was possible. 

The results that were obtained with the two techniques are shown 
in Fig. 5. When the syllables are called in groups of three, the 
articulation values are smaller than when they are called singly. 
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It was found, however, that the type of relation shown in Eq. 1 
also relates the data obtained with the two techniques. In this case 
the relation may be expressed as follows: 

(1 -Sz)= (1 (2) 

where Sz = decimal value of syllable articulation when called con- 
nectedly, 

5 = decimal value of syllable articulation when called singly. 

The curve of Fig. 5 is a graph of the above equation. 
In this case uniformity of experience with the various types of 

distortion does not enter, as the tests with the two techniques 
were made simultaneously. The only difference in the techniques 
was that in the three-syllable case the observer listened to three 
syllables before writing them down. It seems reasonable to conclude, 
therefore, that when a crew has the same experience with different 
types of distortion, then the results obtained by it at one time may 
be compared with the results obtained by it at some other time by 
using such a relation. No doubt other types of functions could be 
found which would also fit the above data. The relation shown here 
was chosen because it fit both the practice data and the data that 
were obtained with the two different techniques and is very convenient 
to use in making such corrections. 

It is evident that in order to use the practice curves it is necessary 
to set up a reference circuit in order to obtain an appropriate value 
of x. Theoretically, one reference condition should be sufficient, 
provided that the practice of the crew had the same relative distribu- 
tion over various types of speech distortion. Since this is usually not 
the case, it is necessary to use several reference circuits representing 
various types of speech distortion. When it is desired to correct 
data for practice effects, the appropriate value of x is determined by 
making tests upon the reference circuits having types of distortion 
similar to the circuits for which the corrections are desired. A 
description of several reference or control circuits which have been 
found useful with the values of sound and syllable articulation as 
obtained with the testing crew of five men and five women as previously 
described, is given below. 

(a) Air Transmission. Master Reference System for Telephone 
Transmission.—The air transmission tests were made in a quiet, well 
damped room having a volume of approximately 1,000 cubic feet. 
The observers faced away and were located at an average distance of 
30 inches from the speaker. Sound articulation "L" 99.1 per cent. 
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Syllable articulation "S" 97.5 per cent. Practically identical results 
were obtained with the "Master Reference System" 7 with the system 
set for optimum received speech level, i.e. a sensation level of 70 db, 
average distance from lips to transmitter 1.5 inches. 

{h) Auxiliary Circuit of the Master Reference System.—The auxiliary 
circuit of the master reference system consists of networks which are 
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inserted into the otherwise distortionless reference system, to give it 
a frequency resonance around 1,100 cycles. The insertion loss of the 
networks is shown in Fig. 6. This loss is approximately equal to the 
combined losses of the No. 1 transmitter and receiver distortion 
networks of the Master reference system. Sensation level 74 db 
L = 89.2 per cent, S = 72 per cent. 

7 L. J. Sivian, "A Telephone Transmission Reference System," Electrical Com- 
munication, 3, Oct. 1924. M. Cohen, "Apparatus Standards of Telephonic Trans- 
mission." W. H. Martin and C. H. G. Gray, "Master Reference System," 5c// 
Tech. Jour., July, 1929. 
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(r) Carbon Transmitter Circuit (see Fig. 7).—The average values for 
five transmitters are L = 93 per cent, ^ = 81 per cent. In these 
tests the sensation level of the received speech was 75 db, and the 
calling level as measured by a volume indicator bridged across the 
line side of the input repeating coil was — 12.5 db. 

(d) Master Reference System Plus Filters.—System set for a sen- 
sation level of 70 db. 

3,750' Low Pass Filter L = 96.1% 5 = 91.0% 
750' High " " L = 96.7% 5 = 91.0% 

1,500' Low " " L = 77.7% 5 = 49.5% 
1,500' High " " L = 91.0% 5 = 76.0% 

The foregoing discussion has been concerned with methods of 
correcting the articulation results obtained by a given crew at different 
times to an arbitrary stage of practice or experience. To do this it is 
necessary to calibrate the crew for types of distortion that are similar 
to those of the systems for which the corrections are desired. The 
method has been described in detail because there are times when it 
is necessary to make such corrections. However, it has been our 
experience that such practice effects become negligible with a crew 
that has been set up in accordance with the methods previously 
described, when the crew's experience with types of distortion is 
diversified and when unusual circuits are tested successively until no 
further increase in articulation with practice occurs. 

These methods may also be used to correlate the articulation data 
of various crews and various techniques, provided that the only 
essential difference between the crews and techniques is in the demand 
or burden that is placed upon the observer. This means that the 
crews must have similar vocal characteristics and similar hearing- 
abilities, and that the testing lists must have similar speech sound 
content. It has been found, for example, that a crew of women 
callers obtain a considerably higher articulation than men callers on a 
circuit which eliminates all frequencies below 1,500 cycles and vice 
versa on a circuit which eliminates all frequencies above 1,500 cycles. 
It is obvious, therefore, that the methods described above could not 
be used to correlate the two crews for such circuits. Similarly, the 
methods could not be used for comparing two crews, if the hearing 
level of one is 10 db below the other, or to compare two techniques, 
one of which is made up entirely of vowel sounds and the other entirely 
of consonant sounds. As shown in Fig. A-b, data have been obtained 
with various crews on various circuits which can be correlated very 
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well by means of the above curves. Fig. 4-rf gives data that were 
obtained with other crews which show very poor correlation. In 
neither case are the characteristics of the crew well enough known 
to satisfactorily account for the observed differences. At the time 
the work was done the significance of these factors was not so apparent, 
so that they were not given the attention they now receive. During 
the past two years a crew of 10 people has been used almost continu- 
ously in testing work. During this time numerous changes in per- 
sonnel have taken place and only five of the original members are 
now on the crew. The data obtained during this time appear to be 
strictly comparable. In some cases it is necessary to use the practice 
curves. In other cases (circuits that are frequently tested), practically 
identical results are obtained. For this reason, it is believed that if a 
similar crew of 10 different people were to be selected as previously 
described, comparable articulation results would be obtained. It 
seems reasonable to expect that crews testing in various languages 
should also obtain comparable results provided that the crews were 
similar in the sense used here and that the lists were phonetically 
similar. It seems desirable, therefore, to standardize on the factors 
which affect the comparison of data, such as, the size and type of 
crew, the type of list, and the type and number of reference circuits. 
Best results are likely to be obtained when the crews do not differ 
by amounts which correspond to values of x less than 0.7. Smaller 
values indicate that the crews have not had sufficient testing experi- 
ence, or have speech and hearing characteristics which are essentially 
different, or that the phonetic content of the testing lists are appreci- 
ably different. In the latter case the results may be correlated by 
means of statistical relations that will be given in a later paragraph. 

Relation of Articulation to the Transference 
of Thought by Speech 

The foregoing paragraphs have been concerned with the practical 
problems of setting up a suitable testing technique and correlating 
the observed articulation results. The procedure that has been 
discussed enables us to measure the percentages of the various speech 
sounds which are correctly recognized when they are spoken in a 
simple con-vow-con syllable. We desire at this point to consider the 
broader significance of this measure. In other words, how is the 
articulation result related to the transference of thought by means of 
speech? This relationship involves many psychological factors which 
are difficult to evaluate so it must not be expected that a compre- 
hensive answer can be given here, but it is important to understand 
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as fully as possible those parts of the problem that can be evaluated. 
Such a relation involves two questions, (a) how do the articulations 
of the sounds as measured with the testing lists compare with their 
articulations as they are used in speech, {h) how should the articulation 
values be weighted in order to obtain an index of the speech capabilities 
of a system. 

In the first place, certain fundamental sounds of speech were 
omitted from the above lists. The most important of these are the 
consonant compounds. The majority of these sounds may be regarded 
as the product of a very few combining consonants acting as modifiers 
to the rest of the consonant alphabet. Since the combining consonants 
or modifiers occur over and over in combination with various conso- 
nants, it might be expected that the interpretation of the compounds 
would depend primarily upon the interpretation of the various conso- 
nants, and not upon the modifiers. In other words, the compounds 
would be interpreted as simple consonant sounds. The tests discussed 
below show that this is true on the average, although notable exceptions 
may occur in individual cases. 

The testing lists were made up from the sounds shown in Table VI. 

TABLE VI 

Consonants Vowels 
Initial Final 
b, br, rb, b, a' 
d, dr, rd, d, a 
g. gr, rg, g, e 
P, pr, rp, p, i 
k, kr, rk, k, o 
t, tr, rt, t, 
f, fr. rf, f, 

th, thr, rth, th, 
s, si, tnd, d, 
b, bl, nj, j, 
g, gh nz. z, 
p, pi, nk, k, 
k, kl, nt, t, 
f, fl, ns, s, 
r, 1, n, r, 

These sounds were combined at random into syllables of the con- 
vow-con-con and con-con-vow-con form. Ten lists of 90 syllables 
each were made, and a crew of 10 callers, with 5 observers per caller, 
was used. With this number of tests the probable error in the per 
cent articulation for each sound is approximately 5 per cent. The 
tests were made on the auxiliary circuit of the master reference 
system. The sensation level of the received speech was about 80 db. 
The results are shown in Table VII. 
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TABLE VII 

Articulation of Consonant Compounds 

Initial Final 

Sound % Art. Sound % Art. Sound % Art. Sound % Art. 

b 89.0 br 85.3 rb 63.3 b 77.0 
d 98.0 dr 88.7 rd 60.0 d 91.0 
g 96.3 gr 90.0 rg 57.3 g 88.7 
p 78.3 pr 52.0 rp 39.3 P 66.7 
k 95.3 kr 93.3 rk 52.7 k 90.7 
t 79.3 tr 89.3 rt 58.7 t 88.7 
f 56.3 fr 60.7 rf 39.3 f 53.3 

th 71.3 thr 88.0 rth 42.0 th 52.0 
ave. 83.0 ave. 81.0 ave. 51.5 ave. 76.0 

s 57.3 si 72.7 nd 92.7 d 91.0 
b 89.0 bl 95.3 nj 91.3 j 96.0 
g 96.3 g! 77.3 nz 82.0 2 76.7 
p 78.3 pl 68.0 nk 92.7 k 90.7 
k 95.3 kl 86.7 nt 84.7 t 88.7 
f 56.3 fl 86.7 ns 72.7 s 44.7 

ave. 78.7 ave. 81.1 ave. 86.0 ave. 81.3 

Init. Ave. 81.1 81.0 Fin. Ave. 66.3 78.3 
Ave. Simple Cons  79.7 

" Comp. 73.5 Exclusive of r () 82.7 

The articulation of the consonant compounds as a class does not 
differ appreciably from the articulation of the corresponding simple 
consonants. The final r compound is seen to be an exception to this 
general rule. The errors for combinations containing this sound were 
caused by the large number of omissions of the modifier. For example, 
if "barb" were called, "bab" would be recorded. When the final r 
is combined with a consonant, the tendency is to shorten its duration 
and to stress it less than is done when it occurs as a simple final. 
Also, as mentioned before, the r sound materially modifies the vowel 
preceding it and usually in such a way that the vowel and r sounds 
are spoken as a vowel. For these two reasons, it escapes detection 
more readily than when used as a simple final. It will be noticed 
from the table that f is definitely more difficult to recognize than fl, 
while p is definitely less difficult to recognize than its compounds pi 
and pr. There is also a large difference between the results for s 
and ns. Although these differences are large, some tend to increase 
and others to decrease the average articulation. It is seen from the 
table that if the r compounds are omitted, the averages for the simple 
consonant sounds and for their compounds are approximately equal. 
Since this class of sounds comprises less than 15 per cent of the speech 
sounds, the results obtained by using a list in which the consonant 
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compounds are omitted will be very closely the same as those obtained 
by lists in which such sounds occur. In view of this, and also 
because their inclusion would greatly extend the time needed for 
testing, compound consonants have been omitted. 

In conversational or written speech some of the sounds are used 
much more frequently than others, whereas in the testing lists each 
sound is used the same number of times. Does this procedure lead 
to essentially different articulation values, for the various sounds, 
from those obtained by using the sounds in proportion to their fre- 
quencies of occurrence in speech? 

TABLE VIII 

Articulation of Sounds of Equal vs. Unequal Occurrence 

Equal Occ. Unequal Occ. 
o 1 

No. of Occur. Art. No. of Occur. Art. 

a  300 91.0 550 88.0 
a  300 98.3 600 96.5 
a'  300 88.3 400 82.3 
e  300 91.0 1200 87.4 
e  300 100.0 850 98.8 
i  300 96.0 1150 94.5 
o  300 86.0 500 90.6 
0  300 98.3 500 97.6 
o'  300 97.7 450 96.2 
u  300 88.3 150 92.7 
u  300 97.3 250 97.6 
Ave  93.8 92.9 
b  300 87.0 400 91.0 
ch  300 97.3 150 98.0 
d  300 91.0 700 89.1 
f  300 73.7 400 67.8 
g  300 92,0 450 94.2 
h  150 100.0 200 100.0 
]  300 98.0 150 97.3 
k  300 87.3 900 89.8 
1  300 98.7 1200 96.2 
m  300 95.3 900 81.3 
n  300 93.7 1300 95.5 
ng  150 93.3 400 90.0 
p  300 75.3 500 71.2 
r  300 97.0 1250 97.4 
s  300 72.3 850 76.3 
sh  300 99.3 300 99.7 
st  150 96.0 200 96.5 
t  300 83.7 1550 86.6 
th  300 60.3 200 60.5 
th'  300 70.7 150 68.0 
v  300 78.7 250 71.6 
w  150 96.7 400 97.8 
y  150 99.3 100 94.0 

300 67.0 250 72.0 
zh  150 97.3 50 100.0 
Ave  88.0 87.3 



ARTICULATION TESTING METHODS 833 

Table VIII gives the results of articulation tests that were made 
with two such types of lists. In both cases the sounds were combined 
at random into syllables of the con-vow-con type. The tests were 
made on the auxiliary circuit of the master reference system. 

Realizing that the probable error in the articulation value given 
for each sound is ± 5, there do not appear to be any outstanding 
differences in the articulations of the various sounds with the two 
types of list. The average articulations for the two lists differ by 
less than the probable error. The test indicate, therefore, that lists 
having uniform occurrence of sounds give the same individual sound 
articulation values as lists having the frequencies of occurrence of the 
sounds proportional to their frequencies of occurrence in speech. 
At least this is true within the accuracy usually attained in making 
such tests. The testing advantages of the former type of list have 
already been pointed out. 

It is important to notice that the average sound or the average 
syllable articulation may not be the same for the two types of lists, 
even though the articulation for each sound is the same. The averages 
shown in the table were obtained by assigning equal weights to the 
articulation for each fundamental sound. If weights which are 
proportional to frequency of occurrence of the sounds in speech be 
assigned, the averages obtained will, in general, be slightly different. 
For the particular circuit corresponding to the data of Table VIII, the 
averages obtained in the two ways did not differ by more than the 
observational error. Our data have shown that this is also true for a 
large class of circuits ordinarily used in telephone work. However, 
those transmission systems which have a specific effect upon certain 
consonant or vowel sounds, for example, upon s which occurs 850 
times in one list compared to 300 times in the other, would obviously 
have different values for the sound articulation by using the two 
methods of obtaining the average. 

In speech, certain combinations of sounds occur more frequently 
than others. In other words, some consonants precede certain vowels 
more frequently than they do other vowels, and similarly, some 
consonants follow certain vowels more frequently than others. For 
example, the combination "es" is used much more frequently than 
the combination "us" (u as in foot). Since the testing lists are 
made by random selection, the various con-vow and vow-con combi- 
nations occur with uniform frequency. In order to determine how 
this difference influences the interpretation of the sounds, articulation 
data on various circuits were examined. Attention was focused first 
on the final consonant sounds. One hundred errors for each consonant, 
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or 2,200 consonant errors were selected at random from the articulation 
data and the number of these 2,200 errors that occurred after each 
vowel sound ascertained. Similarly, the number of vowel errors, 
out of a total of 1,100 errors, that occurred after each of the consonant 
sounds, was determined. 

Probability studies indicate that the distribution of these errors 
as shown in Table IX is of the same order as that to be expected on 

TABLE IX 
Distribution of Vowel and Consonant Errors 

Distribution of Vow. Errors Distribution of Fin. Con. Errors 

Preceding Con. Sound No. of Vow. Errors Preceding Vow. Sound No. of Fin. Con. Errors 

b 58 a 188 
ch 73 a 264 
d 52 a' 232 
f 49 e 166 
g 50 e 214 
h 55 i 172 
j 54 o 192 
k 60 6 192 

1 45 o' 208 
m 49 u 196 
n 54 u 176 
P 68 
r 39 
s 50 

sh 53 
th 38 
t 52 
V 40 
w 52 
y 49 
z 60 

the basis that the distribution of errors is due entirely to chance. 
Since, from the way the lists were constructed, the occurrence distri- 
bution is due to chance, it is evident that the errors in recognition 
of the sounds do not depend upon the particular sounds that they 
follow. Although the analysis was not made, it would be expected 
that a similar situation obtains for initial consonant and vowel errors. 
These data may be interpreted to mean that the consonant articulation, 
the vowel articulation, the sound articulation, or the syllable articu- 
lation, is approximately independent of the particular sound combi- 
nations, when a wide variety of combinations are used. The results 
obtained with these lists, therefore, are as representative of speech 
as the results that would be obtained with lists employing particular 
sound combinations in proportion to their frequencies of occurrence 
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in speech. The analysis was not extensive enough to draw conclusions 
as to the effects of particular sound combinations upon the articulation 
of individual speech sounds. 

Approximately 40 per cent of the syllables that occur in English 
are of the con-vow-con type. About 34 per cent are of the con-vow, 
and vow-con type. The syllables, including the compounds, such as, 
con-con-vow, vow-con-con, con-vow-con-con, and con-con-vow-con, 
make up about 16 per cent of the syllables of English. Since, as 
pointed out above, the interpretation of the consonant compounds 
depends primarily upon only one of the consonants, the latter syllables 
may be grouped in the two former classes, which then constitute some 
90 per cent of English. Of the remaining syllables, 7 per cent consist 
of a single vowel, so that the more complex syllable forms constitute 
only 3 per cent of English.8 Since 97 per cent of the syllables of 
English are included in the one, two and three letter forms, there is 
little reason to include the more complex syllable forms in order to 
represent speech, when as has been previously stated, they are unde- 
sirable from a testing standpoint. As will be shown in a later para- 
graph, one, two and three-letter syllables all yield equal values of 
articulation for the various speech sounds. Since the three-letter 
syllables require a smaller testing time for a given number of called 
sounds, the other syllable forms were excluded from the testing lists. 

Having shown that the standard technique gives, for the various 
sounds, data that are representative of speech, the question now arises 
as to the best figure that may be computed from the data obtained 
with this technique, in order to best represent the speech transmission 
ability of the system under test. Before discussing this, it is necessary 
to consider some probability relations existing between the quantities 
entering into the calculation of such a figure. 

Statistical Relations 

The syllable articulation S when expressed as the ratio of the 
number of successes (correct interpretations of the syllables) to the 
number of trials (syllables called) is the chance of perceiving a syllable 
correctly. Also, if a similar ratio is used for the sound articulation 
L, the vowel articulation V, and the consonant articulation C, then 
these letters represent the probability of perceiving correctly a funda- 
mental sound, a vowel sound or a consonent sound, respectively. 
If a syllable contains only one fundamental sound, then it is obvious 
that 

S = L. (3) 
8 These data were obtained from Godfrey Dewey's book "Relative Frequency 

of English Speech Sounds," Harvard University Press, 1923. 



836 BELL SYSTEM TECHNICAL JOURNAL 

If a syllable has two letter sounds, then the chance of perceiving 
them both correctly is the same as the chance of perceiving the syllable 
correctly or 

5 = L-. (4) 

Similarly, for a syllable containing m sounds 

5 = Lm. (5) 

Or if A\, Ai, A3, A* • • ■ Am give the per cent of syllables in the list 
containing 1, 2, 3, 4, ■ • • m sounds, respectively 

5 = ^liL + AzU + AzU + • • ■ AmLm. (6) 

Similarly, the chance of perceiving a syllable of the type con-vow 
or vow-con is VC; of the type con-vow-con, con-con-vow or vow-con- 
con is VC2; of the type con-con-vow-con, con-vow-con-con, vow-con- 
con-con, or con-con-con-vow, is VC3, etc. 

For the old standard articulation lists these formulae reduced to 

5 = 1 FC +1 FC2 = -f (7) 

For the new standard articulation lists they reduce to 9 

5 - VC2 = L3. (8) 

If a list of N syllables is used, then the letter errors and syllable 
errors will be 3iV(l - L) and 7^(1 - L3), respectively, or the number 
of letter errors per mistaken syllable, for the new standard lists, 
will be 

m = 1 + L + L2' (9) 

It is seen that m approaches 3 as L becomes small, and unity as L 
approaches unity. For L = .30, m = 2.06; for L = .50, m = 1.71; 

3 When derived from the probability formulee 

VC2 = L3. 

However, from the definition of V, C and L, 

L = (2C + F)/3 so that VC2 = L3. 
The difference is 

. (F-(-8C)(F- C)2 
i = 27  

Actually V and C are not wholly independent of each other and when values as 
obtained in tests arc substituted in the above equation, the difference turns out to 
be small. 
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and for L = .80, m = 1.23. When observed values of ni become 
consistently greater or less than this theoretical value, it must be 
concluded that the assumptions underlying this statistical theory are 
not valid. 

All of the above statistical relations are dependent upon the tacit 
assumption that the chance of perceiving any sound correctly is 
entirely independent of the other sounds present and also independent 
of the number of other sounds present. It was shown in the previous 
section that the articulation of the various sounds is, on the average, 
independent of the other sounds in the syllables. On the other hand, 
experiments have indicated that the articulation does depend upon 
the number of sounds in the syllable. The sound articulation becomes 
smaller when the number of sounds in the syllables increases beyond 
three per syllable. 

The data from which this conclusion was drawn were taken from 
three different experiments. In the first, three different transmission 
systems were tested by using first the standard articulation lists and 
then the vowel-consonant lists which are described in the last section. 
When using the vowel list, the vowels only are considered and when 
using the consonant list the consonants only are considered. These 
lists together, then may be considered as composed of syllables having 
only one sound. The syllable and sound articulations are the same 
when using such lists. The comparison of the results obtained with 
the two types of lists is shown in Table X. It will be seen that there 

TABLE X 

Articulation for One- and Three-Sound Syllables 

Frcq. below 1,000" only Freq. below 1,950" only Freq. above 1,500" only 

Vow. Cons. Sound Vow. Cons. Sound Vow. Cons. Sound 
Art. Art. Art. Art. Art. Art. Art. Art. Art. 

One-sound Syllables 71.5 62 65 98.5 82.5 88 81 96 91 
Three-sound 

Syllables  69.5 61.5 64 96 83 87 80 96.5 91 

is only a slight tendency for the sound articulation to be lower for 
the three-sound syllable when compared with the one-sound syllable. 
The differences are within the observational error in testing. 

In the second experiment a new list was constructed using the 
syllable forms con-vow and vow-con. The auxiliary circuit of the 
master reference system was tested with this list and also with the 
standard articulation list. The results are shown in Table XI. The 

54 
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TABLE XI 
Articulations for Two- and Three-Sound Syllables 

V C L 

Two-sound Syllables  95 88 90 
Three-sound Syllables  94 87 89 

number of syllables used of each type for determining these averages 
was 1,344. The average sound articulation in each case was deter- 
mined by giving equal weights to the articulation for each sound. 
For the three-sound syllables this is done by dividing the number of 
sounds correctly recognized by the total number of sounds called. 
For the two-sound syllable the procedure is not so simple. Since 
each vowel sound occurs twice as often as each consonant sound, 
it is necessary to obtain an average for the vowels and consonants 

SOUND ARTICULATION VS. 
NO. OF SPEECH SOUNDS CALLED 

90 

80 

Q 70 

60. 

N 
v 
\ 
\ 

\ 
\ 

4 8 12 
NO OF SPEECH SOUNDS CALLED 

AT ONE TIME 

16 

Fig. 8 

separately. The final average value for the sound articulation is 
obtained by assigning weights of 1 and 2 to the vowel and consonant 
articulations, respectively. It is seen that there is no appreciable 
difference between the values of L obtained by the two types of lists. 

In the third experiment the standard lists were used to test the 
auxiliary circuit but the syllables were called in groups of 1, 2, 3, 4, 
or 5 at a time. The results of these tests are shown in Table XII. 

Number of Sounds 
Called at One Time 

3  
6  
9  

12  
15  

TABLE XII 
Sound 

Articulation 
.. 89.0 
.. 87.5 
.. 84.0 
.. 77.0 
.. 67.0 
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From these three sets of data and from other available data which 
could be applied to this problem, the curve shown in Fig. 8 was 
constructed. It gives the sound articulation which would be obtained 
for a circuit such as the auxiliary circuit of the master reference 
system, when the number of sounds that are spoken at a time, that 
is, before the observer starts writing, is represented by the abscissa. 
It is evident from the shape of this curve that the assumptions under- 
lying the statistical formulae are valid for syllables having three or 
less sounds per syllable, and that they will break down for the more 
complex types of syllables. These assumptions might be expected 
to break down also, for certain extreme types of distortion. 

Definite relations between the vowel, consonant, sound, and syllable 
articulations for both the old and the new techniques, have been 
derived by statistical theory. An experimental relationship between 
these quantities is shown in Figs. 9 and 10. These were obtained by 
an analysis of the errors of a large number of tests with widely different 
types of distortion, the data in Fig. 9 being taken with the old and 
the data in Fig. 10 with the new technique. 

In the figures observed values of sound articulation have been 
plotted against the corresponding observed syllable articulation values. 
The solid curves in the two cases were calculated from Equations 7 
and 8, respectively. The observed values agree reasonably well with 
the theoretical curves. 

There is very little correspondence between the vowel and syllable 
or consonant and syllable articulation. The table below shows that 

TABLE XIII 

Vowel, Consonant, and Syllable Articulations 

V C 5 VC2 

3 750 L P F   98.7 95.4 90.8 89.8 
'750 H.P.F  

2,850 L.P.F  
1 000 H P.F   

93.0 
98.5 
89.0 

98.6 
92.9 
98.4 

90.9 
86.3 
87.0 

90.4 
85.4 
86.2 

a circuit which discriminates against the vowels may have a syllable 
articulation equal to another circuit which discriminates against the 
consonants. However, it is seen that the product VC2 is equal to 5 
as the statistical theory indicates. If then the sound, or vowel and 
consonant articulations are known, it is possible to calculate the syllable 
articulation, for the case of two- and three-sound syllables. 

We are now in a position to consider the figure which best represents 
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SOUND VS. SYLLABLE ARTICULATION 
OLD TECHNIQUE STANDARD LISTS 
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Figs. 9 and 10—Relation between sound and syllable articulation 



ARTICULATION TESTING METHODS 841 

the capabilities of systems to transfer thought by means of speech. 
For giving a complete picture, it is necessary to give the articulation 
values for each speech sound. Since this involves 36 articulation 
values, it is difficult to compare various systems. To combine these 
values into averages raises the question of how such an average shall 
be taken. At first thought it might seem obvious that the weights 
assigned to each sound articulation value should be proportional to 
the frequency of occurrence of that sound in English speech. Many 
of the most frequently occurring words, however, such as the, of, 
and, to, in, that, etc., do not carry much of the thought, so that it 
seems reasonable to exclude the effects of such words in the weighting 
process. It is evident that many sets of weighting factors could be 
evolved depending upon how far the exclusion process is carried and 
depending upon whether written or spoken English is used, in deter- 
mining the frequencies of occurrence of the sounds. After excluding 
the twenty or twenty-five most common words, however, further 
exclusion does not appreciably change the calculated articulation 
value. The table below gives a set of factors obtained from the 
frequencies of occurrence used in Table VIII. They are based upon 
the studies of Messrs. French and Koenig 10 on the frequencies of 
occurrence of speech sounds in spoken English. The effects of the 
more common parts of speech, such as, personal pronouns, definite 
articles, conjunctions, and prepositions have been excluded. 

TABLE XIV 

Group 
I Weight Group 

II Weight Group 
III Weight Group 

IV Weight Group 
V Weight 

a 3.0 i 5.8 r 6.3 d 3.5 z 1.3 
e 4.3 O 2.5 1 6.1 t 7.8 s 4.3 
o 2.5 a' 2.0 "g 2.0 b 2.0 V 1.3 
fi 1.3 u .8 n 6.6 P 2.5 f 2.0 
o 2.3 e 6.0 in 4.5 g 2.3 zh .3 
a 2.8 3' .5 k 4.5 sh 1.5 

w 2.0 .1 .8 til- .8 
eh .8 th 1.0 
h 1.0 st 1.0 

Total 
Weight 16.2 19.6 25.5 25.2 13.5 

It will be noticed that the speech sounds are arranged in five groups. 
The sounds in each group have very similar characteristics, so instead 
of dealing with 36 articulation values for a circuit, it is only necessary 

1U "Frequency of Occurrence of Speech Sounds in Spoken English," N. R. French 
& W. Koenig, Proc. Acoustical Society of America, 1929. 
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to deal with the average value for each of the five groups. The 
average for the first group is designated Vi, signifying long-vowel 
index; for the second group Vs, signifying short-vowel index; for the 
third group Cn, signifying nasalized-consonant index; for the fourth 
group Cs, signifying stop-consonant index; for the fifth group C/, 
signifying fricative-consonant index. If the articulation obtained from 
any test for each sound be designated by the phonetic symbol for 
that sound, then, 

Vi = .19 a + .27 e + .15 6 + .08 Q + .14 o' + .17 a 

Vs = .30 i + .13 o + .10 a' + .04 u + .31 e + .02 y + .10 w 

Cn = .25 r + .24 1 + .08 ng + .26 n + .17 m 
Ca = .14 d -f .31 t + .08 b + .10 p + .09 g + .18 k + .03 j r (10) 

+ .03 ch -f- .04 p 

Cf = .10 z + .32 s + .10 v + .15 f + .02 zh + .11 sh 
+ .06 th' + .07 th + .07 st.. 

The sound index is related to these values by 

i = .162 Vi + .196 Vs + .255 Cn + .252 Cs + .135 C/. (11) 

For obtaining the most representative single value for the syllable 
index I, the equation given below is used. 

J = .5 i2 + .5 i3. (12) 

This equation is based upon the frequency of occurrence of the syllable 
forms in English speech. As pointed out before, if the compound 
consonants be considered as simple sounds, then there are less than 
10 per cent of syllable forms other than the two- and three-sound type. 
The frequency of occurrence of these two types is approximately 
equal. 

Similar formulae to the above may be used to relate articulation 
results in English to articulation results in a different language. To 
do this it is necessary to select the fundamental sounds of the different 
languages that correspond to the 36 fundamental sounds of English, 
where the correspondence is based on similar phonetic characteristics 
and similar positions of the vocal organs in producing the sounds. 
When this is done, the coefficients in Eqs. 10, 11 and 12, must be 
modified to correspond with the frequencies of occurrence of the 
sounds and syllables in the language. 

Observed values of individual sound articulation are thus reduced 
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to a single index, or for a more comprehensive picture, to five indices 
corresponding to the five groups of speech sounds. In order to 
compare the indices obtained by a given crew with those of a reference 
crew, it is necessary to correct the data in accordance with Eq. 2 
for the effects of practice. To do this, as previously discussed, 
articulation tests are made upon one or more of the reference circuits 
by the crew in question. If I' is the syllable index so obtained, the 
practice factor for the crew is given by the relation 

iog_(i_-n. 
~ log (i - /) (13) 

The practice factors for the other indices may be obtained also, 
by substituting the appropriate indices for the syllable index in 
Eq. 13. In Table XV the reference values for the various indices 
are given for the reference circuits that were previously described. 

TABLE XV 

Reference Values 

Circuit Vi Vs Cn ca Q i / 

Master Reference System. . 98.5 98.9 99.6 99.2 98.8 99.3 98.0 
Auxiliary Circuit of Master Ref. Sys 95.0 95.0 96.5 88.5 66.5 90.0 77.0 
Carbon Transmitter Circuit 97.0 97.0 96.5 93.5 82.0 94.0 85.5 
Master Ref. Svs. plus 3,750" 

" " 750" 
L.P.F  99.0 99.5 99.5 99.0 86.5 97.6 94.0 
H.P.F  96.0 92.5 99.0 99.5 98.5 97.1 93.0 

  1,500" L.P.F  93.5 86.5 90.5 76.0 52.5 80.2 58.0 
" " 1,500' H.P.F  85.0 82.5 96.0 97.5 97.0 92.0 81.0 

If the values for the sound index be compared with the sound 
articulation values based on uniform weighting, that were given under 
the section on practice effects, it will be seen that for these circuits 
there is very little difference, between the two sets of values. In 
other words, the average sound articulation is very nearly equal to 
the average that is obtained when the individual sound articulations 
are weighted according to the frequencies of occurrence of the sounds 
in English. 

Similar comparisons have been made for a large number of other 
transmission systems. They showed similar small differences between 
the weighted and unweighted averages. For this reason we consider 
it unnecessary to use the weighted average when great accuracy is 
not required, for example, in a great deal of our routine work where 
comparisons are being made between circuits which have similar 
characteristics. This means that when testing an unknown circuit, 
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having an electrical characteristic similar to one of the reference 
circuits, the syllable index I can be calculated from the observed 
syllable articulation 5 (as obtained with the new standard lists) by 
means of the equation, 

/ = .5 52/3 + .5 5. (U) 

This value must now be reduced to the reference condition of practice 
by the methods which have already been described. In such cases it 
is thus possible to obtain the syllable index from the observed syllable 
articulation values, and it is unnecessary to analyze the data for the 
individual sound articulation values. 

The weighted average, however, is the more logical way of obtaining 
a single index and should be used when it is suspected that it might 
give results which are essentially different from the unweighted 
average. 

It is possible to carry the probability relations a step further and 
apply them to cases of English words and sentences. In order to do 
this it is necessary to make assumptions as to how the thought or 
meaning of the words affects the interpretation of the sounds. These 
assumptions are not only somewhat uncertain, but owing to psycho- 
logical factors in testing are difficult to verify experimentally. In 
general, the meaning associated with words makes them easier to 
interpret than meaningless words. For single-syllable words, these 
effects are small. Two-syllable words are easier to interpret than 
single-syllable words. The interpretation of words containing from 
three to five syllables, and short sentences, depends almost entirely 
upon interpreting those parts which are not indicated by the thought 
or meaning. 

Other Testing Methods 

For most articulation studies it has been found desirable to use the 
standard testing technique which has been described, but it is fre- 
quently necessary, in special cases, to use other techniques. In such 
cases it is desirable, if possible to interpret the results in terms of the 
standard technique. In the course of research work, several different 
articulation testing methods have been used which give information 
on the type of correlation between them that may be expected. 

The probability relations have been made use of in constructing 
two other types of lists which are called vowel-consonant and vowel 
word-consonant word lists. These lists are designed to give the same 
values of sound articulation as given by the standard lists. The 
former lists are shown in Table XVI. The various vowels are com- 
bined with the same consonant, and the various consonants with the 
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TABLE XVI 

Vowel List 
be Graded Testing Syllables in the List 

a  at ta 
a  at ta 
a' a't ta' 
e  et te 
e  et te 
i  it ti 
o  ot to 
o  ot t5 
o' o't to' 
u  ut tu 
Q  ut tu 

Consonant List 
Sound to 

be Graded Testing Syllables in the List 
b  bu uh ba ab be eb 
d  du ud da ad de ed 
f  fu uf fa af fe tif 
g  gu ug ga ag ge eg 
k  Lu uk ka ak ke ek 
I  lu ul la al 1c cl 
in mu um ma am me em 
n  nu un na an ne en 
r  ru ur ra ar re cr 
p  pu up pa ap pe ep 
s su us sa as se es 
sh  shu ush sha ash she esh 
th' th'u uth' th'a ath' th'e eth' 
th  thu uth tha ath the eth 
t  tu ut ta at te et 
v  vu uv va av ve ev 
ch  chu uch cha ach che ech 
z  zu uz za az zg ez 
j  ju uj ja aj je ej 
h  hu ha he 
w wu wa we 
y  yu ya ye 
zh  uzh azh ezh 
ng  ung ■ ang eng 
st  ust ast est 

same vowel. The technique of using the list is the same as that 
previously described, except that the vowel articulation and consonant 
articulation are measured separately. Only the vowel errors are 
counted when using the vowel list and only the consonant errors 
when using the consonant list. These lists have the advantage that 
they can be used over and over by merely changing the sequence of 
the syllables. 

Table XVII shows two lists similar to the above except that they 
are made up entirely of common English words. They are designated 
as vowel word and consonant word lists. This list is used in the same 
way as the vowel and consonant lists. In using either of these lists 
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the testing crews should be familiar with the syllables or words in 
the lists. 

TABLE XVII 

Vowel Word List (English Words) 
Sound to be 

Graded English Words in the List 
a'  bat back 
a  bait bake 
e  bet beck 
c  beat beak 
i  bit bit 
I  bite bike 
 0  but buck 
o'  bought balk 
6  boat boat 
u  book book 
u  boot boot 

Consonant Word List (English Words) 
Sound to be 

Graded English Words in the List 
b  by by 
ch . . .    which which 
d  die die 
f fie whiff 
g  guy wig 
h  high high 
j  
k  wick wick 
 1  lie will 
m  my whim 
n  nigh win 
ng  wing wing 
p  pie whip 
r  wry wry 
s  sigh sigh 
sh shy wish 
th'  thy with 
th thigh thigh 
t tie wit 
v  vie vie 
w  why why 
y  
z whiz whiz 
st  sty whist 

Note: The h following w is not pronounced in such words as whim, whip, etc. 

It usually requires a training period of a month or more for a 
testing crew to thoroughly master the technique of using the standard 
lists, that is, to reach a stage where the phonetic symbols are spoken 
and recorded almost mechanically. The vowel consonant lists require 
less time, since it is only necessary for the observers to fix their atten- 
tion on one sound in the syllable. With the word lists this training 
period is reduced to a minimum. Phonetic symbols are avoided, 
and attention is given to only one sound in the words. As may be 
seen from Fig. 2, after a few tests they practically reach a degree of 



ARTICULATION TESTING METHODS 847 

uniform proficiency. In using the lists, the words are recorded with 
the English spelling. Only errors in the vowel and consonant sounds 
of the left-hand column of the above table, are counted. Since 
only one sound in each syllable is utilized, the above lists require a 
somewhat greater testing time for a given precision than do the 
standard lists where all three sounds of the syllables are used. 

Table XVIII below, shows data that were obtained with the three 
types of lists, namely, the standard lists, the vowel consonant lists, 
and the vowel word consonant word lists. The vowel consonant 

TABLE XVIII 
Articulation Results with Various Lists 

Cons Vow. Cons. Word Standard Cor- 
List Vow. Word List rected 

Circuit 

C V Cu. I'u. S VC- KaCV VmCw" 

Air Transmission  99.5 99.0 99.0 99.5 98.0 ± .4 98.0 98.0 97.5 
Master Ref. System 

+ 5500 L.P. Fil  99.0 99.0 99.0 99.5 96.5 ± 1.0 97.0 97.5 97.0 
M.R.S. + 3750 L.P. Fil  95.5 98.5 96.5 99.0 90.5 ± 2.0 90.0 92.0 90.0 
M.R.S. + 1950 L.P. Fil  82.5 98.5 85.5 98.5 67.0 ± 2.0 67.5 72.0 68.0 
M.R.S. + 1000 L.P. Fil  62.0 71.5 67.0 82.0 29.0 ± 3.0 27.5 37.0 33.0 
M.R.S. + 1500 H.P. Fil.. . . 96.0 81.0 97.0 86.0 75.0 ± 2.0 75.0 81.0 77.0 
Carbon Transmitter Circuit. 91.0 96.0 91.5 99.0 81.0 ± 1.5 80.0 83.0 80.0 

lists lead to syllable articulations that are essentially the same as 
obtained with the standard lists. It is evident from the data that 
the word lists lead to slightly higher values of syllable articulation. 
The explanation is to be found in the make up of the word list. It 
was not possible to arrange the lists so that all sounds are equally 
probable, and still use English words. For instance, an observer 
would not record "bik" for "beck," nor "wiv" for "with," etc. 
For this reason, the observers do not make errors which occur fre- 
quently in the other two types of lists, where any sound is possible. 
Hence the observed articulations are somewhat higher with the 
word lists. 

It was found, however, that the word lists may be correlated with 
the standard lists by means of the relation given by Equation 1. The 
value of x for this case is 0.9 so that, the word technique may be 
corrected to the standard technique, by means of the equation. 

5 = 1 - (1 - IVCu,2)-9, (15) 

where S = syl. art. of standard lists expressed as a ratio, 
Vw = vowel art. of vowel word lists expressed as a ratio. 
C,„ = cons. art. of cons, word list expressed as a ratio. 

The corrected values are also shown in the above table. 
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It is frequently necessary to test very poor systems where the 
standard lists giving an articulation of a few per cent, are not satis- 
factory. The vowel consonant lists are somewhat more satisfactory 
under these circumstances. Lists of sentences have also been found 
to be very useful for such purposes. The sentences were of the 
interrogative or imperative form containing a simple idea. They 
were designed to test the observer's acuteness of perception rather than 
his intelligence. Tests were made with these sentences and the 
standard lists on various circuits, involving carbon transmitter circuits 
and various filter systems. The data are shown in Fig. 11. The 

100 
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Fig. 11—Discrete sentence intelligibility vs. articulation 

sentences were considered to be understood if the observer either 
recorded the sentence correctly or recorded an intelligent answer. 
As stated earlier, the percentage correctly observed is called the 
discrete sentence intelligibility. 

It will be seen that for changes in distortion, the changes in the 
discrete sentence intelligibility will be small for systems having 
syllable articulations greater than 30 per cent, but very large for 
systems having syllable articulations below 20 per cent. It is for 
systems in this latter class that these test sentences are useful. A 
case in point is the measurement of the degree of secrecy obtained 
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in sound proofing telephone booths, or in dealing with cross-talk. 
The sentences have also been found to be useful in making quick 
qualitative tests of the goodness of an audiphone set for a particular 
case of deafness. 

Because of their general usefulness for these purposes, the complete 
lists of sentences are given in the appendix. Due to memory effects 
a set of sentences can be used with the same personnel only a very 
few times. The psychological factors are also more prominent with 
sentences than with simple syllable. 
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Fig. 12—Articulation vs. time ratio 

Sentence lists of the above type have also been used to obtain a 
notion of how the time taken to transmit an idea correctly over a 
system depends upon the articulation. To do this, the observer was 
instructed to reply orally to the question. If the reply indicated 
that the observer failed to understand, the speaker repeated the 
question. Both speaker and observer tried to carry out the test in a 
normal conversational manner. The observer could ask the speaker 
to repeat, reword or spell out difficult parts of the sentence. 

The tests were made on a variety of systems of known syllable 
articulation. The results that were obtained are shown in Fig. 12. 
The ordinates of the curve give the ratio of the time required to 
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transmit correctly one of these test sentences over an ideal system 
to the time required over the system under test. With the crew used 
in making these tests, and with an ideal transmission system, it 
required an average time of 5.2 seconds after the speaker started to 
pronounce the sentence before the observers grasped the idea. It 
will be seen from the curve that for systems having approximately 
20 per cent articulation, the time required is twice as great. Fig. 11 
shows that one out of every four of the sentences is mistaken for this 
value of articulation. If it is assumed that an observer asks that 
only sentences which he fails to understand be repeated, it can be 
shown that this time ratio is equal to the discrete sentence intelli- 
gibility.11 

It is evident from Figs. 11 and 12, that the observed time ratio 
is appreciably less than the discrete sentence intelligibility. This 
difference may be taken to indicate that an observer not only asks 
that sentences which he fails to understand be repeated, but also that 
sentences about which he is uncertain be repeated. In other words, 
the time element reflects both factors, the understandability and the 
uncertainty. 

As has been previously mentioned, tests have been made with 
various types of English word lists. Because of the manner in which 
the words were selected, and also due to uncertain psychological 
factors entering into the tests when such words are used repeatedly, 
it is difficult to compare the results so obtained with syllable articula- 
tion results. 

However, it was found that if a definite rule were followed in 
selecting words from a newspaper, consistent results could be obtained 
with lists containing 500 or more words per list. The method of 
selection was to take the first word from every third line of a newspaper 
column. In this selection all proper names and the following six 
most frequent words of English were excluded, the, of, and, to a, in. 
When a word was hyphenated from the previous line, the whole 
word was used. Each of eight callers called a list of 66 words to 
four observers in the manner of an ordinary standard articulation 
test. Tests were made with the carbon transmitter circuit and the 
six circuits indicated in Fig. 3. The data were analyzed to give the 
discrete word intelligibilities for the one, two, three, four, and five- 
syllable words occurring in the lists, as well as for the lists as a whole. 
The lists on the average contained 46.3 per cent one-syllable, 29 per 
cent two-syllable, 16.8 per cent three-syllable, 6.4 per cent four- 

11 "A Theoretical Study of Articulation and Intelligibility of a Telephone Circuit," 
John Collard, Electrical Communication, 7, page 168, January, 1929. 
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syllable, and 1.5 per cent five-syllable words, and an average number 
of two syllables per word. The discrete word intelligibility vs. 
syllable articulation as obtained with the standard lists is shown in 
Fig. 13. The dashed curves indicate the relations for the various 
types of words, and the solid curve for the word lists as a whole. 
The data for two syllable words practically coincided with the solid 
curve. Owing to the small amount of data, the curves for the four- 
and five-syllable words are less reliable than those for the other types. 
Curves of the above type, both for words and sentences, depend very 
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Fig. 13—Discrete word intelligibility vs. syllable articulation 

much upon the way the speech material is selected. If, for example, 
only "different" words had been included in the word lists, appreciably 
smaller values of discrete word intelligibility would have been obtained. 

Tests have also been made with lists made up of the following 
numbers, 1, 2, 3, 4, 5, 6, 8. These numbers were combined at random 
into groups of three and called in the manner of an ordinary articulation 
syllable. The distinguishing characteristic of each of the above 
numbers is a vowel sound, so that, they are interpreted primarily 
from recognizing the vowel. Such lists, therefore, do not give a very 
good picture of the speech capabilities of a system which distorts 
speech. They are, however, very useful in measuring the deafness 
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of an observer, for the reason that the number articulation decreases 
very rapidly as the sounds approach the threshold of hearing. As 
may be seen from Fig. 14, the number articulation passes from practi- 
cally 100 per cent to 0 per cent in the short range of 10 or 15 db. 
It is evident that such lists give a critical measure of the point at which 
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Fig. 14—Number articulation vs. sensation level 

an observer fails to hear the sounds. Lists of this type have been 
used extensively in testing the hearing of school children. 

Summary 

The standard testing technique is primarily a means of determining 
the articulation or recognizability of the individual speech sounds 
when they are spoken in a way that is representative of conversational 
speech, and in a way which facilitates the carrying out of articulation 
tests. The articulations of the individual sounds may be converted 
into an index which indicates the speech capabilities of a system. 
Other types of lists which yield either the recognizability of speech 
sounds, or the intelligibility of discrete English words and sentences 
containing thought, have been described and experimentally correlated 
with the syllable technique. 

It should be emphasized that there may not be a one to one corre- 
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spondence between all of these measured quantities for all types of 
speech distortion. The data entering into the sound, vowel, conso- 
nant, and syllable articulation curves were very extensive with respect 
to types of distortion and testing personnel. The theoretical equations 
relating them seem to rest upon assumptions with few uncertainties. 
For these reasons, it is felt that these relations can be used with 
considerable confidence, especially for values of syllable articulation 
greater than 30 per cent. The curves dealing with English words 
and sentences are based upon less diversified data and should be 
regarded as indicative only of the correlation and the type of relation. 

During the past few years articulation testing methods have been 
used more and more, both in this country and abroad. It is felt that 
in order to compare the results obtained by various crews in various 
tongues, it is desirable to use techniques that operate on the same basic 
principles and to calibrate various crews on similar reference circuits. 

INTELLIGIBILITY LIST 

List 1 

1. Name a prominent millionaire of the country. 
2. How large is the sun compared with the earth? 
3. Why are flagpoles surmounted by lightning rods? 
4. Give the abbreviation for January and February. 
5. Name the tree on which bananas grow. 
6. How often does the century plant bloom? 
7. What description can you give of the bottom of the ocean? 
8. Explain the difference between a hill and a mountain. 
9. What is the chief purpose of industrial strikes? 

10. Describe the shoes of the native Hollander. 
11. Name some uses to which electricity is put. 
12. What would cause the air to escape from a bicycle tire? 
13. Where is more grain raised, in the East or the West? 
14. Tell what is meant by an Indian Reservation. 
15. For what invention is Thomas Edison noted? 
16. Name a state which has no seacoast. 
17. Write the Roman numeral ten. 
18. Explain the difference between export and import. 
19. Explain why a corked bottle floats. 
20. What substance is a good conductor of electricity? 
21. Explain why Indians were afraid of firearms. 
22. Explain the purpose of fire drills. 
23. At what time do ocean waves become dangerous? 
24. What medicine would you take to remedy indigestion? 
25. What knowledge is covered by the study of astronomy? 
26. Name a good restaurant in this vicinity. 
27. What is the importance of large windows in stores? 
28. Explain why a giraffe eats the foliage of trees. 
29. How are the pages of a magazine held together? 
30. Explain why the name string-bean is appropriate. 
31. Name a nearby city in which there is a shipyard. 
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32. Name a fruit which grows in bunches. 
33. Which of our Presidents went to South Africa? 
34. Why are wire springs used in beds? 
35. Why are books bound in stiff covers? 
36. Why did the home people conserve food during the war? 
37. Name an insect that has a hard shell. 
38. What symbol on the United States money stands for liberty? 
39. What weapons did the Indians use in warfare? 
40. In what kind of weather does milk sour? 
41. What streets in this city have Dutch names? 
42. How does turning a ship's wheel steer the ship? 
43. What nation aided us in the Revolutionary War? 
44. What are some personal characteristics of the people of Japan? 
45. What candy is black and good for colds? 
46. Name a famous Indian Tribe. 
47. Why is this building lighted by reflected light? 
48. Why are most lighthouses situated on rocks? 
49. Give some ingredients used in soap. 
50. Why is a house built of stone superior to others? 



Abstracts of Technical Articles From Bell System Sources 

Reciprocal Theorems in Radio Communication.1 John R. Carson. 
Two reciprocal theorems, the generalized Rayleigh theorem and the 
Sommerfeld-Pfrang theorem, are of great theoretical importance in 
radio communication. A careful analysis of these theorems and their 
mathematical derivations shows that they are quite distinct and their 
practical fields of application different. In particular it shows that 
the Sommerfeld-Pfrang theorem labors under restrictions, implicit in 
its mathematical derivation, which seriously limit its field of practical 
applicability. 

Telephone Circuits for Program Transmission.2 F. A. Cowan. 
Systems of telephone circuits which are extensively used in the 
transmission of programs to broadcasting stations are described in 
this paper. Certain stages in the development of these networks are 
considered and the general requirements for satisfactory transmission 
at the present time are enumerated. The arrangements of the net- 
works as well as the procedures used in setting up and maintaining 
them are discussed. 

Correlation of Directional Observations of Atmospherics with Weather 
Phenomena.3 S. W. Dean. This paper analyzes some data on the 
direction of arrival of static at Houlton, Maine, obtained by means of 
a recorder and a cathode ray radio direction finder; and points out 
that in certain cases there is a relation between the direction of static 
and the location of storm centers. Two cases are discussed in which 
day by day bearings showed static sources in the direction of moving 
storm centers. 

A Direct-Current Amplifier for Measuring Small Currents.* J. M. 
Eglin. A direct-current amplifier consisting essentially of a Wheat- 
stone bridge, having the amplifying tube in one arm and a balancing 
tube in another, has been described by P. I. Wold and by C. E. Wynn- 
Williams. This circuit has now been developed to give a constant 
amplification for currents in either direction up to 10,000 times 
the lowest measurable value. The amplification and the lowest 

1 Proceedings of the Institute of Radio Engineers, Vol. 10, June, 1929, pp. 952-956. 
2 A. I. E. E. Journal, July, 1929, pp. 538-542 (abridgment). 3 Proceedings of the Institute of Radio Engineers, Vol. 17, July, 1929, pp. 1185- 

1191. 1 Journal of the Optical Society of America and Review of Scientific Instruments, 
Vol. 18, May, 1929, pp. 393-402. 
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measurable current are alterable together by changing the resistance 
introduced between the grid and filament of the amplifying tube. 
With tubes of high insulation, the amplification can be made as large 
as 10G; and the measurable current as low as 10~14 ampere. Some 
improvements of the circuit are: (1) the insertion of a resistance in 
series with the tube in one arm of the bridge to "compensate" for 
variations in plate and grid battery voltages; (2) the suspension of 
the tubes to protect them from mechanical vibrations; (3) the use of 
tubes with pure tungsten filaments to avoid changes in contact 
potentials, and with plates enclosing the filaments completely to 
lower the effects of wall charges. In a "null" method of using the 
circuit the values of the grid resistance and an auxiliary potential 
introduced in the grid-filament circuit are sufficient to determine the 
measured current. 

Meeting Long Distance Telephone Problems.6 H. R. Fritz and 
H. P. Lawther, Jr. There have been written many papers 
describing various technical and apparatus developments of value 
in providing long distance telephone service. Several papers have 
also appeared covering specific transmission or operating problems, 
or dealing with the advance planning of the telephone plant. 
Feeling that it might be of interest, particularly to the young 
engineering graduates, the writers have prepared this over-all sketch 
of the general problem of actually providing, year by year, the ex- 
tensions and additions to a comprehensive network of communication 
channels necessary to keep pace with a growing public demand for 
long distance service. Since the writers are most familiar with the 
area served by the Southwestern Bell Telephone Company, the 
discussion is restricted to that territory. 

Some Measurements on the Directional Distribution of Static.6 A. E. 
Harper. The utility of directional data on static is shown, and two 
types of apparatus devised for such a directional investigation are 
compared. It is shown that a method which gives the direction of 
individual crashes is superior to integrating methods. The distribution 
of thunderstorms over the world is discussed, and comparisons are 
drawn between this distribution and the observed directional dis- 
tribution of static. Probable geographical locations are assigned to 
the sources, based upon thunderstorm data and directional obser- 
vations. 

b A. I. E. E. Journal, July, 1929, pp. 547-550 (abridgment). 6 Proceedings of the Institute of Radio Engineers, Vol. 17, July, 1929, pp. 1214-1224. 
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Maximum Excursion of the Photoelectric Long Wave Limit of the 
Alkali Metals.1 Herbert E. Ives and A. R. Olpin. Earlier experi- 
ments have shown that the long wave limit of photoelectric action in 
the case of thin films of the alkali metals varies with the thickness of 
the film. A maximum value is attained greater than that for the 
metal in bulk, which for the majority of the alkali metals lies in the 
infra-red. The wave-length of the maximum excursion of the long 
wave limit was first studied for Na, K, Rb and Cs. In each case it 
was found to coincide with the first line of the principal series, 
i.e., the resonance potential. If this relation holds for lithium, its 
maximum long wave limit should be greater than that of sodium. 
This was tested and confirmed by experiments in which red-sensitive 
lithium films were prepared, sensitive to 0.6708 It is suggested 
that photoelectric emission is caused when sufficient energy is given 
to the atom, to produce its first stage of excitation. The identity of 
photoelectric and thermionic work functions suggests that atomic 
excitation is the initial process in thermionic emission as well. 

Magnetic Testing Furnace for Toroidal Cores* G. A. Kelsall. 
When making magnetic tests at high temperatures trouble is often 
experienced in maintaining the insulation between turns of the mag- 
netizing and exploring windings and between the windings and the 
test sample. 

This paper describes a magnetic testing furnace for toroidal speci- 
mens which eliminates these difficulties. By means of this furnace 
the test sample may be passed through a definite temperature cycle 
and the variation in magnetization for a constant magnetizing force 
determined or the temperature may be held constant while measure- 
ments are made for the B-H curve or for a hysteresis loop. 

Electrical Wave Analyzers for Power and Telephone Systems* R. G. 
McCurdy and P. W. Blye. This paper describes two types of 
electrical analyzers which have been developed for the direct measure- 
ment of harmonic components of voltage and current on power and 
telephone systems. These devices are assembled mechanically in a 
form suitable for use either in the laboratory or in the field. Both 
instruments, which differ chiefly with respect to sensitivity and input 
circuit arrangement, employ multistage vacuum tube amplifiers and 
two duplicate interstage selective circuits. 

''Physical Review, Vol. 34, July 1, 1929, pp. 117—128. 
8 Journal of the Optical Society of America and Review of Scientific Instruments, 

Vol. 19, July, 1929, pp. 47-49. 9 A. 1. E. E. Journal, Vol. 48, June, 1929, pp. 461-464 (abridgment). 
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The power circuit analyzer is designed to measure harmonic voltages 
in the frequency range from 75 to 3000 cycles and over a voltage 
range from 0.5 millivolt to 50 volts. The telephone circuit analyzer 
operates over the same frequency range and measures harmonic 
currents as low as 0.05 microampere and voltages as small as 0.005 
millivolt. Both analyzers are adapted to measure small harmonic 
voltages and currents in the presence of the fundamental component 
and other harmonics relatively large in magnitude. 

A number of devices are described which have been adopted for 
eliminating various sources of error. The paper presents in detail 
the characteristics of both instruments with respect to selectivity, 
sensitivity, linearity, balance of input with respect to ground, genera- 
tion of harmonics, and susceptiveness to stray fields. 

Solution to a Problem in Diffusion in Employing a Non-Orthogonal 
Sine Series.10 R. L. Peek, Jr. In this paper there are developed 
the equations applicable to diffusion through a membrane between a 
chamber in which a constant pressure of the diffusing material is 
maintained and a second closed chamber, initially evacuated, into 
which the material diffuses. Assuming Pick's law to apply, a solution 
is obtained in the form of an infinite series of a type similar to those 
applying to other problems in diffusion. The sine series to which the 
solution reduces at zero time is non-orthogonal, but it is shown that 
by a modification of Fourier's method the coefficients of the terms 
may be directly determined. There is included a proof of the con- 
vergence of the series considered. 

Telephone Transmission Networks.11 Types and Problems of Design. 
T. E. Shea and C. E. Lane. In this paper is given a brief r6sum6 
of the nature of telephonic signals showing how the qualities of wave 
composition which distinguish signals from other electrical waves set 
the requirements on networks and provide a basis for their design. 
The principal functions of wave filters, equalizers, telephone trans- 
formers, line balancing networks, and artificial lines are outlined. 
In order that these networks may be used in conjunction with other 
apparatus in the telephone system they must provide efficient trans- 
mission, low distortion, good impedance balance, stoppage of longi- 
tudinal currents, stable characteristics with current variations, low 
external coupling, and low reflection coefficient. In addition to these 

10 Annals of Malh., 2d Series, Vol. 30, April, 1929, pp. 265-269, 
u Presented at the Regional Meeting of the South West District No. 7, of the 

A. I. E. E., Dallas, Texas, May 7-9, 1929. Abridgment in A. I. E. E. Journal of 
August, 1929, pp. 624-628. 
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requirements the network must not cross-talk into associated circuits 
and must have desirable impedance characteristics in the attenuation 
range of frequencies as well as throughout the transmission range. 
An illustration of the use of transmission networks in a typical three- 
channel carrier telephone system is given describing the functions of 
the line filter sets, the directional filter sets, band filters, and equalizers. 
Some of the engineering limitations on the design and construction 
of networks are discussed. 

Recent Developtnents in Telephone Construction Practices}2 B. S. 
Wagner and A. C. Burroway. In this paper are described some 
recent developments in telephone cable installation and maintenance 
practices. The paper is divided into three sections: (1) Gas pressure 
testing for detecting and locating sheath defects before they result in 
failure. (2) Methods for reducing bowing and other movements of 
cable which in time cause fracture of the sheath. (3) Catenary con- 
struction for long spans, such as at river crossings. 

12.4. /. E. E. Journal, Vol. 48, May, 1929, pp. 366-369 (abridgment). 
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