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World-Wide Telephony—Its Problems and Future * 

By BANCROFT GHERARDI and FRANK B. JEWETT 

The rapid development of large telephone networks giving a high grade 
of service between large numbers of telephones in continental areas has laid 
the foundation for the development of world-wide telephone service. 
Beginning in 1927 with the establishment of the first commercial telephone 
circuit between Europe and North America, intercontinental telephone 
service has, during the past five years, extended rapidly, and with further 
extensions already definitely planned, will embrace all of the continents 
and make possible the connection together of practically any two telephones 
in the world. 

Up to the present time radio has been used to overcome the peculiar 
technical obstacles in the provision of intercontinental circuits. Two 
portions of the radio spectrum are suitable for this purpose, the long wave 
providing only a few circuits and the short wave providing for possibly 
several hundred circuits in the world as a whole. Plans have already 
been made for the important route between Europe and North America to 
supplement these with a telephone cable and the use of wire lines for 
intercontinental routes may become more important in the future. 

The full development of intercontinental telephony is affected by a 
number of general difficulties. Of these the differences in time between 
different parts of the earth's surface are inherent. Differences in language 
both affect the ease with which customers can converse over the telephone, 
and complicate the operating problem. Furthermore, some of the differ- 
ences in operating and commercial practices in the telephone networks of 
different continents which have in the past developed largely independently 
of each other, require consideration in the building up of intercontinental 
services. 

The full development of intercontinental telephony is dependent upon 
the continued progress in working out these problems and in an extension 
of the brilliant scientific and engineering achievements which have made 
possible the present services. It is to be expected that with the further 
growth of intercontinental service it will be found desirable in the future 
to adopt a general world-wide plan for the routing of intercontinental 
messages somewhat comparable to the plans for continental telephone 
service already under consideration or in use. While political considerations 
may temporarily affect the form of the world-wide network, ultimately the 
requirements of economy and good service will no doubt be determining 
factors in such a plan. 

It is to be hoped that the continued closer knitting together of the 
nations and races of the world by intercontinental telephone circuits will 
be a great contribution to international friendship and goodwill. 

The authors wish to acknowledge their indebtedness to a number of 
telephone administrations who have provided them with information 
regarding present and proposed intercontinental services, supplementing the 
data previously published. They have also drawn freely on the material 
presented in the bibliography of Appendix 2, and this material has been 
of assistance. The authors also express appreciation of the assistance 
given them by a number of their associates in the American Telephone and 
Telegraph Company, particularly Messrs. O. B. Blackwell, A. B. Clark, 
L. Espenschied, O. T. Laube, H. S. Osborne and H. E. Shreeve. 

* Presented at The International Electrical Congress, Paris, France, July 5-12, 
1932. 
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Introduction 

THE rapidity with which telephone service has been extended to 
world-wide proportions during the past few years is perhaps one 

of the most remarkable of man's conquests over time and distance. 
Already it is a commonplace to hear the human voice from thousands 
of miles away, over land and sea. Distance and the great natural 
barriers of the world no longer prevent us from talking with each other. 
Across oceans and over high sierras the voice now carries its full 
message. Furthermore, these results have been accomplished within 
a few years. Telephony has demonstrated its international and 
intercontinental services. The development and extension of those 
services lies before us. It seems an appropriate time, therefore, to 
review some of the problems and possibilities in this extension of the 
application of the electrical arts to the service of mankind. 

World-wide telephony has as its foundation the wire line networks 
on the various continents with their millions of users. The first step 
was taken toward overcoming the great barrier presented by the 
oceans in 1891 when the first submarine telephone cable was laid 
between Dover and Calais. Further submarine cable developments 
followed including the laying of a continuously loaded cable between 
Denmark and Sweden in 1902. 

In the meantime the problems of spanning great distances over 
land were being rapidly solved, both in North America and in Europe, 
through the application of the loading coil and other transmission 
improvements. In 1911 service was opened between New York and 
Denver, a distance of 2000 miles (3300 kilometers). By 1913 the de- 
velopment of underground cable had progressed so that a cable was 
placed in service between Boston, New Yorkand Washington, a distance 
of over 420 miles (700 kilometers). 

But it required still further improvements in the whole art of long 
distance telephone transmission, including amplifiers and their appli- 
cation to wire lines before long distance telephony could develop 
beyond the semi-continental stage to truly transcontinental and 
transoceanic distances. With improved amplifier elements and the 
perfection of means for applying repeaters came the opening of trans- 
continental service in America in 1915 initially between New York and 
San Francisco, 3200 miles (5300 kilometers). This was followed after 
the close of the war by the rapid development of telephony of conti- 
nental scope throughout Europe, stimulated by the close cooperation 
of the European Administrations through the International Advisory 
Committee on Long Distance Telephony. In South America the 
trans-Andean telephone line between Buenos Aires and Santiago was 
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opened in 1928. Two years later came the transcontinental telephone 
line in Australia. 

Overseas radio telephone experiments, in 1915, successfully trans- 
mitted the human voice from Washington to Paris and from Washing- 
ton to the Hawaiian Islands. Commercial development of inter- 
continental telephony, however, followed somewhat slowly both 
because of the war and because of the tremendous inherent technical 
difficulties. However, as an interesting fore-runner of what would 
come later, a public service radiotelephone system was opened in 
1920 linking Catalina Island, off the coast of California, with the wire 
telephone network of North America. In 1927, after a period of 
intensive experimentation and development work, commercial service 
between Europe and North America was opened to the public. This 
was the first step in the expansion of telephone service from a conti- 
nental scope to a world-wide scope. 

Present Situation and Plans for Future Development 

Intercontinental telephony has naturally been dependent upon and 
been preceded by the development of large networks of telephones to 
which the intercontinental circuits could be connected. The most 
highly industrialized parts of the earth's surface today are provided 
with extensive networks of telephone lines covering great areas and 
interconnecting large numbers of telephones. This is indicated in 
Fig. 1 which shows the principal national and continental wire tele- 
phone networks, and all individual cities not connected to an extensive 
interurban network which according to latest reports have more than 
10,000 telephones. As a result of the improvements which have 
been made in these wire networks in the last 15 years, both as to 
transmission and speed of service, they are today generally available 
and satisfactory for use in connection with intercontinental service. 

For the purpose of this paper circuits of less than 600 miles (1000 kilo- 
meters) even if they cross continental boundaries will not be considered 
intercontinental circuits. In the consideration of world-wide tele- 
phony we are interested in the long circuits between distant parts of 
different continents or between continental areas and distant islands, 
for which the technique developed for long continental telephone lines 
is not directly applicable. 

The extent to which the continents of the world are already inter- 
connected by telephone circuits and the additional connections 
contemplated by plans now under way are indicated in Fig. 2. These 
are such as to make possible conversations between any two continents 
of the earth either by direct circuit or by switching in Europe or in 
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North America. The existing intercontinental telephone circuits of 
the world are indicated in Fig. 3. In this figure distinctions are made 
between full time circuits and part time circuits, that is, those on which 
terminal apparatus is shared by different points. A distinction is also 
made between circuits which interconnect wire networks connecting 
with 20,000 telephones or more, and those terminating in single 
telephones or networks of less than 20,000 telephones. 

NORTH AMERICA TO HAWAII 
EASTERN ASIA TO JAVA 

AT PRESENT CONNECTIONS BETWEEN THE AMERICAS AND 
AUSTRALIA AND JAVA ARE ESTABLISHED BY WAY OF EUROPE 

Fig. 2—International telephone relations as of January 1, 1932. 

There are at present 37 of these intercontinental circuits totalling 
about 168,000 miles (280,000 kilometers) in length. All are radio cir- 
cuits. One, in the New York-London group, is a long-wave circuit 
operating at approximately 60 kilocycles; the others are short-wave cir- 
cuits in the range between 6000 and 23,000 kilocycles. 

Europe and North America, which are the two largest highly 
industrialized areas of the world, contain about 90 per cent, of the 
world's telephones. It is natural that intercontinental telephone 
business in volume should first develop between those two areas 
Here service is maintained on a 24-hour basis and a group of four 
circuits is in use. Elsewhere, however, intercontinental connections 
consist at the present time of a single circuit, or more frequently, 

*THE EXISTING DIRECT CONNECTIONS ARE AS FOLLOWS: 
EUROPE TO AUSTRALIA AND JAVA 

EXISTING DIRECT CONNECTIONS 
PROPOSED DIRECT CONNECTIONS 
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the part time use of a circuit, the apparatus being arranged to share 
its time between two or more distant terminals. 

One cannot help being impressed by the developments represented 
by Fig. 3, which have taken place in the short space of five years. 
We are, nevertheless, in an early stage of development and present 
service suffers from the limitations of pioneer conditions. Dependence 
in so many cases upon a single intercontinental circuit which often is 
shared on a "party line" basis between two or more terminal points, 
is one of these limitations. Another is the variation in transmission 
characteristics and the susceptibility to interruptions which in the 
present stage of development of radio are characteristic especially of 
short-wave circuits on some of the more important routes. The 
rapidity with which the first steps have been taken is perhaps the 
best assurance that advance will continue to be rapid as the commercial 
demand for increasing amounts of service develops. This is illustrated 
by Figs. 4 and 5 which show the intercontinental circuits of the 
world which will exist when the present plans for additional circuits 
have been completed in so far as these plans are known to the authors. 

Fig. 6 shows the extent to which the countries of the world will be 
tied into one great telephone system when the plans outlined in 
Figs. 4 and 5 are completed. Fig. 6 also shows the distribution of 
world trade and population of various groups of countries which are 
so interconnected. It will be noticed that the world-wide telephone 
network will include countries having 99 per cent of all the telephones 
of the world and having 92 per cent of the world's foreign trade. 
Details of all the present and proposed circuits which have come to the 
knowledge of the authors are given in Appendix I. 

Closely related to the establishment of intercontinental circuits is 
the establishment of telephone service from European and North 
American points to a number of passenger vessels normally operating 
on the North Atlantic and other passenger routes. In addition, 
work is advancing in the equipment of fishing fleets, tugs, etc., but 
this service pertains more directly to the continental telephone service. 

Technical Problems and Limitations 

The unusual technical difficulties of providing satisfactory inter- 
continental telephone circuits come about not merely because of the 
distances involved but because these distances include long stretches 
of sea or undeveloped land. For years prior to the establishment of 
the first intercontinental circuit, commercial service was given on 
continental telephone networks over comparable distances, for ex- 
ample, in North America up to about 6000 miles (10,000 kilometers). 
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World Distribution 
Population, Telephones, Foreign Trade 

For Countries Having Existing or Proposed International Telephone Connections as of 
January 1, 1932 

Total Foreign Total 
Trade Telephones Total 

Country 1930 as of Jan. 1, Population 
(Millions of 1931 (Thousands) 

Dollars) (Thousands) 

Europe 
All Principal Countries  30,260 10,620 542,350 

North America 
United States, Canada, Cuba, Mexico, 

153.780 Bermuda  9,500 21,768 
South America 

Argentina, Brazil, Chile, Colombia, 
595 71,090 Uruguay, Venezuela  2,590 

Oceania 
Hawaii, Australia, New Zealand, Java, 

Sumatra  2,310 760 69,440 
Asia 

31,740 Siam, Indo-China  300 12 
Africa 

5,850 Morocco, Canary Islands  120 14 

Total in countries having existing con- 
874,250 nections to international networks.. . 45,080 33,769 

North America 
2,720 Central America and Bahamas  120 18 

South America 
Peru  130 14 6,260 

Oceania 
12,700 Philippines  260 26 

Asia 
Japan, Hong Kong, British India, 

410,320 Malay States  3,810 1,028 
Africa 

Algeria, Belgian Congo, Egypt, Union 
1,370 197 47,700 of So. Africa, Madagascar  

Total in countries having prospective 
1,283 479,700 international connections  5,690 

Total, present and prospective inter- 
35,052 1,353,950 national network  50,770 

All Other  4,140 308 622,550 

Total World  54,910 35,360 1,976,500 

Fig. 6. 

The technique of transmission over long continental distances, how- 
ever, includes as one fundamental element the use of intermediate 
amplification at frequent intervals of from 45 to 240 miles (75 to 400 
kilometers), depending upon the electrical characteristics of the circuit. 
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Radio Links 
All of the existing intercontinental circuits make use of radio for 

the long transoceanic jumps, and it seems desirable first to consider 
the technical problems of radio telephony. 

LONG WAVES MEDIUM WAVES 
LONG MEDIUM DISTANCE 

DISTANCE INCLUDE BROADCASTING 
SHORT WAVES 

LONG DISTANCE 
ULTRA SHORT WAVES 

SHORT DISTANCE 

15,000 FREQUENCY IN CYCLES PER SECOND 
100,000 6,000,000 23.000.000 

3000 20,000 WAVELENGTH IN METERS 
Fig. 7—Radio frequency chart. The bands applicable to intercontinental service are 

indicated by shaded areas. 

Fig. 7 shows the radio spectrum with an indication of the uses made 
of the various portions of the spectrum. Only the two shaded parts 
of this spectrum appear to be applicable to intercontinental telephony. 
One, in the long wave range, extends from about 15 kilocycles to per- 
haps 100 kilocycles. The second includes the short-wave range from 
about 6000 to 23,000 kilocycles. 

The transmission of these two wave ranges exhibit interesting 
differences in characteristics. For the short wave-lengths the trans- 
mission is frequently referred to as being in the form of "sky waves." 
This is for the reason that at intermediate distances the waves may 
practically disappear near the surface of the ground but reappear at 
greater distances. They appear to have been carried around the 
curvature of the earth's surface by refraction or reflection from ionized 
atmospheric layers. While the action in the long-wave range at 
great distances appears to be also conditioned partly by the ionized 
layers, the field at the surface of the earth falls off continuously as the 
distance from the transmitter is increased. 

Interesting results are now being obtained in the use for communi- 
cation purposes of very short radio waves having frequencies above 
30,000 kilocycles. The work done to date indicates that these fre- 
quencies are not sufficiently deflected from their paths by the at- 
mosphere to follow the earth's curvature. This characteristic 
appears to prevent the use of these very short radio waves for direct 
transmission over long distances and limits direct transmission to 
distances so short that the earth's curvature is not a large factor. For 
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this reason the very high frequency range is not indicated in Fig. 7 as 
suitable for intercontinental circuits. Where the route is over-land it 
is possible that such rays may find practical use in forming links in 
intercontinental circuits particularly where the topography of the 
country affords advantageous elevated locations for intermediate re- 
peater points. Too little is now known of these very short waves to 
make their discussion other than speculative. 

An important requirement for radio for overseas telephone circuits 
is the avoidance of overhearing. A number of the overseas circuits 
now in operation, including the transatlantic group, are equipped 
with privacy arrangements which so modify the frequency disposition 
of the voice waves as to prevent overhearing of the conversations by 
other radio stations not equipped with similar arrangements. Experi- 
ments have been made with more elaborate arrangements for obtaining 
an even higher degree of privacy than that now provided. 

Long Wave Circuits 
Experience has shown that good results can be obtained in the 

long-wave range on such circuits as those between North America and 
Europe which are 3000 miles (5000 kilometers) long and have their trans- 
mission paths at a high latitude. A fundamental limitation to the 
extensive use of long waves, however, is that within the range of 
suitable frequencies there are theoretically obtainable only about 
twenty telephone channels between any two points. Actually how- 
ever, there are not this many available because of the practical 
limitations imposed by the necessity of sharing this range of frequencies 
with other types of radio service. The relatively low attenuation of 
these waves as they are transmitted over the earth's surface makes it 
appear impractical to use duplicate intercontinental circuits of the 
same frequency at different points on the earth's surface. The total 
number of circuits of the long-wave type which can form a part of 
the ultimate world-wide telephone network seems, therefore, to be 
very small. 

Other limitations in the use of long-wave circuits are that with the 
amounts of power which it now seems practicable to use (a tube 
capacity of about 300 kilowatts is used in the transmitter of the 
present transatlantic long wave circuit) their successful application 
does not exceed several thousand kilometers and is confined to routes 
well outside of the equatorial regions. These limitations are necessary 
to avoid excessive interference from atmospheric disturbances, both 
because of the relatively large components of these disturbances having 
frequencies in the range of wave-lengths used by these circuits, and 
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also because of the difficulty of obtaining a high degree of directivity. 
Advantage has been obtained in the transatlantic long-wave channel 
by locating directive receiving antennas in the most northerly portions 
of the United States and Great Britain. 

Short-Wave Radio 
The short-wave range, as indicated in Fig. 7, covers a very much 

broader band of frequencies and offers hope for a much larger number 
of circuits. Only a portion of the entire range can be used at any one 
time for circuits between any two points because the distance at which 
the refracted waves reach the earth's surface varies with the frequency. 
It also varies with the time of day and the season of year, making it 
necessary, in general, to have about three different wave-lengths 
allocated for each circuit. In view of this limitation, it appears that 
this range can provide theoretically perhaps 50 telephone circuits 
between two given points. This theoretical possibility is reduced by 
practical considerations and by the necessity of sharing the range with 
other radio services. 

Due, however, to the fact that short waves are more restricted 
than long waves in distance and in the time of day for which they are 
effective, it may be possible to use the same frequency for different 
circuits in several parts of the world without interference. It seems 
now that the development of the present art may make available 
throughout the entire world short-wave intercontinental circuits 
numbered in the hundreds but not in the thousands. This is not an 
inexhaustible supply of channels for the world to share as is illustrated 
by the very much larger number of telephone circuits already required 
for long distance service in the great continental telephone networks. 
In the United States alone there are about 6500 circuits in long dis- 
tance service of which 620 are over 600 miles (1000 kilometers) in length. 

The fact that by proper selection of frequency it is possible to 
communicate over the longest distances, gives short waves a flexibility 
which is unique. They give particularly good results in routes 
crossing the equator, such as circuits between Europe or North 
America and South America, for which routes long-wave transmission 
would be impracticable because of heavy atmospheric disturbances. 
On the other hand, short-wave transmission is subject to variations 
and interruptions from fading, distortion, and effects connected with 
terrestrial magnetic disturbances. These effects appear to be particu- 
larly severe on circuits involving routes of transit near the polar 
regions, such as the route between North America and Europe. 
Some of these effects are illustrated in Figs. 8 and 9 which give data 
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taken on the United States-Europe route and which show, for com- 
parison, the relatively stable conditions for the long-wave channel. 
In many respects short-wave and long-wave radio channels admirably 
supplement each other, being seldom interrupted at the same time. 

LONG WAVES 

60 KC 
A/ 

V 
20 

SHORT WAVES AVERAGE VALUES 
^40 

9000 KC 

U-30 

cf5 

000 

Z 
20 22 12 14 

GREENWICH MEAN TIME 

Fig. 8—Diurnal field strength characteristics of long and short-wave transmission 
over the North Atlantic. Shows effect of sunrise and sunset on the long wave and 
the necessity with short waves for using different wave-lengths at different times 
of day. 

Short-wave transmission is in an early stage of development and it 
may be hoped that, with further experience, means will be found to 
avoid or reduce at least some of the present major limitations. 

Wire Circuits 

The intercontinental routes offer great difficulties to the placing 
of wire circuits. However, the limitations of radio, particularly on 
the intercontinental routes between North America and Europe 
interconnecting the two largest continental groups of telephones, have 
naturally led to considerable engineering thought on the possibilities 
of wire circuits. The most interesting development in this connection 
is a submarine cable which can be used for long lengths without 
intermediate repeaters. 
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Long Submarine Cables Without Intermediate Repeaters 

To design long submarine cables without repeaters requires providing 
the mechanical characteristics necessary for deep sea cables and 
meeting rather definite limits of overall attenuation. There is a limit 

LONG WAVES 

5 20 
Q 

Z 50 

O 40 
SHORT WAVES 

A 

25 30 35 
TIME IN SECONDS 

45 60 

Fig. 9—The upper curve indicates the short period stability of the long waves. 
The lower curve indicates the rapid variations which are frequently experienced 
with short-wave transmission. 

to the power which can be imposed on the sending end of the cable 
to avoid excessive voltage stress on the cable insulation. Even 
though the cable be adequately shielded from extraneous noises, 
there is a minimum amount of received power with which satisfactory 
transmission can be obtained because of the thermal agitation in the 
conductor itself. These two limits result in a maximum attenuation 
of about 160 db for satisfactory operation over such a cable. 

The actual design of intercontinental telephone cables has been 
largely directed toward the North Atlantic route between the United 
States and Europe, including a direct section from Newfoundland to 
Ireland, a distance of about 2100 miles (3400 kilometers). By the 
use of a new insulating material, paragutta, with dielectric losses about 
one-thirtieth those of guttapercha, but with similar mechanical char- 
acteristics, and by the use of perminvar, a new magnetic material for 
loading the cable, it has been possible to design a cable for this section 
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meeting both the mechanical and electrical requirements. With the 
further development of intercontinental communications, it is proposed 
to lay such a cable within a few years. With the materials now 
available, such a cable will provide only one channel of communica- 
tion, and two-way communication will be carried out by using it as a 
one-way channel automatically switched in the direction of transmis- 
sion by the voices of the users. Transatlantic cables providing several 
telephone channels either by the use of separate conductors or by 
carrier current methods are beyond the range of the present art. 

The direct submarine cable while relatively expensive, is expected 
to provide a high grade circuit having a stability and a freedom from 
interruption greater than that provided by the present radio circuits. 
Proper combination of three different types of circuit, long and short- 
wave radio and cable, in one circuit group, however, should provide a 
large measure of assurance of continuous high grade service not 
dependent on the troubles which may affect any one type of circuit, 
and at an average expense not greatly above that required for radio 
circuits alone. 

Other Wire Routes 

The technical possibilities of wire circuits on intercontinental routes 
are evidently greatly increased where means can be found to avoid 
long lengths of submarine cables by the use of intermediate repeater 
stations. On the direct route between Europe and America, nature 
has not been kind enough to supply a series of islands at convenient 
distances and reasonably low latitudes to serve as repeater points. 
By going north, long lengths of submarine could be avoided. For 
example, a route through Greenland, Iceland and the Faroe Islands 
could be laid out with a maximum length of submarine cable of 
300 miles (500 kilometers). The obvious difficulties of the route are 
the great extents of inaccessible and sparsely settled country, and the 
placing and maintenance of submarine cable under very difficult fog, 
storm and ice conditions. In the early days of submarine telegraphy 
such a northern route was seriously considered before the cable art had 
reached the point of permitting direct cables, but it was never used. 

An equally bold solution which has been proposed is to float the 
desired repeater stations in the open sea. A good deal of ingenuity 
has been exercised in considering the possibilities of both attended 
and unattended floating repeater stations and of stations submerged 
below the action of the waves. So far, however, it is by no means 
clear that the mechanical difficulties and the problems of maintenance 
can be dealt with satisfactorily. 
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As time goes on land lines may become possible for many inter- 
continental routes where now, because of lack of highways or railways 
and the wild and unsettled nature of the country, they are out of the 
question. 

Operating and Commercial Problems 

In addition to the technical problems and limitations associated 
with the development of a world-wide telephone service which are 
outlined in the foregoing section, there are numerous operating and 
commercial problems and still other difficulties of a general nature. 

Differences in Time 

Limitations of a fundamental character are imposed by the dif- 
ferences in time on different parts of the earth's surface. These 
differences for a number of the principal metropolitan centers of the 
world are indicated in Fig. 10. If the business day be assumed to be 
8 hours long, it is evident that as a result of the differences in time 
there is for each city one-third of the earth's surface on which the 
time is so different from that of the city in question that there is no 
overlap of the business day. For western Europe this third of the 
world is for the most part in the Pacific Ocean, so that, as will be 
noted from Fig. 10, there are few important centers in the world in 
which the time is more than 8 hours different from that of western 
Europe. The western part of the United States, however, has time 
differences of more than 8 hours with a large part of Europe, Asia 
and Africa. During some portion of the waking day there is an 
overlap of time between any two points on the earth. 

Language 
Another limitation, though of a less inherent nature, is the difference 

in language between different nations. There is as yet no evidence 
that the electrical requirements for satisfactory transmission of speech 
are substantially different with different languages, but language 
differences produce a problem in many intercontinental telephone 
conversations as often one subscriber is using a language of which 
he is not wholly master, and this may sometimes apply to both. 
Under these conditions the transmission requirements of the circuit 
for a given ease of carrying on conversations is unquestionably greater 
than when the subscribers are conversing in their native tongue. 
Hence, there is need in the ultimate development of intercontinental 
telephone systems for a high standard of transmission. 

Language differences also complicate the operating problem, as it is 
important that the operators understand each other easily. This is 
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Hours Time Difference Between Certain Cities 
in Various Parts of the World 
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Los Angeles 
San Francisco 
Vancouver 

- + 2 + 3 . + 4 + 5 + 8. 

Chicago 
New Orleans 
Mexico City * 
Winnipeg 

_ 2 - + 1 + 2 + 3 + 6 

New York 
Washington 
Montreal 
Santiago 

- 3 - 1 - + 1 + 2 + 5 

Buenos Aires 
Halifax - -i _ 2 - 1 - + 1 + 4 

Rio de Janeiro - 5 - 3 _ 2 - 1 - + 3 

Paris 
London 
Madrid 

- 8 - 6 - 5 - 4 - 3 - 

Berlin 
Rome 
Stockholm 
Vienna 

- 9 - 7 - 6 - 5 - 4 - 1 

Cairo 
Capetown 
fstambul 
Moscow 

-10 - 8 - 7 - 6 - 5 - 2 

Bombay 
Delhi + 10.5 -11.5 -10.5 - 9.5 - 8.5 - 5.5 

Bangkok 
Singapore + 9 + 11 + 12 -11 -10 - 7 

Peiping 
Shanghai 
Manila 
Perth 

+ 8 + 10 + 11 + 12 -11 - 8 

Tokyo 
Vladivostock + 7 + 9 + 10 + 11 + 12 - 9 

Sydney 
Melbourne + 6 + 8 + 9 + 10 + 11 -10 

Notes 
Computed from "The Time Zone Chart of the World," published 

by the Navy Department of the United States. 
+ Indicates that cities in the row designated "A" have later clock time than those 

in the column designated "B" and lie within 180° toward the east. 

Fig. 10 
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Los Angeles 
San Francisco 
Vancouver 

+ 9 + 10 -10.5 - 9 - 8 - 7 - 6 

Chicago 
New Orleans 
Mexico City 
Winnipeg 

+ 7 + 8 + 11.5 -11 -10 - 9 - 8 

New York 
Washington 
Montreal 
Santiago 

+ 6 + 7 + 10.5 -12 -11 -10 - 9 

Buenos Aires 
Halifax + 5 + 6 + 9.5 + 11 -12 -11 -10 

Rio de Janeiro + 4 + 5 + 8.5 + 10 + 11 -12 -11 

Paris 
London 
Madrid 

+ 1 + 2 + 5.5 + 7 + 8 + 9 + 10 

Berlin 
Rome 
Stockholm 
Vienna 

- + 1 + 4.5 + 6 + 7 + 8 + 9 

Cairo 
Capetown 
Istambul 
M oscow 

- 1 + 3.5 + 5 + 6 + 7 + 8 

Bombay 
Delhi — 4.5 - 3.5 - + 1.5 + 2.5 + 3.5 + 4.5 

Bangkok 
Singapore - 6 — 5 — 1.5 - + 1 + 2 + 3 

Peiping 
Shanghai 
Manila 
Perth 

— 7 - 6 - 2.5 - 1 - + 1 + 2 

Tokyo 
Vladivostock - 8 - 7 - 3.5 — 2 - 1 - + 1 

Sydney 
Melbourne - 9 - 8 - 4.5 - 3 - 2 - 1 - 

— Indicates that cities in the row designated "A" have earlier clock time than 
those in the column designated "B" and lie within 180° toward the west. 

This does not take account of the change in date in crossing the International date 
line. 

* Time after April 1, 1932. 

Fig. 10 (continued). 
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accomplished to a large extent at the present time by providing 
bi-lingual operators at the terminals of international circuits. Even 
so, on built-up connections with switches in several countries, operation 
is cumbersome since the terminal operators may not be able to talk 
to each other directly. This is one of the problems to which the 
International Advisory Committee on Long Distance Telephony has 
been giving attention. It is out of the question in a world-wide 
telephone .system to expect the operator handling the call to be able 
in all cases to talk directly with the distant subscriber. However, 
it seems, important from the standpoint of giving the highest grade 
of service that ultimately she should be able in all cases to talk directly 
and easily with the operator at the distant national terminal, no 
matter where this may be. 

Operating and Commercial Practices 
The continental telephone networks have in the past developed to 

a large extent independently of each other, and it is therefore natural 
that there should now exist differences in operating and commercial 
practices, some of which must be considered in giving intercontinental 
service. In Europe and in the United States, to take, for example, 
the two largest networks, the point of view in the development of the 
telephone systems has been somewhat different. In Europe emphasis 
has been laid on the continuous use of the long toll circuits, developing 
for them as large a message capacity as possible, while in the United 
States emphasis has been given to the rapid completion of all calls. 
This difference in point of view naturally led to differences in practice. 
For example, the classification of service based upon urgency and the 
limitation in length of conversations generally in use in Europe are 
not found in American practice. Also, an important factor in Ameri- 
can practice for connections over long distances is the so-called person- 
to-person service in which a specified person is called rather than a 
specified telephone number, and the order is considered satisfied only 
when the person called is brought to the telephone. This service 
has not been generally used in European practice. These serve as 
illustrations of the type of difference in practice which must be adjusted 
between the administrations involved in establishing new inter- 
continental services, and it is evident that as these services become 
more used and more nearly universal, these adjustments will become 
increasingly important. 

A consideration which might be important in the development of 
intercontinental services in some cases is a difference in standards of 
transmission or of speed of completion of calls. In recent years 
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there has been in all large telephone networks a trend towards higher 
standards of service and this has been a favorable factor in making 
possible the beginnings of an intercontinental service. 

General Discussion and Conclusions 

The extension of overseas telephony during the past five years has 
already linked together into one system all of the largest continental 
telephone networks of the world and with the completion of further 
extensions now under way, this world-wide system will include all but 
two of the wire networks which give access to more than 20,000 
telephones in all six continents of the earth. True, many of these 
overseas connections are as yet but slender threads of conversation, 
important perhaps not so much because of the communication which 
they now handle but because they represent the first realization of 
great possibilities in the achievement of a world-wide telephone system 
closely linking together the continents of the earth. In the words of 
Mr. Walter S. Gifford, President of the American Telephone and 
Telegraph Company, in the Annual Report of that company for the 
year 1926, the ultimate ideal of a world-wide system is that it shall 
enable "anyone anywhere to pick up a telephone and talk to anyone 
else anywhere else, clearly, quickly and at a reasonable cost." 

What are the obstacles to the realization of this ideal for world-wide 
telephony? Intercontinental service is subject to extraordinary 
technical and operating difficulties and as yet only the first steps in 
overcoming these difficulties have been taken. The quality of service 
at the present time both as regards transmission, continuity and speed 
of service is not comparable with that given today on the large conti- 
nental telephone networks, but is more comparable to the standards 
of service on long continental connections in the early days of their 
development 15 years ago. The costs of intercontinental service are 
materially higher than the costs for the longest connections on conti- 
nental networks even where distances are similar. These facts 
indicate that to a large extent the future development of interconti- 
nental telephony is dependent upon a continuance of those brilliant 
advances in the communication art which have made our present 
intercontinental circuits possible. Further technical developments 
making it possible to improve the quality and reduce the cost of 
intercontinental services will, as they become available, have a 
tremendous effect. 

The development of overseas services of large magnitude will 
require a closer coordination between the telephone plants and 
practices of the various continental wire networks than exists at the 
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present time. The circuits which will form the connecting link 
between the subscriber and the terminals of the overseas circuits 
must have such transmission characteristics as to provide for satis- 
factory operation of the complete connection, including the overseas 
circuit and the continental extensions at both ends. In one respect 
this will impose requirements more severe than necessary where 
continental service alone is in question. We refer to the velocity of 
transmission which determines the elapsed time between the speaking 
of a word at one end of a circuit and its reception at the other end. 
Losses of power and electrical distortions in circuits may, within 
limits, be compensated for but time once lost in the propagation of 
the conversation over the circuit cannot be regained. 

Equally important is the closer coordination of operating methods 
and commercial practices in so far as they affect intercontinental 
communications. It is natural that continental telephone networks 
developing more or less independently should represent somewhat 
different solutions of the operating and commercial problems involved 
in giving telephone service. Intercontinental service brings new 
problems and requires the development of new operating methods 
and new commercial practices designed to simplify and expedite the 
handling of these connections. 

In the closer cooperation between telephone administrations and 
the consideration of their joint problem which comes with the develop- 
ment of intercontinental telephone service, it is increasingly important 
that they have commonly accepted methods of measuring and of 
expressing all of the quantities affecting the types and grade of service 
to be given. The International Advisory Committee on Long Distance 
Telephony (The C. C. 1.) which has been active in facilitating the 
cooperation of European administrations in the improvement of 
international telephony in Europe, has included in its program the 
development of internationally accepted terms and units which will 
be of help to the nations of the world in their rendering of interconti- 
nental sendee. 

The commercial success of an intercontinental telephone service 
depends upon the existence at its terminals of wire networks by 
means of which large numbers of telephone subscribers can be given 
connection to the intercontinental circuits. The ultimate development 
of a really universal service depends, therefore, in part on the creation 
of large national or continental wire telephone networks in the areas 
where these do not now exist. It is only in so far as this takes place 
that it will become practical to realize world-wide telephony. 

As world-wide telephony overcomes these obstacles and develops 
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in magnitude and completeness, what form will the system take? 
It is, of course, too early to give a categorical answer to this question, 
but present development gives us some indications from which to 
judge the future. 

Considering first the field of use of the various types of circuit, 
it seems that radio circuits will for a long time fill an important field 
in the provision of intercontinental circuits. This is particularly true 
of the short-wave systems which seem to be best adapted for pioneer 
work such as is going on at the present time on light traffic routes. 
Here their imperfect reliability is more than offset by their flexibility 
and relative economy. Long-wave radio will, no doubt, continue to 
be valuable for certain routes where the direction of transmission is 
east and west and at a high latitude, but the limit, which is apparently 
inherent, on the total number of circuits of this type that can be 
used simultaneously in the world would seem to prevent them from 
supplying any large part of the world's future needs for intercontinental 
circuits. Radio telephony, both short-wave and long-wave, must 
compete for wave-lengths with other forms of radio service. It is 
evident from the important part that radio must continue to play in 
world telephony that the increasing needs for wave-lengths for this 
rapidly growing service will require special consideration in future 
international radio conferences. Wire circuits which in the present 
pioneer stage are just beginning to enter the scene, will undoubtedly 
become more important for the principal circuit groups as interconti- 
nental communication develops. 

As the amount of intercontinental traffic builds up, and as the 
technical form and best routing of the telephonic relations between 
continents become established, it is to be expected that experience 
will show the advisability of adopting a fundamental routing and 
switching plan similar to those plans which have already been con- 
sidered and put into use for some of the large continental networks. 
It is now too early to suggest in any detail the form of such a switching 
plan, but it seems that while political considerations may temporarily 
affect the form of the network, ultimately the requirements of economy 
and good service which have determined the form of continental 
plans now in use will be weighty factors in the planning of a world-wide 
fundamental switching plan. This gives a clue to some of its char- 
acteristics. 

The splitting of circuit time between different terminal wire net- 
works, while a valuable expedient for offering service under pioneer 
conditions, will naturally disappear generally as sufficient traffic 
develops to justify a full time circuit on a given route. This may be 
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expected to be followed by the development of small circuit groups 
between the more important continental telephone networks, each 
group being operated as a unit between fixed terminal points. The 
advantages, while circuit groups are small, of concentrating inter- 
continental traffic as far as possible between the same terminals 
rather than diverting it to individual circuits between different 
terminal points, are great. As an illustration, between the United 
States and Europe where the volume of traffic has already led to the 
development of a circuit group, the operation of the six circuits now 
contemplated as a unit is estimated to give for the same grade of 
service a capacity one third greater than would be afforded by six 
separate circuits of the same character between different terminal 
points. The inclusion in one group of circuits of three different types, 
short-wave radio, long-wave radio and cable, will afford a continuity 
of service and an insurance against interruption far beyond what 
could be achieved with single circuits. A single circuit group between 
the two continental networks is also advantageous from a service 
standpoint because of the simpler operating arrangements. 

While the first stage in the development of intercontinental business 
appears to indicate the concentration of intercontinental traffic in so 
far as the extent of continental networks makes this practicable, a 
second stage in the development will naturally be the establishment 
of additional circuit groups between other points of the networks. 
This becomes economical and desirable from a service standpoint 
when the original circuit group becomes large enough to permit of 
subdivision without great loss in efficiency and when the amount of 
traffic which can be conveniently handled through additional points 
in the continental wire networks is sufficient to fill the time of a group 
of several circuits. Hence, it is to be expected that the ultimate 
switching plan for world-wide telephony will include between large 
continental networks, such for example as exist in Europe and in the 
United States, a number of groups of overseas circuits between 
different terminal points selected so as to handle the traffic most 
conveniently and economically. Such a plan would also necessarily 
provide arrangements for the use of alternate routes. In any case 
the ultimate best plan from the standpoint of service and economy 
will depend upon the volume of traffic. 

The technical achievements which have made possible the linking 
together of the continents of the earth with telephone circuits are in 
a high degree romantic. What may be accomplished for the benefit 
of mankind by the continued development of this world-wide telephone 
network depends upon what is said over the telephone circuits. It is 
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the hope of scientists and engineers who have been engaged in this 
work that this closer knitting together of the nations and races of the 
world will be a great contribution to international friendship and 
good will. Mr. Coolidge, President of the United States in 1927, 
on the occasion of the opening of the telephone connection between 
the United States and Spain, gave apt expression to this thought 
when he said, "I believe it to be true that when two men can talk 
together the danger of any serious disagreement is measurably lessened, 
and that what is true of individuals is true of nations. The inter- 
national telephone which carries the warmth and the friendliness of 
the human voice will always correct what might be misinterpreted in 
the written word." 
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Long Distance Telephone Circuits in Cable* 

By A. B. CLARK and H. S. OSBORNE 

This paper first very briefly reviews the history of long distance telephone 
cables in the United States. A statement is then given of the basis of the 
electrical design of present day cables, followed by a discussion of the 
standards applied to cable circuits and the application of cables to the 
telephone needs of the country. While the present system is satisfactory 
for the circuits now used in cable up to distances of 1800 miles (3000 kilo- 
meters) or more, it would not be satisfactory for the much greater distances 
expected for the future, both for continental and intercontinental service. 
The paper closes with a brief account of the progress which has been made 
in the development of a cable carrier telephone system which is expected 
to be satisfactory for any distances which may in the future be spanned by 
telephone circuits in cable. 

The authors wish to acknowledge their appreciation of the assistance 
given them by a number of their associates in the American Telephone and 
Telegraph Company, particularly Messrs. L. G. Abraham and R. M. 
Goetchius. 

DURING the last two decades there has been, in all countries 
which have a large telephone development, a remarkable increase 

in the use of long distance telephone circuits in cable resulting in the 
building up of such large networks of long distance telephone cables 
as those which today cover the continent of Europe and a part of the 
continent of North America. This paper discusses the technical 
problems encountered in this development and the solutions applied 
in the development of the long distance cable network of the United 
States of America, using this as an illustration because it is the tele- 
phone plant with which the authors are most familiar. 

Important Cable Development Milestones in the 
United States 

The early long distance telephone circuits in the United States 
were practically all open wire. In fact, great care was exercised in 
laying out open-wire circuits to eliminate the necessity for using even 
short stretches of cable. Cable began to be considered seriously for 
long distance service when loading became available. In 1902 the 
first commercially loaded cable circuits in the United States were 
installed between New York City and Newark, N. J., a distance of 
about 11 miles (17 kilometers). Other cables rapidly followed, until 
in 1906 loaded cables were installed between New York and New 

* Presented at The International Electrical Congress, Paris, France, July 
5-12, 1932. 
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Haven, a distance of 79 miles (127 kilometers), and between New 
York and Philadelphia, a distance of 87 miles (140 kilometers). 
These 1906 cables contained No. 14 A. W. G. conductors (1.6 milli- 
meters in diameter) and were loaded with 250-millihenry inductance 
coils spaced about 6000 feet (1830 meters) apart. By means of these 
cables it was possible to obtain transmission equivalents low enough so 
that these circuits furnished what was then considered very good long 
distance sendee. These early cables consisted entirely of physical 
circuits. 

In order to obtain more circuits from the same number of wires, 
much development effort was then spent on methods for phantoming 
cable circuits and loading the phantoms. A number of problems 
were encountered and solved, the most serious being the problem of 
avoiding undue crosstalk between the circuits due to fortuitous 
unbalances introduced at the loading points and between the cable 
conductors. The problem was finally solved and in 1910 a short 
cable was installed between Boston and Neponset, Mass., providing 
loaded phantom circuits as well as side circuits, thus increasing the 
number of circuits 50 per cent. This was followed by a rapid extension 
of the use of this type of cable. 

The ultimate in large gauge loaded cables was achieved in 1914 
when the installation was completed of underground cable from Boston 
to Washington, a distance of 450 miles (724 kilometers), New York 
City being about at the midpoint. Some of the conductors in the 
cables were No. 10 A. W. G. (2.6 millimeters in diameter) while others 
were No. 13 A. W. G. (1.8 millimeters in diameter). Most of the load- 
ing consisted of 200-milHhenry coils on the sides and 135-millihenry coils 
on the phantoms, spaced 7400 feet (2255 meters) apart. The 1000-cycle 
losses per mile (per kilometer) on these circuits were .050 (.031) db for 
the sides and .040 (.025) db for the phantoms for No. 10 A. W. G. and 
.085 (.053) db and .070 (.043) db for the side and phantom, respectively, 
of No. 13 A. W. G. 

The vacuum tube telephone repeater was demonstrated as a great 
success when the New York-San Francisco telephone line was officially 
opened January 25, 1915. When this device was applied to the then 
available loaded cable circuits various imperfections, unimportant on 
non-repeatered circuits, produced serious effects, some of which had 
already been encountered in the work leading up to the loading of the 
open wire transcontinental line. Among these were the impedance 
characteristics of the cable circuits which were irregular due in part 
to insufficient stability and uniformity in the capacitances of the 
individual loading sections. These impedance irregularities prevented 
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good repeater balances being obtained and consequently restricted 
the amplification which could be utilized on two-wire circuits. 

It was soon realized that even if the loading were made very uniform 
two-wire repeatered circuits would be restricted in their transmission 
ranges, partly because of the unbalances encountered at repeaters 
and partly because of the tendency of the circuits to crosstalk into 
each other. Experiments were therefore begun utilizing the four-wire 
circuit method. When four-wire circuits were first set up using the 
large gauge loaded circuits between Boston and Washington great 
difficulty was experienced in obtaining even reasonably uniform 
attenuation at different frequencies. It then became apparent that 
smoother (more uniform) circuits would be necessary. It also became 
evident that higher cutoff frequency and higher velocity loading was 
necessary, in order to widen the effective transmission band and reduce 
delay distortion and echo effects. As a first step in this direction a 
system of loading in which inductance coils of 175 millihenries on the 
side circuits, spaced 6000 feet (1830 meters) apart, was introduced, 
primarily for two-wire circuits. This was commonly referred to as 
medium-heavy loading, having a cutoff frequency of approximately 
2800 cycles. Experiments on long four-wire circuits with this loading 
which were specially set up for test confirmed the previous ideas as 
to the seriousness of echo effects and delay distorton effects and made 
it apparent that a much lighter weight and higher cutoff loading would 
be necessary for great distances. Accordingly, a system of loading 
known as H-44-25 (6000 feet—1830 meters—spacing with 44-millihenry 
coils on the sides and 25-miIlihenry coils on the phantoms) was 
introduced. This was the beginning of modern long distance cable 
circuits in America. 

Electrical Design of Toll Cable Circuits 

It is impracticable in a short paper such as this to deal fully with 
all of the considerations which determine the electrical design of cable 
circuits. There are set down here, however, the important character- 
istics of the types of circuit which have been adopted for use in the 
United States and the reasons why certain arrangements were selected. 
Many specific designs which will meet the transmission objectives are, 
of course, possible. The designs selected have been based upon the 
aim of obtaining the desired results in the most economical manner, 
including the advantage which comes from concentrating on a small 
number of types of circuits, rather than on a larger number designed 
to meet accurately the requirements of different types of situations. 
In other countries where the ratios of costs for different parts of cable 
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systems are different it is to be expected that the most economical 
designs will differ. 

Cable Constants 

The toll cable which is standard in the Bell System plant has 
capacitance of .062 microfarad per mile (.038 mf. per km.) for the 
side circuits and about .100 microfarad per mile (.062 mf. per km.) 
for the phantoms. There appears to be little to gain for voice- 
frequency circuits by varying materially from these capacitance 
figures. 

With respect to size of wire, No. 19 A. W. G. conductors (.9-milIi- 
meter diameter) are well suited for both two-wire and four-wire circuit 
operation. No. 16 A. W. G. conductors (1.3-millimeter diameter) have 
been employed to a considerable extent in the past. In new cables 
conductors of this gauge are, in general, used only for relatively short 
non-repeatered circuits, or for program circuits. At the present time 
the possible economic advantage of using smaller sizes of wire than 
No. 19 A. W. G. is so small that it is considered to be outweighed, 
in general, by the greater complexity and variability of the circuits 
which would result. 

Side Circuits and Phantoms 
With the exception of program transmission circuits, multiple twin 

quads, utilizing both the side and phantom circuits, are used exclu- 
sively. 

The ratio between the capacitances of phantoms and side circuits 
is about 1.6, while the ratio of resistances is 0.5. Because of this the 
phantoms which are loaded for the same cutoff frequency as the side 
circuits have lower attenuation and lower impedance than the side 
circuits. For repeatered cirpuits the phantoms and sides are so 
operated that they give substantially equal transmission results, this 
being desirable for flexibility reasons. 

Two-Wire and Four-Wire Circuits 

As is well known, two-wire repeatered circuits are more economical 
for the shorter distances while four-wire circuits are necessary to 
economically provide satisfactory transmission for longer distances. 
It is possible for terminating business to design two-wire cable circuits 
which will deliver good telephone service for distances of at least 
900 miles (about 1500 kilometers). However, to meet the transmission 
standards current in the United States four-wire circuits are generally 
more practicable for distances more than two or three hundred miles 
(a few hundred kilometers). 
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Inductance and Spacing of Loading Coils 
Theoretically the inductance and spacing of loading coils might be 

varied for each circuit length in order to obtain the most economical 
design. Studies which have been made, however, indicate that, 
taking into account the advantage of flexibility, it is desirable to use 
only two types of spacings of loading coils and only two general types 
of loading units. In the Bell System the toll loading coil spacings are 
3000 feet (915 meters) and 6000 feet (1830 meters), loading with 
these spacings being designated B and H, respectively. For two-wire 
circuits, 88-millihenry loading coils for the sides and 50-millihenry 
coils for the phantoms are used with both spacings, giving loadings 
designated as B-88-50 and H-88-50. The choice between these is 
dictated by the repeater spacing. If less than about 45 miles (72 
kilometers), H-88-50 loading is used; if greater, B-88-50 is used. 
Two-wire H-172-63 loading was used in the past for two-wire circuits 
but this has now been given up for new work in favor of the wider 
frequency band B and H-88-50 systems. 

For four-wire circuits, as stated above, the standard loading is 
H-44-25 meaning, of course, 6000-foot (1830-meter) spacing of coils 
with 44-millihenry coils on the sides and 25-millihenry coils on the 
phantoms. 

Important Transmission Characteristics of Loaded Cable Conductors 

The characteristics of loaded cable circuits depend principally upon 
the electrical constants of the cable conductors, the inductance of the 
loading coils and their spacing. Some of the more important trans- 
mission characteristics of the loaded cable systems employing cables 
and loading coils of the type just described are given in Table I. 

Spacing of Repeaters and Automatic Transmission Regulators 
Repeaters are spaced as close to 50 miles (80 kilometers) apart as 

practicable. In the past variations upward from this to about 60 
miles (100 kilometers) were allowed but it is now believed best to 
avoid such long spacings. Where the location of cities or other 
geographical situations make it desirable, spacings less than 50-miles 
(80 kilometers) are used. 

Automatic transmission regulators are provided for circuits in aerial 
cables in excess of 50 to 100 miles (80 to 160 kilometers) in length 
and are preferably placed at every second repeater station. The 
devices are such, however, that satisfactory results may be obtained 
if regulators are as far apart as about 150 miles (250 kilometers), 
while under certain conditions circuit flexibility considerations call 
for regulators at adjacent repeater stations. With cable entirely 
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underground transmission regulators will function satisfactorily from 
the electrical standpoint spaced as far apart as 300 miles (500 kilo- 
meters) although circuit flexibility considerations usually call for 
breaking circuits up into shorter regulator sections. In general, 
regulators are provided for all circuits in underground cable in excess 
of approximately 180 miles (300 kilometers) in length. 

TABLE I 
Characteristics of 19-Gauge Repbatered Toll Cable Circuits 

Two Wire 
Four Wire 

11-44-25 
B-8 8-50 H-8 8-50 

Side Phantom Side Phantom Side Phantom 

Characteristic Impedance— 
Ohms at 1000 Cycles ... 1,560 930 1,120 670 800 450 

Attenuation at 1000 Cycles 
.25 dbPer Kilometer at 55° F. .17 .15 .22 .19 .30 

db Per Mile at 55° F  .28 .23 .35 .30 .47 .39 
Nominal Velocity— 

Kilometers Per Second.. .. 16,000 17,000 23,000 24,000 31,500 33,000 
Miles Per Second . . !  10,000 10,500 14,300 15,000 19,000 20,000 

Cutoff Frequency of Loading 
5,900 —Cycles Per Second.. . . 5,600 5,900 4,000 4,200 5,600 

Attenuation Change at 1000 
Cycles— 

db Per Kilometer 
Aerial (S5o-109o F.) , . . .019 .016 .025 .022 .034 .029 
Underground (550-730 

.007 .011 .010 F.)  .007 .006 .009 
db Per Mile 

.046 Aerial (55o-109o F.) . , .031 .026 .041 .035 .055 
Underground (550-730 

.018 .015 F.)  .011 .009 .014 .012 

Gains of Repeaters 
In four-wire circuits the spacing of the repeaters and their gains 

depends largely on "one-way circuit" considerations. The maximum 
levels are fixed by the repeater and loading coil capacities to handle 
speech waves without distortion, the lower levels being fixed primarily 
by noise. The lower levels also depend somewhat on crosstalk con- 
siderations, particularly crosstalk between circuits transmitting in 
opposite directions but this crosstalk is usually not controlling. The 
upper level limit used is + 10 db while the lower is — 24 db, these 
being referred to the level at the transmitting end of the toll circuit 
as zero. 

In two-wire circuits, the above "one-way circuit" considerations 
are unimportant in determining the levels, these being largely fixed 
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by "two-way" considerations. The important "two-way" considera- 
tions are crosstalk on the one hand and proper control of circulating 
currents which might cause singing or serious echoes on the other 
hand. These considerations keep the repeater gains so low that the 
limit of repeater and loading coil capacity is not important nor is the 
lower limit at which noise would become serious. 

The most important crosstalk consideration on two-wire circuits is 
"near-end" crosstalk. The arrangement of repeater gains which 
gives lowest near-end crosstalk is one in which the output levels of 
the repeaters are the same throughout the circuit until the receiving 
end is reached, at which point the repeater gain is reduced or loss 
inserted as necessary to give the desired overall net loss for the circuit. 

This arrangement is not best from the standpoint of the circulating 
currents, however. From this standpoint the best setup is one in 
which the repeater output levels "taper" considerably from the sending 
end to the receiving end of the circuit. 

In the Bell System plant a compromise is made between these two 
considerations which calls for layout of gains about as follows: At 
the transmitting end the transmitting repeater gain is made such that 
the outgoing level is + 3 db. As the transmission passes through 
other repeaters the upper level is allowed to drop about ^ db per 
repeater for average temperature conditions. Finally at the receiving 
end of the circuit gain ort loss is introduced to give the required net 
loss for the circuit. Of course, the application of the above rules for 
laying out repeater gains results in giving individual repeaters different 
gains in the two directions. 

Smoothness of Impedance 
For two-wire circuits it is important that the cables have a "smooth " 

impedance-frequency characteristic. To attain this result, loading 
coil inductances are held within close manufacturing tolerances while 
the cable capacitance variations are also carefully controlled. In the 
field care is, of course, taken with the spacing of the loading coils. 
Following are some representative figures for side circuits of fractional 
deviation from the average values per loading section or per loading 
coil; 

Representative deviation of cable capacitance *  
Representative deviation of loading coil spacing *. .. 
Representative deviation of loading coil inductance * 

Total deviation 

H Spacing 
. .013 
. .005 
. .007 
. .016 

B Spacing 
.018 
.005 
.007 
.020 

* Representative deviation is the square root of the mean square of the individual 
deviations. 
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Representative return loss versus frequency curves are shown in 
Figs. 1 and 2 for B-88-50 and H-88-50 circuits, respectively, the 
points plotted being corresponding measurements on actual field 
facilities. 

In the case of four-wire circuits, impedance irregularities are not so 
serious. However, for practical reasons, the same tolerances are 
usually followed for the several parts. 

Control of Crosstalk 

For two-wire circuits, the important crosstalk is near-end while 
for four-wire circuits it is far-end. For both of these, crosstalk between 
circuits within a single quad is greatest but crosstalk between circuits 
in different quads is also important. For two-wire circuits, in order 
to avoid long crosstalk exposures between any two circuits, it is the 
practice to carry three circuits together in a single quad only in a 
single repeater section, the circuits being systematically mixed at each 
repeater station. In the case of four-wire circuits this mixing is done 
only at the ends of regulator sections. In both outside cables and 
in the office cable, care is exercised to segregate the oppositely bound 
pairs of four-wire circuits because of the relatively large level differ- 
ences. 

In the outside cables control of crosstalk involves adjustments of the 
fortuitous unbalances in the loading units and unbalances between 
circuits in the loading sections. The following table shows the 
standards for phantom-to-side crosstalk expressed in decibels ordinarily 
worked to for the component parts of cable circuits: 

Two-Wire Four-Wire 

B-88 H 88 H-44-25 

Avg. Max. Avg. Max. Avg. Max. 

Repeater section outside plant* 78 82 76 
Loading coil  96 96 96 
Cable proper per load section 93 94 94 

Toll office*  79 82 80 
Office wiring  80 86 82 
Office equipment  86 84 

91 
84 

74 Repeaters  91 

* For two-wire circuits on the average these values must be decreased about 8 db 
to compare with overall value; for four-wire circuits about 9 db should be added 
to these values to compare with the overall. 

Note: All values in table are for a frequency of 1250 cycles. 
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Control of Delay Distortion 
In the case of two-wire circuits, since only relatively short distances 

are involved, delay distortion does not enter as a design factor. In 
the case of long four-wire circuits delay distortion Is very important 
and to avoid this, very light weight and high cutoff loadings are used. 
Delay distortion may be reduced by employing correcting networks 
which introduce distortion counter to that introduced by the line. 
Such networks, in addition to their cost, have the disadvantage that 
they increase the total delay of the circuit. Their use is not necessary 

" for the lengths of circuits and types of construction now used for 
message telephone circuits in the United States. 

Performance Characteristics 

Minimum Working Net Loss 
In determining the numbers of circuits of different types of con- 

struction to be provided in a proposed cable for long distance work, 
it is necessary to take into account the limiting lengths for which the 
different types of circuit will meet the transmission requirements 
established for different conditions. This limitation for repeatered 
circuits is not set by attenuation but rather by singing margin, crosstalk 
or echoes. The lowest net loss at which a circuit equipped with re- 
peaters may be operated without passing the limiting requirements 
for any of these characteristics is called the minimum net loss of the 
circuit. Since it is desirable to keep the net loss of a circuit at any 
time at least as great as the minimum net loss, an allowance for the 
probable circuit variations is added to the minimum net loss to obtain 
the minimum working net loss. This minimum working net loss is in 
general not directly proportional to the length of the circuit although 
in some cases within the important range of distances it can be con- 
sidered to be proportional to a sufficient degree of accuracy. 

It is evident that the minimum working net loss is a characteristic 
of fundamental importance in the design of new toll cables as well as 
in determining the operating limitations of existing cable circuits. 
Circuits having the same type of loading and the same spacing of 
repeaters may have widely different minimum net losses. This can 
come about because of differences in the accuracy with which crosstalk 
coupling is reduced in the manufacture and installation of the cable 
and its associated loading coils and apparatus, differences in the 
degree of uniformity of these characteristics and differences in the 
perfection of balance and matching of impedance between the cable 
conductors and the associated equipment. In the United States the 
study of the crosstalk, impedance and echo results obtained in various 
toll cables has led to the development of standard practices as to 
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uniformity of construction and detailed specifications of the equipment 
with which the minimum net loss to be obtained with new toll cables 
can be closely predicted. 

Performance Characteristics of Two-Wire Circuits 

Fig. 3 shows, for B and H-88-50 two-wire circuits used exclusively 
for terminating business, the minimum working net losses for various 
distances as limited separately by crosstalk, echoes and singing. 
Of course, the lower the net loss the greater is the tendency toward 
excessive echoes, crosstalk or possibility of singing. For any given 
case the most exacting limitation controls the minimum working 
net loss. 
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Fig. 3—Minimum working net loss of 19-ga. B and H-88-50 two-wire facilities 
versus circuit length for terminating business. These apply to either 50-mile (80 km.) 
sections of B-88-50or 45-mile (72 km.) sections of H-88-50, whichever has the more 
severe limitations. 
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These curves include allowance for the unavoidable variations in 
the net loss which occur from time to time due to repeater battery 
variations, residual variations left over after pilot wire regulators 
have removed major transmission variations due to temperature 
changes in the cables, humidity effects in office wiring, etc. 

Performance Characteristics of Four-Wire Circuits 
Fig. 4 shows, for four-wire circuits used exclusively for terminating 

business, the minimum working net losses for various distances as 
limited separately by crosstalk and echoes. The possibility of singing 
does not enter as a limitation on these circuits. In these curves 
suitable allowance has also been made for the effect of the unavoidable, 
transmission variations. 
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Fig. 4- -Minimum working net loss of 19-ga. H-44-25 four-wire facilities vers 
circuit length for terminating business. 

It will be observed that crosstalk is controlling only for the shorter 
distances up to a little over 400 miles (640 kilometers). Up to this 
length meeting proper crosstalk limits requires that the net loss be 
kept above about 6 db. 

Echo constitutes the important limitation to the net loss of four-wire 
circuits. As is well known, echo suppressors go a long way toward 
eliminating echo effects but do not remove these effects, which remain 
the most important limiting factor on the longer circuits. 

Transmission Requirements 

The transmission requirements established for toll circuits are based 
on the provision of adequate transmission for the complete connection 
between any two points in the United States and the southern part 
of Canada, and also between any point of the country and the terminals 
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of the intercontinental circuits. In order that this may be accom- 
plished in an economical and orderly way a general toll switching plan 
has been adopted for the entire continental area. This plan establishes 
a fundamental basis for the routing of connections involving more 
than one toll circuit through the establishment of about 150 important 
switching centers to which all of the 2500 toll centers of the country 
will be directly connected. These 150 switching centers are inter- 
connected by groups of high grade toll circuits either directly or for 
distant parts of the country through the intermediary of "regional 
centers" of which there are eight in the continental area. 

By means of this plan it is possible to allocate each group of toll 
circuits to one of several broad classifications depending upon its 
position in the general toll switching plan, and to apply standard 
transmission requirements to each such broad classification. These 
requirements include the requirement that the effective net loss of all 
direct circuits shall not exceed 9 db, and that circuits designed for 
use in switched connections shall have minimum working net losses 
not exceeding 3 db for end links, 4 db for circuits between regional 
centers and 3.5 to 4 db for the remaining intermediate links inter- 
connecting the important switching centers. When several circuits 
are connected together to form a long switched connection, the 
overall crosstalk effects are not appreciably increased over the effects 
of an individual circuit. Singing effects will usually not be limiting 
since long switched connections are seldom established without at 
least one intervening 'four-wire circuit. On the other hand echo 
effects increase fairly rapidly even with circuits equipped with echo 
suppressors and therefore, in selecting facilities which will meet the 
requirements of minimum working net loss previously specified, the 
echo effects are generally controlling on long connections. Since these 
circuits are also used for direct circuit connections, higher net losses, 
which will be satisfactory from the crosstalk and singing standpoints 
in the terminating condition, are obtained by adding pads at one or 
both terminals of the circuit for this condition. 

A more complete statement of the transmission requirements applied 
to toll cable circuits in the United States is given in Table II. For 
convenience there are also given in this table the current transmission 
requirements for international circuits adopted by the C. C. I. In 
order to make the comparison as nearly as possible on a comparable 
basis the international circuit requirements of the C. C. I. are compared 
with the requirements for American toll circuits interconnecting two 
regional centers, and the requirements for the national terminal are 
compared with the American requirements for connections from the 
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Bell System 
Number of Regional Centers—8 

TABLE II 
Transmission Standards 

C. C. I. 
Number of European National Outlets 

net loss 
Circuits Between Regional Centers 
(On effective transmission basis) 

Future Plant 
Terminating Switched 

Business Business 
(Via Net Loss)* 

9.0 db 3.0 db 

Existing Plant 
9.0-11.0 3.0-5 Odb 

—29 

International Circuits 
(Based on 800-cycle transmission 

equivalent) 
Future Plant 
Terminating 

or Switched Business 

Two-Wire  8.7 db 
Four-Wire  6.9 db 

Existing Plant 
Two-Wire 11.3 db 
Four-Wire  9.6 db 

MAXIMUM OVERALL NET LOSS BETWEEN SUBSCRIBERSf 
Regional Center Transmitting 

Loss  16 db 
Regional Center Receiving Loss 12 db 
Circuit Between Regional Cen- 

ters (Via Net Loss)  3-5 db 

National Transmitting Loss. . . 17 db 
National Receiving Loss  11 db 
International Circuit  7-11 db 

Total 35-39 db 

Total 31-33 db 

250 to 2750 cycles 
Loss at extreme frequencies 10 db greater 

than at 1000 cycles. 
For narrower bands the effective trans- 

mission equivalent reflects the effect 
on transmission of band width. 

FREQUENCY BAND WIDTH 
300 to 2400 cycles 
Loss at extreme frequencies 8.7 db 

greater than at 800 cycles. 

DELAY DISTORTION 
Direct circuit connection (terminal cir- 

cuit)—20 milliseconds. 
Via circuits (in switched connections) 

10 milliseconds. 
(Differences between 1000 cycle delay 

and the highest frequency effectively 
transmitted.) 

Overall Connection 
30 milliseconds as the difference between 

the time of propagation for the highest 
frequency effectively transmitted and 
the time of propagation for 800 cycles. 

NON-LINEAR DISTORTION 
No fixed limits at present on message 

circuits but consideration is being 
given to methods of measuring and 
evaluating the impairment due to this 
effect. 

No fixed limits at present on message 
circuits but consideration is being 
given to methods of measuring and 
evaluating the impairment due to this 
effect. 

* Via net loss is the loss which the circuit contributes to an overall connection 
when switched to toll lines at both ends. 

f The regional center and national outlet transmitting and receiving losses are 
the maximum losses between the most distant subscriber in the particular area 
served by the regional center or national outlet and the particular regional center 
or national outlet. 
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TABLE II—{Continued) 
TRANSMISSION VARIATIONS (AVERAGE OF THE TWO DIRECTIONS) 

Bell System C. C. I. 
250-niiIe (400-kilometer) circuits ± 1.5 No limits, 

db, 1000-mile (1600-kilometer) circuits 
=fc 3.0 db (these limits are exceeded 
approximately 5 per cent of the time). 

Echoes are limiting in accordance with Echoes are limiting in accordance with 
curves representing the results of ex- curves representing the results of ex- 
perience as to permissible loudness of perience as to permissible loudness of 
echo without interference for different echo without interference for different 
times of propagation. See page 129 times of propagation. See page 129 
of the "Red Book" of the C. C. I. of the "Red Book" of the C. C. I. 

On four-wire circuits echo suppressors 
are employed for all circuits used for 
switched business in excess of 270 
miles (430 kilometers) of H-44-25 
facilities. Four-wire circuits used for 
terminal business only are equipped 
with echo suppressors when they ex- 
ceed approximately 650 miles (1000 
kilometers) of H-44-25 facilities. 
Echoes on circuits so equipped are 
limiting as indicated in Fig. 4 of this 
paper. 

SINGING MARGIN (TERMINAL CONDITION) 
10 db for two and four-wire circuits. Two-wire 6.8 db. 

Four-wire 9.0 db. 
CROSSTALK 

For quiet circuits: 54 db at least. 
Average—70 db. 
Maximum—^60 db. 
(Based on 1 per cent chance of exceed- 

ing 60 db.) 
MINIMUM WORKING NET LOSS* 

4 db. No limits established. 

TIME OF PROPAGATION 
For continental communication—250 For continental communication—250 

milliseconds. milliseconds. 
Continental circuits in an interconti- Continental circuits in an interconti- 

nental connection—100 milliseconds. nental connection—100 milliseconds. 
For continental communication: For continental communication: 

Delay between echo suppressors—100 Delay between echo suppressors—100 
milliseconds. milliseconds. 

NOISE (INCLUDING BABBLE) 
TERMINAL CONDITION MEASURED AT THE TOLL SWITCHBOARD 

+ 26 db (200 noise units) referred to 2 Millivolts {Approximately 160 Noise 
reference noise (approximately 10 noise Units) 
units). For noise values greater than (Equivalent intensity of 800-cycle tone 
above limit N. T. I.'s are applied. of the limiting voltage across a receiver 

whose impedance is adjusted to 600 
ohms.) 

* For more detailed discussion refer to text. 
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subscriber to a regional center. As there are eight regional centers 
in the United States and 29 national networks which constitute the 
European continental network, the areas involved in the comparison 
are not wholly comparable. 

The application of these transmission requirements leads to the 
following approximate limits for the use of the different standard 
types of toll cable construction in the toll circuits of the United States: 

19-gauge B and H-88-50 two-wire circuits 

19-gauge B and H-88-50 two-wire circuits 

19-gauge H-44-25 four-wire circuits with- 
out echo suppressors 

19-gauge H-44-25 four-wire circuits with- 
out echo suppressors 

250 miles (400 kilometers) when used 
exclusively for terminating business 

135 miles (220 kilometers) for circuits 
used for switched business 

650 miles (1050 kilometers) when used 
exclusively for terminating business 

270 miles (430 kilometers) for circuits 
used for switched business 

Use of Toll Cables in the United States 

In the application of toll cables to meet the service requirements of 
the United States use is generally made of cables 2^ inches (67 
millimeters) in outside diameter, although to some extent use has been 
made of cables 33/g inches (79 millimeters) in outside diameter. A 
large proportion of the new toll cables contain one of the combinations 
of gauges indicated in the following table: 

TABLE III 

16-GaiiBe Quads 16-Gaiige Pairs 19-Gauge Quads 22-Gauge Quads 

0 6 148 1 
Cable 2  19 6 114 1 

The present toll cable routes in the United States are indicated on 
the map shown in Fig. 5, together with probable future extensions. 
The existing network includes 13,000 miles (21,000 kilometers) of 
route, 21,000 miles (34,000 kilometers) of cable, and when fully 
equipped, 5,000,000 miles (8,000,000 kilometers) of circuit. 

The division of the cable between various types of construction is 
indicated in the following table: 

Underground in ducts  46% 
Aerial  50% 
Buried underground  4% 

As an illustration of the practical application of toll cable, some 
information is given below regarding the makeup of some of the 
circuits out of New York City. There are associated with the New 
York toll board 235 groups of circuits. In order to avoid too cumber- 
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some an illustration, we shall consider only circuits from New York 
to other regional centers and primary outlets. Chicago has a larger 
number of connections to these points but New York is chosen because 
of its interest in connection with international service. These circuits 
are indicated on the map in Pig. 6. 

Of the 64 circuit groups to regional centers and primary outlets, 
43 are less than 870 miles (1400 kilometers) in length, 95 per cent of 
the circuit mileage being cable. The makeup of a few of these groups 
chosen for the purpose of illustration is given in Table IV. 

The remaining circuit groups indicated in Fig. 6, 870 miles (1400 
kilometers) and more in length, and 21 in number, have the makeups 
and electrical characteristics indicated in Table V. 

It will be noted that the average circuit in this classification is 
made up of about one half four-wire toll cable circuit and the other 
half of carrier telephone superimposed upon open wire. Since carrier 
circuits have, in general, electrical characteristics comparable to the 
four-wire cable circuits and have a relatively high velocity of propaga- 
tion, the combination of four-wire with carrier results in very satis- 
factory electrical characteristics, even for the longest circuits. 

A point of interest in connection with the table is the time of 
propagation. This is, in all cases, well within the provisional limit 
of 100 milliseconds adopted by the C. C. I. for the time of propagation 
of the continental terminating circuits of an intercontinental con- 
nection. 

Future Requirements of Very Long Cable Circuits 

At the present time cable up to lengths of 1800 miles (3000 kilo- 
meters) is used in the regular routine in the United States and gives 
a satisfactory performance. Tests have been made on longer four-wire 
cable circuits up to lengths exceeding 3600 miles (6000 kilometers). 
These tests show that for such lengths, and particularly for the much 
greater lengths which may result from the development of inter- 
continental telephone service, the present design of toll cable circuits 
would not be entirely satisfactory. 

More Effective Echo Suppressors 
Circuits 3600 miles (6000 kilometers) long when equipped with 

ordinary echo suppressors fail to give the net loss of 9 db which has 
been set up as a design objective. A more effective type of echo 
suppressor is necessary to work such a circuit at as low a net loss as 
9 db. Experiments have been made with an echo suppressor of a type 
which changes its sensitivity automatically, depending upon the 
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amount of noise on the circuit at any given time, the less noise the 
more sensitive the device. It has been found possible to adjust this 
device to sufficient sensitivity to permit working a 3600-mile (6000- 
kilometer) circuit with 9 db net loss. When noise is added to the 
circuit the sensitivity of the device, of course, diminishes but the 
added echo is largely masked by the increased noise. 

Delay Distortion 

For a 3600-mile (6000-kilometer) H-44-25 circuit the difference in 
the delay at 1000 cycles and at 3000 cycles amounts to about 0.025 
second. Experiments which have been made on circuits introducing 
very little non-linear distortion indicate that this amount of delay 
distortion by itself is not particularly serious. However, on the long 
four-wire circuits where non-linear distortion is also present, the 
effect of delay distortion becomes more pronounced so that it becomes 
quite objectionable. Delay distortion correctors would therefore be 
required for H-44-25 circuits of this length, although for circuits of 
1800 miles (3000 kilometers) they do not appear necessary. 

Time of Propagation 
When a long connection is built up using cable circuits, the delay 

proper, quite apart from delay distortion, becomes important. For a 
3600-mile (6000-kilometer) length of H-44-25 circuit equipped with 
delay equalizers the time of propagation is about one-quarter of a 
second in each direction. This time of propagation is generally 
considered about all that should be tolerated and is the C. C. I. 
tentative limit for a complete connection. 

Adverse Interaction of Two Echo Suppressors 
When voice-operated devices are introduced on very long cable 

circuits another complication results. Assume, for example, that the 
3600-mile (6000-kilometer) connection is made up of two links, each 
equipped with an echo suppressor of the usual type, either mechanical 
relay or vacuum tube operated. Assume that the echo suppressors 
are 1800 miles (3000 kilometers) apart, the delay between these 
devices being one-eighth of a second for each direction of transmission. 
When conversations are carried on over this circuit it is found that 
occasionally when the speakers at the two ends utter words at nearly 
the same instant both echo suppressors respond, each echo suppressor 
blocking one direction of the circuit. Consequently, certain words or 
parts of words are lost. In telephone conversations it is found that 
with such a circuit arrangement if the time of propagation in each 
direction between echo suppressors does not exceed about 0.1 second, 
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the amount lost apparently is not a serious handicap. The C. C. I. 
has tentatively recommended that 0.1 second be taken as a limit 
towards which it is desirable to work if practicable. 

Better Cable Circuits Desirable for Extreme Distances 

These difficulties with the present type of cable construction all 
become more pronounced if, instead of a 3600-mile (6000-kilometer) 
circuit, consideration is given, for example, to possible future inter- 
continental circuits in all cable construction. Such a circuit between 
San Francisco and Istanbul, for example, would be about 10,000 miles 
(16,000 kilometers). The time of propagation for such a connection 
would be about .6 of a second in each direction so that two-way 
conversations would be seriously impeded. Serious difficulties would 
also be experienced with the voice-operated devices and because of 
the accumulated distortions, including non-linear effects. While, 
therefore, it is possible that a circuit of this sort could be used for 
two-way telephony between Istanbul and San Francisco, the imper- 
fections of such a circuit would be so outstanding as to warrant a 
serious effort to develop something better if this could be done at a 
reasonable cost. 

Telephone Carrier in Cable 

In order to obtain better transmission results over very long cable 
circuits in an economical manner the development of a carrier system 
for cables has been actively undertaken. The development work of 
the Bell System has now been carried to the point where it seems 
assured that it will be successful and that telephone carrier will have 
an important field of use in long distance cables on heavy routes. 

This carrier system uses non-loaded cable conductors whose velocity 
is very high as compared to voice-frequency loaded circuits, the 
effective circuit velocity including delays introduced by apparatus 
being about 100,000 miles (160,000 kilometers) per second. An 
experimental trial system has been set up by looping circuits back 
and forth in a cable so as to produce the equivalent of the system 
shown in Fig. 7. It will, of course, be understood that this figure 
represents merely the experimental setup and should therefore not be 
considered the ultimate in such matters as carrier channels per pair, 
repeater spacing, etc. 

Talking tests which were made using this experimental setup 
showed very satisfactory quality of transmission and no appreciable 
interference between circuits In addition to testing each of the nine 
telephone circuits shown in the sketch, these nine circuits were con- 
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nected in tandem giving an overall length of 7500 miles (12,000 
kilometers') of circuit. Conversations over this 7500-mile (12,000- 
kilometer) circuit were very satisfactory. In fact, the transmission 
quality was not greatly impaired even when a 15,000-mile (24,000- 
kilometer) length of one-way circuit was established by connecting all 
of the links in tandem. 

While the development of this carrier system is far from completion 
and it is not clear at the present time how far it can be applied to 
other than heavy traffic routes, it is certain that wherever this form 
of construction is justified, distance no longer remains as a limiting 
factor. 

In the fifty years since the first International Electrical Congress 
at Paris, the new art of telephone communication has passed through 
many stages of development and during the past thirty years a new 
art, making possible communication in cable over long distance, has 
been born and brought to maturity. This has been made possible by 
a number of important and fundamental developments such as 
loading, quadded cable and telephone repeaters. While the develop- 
ment has been rapid, particularly during the past twenty years, it is 
not too much to expect that the next twenty or thirty years will 
witness an even greater and more rapid technical development and 
expansion in the use of long distance toll cables in all parts of the 
world, associated with a continued increase in the service rendered to 
mankind by long distance telephone communication. 
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The Conception and Demonstration of Electron Waves* 

By C. J. DAVISSON 

An attempt is made in this article to trace the growth of our ideas 
regarding the electron from their inception less than a hundred years ago 
to the present day. The discussion begins with a consideration of the 
vague and tentative deductions concerning an ultimate electrical charge 
which became possible when Faraday revealed the laws of electrolytic 
conduction: it touches upon the clarification of the conception of the electron 
as a charged particle capable of independent existence and subject to the 
laws of classical electrodynamics which was effected at the close of the 
last century and the beginning of the present one by the researches of J. J. 
Thomson and others; it indicates the difficulties in which this conception 
became involved, and the attempts made by Planck, Bohr and others to 
extricate it from them. The latter part of the paper is devoted to the 
amplified conception of the electron which has been developed during the 
last decade—a conception in which electrons are recognized as having, in 
different circumstances, the properties of both waves and particles. 

Introduction 

IT is my purpose in this report to describe a few experiments, typical 
of several hundred now recorded, in which streams of electrons ex- 

hibit the properties of beams of waves. It seems desirable, however, 
to begin by briefly reviewing various steps in the development of our 
conception of the electron before about the year 1925. It is against 
this background only that the phenomena revealed by the experiments 
to be described appear in true relief. 

The idea that electric charge is granular was not new at the time of 
the first International Electrical Congress in 1881. Faraday had 
determined and announced the laws of electrolytic conduction fifty 
years earlier, and it was recognized, by some at least, that these laws 
suggested the existence of an elementary charge or atom of electricity. 
An estimate of the magnitude of this natural and presumably ultimate 
unit of charge had indeed been made a few years prior to the Congress 
by the Irish physicist Stoney from such data as were then available. 
The word "electron " to designate the hypothetical atom of electricity 
was not, however, introduced until the year 1891. The concept of the 
electron gained rapidly in sharpness in the decade next following the 
last of the century—not so much indeed from the introduction of new 
ideas concerning it as from experimental evidence in support of ideas 
already held. 

It was no new idea, for example, that neutral atoms contain positive 
and negative charge in equal amounts, and that the ions of an electro- 
lyte are merely atoms or groups of atoms in which these charges are 

* Presented by title at The International Electrical Congress, Paris, France, July 
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unbalanced in one direction or the other by one or more electronic 
units. Yet this remained largely a speculation until the study of the 
conductivity imparted to gases by X-rays made all other views unten- 
able. Ions of both signs are formed at a uniform rate within the body 
of a gas subjected to this then newly discovered radiation; their charges 
are ionic; they move through the gas by diffusion and under the in- 
fluence of an impressed electric field; they disappear through recom- 
bination. 

Other ideas now familiar were not entirely novel even in 1890; for 
instance, the idea that positive and negative electrons possess mass as 
well as charge—that those of one sign are more massive than the 
other—that within the atom the lighter revolve about the heavier 
ones. Weber, following on Ampere, had pictured a mechanism of this 
kind to explain the magnetic properties of materials. All these notions 
became much more plausible, however, when Lorentz showed (as he 
did in 1897) that the splitting and polarization of spectral lines by a 
magnetic field might be explained as the effect of the field upon the 
period of revolving particles such as Weber had assumed, and that 
from the magnitude of this so-called "Zeeman effect" one might ac- 
tually calculate the ratio of the charge of the particle to its mass. The 
value so found was greater by a factor 2000, or thereabouts, than the 
similar ratio for hydrogen ions in electrolysis. If the charge of the 
particle were indeed the electronic charge, then the mass of the particle 
was about 1/2000 only of the mass of the hydrogen atom—a highly 
acceptable conclusion. The concept of the electron had gained much 
in definlteness, and so also had that of the atom. 

But more illuminating still was the discovery made in the same year 
that the trajectories followed by cathode rays in traversing electric 
and magnetic fields are exactly those to be expected if these rays are 
streams of swiftly moving negatively charged particles with a charge to 
mass ratio amounting again, as in the foregoing instance, to about 
1/2000 that of the hydrogen ion. There could be little doubt that this 
was the very particle inferred by Lorentz from the "Zeeman effect." 
Cathode rays were certainly streams of free negative electrons—un- 
attached to atoms. This supremely important discovery was made 
by J. J. Thomson in England and by Wiechert in Germany. 

The conception of the negative electron as a subatomic particle 
possessing mass as well as charge, capable of independent existence, 
and subject to the laws of classical electrodynamics now seemed clearly 
established. If various of the simple relationships were at this time 
sensed rather than demonstrated—such, for example, as the exact iden- 
tity of the charge to mass ratios of the Zeeman effect particle and the 



548 BELL SYSTEM TECHNICAL JOURNAL 

cathode particle—there was, nevertheless, full confidence that these 
relationships would be confirmed by more exact measurements. And 
this indeed proved to be true. The anticipated details of the picture 
as then blocked in have since been supplied by a series of precision 
experiments in which Millikan's measurement of the absolute magni- 
tude of the electronic charge is preeminent. 

The turn of the century was a time of high hope. The key had 
been found, it appeared, to an understanding of vast ranges of phen- 
omena; given the electron, electrodynamics and sufficient mathematics, 
all electrical and magnetic phenomena must become explicable. It 
seemed not too daring even to have thoughts concerning the structure 
of the atom. But this, as it turned out, was mostly illusion; every suc- 
cess of the electron theory of this period was matched by an equally 
conspicuous failure. Metallic conductors were pictured as containing 
atmospheres of free electrons with the properties of a monatomic gas. 
The drift of this electronic gas under the influence of an impressed 
field constituted the electric current. The form of Ohm's law was 
neatly explained, but not so the direct proportionality between the 
resistivity of a pure metal and its absolute temperature. The ther- 
mionic emission of electrons could be explained, apparently, in all its 
details, but the distribution of energy in the black body spectrum 
could not. The explanation of the simple Zeeman effect was most 
gratifying and reassuring, but the simple numerical relationships 
among the frequencies of line spectra remained as baffling as ever—and 
this, in spite of the considerable success which Drude and others had 
achieved in explaining the optical properties of materials in terms of 
electrons elastically bound within atoms. 

The impasse was finally breached by Planck who showed, in 1905, 
that the black body spectrum could be explained if one were willing 
to assume that materials contain electric oscillators which emit and 
absorb energy only in amounts proportional to their frequencies. 
The conception of the electron was unaltered—not even involved, 
perhaps—but an oscillator, which might be a vibrating electron, was 
conceived to behave in a manner contrary to electrodynamical princi- 
ples. A success had been achieved at the cost of violence to classical 
ideas regarding the production of electromagnetic radiation. 

The next assault—a brilliant tour de force by Bohr—achieved its 
first objectives at a stride, but at a sacrifice of electrodynamical prin- 
ciples greater even than Planck's. Bohr showed in 1911 that by com- 
bining the idea of a concentrated atom nucleus required by Ruther- 
ford's experiments on the scattering of alpha rays with the heterodox 
idea of Planck, and with new devices of his own invention, one could 
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conceive an atom model capable of yielding precisely the Rydberg 
constant and the complete spectrum of atomic hydrogen. The casual- 
ties included two properties previously allotted to the electron as a 
matter of course: the property of radiating energy during orbital mo- 
tion, and the property of revolving about the nucleus in an orbit con- 
sonant with classical dynamics and determined by initial conditions 
which might be regarded as arbitrary. Bohr excluded from the 
infinity of such orbits all but a special series. The motion of the elec- 
tron remained planetary, but all else was new and bizarre. 

A great initial success had, however, been attained and hope of a 
thorough conquest of spectra ran high,—too high as it now appears, 
for beyond a few other quantitative successes, further achievements 
were qualitative to a greater or less extent and consequently less im- 
pressive. It turned out also that advancement in the elucidation of 
spectra could be made only at the cost of an ever increasing array of 
special rules and prohibitions—additional equipment of the same ar- 
bitrary nature as that of Bohr's original postulates. Out of this neces- 
sity appeared the one new idea regarding the electron which had 
emerged in twenty years—the idea advanced by Goudsmit and Uhlen- 
beck that the electron spins and possesses in consequence a magnetic 
moment. 

It was recognized a decade ago by Bohr and others that the attack 
upon the atom, despite its propitious beginning, had in a considerable 
measure failed; and this because it had lacked, so to speak, a proper 
base of operation. It was felt that the many arbitrary rules and 
restrictions required to correlate the data of spectroscopy must flow 
in a natural and unforced way from fundamental mechanical principles 
as yet undiscovered. A system of mechanics was envisaged which 
would degenerate to classical mechanics for large scale phenomena, but 
which would present an entirely different aspect on the atomic scale, 
and be capable, of course, of explaining atom dynamics as revealed by 
spectra. 

Attempts to discover these underlying principles led to the formula- 
tion by Heisenberg in 1925 of what is known as matrix-mechanics, 
and led L. de Broglie in the same year to put forward his ideas concern- 
ing a so-called wave-mechanics. These proposals are said to be state- 
ments in different forms of one and the same principle—so far, at any 
rate, as applications to atom dynamics are concerned. It is the wave- 
mechanics, however, which has appealed most strongly to the physicist, 
and it is with this only that I will here concern myself. 

The basic idea of the wave-mechanics was supplied by a paradoxical 
situation which had existed for some years in the theory of optics. It 
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was well established experimentally that a beam of monochromatic 
light can impart to individual electrons in matter amounts of energy 
proportional to its frequency. The factor of proportionality between 
these quantities—the energy imparted to the electrons and the fre- 
quency of the light—is the same as that obtained from the black body 
spectrum for the factor of proportionality between the energy quantum 
of the Planck oscillator and its frequency. The relation between the 
energy e imparted to the electron and the frequency v of the light is 
expressed, that is, by the formula e = hv, where h is the so-called 
Planck constant. When one tries to visualize the mechanism back of 
this phenomenon, he is led inevitably to a corpuscular theory of light. 
No other view appears adequate to explain this central fact of photo- 
electricity and others related to it. 

On the other hand, the phenomena of interference and diffraction 
disposed long ago, as is well known, of an earlier corpuscular theory of 
light in favor of the wave theory. The demands of these phenomena 
are as insistent today as every they were, so that the situation comes 
to this, that one class of optical phenomena indicates clearly that light 
is a corpuscular radiation, and another indicates no less clearly that it 
is a propagation of waves. It is hopeless to try explaining photoelec- 
tric phenomena in. terms of nothing but waves, and it is equally hope- 
less trying to devise a purely corpuscular interpretation of interference 
and diffraction. 

It was de Broglie's brilliant idea that a situation similar to this might 
exist in regard to electrons, that electron streams like beams of light 
might possess in different circumstances the properties both of wave 
trains and of particle streams. If this were true, and if the wave as- 
pect alone were adequate to explain the behavior of electrons in atoms, 
then the unhappy state of affairs which existed in regard to the inter- 
pretation of spectroscopic data might be remedied. 

The formula e = hv expresses, as we have seen, a certain correlation 
between the corpuscular and the wave properties of light; if the light 
regarded as a beam of waves is of frequency v, then when it is regarded 
as a stream of corpuscles, the corpuscles or photons are of energy 
e = hv. A second correlation follows at once from this one and from the 
relation which is known to exist between the transfer of energy and of 
momentum by a beam of light. This second correlation relates the 
momentum p of the photon to the wave-length X in vacuo of the asso- 
ciated waves, and is expressed by the formula p = ///X. Or if we 
write cr to represent wave number—the number of waves per cm.— 
then the two correlations are expressed by the symmetrical formulae 

e = hv, 
p = ha. 
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In developing his idea of a possible wave aspect of the electron, de 
Broglie was led to the conclusion (partly, it appears by intuition and 
partly by considerations based on relativistic mechanics) that if elec- 
trons possess wave properties, the correlation between their wave and 
corpuscular aspects will be expressed by these same two formula?. 

It would lead us too far afield to follow even cursorily the further 
development of de Broglie's idea toward its original objective of ex- 
plaining the behavior of atoms as disclosed by their spectra. These 
interesting matters must be left with the mere statement that the 
mathematical researches of Schrodinger and others have led to a con- 
ception of the atom in which standing wave patterns replace the per- 
mitted electron orbits of the Bohr model, and from which it is possible 
to derive certain laws of spectra which previously could be given only 
as empirical rules. 

The immediate object which de Broglie had in view in postulating a 
wave aspect of the electron has thus been attained, and its attainment 
argues strongly, of course, for the soundness of the underlying concep- 
tion. It is not this spectroscopic evidence, however, which reveals 
most clearly the wave as a real and actual property of electrons, but the 
more direct and unequivocal evidence supplied by experiments de- 
scribed in following paragraphs in which streams of electrons are 
diffracted by crystals. 

It was implicit in de Broglie's earliest writings regarding electron 
waves that a stream of electrons moving with uniform speed along 
parallel lines will exhibit in appropriate circumstances the properties 
of a beam of monochromatic waves. De Broglie's first step was, in- 
deed, to associate a train of plane parallel waves with an electron 
moving with uniform speed along a straight line. It remained, how- 
ever, for the young German physicist Elsasser to point out the logical 
conclusion to which these speculations lead, and to indicate the crucial 
experiment by which they might be tested: to wit, that a beam of 
electrons scattered by an appropriate grating should exhibit the 
phenomenon of diffraction, and that the appropriate grating for this 
purpose is a crystal, since the wave-lengths calculated from de Broglie's 
formula for electrons of moderate speeds are like those of X-rays, of 
the order of one Angstrom unit. 

It is the demonstration of this phenomenon—the diffraction of 
electrons by crystals—which constitutes now, as has been intimated, 
the chief experimental evidence in support of de Broglie's conception, 
and it is with demonstrations of this kind that I am here primarily 
concerned. The first of these was made by Davisson and Germer, who 
showed in 1927 that beams of electrons are diffracted by a crystal of 
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nickel, and that the wave-lenghts X deduced from the diffraction- 
patterns for beams of electrons of various speeds v agree with those 
calculated from de Broglie's formula X = hjp = h/mv. A second and 
independent demonstration was made by G. P. Thomson, who showed 
later in the same year that beams of high speed electrons are diffracted 
on transmission through thin films of polycrystalline metal, and that 
electron wave-lengths computed from patterns so obtained verify the 
de Broglie relationship. 

It will be well, before considering these earliest experiments in more 
detail, to present certain others, made more recently, of which the 
interpretations are more simple. The simplest experimental result 
which suggests that electrons should be regarded as waves rather 
than as particles, is perhaps the regular reflection of a beam of electrons 
from the face of a crystal. The experimental arrangement used in 
demonstrating this phenomenon is indicated on the left in Fig. 1. 

ELECTRON GUN 

/«■ 
/HE x'A/ 

f" (J,T ft "ft COLLECTOR ft ft 

PRIMARY BEAM 
/ ^ 

CRYSTAL 

Fig. 1—Schematic diagram of apparatus for determining angular distribution of 
electrons scattered without loss of energy by a metallic crystal, and curves revealing 
specular reflection of 20-volt electrons. 

Electrons emitted by a hot filament are accelerated and formed into a 
beam, and this beam is directed against the face of a crystal target at a 
known angle of incidence. The target in this case is of nickel and its 
face is parallel to one of the principal sets of atom planes of the crystal 
(111 planes). The surface is etched and presents to the incident beam 
a multitude of crystal facets parallel to the plane of the target face. 
Some of the electrons on striking these facets are scattered without 
loss of energy. The distribution of these full speed electrons in and 
near the plane of incidence is then determined by explorations with a 
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Faraday collector as indicated. The results of investigations of this 
kind, exhibited by polar diagrams in the same figure, show clearly 
that the incident beam is regularly reflected as if from the crystal 
facets. 

The difficulty in explaining this result by the simple concept of elec- 
trons as particles is, that the surface of the crystal is much too coarse 
grained to serve as a reflector for particles as small as electrons; the 
diameter of the electron is of the order 10-13 cm., whereas, the diameters 
of atoms are of the order 10-8 cm.—greater by a factor 105—and this 
also is the order of the distance of least separation of atoms in the crys- 
tal face. It is hard to imagine how such a surface can appear smooth 
to the incident electrons. On the older views regarding interactions 
between electrons and atoms, the fate of an incident electron should 
be much the same as the fate of a comet plunging into a region densely 
packed with solar systems; the electron might emerge from the crystal 
without loss of energy after a fortunate encounter with a single atom, 
but its direction of departure should be a matter of private treaty 
between the individual electron and the individual atom—in particu- 
lar, it should not be influenced by the arrangement of atoms in the 
crystal. The fact that nearly all of the full speed scattered electrons 
move away in the direction of regular reflection from the crystal face 
means that three atoms at least are involved in the action, since this 
number is required to fix the plane of the reflecting surface. The 
simple observation described above is thus inexplicable in terms of 
atoms and electrons and their interactions as previously conceived. 

It is interesting to try to Imagine how this phenomenon would have 
been interpreted, had it been observed ten years ago. With de Brog- 
lie's speculations before us, we recognize it at once as one of the cir- 
cumstances in which the electron streams exhibits the properties of a 
wave train. The only restriction to this interpretation is that the 
wave-length must be assumed small compared to the linear dimensions 
of the reflecting surface. If wave-lengths are given correctly by de 
Broglie's formula they are, as has been mentioned, of the same order 
as those of X-rays. This explains why reflections such as exhibited in 
Fig. 1 are obtained from the face of a crystal, but not from a poly- 
crystalline surface, however highly polished; the reflected beam is syn- 
thesized, so to speak from a multitude of scattered waves spreading 
out from atoms regularly arranged in layers parallel to the surface— 
lacking this regularity the synthesis does not occur. 

The specular reflection of X-rays from a crystal face is, as we know, 
selective in the following respect: the intensity of the reflected beam 
passes through sharp maxima as the glancing angle 0 passes through 
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values which satisfy the Bragg formula sin 0 = n\/2d, where X repre- 
sents wave-length, d the distance between atom planes parallel to the 
surface, and n an integer. We expect this to occur with reflection of 
electrons, if the de Broglie waves are scattered by underlying atom 
layers as well as by the outermost. I will show later that the reflection 
portrayed in Fig. 1 is, indeed, selective. But with low-speed electrons, 
there are confusing complications which we can avoid by dealing with 
electrons of considerably higher speed; I will, therefore, begin by dis- 
playing the selective reflection of electrons accelerated through thou- 
sands rather than tens of volts only. 

—i—i—i—i—i—i—i—i—i—i 
2 4 6 8 10 

DEGREES 
Fig. 2—Photographic record of selective reflection of 53-kv. electrons by a crystal 

of iron—(100) face. 

In Fig. 2 we have a photographic record of the reflection of a beam of 
53 kilovolt electrons from a crystal of iron. The experimental ar- 
rangement is essentially the same as that indicated in Fig. 1, though 
devices rather more elaborate are required for producing electron beams 
of such speeds. A photographic plate set at right angles to the direc- 
tion of the primary beam and 30 or 40 cms. beyond the crystal replaces 
the exploring electrode. Each strip in Fig. 2 is the record of reflection 
at a particular angle of glancing. After each exposure the crystal is 
turned through the position of grazing (zero glancing angle), the pri- 
mary beam falls directly upon the plate, and its direction is thus 
recorded. These fiducial marks appear in a column on the left. The 

ORDER 
jlST 12ND |3RD |4TH 
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glancing angles are proportional (since all of them are quite small) 
to the distances from the spots formed by the primary beam to the 
edges of the respective fogged regions; the fogging is produced by gen- 
eral or random scattering and its sharp cutoff on the left marks the 
intersection of the plane of the crystal with the photographic plate. 
If reflections were specular but non-selective, a spot due to the reflected 
beam would appear on each strip as far to the right of the fogging edge 
as the fiducial spot is to the left. This is not what is observed; there 
is strong specular reflection at a series of equally spaced angles, and at 
adjacent angles weaker reflection which apparently is not regular. In 
other ranges of angle, there is no reflection at all. This is exactly the 
phenomenon observed with X-rays, the apparently non-regular reflec- 
tion is ascribed in the latter case to regular and selective reflection from 
parts of the crystal which are displaced somewhat from the mean 
orientation of the crystal as a whole—ascribed, that is, to imperfections 
in the crystal. The same explanation applies here. 

Here then is an experiment in which a stream of electrons exhibits 
the properties of a beam of waves. The mere occurence of specular 
reflection is, as we have seen, incompatible with the idea that electrons 
are simple particles, with such properties as are commonly ascribed to 
particles. The further observation that the reflection is selective in 
accordance with the Bragg law amounts to a demonstration that we 
are dealing with trains of waves—or, at least, to a demonstration of the 
convenience of this conception—for the Bragg law is simply and 
accurately explained as a consequence of interference among scattered 
waves expanding from regularly disposed centers, such as the atoms 
of a crystal. 

The data of the experiment enable us to calculate the length of the 
waves. From the Bragg law \ = 2d sin0/w; the reflections are from 
the (100) atom planes of iron for which = 1.43 X 10_8 cm. or 1.43 
Angstrom units; the value of sin0/w deduced from Fig. 2 and related 
data is 0.0189, so that X = 2 X 1.43 X 0.0189 = 0.054 Angstrom 
units. This is the experimentally determined wave-le?igth of 53 kv. 
electrons. 

We compare this with the theoretical wave-length computed from the 
de Broglie formula, X = hjp. The momentum ^ of a particle of rest- 
mass m and charge e which has been accelerated from rest through a 
potential difference Fin absolute units is given in relativistic mechanics 
by 

p = (2 Fm)1/2 l+J^T 
^ 2mc2 J ' 
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where c represents the velocity of light. Writing this into the de Brog- 
lie formula and evaluating constants for the electron one obtains as a 
close approximation. 

/ 1 Cf) \ 1/2 
x = f [1 -4.9 X lO-'V] 

for V in volts. Thus the theoretical wave-length of 150-volt electrons 
is one Angstrom unit or lO-8 cm., and the wave-length of the 53 kv. 
electrons employed in this experiment is 0.0546 Angstroms which is in 
good agreement with the value found experimentally. 

These results which are from previously unpublished data by Davis- 
son and Germer constitute perhaps the simplest demonstration of the 
wave aspect of electrons and verification of the de Broglie relation— 
the simplest, at any rate, in which use is made of crystal diffraction. 

E. Rupp has demonstrated the diffraction of electrons by an ordin- 
ary ruled optical grating and has obtained thereby values of electron 
wave-lengths which agree with the theoretical values within the rather 
wide limits of error of this border line experiment. This is, in fact, 
an experiment more immediately intelligible than any involving the 
use of crystals. But Rupp's photographic plates exhibiting these 
results are not very impressive, and, therefore, I have not arranged 
for their reproduction in this report. 

The Bragg reflection, though the easiest to interpret among the types 
of crystal diffraction, is not the most easily demonstrated, nor the 
most striking, nor yet the type which yields most information concern- 
ing the diffracting crystal and the atoms composing it. It is the Hull- 
Debye-Scherrer type of diffraction which is in these respects preemin- 
ent, and the type which has been most thoroughly investigated. A 
mass of finely divided crystals of random orientation is placed in the 
path of a beam of monochromatic radiation; a photographic plate set 
at right angles to the incident beam receives and records the radiation 
from the diffracting material. It is evident perhaps that the pattern 
produced by an aggregate of a very great number of crystals oriented 
at random will be the same as that generated by a single crystal turned 
into equally many random positions. Thus, if the material is iron, the 
single crystal in a particular orientation gives rise to the first order 
diffraction spot of Fig. 2; rotate the crystal about the primary beam 
and this spot generates a circle or ring—so also for the second and 
higher spots, each of them generates a ring. 

But the atoms comprising the crystal may be regarded as arranged 
in many different sets of planes—there are, in fact, an infinite number 
of such arrangements. Of these, one is unique in having a greater 
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spacing between planes than any other—a greater value of the constant 
d. The first order ring due to these planes is the smallest in the pat- 
tern ; the first order rings due to other arrangements follow in the order 
of decreasing values of d. These first order rings plus their companions 
of higher orders constitute the complete pattern of the aggregate. 
From the sequence of ring diameters, one infers the arrangement of the 
atoms in the crystal; from the scale of the pattern, the ratio of crystal 
spacing or "constant" to radiation wave-length; from the relative 
intensities of the rings, the way in which the scattering power of the 
atom varies with angle. The ring pattern is thus a storehouse of 
information concerning both crystal and wave. 

Patterns of this type for electrons were obtained first by G. P. 
Thomson; it was thus, in fact, that Thomson made his demonstration 
of electron waves. A great many such patterns have since been ob- 
tained and studied. Two beautiful examples by Wierl are reproduced 
in Fig. 3. The one on the left records the diffraction of a beam of 

Fig. 3—On left—diffraction pattern produced by transmission of 45-kv. electrons 
through thin silver foil—by R. Wierl. On right—pattern obtained by transmission 
of 36-kv. electrons through CCl, vapor—by R. Wierl. 

36 kv. electrons by a thin film of polycrystalline silver, the one on the 
right is for 45 kv. electrons diffracted by carbon tetrachloride vapor. 
The form of the pattern for silver—the particular sequence of ring 
diameters which it displays—is characteristic of the so-called face 
centered cubic arrangement of atoms, and agrees with the pattern 
similarly obtained with X-rays. The scale of the pattern with other 
data of the experiment, including the scale factor of the silver crystal, 
yields an "observed" wave-length of 36 kv. electrons in agreement 
with the value computed from the de Broglie formula. 

The pattern for carbon tetrachloride is bracketed with that for 
silver because the chlorine atoms in this molecule have the same ar- 

Ag CCh 
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rangement as the atoms in the crystal of silver. Four atoms only are 
required to fix a simple crystal arrangement; the chlorine atoms in 
CCU occupy the corners of a regular tetrahedron, and this figure 
determines the face centered cubic arrangement. The chlorine atoms, 
to which nearly the whole of the scattering is due, may thus be properly 
thought of as forming exceedingly small crystals of this structure; the 
vapor is thus a crystal aggregate similar to that of polycrystalline silver. 
The marked differences between the two patterns are due to the dis- 
parity in the number of atoms forming the individual crystals in the 
two cases. The number in the chlorine crystals—four each—is the 
smallest possible, and the "resolving power" of the crystal, regarded 
as an optical instrument, is in consequence the least possible. The 
form of the pattern for CCU accords with the tetrahedral arrangement 
of the chlorine atoms; the scale of the pattern with the calculated 
wave-length of the electrons fixes the length of the tetrahedron edge. 

The purpose of this report is accomplished with the description of 
these few representative experiments which reveal and demonstrate— 
so far as demonstration is possible—a wave aspect of electrons in 
conformity tvith de Broglie's conception. The experiments do not 
tell us in what medium, if any, the waves occur, with what speed they 
are propagated, whether they are longitudinal or transverse and cap- 
able of polarization—they tell us merely that when electrons reach an 
element of space from a given source simultaneously over different 
paths the resultant intensity (the number of electrons traversing the 
element per unit time, as we think of it) is not the arithmetic sum of 
various scalar contributions as we naturally expect it to be, but is 
given instead by the square of the sum of contributions which are vec- 
tor quantities—in precisely the manner with which we are familiar in 
optics. We must make the addition as if we were dealing with super- 
posed trains of waves—with due regard for phase as well as amplitude. 
This kind of addition is characteristic of trains of waves. When we 
find quantities which add together in this particular way we conclude 
that the quantities are, in fact, trains of waves; this is our reason for 
regarding light and X-rays as wave phenomena and it is our reason 
also for so regarding electrons. 

Having demonstrated the convenience, if not indeed the necessity, 
of regarding electrons in certain circumstances as waves rather than 
as particles, we enquire naturally if these waves are refracted on passing 
from one medium to another like the waves of light and X-rays, and 
whether or not they are polarizable. We rather expect to find that 
they do exhibit refraction, for if the wave-length of a beam of electrons 
in vacuo is given by X = (150/F)1/2 we expect that on passing into a 
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metal of which the thermionic work function is <p the wave-length of 
the beam will be altered to X' = [150/(F + «p)]1/2. We expect, in 
other words, that the metal will have for electrons accelerated through 
V volts a refractive index given by m = X/X' = (1 + ^/F)1/2- Some- 
thing of this kind is indeed found experimentally, though the phe- 
nomenon is less simple than we have here imagined. 

Evidence of refraction is contained in the experimental results dis- 
played in Fig. 4. The ordinates of this curve are proportional to the 

x 
Fig. 4—Curve exhibiting selective reflection of electrons incident at 10 degrees on 

nickel crystal—(111) face. Departures from simple Bragg law reveal refraction. 

intensity of the beam regularly reflected at 10 degrees incidence from a 
nickel crystal; the abscissa are proportional to the reciprocal of the 
wave-length of the incident beam. The maxima in the curve represent 
selective Bragg reflections of a sequence of orders, but are displaced 
somewhat to the left from the positions calculated from the simple 
Bragg formula, and indicated in the figure by arrows. 

The simple Bragg formula is derived with the assumption, however, 
that the refractive index of the crystal is unity. The more general 
formula for reflection from a crystal face is wX = 2d{n2 — cos2 0)l/2 

which reduces to the familiar form when the index ^ is equal to one. 
Thus if Xi represents the wave-length at which Bragg reflection of a 

,7 

.6 



560 BELL SYSTEM TECHNICAL JOURNAL 

given order is expected in = 1) and X the wave-length at which the 
reflection maximum is actually observed, then the refractive index of 
the crystal satisfies the formula 

Or if in agreement with our assumed dispersion formula fx2 — I = (p/V 
the constant <p will be given hy v = {Vi — V) sin2 0 where Fi and V 
are the voltages corresponding to wave-lengths Xi and X. 

On our simple view of the matter, we expect this formula to yield 
the same value of v for all orders of reflection and for all angles of 
incidence. This expectation is not, however, realized. From Fig. 4 
we obtain for the value of ^ for nickel 14 or 15 volts. But under other 
conditions values are obtained as low as 10 volts and as high as 20 or 
25 volts. The results shown in Fig. 2, if rightly interpreted, also are 
incompatible with the assumed law of dispersion. Thus, if d represents 
the calculated glancing angle at which the nth order Bragg reflection 
occurs for a given wave-length when n = 1 (<p = 0), then for ^ 5^ 0 
this reflection is to be expected at angle 0, such that 

It will be noted that the right hand side of the equation does not in- 
volve the speed or wave-length of the incident electrons from which 
we conclude that relative defections from the simple Bragg law should 
be as conspicuous for high speed electrons as for low, and this we find 
not to be the case; the reflections recorded in Fig. 2 conform to the sim- 
ple law, as if <p were equal to zero. The situation then is this, that 
while we have clear evidence that electron waves are refracted, the 
laws of their refraction are evidently not simple, and are yet to be 
discovered. 

I turn now to the polarization of electron beams. Rupp, in a re- 
cent series of remarkable experiments, has shown that a beam of elec- 
trons may, in appropriate circumstances, exhibit an asymmetry with 
respect to its direction of motion. In these experiments, beams of 
electrons are diffracted by thin films of gold and annular patterns are 
obtained like the one for silver shown in Fig. 3. They differ, however, 
from the patterns ordinarily obtained in that the individual rings are 
not uniformly dark all around, or as we say, in all "azimuths. In a 
certain azimuth the density of each ring is at a maximum, in the oppo- 
site azimuth (180° away) it is at a minimum—the rings are stronger or 
denser on one side of the pattern than on the other. This signifies a 

sin 0i 
sin 0 
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non-uniformity or asymmetry in the number of electrons scattered 
into the various segments of a ring, and is due to an asymmetry in the 
source of the electrons constituting the beam incident upon the gold 
foil. These, instead of coming directly from a filament or from a 
high voltage discharge, as is ordinarily the case, are electrons which 
have already been scattered through 90 degrees by a metal target. 
The primary beam of electrons moved in a line parallel to the diffrac- 
ting film and at some distance away; it fell upon a metal target; some 
of its electrons were scattered through 90° by this target, forming a 
secondary beam which was the one diffracted by the film of gold. 
Azimuths about a secondary beam formed in this way are not indistin- 
guishable: one of them is unique in containing the primary beam which 
fell upon the target. It is in this azimuth that the electrons are most 
copiously scattered by the diffracting film, and the rings are most 
dense. 

The sense of the effect may be stated in a different way. If the 
density of the rings were independent of azimuth, the mean total de- 
flection from the primary beam (the deflection at the target plus the 
deflection at the film) of the electrons forming the pattern would be 
90°: but actually, the mean deflection is greater than 90°. The elec- 
trons in the secondary beam have a bias toward a further deflection 
in the same sense as that which they received at the target. 

Rupp has further shown that the effect of passing the secondary 
beam (the beam from the target to the film) through a longitudinal 
magnetic field is, so to speak, to rotate the azimuth of polarization; 
the azimuth of maximum density is displaced from its original position 
(without magnetic field) in a sense which depends upon the direction 
of the field and by an amount proportional to the length and intensity 
of the field. 

The effect of a transverse magnetic field is different for different azi- 
muths; if the direction of the field is normal, to the plane of the primary 
beam incident upon the target and the secondary beam the effect is 
nil. If it is parallel to this plane the polarization of the secondary 
beam decreases as the field strength is increased; at a critical intensity 
depolarization is complete, and at intensities which are higher still, 
the polarization is reversed—the azimuths of maximum and minimum 
density are interchanged. In these tests with transverse magnetic 
fields the force on the electron due to its motion through the magnetic 
field is balanced by the force due to a suitably adjusted electrostatic 
field. 

The results obtained by Rupp in these experiments may be ex- 
plained by means of the concepts of electron spin and corresponding 
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magnetic moment. The spin-axes of the electrons of the primary 
beam we imagine to be oriented at random. But among the electrons 
scattered by the target this is no longer true; those scattered in any 
small solid angle have a non-uniform distribution in orientation; the 
resultant of all their spins is a vector normal to the plane containing 
the primary beam and the direction of scattering. Thus, the result- 
ant spin vector is everywhere tangent to circles about the primary 
beam, in the same general way as the magnetic vector in the field about 
a wire carrying an electric current. If the polarization process is one 
of selection—if, that is, the scattering material selects from the incident 
electrons those of a particular orientation to scatter in a particular 
direction, then it is to be expected that double scattering will exhibit 
just the type of asymmetry which Rupp actually observes. 

The effect of a magnetic field upon a spinning electron is to cause its 
spin vector to precess about an axis parallel to the direction of the 
field. The same statement may be made in regard to the resultant 
spin vector of an assemblage of electrons such as that which consti- 
tutes the beam incident upon the gold foil in Rupp's experiments. 
This action is competent to explain the various changes which Rupp 
observes in the state of polarization of the primary beam when it has 
traversed the differently directed fields. The magnitude of the effect 
yields a value of the ratio of the magnetic moment of the electron to 
its angular momentum and this agrees well with the theoretical value 
of this ratio, ejmc. 

It will have been remarked perhaps that in picturing these polariza- 
tion effects, we have reverted to the conception that electrons are 
particles. It is difficult to see how they are to be explained in terms 
of the characteristics of waves. There is, however, no particular 
reason for making the effort. Here, as in other circumstances, the 
choice of conception is entirely a matter of convenience. 



An Expansion for Laplacian Integrals in Terms of 
Incomplete Gamma Functions, and 

Some Applications* 

By EDWARD C. MOLINA 

Introduction 

LAPLACE has given us, in the Theorie Analytique des Probabilites, 
Book I, Part II, Chapter I, a method of approximating by means 

of series to the value of a definite integral of the type 

7=1"' yfry-i* • • • ynn<f>dx, 

where y\, yi, • • • yn are functions of x whose exponents 0i, 61, • • • dn 

are of the same order of magnitude as a large number d. The last 
function in the integrand, <£, embraces all factors whose exponents 
are of low order of magnitude compared with 6. The integral here 
considered must not be confused with the well known "Laplacian 
Transform" integral which is also embodied in the Theorie Analytique. 

When the function (^{x) is other than a mere constant, the Laplacian 
method as presented in the Theorie Analytique does not, in certain 
cases, give us a series which reduces to its first term as 9 approaches 
infinity. The object of this paper is to present a modification of the 
method which gives the desired result and to present two applications 
of considerable practical importance. The modification consists in 
divorcing the function 0 from the factors of the integrand raised to 
high powers and associating (/> with the factor (dx/dt) which makes its 
appearance with the Laplacian change of variable from rc to t. 

Deduction of Modified Expansion 

Setting 9 JO = ra we have 

yfiyf* • • • yn
9n = {y^yf* • • • yn

r-)e= /, 

(i) 1=S' ty(x^e<*'(x)dx' 

which we shall write in the form 

7 = jf [yCx^vWdxJ 

* Presented by title at International Congress of Mathematicians, Zurich, Swit- 
zerland, September, 1932. 
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where N = Q + w, (})w{x) = QyCc)]""^^). Introducing the parameter 
w does not constitute an essential modification of the procedure 
given by Laplace, but we shall find that w plays an important part 
when we come to applications of the expansion presented in this 
paper. 

In what follows it is assumed that yO) is a positive monotonically 
increasing or decreasing function in the range *1, the extension to 
a range of integration divisible into subranges within which y{x) is 
monotonic will be obvious. 

Let X be that one of the two limits Xu Xi for which y(x) has its 
greatest value; set y(X) = 7. Assume with Laplace that 

1 
(2) [log 7 - log yOxO]""1"1 = {x — X)g{x, X), 

u being a positive number or zero and g a function of which (x — X) 
is not a factor. Set 

(3) y = Ye~'u+1, 

t t2 t? 
(4) (f)w{x)(dx/dt) = ^4o + ^4x^1 + 2] + ■^3 3] * * *• 

These two equations give (certain well-known conditions being 
fulfilled) 

(5) 

Finally set Ntu+l = T and we obtain the modified Laplacian expansion 

(6) I = VT ( ^) Ti) - r.)] 

wherein 

Hb = 5 1 , 

Ti = iV[log 7 — log y(xi)], =0 if X = xc, 

Ti = iV[log 7 — log yfo)], =0 if X = x^-, 
r-T' 

P{HS, T') = 
TH-le-TdT 

V{HS) 

T' = 7! or r2. 
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For the computation of P{HS, T') recourse may be had to the 
extensive "Incomplete Gamma Function" Tables edited by Karl 
Pearson which give the ratio of the incomplete to the complete function. 
When IIa is a positive integer we have 

00 T'kp-T' 
P(H., r) = E 

l=H K- 

the well known Poisson Exponential Binomial Limit for which short 
tables will be found in Pearson's "Tables For Statisticians And 
Biometricians" and in T. C. Fry's "Probability and Its Engineering 
Uses." 

Applications 

I 

Consider the incomplete Beta Function 

I{p) = r (1 — x)n cxc ldx 
J o 

for positive integral values of n and c such that n is large compared 
with c. Its modified Laplacian expansion is 

I{p) — {c — 1)KW + + w)_mA(w, c — l)P(c + m, TV), m=0 

where Ti = —(«-)- w) log (1 — p) and, setting w = {d — c lO/T,1 

A(0,C- 1) = 1, 

AO,o-X)~(lYv 

A (2, c — 1) = ^ 

A{3), c — 1) = { 
\ 

-4(4, c - 1) = ( 

c + 1 
2 

c -p 2 
3 

c 3 
4 

(c - 1) + 3d2 

12 

(c - IV + d3 

5(e - I)2 - (2 - 30d2)(c - 1) + 15rf4 

240 

As many more coefficients as one desires can be obtained by means 
of the equations 

A(m,c-1) = ZCK 
t=o \ m + k 

Q(m + 1, ^) = (;» + k)Q(m, ^ — 1) + (w + k)Q{m, k), 

Q{o, o) = 1. 
1 See Appendix II for the details of the analyses. 
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The expansion given above for I{p) is of great practical value in 
connection with the evaluation of the incomplete binomial sum- 
mation. We know 2 that 

P(c;«,P)= £Q#"(i -/>)-* 

= (c - mn ~ O'S^ - x)n-'dx- 

therefore, we have 

P(c-. n. p) = , , "• ri E c - l)P(c + «. n). 
(w + w)c{n — c)! w=o\» + wj 

This approximation formula is submitted for ranges of values of c 
and n such that c is of the order of magnitude of yjn or less. But for 
values of P(c: n, p) which are of most interest, say, 

.0001 < P < .9999, 

c is of the same order of magnitude as 

a = np 

when w is a large number. Therefore, the formula is particularly 
valuable for values of p which are of the same order of magnitude as 
1 j-yjn or less. 

The first table at the end of this paper indicates the degree of 
accuracy obtainable by taking d = Q and using only one or two 
terms of the approximation for P{c\ n, p). The table also indicates 
the result of taking d such that 7^ = a = np, and using only one, 
two, three or four terms of the approximating series. 

I am indebted to Miss Elizabeth McCusker and Miss Catherine 
Lennon of the Department of Development and Research of the 
American Telephone and Telegraph Company for the computation 
work involved in the construction of the tables at the end of this 
paper. 

II 

Consider the Bessel Function 

'"(V = il,['(sinx)2" ^ ^ 
3 See Laplace, " Theorie Analytique des Probabilites," 1st edition, p. 151. 
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for b large compared with n, n being a positive integer. Writing 

leads us to the modified Laplacian expansion 

2b 

P(.n + i, 2b + w)S. 
V 7r(2o + w) 

where 

= L 
1 \ "' -Ain+Zm P(n + w + 1. 26 + w) n\ 

=o\86 + Awj 2(2n)\ P{n + ^ 26 -f w) {n + m)\ 

To determine the coefficients Ain+im we proceed as follows: 
For the integral now under consideration 

iV = 26 + Tf, *1=0, *2 = TT, 

y{x) = co8x)i X = 0, Y = I, 

(log Y - log y)* = (| - | cosx)i = xg{x), 

, 1 . ^ ^ (- I)**2* g(.r) = - sin ^ = E 
.v 2 t=o2"+l(26 + 1)! ' 

so that 

« = 1, y (a;) = e~l\ Ti = 0, r2 = 26 + w, 
<f>w(x) = (| sinx)2'^"1^2, 
Bon+2m = [n\T{n + !)/(« + w) !(2w) !22'"+1]^42n+2m. 

The relations above give 

<t>w{x){dx/dt) = 2/2"(l - t2)"-ie""\ 
Let 

i:A'Wst2"+2'/(2n + 25)! = 2/2n(l - Z2)""*, 
s=l) 

so that 

yl'an = 2(2w)!, 
:2n - l)(2w, - 3: 

2»-15! 

(t>w(x)(dx/dt) = ewlt'£A,2n+2s 

_ (- \)'{2n - \)(2n - 3) • • • (2n - 2s + \)(2n + 25)! 
2 ii+2(i —   

then 
^2 n+2s 

s=o (2« + 25)! 
A,2n+2sWk/k\ 

3 An expansion of this type for Bessel functions was derived many years ago by 
Madamard; see Watson, "A Treatise on the Theory of Bessel Functions," pp. 204 

= T. Zt2n+2a+2kA'W8w''/k\{2n + 25)! 
fc=0s=0 

and 205. 
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and m 
Ain+zmliln + 2m) \ = XXwA/^!)^4'2n+2m-2fc/(2« + 2m — 2^)! 

We must now assign a value to w. One which suggests itself is to 
take w such that the second term in our expansion for In{h) vanishes; 
in other words, such that A2n+2 shall be zero. This merely requires 
that we set w = n — 1/2, giving 

Ain = 2(271)!, A2„+2 = 0 
A2n+4 = - (2n- l)(2n + 4)!/2, ^2n+6 = - (2» - 1)(2« + 6)!/3 

A2n+8 = (2n - l)(2n - 5)(2n + 8)1/16, etc. 
For n = 1 and w = 1/2 we have 

A2 =4, ^4=0, Ae= - 360, As = - 13440, • • • 

«-'/,(*) = (26^-5) P(3/2' 26 + •5)/^T(2i> + -5) j Si 

wherein 

S.= l- 15(86 + 2)- 

The degree of accuracy obtainable when only one, two or three 
terms of .Si are made use of is indicated by the second table at the 
end of this paper. For some values of b, ranging from 6 to 16, com- 
parison is made between the successive approximations for e~bIi(b) 
and its true value as given by Watson in his Theory of Bessel Functions. 
The last three columns of Table II give the figures for w = 0 instead 
oi w = 1/2. 

Appendix I 

When the expansion of <j>„(x)(dxldt) is not obvious we may proceed 
as does Laplace in expanding (dx/dt). 

Equations (2) and (3) give 

(7) x = X + tg-K 

This last equation, together with the Lagrange-Laplace expansion 
theorem, gives for a function of x the expansion 
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But df(x)/dt = f'(x) (dx/dt). Therefore, taking f(x) such that f'(x) 
— (pw(x), 

A. = Dx' = %-, 
dx' 

= y-w E K [dx'(X - xyv+vg-t'+v+w^x)^, v=0Vl 
or 

(8) 
A. 
5! r=nv\ 

Wv [Z)I"_(u+1)l'0(^)g_(s+1)+(u+1),']:r=T 

p=0 "1 [5 - (« + !>]! 

Beta Function 
For the incomplete Beta Function we have, 

X=0, «=0, 7=1. g(0) = 1, 

c - 1 + r ,-c-l+r 

Therefore, 

yla _ /c — 1 + r \ [F>I'
,~''xc_1+rg_(,'+1_")]I=o 

- Z- 2. 1 r j (s -v)\ ' 

or 
o = 0 V. r=0 

As = s-a-D wvs-a-i)-, / c _ i + r \ [^,-(C-i)-o-rg-(S+i-v)]z=0 

si ,=0 vl rtl, / [s - (c - 1) - v - r]! * 

Since yl. = 0 for 5 < c — 1, set 5 = c — 1 + w; then interchanging 
w and m — v we obtain 

(9) 
Ae. c—l+m   7t)m—0 11 

= E 
c - 1 + r\ iDz'-'g-^+'^o 

(c - 1 + m)! B=o (m - v)! r=o \ c — 1 / (y - r)! 
To evaluate (9) we may have recourse to the formula 4 

(10) D,"g-s = S ( 

taking 

S+M\ p 
M j k, 

(- i)K(2x)D'V 

(5 + K)gs+K 

M = v — r, 

S = c + v- 
4 See formula 25, page 15, of Schlomilchs Hoheren Analysis, Band II, Dritte 

Auflage, 1879. I am indebted to Mr. J. Riordan of the Department of Development 
and Research, American Telephone and Telegraph Company, for calling my attention 
to this formula. 
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Bess el Function 

For the Bessel integral with b large compared with n we have 

X=0, u = 1, g(0) = 1/2, 7=1. 

«(x) = - sin^|)]}"= tixgY - (xeW 

= i (") (- 1)W+2'. 

Substituting in (8) we have 

A, ^ ^ , .N, /»\ [iV-2"*2n+2rg-('-2B-2o-2r+I>l-0 
7T-t?o^S(" ^ U; (r^ ' 

where 2R > s — 2n — 2v, note that if -R > w, then ^ ^ = 0. 

Since Aa = 0 for 5 < 2n and g is an even function of x, set s = 2n 
+ 2m. Then Leibnitz's theorem and interchanging v with m — v give 

AWm w"1-" ^ , ^Jn\ [Z)1
2"-2rg-(2"-2r+1)]z=o 

[U) {2n + 2m)\ hi™ - ^ V W (2^-2^1 

where again we may have recourse to (10) for the differentiations of 
negative powers of g{x). 

Appendix II 

Writing the incomplete Beta Function in the form 

lip) = f (1 - ^;) n+ui-^c 1 (1 _ x)-(c+w)dx, 
Jo 

we now have 

N = n w, Xi =0, X2 = p, 
yix)=i\-x), 7=1, X = Q, 

4,wix) = x'-^l - x)-(c+u'), 

log 7 — log y = - log (1 - x), 

= xgix), gix) = ^1 + f J ■ • • ] ' 

u = 0, 

y(x) = e-', 

T1= 0, 
Ti= - in + w) log (1 - p). 
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From these equations we derive 

(l)w{x) (dx/dt) = ewl{e' — l)11-1 

= E (- !)' (C ^ 1 ^ eU+c-i-*)* 

s = c — 1 + m. 
Therefore (see any work on finite differences), 

A c_1+m = Ae~1(«;)e~I+m = (— l)mA<:_1(— w — c + l)c-1+m. 
Now 

Ac-1(w)<:-I+m+1 = wAe~l(w)e~1+m + (c — l)Ac_2(7f + l)c—1+m 

= (w + c — 1) Ae_1(w) c~l+m -f- (c — 1) Ae-2(w) e-2+m+1. 

Increasing c by 1, decreasing m by 1 and setting 

Ac-i+m = (c - \)\A{rn, c — 1), 
we have 

A (m, c) — A (m, c — 1) = (w + c)A{m — 1, c) 
or 

AcA(mt c — 1) = {w + c)A(m — 1, c) 

where the subscript c implies that Ac operates on c. Assume that 

A{m, c - 1) = E Q(m, k) (C ~ , 
k=o \ wi -r k ) 

where the coefficients Q{mt k) are functions of w; then 

Ac^(m + 1, c-l)= EQ(m, k)(w+c) (C+/l) 
t=o \m-tK / 

= "£1[C»»+«C(«, k-l)+(w+k)Q(m, kn(C+.'" t=o -\m-\-k 

from which, by finite integration with reference to c, we obtain 

A(.m+l,c-l) = "z[(m+k)Q(mtk-l) + (w+kM'''.k)j(C~1+'"lt
1) t=o \ / 

so that 

Q{m + 1,0) = wQ(tn, 0), 

Q(m + 1, fe) = (m + k)Q(m, ^ — 1) + (w + k)Q{m, k), 
0 < ^ < m + 1, 

Q{m + 1, m + 1) = (2m + \)Q{m, m). 

Since 

A(0, c — 1) = 1 = (^ 1). 
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we know that <2(0, 0) = 1. Hence 

A(l, c - 1) = to(j) + (j) ■ 

A(,2,c- 1) = ^ + (3a' + ^ + 3(C 4 ^ 

/1(3, C-1) = '!O3(':^2) + (6W1 + 4id + 1)^C^2^ 

+ (15™ + 10)(<: + 2)4-15(C + 2). 

A(4, c - 1) = + 3) + (10^ + 10if2 + Sw + 1) ^ + 3) 

+ (45^ + 60itr + 25) ^ + 3^ 

+ (105^ + 105) f" | 3) + 105 (C g 3 ) ' 
etc. 

As yet the value of iv has not been specified. Since when m is an 
odd number and w = - (c - l)/2, the equation 

gives us 
Ac_i(w)c_1+"' = (- l)mAc-1(- w - c + l)c-1+m 

/ r — 1 \ c_1+m 

A-i ( - C-^ ) = 0, 

let us write w = (rf/2) - (c - l)/2, leaving d arbitrary: we obtain 

^4(0, c — 

A{\,c- 

A(2, c — 

A(3, c — 

AtA.c - 

= 1, 
_ ( c\d 

1/2' 

c + n r (c - ^ +3rf2 

>[ 12 

c + 2 \ r {c - 1)^ + ^ 
3 )[ 8 

c + 3 \ f 5(c — I)2 — (2 — 30rf2)(c - 1) + 15r/41 
4 / 240 J 

etc. Finally, for ^ = 0, or w — — (c — 1)/2I 

,4(0, c - 1) = 1, ^(1. c - 1) = 0, 

H(2, c - 1) = ^ ^ Ai3, c - 1) = 0, 

A{A, c — 1) = ( 
c + 3 \ / 5c — 

48 
-y A{5,c-1) = 0 

etc. 
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TABLE II 
Bessel Function 

e-H^b) 

b P 
w = n - 1/2 = 1/2 for n = 1 w = 0 

(P-Pl\ (p-p'\ (p-p'\ /P - PA /P - PA /P -P.\ 
\ P I \ P ) \ P I \ P / I P ) \ P ) 

6 .152052 -.007497 -.001457 -.000331 -.071134 -.004188 -.000701 
8 .134143 -.004043 -.000587 -.000098 -.051474 -.002187 -.000261 

10 .121263 -.002529 -.000293 -.000038 -.040358 -.001344 -.000125 
12 .111464 -.001731 -.000167 -.000018 -.033198 -.000911 -.000070 
14 .103698 -.001259 -.000104 -.000010 -.028198 -.000658 - .000042 
16 .097350 -.000958 -.000070 - .000006 -.024510 - .000497 - .000029 

P = value of e bIi{b) from Table II of Watson's Theory of Bessel Functions. 
( P — pm \ 
I—-p—= proportional error incurred by using the first m terms of the series 

for e~bIi(b) presented in this paper. 



Contemporary Advances in Physics, XXIV 

High-Frequency Phenomena in Gases, First Part 

By KARL K. DARROW 

This is an account of the behavior of conducting gases subjected to 
high-frequency electrostatic fields—behavior which can be interpreted, in 
many cases with striking success, by supposing that the free electrons 
wandering in the gas are set into motion by the field, and oscillate and 
drift according to laws which can be derived from our knowledge of the 
response of free electrons to steady fields. When a constant magnetic 
field coexists with the high-frequency forces, the phenomena become more 
complicated, but remain predictable. There are also peculiar phenomena 
indicating that the electrons in a conductive gas have certain natural 
frequencies of oscillation. Applications are made to the absorption of 
radio-frequency waves in ionized gases. 

IN this article I will describe some of the phenomena which are 
observed when the voltage across a region filled with gas is varying 

quite rapidly. Considered as a function of time, the voltage may be 
periodic, a sine-wave with uniform amplitude and of a frequency 
somewhere between a few thousands and a few hundreds of millions 
of cycles per second. It may be a succession of highly-damped 
wavetrains, each commencing with a rapid rise of voltage and con- 
tinuing in oscillations of high frequency but swiftly declining ampli- 
tude, which die away into nothing and after an interval (it may be of 
a few hundredths or a few thousandths of a second) are followed by 
another train. It may be a brief irregular spasm of electromotive 
force, of which the highest value of the voltage is measured or merely 
guessed. In the gas itself there may be the phenomenon of sudden 
and violent breakdown; or the establishment of a self-sustaining 
luminous discharge, like in aspect to a glow or an arc; or merely a 
vibratory motion of electrons, freed by other agencies and set in 
motion by the oscillating field. 

One might regard this as a subject which physicists had better leave 
alone, until they have full understanding of the seemingly much 
easier problems of discharges across a gas exposed to a constant 
voltage. So great are the apparent advantages of steady or "direct- 
current" discharges for the student, so great the apparent inconveni- 
encies of high frequencies, that one might reasonably think it futile to 
assail the latter with weapons which have not yet overcome the former. 
Thus, in a self-sustaining glow maintained by a constant voltage, there is 
a peculiar distribution of space-charge, which distorts the field between 

576 
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the electrodes in a characteristic way, and manifests itself by a striking 
subdivision of the gas into zones of light and zones of darkness, 
differing much from one another in their electrical state as well as in 
their aspect. This distribution is not established instantly; would 
one not do better to examine it at leisure and understand it in full for 
each separate value of voltage, before beginning to study discharges 
in which it is continually changing over from the form appropriate 
to one voltage into the form appropriate to another? or discharges 
in which the voltage is varying so rapidly, that the gas is always in a 
state of transition, never even approaching the equilibrium appropriate 
to any steady value of voltage whatever? 

Well, this is not necessarily to be supposed! it may be that when 
the voltage across the gas varies with extreme rapidity, the gas itself 
enters into a sort of equilibrium-state, perhaps even a more intelligible 
state than that which it attains when it is allowed an ample time to 
adjust itself to a constant value of voltage. The simplicity of certain 
empirical laws of the high-frequency glow suggests this, as also does 
the aspect of the glow. There is also the following argument, rather 
paradoxical in sound, perhaps, but forcible. A self-sustaining direct- 
current discharge, a glow or an arc, involves a steady outflow of 
electrons from its cathode. This outflow must be maintained by 
agents coming out of the gas itself—photons and positive ions and 
excited atoms, which are generated in the gas by the discharge and 
fall upon the cathode. Of the relative prominence of these agents, 
little is known—it forms one of the major problems of the steady dis- 
charge in gases; but at least it is certain, that they owe their existence 
and their effectiveness largely to the distribution of space-charge in the 
gas. The distribution of the space-charge therefore is controlled by 
the requirement (or seems controlled—one never knows what is cause 
and what is effect) that the electron-outflow from the cathode must 
be kept at a level suitably high. Now in the high-frequency discharge, 
the demand for electrons from the cathode is attenuated or abolished; 
witness the fact that such discharges may be maintained when the 
electrodes are separated by insulators from the gas! The peculiar 
disposition of the space-charge is therefore not demanded, at least not 
to so great an extent; conditions are intrinsically simpler. 

This feature of high-frequency discharges—their competence to do 
without electrons from the cathode—requires attention. It is derived 
from a fundamental principle, which one is all too likely to forget 
if one has long been occupied with steady currents: the principle of 
Maxwell, that an electric field when varying in time is equivalent to 
a current. Let us apply this principle to a current in a circuit (Fig. 1) 
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composed of a source E of electromotive force; wires leading (one of 
them through a galvanometer G) from the opposite poles of the 
source to electrodes A and C\ and a gas between the electrodes. For 
convenience let us imagine the gas enclosed in a cylindrical vertical 
tube, the electrodes near its ends. 

Take up first the direct-current discharge; say the cathode is above; 
consider any surface, S, cutting across the gas which the tube encloses. 
After the steady state is established, there will be positive ions 
crossing the surface on their way toward the cathode (upward) 

Fig. 1—Illustrating an internal-electrode tube for the transmission 
of high-frequency current through gas. 

and negative ions crossing it on their way toward the anode (down- 
ward). We may speak of these, both classes, as ions going in 
the "right" direction. The total charge which they carry, as many 
of them as cross in unit time, will be the current across the surface 
—if there are no ions going in the "wrong" directions. But in 
a luminous discharge there are generally positive ions crossing toward 
the anode and negative ions crossing toward the cathode. The sum 
of the charges which they carry must be subtracted from the former 
sum; or, to express the idea better, they must be added with a 

s 
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negative sign. We have to form a fourfold sum: charges borne by 
positive ions going up and charges borne by negative ions going down, 
with plus sign; charges borne by negative ions going up and charges 
borne by positive ions going down, with minus sign. The terms of 
this fourfold sum may vary from one to another of the surfaces 
intersecting the tube (in general, they do) but the sum remains the 
same; it is the current through the gas. It is also the current flowing 
through the plane of the cathode-surface (it may then consist of two 
terms only, electrons emerging from the cathode metal and positive 
ions impinging on it; or it may involve the two additional terms, 
because of electrons falling upon the cathode and positive ions re- 
bounding from it). It is also the current flowing through the wires, 
and the current measured by the galvanometer at G. 

Now for a high-frequency discharge, this must be modified. The 
fourfold sum aforesaid is not the whole of the current. Or rather, we 
might call it the whole of the current, but then we should be compelled 
to say that the current across the various cross-sections of the circuit is 
not the same, and is not measured by the galvanometer. We do 
better to follow Maxwell, or rather the usage which developed out of 
Maxwell's theory: call it the "net convection current" and introduce 
the name "displacement current" for the quantity which must be 
introduced, in order to get a sum which is the same for all the cross- 
sections of the circuit and equal to the reading of the galvanometer. 
Nor is this "sum" to be obtained by simple addition. We are obliged 
to take into account another complication, from which direct-current 
discharges are free: the necessity of distinguishing between a current- 
component which is proportional to the voltage and a current-com- 
ponent which is proportional to the rate of change of the voltage; or, 
to take the simple case of a sinusoidal voltage, the current-components 
which are respectively "in phase" and "in quadrature" therewith. 
The displacement-current belongs entirely to the latter component, 
while the convection-current may belong partly to the one and partly 
to the other, as I will presently illustrate. 

It is, then, not required that the net convection-current should be 
the same all through the gas; much less, that it should be the same 
as the current reported by the galvanometer. At sufficiently high 
frequencies, electrons and positive ions may oscillate in the interspace 
between anode and cathode without reaching either, if they start 
their independent careers far enough off from both. Can one attain 
a condition in which there is a convection-current of oscillating ions 
in the middle of the gas, but none whatever in the vicinity of the 
electrodes, and no electrons escape from the metal of the cathode into 
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the gas? Without an impervious screen between the metal and the 
gas this would, I suppose, be impracticable; but if there be such a 
screen—if for instance the electrodes are outside of the glass-walled 
tube containing the gas, instead of being inside—it can be achieved. 
The ions in the imprisoned gas can be set into oscillatory motion by 
an alternating voltage applied to electrodes outside; indeed, a self- 
sustaining luminous glow-discharge can be maintained within the tube; 
the charged particles which vibrate in the shining gas never enter 
the metal parts of the circuit nor transfer their charges to these. 
Only by invoking Maxwell's concept of the displacement current are 
we able to contend that there is continuity of current-flow around the 
circuit and across the gap between the anode and the cathode. 

The so-called "current through the gas"—i.e. the reading of the 
galvanometer in series with the circuit—is therefore a datum decidedly 
remote from the phenomena within the gas. Even in the simplest of 
all cases, that of a direct-current discharge, it merely gives the sum 
of the four terms aforesaid, not the value of any individually. In the 
much more intricate case of the high-frequency discharge, it is a com- 
bination of the four terms aforesaid and the displacement-current. 
This is probably why it figures so little in accounts of the high- 
frequency discharge. 

If the current through the gas is hard to interpret when measured, 
the voltage across it may present an easier problem, or may on the 
other hand be unmeasurable altogether. The simplest case of all is 
that of a gas in contact with electrodes (as in the tube of Fig. 1) 
between the two of which an undamped sinusoidal voltage is applied. 
An alternating-current electrostatic voltmeter, of one type or another, 
shunted across the electrodes, will give the "effective" or "root- 
mean-square" value of the potential-difference between them. It is 
often the maximum value of the voltage which the experimenter 
wants, or thinks that hewants; to get it he must multiply the reading 
of the voltmeter by V2. This is not the proper factor unless the 
voltage is truly sinusoidal; the observer must find out about this 
(by using an oscillograph to make the waveform visible, or by hunting 
with a wavemeter for harmonics of the fundamental frequency) and 
use a different factor if the waveform is distinctly not a pure sine- 
function. If the electrodes are outside of the tube containing the gas, 
some part of the potential-gradient between them is located in the 
insulating walls, and does not act upon the gas. If the voltage is 
applied as a sequence of highly-damped short wavetrains with intervals 
between, the problem of determining its maximum value is a serious 
one. Perhaps the best available methods have never been applied in 
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experiments in this field; at any rate, many a physicist has contented 
himself with measuring something which he thought to be proportional 
to the maximum voltage, without knowing what value to assign to 
the factor of proportionality. 

The toughest problem of all, in respect of measuring current and 
voltage—or let me say, in respect of finding something significant to 
measure—is forced upon us by a form of discharge which Hittorf 
invented (this is probably a more suitable word than "discovered") 
in 1884. He wound a wire spirally around a tube containing air at 
low pressure, connected the spiral across a Leyden jar and the terminals 
of an induction-coil, and thus sent through the wire a sequence of 
current-pulses which were highly damped wavetrains; they incited a 
brilliant glow in the tube. Within the spiral, and therefore pervading 
the gas in the tube, there was of course a magnetic field parallel to 
the axis and alternating its direction with the alternations of the 
pulsing current. There was also a circular electric field due to the 
varying magnetic field, pointing alternately clockwise and counter- 
clockwise around the axis. Also there was a varying electric field due 
to the alternating potential-differences between the windings of the 
spiral. All of these three must have influenced the mobile ions of the 
gas! Often, as Thomson was later to stress, the discharge takes the 
form of a brilliant ring, thus suggesting that it is the second of the 
fields which dominates. But the problem of their relative responsi- 
bilities is a subtle and very difficult one; and the "ring discharge" is 
as troublesome to elucidate by theory, as it is easy to realize in practice. 

I have written thus far as though we were concerned entirely with 
two sorts of stable conditions: the self-sustaining luminous high- 
frequency discharge, and the oscillations of ions in a gas where the 
supply of ions is maintained not by the alternating voltage but by 
some other agency acting independently. We are concerned with 
these, and with a third matter as well: the process of "breakdown," 
the sudden onset of the self-sustaining discharge which occurs when 
the amplitude of the high-frequency voltage across a gas hitherto 
tranquil is elevated past a critical value. This critical value or 
"breakdown-potential" is the most frequently measured of all the 
measurable qualities of the discharge; though strictly speaking it is 
scarcely a quality of the discharge, but rather of the tranquil gas of 
which it marks the oncoming transformation. Presumably it is 
preceded by an intermediate state, in which the oscillating voltage 
both displaces the ions in the gas, and gives them energy enough to 
form others; but of this we as yet know little. 
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I will arrange the optics much as I have previously arranged them 
in the description of direct-current discharges:1 first, the observations 
on gases independently ionized and exposed to an oscillating voltage 
which displaces the independently-formed ions; then the observations 
on breakdown or transition, in which the oscillating voltage is raised 
to such a value that it initiates and maintains a self-sustaining dis- 
charge; and finally, the observations on the self-sustaining discharge 
itself. Beforehand, though, it will be convenient to derive some 
equations describing the presumable behavior of ions in gases exposed 
to alternating fields. 

First, consider a charged particle free to move in a vacuum, and 
exposed to an alternating electric field. One might expect it to 
oscillate to and fro across a fixed point, like a simple harmonic vibrator. 
This however occurs only in a special case. In general, the particle 
will oscillate about a point which glides at uniform speed along the 
direction of the field. For, let us write down the equation for the 
acceleration of the particle, denoting by e its charge, by m its mass, 
by £o the amplitude and by v the frequency of the field E, which last 
we suppose directed along the axis of x: 

m{d2x/dl2) = eE = eEQ sin Irvt. (1) 

Integrating once, we obtain for the speed of the ion, 

dx/dt = (1 — cos ZtvI) + I'd, (2) 
2irv m 

and integrating a second time, we obtain for its displacement from the 
point which it occupied at t = 0: 

/ 1 e-Eo , \ , 1 e-Eo • 0 j r7\ x =   \- v0)t - T-n —sin 27ri'/. (3) 
\ 2ttj' 77i ) 4Try m 

The first term on the right of equation (3) represents the steady 
drift of the centre of oscillation, the second term the oscillation to 
and fro across this centre. 

The speed of the steady drift is the coefficient of / in equation (3). 
Its value depends on that of the constant of integration z;o, which, as 
one sees from equation (2), is the speed (or rather, the x-component 
of the velocity) of the ion at the instant / = 0 when the electric field 
passes through zero. If this speed just happened to be equal to 
eEol2irv77i, and directed in the sense opposite to that in which the 
increasing field was about to draw the ion, the particle would oscillate 
about a fixed point; the amplitude of its vibrations would amount to 
c.Eo/47rVm, its maximum kinetic energy to c2iio2/87rVw. But this is 

1 In a recent book, "Electrical Phenomena in Gases," abstracted in the July 1932 
Bell Sys. Tech. Jour:, and to which I refer at various points in this article. 
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a very improbable event; it is difficult to conceive of any mechanism 
plausible or unplausible which would endow all the ions in a gas 
with such an initial speed. We can scarcely make use of any but the 
most general formulse; among which I choose those for the drift- 
speed u and the maximum kinetic energy Km of the ions: 

1 eEa 
n = ^ 1- fo, 

lirv m 

„ 1 r , 1 (4) 

Km= - m fo H   
1 L irv m ] 

If we knew the distribution-in-speed of the ions at the instant t = 0, 
and they were in a vacuum (i.e., never collided with atoms), we 
could predict their future motions. But they are not in a vacuum, 
and we do not know their distribution-in-speed at / = 0. What use, 
then, can be made of the equations? 

Little or nothing, I am afraid, of such definiteness as to permit of 
exact and verifiable predictions about high-frequency discharges! 
After all, it is of the essence of a discharge that the phenomena occur 
in a gas where molecules and ions make collisions with each other; 
inferences drawn from the assumption that ions never collide with 
molecules are not likely to be close to truth. Nevertheless we may 
make some deductions of general value. 

Thus: the expressions for the amplitude of the vibration of the ion, 
the constant speed of the point about which it vibrates, and the 
maximum kinetic energy acquired by the ion, all of them decrease 
when m is increased. All of them either are inversely proportional 
to m, or else involve a term inversely proportional to m. Therefore 
all of them are much smaller for positive ions than for free electrons. 
If a gas contains ions of both these kinds, the free electrons have by 
far the most energy, oscillate the farthest and drift the fastest. On 
this account we may often pretend that all the ions in the gas are 
stationary, excepting only the free electrons; and I shall often make 
this pretence. 

Again: the fact that the center of oscillation of each ion drifts 
(except in a special case, presumably very rare) suggests that even 
in a vacuum it is impossible to confine the ions to any restricted part 
of the region between the electrodes. 

Finally: the value given in (4) for the maximum kinetic energy of 
the ions, with the particular choice of zero for the value of may 
be taken as an indication of the order of magnitude of the energy 
which an ion might acquire in a gas not so dense but that occasionally 
it might run without a collision for a time as long as the duration of 
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one oscillation. But for more than the order-of-magnitude we should 
certainly not rely on it! 

Since allowance should be made for the collisions of the ions with 
molecules of the gas, let us do what is customary in physics: rush to 
the extreme, exaggerate the effect instead of neglecting it, and suppose 
that collisions are so frequent that their net influence upon a wandering 
ion amounts to a force of the type called "viscous" or "frictional"— 
a force proportional and oppositely directed to the velocity of the 
particle. Into the equation of motion we introduce a new term, so 
that it takes the form: 

m{d2x/dt2) + g{dx/dt) = eE = eE0 sin nt (5) 

g standing for the new "coefficient of friction," and n being written 
for 2irv so as to avoid constant repetition of the factor 2tt. One 
integration is sufficient to bring out the important point; we obtain: 

dx = eg F _ me dE^ ^ 
dt m2n2 + g2 m2n2 + g2 dt 

If now we multiply each member of the equation by Ne — N standing 
for the number of ions per unit volume—each becomes equal to the 
current-density borne by ions in the gas. 

Notice now an important thing about this expression for current- 
density. It consists of two terms, one of which is proportional to the 
fieldstrength £, while the other is proportional to the time-derivative 
of the fieldstrength—two terms, therefore, of which one is in phase 
with E and the other in quadrature with E. The first we may set 
down in the following equation: 

Ne2g 
Current-density in phase with fieldstrength = m2nz ^ E = aE (7) 

and we may apply the name "conductivity" to the coefficient tr. 
The second must be treated differently. By itself it is not the whole 
of the current-density in quadrature with the fieldstrength; there is 
the displacement-current also to be taken into account, equal to 
(l/4:TT)(dE/dl). Then we must write: 
Current-density in quadrature with fieldstrength 

1 / _ 4irNe2m \dE_ e dE , , 
Air \ m2n2 + g2/ dt 4ir dt 

and we may apply the name "dielectric constant" to the coefficient e. 
Say now that we can ionize a gas abundantly, as for instance by 

maintaining an intense direct-current discharge across it between 
auxiliary electrodes; and that we can apply a small oscillating voltage 
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transversely, between a pair of electrodes facing one another like the 
plates of a condenser; and that we can measure, in the circuit con- 
taining this oscillating voltage and these condenser-plates, the compo- 
nents of current in phase and in quadrature with the field—then by 
equations (7) and (8), we can determine N and g. Or if we can 
measure either component by itself, and N in some independent way, 
we can determine g and test the equations by comparing its value 
with one derived from our knowledge of the flow of ions through 
gases in a steady field. I will describe how this is done, after giving 
equations for a more special and a more general case. 

If the coefficient g is very large compared to mn—we shall later 
see that this is the same as saying: if an ion makes very many collisions 
with molecules during a single cycle of the applied field—the compo- 
nent of convection-current in quadrature with fieldstrength almost 
vanishes. The ions describe simple-harmonic vibrations about fixed 
centres (there is no possibility of a steady drift of the centre of vibra- 
tion), the velocity being in phase with the field; the amplitude of 
vibration is easily shown to be given by this expression: 

Amplitude = eEo/lTrvg = ixEq/Ittv. (9) 

I take this opportunity of mentioning that the quantity e/g, the 
quotient by E of the drift-speed attained by the ion under a steady 
field of strength E, is called the "mobility" of the ion at the pressure 
in question, and is denoted by p. 

If the equation of motion of the ion includes in addition to the two 
terms in the left-hand member of equation (5) a third term fx (I have 
written it out with this additional term farther along in the article, 
as equation 26), the expressions for the current-components in phase 
and in quadrature with field strength involve the coefficient /. The 
formulae for a and e become the following: 

j _ Ne2Z _ AirNe^m - (//n2)] 
[(//«) - + g2 [(//w) - mnj + g2' ^ 

The term in question and its coefficient/would naturally be introduced 
if we were dealing with bound electrons, but it seems odd to postulate 
such a term in speaking of freely-moving electrons or ions; nevertheless 
there is reason to do so, as I will later mention.2 

When a gas containing free electrons is traversed by electromagnetic 
waves, there is at every point an oscillating electric field having the 
frequency of the waves, and the electrons vibrate according to the 

2 There is also an allowance for polarization which should be made if extreme 
accuracy is desired. See Appleton & Chapman, I.e. infra. 
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foregoing laws. The waves are then absorbed—that is to say, their 
amplitude lalls off exponentially as they progress—and their phase- 
velocity is altered. In the particular case in which g and therefore fl- 
are negligibly small, there is no absorption, and the phase-velocity is 
altered in the ratio 1 : Ve—a fact which is described by saying that 
the index of refraction of the electron-populated gas is equal to Ve. 
Since e is less than unity according to equation (8), the waves go 
faster than they would if there were no free electrons roaming the gas. 
Formulae for index of refraction and absorption-coefficient, in.the 
general case in which g and a do not vanish, are given further along 
in this article (equations 15, 16). The transmission of radio waves 
through the atmosphere of the earth, in which free electrons are 
present in a concentration varying greatly with altitude, is much 
affected by this refraction. 

Experiments on Oscillation of Electrons in Ionized Gases 

There is a method which, in principle, is adequate for measuring 
the dielectric constant and the conductivity of an ionized gas subjected 
to high-frequency vibrations; adequate therefore, in principle, for 
testing the expressions (7) and (8), for evaluating the quantities g 
and N which figure in those expressions. I will describe the method, 
first in the form in which it was applied to ionized air by Szekely, 
with results which are of some interest in themselves but mainly 
serve to illustrate how great a gulf intervenes between "adequate in 
principle" and "adequate in practice." 

The gas—air at some pressure of the order of a few hundredths of 
a millimeter of mercury—was contained in a long tube, having elec- 
trodes near its ends whereby a direct current could be passed through 
the tube, maintaining the air in a state of intense ionization. Inside 
the tube and near its middle were a pair of parallel plane electrodes, 
rectangular in shape (18 by 42 mm.) and 4.5 mm. apart; to these 
the high-frequency voltage was applied; I will speak of them hereafter 
as "the ionization-condenser." When the direct current was flowing, 
a self-sustaining glow-discharge existed in the tube, and the ionization- 
condenser was submerged in the negative glow thereof. 

The ionization-condenser was shunted by an adjustable condenser 
outside of the tube, and the two of them by an inductance and an 
adjustable resistance; all this constituted a circuit—I will call it 
hereafter the "high-frequency circuit "—coupled at one place to a 
source of high-frequency E.M.F., at another place to a detector. 
With such an arrangement, when one varies the capacity of the 
adjustable condenser and leaves everything else unchanged, the 
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current in the circuit (measured by the detector) passes through a 
maximum at a certain setting of the capacity. At the attainment of 
this maximum, the system is said to be in resonance. 

In Szekely's experiments, the adjustable condenser was set to 
produce resonance in three different conditions: in case (a) the ioni- 
zation-condenser was entirely disconnected; in case {h) it was con- 
nected, but there was no direct-current discharge flowing in the tube, 
and the air was not ionized; in case (c) it was connected, and the air 
was ionized by the direct-current discharge. The values Ca, Cb, Cc 

of the adjustable capacity were measured at resonance under the 
three conditions; their differences give the values of the capacity of 

DETECTOR 

IONIZ ATION 
CONDENSER 

Q0QQ00QQ / 

SOURCE OF 
HIGH FREQUENCY 

Fig. 2—Illustrating a method for measuring dielectric constant and conductivity 
of an ionized gas (between the plates of the " ionization-condenser"). 

the ionization-condenser (plus that of its leads, which apparently is 
a large part of the total) when the gas is ionized and when it is not. 
Out of these data one may calculate the dielectric constant of the 
ionized gas. As for the conductivity: the values imb and imc of the 
high-frequency current at resonance are different in cases (b) and (c), 
smaller in the latter. After measuring imc, one may return to condition 
(b)—shutting off the direct-current discharge—restore the resonance, 
and reduce imb to the value just found for imc by adding resistance to 
the circuit. From the amount p of added resistance which is necessary 
to achieve this, one may calculate the resistance between the con- 
denser-plates when the air is ionized; and thence—taking account of 
the size and shape of the plates and the distance between them— 
the conductivity of the ion-populated air. 

Everything thus is apparently provided for testing the expressions 
and determining the constants derived from the theory of electrons 
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oscillating in the ionized gas. But, the results of the experiments 
were not agreeable. True, in one important respect there was con- 
cordance with theory. Szekely measured the resistance of the 
ionization-condenser (or, to express it better, the resistance of the 
ionized air between the plates) for various values of the direct current 
sustaining the ionization, and various frequencies ranging from one 
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Fig. 3—High-frequency resistance of ionized rarefied air, plotted against square 
of frequency. (A. Szekely: Annalen der Physik.) 

to five millions. Plotting against the square of the frequency those 
values of resistance which belonged to one and the same strength of 
direct current, she obtained ascending straight lines (Fig. 3). Now, 
this agrees with the equation (7) supplied by the theory, according 
to which the reciprocal of the conductivity of an ionized gas is a 
linear ascending function of frequency squared, if N be constant; 
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but the values computed from these curves for N and g are not very 
plausible, as I will later stress. What is much more serious: the 
capacity of the ionization-condenser is increased by ionizing the air; 
the dielectric constant of the ionized air is greater than unity, instead 
of less! The method therefore, adequate as it seems in principle, 
suffers from some defect or defects, which it is important to discover. 

One of these defects was recognized towards 1925 by Appleton, 
who in previous work by the same sort of method had obtained the 
same bothersome result: when the air was ionized, the capacity of the 
ionization-condenser usually went up instead of down (although he, 
and van der Pol before him, did have the satisfaction of observing a 
decline of the capacity, when the strength of the direct current and 
hence the degree of ionization were relatively low). This however 
he explained by taking into account the space-charge sheaths of positive 
ions which form upon plates immersed in a strongly-ionized gas, 
or for that matter upon the walls of the tube containing the gas, 
if they are allowed to assume the potential which they naturally seek.3 

If each of the two plates of the ionization-condenser is overspread 
by a positive-ion sheath of thickness x {x being less than half the 
distance d between the two plates, otherwise the sheaths would 
overlap) the system behaves not like a single condenser but like two 
in series. The capacity of each of the two, according to Appleton 
and Childs, varies inversely as x; their formula for each is AK/3irx, 
K standing for what they define as "the effective dielectric constant 
of the sheath" and A for the area of the plate; it differs from the 
customary formula for the capacity of a plane condenser—AK/Arx— 
because of the distribution of charge in the volume between the 
plate and the outer edge of the sheath. The capacity of the two in 
series is AK/6irx. If x is sufficiently small, this will be considerably 
larger than the capacity A/Aird of the ionization-condenser as it was 
when the gas was not yet ionized; and the change in capacity occurring 
when ionization is started will consist chiefly of the substitution of 
the value AK/6irx, for the value A/Ard—even the influence of the 
layer of ionized gas between the outer surfaces of the sheaths will 
be minor. 

If these ideas are correct, then when x is small the change of capacity 
of the ionization-condenser should vary inversely as .r, provided we 
can vary ^ without altering K. Now when the potential V of the 
plates relative to the bulk of the ionized gas is varied, and the intensity 
of the ionization in the gas remains the same, the thickness of the 
sheath varies as V3li while the current-strength across it remains 

3 "Electrical Phenomena in Gases," pp. 355-371. 
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unchanged.4 If K remains the same, then the increment of capacity 
due to the ionization should vary as F3/4; its logarithm should be a 
linear function of the logarithm of V, the line having slope — 3/4. 
This inference was tested by Appleton and Childs, with the favorable 
result displayed in Fig. 4. 

The space-charge sheaths thus furnish an explanation for the 
unexpected sign of the change in capacity occurring when the gas is 
suddenly filled with ions—an explanation releasing us from having 
to assume that the dielectric constant of the gas rises above unity, 
in contradiction to the simple theory. 
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Fig. 4—Alteration in capacity of a stratum of ionized gas, ascribed to the for- 
mation of positive-ion space-charge-sheaths along the surfaces of the electrodes 
bounding the stratum. The slope of the line is — (E. V. Appleton ot E. E. 
Childs; Philosophical Magazine.) 

Could the sheaths be eliminated? If x is allowed to increase 
indefinitely, several things happen; in particular, the assumption that 
the thickness varies as F3/4 and the assumption that KI6irx is much 
larger than \/Ard depart further and further from the truth, and 

4 "Electrical Phenomena in Gases," equation (182), page 360. The equation is 
the familiar "three-halves-power equation," which derives its usual name from the 
relation between voltage and current-density with which we are not here concerned. 
It is valid only if the ions mostly cross the sheath without collisions, an important 
restriction. 
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when x passes <//2 the sheaths overlap and the conditions change 
entirely. Other things being equal, x increases as the number of ions 
per unit volume of the gas outside the sheath decreases; and it is 
actually found that as the direct current maintaining the ionization is 
reduced, the incfease of capacity due to the ionization is also reduced, 
passes through zero, and becomes a diminution as the simple theory 
indicates. 

One might on the other hand get rid of the sheaths altogether, by 
adjusting the (mean) potential of the plates to so low a value that 
a: vanishes, instead of leaving it to seek its own level. This has 
recently been done by Childs, though for some reason he chose to 
study not the dielectric constant, but the conductivity of the ionized 
air. A galvanometer was coupled into the high-frequency circuit, 
which was tuned to resonance when the mean potential of the plates 
had been so adjusted that the visible sheaths had just vanished. 
The reading of the galvanometer was taken; the current maintaining 
the ionization (it was 300-cycle A.C., instead of D.C.) was discon- 
tinued, and various high resistances were connected in parallel with 
the condenser plates, until the galvanometer resumed its former 
reading; the value of resistance then existing was taken as that of the 
ionized air between the condenser-plates. The edge-correction of the 
condenser was determined by filling the tube with alcohol of known 
conductivity; it was found that the conductance of the condenser had 
to be multiplied by 0.57 to be converted into conductivity of the 
medium between the plates. The values of conductivity (I will 
presently state the conditions more precisely) were of the order of 
10-" E.M.U. 

A value of conductivity by itself, obtained at a single frequency, 
is theoretically the value of a combination of N and g; to determine 
either, without the aid of a simultaneous measurement of dielectric 
constant, one must have an independent value of the other. Childs 
evaluated N by the Langmuir probe-method.6 Working with air at 
1 mm. pressure and a frequency about one million, for three values 
of the 300-cycle A.C. maintaining the ionization (5 ma., 10 ma., 
15 ma.) he obtained three values of the electron-concentration N 
(they were 9.6, 24 and 36 times 107 per cc.), and substituted them, 
not into the general equation (7) for c, but into an approximate form 
thereof: 

cr = Ne2/g, ■ (11) 

believing g to be so large that mn is small by comparison. The 
values of g thus obtained were 2.5, 3.1 and 2.5 times lO-18. Despite 

6 "Electrical Phenomena in Gases," pp. 351-352. 
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the large differences between the values of N, those of g show no 
trend, which is as it should be. 

Another way of determining g without bothering about N has just 
been carried into effect by Appleton and Chapman. Returning to 
equation (7): one readily sees that, if it be possible to vary g without 
altering N, the conductivity should pass through a maximum when 
g = mn. Now according to the simple interpretation the coefficient g, 
being the measure of a sort of friction which the electrons suffer when 
travelling through a gas, should increase with the pressure. If 
therefore one can vary the pressure of the gas sufficiently while 
applying the same high frequency, and maintaining the same degree 
of ionization, one should find the conductivity passing through a 
maximum. Moreover, anything proportional to the conductivity of 
the gas should pass through a maximum, anything inversely pro- 
portional to the conductivity should pass through a minimum. This 
conveniently makes it unnecessary to measure the conductivity (or 
anything else) absolutely; it is sufficient to choose something which 
varies (say) inversely with conductivity, plot it as function of pressure, 
and locate the minimum of the curve. For the pressure corresponding 
to this minimum, the value of g is equal to the product of the mass 
of the electron by the applied frequency. 

s 

© 

s 

Fig. 5—Illustrating another scheme for estimating the dielectric constant and 
conductivity of an ionized gas (in the tube between the plates K), with Lecher wires 
and movable bridge P replacing the adjustable condenser of Fig. 1. (E. V. Appleton 
& F. W. Chapman; Proc. Phys. Soc. London.) 

The apparatus and the circuit of Appleton and Chapman are shown 
in Fig. 5; as one notices, the plates of the ionization-condenser are 
now outside the tube and the ionized gas, and the high-frequency 
circuit now comprises long parallel wires, known (after the man who 
first used them as portions of high-frequency circuits) as Lecher wires. 
The current through the galvanometer to the left (shunted by a 
galena detector) is the measured quantity; the change which occurs 
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in the reading of the galvanometer, when the discharge and the 
ionization commence in the tube (resonance being restored in the 
circuit, by shifting the "bridge" across the wires), is the quantity 
which supposedly varies inversely as conductivity. In the curves of 
Fig. 6, one sees the minima. Such curves were plotted for four 
frequencies—340, 500, 550 and 625 millions—and the maxima occurred 
at the pressures 0.08, 0.11, 0.12 and 0.15 mm. Hg. The values of mn 
corresponding were 1.9, 2.8, 3.1 and 3.5 times lO-18; these by the 
theory are the values of g for the corresponding pressures. They 
are roughly proportional to the pressure, as they should be. (Inci- 
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Fig. 6—Evidence of a maximum of conductivity occurring when the frequency is re- 
lated in a particular way to the frictional coefficient g. (Appleton & Chapman.) 

dentally, the resonance-frequency of the system was shifted, when the 
ionization commenced, in the proper sense—the sense corresponding 
to a dropping of the dielectric constant below unity.) 

Before considering further data, let us compare these values of g 
with those deduced from observation (or theory) of electrons drifting 
through the same or a similar gas under a constant field. In such a 
condition, they attain a "terminal drift-speed" u given by the equa- 
tion, 

gu = eF, (12) 
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F standing for the fieldstrength. Despite the aspect of the equation, 
u is not proportional to F\ the coefficient g must be regarded as a 
function of F (over wide ranges of fieldstrength it is proportional 
to the square root thereof). Though this is a fact of experience, 
it will be helpful to develop the theory to some extent. 

Picture the drifting of electrons through a gas in the customary 
(though far too primitive) way. Imagine the gas as a congregation 
of elastic spheres, with which the electrons make elastic impacts. 
When these latter enter the region where the constant and uniform 
field is applied, they are speeded up in the direction of the field; 
but owing to the deflections and the losses of energy which they 
suffer at their impacts, their velocities become and remain almost 
isotropic, and their average energy approaches but does not surpass a 
certain limiting value determined by the fieldstrength. After they 
have progressed sufficiently far, they form an "electron-gas mingled 
with the atoms of the material gas; this electron-gas drifts slowly 
along towards the positive electrode, but its individual corpuscles 
have (as a rule) random velocities tremendously in excess of that 
comparatively modest drift-speed, just as the molecules of the air 
have random velocities many times greater than the speed of the 
wind. Let me denote the drift-speed by u, the mean speed of the 
random motions of the electrons by u. Now it may easily be shown 0 

that if the simple picture of the molecules as big elastic spheres and 
the electrons as little ones is acceptable, u and oj and the mean-free- 
path of the electrons I are related by the equation: 

u = OeEllmu, . (13) 

9 here standing for a numerical factor not very different from unity, 
the exact value of which depends on the underlying assumptions made 
in the statistical analysis of the motions of molecules and electrons. 
The value 0.8 for 9 is probably as good as any, but it would be pointless 
to spend time deciding between different values, since the molecules 
cannot be represented exactly as elastic spheres, and the degree of 
their deviation from this simple model would affect the quantity 6. 

Now comparing the last two equations, we find: 

g = mufti 
= mftr = mZft, (14) 

r and Z here representing respectively the mean duration of the 
free flight of an electron between consecutive impacts, and the number 
of impacts made by an electron in unit time. (I introduce these 

6 "Electrical Phenomena in Gases," pp. 174-175. 
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symbols because they are used in some of the original articles, not 
because they add anything to the fundamental ideas.) 

The value of co may be determined by the Langmuir probe-method; 
values for I, the mean-free-path of the electrons, are supplied by 
various methods of varying reliability. Childs, in his experiment 
which I have quoted, obtained with the probe the three values 1.3, 
1.5, 1.7 times 108 (cm./sec.) for oj, these corresponding to the three 
cited values of the current maintaining the ionization; combining 
these with estimates 7 of /, he obtained for wco// the values 3.2, 3.8, 
4.3-10-18. Comparing these with the values found for g, and re- 
membering the manifold chances of faults in the assumptions, one is 
favorably impressed with the agreement. 

Could we not evaluate g directly, by measuring the drift-speed u 
of the electrons exposed to a certain constant fieldstrength F, and 
forming the ratio of eF to u to which, according to equation (12), 
g is equal? Here we must be careful. According to equation (13), 
g depends on the vivacity of the random motions of the molecules, 
whereof co is the mean speed; now, co depends on the fieldstrength: 
we must select such a value of F, that the random agitation of the 
electrons shall be the same as it is in the actual gas on which the 
high-frequency field is imposed. Now this actual gas is subjected to 
a constant field, that which maintains the ionization. It is natural 
and simple to assume, that this field controls the value of u, the 
effect of the high-frequency field on the mean speed of random agitation 
of the electrons being presumably slight. The measurement of the 
drift-speed should therefore be made in the very gas under the very 
same constant field, in which the high-frequency phenomena are 
observed. 

Let me denote by i the steady current along the length of the tube, 
due to the constant field; by TV, the number of electrons per unit 
volume; by «, their drift-speed; by A, the cross-sectional area of the 
tube. It can then be readily seen that i is equal to NeuA? The 
method is consequently simple in principle; in practice, the chief 
difficulty apparently is that TV is not the same near the walls of the 
tube as along its axis, so that probe-measurements should be made at 
a number of distances from the axis and the results averaged. Apple- 
ton and Chapman determined N at a single point of the tube; the 
value of the ratio eF/n came out equal to 2.3-10-18—again, a remark- 

7 Apparently he multiplied by 4V2 the value of the mean-free-path of molecules 
of nitrogen, this being the simple gas presumably most like air; at any rate he used 
the value .036 cm. 

* Electrical Phenomena in Gases, p. 207, pp. 232-233; on the two latter pages I 
describe Killian's applicatign of the method to mercury vapor. 
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able agreement with the values deduced from the high-frequency 
phenomena!9 

(It is rather surprising to realize that in such discharges, we must 
not conceive the electrons as moving with a steady velocity along the 
axis of the tube, on which a sinusoidal oscillation parallel to the field 
is superposed. If we could follow the wanderings of an individual 
electron, the sinusoidal oscillation would be as little obvious as the 
steady drift. Only the rapid zigzag motions of the corpuscles would 
be conspicuous; what I have been calling a vibratory motion is, in 
truth, only a slight bias of these random flights, just as the apparent 
steady drift is itself a slight bias.) 

Another experiment, capable in principle of testing the expressions 
for dielectric constant and conductivity and of giving the values of N 
and g, consists in sending electromagnetic waves of the frequency 
desired across a stratum of ionized gas, and measuring their index of 
refraction and their absorption in the stratum. The former of these 
two has not, so far as I know, been measured; but apparatus for 
determining the second (it is that of Hasselbeck's experiment) is 
shown in Fig. 7: one sees the paraffin lenses which convert a diverging 
beam of Hertzian waves into a parallel beam which is sent through 
the ionized gas, and others which reconvert the parallel beam into 
one which converges upon a bolometer. Part of the beam is reflected 
from a semi-transparent mirror onto another bolometer, so that the 
ratio of the intensities of the waves before and after the passage 
through the gas can be determined without regard to fluctuations. 

The formulae for refractive index no (I add the subscript because 
of having already used n, the conventional symbol, for another 
purpose) and absorption-coefficient k are familiar to everyone who 
has studied the theory of absorption and reflection of light by metals, 
for in the classical theory of metals such a substance is conceived 
exactly as we are now conceiving an electron-populated gas. We 
have: 10 

Wo2 — &2 = e, Uok = 2ira/nt (15) 

and putting for e and a the expressions (7, 8), we get: 

J0 . AirNe^m , _ 2t Ne2g 
n0 - k - I - + g2 . nok Mw2w2 + g2. (16) 

solving which equations for k, and putting m/0r for g (according to 
equation 14) and «i2 for the combination AirNe^/m (we shall meet it 

9 Similar observations by Jonescu and Mihul on air and on hydrogen, subjected 
in some cases to magnetic field, have recently been published, but with scant detail. 10 See for instance P. Drude, "Treatise on Optics" (page 361 of the English 
translation). 
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later in another meaning), and a for the ratio wj/w, we obtain: 

By measuring k with waves of a single frequency, and measuring in 
addition either of the two quantities N and g, it is possible to evaluate 
the other of the two by means of this equation; provided the equation 
is correct, a presumption which should be tested by making the 
measurements at several different frequencies. 

Fig. 7—Apparatus for measuring the absorption of Hertzian waves by ionized 
gas. S, source of waves; G, semitransparent mirror; Ei, Et, receivers; A, F, anode 
and cathode of ionizing discharge; L, wire probe. (W. Hasselbeck; Annalen der 

Danzer sent 4-cm. waves (of frequency 7.5-109)through a stratum 
of neon-helium mixture excited by a low-frequency discharge; measured 
the absorption, and measured also g by the method later employed 
by Appleton and Chapman. For N he then computed the value 
1.3-1012 (electrons per cc.)—a value of which, in the lack of further 
knowledge concerning electrons in this gas (he does not even state 
the pressure) one can only say that it is probably of the right order 
of magnitude. Much more extensive was the work of Hasselbeck, 
who used various frequencies ranging from 4.8 to 1.44 times 109, 
and introduced a probe into the gas in order to measure N and the 

2(1+ wW) {V[l + «W(1 - a2)]2 + wW+ 

+ [1 +«W(1 - a2)]}. (17) 

Physik.) 
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mean speed co of the electrons by Langmuir's method—it was a wire 
stretching clear across the globular tube, being made of this form so 
that it might give average values appropriate to the whole of the 
discharge. The best of his data refer to neon-helium mixture at 
various pressures of the order of a few tenths of a millimeter; there 
are data also for argon and nitrogen. 

From equation (16), k should be proportional to N so long as Wo 
does not depart too much from 1 and other things remain unchanged. 
Hasselbeck varied N by varying the current maintaining the ionization, 
measured it with the probe and measured the absorption. So long 
as the pressure of the gas was below a certain value, of slightly over 
0.1 mm. Hg, the curves olkvsN were indeed straight lines rising from 
the origin (Fig. 8), though at higher pressures they were concave- 
upward. As for the curves of absorption vs frequency, some display 
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Pig g—Showing the proportionality of absorption of Hertzian waves to number 
of free electrons per cc. of absorbing gas (neon-helium mixture, pressure 0.18 mm. 
Hg). (W. Hasselbeck: Annalen der Physik.) 

maxima in the range over which they are plotted, some do not; but it 
is possible to suppose that each is characterized by a single maximum, 
which moves toward higher frequencies when the pressure or the 
ionization is augmented, and in some of Hasselbeck's experiments 
happened to be out of the range. 

The comparison of the absorption-w.-frequency curves with so 
complicated an expression as that of equation (17) is no simple matter, 
nor is Hasselbeck's description of his procedure entirely clear. It 
appears, however, that the curves obtained in neon-helium mixture 
at a pressure of 0.87 mm. Hg depart but little from the form of the 
expression on the right of (17), and that what departure there is 
may not be significant. However the curves obtained at the much 

5 6 7 8 9 
N X 10"'° 
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higher pressure of 21 mm. Hg differ very seriously from the theoretical 
form. 

Reverting to the question of testing equation (8) for the dielectric 
constant, that is, for the current in quadrature with the voltage: 
one might try the test with a gas-free space, populated by electrons 
derived from a hot filament or from some other source. This in fact 
has been tried, the electrons being shot across the interspace between 
the plates of the "ionization-condenser," in directions nearly parallel 
to the plane of these plates; from the (controllable) speed of these 
electrons, and from the charge which they bear per unit time to a 
collector located beyond the condenser, one may estimate the number- 
per-unit-volume heretofore denoted by N. 

Since the density of the gas may easily be made so low that few 
electrons collide with even one atom between the condenser-plates, 
one expects the coefficient g to vanish. Strictly speaking, it does; 
and yet there is in effect a component of current in phase with voltage. 
The electrons, being pulled aside by the transverse high-frequency 
field as they traverse the condenser, acquire kinetic energy; and this 
absorption of energy from the high-frequency circuit produces the 
same reaction, and is measured in the same way, as an ordinary 
conductance. Benner, who developed these ideas, derived (.with 
certain simplifying assumptions) these expressions for the coefficients 
e and o- of a cloud of streaming electrons which individually take the 
time T to cross the condenser; 

and they have been tested with satisfactory results by Jonescu and 
Mihul. 

We turn now to the possibility for which preparation was made in 
equations (10); that an electron in an ionized gas may experience, 
in addition to the force due to the applied field {eE) and the quasi 
frictional force due to the gas (gi) yet a third force proportional to 
its distance from some fixed point. One is accustomed to postulate 
this last for electrons bound to molecules or atoms. (Such electrons, 
by the way, contribute to the current-component in quadrature with 
field strength, so that the dielectric constant of a gas in absence of 
ionization is not quite unity as I have been writing). But to imagine 
such a force acting on free electrons must seem strange—as if one 
were denying them the quality of freedom. Still, for a cloud of 
electrons mingled with positive ions there is such a force, and therefore 
a "natural frequency"; and another natural frequency in addition, 
if there happens to be a magnetic field. 
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Considering the former first: suppose that initially we have a 
uniform distribution of electrons, N per unit volume; and that at a 
certain moment it is suddenly distorted, by shifting every particle a 
distance £ parallel to the x-direction, this distance being a function 
of the original position x of the particle. Fix attention on a column 
of unit cross-section; initially, between two planes x and x + dx, 
there were Ndx electrons; they suddenly move over and occupy the 
space between the planes x + ^ and x + dx -t- £ + (d£/dx)dx, so that 
the density between these two planes, or let me say the number of 
electrons per unit volume at x + £, is given by the formula: 

(19) 

We now introduce Poisson's relation between net density p of 
electric charge and space-derivatives of field strength. As by assump- 
tion all shifts of electrons are parallel to the x-direction, so also is the 
field-vector; we put X for its magnitude, and write Poisson's equation 
thus: „ v 

dXjdx = 47rp. (20) 

If the electrons were the only charged particles, we should have to 
put N'e for p; and there would be a field of strength different from 
zero and varying from place to place, even when the distribution of 
the electrons was uniform. If however there is also a uniform distribu- 
tion of positive ions, N per unit volume, and this is not affected when 
that of the electrons becomes non-uniform, then for p we need set 
only the second term on the right-hand side of (19), multiplied by e; 
we get 

dXjdx = — 4TiVe(d£/dx), (21) 

and integrating, with the boundary-condition 11 A = 0 at £ = 0, 

X = - 47riVe£, (22) 

so that an electron shifted from its original location, by virtue of 
such a mass-distortion of the formerly uniform distribution, is indeed 
subjected to a restoring force proportionate to its shift. 

Putting m((i2£/d/2)/e for X in equation (22), we get: 
d2£/d/2 = _ (47riVe2/w)£ = - «1

2£, (23) 

showing that there is a tendency to oscillations—"plasma-electron 
oscillations," as Tonks and Langmuir call them—of frequency fi 
thus given:     

v\ = 7ii/2ir = V Ne1 j Trm = 8980VA. (24) 
11 This seems to be demanded by symmetry if $ is a sinusoidal function of j:: 

otherwise the case is more obscure. 
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This expression is strictly valid only when the gas does not interfere 
at all with the motion of the electrons; otherwise the frequency is 
reduced, in the same way as the natural frequency of a pendulum or a 
circuit is lowered by damping. The equation of motion of the electrons 
in a high-frequency field is as follows: 

m(d2x/dP) -f gidxldt) fx = eE sin nt] / = AirNe2. (25) 

The solution has already been indicated (equations 10). 
Attempts to discover this natural frequency have been made in 

two ways: by examining curves of c or 6 or other correlated quantities 
plotted against frequency or against degree of ionization, and by 
searching for electromagnetic waves due to oscillations arising of 
themselves in highly-ionized gases. 

The most thorough experiments by the former way are due to 
Tonks. He placed a tube containing a mercury arc between condenser- 
plates attached to long parallel wires, these being crossed by a movable 
bridge including a thermocouple, and coupled to an oscillating circuit. 
After establishing fixed values of the frequency and the current- 
strength in the latter circuit, he shifted the bridge until the thermo- 
couple reported a maximum of current, and measured this maximum 
value; it and the shift of the bridge (the zero from which this latter is 
measured is unimportant) were plotted as functions of the current- 
strength in the mercury arc, which controls the number of free electrons 
per cc. A natural frequency is indicated by a minimum in the former 
of the curves, and in the latter curve a peculiar crinkle, similar to that 
which appears in a dispersion-curve in the neighborhood of an ab- 
sorption-frequency, and in the curve with black dots in Fig. 9. 

Embarrassingly it turned out that there were two, and indeed 
sometimes three, minima in the one .curve and crinkles in the other. 
To these the corresponding values of N were correlated, being obtained 
by the Langmuir probe-method. The comparison with theory may 
then be made in either of two ways; by putting the value of the 
applied high frequency into equation (24), computing N, and com- 
paring it with the observed values of A at the minima; or alternatively, 
by putting the observed values of A into equation (24), computing iq, 
and comparing its values with that of the applied frequency y. As an 
example of the result of the first procedure: in one experiment, the 
applied frequency was 1.59 • 108; this should coincide with the plasma- 
electron frequency, resonance should occur, when A=0.63-109 

electrons per cc.; the values of A' at the two minima which were 
observed were 0.27 and 0.86 times 109. The latter is illustrated by a 
graph in Tonks' article; it turns out that when the comparison is 
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made at various frequencies between 1.59-108 and 3.66'108, the 
curves of vi vs. N agree only fairly with those of v vs. iV; where vi 
varies as the square root of N, v varies as the powers 0.42 and 0.45 
for the two minima regularly appearing. 

Another instance of a crinkle in a curve of the second type aforesaid 
—a curve in which the shift of the bridge across the Lecher wires, 
necessary to restore resonance in the circuit which includes the 
ionization-condenser, is plotted against N or something varying with 
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Fig. 9—Illustrating variation of dielectric constant (curve with full circles) and 
conductance (curve with hollow circles) of ionized gas in the neighborhood of a 
natural frequency, here due to a constant magnetic field. (S. Benner; Nalurwis- 
senschaften.) 

N—has been published by Appleton and Chapman. It refers to 
ionized air; the applied frequency is 3.75-108, the value of iVis 1.62- 109, 
and these two stand to one another in substantially the relation of 
equation (24). Yet other instances have been published by H. 
Gutton, and these offer difficulties. 

Gutton in his later work (with ionized hydrogen at the low pressure 
of 0.0004 mm. Hg) followed the method which I have just described, 
measuring the shift y of the Lecher bridge required to restore resonance, 
and the mean-square current P traversing the Lecher bridge at 
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resonance. He did not measure N, but something probably (though 
not certainly) proportional to N, the factor of proportionality not 
known: the direct current i flowing across the gas between two probes 
inserted on opposite sides of the tube and maintained at a constant 
P.D. Plotting y and P against i, he observed a crinkle in the former 
curve, a minimum in the latter—evidence of a natural frequency at a 
particular value of electron-concentration. 

In his earlier work (which I mention because the curves are often 
reproduced) Gutton connected the plates of the ionization-condenser 
to one another through a thermocouple, and to this circuit coupled 
an oscillator of which the frequency could be varied. For each of a 
number of values of the ionizing-current in the discharge-tube he 
varied the frequency until resonance was declared by a maximum of 
the mean square of the current in the thermocouple; he measured 
this maximum P and the wave-length X of the oscillations. Not 
having any quantitative measure of the ionization against which to 
plot P and X, he plotted one against the other—P as ordinate, X as 
abscissa—and obtained curves of the curious appearance shown in 
Fig. 10, in which the arrow indicates the sense in which the ionization 
increases along each curve. The start is made from the wave-length 
(408 cm.) at which the system is in resonance when the gas is not 
ionized. At low pressure, the curve bends first to the left and down- 
ward; this signifies that as the ionization increases the dielectric 
constant of the gas is falling and the conductivity rising, as by the 
theory they should. Then at an unknown but seemingly sharply- 
marked value of ionization, the curve bends sharply to the right; 
and this signifies the same as the crinkle and the minimum in the 
other more-fully-comprehended curves which I have been discussing. 

It is still dubious whether the natural frequency so revealed is 
that which the foregoing theory predicts. Neither in his earlier nor 
in his later experiments did Gutton measure N (the estimate of its 
value which he once makes is derived in an indirect and fallible way). 
Measuring the values of i at which the resonance appeared in his 
later work, and comparing them with the corresponding values of the 
frequency, he found u2 proportional to i3/4; the range of frequencies 
was comparatively small (not quite 4 : 1) but if the result is certain 
and i is truly proportional to N, equation (24) is contradicted. Apple- 
ton and Chapman testify that they found the resonance-effect observed 
by Gutton, but at values of N (which they measured by the Langmuir 
method) entirely too great to permit of regarding it as the plasma- 
electron frequency, from which they believe it to be distinct. 

As for the search for spontaneous oscillations probably having the 
proper plasma-electron frequency, it is at present even less advanced. 
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Electromagnetic waves of high frequency often emanate from gases 
intensely ionized by a flow of direct current, and their wave-lengths 
have several times been measured, but for one reason or another the 
comparison with equation (24) was not and cannot be made. In a 
mercury-vapor arc Tonks and Langmuir detected oscillations of 
frequencies nearly as high as 109, accompanied by others ranging 
downwards as low as 106; the former, they believe, were plasma- 
electron vibrations; but unluckily they were unable to estimate N 
with any degree of exactness. 

1 

430 425 420 415 405 410 400 

Fig. 10—Correlation of quantities serving as measures of high-frequency con- 
ductance and dielectric constant of rarefied ionized hydrogen. (H. Gutton; Comptes 
Rendus.) 

If a region populated with free electrons is pervaded by a constant 
magnetic field, yet another natural frequency exists. Say, to begin 
with, that there is no electric field; then any moving electron, instead 
of continuing in a straight line, is constrained to describe a spiral path 
(the axis of the spiral being parallel to the magnetic field). The 
velocity of the electron affects the curvature of the helix, but not the 
time of traversing a single winding thereof. The reciprocal of this 
time, the number of windings described by any moving electron per 
second, is the "natural frequency" aforesaid, and is given by the 
formula: 

vi! = nH /2ir = eH/lirmc, ■ (26) 
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H standing as usual for the magnetic field strength. Since this 
frequency remains the same however much the speed of the electron 
may change, and therefore is the same for all the electrons in the 
region in question and for all values of electric field strength, we may 
expect it to be important when an ionized gas (or a volume containing 
free electrons but no atoms) is exposed to a high-frequency field; 
in curves of dielectric constant and conductance vs. frequency, we 
may look for peculiarities when v = vn. The precise theory, I must 
add, is not simple when collisions of electrons with atoms must be 
taken into account (the fundamental equations were given long ago 
by Lorentz); but under certain restrictions—according to Appleton 
and Childs, the number of electrons per cc. and the number of collisions 
per cycle of the high frequency must be kept under certain limits—■ 
it leads to the inference that there should be a maximum of conductance 
at f = vh. 

This maximum is manifested by the sharp and striking minimum 
seen near the middle of the curve in Fig. 11. For obtaining these 
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Fig. 11—Evidence of a natural frequency produced in an ionized gas by a 
constant magnetic field. (Appleton & Chapman.) 

data, Appleton and Childs had an arrangement similar in the main to 
that of Fig. 5, excepting that the detecting galvanometer was coupled 
(through an amplifier) between the far ends of the wires of the bridge, 
and there was a magnetic field of adjustable strength parallel to the 
axis of the tube. Though I have spoken thus far of what should be 
observed when H is held constant and v is varied through the value 
given by equation (26), it is more convenient in practice to hold the 
frequency constant and vary H through the corresponding value. 
The curve of Fig. 11 is accordingly a curve of galvanometer-reading 



606 BELL SYSTEM TECHNICAL JOURNAL 

vs. H\ the remarkable minimum occurs at a value of H departing by 
less than 2 per cent from 2irmci>/e. These data were obtained at 
frequency 5.46-108; others observed at 2.96-lO8 and 3.45-lO8 yielded 
agreements almost as good, or better. 

Maxima of conductivity of ionized air have lately been found by 
Jonescu and Mihul, at the predicted values of field strength H, for 
various frequencies of the order 108. Earlier Benner, in a note 
deplorably brief, showed not only a curve of conductivity (or rather, 
of something proportional to conductance) displaying a maximum, 
but a curve of dielectric constant displaying a crinkle like that of a 
dispersion-curve in the neighborhood of a region of anomalous disper- 
sion. These are the curves of Fig. 9, already introduced into this 
article to illustrate how these quantities vary in the vicinity of a 
natural frequency. The " ionization-condenser" of Benner's experi- 
ment consisted of the grid and plate of a triode, the space between 
them populated with electrons emitted from the filament; it is to be 
inferred that the tube contained some gas, but unfortunately nothing 
definite is said about the kind or amount. The maximum of the one 
curve and the crinkle in the other occurred at a value of H some 
twelve per cent higher than the predicted value aforesaid. 

On applying a longitudinal magnetic field of about 21 gauss to the 
tube of ionized hydrogen with which he had observed the peculiar 
natural frequency mentioned above, H. Gutton found this one replaced 
by two, well marked and well separated, one being shifted toward 
higher frequencies from the original value and one toward lower. 
The same phenomenon has been observed by Tonks, in his studies 
of the natural frequencies which he identifies with the plasma-electron 
oscillations predicted by the theory culminating in equation (24). 
The doubling of the resonance is analogous to the Zeeman effect, 
and is amenable to theory. 

The earth's magnetic field imprints a natural frequency upon the 
electrons populating the air, in particular the upper strata thereof; 
this affects the transmission of radio waves in curious ways, which 
were foretold in this journal seven years ago by Nichols and Schelleng, 
and in England by Appleton and Barnett. 

In the second part of this article, I will treat of the conditions 
under which a high-frequency field may initiate and maintain a 
luminous discharge in a gas, and of the laws of these discharges. 
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Transformer Coupling Circuits for High-Frequency 
Amplifiers 

By A. J. CHRISTOPHER 

This article deals with the use of transformer type of coupling circuits 
in high-frequency amplifiers to transmit efficiently voltages or currents 
between certain limiting frequencies while attenuating those above and 
below the limiting frequencies. The similarity of these coupling circuits 
to band-pass filters is shown and the conditions to be satisfied in order 
that they may act as such are covered. Means of obtaining uniformly 
high amplification over relatively wide frequency bands are explained. 
Typical conditions under which these coupling circuits have been employed 
and factors affecting their performance are discussed. 

I. Introduction 

THE designer of high-frequency amplifiers is often confronted 
with the problem of obtaining, with a given number of amplifying 

tubes and coupling circuits in cascade, maximum voltage amplification 
over a predetermined band of frequencies, and high attenuation to all 
voltages outside of the desired band of frequencies. To secure a large 
voltage amplification the most convenient, economical and practical 
arrangement for coupling the various stages of the amplifier is by 
means of the step-up transformer. By adding condensers in parallel 
with one or more of the windings of the transformer a frequency 
discrimination characteristic is obtained which can be controlled to a 
large extent by the proper choice of the transformer constants and the 
tuning capacitances. In the case of the usual type of transformer 
coupling with the secondary winding tuned to resonance at a given 
frequency the voltage amplification for a single stage depends on the 
resistance of the secondary winding, the conductance of the grid 
circuit of the second tube and the size of the tuning condenser. With 
proper choice of the transformer constants very large amplification 
can generally be obtained over a relatively narrow band of frequencies. 
To obtain high amplifications over wider frequency bands other 
factors must be taken into consideration. 

Possibly the most important of these factors is the impedance of 
the circuit into which the secondary winding operates. In the case 
of an interstage transformer with the secondary winding connected 
directly to the grid circuit of a three-element tube this impedance 
depends on the electrode capacities of this tube, the amplification 
factor, the plate impedance and the impedance connected to the 

608 
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output terminals of the tube. Where the amplification factor and 
plate circuit terminating impedance are low, as in the case of tubes oper- 
ating as demodulators, the effective input impedance of the tube is 
comparatively high and depends mainly on the electrode capacities. 
The input impedance of a shielded-grid tube is likewise comparatively 
high and depends mainly on the capacity between the grid and filament 
terminals. The input impedance of a tube decreases with increase 
in frequency and at very high frequencies it becomes so low that 
difficulty is experienced in obtaining any increase in amplification in 
the coupling circuit. In the case of the single tuned transformer, 
previously referred to, the effective input capacity of the tube may 
act as part of the tuning condenser with the result that at the resonance 
frequency a substantial amplification can usually be obtained. How- 
ever, when it is desired to transmit a broad band of frequencies the 
magnitude of the effective input capacity becomes a very important 
controlling factor. For a definite band width the possible voltage 
amplification varies inversely as the value of the effective capacity 
across the secondary winding. 

A study of the various factors entering into the use of a suitable 
coupling circuit for successive stages of a high frequency amplifier 
has indicated that best results are obtained if the design of the trans- 
former is based upon the principles of the broad-band filter. Definite 
relations are obtained between the constants of the transformer 
windings, the tuning capacities, and the impedances of the circuits 
between which it operates. The structure is thus essentially a band- 
pass filter and has all of its elements properly proportioned to provide 
the desired band selectivity, but it still retains the form and the 
functions of a transformer. 

II. Theory and Method 
Fig. 1 shows a simple transformer type of coupling circuit connected 

between the plate circuit of an amplifying tube and the input circuit 
of a second tube. The primary and secondary circuits of the trans- 

t A e rv 

mi 

Fig. 1—Circuit schematic of an amplifier using a transformer type of 
coupling circuit. 
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former are adjusted to resonate at the same frequency. The determi- 
nation of the constants for the circuit so that it conforms not only to 
the requirements relating to the band selectivity and to the voltage 
transformation ratio, but also to requirements of transmission effi- 
ciency, is explained in the following mathematical analysis. 

For convenience in analyzing the essential parts of Fig. 1 they are 
shown in a simplified schematic form in Fig. 2. In this schematic, 

 WW- 

,0 

S-M 

:C2 Hp 

2 4 
Fig. 2—"T" network of a transformer coupling circuit. 

the sending-end impedance Zo corresponds to the effective plate 
impedance of the first vacuum tube and the electromotive force £i 
corresponds to the internal plate voltage of this tube. The trans- 
former formed by inductances P and 5 is replaced by the well known 
" r" network.1 The capacity 0 is provided by a separate condenser, 
while that of C* is equal to the effective distributed capacity of winding 
5 plus the effective input capacity of the second vacuum tube. 

The method used in computing the output voltage of a transmission 
circuit such as is shown in Fig. 2 consists in determing the "image" 
impedances corresponding to each pair of terminals. These image 
impedances are determined from the open and short-circuit imped- 
ances, measured at the terminals of the network,2 by the following 
relationships:   

Zi, 2 = VZo'Zs', (1) 
and   

Z3, 4 = VZo^Zs", (2) 

where Zo' and Zs' equal respectively the open and short-circuit 
impedances and Zi, 2 the image impedance at terminals 1, 2 and Zo" 
and Zs" equal the open and short-circuit impedances and Z3. 4 the 
image impedance at terminals 3, 4. 

Since the resistance elements of a transformer of this type can be 
made very small in comparison to the reactance elements, it is practical 
to eliminate them in computing the open and short-circuit impedances. 

1 "Telephone Transformers," by W. L. Caspeq A. I. E. E. Jour., March, 1924, 
Vol. XLIII, No. 3. *7 1, 1 2 "Transmission Characteristics of Electrical Wave Filters, by O. J. Zobel. 
Bell Sys. Tech. Jour., October, 1924, Vol. Ill, No. 4. 
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1 - /C2 

Z\, 2 — 27r/6i 
1 — A — ^r - 1 - K 

With the assumption that the elements of the coupling circuit are 
pure reactances and that the two anti-resonant circuits are at resonance 
at the same frequency,/o, the following expression for Zli 2 as a function 
of frequency / was derived with the use of equations 1 and 2. 

(3) — I — K I 
P 

and Za, 4 is the same expression with C2 substituted for Ci or 

02 -r 

where K is the coefficient of coupling between inductances P and S, 
and fo is the common resonance frequency of the two anti-resonant 
circuits in Fig. 1. 

The lower and upper cut-off frequencies /1 and fa are related to the 
resonance frequency/o as follows: 

/o = /wrrx 

= hir^K. (4) 

The geometrical mean frequency 

/« = V/S 

- /° 
-Cl - A2 

Substituting the above expressions for }m in place of / in equation 
(3), we find that at the geometrical mean frequency the image im- 
pedance in terms of fi and /> has the value 

1 (5) 27r(/2-/1)(V 

which will be denoted by Zi, 2- 
It will be noted upon examining equation (3) that Zi. 2 and Zs, 4 

are resistive between fi and fi and are minimum at the geometrical 
mean frequency. They increase uniformly on either side of the 
geometrical mean frequency and are infinite at /1 and fi. For fre- 
quencies below/1 and above fi they are reactive. It can therefore be 
seen that this type of coupling circuit inherently possesses the char- 
acteristics of a band-pass filter. However, in order that the band 
characteristic may be properly developed, the magnitudes of the 
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various elements must be proportioned with respect to the terminal 
impedances as well as to the limiting frequencies. This is done by 
making the image impedances about equal to the respective terminal 
impedances at the mean frequency /m of the band. Preferably the 
impedances should be matched at both ends, but if the transformer 
normally operates with one end substantially open-circuited, as in an 
amplifier, it is sufficient to effect the matching at the other end. 
The following formulas giving the constants of the various elements 
in terms of the limiting frequencies were derived from the foregoing 
equations. 

f 2   f 2 
k=W+T' ^ 

U= ■ (?) 
V/V!+/2! 

c' =, ,f 1fw— — Jl) Al, 2 

P = . * ' (9) 47r2/o2Ci 

s =, ,llr . (10) 
471-/0 C2 

or 

S = P X yr • (11) 
c 2 

As previously mentioned the above equations are based on the 
ideal condition which assumes the elements to be pure reactances. 
Actually, a small amount of resistance is present in each element of 
the transformer which tends to reduce the width of the transmission 
band. Consequently /1 and fi should be assumed slightly lower and 
higher respectively than the lower and upper frequencies of the 
desired transmitted band in order to insure uniform voltage amplifi- 
cation. It is advantageous to make the impedance Zi, 2 approximately 
0.8 of the terminal impedance Zo, in which case Z], 2 and Zq will be 
equal at two frequencies near the band limits and will not be greatly 
mismatched at the geometrical mean frequency. This tends to 
improve the uniformity of transmission within the band. 

In applying the above equations, Ci is determined first from equation 
(8). P is then determined from equation (9). From a knowledge 
of the effective distributed capacity of .S and the input capacity of the 
second tube in Fig. 1, 5 is determined from equation* (10). The 
windings P and S are then arranged with respect to each other to 
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satisfy the coupling coefficient of equation (6). To facilitate adjust- 
ment C2 may include a small adjustable condenser to compensate for 
variations in winding capacities as well as in the input capacity of 
the vacuum tube. 

The following analysis shows that maximum voltage amplification 
is obtained with practically uniform transmission for all frequencies 
within the transmitted band when the secondary circuit is terminated 
only in its tuning condenser. 

Referring to Fig. 2 and assuming that Zi. 2 = Zo and Zr = Za. 4, 
we find that the voltage drop across Zr is 

or 

(12) 

Now from Thevenin's Theorem,3 assuming Zo = Zi, 2, we can 
obtain the following expression for the output current for any value 
of the impedance Zr'. 

1.= 7 +7 ■ (13) A.R Z.3. 4 

where £2 is the open-circuit voltage at terminal 3, 4 and /r is the 
current flowing in the terminating impedance Zr. 

The actual voltage across the terminating impedance Zr is 

■p —jv — EiZr P-R — t-R^-R — Zr + Za, 4 

Where Zr is equal to Za. 1 the output voltage has the value 

F -Ez 
e - T' 

The effect of matching the terminating impedance to the impedance 
Za, 4 is thus to cut the output voltage in half. 

Then 

&_i= B /.JN 
E 11 \Zi, 2. ^VCz' ( ) 

where n = voltage amplification constant of the first tube. 
Generally the effect of leaving the output end of a filter open- 
3 "Transmission Circuits for Telephone Communication," by K. S. Johnson, 
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circuited would be to introduce irregularities of transmission within 
the band. However, if the band is relatively narrow the resistances 
of the filter elements are sufficient to smooth out these irregularities 
and in certain cases the transmission may be made more uniform by 
the omission of the impedance Zr. This has been found to be the case 
with transformers of the type described here. 

Equation (14) shows that the voltage ratio EijE which is the 
ratio of the open-circuit voltage of the tuned circuit at terminals 3, 4 
to the applied grid voltage of the first tube is directly proportional to 

a/4-1 over the transmitted band. By proper choice of the constants of 
\ C2 

the coupling circuit so that Zi, 2 will equal Zq at a frequency lower 
and higher than the geometrical mean frequency this voltage ratio 
will remain practically constant for all frequencies within the band. 

The voltage ratio E^IE for any frequency w outside the transmission 
band may be obtained from the following equation: 

where 

£2/E= X^X ZB/Z6j, 

Z* = MS-U)+Zl; 

Z4 ~ 1 

Z4 = Z.T + ju{P — M); Z5 ^; Z6 — Zb + ZQ. 

P, S and M are in henrys and Ci and C2 in farads. 
As the effective voltage amplification of the network within the 

transmission band is directly proportional to 

it is evident that since Ci is fixed by equation (8), the value of C2 
must be kept to a minimum to realize maximum voltage step-up. 
Consequently, greater amplification will be obtained if the second 
tube in Fig. 1 has minimum input capacitance. The effective dis- 
tributed capacitance of the winding is kept at a low value by placing 
the winding in narrow grooves on a spool. 

In actual use the maximum amplification realized at the higher 
frequencies is somewhat less than that shown in equation (14) since 
the conductance component of the input impedance of the second 
tube reduces the effective voltage at this point. It is therefore of 
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importance that the conductance component as well as the capacitance 
component of the input impedance of the second tube be kept to a 
minimum if maximum amplification is to be obtained. If the second 
tube in Fig. 1 is operated as a negative grid bias detector the ratio of 
EijE may be made considerably larger than if it is operated as an 
amplifier. The application of a large negative grid bias and the use 
of a by-pass condenser in the plate circuit of the tube to improve 
its modulation efficiency usually results in a very small input capaci- 
tance and conductance. It is therefore sometimes desirable in multi- 
stage amplifiers to place the selective circuits between the last amplifier 
tube and the detector tube. With the advent of the shielded-grid 
tube having the characteristic of low input capacitance and conduct- 
ance, transformers of this type are particularly adapted to high 
frequency amplifiers such as used for the intermediate frequency 
amplifier of a superheterodyne receiver. 

III. Practical Applications 

Fig. 3 shows the transmission characteristic of a simple transformer 
coupling circuit when operating from a balanced resistance of 1000 
ohms into the grid circuits of push-pull amplifying tubes. Stability. 
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Fig. 3—Typical transmission characteristic of a transformer coupling circuit. 

was more important in this particular case than maximum voltage 
step-up so that a fixed condenser C2 was added externally across the 
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grid circuit to prevent the operation of the transformer from being 
affected by variations in the grid circuit capacities. 

More than one coupling circuit has been used to obtain the necessary 
selectivity. Several of these have been connected together with 
either series or shunt condensers to obtain the equivalent of a multi- 
section band-pass filter. Networks of this type in which the elements 
have been chosen in accordance with the previously mentioned 
equations have been employed as band filters because of their simplicity 
and compactness, and the relatively low cost of the inductance ele- 
ments. They have been used to connect two equal or unequal 
impedances as well as to operate from an impedance directly into the 
grid circuit of a vacuum tube. 

One of these networks was used between the plate circuit of a 
shielded-grid vacuum tube and the grid circuit of a second shielded- 
grid vacuum tube at 84 kilocycles. The gain characteristic of a stage 
of this type is shown in Fig. 4. The capacitance Ci represents the 

240 
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100 00 84 88 92 
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Fig. 4—Transmission characteristic of a transformer coupling circuit operating 
between shielded-grid tubes. 

capacitance between the plate and shield of the first tube plus the 
winding capacitance and capacitance Ci represents the winding capaci- 
tance and effective input capacitance of the second tube. It will be 
of interest to know that the voltage amplification obtained over the 
transmitted band was approximately equal to the amplification of the 
first shielded-grid tube. Consequently, the transformer network 
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efficiently transmitted the internal plate voltage of the first tube to 
the grid circuit of the second tube. The internal plate impedance of 
the particular tube used was approximately 400,000 ohms. A two- 
stage amplifier consisting of two shielded-grid amplifying tubes and 
two transformer coupling circuits connected in cascade gave a voltage 
amplification of approximately 40,000 times over the frequency band 
shown. 

Another type of transformer coupling circuit which was employed 
in the intermediate frequency amplifier of a high quality superhetero- 
dyne radio receiver is shown in Fig. 5. The circuit schematic of this 

i 

Fig. 5—Coupling circuit consisting of two-tuned transformers connected in cascade. 

transformer and its transmission characteristic are shown in Fig. 6. 
It will be noted that two transformers are mounted separately and 
electrically connected by a series condenser Ci'. Ci and Z-i were 

determined from equations (8) and (9) and Li = L2 = L3. C2 = — ■ 
2 

The capacitance across L4 was equal to the winding capacity and 
effective input capacity of the second tube. The second tube of 
Fig. 6 was the second detector of the intermediate frequency amplifier. 

The elements of a coupling circuit consisting of three transformers 
and their associated condensers for operation over the carrier frequency 
range of 50 to 150 kilocycles are shown in Fig. 7. The windings of 
stranded wire are applied in narrow grooves to reduce the dielectric 
losses of the insulation between layers. The ratio of the reactance to 
the effective resistance for these coils varies from approximately 150 
at 50 kilocycles to approximately 240 at 150 kilocycles. The halves 
of the winding connected to the grid circuit of the balanced tubes 
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Fig. 6—Transmission characteristic of a double transformer type of tuned circuit. 
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Fig. 7—Coupling circuit consisting of three-tuned transformers in cascade. 
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were wound in the two grooves of the last spool type assembly in 
such a manner as to maintain satisfactory balance for this type of 
operation. Four adjustable condensers were added externally to these 
transformers as shown in Figs. 8 and 9. The capacity of the con- 
densers was adjustable so that the transmitted band could be located 
anywhere between 50 and 150 kilocycles. 

fiPSUJ INPUT 625 TRANS. 

62.5^ 

1/ 

TUNED 
TRANS. 

J 1 

/ 
48 49 50 51 52 
FREQUENCY — KILOCYCLES 

64 55 

Fig. 8—Transmission characteristic of a triple transformer type of tuned circuit. 

Fig. 8 shows the circuit schematic and transmission characteristic 
of the same transformer network at 50 kilocycles when operating from 
a non-inductive resistance into the grid circuit of push-pull modulator 
tubes. A step-up transformer was used between the resistance and 
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the tuned transformer to match impedances"and improve the efficiency 
of transmission. Fig. 9 shows the transmission characteristic and 
circuit schematic of the same tuned transformer when operating 
between two non-inductive resistances. Repeating coils were used 

RER COIL INPUT TRANS.—^ REP. COIL 
62.5LJ 

-LE c 250^ 
62.5^ 

45 46 47 48 49 SO 51 52 
FREQUENCY   KILOCYCLES 

Fig. 9—Transmission loss characteristic of a triple transformer type of 
tuned circuit. 

between the transformer and the terminated resistances to match 
impedances. Although the width of the transmission band at 50 



TRANSFORMER COUPLING CIRCUITS 621 

kilocycles is only 2500 cycles it is considerably wider at 150 kilocycles 
as one would expect from the equation showing the relation of band 
width and capacity. This, however, was not an objectionable feature 
in the circuit in which the transformer was employed. In order to 
maintain a constant band width irrespective of its location, the 
capacity must remain constant and the self impedance of the windings 
and the coupling coefficients changed or the inductance elements 
maintained at a constant value and the capacities and coupling 
coefficients changed. 

IV. Conclusions 

Transformer types of coupling circuits having the inductive and 
capacitive elements proportioned as explained in this paper are 
essentially band-pass filters and are therefore particularly adapted to 
high-frequency amplifiers or circuits where it is necessary to transmit 
efficiently frequencies within a desired band while strongly attenuating 
all frequencies outside the band. By proper choice of the transformer 
constants and the condensers it has been shown that uniformly high 
voltage amplification was obtained over relatively wide frequency 
bands. It has also been shown that maximum uniform voltage 
amplification for a given frequency band was obtained when the 
output terminals of a transformer coupling circuit were terminated 
only in a condenser. 

A few applications of transformer coupling circuits have been 
discussed and the individual characteristic shown. It should be 
understood, however, that these coupling circuits are not limited to 
the frequency bands illustrated but may be efficiently used at higher 
frequencies and over wider transmission bands. 

The author wishes to acknowledge the helpful suggestions of 
Mr. H. Whittle of the Bell Telephone Laboratories who was associated 
in the development of transformer coupling circuits for purposes 
described in this article. 



Abstracts of Technical Articles from Bell System Sources 

The Manufacture of Rubber-Covered Wires for Telephone Installa- 
tions.1 S. E. Brillhart. Rubber-insulated wires are extensively 
used by the telephone companies in connecting up apparatus and 
equipment which is exposed to varying climatic conditions in the same 
fashion in which rubber-covered wires are employed by other electrical 
industries. In order to meet all size, strength, and electrical require- 
ments the various wires available for use must differ widely from one 
another and from commercial rubber-insulated wires, in the character 
of insulation with which they are covered, as well as the properties of 
the conductors. 

At one extreme this diverse group includes wires for such use as 
telephone drops which extend from the cable terminals to the buildings 
in which the stations are located. These drop wires must be capable 
of carrying heavy snow and ice loads in winter and also be able to 
withstand exposure to summer heat and strong sunlight in hot climates. 
They are Nos. 14 and 17 B. & S. gauge hard-drawn copper and bronze 
conductors with insulations of relatively high quality containing more 
than 30 per cent of rubber and covered with a weatherproofed cotton 
braid. At the other end the group contains wires for connecting up 
instruments within buildings. Being supported frequently and pro- 
tected from exposure, they are made from No. 22 gauge conductors, 
insulated with a thinner wall and covered with a colored glazed cotton 
braid. 

A plant is located at the Point Breeze Works, Baltimore, in which 
certain unique methods and departures from conventional methods 
of manufacturing rubber-covered wires have been reduced to practice 
on a large scale. This paper purposes to describe the plant. 

Some Recent Developments in Underground Conduit Construction in 
the Bell System} A. L. Fox. In the past the type of joint made by 
trowelling cement mortar around the abutting ends of multiple clay 
conduit has not been entirely satisfactory because in some cases it 
permitted infiltration of sand and silt which obstructed the ducts. 

Various types of joints have been investigated, including a modified 
1 Mech. Engg., June, 1932. 
2 Bell Telephone Quarterly, July, 1932. 
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form of the old trowelled joint, cement mortar collars molded in place, 
and joints made with different plastic materials such as asphalt com- 
pounds spread on a fabric backing to facilitate application and reten- 
tion. None of these provided the tight seal desired. 

A satisfactory joint has been developed by encasing the junction in 
a mortar bandage consisting of a wide band of cement mortar enclosed 
in cheese-cloth and held tightly against the conduit by tapes passing 
completely around the joint and secured on top. A separate strip of 
cheese-cloth is imbedded in the center of the mortar to prevent slump- 
ing. With cement mortar of proper consistency and an admixture to 
insure the desired plasticity sufficient cement paste comes through on 
the inside when the bandage is applied to provide a tight bond. A 
strip of paper placed in the bandage under the cheese-cloth in the 
outer side helps to distribute the pressure of the tying tapes and 
assists in retaining water in the mortar thereby aiding the hardening 
and increasing the strength of the joint. 

The results of hydrostatic tests of these joints show that they are 
practically watertight. Their use is expected to effect savings in 
conduit construction since their high strength permits in many cases 
omission of the concrete base and further savings may accrue through 
the increased speed with which conduit can be laid and joined and the 
fact that the trench can be back-filled immediately without danger 
of injuring the joints. Other savings in the labor of rodding ducts 
will be realized because the new type of joint is siltproof. 

The Depth of Origin of Photoelectrons.3 Herbert E. Ives and H. B. 
Briggs. Previous work has shown that the photoelectrons from a 
silver plate covered with an equilibrium film of alkali metal follow the 
wave-length distribution of energy just above the silver surface, i.e., 
in the alkali metal. This question has been further investigated with 
particular references to alkali metal films in their early stages of devel- 
opment, where their average depth is less than one atom. Computa- 
tions made on the absorption of light just within the silver surface 
show that there should be very definite and striking differences in the 
wave-length distribution of photoemission if emission occurs due to 
light absorption in the silver, as contrasted with emission from a film 
on the silver. Experimental tests made with sodium and caesium 
films show that in the earliest measurable state the emission exhibits 
characteristics peculiar to the light absorption in silver, and that as 
the films build up the emission becomes characteristic of the energy 
above the silver. It is concluded that the photoelectrons originate 

3 Phys. Rev., June 1, 1932. 
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partly in the underlying metal and partly in the alkali metal film, the 
relative proportions varying with the film thickness. 

The Lapel Microphone and Its Application to Public Address and 
Announcing Systems.11 W. C. Jones and D. T. Bell. Many speakers 
find it difficult to use the conventional type of microphone, because of 
the restrictions that it imposes upon their freedom of movement. A 
microphone, known as the lapel microphone, designed to be attached 
to the speaker's clothing, has been developed for overcoming these 
limitations. 

The vibratory structure of the lapel microphone is designed to have 
low mass and stiffness, and to resonate at a comparatively high fre- 
quency. The resilient support of the diaphragm adds sufficient 
mechanical resistance to prevent the occurrence of a prominent peak 
in the response at the resonance frequency. Means are provided for 
reducing extraneous noise to a minimum. A part of the sound reaching 
the microphone, due to body vibration, is rich in low frequencies and 
must be attenuated, otherwise the quality of transmission will be 
unnatural. This attenuation is accomplished in the coupling trans- 
former, which, together with the apparatus required for suppressing 
clicks, for indicating when the circuit is in operation, etc., is mounted 
in a control cabinet. A flexible cord connects the microphone to this 
cabinet. 

It is expected that the lapel microphone will find application in 
theaters, churches, convention halls, lecture and banquet rooms, and 
the like, where public address systems are now employed. It also can 
be applied in connection with other sound recording and reproducing 
equipment where the background noise, characteristic of carbon 
microphones, is not a limiting factor. 

Vacuum Tube and Photoelectric Tube Developments for Sound Picture 
Systems.5 M. J. Kelly. This paper reviews some recent vacuum 
tube and photoelectric cell developments which are of interest in 
sound recording and reproduction systems. An indirectly heated 
cathode triode is described, in the output circuit of which the current 
components due to the a-c. power supply of the heater have been 
reduced approximately 20 decibels below previously obtained levels. 
This tube makes it possible to use an a-c. supply in amplifiers having 
flat frequency characteristics with over-all gains of the order of 100 
decibels. The microphonic disturbances in vacuum tubes are dis- 
cussed. A measuring system for evaluating the microphonic noise 

4 Jour. S.M.P.E., September, 1932. 
5 Jour. S.M.P.E., June, 1932. 



ABSTRACTS OF TECHNICAL ARTICLES 625 

currents is described, and the characteristics of a filamentary cathode 
tube of low microphonic noise level are given. The characteristics of 
a double anode, thermionic, gas-filled, rectifier tube for use in a d-c. 
power supply unit for the sound lamp and vacuum tube filaments of 
reproducing systems are given. A photoelectric cell of high sensitivity 
for use in sound reproduction work is described. 

Analysis and Reduction of Output Disturbances Resulting from the 
Alternating-Cur rent Operation of the Heaters of Indirectly Heated Cathode 
Triodes.6 J. O. McNally. This paper discusses the disturbance 
currents in the output circuits of indirectly heated cathode triodes, 
introduced by the use of alternating current in the heaters. It 
indicates that the disturbance currents are introduced into the output 
circuit by (1) the electric field of the heater, (2) the magnetic field of 
the heater current, and (3) the resistance between heater and grid and 
between heater and plate, and the capacitance between heater and 
grid and heater and plate. 

The outputs due to the electric field between cathode and plate are 
produced by the "grid" action of the heater and heater leads. The 
frequency of the output is chiefly that of the heater supply. The 
outputs are shown to be effectively reduced by electrostatically shield- 
ing the heater. 

Disturbance currents of the frequency of the heater supply, and of 
double this frequency are shown to be produced by the magnetic 
field. The double-frequency component is shown experimentally to 
be proportional to the square of the heater current. The following 
means of reducing the magnetic field are discussed: (1) the adoption 
of a heater geometry which produces a smaller field in the space between 
the cathode and the plate, (2) the use of a magnetic shield around the 
heater system, and (3) the use of a lower current, higher voltage heater. 

The ways in which disturbance currents are introduced by leakage 
resistances and capacitances between heater and grid and heater and 
plate are indicated, and experimental verification is given for the case 
of resistance between the grid and heater. 

Use has been made of this disturbance current analysis in the devel- 
opment of an extremely low disturbance output tube, which is de- 
scribed. 

Fourier Series in Three Dimensions.'' W. O. Pennell. The classical 
Fourier Series represents a function in a given interval and then 
repeats the same values in the next and subsequent intervals. In 

6 Proc. I.R.E., August, 1932. 
7 Am. Math. Monthly, May, 1932. 
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other words if Six) is the classical Fourier Series representing fix) 
in the interval 0 < x < a then Six) = fix - no) where n takes on 
the values w = 0, ± 1, ± 2, • • • corresponding to the various intervals 
na < x < in -\- !)«• 

The author has shown how a generalized Fourier Series Siix) may 
be obtained representing a function in the intervals na < x < in l)o 
as follows: 

Siix) = bnf{x — na), ■ 

where n takes on the values w = 0, ± 1, ± 2, • • •, and b is any real 
constant. 

In this paper is described a still more general Fourier Series 5ii(x) 
representing a function in the intervals na < x < in l)a as fol- 
lows : 

Snix) = lbnfix - na)2nt, 

where corresponding to the above intervals n takes on the values 
n = 0, ±1, ±2, 6 is any real constant, and the subponent 
notation nip denotes the rotation of the plane of the curve about the 
X axis through an angle n\}/ with the XY plane. 

Current Propagation in Electric Railway Propulsion Systems. John 
Riordan.8 This paper presents a systematic method of attack, 
based on the superposition theorem on the problems of electric railway 
propulsion systems arising from the presence of tracks and other leaky 
conductors. The treatment is limited to systems in which the tracks 
and other leaky conductors may be represented with sufficient accuracy 
by a single conductor, but includes series and shunt discontinuities in 
this equivalent conductor. The general equations of current propa- 
gation in a single conductor in the presence of a conductor carrying 
a fixed current are taken in a form similar to the transmission equations 
ordinarily employed for power transmission and telephone lines, appar- 
ently due to H. Pleijel, Report to Swedish Royal Railway Adminis- 
tration, 1919. Though these equations are not rigorous they have 
been found to agree with experimental observations within engineering 
accuracy. 

The starting point of the treatment is the development of the 
properties of a basic circuit consisting of a straight conductor of finite 
length connected at its terminals to a parallel leaky conductor or track 
which is continuous and infinite. The circuit involves the greatest 
degree of continuity in the track, subject to the connection of other 

8 Presented at the A.I.E.E. Summer Convention, Cleveland, Ohio, June 20-24, 
1932. To be published in A.I.E.E. Transactions. 
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conductors, since the only discontinuities are those involved in the 
connection of the conductor to the track; it is also conveniently adapted 
to modifications for discontinuities. The general single series discon- 
tinuity is a fundamental point of departure in the treatment of such 
apparatus as track booster transformers. The basic circuit modified 
by discontinuities as required gives directly the propulsion circuit 
impedances needed in the railway network impedance diagram; it 
may also be employed in the construction of a particular kind of 
cumulative induction curve for neighboring communication lines, 
which takes into account the distribution of current along the track. 

The method of building up complex propulsion systems from basic 
circuits is illustrated by examples chosen for their practical importance, 
but the paper does not give detailed procedure for engineering appli- 
cation of the method and its results. 

Kennelly-Heaviside Layer Studies Employing a Rapid Method of 
Virtual-Height Determination* J. P. Schafer and W. M. Goodall. 
This paper describes a new method of determining the virtual height 
of the ionized regions by visual observations of the received pulse 
pattern on a cathode ray oscillograph tube, both for single frequencies 
and for two frequencies simultaneously. A resumd of the data ob- 
tained during observations of some three hundred hours is given. 
The frequencies used for these tests were 1604 kc, 2398 kc, 3256 kc, 
4795 kc, and 6425 kc. A number of the tests included measurements 
made upon two frequencies in rapid rotation. The more important 
results may be summarized as follows: 

1. On a large number of occasions during the night, a phenomenon 
has been observed apparently indicating an increase in the density of 
ionization in the lower layer. This is important because the ionization 
is usually assumed to decrease during the night hours. 

2. Reflections are often observed simultaneously from both ionized 
layers. An explanation of this phenomenon is given. 

3. The virtual heights of the reflecting layers are rarely duplicated 
from day to day for a given time and frequency. 

4. Large numbers of multiple reflections are frequently obtained 
representing a path distance of over 5000 km. for the last reflection. 
This fact indicates that the multiple-hop mode of propagation is 
probable for long-distance transmission. 

The Principles of the Light Valve.10 T. E. Shea, W. Herriott, and 
W. R. Goehner. The light valve has been used very widely as the 

» Proc. I.R.E., July, 1932. 
10 Jour. S.M.P.E., June, 1932. 
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modulating device in systems of film sound recording. In this paper 
the principles of operation of the light valve are discussed, and those 
engineering factors which prescribe limitations on performance and 
indicate operating advantages are described in detail. The type of 
distortion which results when a light valve is overloaded is depicted 
both for single-plane and two-plane valves. Finally, a new type of 
light valve having advantages from the standpoints of weight, size, 
and stability of operation is described. 

Economic Control of Quality of Manufactured Product.11 W. A. 
Shewhart. This book of 501 pages is an exposition of the technique 
developed within the Bell Telephone System for securing economic 
control of quality of manufactured product at every stage in the 
process of fabrication all the way from raw materials to finished 
product. It is divided into seven parts, the first of which is devoted 
to a general survey of the characteristics of a controlled quality, the 
scientific basis for attaining control, and the economic advantages to 
be derived. In the second part, after a definition of what is meant by 
quality, the methods of presenting data are discussed in detail, both 
graphically and by means of statistics such as the average, standard 
deviation, skewness, flatness, and correlation coefficient. Part III 
presents the necessary and sufficient conditions for the specification 
of a controlled quality. The allowable sampling fluctuations in sta- 
tistics are indicated in the next part, illustrated by experiments made 
under conditions known to be controlled. This part constitutes a 
survey of the present status of sampling theory. Part V takes up 
the problem of specifying standard quality and indicates the important 
changes that should be made in many kinds of specifications in order 
to secure the greatest assurance of uniform quality at minimum cost. 
Five practical criteria for determining whether or not the quality 
under consideration differs from standard by more than an amount 
that should be left to chance are presented in Part VI. In Part VII, 
after a summary of the fundamental principles, consideration is given 
to the problem of sampling, and finally a control program is presented 
which shows the relation of control to research, design, development, 
production, and purchasing. Several appendices give the original 
experimental data on which some of this work was based and a bibli- 
ography. Throughout the book the fundamental principles are amply 
illustrated by practical examples. 

11 Published by D. Van Nostrand Company, New York, 1931. 
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