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In this paper we compute the change in the energy of a uniformly
magnetized uniaxial platelet produced by the introduction of a cylin-
drical domain. Differentiation of the energy expression yields the
translational force produced by gradients in plate thickness, material
composition, or temperature. The force expressions provide a means for
estimating the effect of gradients in these parameters on the margins of
domain devices. Equating the sum of the gradient produced forces to
the drag force yields a general domain velocity expression. The various
results are presented in both graphical and tabular form.

I. INTRODUCTION

Magnetic memory and logic devices employing cylindrical domains
in uniaxial platelets have recently received considerable attention.!::
The theory of the static stability of these domains® and its application
to cylindrical domain devices*® have been discussed in previous papers.
This paper is concerned with the translational forces acting on the
domains and their effect on device performance.

* Present address Department of Electrical Engineering, McMaster University,
Hamilton, Ontario.
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In most device applications, eylindrical domains are propagated by
gradients in the applied field.!* Cylindrical domains may, however, be
propagated by gradients in any of the independent parameters which
determine the total domain energy. These parameters are: the applied
field, H; the plate thickness, h; the saturation magnetization, M, ;
and the wall energy density, o, . The domain radius, 7, is not an
independent parameter for domains in equilibrium but is determined
once the other parameters are specified. The gradients in ¢, and M,
may be produced by composition gradients, strain gradients or tem-
perature gradients. Composition or thickness gradients may be used to
provide forces which are functions of position only, while temperature
or strain gradients may be used to provide time variable forces.

The translational force is obtained by differentiation of the total
domain energy expression with respect to position, under the assump-
tion that the gradients in the domain parameters which produce the
translational force are sufficiently small that the domain remains
circular and stable; consequently the energy expression remains valid.
Since this method of computing the force is independent of the de-
tailed stress pattern which produces the domain motion, no estimate
of the shape distorting tendency of the various parameters is obtained.
Equating the sum of the translational forces to the drag force yields
the general velocity equation, and comparing the magnitudes of the
various forces yields their effects on device operation.

II. DOMAIN ENERGY

The energy change produced by the introduction of a single isolated
circular 180° domain into an infinite plate of uniaxial magnetic
material which is otherwise uniformly magnetized along the average
plate normal (the z axis) is now calculated. Such a domain configura-
tion is shown in Fig. 1. The assumptions and notation of Refs. 3, 4 and
5 are maintained except that the domain parameters h, H, M, , o, , and
7, are allowed to be functions of position on the plate. In particular,
the following is assumed in the model: the wall has negligible width,
the wall is everywhere parallel to the z axis, and the wall energy
density is independent of wall orientation or curvature. The values of
all parameters are assumed to vary sufficiently slowly that they may
be represented by their z-averaged values at the center of the circular
domain. Additionally, the applied field is represented by its z com-
ponent, H, since under the assumptions stated above only this com-
ponent interacts with the magnetization.
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CYLINDRICAL
II DOMAIN

Fig. 1—The cylindrical domain configuration and coordinate system.

The total change in the energy of the system due to the presence of
a cylindrical domain is

Ep = 2mroha,, + 2M Hmth — 2xh® (e M?)I(2r0/h). 1)

In this expression the first term, the wall energy, is the product of
the wall energy density and the wall area; the second term, the applied
field interaction energy, is the product of the magnetization change,
2M, , the applied field and the domain volume; and the third term,
the internal magnetostatic energy, is the negative of the integral of
the generalized radial magnetostatic force of Ref. 3. The internal mag-
netostatic energy function, I(2r,/h) is therefore defined as

ren/m = [ " P d, @

where F(z) is the force function defined by equations 33 and 138 of
Ref. 3. The lower limit of the integral (2) is chosen so that when the
plate is uniformly magnetized, 7, = 0, the domain energy expression
(1) is zero. Various closed form and power series representations of
I(d/h) are given in the appendix of this paper. This function, which
is plotted in Fig. 2 as a function of the diameter-to-thickness ratio,
d/h, and is tabulated in Table I, has the asymptotic forms
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Fig. 2—The internal magnetostatic energy function, /, as a function of the
dmmeter- to-thickness ratio.
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The physical origin of the asymptotic behavior of the I function was

discussed in some detail in Section IV of Ref. 3.
The domain energy per unit wall length is

Er/nd = eM)K[L/h — J(d/h)], 4)
where | = o,/4rM? is the characteristic material length, where the
applied field has been eliminated using the equilibrium condition®~*

d H_ )
i+ haar ~ PG =0 (©)

and where

o8- 519 o)
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TaBLE I—MAGNETOSTATIC ENERGY, FORCE AND STABILITY FUNCTIONS

d/h I Fp=F So Sa Fy=3J Fyr
0.00 0. 0. 0. 0. 0. 0.
0.10 0.0048 0.0939 0.0059 0.0007 0.0060 0.0979
0.20 0.0184 0.1765 0.0215 0.0028 0.0225 0.1915
0.30 0.0398 0.2493 0.0442 0.0063 0.0474 0.2809
0.40 0.0680 0.3137 0.0716 0.0111 0.0787 0.3662
0.50 0.1023 0.3708 0.1017 0.0172 0.1149 0.4474
0.60 0.1419 0.4216 0.1332 0.0243 0.1544 0.5246
0.70 0.1864 0.4672 0.1648 0.0323 0.1962 0.5980
0.80 0.2352 0.5083 0.1960 0.0411 0.2394 0.6679
0.90 0.2879 0.5455 0.2262 0.0505 0.2832 0.7343
1.00 0.3442 0.5794 0.2552 0.0603 0.3271 0.7975
1.10 0.4037 0.6104 0.2829 0.0705 0.3708 0.8576
1.20 0.4662 0.6390 0.3093 0.0809 0.4139 0.9150
1.30 0.5315 0.6655 0.3343 0.0914 0.4564 0.9698
1.40 0.5993 0.6901 0.3579 0.1020 0.4980 1.0221
1.50 0.6694 0.7130 0.3804 0.1126 0.5386 1.0721
1.60 0.7418 0.7345 0.4016 0.1231 0.5783 1.1200
1.70 0.8163 0.7547 0.4218 0.1336 0.6169 1.1660
1.80 0.8927 0.7737 0.4410 0.1439 0.6546 1.2101
1.90 0.9710 0.7917 0.4592 0.1541 0.6912 1.2525
2.00 1.0510 0.8087 0.4765 0.1642 0.7268 1.2933
2.10 1.1327 0.8249 0.4931 0.1741 0.7615 1.3326
2.20 1.2160 0.8404 0.5089 0.1838 0.7952 1.3705
2.30 1.3008 0.8551 0.5240 0.1933 0.8280 1.4071
2.40 1.3870 0.8692 0.5385 0.2027 0.8599 1.4424
2.50 1.4746 0.8827 0.5524 0.2119 0.8910 1.4766
2.60 1.5635 0.8956 0.5657 0.2209 0.9212 1.5098
2.70 1.6537 0.9081 0.5786 0.2297 0.9507 1.5418
2.80 1.7451 0.9200 0.5909 0.2383 0.9794 1.5729
2.90 1.8377 0.9316 0.6028 0.2468 1.0074 1.6031
3.00 1.9314 0.9427 0.6143 0.2551 1.0347 1.6325
3.20 2.1221 0.9639 0.6362 0.2712 1.0872 1.6887
3.40 2.3169 0.9837 0.6566 0.2866 1.1374 1.7420
3.60 2.5155 1.0024 0.6759 0.3015 1.1853 1.7926
3.80 2.7178 1.0201 0.6940 0.3158 1.2310 1.8407
4.00 2.9235 1.0368 0.7112 0.3295 1.2749 1.8867
4.20 3.1324 1.0526 0.7275 0.3428 1.3170 1.9306
4.40 3.3445 1.0678 0.7430 0.3556 1.3574 1.9727
4.60 3.5595 1.0822 0.7578 0.3679 1.3962 2.0130
4.80 3.7773 1.0960 0.7720 0.3799 1.4337 2.0518
5.00 3.9978 1.1092 0.7855 0.3914 1.4698 2.0891
5.20 4.2209 1.1219 0.7985 0.4026 1.5047 2.1250
5.40 4.4465 1.1341 0.8109 0.4134 1.5383 2.1596
5.60 4.6745 1.1458 0.8229 0.4239 1.5709 2.1931
5.80 4.9048 1.1572 0.8345 0.4341 1.6025 2.2255
6.00 5.1374 1.1681 0.8456 0.4439 1.6331 2.2568
6.20 5.3721 1.1787 0.8564 0.4535 1.6628 2.2872
6.40 5.6088 1.1889 0.8668 0.4629 1.6916 2.3166
6.60 5.8476 1.1988 0.8769 0.4720 1.7196 2.3452
6.80 6.0883 1.2084 0.8866 0.4808 1.7468 2.3730
7.00 6.3310 1.2177 0.8961 0.4894 1.7733 2.3999
7.20 6.5754 1.2268 0.9053 0.4978 1.7991 2.4262
7.40 6.8217 1.2356 0.9142 0.5060 1.8242 2.4518
7.60 7.0696 1.2442 0.9229 0.5140 1.8488 2.4767
7.80 7.3193 1.2525 0.9314 0.5218 1.8727 2.5010
8.00 7.5706 1.2606 0.9396 0.5295 1.8960 2.5247
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The function J has the asymptotic forms

J(%)“%{—g—é(g)z+[l+g( ]m'w‘ —<<1 (6b)

and
d Nl(é)' _l@)a d
J(h)~31r YA VYRR e
The function J(d/h), the normalized total magnetostatic energy per
unit wall length, is plotted in Fig. 3 together with the force function,
F(d/h) and the stability functions Sy(d/h) and S.(d/h) which have
the asymptotic forms

)~ G+ G0+ (@) b

and
(~g-20) +10) f<v @
S"(%) = }r{"% +3 (g) T [1 - %(d)’] In i—d'} )
and
S -3 < )
and
S’(%>=i{‘%_;—g(g)’+[l+ ] ’ } bt ow
and
2@ -5 e (o)

Numerical values of all these functions are given in Table I.

Since from the figure and the asymptotic forms of the functions,
(6), (8) and (9), J(d/h) lies roughly midway (with respect to diam-
eter) between S,(d/h) and S2(d/h) and since the condition for domain
stability is*® Sy(d/h) > I/h > S:(d/h), then a platelet of arbitrary
thickness may always be biased such that the introduction of a domain
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Fig. 3—The magnetostatic energy per unit wall length function, J, the mag-
netostatic force function, ', and the magnetostatic stability functions, So and Sa,
as functions of the diameter-to-thickness ratio.

produces either a positive, or negative, or zero change in the total
energy. The force function, F(d/h), was included in the figure so that
the bias fields yielding these conditions may be determined. The values
of the diameters and bias fields of zero energy determined using Fig. 3
or Table I together with (4) and (5) are found to agree with those
obtained previously.® In the case of a domain having the preferred
dimensions,*® [/h = 0.2500 and d/h = 2.000 (corresponding to an ap-
plied field of H/4=M, = 0.279), then J(2.000) = 0.2422. Since J is
nearly equal to [/h the total energy is nearly zero. Under the preferred
conditions and in a platelet in which 4=M, = 100 Gauss and d = 10
microns, the absolute value of the wall energy and the total mag-
netostatic energy change are each approximately 0.2 times the rest
energy of the electron. [Note that the terms in (4) may not be identi-
fied as wall energy and magnetostatic contributions because the
equilibrium condition was used to eliminate the applied field.]

111. THE TRANSLATIONAL FORCE

The translational force is given by

F = —VET,

(22e)  (222)
<ah H.M..vu-.rth aH h.Mn.vu.VuVH
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aET> (aET)
- Ma = N w
(aﬂll h,i[.ﬂw.rnv aa‘w h.H.M.,rnva
&)
- <a7'o h,H,an anru' (10)

In this expression h, H, M, and ¢, are considered to be independent
variables (functions of position on the platelet) and r, is a dependent
function of these variables determined by the equilibrium condition (5).
Since the fundamental equilibrium condition is (0E/870) u,z,0u, 4, = 0,
the last term in equation (10) may be dropped. Evaluating the remain-
ing terms using equations (1) and (2) yields
= —[2mr00. + 2M Hrry — 6xh*(2rM2)1(2r,/h)

+ 4mrh(2e M2 F (2ro/h)]Vh — [2M xroh] VH

— [2Hwr5h — 4xh*(2aM ,)I(2r,/R)]V M,

— [2mreh] V. (11)
Eliminating the applied field using the equilibrium condition (5) and
rearranging yields
F = 7 di*@rM?) | —[l/h — Fu(d/W)Vh/h + [I/h — Fu(d/m))VH/H

+ [I/h + Fu@/WIVM,/M, — 21/ Ve./0u},  (12)

where
R
N}r{———32 [ 2]111“;—"}, b, aay
=20 50 fe 130
Fu(d/k) = F(d/h), (14)
and

r8) - o209 - o0).

-1y 5, 1 (kY [ §(h>2:| ﬁ.} o
—w{—2+32 d>+ 3+355) |51 7K1 (5b)
d 2 (dy , 1 (da} d

Th T E)JréZ(E)’ ;L (150)
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Figure 4 shows plots of F, Fyy and F = Fy as functions of the norm-
alized domain diameter. Numerical values of these functions are in-
cluded in Table I. From the figure and the asymptotic forms of (7),
(8), (13) and (14), it is seen that the functions are positive and that
both F, and Fj are greater than S,(d/h). From these properties and
the stability requirement Sy(d/h) > I/h > S.(d/h), it is seen that for
any stable domain the thickness gradient and magnetization gradient
contributions to the force are in the direction of the gradient while
the field gradient and wall energy gradient contributions to the force
are in the direction opposite to the gradient.

The absolute value of each of the terms in equation (12) is small but
measureable. If H, and Hs are defined as the collapse and elliptical run-
out fields respectively, then in the case of a gradient in the applied field
where the stability limits are known roughly (see Ref. 5), the force pro-
duced on a domain for which d/h = 2, h/l = 4, VH = (H, — H,)/d,
d = 100 microns and 4xM, = 100 Gauss is approximately 6 x 107
dynes. While such absolute force measurements could possibly be
carried out, a more relevant experiment for device applications is the
balancing of field gradients against gradients in the other quantities.
At the present time, no such measurements have been completed. How-
ever, the directions of the applied field gradient force, the wall energy
gradient force, and the thickness gradient force have been verified. The
sign of the H gradient force is verified in everyday device operation.
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The sign of o, gradient force was checked using a temperature gradient
in a sample of Smg;55Thg 4;FeQ;. According to the data of F. C.
Rossol,” at room temperature the wall energy temperature coefficient
is approximately 4+1.5%/C° and the magnetization is only a slightly
decreasing function of temperature. The oy, gradient force thus domi-
nates in this material, and we observed that the domains move
away from heated regions towards cooler regions as predicted. The
sign of the M, gradient force was verified using a temperature
gradient in a sample of Gds 3Thy ;Fe;0;. garnet. In this material M,
increases at 3%/C° at room temperature while the wall energy is
approximately constant. The M, gradient force thus dominates, and we
observed that the domains moved towards heated regions as predicted.
The force direction measurements were completed in tapered platelets
of orthoferrite in which we observed that the domains move towards
the thick end of a platelet when restraints were removed.

It should be noted that in carrying out these experiments it is
important to obtain low coercivity materials. This is especially true
in measuring the thickness gradient force when Vh/h is small.

The drag force acting on a domain propagating with uniform
velocity v, from equation 58 of Ref. 5 is given by

2
F, = —%dh M,[?% H, += |v,,|] ﬁ , (16)

where H, is the wall motion coercivity and p, is the wall motion
mobility. Equating to zero the sum of the gradient force (12) and the
drag force (16) yields the velocity equation for an otherwise freely
propagating domain. In order to avoid the vector sum in this equation,
it is convenient to assume that all the gradients lie in the same direc-
tion and are positive. It is also convenient to assume that the gradients
are uniform so that their magnitudes may be expressed in terms of
the maximum parameter difference across the domain divided by the
domain diameter, VX = AX/d. Under these assumptions the velocity
equation is

8 H. , 20wl _ o 0h_, AM
wdedl, T adett, = G, — Ce g+ Cu

where

AM, Ao,
M, C, 5 | (17a)

¢ = -2 [% — F,.(%)] , (17b)

[% - F,,(%)] ; (17¢)
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hll
cv =L (9)]. (17d)
and
Rl 1
C’—2(—Iﬁ_;(; (178)

are called transverse force coefficients and are all positive.
For a domain having the diameter d = 8l in a plate of thickness 41,
the velocity equation becomes

8 H, 2 |va|
m 4rM, wdrM,

Ah AM,
h M,

If the magnitude of the sum of the gradients is not sufficiently large,
no motion takes place. For example, when a domain having dimensions
such that equation (18) applies is subjected to a field gradient, the
magnitude of the field difference across the domain must satisfy the
condition AH/H > 9.1 X H./4=M, before any motion can take place.

The transverse force coefficients are plotted as functions of the
normalized thickness h/l in Fig. 5 for the bias condition d = (dydz)?
where d, and d, are the collapse and elliptical runout diameters
respectively. For small thicknesses the asymptotic forms of C;, Cy,
and C, are proportional to (I/h) exp (—=l/h) and the asymptote of Cp
is proportional to exp (—=l/h). For large thicknesses Cy and Cy
approach unity, and C, and C, approach the asymptote (8/3x)%(l/h)?*.

Some caution must be exercised in interpreting equation (17) and
Fig. 5. First, the stability of moving domains has only been investi-
gated for the case of gradients in the applied field and then only
incompletely (see Ref. 5). Another problem is that drive gradients
which are applied from the surface and which must obey Laplace’s
equation, such as field gradients and temperature gradients, decrease
exponentially into the platelet. (This does not apply to volume heating
such as laser heating.) For any given value of these gradients at the
surface the maximum z averaged value of these gradients which may
be applied thus decreases according to the inverse first power of the
plate thickness in thick plates. This consideration shows that the use
of platelets having a thickness no greater than the preferred thickness
of 4l is thus more strongly preferred for achieving a high domain
velocity than is indicated by inspection of Fig. 5 alone.

= 0.238 0.279 AHE +orr2 80 — 0250 2% (18)
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IV. SIGNIFICANCE FOR DEVICE APPLICATIONS

Equation (17) and Fig. 5, when properly interpreted, show again
that there is a preferred plate thickness for achieving high bit rates in
devices and that this thickness is again 4.. Equation (18) shows that,
for plates of this thickness, wall energy, magnetization and applied
field gradients produce transverse forces of similar magnitude. Figure
5 shows that this is also true for plates having a thickness in the
neighborhood of 4l. There is therefore no preferred thickness with re-
spect to favoring applied field gradients over temperature or com-
position gradients.

In temperature dependent materials in which the domain tends to
move towards the high temperature direction the domain will tend to
follow a laser beam initially placed at its center. In materials having
the opposite temperature characteristic, the domains may be pushed
by a laser beam. Gradients in thickness or composition may be used
to define domain tracks in order to inerease margins with respect to
spurious field or temperature gradients. An immediately useful ap-
plication of equation (18) is in the calculation of the effect on device
margins of the heat produced by domain generators and detectors.
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APPENDIX

The Internal Magnetostatic Energy Function

Various representations of the internal magnetostatic energy func-
tion, I(d/h), are given in this appendix. Since F(d/h) is non-negative
(Ref. 3, Fig. 3 and equation 138), the integral definition of I(d/h) (2)
implies that I(d/h) is positive and monotonic increasing as can be
seen in Fig. 1. (Neither function is defined in the present case for
negative values of the argument.) The definition of I(d/h) also
implies the differential equation, dI(z)/dx = F(x), with the boundary
condition I(0) = 0. The internal magnetostatic function may be
written as

0= 228 (-l - (o )] o

where as in equations (84) and (85) of Ref. 3

Ulz) = 2(z + 1)’E( ) (20a)

1+ 2

and

1+ x) (20b)
where K (m) and E(m) are the complete elliptic integrals of the first
and second kind respectively and the argument is in the m of Ref. 8.
Differentiation of equation (19) with respect to d/h and combining
terms using equations (86) and (87a) of Ref. 3 verifies that the
derivative of I(d/h) is indeed F(d/h) (equation 138 of Ref. 3). Sub-
stitution of the series expansions of U and V (equations 96 and 97 of
Ref. 3) verifies that I(0) = 0.

Writing I(d/h) in terms of the L, function (Ref. 3 Sec. A.4) elimi-
nates the negative power of d/h,

(@) = 5@ oG -] -2 + VB e

and the expression in terms of F(d/h) and S,(d/h) (equations 138
and 139 of Ref. 3) is also sometimes useful,

T R B R

V() = 2(x + 1) ’K(
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The power series expansions of I(d/h) may be determined either
by substituting the power series expansions for U, V and L; (Ref. 3,
Sections A.3 and A.4) into equation (21) or by term-by-term integra-
tion of F(d/h) with the integration constants being determined from
the lowest order terms of the power series expansions of U and V. The
result is

- {40 5O+ 5 -+

[0 +40- 5+l - Jult)

B -6 + ) - @) + o () + -

(23b)

1
2
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Device Implications of the Theory
of Cylindrical Magnetic Domains*

By A. A. THIELE
(Manuseript received October 7, 1970)

This paper applies the theory of cylindrical magnetic domains' to
cylindrical domain devices. The stability conditions are examined as
bounds to the region of possible device operation and it is found that
the plate thickness, h = 41, and the domain diameter, d = 8, where
is the ratio of the wall energy per unit area to 4w times the saturation
magnetization squared, are preferred values. When the effects of wall
coercivity and mobility are examined, it is found that the preferred
plate thickness and domain diameter are even more strongly preferred,
that the wall motion coercivity should be less than one percent of 4
times the saturation magnetization, and that a domain coercivity and
mobility may be defined. C'onsideration of the Néel temperature and
the desired absolute domain size in addition to the static stability
conditions shows that domain materials having some antiferromagnetic
character and induced uniaxial anisotropy are preferred. Where appro-
priate, domain methods for measuring material parameters are
described.

I. INTRODUCTION

The application of cylindrical magnetic domains or “bubbles” to
memory and logic devices has recently received considerable atten-
tion.* Such domain devices may operate in a continuum of modes
ranging from the wall motion coercivity dominated mode to the “hard
bubble” mode. In the coercivity dominated mode, applied fields deter-
mine the domain configuration which is then maintained by coercivity.
In the hard bubble mode the coercivity must be sufficiently low that
the domains have a well-defined size and shape permitting the move-

* Portions of this article were presented at the “Fifteenth Annual Conference on
Magnetism and Magnetic Materials” Philadelphia, Pennsylvania, on Nov. 20,
1969. (See Ref. 2.)
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ment of individual domains as distinct entities. A previous paper
developed the theory of static stability of cylindrical domains in
materials having zero coercivity.! The present work applies this theory
to the determination of the ﬁeferred conditions for construction of
devices operating in the hard bubble mode. It is found that specifying
an operating domain diameter determines preferred values for the
plate thickness, magnetization, anisotropy constant and the maximum
allowable value of the wall motion coercivity.

Figure 1 shows the model for the domain structure from which the
static stability theory was developed. The coordinate system and
symbols used here are the same as in Ref. 1 except for the addition
of a few symbols such as p,, the wall mobility; H,, the wall motion
coercivity; vy, the domain velocity; and Ag, the variation in wall
energy. The model represents a single isolated domain in a plate of
magnetic material of uniform thickness, h, and an infinite extent in
the plane, r; = ». Everywhere within the material the magnetization
has a uniform (saturation) magnitude, M, directed along the upward
plate normal (the z direction) within the domain and along the down-
ward plate normal elsewhere within the material. The domain wall is
assumed to have negligible width and the domain wall energy density,
ow, 18 initially taken to be independent of both wall orientation and
curvature. The domain wall is cylindrical in the sense that it every-
where contains a line parallel to the plate normal. Under these assump-
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Fig. 1—Domain configuration and coordinate system.
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tions only the component of the spatially uniform applied field which
lies along the plate normal will interact with the domain so that only
this component is considered. This component is denoted by H and is
taken positive when directed upward, the direction tending to collapse
the domain.

The assumptions implicit in this domain model are not all inde-
pendent. The interrelation of the assumptions and the dependence of
the assumptions on the domain geometry and the material parameters
are discussed on pp. 3312-3318 of Ref. 1. The validity of the assump-
tions will not be discussed further here except to note that in order
for domains of the type to be considered here to exist, domain nuclea-
tion and wall-width considerations require roughly that

K, > 2xM; , )

where K, is the uniaxial anisotropy constant, and that the validity of
the approximations generally improves as K, is increased above this
minimum value.

The domain radius function, r, (), which is expanded in the series

n() = ro + ar + 3 Ar,cos (0 — 0, — 80)], ()

describes the domain shape in the plane. The Ar, and A6, describe a
variation in domain size and shape from a circular domain of radius
r»(8) = ry and the 6, describe the direction of the variation. (The A6,
have significance only for second variations.) Since only near circular
domains are of interest here, the condition

[ro] > |Are| + Zn |Ar,| (3)

is imposed to assure that the radius is single valued and smooth.

The first and second variations of the total domain energy with
respect to the Ar, and A#, determine the domain equilibrium and
stability conditions. The total domain energy,

ET b EW+E1I+EM) (4)

is the sum of three terms. The wall energy, Eyy, is the product of the
wall energy density and the wall area. The applied field interaction
energy, By, is proportional to the product of the domain volume and
the external field interaction energy. The last term, Ey, is the internal
magnetostatic energy of the domain. The energy variation has the
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form

ar, = £ |(52), o+ (52, 0

n=0

15§ (_aE) (aF)
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(®)

where in the energy derivatives the independent variables, the Ar,
and A6, , have been written as r, and 6, for compactness, the zero sub-
seript indicates that the derivatives are to be evaluated for a strictly
circular domain, 7,() = 7, , and O, indicates terms of order three or
higher. The first derivatives are the negative of the generalized forces,
—(0E /0r,)o and — (dE 1/38,), being respectively the radial and angular
generalized forces of rotational periodicity n. The second derivatives
form the stiffness matrix of the system with (8°E,/dr, ar,), being the
(n, m) element of the radial submatrix and (8°E,/dr, 86,), and
(0°E+/86, 86,), being the corresponding elements of the mixed and
angular submatrices respectively. In Ref. 1 the derivatives of the
total energy with respect to the Ar, and Af, were obtained by differ-
entiating the integrals which form the terms of equation (4) and evaluat-
ing the resulting integrals for the case of a strictly circular domain.

In the present work it is convenient to write the energy variation
expression in a normalized form in which: energy is measured in units of
4(2xM?)(wh®), the equilibrium condition has been used to eliminate
the applied field from the second variations (the stiffness matrix is of
interest here only for a domain in equilibrium), the first- and second-
order variations which are identically zero and deleted, and the non-
zero generalized forces and stiffness matrix elements are written as
functions of dimensionless variables, the applied field measured in
units of the magnetization, H/4wM, , and ratios of the plate thickness, &,
the domain diameter, d = 2, , and the characteristic length of the
material,

l = o,/47M? . (6)

This normal form of the energy variation is [Ref. 1, equation (68)]

__AB; [£+4 H _F(é)]e@
42z MY (xh®) — Lh ' h4xM, h h
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where F' and the S, are called the force and stability functions respec-
tively and are written in terms of the complete elliptic integral of
the first kind,

*/2
K(m) = f (1 — msin® 6)7* de, (8)
0
the complete elliptic integral of the second kind,
/2
Em)= [ (- msin® 9} o ©
0

and the L, functions which are auxiliary functions introduced for
convenience,

L =0 (108)
L@ = 4l + DEQ + 27) — a(z + DK + 2] (10b)

Lon(@) = ﬁ [4n(2z + DL.(x) — @n — DL,_,(@)

— 16nz@ + D X K(1 4+ 2], n2zl (10c)
The force and stability functions are
F@) = 2210 + 2B + 27 - 1), ()
Sul@) = F@) — 2 = F@), (122)
= —5- PG — LO)), (12b)
and
8.@) = —ort 1 5 2™ — L™ — L0 + LO),

n = 2. (13)
Figure 3 of Ref. 1 plots F(d/h) and S, (d/h) for d/h = 6 and n = 10.
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Appendices A and B of Ref. 1 give methods of computation and series
expansions of these functions while Section IV discusses the physical
interpretation of the terms in the energy variation expansion [equa-
tion (5) here].

Section II of this paper discusses the domain size and stability
implications of the energy variation expansion (7). This discussion
yields the conditions for the existence of cylindrical domains in the
total absence of dissipative processes and these existence conditions in
turn place several restrictions upon device design. The section con-
cludes with a discussion of domain size and domain ellipticity in the
presence of anisotropic wall energy. Section III considers the effects
of dissipative processes (wall motion coercivity and mobility) on
domain existence and movement, the relation of domain mobility to
wall mobility, and the limiting conditions under which the hard bubble
mode may be achieved. Section IV combines the results obtained here
and in Ref. 1 to obtain several relations between material parameters
and device performance.

II. CYLINDRICAL DOMAIN SIZE, SHAPE AND STABILITY AT EQUILIBRIUM

This section examines the domain equilibrium and stability condi-
tions and some of their implications.

2.1 The Equilibrium Condition

The domain is in equilibrium when all of the first-order variations
of the total energy with respect to the Ar, and A4, are zero. In the
variation expansion (7), all the first-order energy variations except
the variation with respect to Ar, (representing a variation in domain
size with no variation in shape) are identically zero. Since the domain
is initially assumed to be a circular cylinder and there are no forces
tending to deform it, the domain is in equilibrium when it is a circular
cylinder having a diameter which is a solution to the normalized force
equation,

Il , d H d
Rt haor, T (E) =0 (14)

The (normalized) generalized forces appearing in this equation have

a one to one correspondence with the terms of the energy sum (4):
the first term being produced by the wall energy, the second by the
applied field, and the third by the internal magnetostatic energy. The
normalized wall force, —I/h = —o,/4rM:h always tends to collapse
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the domain (¢, and & are positive) and is independent of domain di-
ameter. Each of the normalized generalized forces may be converted
to an equivalent field by multiplying by h4xM,/d. The equivalent
wall field is o../2rM, so that the wall field is proportional to the product
of the wall energy and the wall curvature. The normalized applied field
force, —(d/h)(H/4wM,), tends to collapse the domain for positive
applied fields and its magnitude is proportional to the domain diam-
eter. In this case the equivalent field is the applied field, H. The normal-
ized internal magnetostatic force is + F(d/h). The force function, F, is
positive with positive first derivative and negative second derivative
at all points. It approaches d/h for small domain diameters and
7' In | 4e*d/h | for large domain diameters (In Ref. 1 see equation (138)
and Fig. 3). Since F is positive, the internal magnetostatic force always
tends to expand the domain. The internal magnetostatic force and the
wall force are thus oppositely directed. Therefore equilibrium is at-
tained for any given diameter by adjusting the applied field to a value
which compensates for the difference in magnitude of these two forces,
the sign of the field depending on which force is dominant. The equiva-
lent field for the case of the internal magnetostatic force, 4rM,
«(h/d)F(d/h), is the z averaged z component of the internal demagnetiz-
ing field or the internal magnetostatic scalar potential difference be-
tween the top and the bottom of the plate divided by the plate thick-
ness." This field approaches 4wM, for small domain diameters and
4M,(h/d) In | 4¢*d/h | for large domain diameters.

Solutions to the equilibrium problem may be discussed either in
terms of the equivalent fields as was done by A. H. Bobeck’ or in
terms of the generalized force equation (14) with the preferred method
depending on the specific application. In the present case, the generalized
force equation will be used since the general properties of the solutions
of the equilibrium problem may be easily obtained by straight line
constructions on a plot of F.

Figure 2 shows examples of such constructions (along with stability
constructions which will be explained later). The equilibrium con-
struction consists of first locating the point on the vertical axis whose
ordinate is I/h, then drawing a straight line through this point whose
numerical slope is H/4xM, . The line so constructed thus represents the
first two terms in equation (14) so that its intersections with F (if any)
are the equilibrium points. The dashed line asymptotic to the force
function at the origin has numerical slope one and therefore provides
a reference for estimating the magnitude of applied fields. In each of the
constructions of Fig. 2, [/h is 0.3 and this point on the vertical axis is



732 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1971

o
I
~
i
Qo
RS

T
==

0.8

o
@

o
N

MAGNETOSTATIC FORCE-STABILITY

o
n

Fig. 2—Construction of solutions to the force equation for I/h = 03, d = do,
d = dy and d = 2h.

denoted by W. The symbol W was used since I/h is the wall energy
per unit area in units of twice the magnetostatic self-energy per unit
surface area of an infinite plate of uniform thickness, h, when it is
uniformly magnetized in a direction perpendicular to the surface of the
plate.

For the first example, consider the line ‘W®’ for which I/h = 0.3,
H/4xM, = 0. This line has one intersection with F at ©(d/h = 0.378).
Since the slope of F' is everywhere positive, there will in general be
only one intersection with the construction line for any zero or negative
value of H/4rM, independent of the magnitude of I/h. That this
single solution is unstable may be appreciated by considering small
variations in the solution diameter from its value at O: Increasing the
diameter of the domain from the diameter at © increases the magnitude
of the internal magnetostatic force term while the other terms remain
constant. The total force tending to expand the domain thus increases
from zero as the domain expands from the solution diameter. The domain
is thus unstable with respect to expansion. An entirely similar argu-
ment shows that the domain is unstable with respect to collapse. It is
easily seen in general that for a fixed solution diameter the solution
will become more unstable (the destabilizing force increasing faster with
increasing diameter) as the field is made more negative. Stable solu-
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tions to the equilibrium problem exist only for fields aiding the wall
field in tending to collapse the domain although one unstable solution
exists for any magnitude of negative applied field.

Because of the logarithmic behavior of the force function at large
domain diameters, a radially stable solution to the force equation will
appear (in addition to the radially unstable solution) when a vanish-
ingly small positive bias field is applied. (Radial stability is determined
in the same way as in the preceding paragraph. The existence of radial
stability does not assure total domain stability as will be seen.) Since
the F function has a negative second derivative everywhere, there can
be no solutions in addition to a single radially unstable and a single
radially stable solution. This situation is illustrated by the line W$
in Fig. 2. The line represents [/h = 0.3, H/4xM, = 0.254 for which
the unstable solution, denoted by U, oceurs at d/h = 0.767 and the
stable solution, denoted by 8, occurs at d/h = 2.000. Bobeck” has ob-
served experimentally the unstable solution under static conditions
which permit the existence of the stable solution. This was done by
applying a short duration bias field pulse which reduced the domain
diameter from the stable solution diameter at § to the unstable solu-
tion diameter at Al and then returning the bias field to its original value
just as the unstable solution was attained. The domain having the
unstable solution diameter was then stabilized sufficiently by coercivity
to allow it to persist.

If the applied field is increased from a value for which there are two
solutions, then, the solutions approach each other until at some field
value they coalesce. This point at which the solutions coalesce is a
point, of radial metastability since, at this point, the construction line is
tangent to F. Thus, the solution is neither stable nor unstable to lowest
order by the small variation argument of the preceding paragraphs.
There are no solutions for applied fields greater than the field of radial
metastability. Since in this case the inward forces dominate at all
diameters, the domain collapses. (Since F' everywhere lies below the
asymptote d/h, the domains always collapse for applied fields greater
than 47, .) In Fig. 2 where i/h = 0.3, the collapse point, €, occurs
at H/4rM, = 0.283, d/h = 1.16. The sequence of the types of solu-
tions which occur as H is varied depends only on the invariant signs
of the slope and curvature of F. Therefore for a fixed value of I/h this
sequence is independent of the value of [/h. From the slope and curva-
ture properties of F the uniqueness of the collapse diameter and field
for a given value of I/h may also be shown. However, the discussion of
both this uniqueness and the detailed behavior of the domain diameter
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as a function of applied field are conveniently postponed until general
stability is discussed.

The device implications of this subsection may be summarized by
noting that cylindrical domains exist only in the presence of an applied
field applied in a direction tending to collapse the domain and having
a magnitude less than 4wM, .

2.2 General Stability

The sign of the second variation of the total domain energy pro-
duced by a weak variation in shape characterizes the stability of a
cylindrical domain. Sinée only domains in equilibrium are of interest
here, attention is restricted to variations of such domains from their
equilibrium size and strictly circular shape. Since an arbitrary weak
variation is describable by the expansion (2) with condition (3),
the stability problem is reduced to the study of the coefficients of the
terms in the energy expansion which are quadratic in the Ar, and Af,.
These coefficients are defined (up to some constant factor) as the
stiffness matrix elements of the system, and these stiffness matrix ele-
ments may clearly be classified as either radial, mixed, or angular stiff-
ness matrix elements.

In the equilibrium energy expansion (7) the only nonzero quadratic
coefficients are the coefficients of the (A7,)%, n 5= 1. As required by the
eylindrical symmetry of the system, the domain is completely metasta-
ble with respect to angle. This is indicated formally in (7) by the
absence of any nonzero terms in A@,A8,, or Ar,Af,. (The angular and
mixed stiffness submatrices are identically zero.) Since no terms in
AryAr,, for m #% n appear in equation (7), (the radial stiffness matrix
is diagonal) the variation amplitudes are quasi-normal-modes of the
system. Nonzero terms of order three and higher in the variation ampli-
tudes and angles prevent the variation amplitudes being true normal
modes. Finally, since the energy of a domain in an infinite plate is
independent of the domain position, the translational stiffness of the
domain is zero and therefore since the variation Ar; corresponds to
lowest order to a translation (see Ref. 1 Sec. 4.2.2), the coefficient of
(Ary)*® in equation (7) is zero.

Since the second-order energy variation with respect to an arbitrary
small amplitude weak variation is simply the sum of the energy
variations from each normal component of the variation, the study of
the stability of circular cylindrical domains reduces to the study of
the stability of the domains with respect to size, Ary, and shape, Ary
to Ar, . The sign of the corresponding stiffness matrix element deter-
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mines the stability or instability of the domain with respect to the
variation of a particular Ar,. From equation (7), the nonzero normal
stiffness matrix elements are )

e (%%), - -(: ’?;)[% - S(%)] (150)

and

4(21r1t};;)(7rh’) (a;f:r)o - - 1’_(3)[% - S_"(%)] i 60

The quantities in square brackets are termed stability coefficients.
The domain is stable with respect to an arbitrary variation in shape
when all of the stiffness matrix elements are positive. From equation
(15), this occurs when the n = 0 coefficient is negative and all the
other stability coefficients are positive,

[l/h — So(d/h)] < 0 (16a)
and
[(l/h — S.(d/h)] >0, n =2 (16b)
&9
So(d/h) > U/h > Sy(d/h). (17)
Since the stability functions have the property,
Suei(d/h) < S.(d/h), (18)

(at least up to n = 10 see Ref. 1) the condition for total stability
reduces to

So(d/h) > U/h > Sy(d/h). (19)

Since domain stability with respect to Ar, and Ar, assures total stability,
attention is largely restricted to the n = 0 and n = 1 coefficients. The
variations Ar, and Ar, are termed radial and elliptical variations
respectively.

The numerical value of the stability coefficients and in particular
the conditions under which the stability coefficients change sign, is
determined by a graphical construction, an example of which is now
given. The construction of the radial and elliptical stability coefficients
for the case I/h = 0.3 is shown in Fig. 2. The elevation of the horizontal
line W®' represents the value of I/h. In order to determine the stability
coefficients it is necessary to specify an operating diameter which, in
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turn, is determined by the applied field. When the domain diameter is
greater than the diameter at the intersection of the horizontal line
and S, at @’ (applied fields less than that represented by the slope of
the line W®) the elliptical stability coefficient is negative and the do-
main is unstable with respect to Ar, . The domain diameter at the
intersection of the horizontal line and S, is called the diameter of
elliptical metastability and the corresponding field (the field represented
by the slope of the line W@) is termed the field of elliptical metastability.
When the diameter is decreased below the diameter of elliptical metasta-
bility (by increasing the field above the field of elliptical metastability)
the domain becomes stable with respect to elliptical deformation. When
the domain diameter is decreased to d = 2h (the corresponding field
being represented by the slope of the line WS8) the magnitude of the
radial stability coefficient (corresponding to the length of 8'8}) is approx-
imately equal to the magnitude of the elliptical stability coefficient
(corresponding to the length of 8'8).

Increasing the field to the value corresponding to the slope of the
line We, decreases the domain diameter further to the value at the
intersection of the horizontal construction line with 8, at €', so that
the radial stability coefficient is zero and the force equation construc-
tion line is tangent to the force curve. Increasing the field above the
field value corresponding to the slope of W€ decreases the diameter
even further so that the radial stability coefficient becomes positive,
the radial stiffness matrix element becomes negative, there are no
solutions to the force equation and the domain collapses.

Since the construction line for the force equation is tangent to the
force curve at the diameter of radial metastability, it is possible to
construct the S, curve from the F' curve by plotting the loci of points
whose ordinate is I/h and whose abscissa is the diameter at which
the construction line is tangent to the F curve. Figure 3 illustrates
four points of such a construction. Conversely, given the initial slope
of F, the S, curve may be used to construct F.

In Appendix A of Ref. 1 (see also Fig. 2 here) it was shown that
the stability functions are in general monotonic incereasing funetions of
the normalized domain diameter, d/h, and monotonic decreasing
functions of the radial periodicity, n (at least up to n = 10). From
these properties of the S, functions and the properties of the solution
to the force equation discussed in Section 2.1, the following general
stability properties may be deduced for any fixed value of I/h: When
there is no applied field, the domain diameter is infinite, and the
domain is unstable with respect to all variations for which n = 2,
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Fig. 3—Construction of the Si(d/h) function as a sequence of collapse diameter
solutions.

When the applied field is small, the diameter is finite and the domain
is stable with respect to all variation for which n is equal or greater
than some n,, while remaining unstable with respect to variations of
ry for which 2 = n < n,,. When the applied field is between the values
of elliptical and radial metastability, the domain is stable with respect
to all variations. Finally, for applied fields greater than the field of
radial metastability, the domain collapses. (As noted previously the
domain collapses for applied fields greater than the fields of radial
metastability for any value of the domain diameter.)

Note that except for S, each S, forms the boundary between the
regions of stability and instability with respect to the corresponding
Ar, and that metastability with respect to each Ar, (n %= 1) occurs only
along the boundary between the stable and unstable regions.

Even though the radial and elliptical stability funections bound the
region of total domain stability, the threefold and fourfold stability
functions, S; and S, , lie quite close to S, and it might be expected
that when the bias field on a cylindrical domain is reduced in the
presence of a small stabilizing coercivity the domain might run out into
an initially three or fourfold figure. Such runouts have indeed been
observed.®

When the bias field on an initially circular stable domain, repre-
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sented for example by the line W$ in Fig. 2, is decreased, r,(6) will
increase uniformly for all # maintaining a circular shape until the point
® is reached. Increasing the domain radius beyond this value causes
the domain to become unstable with respect to elliptical variations.
Since for small variations, the variations in the expansion used here
are normal modes, the breakaway to instability will not be coupled to
any pure radial motion. Thus, when the breakaway occurs r,(6) will
actually decrease along one half the length of the wall. Experiments in
platelets which have just enough coercivity so that the initiation of
the breakaway is observable confirm this somewhat surprising pre-
diction. (See Ref. 4, pp. 1916-1917. The sequence of photographs on
these pages were taken with an increasing bias field. The corresponding
sequence for a decreasing bias field is similar.)

2.3 Restrictions Placed on the Possible Region of Device Operation by
Stability Considerations

Since the diameters of radial and elliptical metastability (and the
corresponding applied fields) are the boundaries of the region of total
stability, they are the boundaries of the region of possible device
operation in the hard bubble mode. It is easily appreciated by inspec-
tion of equation (15) that the domain will be metastable with respect
to a particular Ar, (n % 1) if and only if the corresponding stability
coefficient is zero,

I/h — S.(d/h) = 0. (20)

Since the S, are monotonic increasing functions of d/h, a diameter
of metastability is uniquely defined for each value of n and charac-
teristic length to thickness ratio,

d/h = S'(/h), n= 1. (21)

The corresponding applied fields of metastability are then defined
using the force equation (14) by

w3) 3 [F@) _ _l]. (22)

M, 4, " \h h

While I/A is a normalized wall energy, it is also, obviously, the recipro-
cal of the thickness measured in units of the characteristic length.
Thus, the d, and H, are functions of the normalized thickness, A/l.
In the remaining topies of this section it will be appropriate to think of
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this parameter as the normalized thickness, since in a given material
it is the thickness which is the accessible variable.

In principle, the values of the d, and H, for each value of &/l could
be obtained by graphical construction. Figure 2 may be taken as an
example of such a construction for h/l = 3.33 and n = 0 and 2. In
this construction the intersection at @’ represents d,(0.3) = 1.16h, the
intersection at ®’ represents d,(0.3) = 3.58h, the slope of WE repre-
sents H,(0.3) = 0.283(47M,) and the slope of W® represents H,(0.3) =
0.196(4wM,). (The values quoted here were obtained numerically.)

To better appreciate the way in which the requirements of static
stability bound the possible region of device operation, several diam-
eter and applied field functions of the normalized plate thickness
have been plotted and their asymptotic forms in the limit of very
thick or very thin plates have been computed.

The values used in plotting the functions were obtained in the
following way: The implicit equation for d, and d» [equation (20)]
was inverted numerically using the expressions for Sy(d/h) [equation
(12)] and S,(d/h) [equation (13)] to obtain d,/h and ds/h as func-
tions of A/l. (Parametric plotting may be used only for functions of a
single d,.) The desired functions were then computed from do/h, da/h
and the expressions for the H, [equation (22)] and F(d/h) [equation
(11)]. (See also Ref. 1, Sections A.1 and A.8.) The asymptotes of the
various curves are obtained using the expansions for F(d/h), Sy(d/h)
and Sa(d/h) from Appendix B of Ref. 1, with the force equation
where necessary (14) and the d, defining equation (20). The small
d/h expansions are carried to order (d/h)* and the large d/h expan-
sions are carried only to the lowest order constant and log terms in
order to facilitate the algebraic inversion of equation (20).

Since the validity of some of the assumptions of the theory increases
with inereasing d/h, each plot includes an arrow indicating the direc-
tion of increasing d,/h along the plotted curve or curves. The marks
at dy/h = 1 and d./h = 1 indicate the points at which the theory
becomes definitely suspect. It has been found experimentally, however,
that the theory does give reasonably consistent results for values of d/h
which are somewhat less than one.

Figure 4 is a plot of the diameters of radial and elliptical metasta-
bility measured in units of the characteristic length, dy/l = (h/l) (dy/h)
and dy/l = (h/l) (d2/h), as functions of the thickness measured in
units of the characteristic length, h/l. These diameters have the
asymptotie values
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Fig. 4—Diameters of radial and elliptical metastability, do and da, in units of
the characteristic length, {, as a function of the thickness, , in units of I.

do/l = 0.412(h/1) exp (wl/h), b/l K1, (23a)
and
do/l ~ 1.253(h/1},  h/I> 1, (23b)
for the collapse diameter, and
dy/l ~ 1.564(h/l) exp (xl/h), h/l K 1, (24a)
and
dy/l =~ 3.760(h/1)},  R/L>1, (24b)

for the elliptical runout diameter. The uppermost curve in Fig. 5 is a
plot of the ratio of the diameter of elliptical metastability to the
diameter of radial metastability, do/dy = (do/h)/(dp/h) =
(da/l)/ (dy/1), as a function of the h/l. This ratio has the aymptotes

dy/dy = 3.794, h/lk1 (25a)
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and

do/dy =~ 3.000,  h/l>1 (25b)

which are easily obtainable from equations (23) and (24). Figure 6 is
a plot of the relative variation of the geometric mean of the diameters
of radial and elliptical metastability with respect to a relative varia-
tion in plate thickness dln|(dyd.)?|/dln|h| as a function of h/L.
This curve has the asymptotes

dIn |(dody)|/0 In |h| & 1.000 — 3.142(h/1)~",  h/L> 1, (26a)
and
3 In |(dod,)}|/0 In |h| ~ 0.500,  h/l> 1. (26b)

Inspection of these limiting diameter plots and asymptotic expres-
sions yields the following: In a given material, the minimum stable
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Fig. 5—Diameter and applied field margin ratios, du/dy, Ho/H:, and 2(H, —
H:)/(H, 4+ H.), as functions of the thickness, h, measured in units of the charac-
teristic length, [.
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Fig. 6—Logarithmic derivative of the domain diameter with respect to plate
thickness, @ In d/d In |h|, for the bias condition d = (duds)} as a function of
the plate thickness, h, measured in units of the characteristic length, L

diameter attainable for any plate thickness is ~3.90 at a thickness
of ~3.3l The minimum diameter of elliptical instability is =121
attained at a thickness of ~4.2l. For any given plate thickness, the
range of diameters over which the domain is stable is small, the ratio
of the diameter of elliptical metastability to the diameter of radial
metastability being roughly equal to three for any plate thickness.
The domain diameter is thus for all practical purposes determined
once the plate thickness and characteristic length are known. The
increase in domain diameter with increasing plate thickness in thick
plates is quite mild being according to a square root law. The increase
in domain diameter with decreasing plate thickness is, on the other
hand, exponential for a thin plate. This variation is so rapid that the
magnitude of the relative variation of the diameter of a centrally
biased domain, d = (dods)* with respect to a relative variation in
thickness increases according to the inverse of the thickness.
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Figure 7 is a plot of the applied fields of radial and elliptical
metastability, Ho/4xM, = (h/d,) [F(dy/h) — l/h] and Hs/4xM, =
(h/dy) [F(ds/h) — l/h], as functions of h/l. These curves have the
asymptotes

H,/4xM, =~ 0.772 exp (—=l/h), h/l K 1, (27a)
and
Ho/4nM, ~ 1.000 — 1.596(h/1),  h/L> 1, (27b)
for the collapse field and
H,/4wM, ~ 0.475 exp (—wl/h), h/l KL 1, (28a)
and
H,/4M, ~ 1.000 — 2.660(h/)7},  h/I> 1, (28b)
for the elliptical runout field. The two lowermost curves in Fig. 5 are
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Fig. 7—Applied fields of radial and elliptical metastability, Ho and Ha, in units
of 4wvM, as a function of thickness, i, measured in units of the characteristic

length, L.
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plots of the ratio of the collapse field to the elliptical runout field and
the ratio of the difference of these fields to their average as functions
of h/l. The asymptotes of these ratios are

Ho/H, ~1.626, h/l<K]1, (29a)
and
Ho,/H, ~ 1.000 + 1.064(h/))},  h/I>1, (29b)
for the field ratio and
2(H, — H,)/(H, + H,) =~ 0477, h/lK]1, (30a)
and

2(H, — H,)/(H, + H,) ~ 1.064(h/)™},  h/1>1, (30b)

for the ratio of the difference of the fields to their average. Equations
(29) and (30) are easily obtainable from equations (27) and (28).

Inspection of these limiting applied field plots and asymptotes
yields the following: The field magnitudes decrease exponentially
with decreasing plate thickness, rapidly becoming unmanageably
small for very thin plates. The fields increase monotonically with
increasing plate thickness toward the common value, 4xM,. The rela-
tive variation of applied fields, allowed within the region of stable
circular domains, is smaller than the allowed relative variation of
diameters, approaching a constant for thin plates and zero for thick
plates.

Note that 4=M, determinations are most accurately carried out in
moderately thick plates (within the limits of the cylindrical wall
approximation and the coercivity limits deseribed in the next section)
since here H,/4xM, (and H./4=M,) is a weak function of ! and is
asymptotic to one. Measurements of the characteristic length, on the
other hand, are best carried out in moderately thin plates (within
coercivity limits) where the diameter is a strong function of I. The
appreciation of the validity of these statements will be greatly en-
hanced if the reader will try a few constructions on a plot of the
F and S, functions.

The implications of the foregoing for device design are summarized
as follows: For a given value of A/l there is only an approximately
three-to-one variation in the domain diameter permitted within the
stable region so that given material and plate thickness, domain size
is closely determined. The minimum domain diameter occurs for
h/l = 4. For thinner and thinner plates, both the plate thickness
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margins and the applied field magnitude decrease exponentially. While
field margins are reasonable for h/l = 4 (Ho/H, = 1.41) [or 2(H, —
H,)/(H, + H,) = 0.34], they become vanishingly small in very thick
plates. These considerations thus demonstrate that from stability con-
siderations alone, for a given value of the characteristic length, there
is both a preferred range of thicknesses and a preferred range of
domain diameters (or applied fields) for device operation. The
preferred range of each is centered about the preferred values

h, = 4l (31)
and

d, = 8l (32)

I

for which the bias field is
H, = 0.279(47M,). (33)

These values will be shown to be preferred in another sense in the
next section.

2.4 Domain Diameter as a Function of Applied Field

Since domain diameter is in practice only measurable for diameters
between do, and d» (applied fields between H, and Hs), these points
form natural endpoints for plotting the diameter as a function of
applied field. Figure 8 is a plot of (d — do)/(d2 — do), as a
function of (H — H.)/(H, — H.), for various values of the
normal thickness in the infinite disk. The plots for finite nonzero
values of the thickness were obtained numerically using the force
equation (14), the defining relation for the d, [equation (21)] and
the expressions for F [equation (11)], S, [equation (12)] and S,
[equation (13)]. In the limit of very thick plates, diameter and applied
field are related by

HQ—H_Q(d_d())z
Hy—H, 4 dd, '
using the small d/h expansions of F, S, and S, from Ref. 1, Appendix

B, to order (d/h)%. In the limit of very thin plates, diameter and
applied field are related by

H,— H _ 1 [1_@
H, — H, 1 — exp (—3) d

h— « (34a)

d

do

(1+1n

h—0 (34b)
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Fig. 8—Relative diameter, (d — db)/(da — db), as a function of relative applied
field, (H — H:)/(Ho — H.), in the infinite plate for various values of the plate
thickness, h, measured in units of the characteristic length, I.

using the constant and simple log terms of the expansions of F, S,
and S, from Appendix B of Ref. 1. The curves for intermediate thick-
nesses are seen to lie, in order, between the limiting curves and are all
nearly linear except in the neighborhood of the collapse diameter. In
the neighborhood of the collapse diameter, the slopes of all the curves
are infinite. This is easily appreciated by expressing the derivative of
the domain diameter with respect to applied field in terms of the
radial stability coefficient.

The derivative of the domain diameter with respect to the applied
field is obtained by considering equation (14) to be continuously
solved and then differentiating with respect to d to obtain

1 d dH 1 9
&M, (z o Tl ) — 3g F(@/h) = 0. (35)

Eliminating H with the force equation, using the equation for S, (12)
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and rearranging yields

e 2 . (36)

So that indeed the derivative of diameter with respect to applied field
approaches infinity as radial metastability is approached.

2.5 The Effect of Wall Energy Anisotropy on the Size, Shape and Stability
of Cylindrical Domains

The domains observed in orthoferrites are never precisely circular
but always have some degree of ellipticity. The present subsection
relates this anisotropy in domain shape to more fundamental domain
parameters.

In the orthoferrites K, >> 2rM? so that the magnetization lies rigidly
along the plate normal and the wall width is narrow as compared to the
domain diameter (1). The applied field energy, Ey and the internal
magnetostatic energy, E, , terms of the total energy expression (4)
thus make no contribution to producing the domain anisotropy. There-
fore the anisotropy results from an anisotropy in the wall energy
density o, . Considering again the wall energy density to be inde-
pendent of wall curvature and the wall to be oriented with its normal
perpendicular to the plate normal, i.e., a cylindrical wall, the wall
energy density may be expanded as

Gu = Gu + § 2 720 €08 (200 — v21)] (37)
n=1

where » is the angle between the wall normal, N, and the z axis (see
Fig. 9) and the expansion coefficients, ¢, , o2, and »,, are taken to be
positive. The odd angular periodicity expansion coefficients are deleted
from equation (37) since the energy of the system is invariant under
time reversal while the direction of the wall normal (referred to the
magnetization direction) changes sign.

To describe the anisotropy observed in orthoferrites, it has proven
sufficient to include only the average and two-fold terms in equation
(37). In addition, if the plate is assumed oriented so that the wall
energy is maximized when the wall normal lies along the z axis, the
wall energy density is

0, = 6. + 3 Ao, cos 2p. (38)
Although the method which now will be employed to calculate the
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Fig. 9—Coordinate system used in consideration of anisotropic wall energy.

implications of equation (38) is clearly applicable to the more gen-
eral energy expression (37), attention will be restricted to equa-
tion (38).

The total wall energy is

By =k 55 oo ds (39)

where s is the arc length along the curve describing the domain shape
in the plane. When the wall energy density (38) is substituted into
equation (39) and the differential arc length, ds, and the wall normal
orientation angle, » (see Fig. 9), are expressed in terms of 6, 7, (6) and
dry(8) /06, the total wall energy expression becomes

27 . 2|4
By = h&,,,fo [r: 4 (ﬁ)] a0
2 9 214
+ ik Ac, fo {I:rf, + (%)] cos 26

2% (% g n )[ (czr_)]*}
280 29 cos 20 — r, sin 26 )| r, + 30 de. (40)
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In the isotropic wall energy density case, ¢, = . , the first term in
equation (40) is identical to the isotropic wall energy expression [equa-~
tion (8) of Ref. 1], the second term in equation (40) representing en-
tirely the effect of the wall energy anisotropy.

To evaluate the effect of the anisotropy term even to lowest order,
it is necessary to obtain all the first and second derivatives with
respect to the expansion coefficients, Ar, and A6, of the expansion of
ry(8) (2) for the case of a strictly circular domain r,(8) = ro. In the
expressions for the derivatives, dar, and 9Af, are again abbreviated
to dr, and 96, and evaluation at r,(#) = r, is denoted by a zero sub-
seript. The first derivative with respect to Ar, is

zJ 3(%) 274
aE_w=,,&wﬁ ary,  ar, "\ a6 [,H(m)] a9

ar. l"’ or. T a0 or, a6

J a(‘”b
i 87‘,, 67‘,, a6 [ 2 (87‘,,)2]-!

2
+4}hAa.,,j; lnarn_’_a@ ar. n+ 30 cos 26

a(ar,,)
ory -3
-2 Heu (% cos 26 — r, sin 20)[7{ -+ (a_r_,,) ]

ar, \df a0

ar, 9 (61',, : )(,, (ar,,)”)‘*]
—_ ) = — — - —
30 or, [ ag 08 20 —nsin26)r + (g de. (41)

Setting r, = 7, and ar,/88 = 0 and carrying out the integration yields
(aE—“) = 27hé, On — 3—7'- h Ao, 6., cos 20, (42a)
ar, /o 2

where 8,,, is the Kronecker delta function. The remaining derivatives
which are evaluated in an entirely similar manner are:

aEW) _

(60,. = 0, (42b)
azEw) _ T, 2

(&r,,. ks e hé.n" 6mn

+ :—:h Ag,, M| 8,y Sy COS 20, — 8 msa COS (nB, — MB,) ],
o
(42¢)
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’Ew ) _
(ao,,. 36,/0 0 (42d)
and
a’EW) _ -
(60,,. o), = 3rh Ac, 82 8,2 810 26, . (42¢)

The terms of equation (42) in ¢, are all identical to the corresponding
terms in the isotropic case [equation (14) of Ref. 1] so that adding the
terms of equation (42) in Ac, to equation (7) yields the total energy
expansion for the anisotropic case. The domain is therefore in equi-
librium when the force equation for the isotropic case (14) with ¢, = &,
is solved and the force tending to make the domain elliptical is some-
how balanced. Inclusion of the effect of second order energy variations
terms solves the latter part of the equilibrium problem to lowest order.

Before proceeding with this solution, it is appropriate to comment
upon the significance of the various energy terms. As required
by translational symmetry [Ref. 1, Sec. 4.2.2] (3E,w/012)0 = —2r-
(0°Esw/0r?) when 6, = 6, where E,y is the Aoy contribution to the
energy. The (9°E/dr?), term in the stiffness matrix thus has only
kinematic significance. On the other hand, —a[Ary(dE y/drs)o]/30, =
— Ary(0E /30, dry), is a torque tending to turn an elliptical domain
into the direction in which the force tending to make the domain
elliptical is most positive.

To solve the elliptical equilibrium problem, it is convenient to write
the energy variation expression in the form

AE, = —F-X 4 3X-8-X 4 0:(X) (43a)

where
X=(x,,% ,%Ts,%4,T,Te, Tz, "] (43b)
= [Ary , Ar, , AG, , Ary , AOy , Arg , Ay, -+ -] (43c)

and where the elements of the force vector, F, and the stiffness matrix,
S, are

- _ @_r)
F, = (axi ) (43d)
and
_ (_9E; ) '
Sii = (8:::,- dz;/o (43¢)
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Setting the gradient of the total energy in the space of the z; equal
to zero and solving for the equilibrium yields displacements when third
order energy terms are neglected

X=S"'F (44)

where S™' is the inverse stiffness or compliance matrix. From the com-
ments in the preceding two paragraphs and inspection of equations (43)
and (44), it can be seen that stable equilibrium is obtained when:
7o is the stable solution to the isotropic force equation (14) with o, = G, ,

= 0 and A8, = 0 for all n (allowing now negative values of Ar,) and
Ar, = 0 forn = 0 and n odd. The remaining even n Ar, are determined
from equation (44) written with respect to these variables only. Be-
cause of the special form of the resulting F and S, inverting only a
finite submatrix of S yields X to any finite order in Ac, . When this is
done there results

3t (0] 8 +of2)

3 [1- s - ) @) 02, o
weofi). nze s
where

Al = Ao, /4nM: . (46)

Equation (45a) has also been obtained by E. Della Torre and M.
Dimyan.’

In the small Ar, approximation of this calculation the wall anisotropy
term has no effect on 7, or any of the odd n Ar, . The collapse diameter,
do , and collapse field, H, , are thus unchanged with respect to the iso-
tropic case. At all diameters, however, the anisotropy pulls the initially
cireular domain out into an elliptical shape, the ellipticity being smallest
at the collapse diameter and blowing up to infinity at the isotropic
elliptical runout diameter (45a). At the isotropic runout diameter
this caleulation clearly cannot be applied to obtaining the reduction in
the range of stability which wall anisotropy produces. It is also clear
from the blow up of Ar, that any statement of such a reduction in
the region of stability should be in terms of applied fields rather than
domain diameters. In calculations of &, and Ac, from measurements
of the major and minor axes of elliptical domains, it should be noted
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that Ar,/7, [equation (45b)] makes a small contribution to the length
of each axis which is not removed by averaging.

In platelets having the preferred thickness, h = 41, and biased to the
collapse diameter, Ar,/r, = 2.61(Al/k) and Ar,/r, = 4.65(Al/h)*, while
in the neighborhood of the isotropic elliptical runout diameter where
Ary — o, Ary/ro = 3.59(Al/Rh) Ary/ry .

In rare earth orthoferrites, the anisotropy in wall energy is typically
(within a factor of two) Ac¢./d. = 3% so that Al/h for h = 4l is only
3/49%,. The ellipticity at collapse is thus small. The contribution of
Ary is very small at all diameters (h = 4l) and further, near collapse,
the cylindrical wall and infinitesimal wall width approximations quite
possibly produce larger errors.

The implication of the foregoing for device applications is that wall
energy anisotropy has no effect upon the collapse diameter and collapse
field. As far as the elliptical runout conditions are concerned, careful
measurements carried out on a low coercivity platelet of TmFeO; in
which Ae¢,/é., = 39, show that the reduction in the ratio of the col-
lapse to the elliptical runout field is only of the order of 1%,."°

III. COERCIVITY AND MOBILITY

The preceding sections treated only forces arising from reversible
processes. The present section considers forces arising from the irre-
versible processes describable by the wall motion coercivity and wall
mobility. Several relations between wall parameters and domain
parameters are obtained. In particular, this section computes the
domain coercivity and mobility in terms of the wall coercivity and
obtains the maximum allowable coercivity which permits device
operation in the hard bubble mode. Inversely, it is shown how the
wall mobility and coercivity may be obtained by domain measure-
ments.

3.1 Domain Dissipalion

The method used to take dissipative effects into account is to
compute the power dissipation produced by a general variation in
domain shape using the wall dissipation equation and then to set
this equal to the power produced by the variation. By this procedure
the equations for the 'various modes (translation, size change and
deformation) are obtained. The dissipation equation approach is taken
as a best first guess to the solution of coercivity problems. The reader
is cautioned not to take any of the coercivity results too literally, since
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coercivity is never uniform and in many cases depends on the direc-
tion of wall motion.™

Wall motion in many materials is describable in terms of a wall
motion coercivity and a wall motion mobility.*>** Such a description
should be valid in any material for sufficiently low velocities and
coercivities. Presently known uniaxial materials such as BaFe;30y
for which the velocity-drive field relation is not deseribable by
coercivity and mobility at high drive fields'*** (they show roughly
a limiting velocity) have low mobilities which reduce their usefulness
in device applications. The present work therefore restricts attention
to 180° domain walls in materials having the velocity-drive field
relation

|l),.| — {”’W(IHLl - H:)y |HL‘ > He ) (47)
0, |H.| = H.,

where: v, is the local wall veloeity in a direction normal to the wall,
Hj, is the total local field component parallel to the magnetization, and
where equation (47) serves as the defining relation for the wall motion
coercive field, H., and the wall mobility u,. The field Hy includes
the effect of all magnetic fields as well as any effective fields such as
the “wall energy field,” and may vary from point to point. The
symbol, Hy, is used to distinguish it from H, used elsewhere to denote
the spatially uniform z component of the applied field. For a planar
wall in the absence of internal magnetostatic forces, Hy, is the applied
field. Equation (47) is assumed to hold whether or not the wall is
accelerating since for presently known materials wall inertia effects
are negligible.

Consider now a segment of 180° domain wall such as a portion of
the domain wall shown in Fig. 1 and assume that Hy, is positive when
it lies in the positive z direction. Under these conditions, the power
input per unit area from the local field to an inward moving (decreas-
ing 7,) segment of the domain wall is independent of the details of
the magnetic configuration within the wall and is

Pin = 2M, |HLv"l. (48)

Since inertial effects have been assumed to be negligible, the power
input must be equal to the power dissipated per unit wall area, passs ,
so that eliminating Hj from equations (47) and (48) results in

Pdiss — 2A’11 [Ht lvnl + ;l—v:] : (49)
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Integrating the dissipation density over the domain wall area yields
the total dissipation

Pyse = j;m 2M, [Hc loa| + iv:J do (50)

where de is the differential wall area. For a circular domain, where
r5(8) = 1o, this expression becomes

2
P4ise = 2M.hrof |:Hc |v-i,| + ;1— |v-i,l’] de (51)
0 w

where i, is the unit vector in the radial direction. Now for a circular
domain

vi, = d—r:i%g)
- 5[50, %+ &)%)
= 3 cosln(o — 0] %2 2

where again dAr, and dA#, have been abbreviated to dr, and dé,.
Substituting equation (52) into equation (51) and carrying out the

integration yields
Piinn = %M.hro{Hc[ (d’")]
T n=1 dt

s

where NO; (dr,,/dt) indicates the nonlinear coercivity coupling terms
which appear even in lowest order. The nonlinear coupling terms
tend in general to couple in additional modes even when only one
dr,/dt is initially nonzero. An exception to this is the uniform radial
mode of motion dry/dt which, because of its symmetry, may take place
without coupling in the other modes. If the coercivity is negligible
[H, € 1/pw(dr,/dt)] then the Ar, and A6, remain uncoupled normal
modes of the system. The consequences of the damping of the various
individual modes will now be considered in the order n = 1, n = 0,
n=2,

dro

3.2 Domain Coercivity and Mobility (n = 1)
Consider an initially circular domain in which only dAri/dt is
nonzero. In this case the component of the domain wall velocity
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normal to the wall is

v, = dr,(8)/dt = (dAr,/dt) cos (8 — 6,). (54)
Since the distribution of the wall velocity component normal to the
domain wall for a circular domain propagating with velocity, v,, in
the 6; direction is
v, = i,vs = |v,4| cos (6 — 8.), (55)
a variation in Ar; may be identified with translation in the 6, direction
with
|va| = |dar,/di]. (56)
Using equation (53), the power dissipated by a uniformly moving cir-
cular domain is

Piiss = ‘ﬂ'M-hTo[g H, lVdH‘ %ﬁ] (57)
and, since P = —Va'Fq where Fy is the drag force, the equivalent
force for a domain moving with a nonzero velocity is

8 2 .
Fd = —WM,hTo[; Hc + ;‘_ ‘VA]!. (58)

where i, = v,/|vq| is the unit vector in the direction of the motion.
Notice that F; is an ordinary linear force which could be measured
mechanically with the aid of a magnetic probe.

Translational forces are most easily produced by gradients in the
applied field. The power input to the domain from such a force is
obtained by integrating the power input density, equation (48), over
the domain wall area. In the case of a uniform gradient the local field
at the domain wall is

H, = H, — } |AH]| cos (6 — 6, (59)

where AH is a vector orientated in the direction in which the bias field
decreases most rapidly, 6,, and has a magnitude equal to the max-
imum difference in field across the domain (a gradient of magnitude
|AH|/2r, and direction 8, + 7). In equation (59) H, includes: the
bias field at the center of the domain, the ‘“wall field” and the de-
magnetizing field, all of which are independent of angle. All of the
field components in equation (59), H, , H, and AH are to be understood
as the z-averaged z components of the actual field since this is the
quantity which interacts with a 180° cylindrical domain wall. With
this understanding, integration over the wall area may be replaced by
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multiplication by % and integration over #. Assuming the domain to
be exactly circular, the total power input to the domain is

Pin = 2M.Toh
2x
f [HL — % |AH| cos (8 — 6,)]-[— [va| cos (6 — 04)] dé
0

= mrohM, AH v, (60)

which is just the expression for the power input to a dipole of strength
(wro°h)(2M,) propagating in a gradient of magnitude |AH|/2r, .

The domain will propagate in the direction in which the input power
is greatest, (6, = 6, the direction in which the bias field decreases most
rapidly), and the magnitude of the velocity will be such that the dissi-
pated power (57) balances the input power (60). Such a balance always
oceurs for v, = 0, When |AH| < (8/7)H, this is the only condition in
which the balance is maintained. The domain velocity is therefore

1 8 8
|vdl - §“w(lAHI - T Hc) ) lAHI > 1_I‘ Hc ) (618')

3 |oo

[va| = 0, |AH| < —-H, . (61b)
Comparison of equations (47) and (61) shows that it is possible to
define a domain mobility and coercivity by taking AH as the driving
field in terms of the wall mobility and coercivity as

Ma = —lf”w (62)

and

Hcd = Hc (63)

8
™
if AH is taken to be the drive field.
Note that in the integral for the power input (60), the angle inde-
pendent field term, H, , does not contribute so that the effective power
input density with respect to angle for a domain propagating down a
bias field gradient is 7hM, |AH]| |v,| cos® (8 — 6,) which has the same
angular factor as the mobility associated dissipation (50) and (55).
The power input and power dissipated thus cancel (after z averaging)
at each point on the perimeter of the domain for domains propagating
under the influence of a uniform field gradient and viscous damping.
In this case therefore there are no forces tending to distort the domain
shape from circular. When coercivity is present (even perfectly uniform
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coercivity), the power input and dissipation do not cancel locally and
thus internal stresses tending to distort the domain from circular
are present.

When a bias field is applied to a circular domain which is not simply
a uniform gradient, the affect of the additional nonuniformities may be
taken into account by Fourier decomposition of the z-averaged z com-
ponent of the applied field at the domain wall with respect to angle.
When this is done the constant term determines domain size, the 6
term translates the domain, and the né terms, for n = 2, deform the
domain. The procedure is, of course, only applicable if the domain
shape remains near circular.

Coercivity and mobility may be measured either by applying fields
to walls®® and using equation (47) or by applying field gradients to
entire cylindrical domains*® and using equation (61). In the platelets
of material which have a coercivity which is so low as to make them
useful for device applications it has been found convenient to use a
second domain to provide the field gradient for the coercivity measure-
ments. In this measurement two domains are brought together and
then released, the coercivity being given by the formula®

3
H, = (4=M,) %’”—%’1 (64)
8
where s is the center-to-center distance of the two circular domains.
Equation (64) was obtained using equation (61) and the 2z component
of the dipole field from the second domain at the center of the plate,

2M mrgh/s.

3.3 Domain Size in the Presence of Dissipative Processes (n = 0)

The domain size variation mode Ar, has two properties which are
not common to the other modes: First, large variations from equi-
librium may be considered using the force function, F(d/h), as well as
small variations from equilibrium using the radial stability function,
So(d/h). Second, arbitrary dissipation functions may be considered
because the rotational symmetry of the motion removes any tendency
for an initially circular domain to couple in other modes.

3.3.1 Large Variations in Domain Size

Setting all the dAr,/dt except dAro/dt equal to zero in equation (53)
yields the dissipation produced by a domain size change
1 dAr,

Pdila = 47['1‘[.’1-7'0[:|:H‘ + —— _—]
B di

dAr,

dt (63)
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where the upper sign is for an expanding domain. Setting the sum of
the power dissipation and the rate of energy change from equation (7)

dEy _ dEq dAr, _ 2 2[£ d_H (Q)JdAro
a = abr, ar C @M pt yaan — Pl 69

equal to zero yields the differential équation for the domain diameter
[dAry = dry = 3d(d)]

T ou,4rM)h dt k' h 4xM, h

The domain diameter thus relaxes toward a value which is a solution
to the force equation (14) in which the bias field H has been replaced
by a composite bias field, H 4 H, . After this substitution is carried
out, the equilibrium diameters are obtained as described in Section 2.1
except that the sign of +=H, must now be determined in each case and
now there is a small continuous range of stable solutions about both
the stable and unstable zero coercivity solutions. There are again two
solution diameters for each H 4+ H, when 0 < H 4+ H, < H, . In the
present case, however, coercivity produces two stable ranges of solutions
rather than one stable solution point and one unstable solution point.
The large diameter solutions to the force equation for H + H, and
H — H, bound the solution range which brackets the zero coercivity
stable solution and similarly the small diameter solutions to the force
equation for H + H, and H — H, bound the solution range which
brackets the zero coercivity unstable solution.

Figure 10 shows the graphical construction for the case I/h = 0.300,
H/4xM, = 0.2544, H, /4=M, = 0.020. The zero coercivity stable and
unstable solutions at d/h = 2.000 and d/h = 0.767 are marked $ and U
respectively; the large diameter solutions for H + H, and H — H, at
d/h = 1.527 and d/h = 2.468 are marked S, and S_ respectively and
the small diameter solutions for H + H, and H — H, at d/h = 0.919
and d/h = 0.685 are marked U, and U_ respectively. A domain having
a diameter greater than that at S_ will relax toward the diameter at S_
as indicated by the arrow. Coercivity stabilizes domains having di-
ameters between 8, and $_ . Domains having diameters between the
diameter at 8, and U, will relax toward 8, as indicated by the arrow.
Coercivity stabilizes domains having diameters between U, and U_ .
Small diameter coercivity stabilized solutions have been observed in
the process of carrying out the mobility measurement described in the
second paragraph which follows.” Domains having diameters smaller

h dd(%) |  dH+H, _ p(d>. 67)
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Fig. 10—Construction of solutions to the force equation in the presence of
coercivity, I/h = 0.3, H/4xM, = 02544, H./4wM, = 0.020.

than a_ will collapse as indicated by the arrow. The rate of change of
domain diameter in any of the dynamic processes described is, of course,
given by equation (67).

It can be seen that the collapse diameter is independent of coercivity
to the extent that the coercivity is uniform (this is only approximately
true at best). A measurement of the collapse diameter, denoted by d.
here, yields the characteristic length

l = hSo(dn/h) (68)

independent of the coercivity. If H. is then measured from the diameter
hysteresis and this value is subtracted from the measured collapse
field, the value of 4mM, is obtained.

Bobeck'”*® has developed a method for measuring mobilities which
requires only the observation of static domain states. In this method the
domain is biased to a stable diameter and then a short duration field
pulse having a magnitude, Hp , such that the total field amplitude
exceeds the collapse field, H + Hp > H, , is applied. The pulse dura-
tion is at first kept so short that at the end of the pulse, the domain
has a diameter between the zero coercivity stable and unstable solu-
tion so that it recovers its initial size. The pulse length is then gradually
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increased until the diameter at the end of the pulse is less than the
unstable solution diameter so that the domain collapses.

Figure 11 is a construction illustrating the mobility method for
I/h = 0.30, H/A=M, = 0.254, Hp/4wM, = 0.246 and zero coercivity.
Under these conditions, (H + Hp)/4rM, = 0.500 > H,/4wM, = 0.283,
and the solution diameters are d,/h = 2.00 > do/h = 1.16 > d,/h = 0.77
where d, is the stable solution diameter and d, is the unstable solution
diameter. In the figure the static collapse point is denoted by €. The
domain is initially at the stable equilibrium point 8. Application of a
fast rise bias field pulse of amplitude H» takes the domain to 8’ where
it collapses towards W. If the pulse is turned off at ®’ (above the un-
stable solution point); the diameter increases until the point 8 is again
reached. If, on the other hand, the pulse has sufficient duration to
reach ©’ so that the domain state reaches D, the domain collapses
to ‘W. In the insert, the field pulse shape used in making the measure-
ment is shown as a function of time.

When the domain velocity is proportional to the applied field and

1.6 T T 17 T T T T

/ s

R,‘
I
~
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Fig. 11—Construction used in the pulsed bias field mobility method, I/A = 0.3,
H/4wM, = 0264, (H + Hp)/4wM, = 0.500.
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pulse rise time effects may be neglected, the mobility is

d [d
w e bdd)
i = 2747w M , Jausn l,d H _ F(é) (69)
h  h4rM, h

where T is the minimum pulse duration which results in the collapse
of the domain. When coercivity must be taken into account the limits
of the integral change as described previously. (At the beginning of the
pulse the domain is at the point 8, of Fig. 10.) If additionally nonlinear
velocity-drive field relations and pulse rise times must be considered,
it is not possible to obtain the mobility as a simple integral over the
diameter and the integration is better carried out with respect to time.

3.3.2 Small Variations in Domain Size from Equilibrium

This section considers the effect of dissipative processes on domain
size for the case where the energy variation expression (7) may be
considered an expansion of the energy about the domain diameter
which is a solution to the force equation (14). In this case the rate of
change of energy with respect to time using (7) is

dBy _ By dbr,
dt dAr, dit

- wh[L_ (d)] dary
— 81rh(21rM.) d [h SD h ATD dt (70)

Again equating the rate of energy decrease to the power dissipation
(65) yields for the linearized differential equation for radial motion

1 dbn _ (}_n)[z _ (d)]A_ H.
sy at ~ \/e TS T T a, ()

The domain radius thus relaxes towards

lar| _ H. d/h
To - 4TA’I. l/h - So(d/h)

if the domain is stable or, in the case of an unstable domain, coercivity
stabilizes the domain for departures in radius from equilibrium up
to this same value. In either case, stable or unstable, the relaxation
time [defined by the time factor exp(—t/r)] is

(72)

_ __To d/h .
T = T el Uk = So@/h) (73)
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The factor d/h[l/h — So(d/h)]™' in equations (71), (72) and (73)
is a measure of the radial compliance of the domain relative to co-
ercivity or mobility and will be called the radial relative compliance
function. The value of this function may be obtained as the inverse
slope of a line constructed on a plot of the force and stability functions.
Such a construction is shown in Fig. 12 for I/h = 0.30, d/h = 2.00,
H/4wM, = 0.2544. The numerical slope of the line W& drawn from I/h
on the vertical axis to the point on S, at d/h = 2.00 is 0.0883 so that
d/hll/h — So]”' = 11.33. Thus, in this case, for a domain to have a
diameter defined to within ten percent, the coercivity must be
H, < 0.01(4rM,).

At the collapse diameter, d,, the relative radial compliance is, of
course, infinite while at the other end of the range of stability (the
elliptical runout diameter) where in the present example d»/h = 0.358,
the relative radial compliance has the value 9.57. The minimum
value of the relative radial compliance for I[/h = 0.30 is 9.52 occurring
at a diameter of d/h = 3.22. This behavior of the radial relative
compliance at I/h = 0.30 is typical for thicknesses near the preferred
value of A/l = 4 as can be seen from Fig. 12. In all such cases, the
minimum compliance is achieved at some diameter less than ds, the
compliance being nearly constant from d = dp down to (dods)* [for

12 T 71 T T T T

// 5! F(d/h)

MAGNETOSTATIC FORCE-STABILITY

12—Constructlon of the radial and elliptical relative compliance functions
for l/h =03, d/h =
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I/h = 0.30, (dydz)?/h = 2.04] then increasing rapidly to infinity at do.
The constancy of the radial compliance over a large part of the stable
range is related to the linearity of the diameter-field curves away from
the collapse diameter [see (36) and Fig. 8].

In Section 3.3.1, the diameters bounding the coercivity stabilized
solutions to the equilibrium problem were computed for the case
I/h = 030, H/4xM, = 0.2544 and (d,/h = 0.767 d,/h = 2.00 and
H,./4xM, = 0.020 using the force equation in the presence of coercivity.
As an illustrative consistency check, these bounding diameters will
now be computed using the linearized equation (72). The diameters
bounding the solution region bracketing the zero coercivity unstable
solution obtained from this equation are

(e it - 0] ) -
il {1 + — Tl h [ So = 0.664 and 0.869,

and the diameters bounding the solution region bracketing the zero
coercivity stable solution region are

d _d, _H, d. (d )]'} B
= h{1 vy [h 8, = 1.547 and 2.453.

The corresponding diameters obtained directly from the force equation
were d/h = 0.685, 0.919, 1.527, and 2.468. The excellent agreement
of the diameters bounding the zero coercivity stable solution com-
puted by the two methods is again related to the linearity of the
diameter-field curves. Note that the agreement of splittings of the
diameters bounding the zero coercivity unstable solution computed the
two ways is also quite good.

3.4 Domain Shape in the Presence of Dissipative Processes (n 2 2)

The power dissipation produced by the motion of a single mode is
from equation (53)

dAT"] dar, n=2 (74

Pd.,.—47rMhro[:}: H. +,,# R

where the upper sign is for positive dAr,/dt. The rate of change of
domain energy under these conditions is from (7)

dE; _ dE. dAr,
dt ~ 9Ar, dt

= drh@eMY 0} — 1)(%)[ s (h)] a2 nz2 @)
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Setting the sum of the rate of change of the energy and the power
dissipation equal to zero yields the differential equation for the
relaxation of the variation of a single aAr,,

1 dAr, _ oo (ﬁ)[i_ (4)]An 4 H,
g ar - @ OGN S 7 a9

The domain shape variation amplitude thus relaxes towards

|ar,|  H, |4 1 d/h
re  4xM,|x @ — 1) [I/h — S.(d/h)]

if the variation is stable or, in the case of an unstable domain,
coercivity stabilizes the domain for variations in amplitude up to this
same value. In either case, stable or unstable, the relaxation time
(defined by the time factor exp(—t/7)) is

, n=2 (77)

o 1 d/h
TS e, @ - Dk - Sam "EE @

Whenever the coercivity is effectively zero so that the mobility
characterizes all dissipative processes, the normal modes of the domain
remain decoupled (within the small amplitude approximation). Each
of these modes relaxes according to equations (71) or (76). When
coercivity must be considered, these equations become rather crude
approximations because even perfectly uniform coercivity introduces
nonlinear mode coupling. The nonlinear mode coupling is especially
noticeable at the end of the relaxation of a single mode. The reason for
phrasing the discussion of the effects of dissipative processes in terms
of dissipation equations was to account correctly for the effects of
coercivity to lowest order without being required to examine the
coupling of the modes or the origins of coercivity. The results obtained
do provide a general picture of the dependence of the effect of coerciv-
ity on the various domain parameters and in particular they provide
a measure of the dependence of the stiffness of the domains on these
parameters.

Equations (77) and (78) show that the entire » dependence of the
residual distortion of a domain recovering from a fluctuation of a
single mode and the relaxation time with which it recovers is contained
in the stiffness factor (n* — 1)[I/h — S.(d/h)]. The domain stability
condition, S, = I/h = S, , and the inequality (18) imply that [I/h — S,]
is a monotonic increasing function of n. Therefore the residual Ar, and
relaxation time both decrease slightly faster than 1/n° (see Ref. 1).
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Thus, to characterize the effect of coercivity in limiting the attainment
of stable movable cylindrical domains it is necessary only to consider the
elliptical shape variation mode (» = 2) in addition to the size (n = 0)
and translation (n = 1) modes discussed previously.

The factor (4/3x)(d/h)[l/h — S.(d/h)]™" in equations (76), and (77)
and (78) for n = 2 is a measure of the elliptical compliance of the do-
main relative to coercivity of mobility and will be called the elliptical
relative compliance function. The value of this function is proportional
to the inverse slope of a line constructed on a plot of the force and
stability functions. Figure 12 shows such a construction for I/h = 0.30,
d/h = 2.00, H/4xM, = 0.2544. The numerical slope of the line W&
drawn from I/h on the vertical axis to the point on S, at d/h = 2.00
is —0.068 so that (4/37)(d/h)[I/h — S,]”' = 6.25. Thus a coercivity
less than that value which defines the domain diameter to within ten
percent (H, < 0.01(4wM,)) defines the ratio of the difference in the
ellipse semiaxes to their average (2Ar,/r,) to 12 percent.

At the elliptical runout diameter, d», the relative elliptical com-
pliance is, of course, infinite while at the other end of the range of
stability (the collapse diameter) where in the present case do/h = 1.16
the relative elliptical compliance has the value 2.22. The figure shows
that this behavior is true for any value of I/h. In general the minimum
value of the relative elliptical compliance occurs at the collapse
diameter, the compliance increasing from the minimum in a regular
fashion to infinity at the elliptical runout diameter. This regular
behavior is in contrast to the behavior of the relative radial com-
pliance.

3.5 Restrictions Placed on the Region of Device Operation by Consideration
of Dissipative E ffects.

The relative compliance functions appearing as factors in equations
(72), (73), (77) and (78) contain the dependence of both the normal-
ized residual distortion Ar,/r,, and the normalized relaxation time
7 (podwM,) /70, upon n, I, h, and d, or H. Although the discussion which
follows is phrased in terms of the residual Ar,/r, , it should be kept in
mind that the same remarks apply to the relaxation times scaled to
ro/ (pedrM,), the time required to propagate the domain one radius
when the maximum field difference across the domain, AH, is 8=M,
[equation (61)].

In preceding subsections, the following has been demonstrated:
Except in the immediate neighborhood of the collapse diameter, the
domain diameter and bias field are, within the range of stability,
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approximately linearly related (Fig. 8). In the neighborhood of the
plate thickness previously termed preferred, h, = 4l [equation (31)],
the radial compliance, considered as a function of the bias field, is
roughly constant from d = (dyds)? to d = dp, and at d = (dod2)?,
the elliptical compliance is one half the radial compliance so that
d = (dud,)* represents a reasonable bias condition. Since for h/l = 4
or in general for any plate thickness, the diameter and bias field
ranges are relatively narrow (Fig. 5) the radial and elliptical compli-
ance of domains suitable for device application may be completely
characterized with respect to plate thickness by plotting the relative
compliance functions with respect to h/l for the bias condition d =
(dods) .
The relative radial compliance,

ATo/To d/h

H./4rM, — So@/h) — Uk’ (798)
~ 1.085(h/1)}, R/ 1, (79b)
~ 3.783 exp (rl/h), h/l1 <K 1, (79¢)

and the relative elliptical compliance,

R = 5 B =T (00
~ 1.382(h/1)}, B> 1, (80b)
=~/ 1.606 exp (wl/h), h/l K 1, (80c¢)

are plotted in Fig. 13 as functions of A/l for the bias condition d =
(dyds)?. The function values and asymptotic forms were obtained by
methods which were used in Section 2.3 to obtain the diameter and
field functions. The feature which distinguishes the relative compliance
functions from the diameter and field functions is that the diameter
and field functions bound the region of domain stability whereas the
relative compliance functions provide a measure of the magnitude of
the stability of the domains within the stable region.

The constructions of the radial and elliptical relative compliance
functions shown in Fig. 12 and described in Sections 3.3.2 and 3.4
for h/l = 3.33, d/h = 2.00 may be taken as approximate construction
for the values of these functions at h/l = 3.33 since (dod»)?/h = 2.04.

The minimum value of the radial compliance [d = (dyds)?] is = 7.9
occurring at a thickness of A/l = 10.3 and the minimum value of the
elliptical compliance [d = (dyds)?] is = 5.9 occurring at a thickness
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Fig. 13—Radial and elliptical relative compliance functions as a function of the
thickness, h, measured in units of the characteristic length, [, for the bias condi-
tion d = (dudz) 4.

of h/l = 6.1.The compliance minima occur at somewhat greater plate
thicknesses than the diameter minima. However, since the functions
are quite flat bottomed, they increase only slightly in value from their
minima to the thickness value previously termed preferred, A/l = 4.0
[equation (31)]. {At h/l = 4.0, (dyds)?/l = 6.8. However, the pre-
ferred values were taken to be h, = 4l [equation (31)], d, = 8! [equa-
tion (32)] so that d,/h, = 2.0. The exact preferred values depend on
the device structure in which the domain is located.}

As in the example of Sections 3.3.2 and 3.4, the coercivity require-
ment

H, < 0.01(4rM,) (81)

will insure that a domain having the preferred thickness and diameter
values will show radius function variations from the equilibrium
radius of no more than ten percent. Just below i/l = 4.0, the increase
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in the compliance functions is seen to become exponential so that the
observation of stable moveable cylindrical domains in reasonably thin
plates is experimentally unlikely. Since the relative compliance func-
tions increase slowly with thickness for thick plates, cylindrical
domains may be observed well into the region in which the assump-
tion of cylindrical walls becomes dubious (see Ref. 1, Section 6.1).

Although domains may be observed in thick plates, other considera-
tions cause the realizable bit rate to decrease at least inversely with
increasing thickness. These effects are as follows: The AH appearing
in the domain velocity expression (61) is twice the n = 1 Fourier com-
ponent of the z-averaged z component of the applied field. Since the
field gradient is applied from the surface of the plate and obeys La-
place’s equation, the variation in the applied field intensity decreases
exponentially into the plate from its value at the surface. Thus for a
given field variation intensity at the plate surface, the z-averaged z
component of the intensity variation decreases inversely with increasing
h/d for h/d > 1. Now for d = (dy ds)*, d/h = 1 oceurs at h/l ~ 8 (see
Figs. 2 or 13) and above this value d/h ~ 2.17(h/1)~} [see Fig. 4 and
equations (23b) and (24b)] so that for thicknesses greater than 1/l = 8,
the mobility with respect to the field gradient at the surface of the
plate decreases according to (h/ 1)~} Since in a given material the abso-
lute domain diameter increases with increasing plate thickness in this
region according to d/l ~ 2.17(h/1)}, the bit-rate decreases according
to (h/1)"". If additionally the maximum field difference at the surface
of the plate is assumed to be some fraction of the difference of the
collapse and runout fields, H, — H, , then it is seen from equations
(27b), (28b) and (30b) that the bit-rate decreases according to (h/1) 1.

Thus in summary, consideration of the effects of dissipative
processes even more strongly defines the neighborhood of h,/l = 4,
d,/l = 8 as the preferred region than did considerations of stability
only and additionally yields the requirement H,/4xM, < 0.01 for the
attainment of stable movable domains.

IV. DETERMINATION OF MATERIAL PARAMETERS FROM PREFERRED DEVICE
PARAMETERS"

The preceding sections have provided preferred values of the plate
thickness (31) and domain diameter (32) or bias field, and the least

* Reference 21 includes part of the material of this section in a discussion of the
relation of the M, and K, values of materials (available at that time) to the pre-
ferred values of these parameters.
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permissible value of the anisotropy constant (1). Additionally it was
shown that the wall mobility acts to form the scale factor for time.
For device construction it is desirable to specify the domain diameter,
d,, from considerations of bit density and the resolution of mask-
making and etching procedures while maximizing the bit rate. Once the
domain diameter is specified, the desired characteristic material length
is determined by equation (32) as [ = d,/8, the thickness is deter-
mined by equation (31) as h, = 1d,, and the applied field is specified
by equation (14) as H = 0.28(4x]M,). It will now be shown that by
adding assumptions about mobility and room temperature operation
to conditions (1) and (31), it is possible to specify uniquely the three
parameters A, K, and M, appearing in the energy density expression
for the simplest uniaxial material®?

2 2
P = A[(@) + sin® 0(99)] L K,sin*0— H, M. (82)
0s as

In equation (82), A is the isotropic exchange constant, 6 is the polar
angle (the angle between the magnetization and the z axis), ¢ is the
azimuthal angle, s is the distance through the wall, K, is the uniaxial
anisotropy constant, M is the magnetization vector (|M| = M,)
and H,, is the sum of the applied and demagnetizing fields. Only Bloch
walls in this simplest uniaxial material will be considered. Achievement
of the coercivity condition (81) is a function of both intrinsic material
properties and processing and will not be considered here.

In Section VI of Ref. 1, it was shown that from several standpoints

q = K,/27M; , (83)

the dimensionless ratio of the uniaxial anisotropy constant to the
energy density of a volume containing a magnetic field of strength
4xM, must at least be greater than one, equation (1). From the
definitions of g, [, and d, and the expressions for the Bloch wall width
and energy in the simplest uniaxial material (82), l,, = #(A/K,)? and
ow = 4(AK,)!* the ratio of preferred domain diameter to the wall
width is

=_ Y, (84)
If ¢ were much less than one then the domain wall width would be
larger than the domain diameter and clearly no domain of the type
which has been considered here could exist. On the other hand, if ¢ is
very large the domain wall is very narrow with respect to the domain
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diameter. For a given rate of flipping over of the spin systems com-
prising the wall, the bit-rate will thus be inversely proportional to q.
It may thus be expected that everything else being equal (it is not
clear at the present time just exactly what is to be held constant)
that materials with high g values will have low bit-rates in devices
whose speed is drive field limited. A ¢ value of approximately three
may thus be termed preferred.

The range of values of the exchange constant, 4, occurring in ma-
terials which may be considered for room temperature device applica-
tions is quite limited as can be seen from the following argument:
For a given structure and density of spin systems, the exchange
constant is expected to be proportional to the Curie or Néel tempera-
ture, T,.?* For room temperature device applications, as a practical
matter, T, must be above approximately 400°K. Since the highest ob-
served T, are approximately 1000°K, the range of allowable T, and
therefore the range of 4 in acceptable materials is nearly determined.

F. B. Hagedorn, D. H. Smith, and F. C. Rossol have combined
domain measurements of ! with magnetometer measurements of K,
and 4-M, to obtain the exchange constant in two materials.?* They
find for Sm,Tb,_.FeO; (x = 0.55, T, = 661°K), A = 04 X 10°°
ergs per em and for PbFe;»_,AlL,Oqy (z = 4.0, T, = 508°K) A =
0.1 X 10-¢ ergs per cm, values which are apparently typical for high
T, iron oxides.

Since the exchange constant, A, is to be considered fixed, ¢ has the
preferred value three and d has the preferred value d,, it is appropriate
to solve for the magnetization and anisotropy constant in terms of
these quantities,

4aM, = 32(2rqA)Y/d, (85)
and
K. = 256A¢*/d: . (86)

If A = 4.0 X 1077 ergs per em, ¢ = 3 and d, = 10™° ¢cm (approxi-
mately one mil bit spacing) then 47}, =~ 80 Gauss and K, ~ 900 ergs
per cc which are both numerically small.

Maintaining the values of A and d, but considering ¢ as variable (85)
becomes 47M, =~ 50 \/6 Thus ¢ any within two orders of magnitude
of the preferred value produces a value of 4rM, of one kilogauss or
smaller. Since the magnetic moment per spin system and the volume
of the individual spin systems are approximately constants and since
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the exchange interaction is of short range, low saturation magnetiza-
tions cannot be achieved by dilution of the spin systems with magneti-
cally unordered materials. Spin system density thus must be high
while the net magnetic moment per unit volume remains low. Some
sort of antiferromagnetic character is thus required in magnetic ma-
terials which are candidates for use in cylindrical domain devices.
Typical systems are ferrimagnets, and canted antiferromagnets.

The K, value of 900 ergs per cc is quite low for a symmetry allowed
intrinsic uniaxial anisotropy constant.?* When low anisotropies are
obtained by operating near the reorientation temperature in canted
systems?® or near the Neel temperature, the material parameters tend
to be undesirably temperature dependent. Since uniaxial anisotropy
energy densities of the required value may be induced, it appears
that the use of materials having induced anisotropy, such as the
recently announced garnets,'"!%2¢ appears quite promising.

Having determined that A is to be considered fixed and that K,
and M, have preferred values, this section concludes by showing the
dependence of several overall device parameters on these parameters
and the mobility. The device parameters considered are the bit
density, bit rate, the domain flux which is important in Hall effect
detectors®” and the induced voltage which is important in wire pickup
loop detectors.

In typical domain devices, the bit positions form a square array
with the bit spacing being three to four domain diameters (see figures
of References 4 and 5). If the bit spacing is assumed to be 3d,, then
the number of bit locations per square centimeter is

po = (3d,)™* = 6.9 X 107"(4=M,)*/AK. . (87)

Since the bit density is such a strong function of 4xM, the magnetiza-
tion is nearly determined once a bit density is specified.

The difference of the collapse and runout bias field for a plate of
the preferred thickness h = 4lis Hy, — H, = 0.1 (4xM,). Retaining
the assumption of a bit spacing of 3d, and assuming that the device
structure continuously maintains a field difference across the domain
of 0.1(4=M,) the bit rate in bits per second is

fo = v,/3d, = p,4rM,/60d, = 4.1 X 10 °u,(4xM,)*(AK )}, (88)

linear in the mobility and again dominated by the 4=M, dependence
of d,. If it is assumed that a pickup loop intercepts one half of the
flux emerging from the magnetic charges forming the upper surface
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of the cylindrical domain, then the flux change produced by moving
a cylindrical domain under the loop in gauss square centimeters is

® = Tdiarl) = 6.4 X 104K, (4rM )", (89)

If it is assumed that this flux change takes place in the time required
for a domain driven by a field difference of 0.1(4=M,) to propagate
a distance d,, the induced (MKS practical) voltage is

y= %6 wa(dxM)* d, X 107" = 7.9 X 1070, (AK)}.  (90)
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Spreading Resistance Between
Constant Potential Surfaces

By R. D. BROOKS and H. G. MATTES
(Manuscript received October 16, 1970)

We determine the spreading resistance for a sheet of homogeneous ma-
terial of uniform thickness with a disk contact source on one side and with
current collected (z) over the entire back plane, and (i) at a corresponding
disk on the back plane. A constant driving potential is assumed over the
source resulting in mized boundary conditions in the plane of the source.
For each case, a closed form integral solution is derived and then numeri-
cally integrated for a range of geomelric ratios resulting in a universal
spreading resistance curve. The results are used to evaluate the spreading
resistances encountered in a typical (1 @ cm) semiconductor material.

I. INTRODUCTION

The resistance associated with the nonparallel current flow between
a spacially separated source and sink is referred to as spreading
resistance. Calculation of spreading resistance is often required in the
analytical treatment of semiconductor devices. In particular, elec-
trical current flow in a slice of silicon between a surface contact and
a back-plane contact involves the calculation of the ohmic spreading
resistance. The heat flow between an active transistor or integrated
circuit and an external heat sink involves a calculation of the thermal
spreading resistance in the device carrier. Also, for a given structure,
the capacitance including fringing is directly related to the conduct-
ance including spreading,.

Two cases are considered in this paper. The spreading resistance is
determined for an infinite sheet of homogeneous material of uniform
thickness with a disk contact source on one side and with current
collected (¢) at a completely metallized back plane, and (i) at a
corresponding disk on the back plane. D. P. Kennedy analyzed
these cases for finite cylindrical volumes but with nonmixed boundary
conditions.! He assumed a constant flux over the source region and

775
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defined spreading resistance in terms of the maximum temperature (or
potential) on the disk. In this paper, we assume a constant driving
potential over the source. This assumption results in a mixed boundary
condition in the source plane because the potential is specified over
part of the surface, and the normal derivative is specified over
the rest of the surface. In the limiting case of a cylinder of infinite
radius, there appears to be some difference between Kennedy’s results
and those presented herein. This appears to be associated with Ken-
nedy’s definition of spreading resistance in terms of the maximum
disk potential. However, the comparison is based on the extrapolation
of curves given by Kennedy.

A. Gray, et al.,, considered certain special cases of the infinite region
problem with mixed boundary conditions in the source plane.? How-
ever, they imposed one of two constraints. Either (i) there was
sufficient separation between source and sink so the flux distribution
at the disk could be taken equal to the limiting half-space case or
(77) the disk was small enough to be considered a point source.
In essence, these constraints again reduce the problem to one with a
nonmixed boundary condition in the source plane. Neither constraint
is imposed in this paper.

In this paper, for each case, a closed form integral solution is
derived which is numerically integrated for a range of geometric
ratios resulting in a universal spreading resistance curve. For both
cases, the curves approach the half-space limit for thick sheets, and
the curves asymptotically approach the nonfringing limit for very
thin sheets. Finally, the results are used to evaluate the spreading
resistances typical of those encountered in semiconductor technology.

II. ALGEBRAIC SOLUTION

The geometry and system of coordinates are given in Fig. 1. Solving
La Place’s equation in cylindrical coordinates when the potential ¢ is
independent of § gives®

86,2) = [ SOC, cosh ke + Cysinh k)Tulke) db, (1)

where f(k) must be determined by the boundary conditions at z = 0.
For nonmixed boundary conditions at z = 0, f(k) can be found by
inverting the Hankel transform.! In the present case, however, the
mixed boundary condition must be imposed at the z:= 0 surface. Thus,
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v = [ iWCTika ak, 05

=< a;
) )
¥ f {(k)k(C, sinh kz + C, cosh kz)Jo(kp) dk|s-o = O.
02 ;-0 0
This results in a dual set of integral equations.
V= [ i0CTu ke dk, 05 e S a;
’ &)

0= [ 10CTkD) dk, 52 a.

J. D. Jackson observes that the solution of this set of equations is?

fk) = - T b 4)
Thus
2V “ si k 2
#(p, 2) = T" fo S“];a g (cosh ke + -g—lsmh kz)Jo(kp) dk.  (5)

2.1 Case 1—Back Plane Grounded

In the first case considered, the second electrode is a completely
metallized or grounded back plane. The boundary conditions are
given in Fig. 2. This situation is representative of heat flow from
an integrated circuit through an insulated header to a can acting as

DISK AT CONSTANT
POTENTIAL,V ~

Fig. 1—Physical geometry and coordinate system for calculating spreading
resistance.
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Ryra =

Ji (x) coTH (%x)dx
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TFig. 2—Spreading resistance R between disk and grounded back plane.

a thermal radiator.

Atz = w, ¢(p, 2) |.-

and thus

[ 21_};1'“]‘(1 n(]tp)(co\h kw + = \11111 I\'LU) dk = 0. (6)

Since this must hold for all w,

C,

C, sinh kw = — cosh kw. (7

Thus,

#o,0) = 2 [ S‘zak“ (o) (cosh ke — coth hwsinh ke) db. ()

Now,

J=oE=—¢V¢ at 2z=0, 9)

2 a
f f Tpdpdb, (10)
0 0

~
I
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and

= 98
=0 az

a1 o
\7¢’ = —%[ ais kad (kp) ooth ko dk. (1)

Combining the last three equations and carrying out the indicated
integrations, yields

I = 4Vea /‘ coth kw 31]‘1.1 kaJ,(ka) . (12)
Thus
1 I . * coth kw sin kaJ,(ka)
R=V"= 4oa /; i dk (13)
and finally,
1
Ryoa = . (14)

4 /; s": L () coth (%l) dx

2.2 C'ase 2—Disk on Back Plane Grounded

The case where the sink consists of a disk of radius a coaxial with
the source ean be derived by image theory from Case 1. A drawing
of this configuration is shown in Fig. 3. The values of spreading resist-
ance in Case 2 ean be derived from Case 1 by setting

Ryoa = R_Q)‘m (15)
and
a _ 2a 1
Wlease 1 W |ease 2- (16)

The resulting spreading resistance equation is

Riog = ——— L . 17
2 / L g () eoth (u;_;) dr

Joi B

III. NUMERICAL EVALUATION

3.1 Numerical Integration—1Universal Curves
The integrals in equations (14) and (17) can be evaluated numer-
ically for various a/w ratios if the upper limit is finite and the
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Fig. 3—Spreading resistance R. between disk and grounded disk on back plane.

integrands behave well at the lower limit. Investigation of the be-
havior of the integrands over the entire range of integration, indicated
the range could be split into three ranges: 0 to 0.1, 0.1 to 300, and
300 to . For the 300 to « range, and a/w > 1, the integrals for both
cases reduce to

f Si"—“‘J(g;) de= 1, . (18)
300
But
I, = f si“—"”J,(x) dz — f s“ﬂJ (@) do (19)
0
or#
13=1—f wJ(x)dx—l—L. (20)

I, was evaluated numerically on a digital computer and found to be
0.96439. Thus I3 = 0.03561 and is independent of a/w for a/w = 1.

For the 0 to 0.1 range, the integrands were replaced by their small
argument approximations. For z < 1,
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x/ 2 _z
sin
. = 1, (22)
coth 2% , & ; (23)
a wr
and,
coth 0y 2, (24)
2a  wr

It follows that the small argument approximations for the integrands
are a/2w, and a/w for Cases 1 and 2, respectively, and the values of
the integrals over the range 0 to 0.1 are a/20w and a/10w, respectively.
This is a good approximation because the integrands are very flat
functions of x near x = 0.

Thus for numerical purposes,

1

Rla'a = ! (25)
a sm b H
4[m fo 2 @) oth( )da:+003561:|
and
1
Rgﬂ'a = (26)

°sin 2
[IOw -+ — J,(x) coth ( ) dx + 0. 03561]

These results hold for a/w = 1. For a/w = 0, the half-space limiting
case for finite a and infinite w can be used to find values for R, and
R, . The resultant values are } and } for cases 1 and 2, respectively.
This result follows directly frorn Jackson’s work.®

Using the half-space limits and carrying out the numerical integra-
tions for various values of a/w results in the universal spreading
resistance curves given in Figs. 2 and 3.

3.2 Asymptotic Limits for Cases 1 and 2

As the ratio a/w becomes larger, the components of R, and R, due to
fringing become progressively smaller. Neglecting fringing, the resistance
for either case is

w
2
ora

R = (27)
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or

Boa = 2. (28)

The results given in this section can be presented more clearly in
terms of conductances because the fringing and nonfringing components
are in parallel and R™' = @ is a linear function of a/w. Let the con-
ductances corresponding to R, and R, be designated G, and G,, re-
spectively. For a given a and w, there should be more fringing in Case 1
than in Case 2, and no fringing for R. Thus for any a/w,

G, > G, >G. (29)

Also G, and G, should asymptotically approach G as a function of a/w.
These observations are supported by the curves of G, G,, and G
versus a/w given in Fig. 4. The differences of fringing components for
Cases 1 and 2 are given in Fig. 5. G, , G, and G are within one percent
for a/w = 10.

3.3 Typical Example

The results given above have been used to evaluate spreading resis-
tances typical of those encountered in semiconductor technology. A

25

Fig. 4—Spreading conductances with and without fringing between disk and
grounded back plane and between disk and grounded disk on back plane.
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Fig. 5—Spreading conductance fringing components.
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Fig. 6—Spreading resistances R: and Rs for 1 © cm material.
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1 @ cm slice of silicon with circular contacts was considered. Figure 6
gives the calculated R, and R, for such a configuration.

IV. SUMMARY AND CONCLUSIONS

An investigation was made to determine the spreading resistance in
a sheet of homogeneous material of uniform thickness with a disk
contact source on one side and with current collected (z) at the entire
back plane, and (72) at a corresponding disk on the back plane. These
cases were analyzed and evaluated exactly by solution of a dual set
of integral equations. The method represented the boundary conditions
as they physically exist. In contrast to previous work, a single, uni-
versal, spreading resistance curve was presented for each case. These
curves should be useful in designing devices and analyzing materials.
In particular, the curves could be used to determine conductivity of
a sheet of semiconductor material if its thickness is known. Also, the
curves could be used directly in the calculation of total capacitance
and fringing capacitance by relabeling the ordinates with ea/C instead
of Roa and C/ea instead of G/qa.
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Performance of an Adaptive Echo
Canceller Operating in a Noisy,
Linear, Time-Invariant Environment

By J. R. ROSENBERGER and E. J. THOMAS
(Manuscript received October 8, 1970)

In this paper we derive equations describing the performance of
various adaptive echo canceller configurations operating in a linear,
time-invariant environment. We relate the parameters in these equa-
tions to measurable environmental factors, discuss their effect on per-
formance, and verify the results empirically.

In general, the performance of an echo canceller cannot be exactly
predicted for speech inputs. Therefore, the derived equations assume
a stationary constant power random input. However, it is shown that
the results obtained in this manner give useful estimates of the per-
formance to be expected with speech inputs. The similarities and
differences of the results for a constant power random input and
speech imput are discussed n detail.

I. INTRODUCTION

The echo problem in the telephone network is caused by the interac-
tion of the following three factors: (i) The impedance mismatches
that exist at hybrid junctions cause reflections of incident electrical
waves. (1) The existence of a bi-directional transmission medium per-
mits the reflected signal to reach the talker as echo. (:22) Time delay
due to the finite propagation time of a signal makes the echo annoying.
Historically the problem has been alleviated by increasing trunk loss,
balancing hybrids, applying four-wire circuits where practical, and
providing echo suppressors.’

Echo suppressors are used when the echo delay exceed about 45 ms.
An echo suppressor is a voice-operated device which switches a large
loss in the echo path, as shown in Fig. 1a. This loss blocks the echo
effectively but also tends to block speech from the near-end customer

785
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Fig. 1—Block diagrams showing how (1) an echo suppressor is applied in a tele-
phone connection and (b) an echo canceller could be applied in a telephone con-
nection.

when he wishes to interrupt the far-end customer. This situation is
known as double-talking. During double talking it is neccessary to
restore the connection to full duplex. Some speech mutilation (ealled
chopping) and echo oceur during these double-talking periods. It
has been shown that these degradations become inereasingly disturb-
ing as the echo delay increases.**

The performance of echo suppressors on synchronous satellite cir-
cuits is less than satisfying due to the very long delay of such cireuits.?
A new approach to the echo problem, called adaptive echo cancella-
tion,”~* has been suggested as a possible alternative. In an echo can-
celler an approximation of the echo signal is automatically constructed
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and subtracted from the actual ceho with no impairment to duplex
operation.

In this paper, our aim is to analyze the operation of an adaptive
echo eanceller in a linear time-invariant environment. Our hope is to
give the reader insight into the parameters which affect performance
and their interrelatedness. Our method of presentation is as follows.
In Seetion IT we discuss the environmental factors affecting perform-
ance and we derive equations deseribing the operation of various
echo canceller configurations in a linear time-invariant environment.
Since we were unable to characterize an echo canceller for speech in-
puts, the derived equations assume a stationary random input. How-
ever, in Section IIT we interpret the equations and show empirieally
that the results obtained give uscful estimates of the performance
to be expected with speech inputs.

II. MATHEMATICAL DESCRIPTION OF THE ENVIRONMENT AND THE ADAPTIVE
ECHO CANCELLER

The echo paths that we will consider are assumed to be linear, time-
invariant channels, not necessarily band-limited and otherwise general.
This is not to imply that all real echo paths can be so characterized.
In faet, time-varying echo paths have heen observed and others are
suspected of being significantly nonlinear. These deviations from the
conditions assumed above may result in serious performance limita-
tions. References 8 and 9 describe the effeet on performance when the
environment is either nonlinear or time-variant.

A digital echo canceller, having filters with bandwidth, B, deter-
mined by the sampling interval, 7, can be used with all echo paths so
long as the filter bandwidths are at least as wide as that of the input
signal, (t), i.e, T = 1/2B. The same ean be said for the bandwidths
of the filters of an analog canceller. We will assume that these are
also bandlimited to B Hz.

Assuming x(#) and the echo signal, y(t), are bandlimited to B Hz,
we can cquivalently represent them as sequences of the sampled values
at times ¢t = nT where n = 0, 1, 2, --- . Similarly other signals
pertinent to the echo canceller are disercte or continuous and have the
independent variable n7 or t, respectively. For the sake of brevity we
will adopt a eommon notation, letting £ denote ¢ or nT. Also the con-
volution operation will be denoted as

a(f) * B(§)
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which corresponds to

[ atasts — ) ar

in the analog case and to

0

k_Z_m a(kT)B(¢ — kT)
in the digital case. Where other differences occur the specific variable
will be used.

Whether the echo canceller is digital or analog, it would be inserted
into the connection as shown in Fig. 1b. The customer on the left
(far end) is being protected from echo by the canceller shown. The
customer on the right (near end) is being protected by a similar echo
canceller on the far end of the connection.

Three factors that affect the performance of an echo canceller are
the types of signals used, echo paths encountered, and echo canceller
configuration. We will consider these three points separately. There
are three different signals present in the echo canceller environment:

() The speech of the far-end customer, called the input signal z(f).
(77) The speech of the near-end customer. When the near-end customer
and far-end customer speak simultaneously, we have double-
talking. This constitutes an interference to the echo canceller.
(727) Interfering circuit noise which is inherent to the echo path.

The echo canceller must perform satisfactorily when these signals are
present in all possible combinations. Circuit noise, denoted as p(t), is
assumed to be a zero mean random process with variance o2 band-
limited to B Hz.

A block diagram of the canceller circuit used is shown in Fig. 2.
The basic components of this canceller are:

(z) A set of M filters having orthonormal impulse responses which
are the first // members of a complete basis set.
(77) A control network which automatically weights and sums the
outputs of the M filters to generate an approximation of the echo.
(#77) Devices to couple the canceller to the telephone plant. The A-D
and D-A converters are required for an analog canceller operating
in a digital plant or vice versa. The set of M filters have impulse
responses A\ (¢), A2(¢), -+, Ax(¥). The output of each filter, de-
noted as w,,({) and given by
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—
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e() +p(f) \Z/ L&) +p(¢) ECHO PATH
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Tig. 2—Block diagram of the structure of an echo canceller.

wa () = Mal(§) * (), (1)

is weighted by the value of the tap gain ¢,.(¢). At { = 0 the tap gain is
set to some initial value (usually assumed to be zero). The sum of these
weighted outputs is the approximation of the echo and is denoted as
7(¢). Thus we have

M

1) = 2 gulOwa(®) )

m=1

which is subtracted from y(¢) to give the cancelled echo denoted as
e(¢). The cancelled echo plus noise p(¢) is operated on by a function F
and then multiplied by a positive factor K. F may be any odd non-
decreasing function.
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We will consider the two cases:

@) F[-]=[-] and
+1 if [-] >0,
-1 if [-]<0O.

The resulting signal is multiplied by w,(¢) and integrated to yield the
value of each ¢, (¢).
The analog network is governed by the set of differential equations

@) F[-]=sgn[-]= {

4 gult) = KFle) + pOlon(d, m=1,2, - M. (@3
The digital network is governed by the set of difference equations
gu(nT) = g.(nT — T) + KTFle(nT — T)
+ p(nT — TMw,wT - T), m=12 ---, M. 4)

We can write the error, e(¢), as

e(t) = y() — 9()

M
= 2 [en = ga(®0n(®) + a0, (5)
where
@) = 2 eaha(§)*2(?). (6)
The coefficients ¢, , m = 1, 2, --- are the generalized Fourier coeffici-

ents of the echo path transfer function H (f) over the bandwidth |f| =
B relative to the complete basis set. They are given by the equation

o= [ HOLO, m=12, - 0

where A (f) is the Fourier transform of A, (¢). The term q(¢) is called
the uncancellable part of e(¢).

Echo suppression achieved ¢ seconds after the start of canceller
operation is defined as

S(6) = —10 log pla) . ®

t The overbar denotes complex conjugation.
t E denotes ensemble average.
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Maximum achievable suppression is denoted as S,.. and equals
lim;.. [S(t)]. We define the average settling time ¢, to be the time
in seconds required for the suppression S(f) to each 98 percent
of S in decibels.

We will now derive equations for maximum achievable suppression
and average settling time for the two cases F[-] = [-] and F[-] =

sgn[-]. To facilitate the derivations we define the column matrices

w,({)
wE) =| -
wy(£)
and
C g.(8)
RO =C—-6o =" |—| :
Cu gu($)
Using these matrices, we may write e({) as
e(t) = R'(§)-WE) + q@©)* (9)
and y(¢) as
y@) = C"-WE) + q(). (10)

In the derivations which follow we will assume:

(7) The input signal, xz(f), is a stationary random process having a
rectangular power density spectrum

P = {03/23; Ifl = B;
0 ; |fl>B;

(77) The cireuit noise, p(t), is a stationary zero mean random process
bandlimitted to B Hz and independent of x(¢);

(77) For the case F[-] = sgn [-] we will further assume that z(¢) and
p(t) are gaussian with zero mean;

(iv) R(¢) is independent of both z(¢) and p(}).

With regard to the last assumption, it is clear that, since R({) is a
function of x(¢) and p(¢), it cannot truly be independent of z({) and
p(¢). For reasonable values of the feedback factor K, the rate of change

t An apostrophe denotes matrix transpose and a dot denotes scalar multiplica-
tion.
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of R(¢) will be much slower than that of z(f) or p({), so that the assump-
tion is justified for a wide range of operating conditions.

Substituting equations (9) and (10) into equation (8), it can be
shown that

[P df — '€ + BR(@)-R)
S@) = —10 log | =2 . (11)

[ i a

The integral in the denominator of equation (11) is defined as the
echo path energy which will be denoted as y. We see from equation
(11) that S(¢) is maximized for a given echo path if E[R’(¢)-R(¢)] =
0. The maximum value is

’
S(t) = —10 log [g;f_g] (12)
Actually this suppression may not be achieved because E[R’(¢) - R (¢) ]
may not vanish. However, equation (12) gives a theoretical limit on
suppression as defined—this limit being a function of the basis set
used and the filter set truncation. We will define an incompleteness
(truncation) factor I as

y—C-C
v
Note that I is a nonseparable function of the environment and the
echo canceller. That is to say, to calculate the incompleteness factor
one must know the echo-path transfer function over the bandwidth of
the input signal, the filter set used in the echo canceller and the num-

ber of taps employed in the canceller.

To find maximum achievable suppression and average settling time,
we must evaluate the term E[R’(¢) -R(¢)] for the digital and analog
case under the two conditions of the function F.

I= (13)

2.1 Evaluation of E[R'(t) - R(t)] for the Analog Case to Yield S, and t,
Using the definition of R({) and equation (3), we may write

%[R'(t)-R(t)] = —2KF[R'()-W() + o@t) + p(OIR'()-W ().  (14)

2.1.1 The Case F[-] = [‘]

For this case, we can write equation (14) as
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%[R’(t)-R(t)] = —2K{[R'()-WOF + [R'(t)- WD][a(t) + »(0)]}. (15)

Solving equation (15) for the expéctation of R'(t)- R(t) gives

Kot
B

Substituting equation (16) into equation (11) yields

E[R'(1)-R(t)] = R'(0)-R(0) exp (— ) t =z 0. (16)

’ . 2
S(t) = —10 log [I + R—(O);w exp (—-I% t)] 17
As t > o, we have
Suax = —10 log I. (18)

For the given assumptions, the maximum achievable suppression is
not a function of circuit noise and is limited only by the incomplete-
ness of the filter set. Of course, strictly speaking, Sm.x would be less
than this limit by an amount depending on the correlation existing
between R (t) and p(t).

Defining the term

e _0.985,,,.,)
s(t) = log™* (2288 (19)
the antilog of the suppression at the settling time ¢, , substituting this
into equation (17) and rearranging we get
B g [R (0)-R(0) ]
" 0.434Kc?>
2.1.2 The Case F[-] = sgn [-] (hard limiter)

As above, S... and ¢, may be derived yielding the following two
equations:

Smax = —10 log I (21)
and
- B[t -+ 23005 ([15][ 25
t, ] 2\/2 ':2(7 w) + 2.36 log v rolla—se (22)
o, =
where

_ (et Wfs(t.)>‘
= ( 2B '
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6 = (ag + 0_2(1;;'_0))*
y = (Uﬁ + oty — C’-Cg;— R’(O)-R(o)]>é.

If the circuit noise p(¢) can be neglected and if I & 0 then equation (22)
can be written as

- ;_116 [=BR'(0)-R(O)]'[1 — V/5(0)] (23)

where s(f) is the antilog of the suppression at time .

2.2 Kvaluation of E[R'(nT)-R(nT)] for the Digital Case to Yield S, ..
and t,

Using the definition of R({) and equation (4), we can write
R'(nT)-R(nT) — R'(nT — T)-R(T — T)
= —2KTF[R'WT — T)-WnT — T) + qT — T)
+ p(nT — T)IR'(WT — T)-WnT — T)
+ K'T°F*[R'nT — T)-WnT — T) + qnT — T)
+ o7 — T)IW'nT — T)-WnT — T). (24)

2.2.1 The Case F[-] = [-]

Solving equation (24) for the expectation of R'(t)-R(f), it may be
shown that S(nT) is given by

S(T) = —10 log [1(1 + 11[]\’2T2ai|:z __ll])

R'(0)-R(0) , , MK*T%} (" — 1 ”
v @+ v (a N | )] (25)

forn =0, 1,2, --- and where

+

a=1—KTe*2 — KT(M + 2)6?], 0<a<l; 6

B = MKT*0}(y — C"-C) + MK*T*:s".
Note that the limits on o are necessary to yield a convergent system.
We define the signal to noise ratio v at the output of the echo path as
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2
e P8 @7)
Op
and
S
N = 10 log » dB.

The maximum suppression is given from the limiting value of S(n7') as
n—> o0 as

M K313 TIC2m2 A
Sune = —10 log [1(1 _ MKT o‘,) _ ME'T 0',] o

a—1 v — 1)

and ¢, is given by

i 12 t a—1 + v — 1)
" log [a]
2.2.2 The Case F[-] = sgn [-]

With the hard limiter we can write equation (24) as

Tlo 8(ts) — Biax
&I RO)-RO) . IM(KTo)® . M(KTo)
(29)

R'(T)-RnT) — R'0WT — T)-R(nT — T)
= —2KTsgn [R'MT — T)-WnT — T) 4+ T — T)
+ pnT — TYIW'T — T)-WnT — T)
+ K*T*W'nT — T)-WnT — T). (30)

Using the same assumptions and analysis technique as used for the
analog case, we can derive the average value of equation (30) obtain-

ing
E[R'(nT)-R(nT)] — E[R'(WT — T)-R(nT — T)]

ok \/7 E[R'(nT — T)-R(T — T)]
= —2KTq, \/L[R (nT — T) RT — 1] Ao I 1

+ MKT%?. (31)

Rather than attempt a solution of this nonlinear difference equa-
tion, we will find only the limiting value of E[R'(nT) R (nT)]. For
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E[R'(nT)-R(nT)] to converge, we require that the right hand side of
equation (31) be nonpositive. Using this inequality and solving for
E[R'(nT) R (nT)] gives

_ r(MKTq,)*
Smax = —10 log {I + T l6y
(MKTo)* | 2r(MKTo,)’ 1 ]*}
+ [ 2567 T 16y (I + v) @2

An explicit expression for the average settling time ¢, for this case
is not available. As an alternative, the analog equation for settling
time ¢, , equation (22), with K replaced by K7 may be used to predict
settling time for this digital case. When using equation (22), we
should use equation (32) to calculate s(Z,).

III. EMPIRICAL RESULTS AND INTERPRETATIONS OF THE THEORETICAL
RESULTS

In this section we will compare the theoretical results with empirical
findings. We will then discuss the performance predicted by the
equations as several of the parameters are varied. Finally we will
demonstrate that although the equations were derived for a noise
input, they yield useful information about the operation of the can-
celler for speech inputs provided that the echo path is linear and time-
invariant. The empirical results tabulated below pertain only to digital
implementations, since an analog system was not available for testing.

The echo canceller shown in Fig. 2 was simulated on a digital
computer. Also an echo path, chosen to have characteristics which
are similar to those of real echo paths which have been observed, was
simulated on the computer. Experiments have also been performed
incorporating various analog echo paths with the results in general
agreement with predicted performance. For the sake of brevity the
latter results are omitted.

The measure of echo canceller suppression which we use to monitor
canceller performance is defined by the equation

[

I P of

Equation (33) yields a measure of the goodness of fit across the entire

zdf

S() = —10 log (33)
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band at time ¢. It is not necessarily equivalent to the subjective echo
reduction which a listener would perceive. In fact subjective testing on
a very limited basis indicates that perceived loss may be greater than
is indicated by this measure. It is important that this subjective factor
be considered when comparing the predicted suppression of an echo
canceller with what is considered to be necessary for adequate echo
reduction. It is clear that equation (33) would give values of sup-
pression identical to the values given by the previously derived equa-
tions if the input to the canceller is noise with a rectangular power
density spectrum.

3.1 Random Noise Input Results

311 F[-] =[]

In Fig. 3 we plot suppression for a typical simulation. The choice of
parameters for the simulation is listed on the figure. The crosses indi-
cate the results of the computer simulation [equation (33)] which is
compared against the values of settling time, ¢,, and maximum sup-
pression, Smax , s predicted by equations (29) and (28) respectively.
We also compare the results of the simulation against the suppression
as a function of time predicted by equation (25). We see from the
figure that a high value of suppression is obtainable.

In Fig. 4, we allowed the echo canceller to reach its maximum sup-
pression with no circuit noise present. Then we introduced a high
noise level, S/N = —18 dB, for approximately 1.5 seconds and then
removed it, simulating doubletalking. It is clear from the figure that
the results are in very good agreement with the equations.

From these results and numerous others using different echo paths
and basis sets we draw the following conclusions:

The assumption of the independence of R(¢) from z(¢) and p(¢)

is quite reasonable for suppressions of up to 40 dB, S/N ratios as low

as —20 dB, and settling times of 0.3 second and greater. Therefore
for random noise inputs we conclude that the derived equations are
very accurate predictors of the performance of an echo canceller.

We now focus our attention on the nature of the equations, and discuss
the effects of various environmental factors upon them.

In Figs. 5 through 7, we plot maximum suppression (28) versus
KTq? for 100 taps and the incompleteness factors I = 0.01, 0.001,
0.0001. In all three figures S... decreases as the S/N decreases. Note
that for small values of K To? , as the incompleteness factor I decreases,
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Fig. 3—Comparison of the results of a computer simulation of an echo can-
celler with the results predicted by the equations. The crosses indicate the simula-
tion results and the circles indicate the predicted results.
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the increase in suppression becomes larger for equal increments in
S/N. That is, circuit noise (and double-talking) becomes more trouble-
some as the echo canceller is designed to give higher and higher values
of Spux -

Note that for fixed S/N, K, and 7', an increase in the input signal
power reduces the maximum achievable suppression. On the other
hand, for fixed o> and KT's? < 107%, a change in signal has no appreci-
able affect upon maximum suppression. However from equation (25),
we see that convergence is assured if and only if 0 < @ < 1. This in
turn, implies that KT¢? < 2/(M + 2). Therefore, we cannot make
KTqo? arbitrarily large.

Figures 5 through 7 were calculated for M = 100. In order to investi-
gate the sensitivity of S... to M we have plotted S,.. versus M for
KTqs? = 0.0001 and I = 0.001 and 0.01 in Fig. 8. Observe that Sp..
is a weak function of M. Thus, Figs. 5 through 7 can be used to predict
Suae for given I and K T'¢? with little regard for M.

In Figs. 9 through 11, we plot settling time versus K To? for various
choices of I and S/N. Note that a decreasing S/N results in a decreasing
settling time. This could lead to the erroneous conclusion that high
noise levels help convergence. We find, however, that as the noise level
increases, S..x decreases. In some cases of very high noise levels, the
echo canceller could even provide a net gain. Intuitively it is clear that,
starting with zero suppression, it should take less time to settle to the
lower level of suppression. For example, consider Fig. 9, with KT¢? =

30
=00
20 S/N
— T T
B i [ odm T
w ~ I T
‘3 10 | —
i - -10 \\ \
= I~ . \\
x 0 ~
* EQUATION 28 o0 \
@ Fle)= () T ™~
— N~
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M = 100
I~
| | ™
-20 \')
10-5 2 4 6 8 4 2 4 ® 03 2 4 (02
KTox2

Fig. 5—Theoretically maximum suppression versus KTs.” for an incompleteness
factor of 0.01 and various echo-to-noise ratios.
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Fig. 6—The same as Fig. 5 but with an incompleteness factor of 0.001.

107%. It shows that for S/N = o« the settling time is approximately
3.6 X 10° iterations versus 1.6 X 10° for S/N = —20 dB. However,
Fig. 5 shows that Sn.. is 19 dB and —7 dB respectively. This situation
also illustrates what may happen when a strong interference such as
double-talking occurs. The interference will cause divergence to a re-
duced suppression and may even cause a net gain. We also conclude

40
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la\
30
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R . O, ™ Fle) = ()
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Fig. 7—The same as Figs. 5 and 6 but with an incompleteness factor of 0.0001.
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Fig. 8—Theoretically maximum suppression versus number of taps for various
echo-to-noise ratios and incompleteness factors.

that for fixed S/N and K 7, the larger the input signal power, the faster
the settling time will be. However, for the reasons explained previ-
ously, the signal power cannot be made arbitrarily large. For constant
noise power and fixed KT, it can be seen that settling time is decreased
and the rate of increase of suppression is made larger with increased
input signal power.

In Fig. 12 we plot settling time as a function of the number of filters
M for several values of S/N and I. We see that settling time is rela-
tively insensitive to M and that Figs. 9 through 11 may be used to
estimate settling time irrespective of M.

3.1.2 F[-] = sgn [-]

We now consider the echo canceller with a hard limiter in the feed-
back loop. We cannot predict the exact temporal performance of this
canceller configuration because we have no solution to the governing
difference equation (31). However, we may estimate it by using the
solution of the analog differential equation and replacing K with K7
Since this imposes no limit on maximum suppression, we must combine
this with the limiting value of S,.. given by equation (32). This tech-
nique yields a reasonable prediction of the operation. For this case
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Tig. 9—Settling time versus K7o.* for an incompleteness factor of 001 and
various echo-to-noise ratios.

there are too many variables to present easily a set of curves which
describes the operation quantitatively. Therefore we will make some
qualitative observations which are generally true. We will use Figs.
13 and 14 as typical examples but we emphasize that these curves are
only quantitatively valid for the particular choice of parameters given.

We observe that S, and settling time are inversely proportional
to o, . For fixed KT, , S, decreases as S/N deereases. For constant
signal to noise ratio, S,,.« decreases with inereasing K70, . However,
for constant noise level, S, is relatively insensitive to changes in
KTg, over a wide range. Note too that for KTe, sufficiently large the
canceller may introduce a net gain. For fixed S/N, settling time is a
decreasing function of K7¢, . For fixed K7, a decrease in S/N pro-
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duces an inerease in settling time, while for the case I'[+] = [+] the
opposite was true. We will now turn our attention to the operation of
the echo canceller with specch; we will attempt to interpret the equa-
tions in this new light. We will also attempt to show empirically that
the results we obtain give useful estimates of performance.

3.2 Operation With Speech
The fundamental differences between noise and speech are:
(#) The short time (50 ms) average power of speech is erratic from
time interval to time interval whereas by comparison it is rela-

tively constant for the random noise.
(if) The speetral density of speech is nonuniform, and depends on

I = o.001
| Fa=0 N
M = 100
EQUATION 29

[ T T |
|

SETTLING TIME, NO. OF ITERATIONS

81072

KTU,:Z

Tig. 10—The same as Fig. 9 but with an incompleteness factor of 0.001.
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Fig. 11—The same as Figs. 9 and 10 but with an incompleteness factor of 0.0001.

which phoneme is spoken and who speaks it. In fact, the speech
power is usually concentrated only a few narrow frequency
bands at a time. However, if enough time is allowed to elapse, it
is reasonable to assume that the speech power* will eventually
scan the entire available bandwidth.

At present, no adequate statistical description of a speech signal
accounting for the above properties is available. Using the long-time
(several seconds) estimate of average speech power, we have found
that the results derived in this paper for random noise may be used as
an estimate of the performance which can be expected with speech

* Strictly speaking, this is also true for the random-noise case. Hov'vever, for
noise, the power density spectrum may be considered uniform for a shorter period
of elapsed time.



ADAPTIVE ECHO CANCELLER

805

105
9 F(e) = (%)
8 2 —
@ 5 KTox2 = 0.0001
8 ] ——— 1 = 0.00!
E —— I =o0.0!
5 ——
w B S/N=o0
= - e o e e e e e e e e <
. it —+'
I e P S L ods
o. X 2. 0 4
2 am==—m | i £ 0 —
= ——== —_——— e _ _ 07 0
w
3 [ —
L -
5 2 20
z
i
[
-
w
(2]
104
50 75 100 125 150 175 200

NUMBER OF TAPS, M

Fig. 12—Settling time versus number of taps for incompleteness factors of 0.01

and 0.001.
25
EQUATION 32
F(s) = SGN(*)
3 I =o0.00
20 T S/N = oo M =100
X~ \\ T = 0.000!
0 I~ ~ ¢ = 0.0707
g s ] T~ >~
o \ odB
2 ™ ™~ \
0 a N Pt >
P | \
“ \ <10 \
\‘\ 1 ‘ \\ \
5 S, ™~ =
~,
\< \ \\\\ \
~N
X N \\\
(o] S SS S
2x1075 4 > 8 yp-a L r 4 8 H g8 2 Xaxiom2
ox

Fig. 13—Theoretically maximum suppression versus K7To. for an incomplete-
ness factor of 0.01 and various echo-to-noise ratios.



806 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1971

10
8
6 x,
EQUATIONS 11,31
4 N SOLVED RECURSIVELY
\ i N F(e) = SGN(*)
I =o.01
2 < \ M = 100
\ \ T = 0.000!
X N N\ ¢ = 0.0707
0 | N S
% 0.8 N \ \
3 NN
% 0.6 Ay "
N=-
Z oa ko \ S/ 10 dB
s ™
= \\ N\
0 02 \
2 \g \
|
7 Nee | N
@ ol ~ \
0.08 .
0.06
0.04
N
N
0.02
0.01 L ! 1 L1
-5 2 4 8 8454 2 & 82 # 10-2
KToy

Fig. 14—Settling time versus KTo. for an incompleteness factor of 0.01 and
various echo-to-noise ratios.

inputs. However, the blind use of the equations may give erroneous
and optimistically deceiving estimates. We show below how the equa-
tions should be used to predict the maximum achievable suppression
obtained from the echo canceller with a speech input, and discuss the
significance of the settling time estimates.

Because of the variation in speech power level on a short-time (50 ms)
basis, we find that the rate of convergence of an echo canceller is erratic.
To illustrate this, assume for the moment that we have available
speech with a uniform spectral density but with short-time power level
variations. For such an input signal, we would find that the operation
would be as predicted by the equations with o7 (short-time power
estimate) considered a function of time.
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The time variation of the speech spectrum causes individual tap
settings of the echo canceller to become correlated. This effect is not
taken into account in the equations. This correlation causes the set-
tling-time to be longer than the equations predict. Because of the
variations in the spectral density of speech over time, we find that the
echo canceller converges on a frequency selective basis. Figure 15
shows the plot of suppression versus time for the echo canceller with a
random noise input and F[+] = sgn[-]. The suppression was measured
in 20 adjacent frequency bands approximately 200 Hz wide from 0 to
4000 Hz. The suppression in each band was computed by integrating
only over that band using equation (33). Two of these bands are
shown in Fig. 15. Note that each one converges at approximately the
same rate to a limiting value where it then begins to oscillate. Note
also that for each band the limiting suppression is reached very close
to the predicted settling time of 0.3 second. The other 18 bands be-
haved similarly. Similar results were obtained with F[-] = [-].

Figure 16 demonstrates what happens when speech is used instead
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Fig. 15—Suppression as a function of time in the 400- to 500-Hz and 3200- to
3400-Hz frequency bands for a random noise input signal.
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Tig. 16—Suppression as a function of time in the 400- to 600-Hz, 1000- to 1200-
Hz and 3200- to 3400-Hz bands with a speech input signal.

of random noise. The designated value of settling time in this experi-
ment was £ = 1 second, using the long-time average (5 seconds) speech
power as o . Note that the suppression increases at different rates. For
example, between ¢ = 0.75 second and ¢ = 1.25 seconds, the suppression
in the 400- to 600-Hz band increases 9 dB while the suppression in the
other 2 bands increases 4 dB at most. Between { = 1.25 seconds and
t = 1.5 seconds, however, the rate of convergence becomes most rapid in
the 1000-1200 Hz band. This frequency selective convergence is un-
doubtedly due to the variation in the spectral distribution of speech
power. One result of this is a longer overall settling time based on our
measure of suppression. The experiment indicates that although the
overall settling time may be longer, the echo canceller converges in
some frequency bands more rapidly than average. The bands where
this speedy convergence takes place are those where the speech power is
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greatest at a given time. Because of this, we believe that the perceived
gettling time would be shorter than is indicated by our measure of
suppression, equation (33).* Over a long time (several seconds), this
selective convergence results in a fit almost equivalent to that of the
random noise across the bandwidth of the speech input. We find that
the maximum suppression S,.. achieved with a speech input is very
nearly equal to that given by the equations when the long-time average
speech power is used for o} .

Figure 17 shows some typical results which were obtained for a
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Fig. 17—Comparison of the results of a computer simulation of an echo can-
celler for a speech input with those predicted by the equations.

simulation with a speech input. Curve (A) shows the results of simula-
tions where S(nT) is caleulated every 50 ms using equation (33).
Curve (B) shows the performance as predicted using equation (25)
and a long-time average (5 seconds) speech power for o7 . The settling
time was 2.5 seconds. Curve (C) shows the resulting prediction when

* A need for subjective tests which relate suppression (Equation 44) to per-
ceived suppression exists.
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o2 is replaced by a function of time ¢%({), which in this case is the
successive short-time (50 ms) average speech power. Note that Curves
(A) and (C) are almost identical in shape. However, (C) settles more
rapidly to its final value as expected. As explained, the nonuniformity
of the speech spectrum causes the longer settling time. Had the simu-
lation been plotted for time longer than 4.5 seconds, we would observe
that (A) would converge to its limiting value near S... = 22.4 dB.

Another typical case is shown in Fig. 18. A hard limiter was used in
the feedback loop of the canceller. The same segment of speech was
used here as used in Fig. 17. The value of K was chosen to give a
settling time for random noise of 1 second. Note that the echo canceller
converged to within 1 dB of Sy, in 3 to 4 seconds.

The effects of high noise levels are shown in Fig. 19. With the S/N
ratio computed to be —10 dB, we see that the echo canceller converged
in approximately 1.5 seconds to Sm,x = 11 dB, where the suppression
then tended to vary around this value. This demonstrates that the can-
celler converges to Smax s predicted in the presence of high levels of
noise. Such a strong noise simulates the effect of double-talking. Had the
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Fig. 18—The same as Fig. 17 with KT¢.2 = 3.5 X 1075,
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Fig. 19—The same as Fig. 17 with §/N = —10 dB.

noise been introduced after the canceller had converged to some higher
Smax , the canceller would begin to diverge to the limiting value of
S = 11 dB. The rate of divergence with speech double-talking is slower
than that with random noise. Thus we would find that the effect of
double-talking as predicted by the equations would be more severe
than it actually is. Also, such an interfering signal causes frequency
selective divergence of the echo canceller’s transfer function. The
divergence is greatest where the interfering signal spectrum is largest.
This is not necessarily where the input signal spectrum is largest.

In summary, we see that a long time estimate of speech power can
be used in the equations to give a good estimate of the limiting value
of suppression Sy . Also we see that the canceller performs generally
as predicted with a speech input, and in the presence of strong inter-
fering noise. In general, the settling time of the canceller is longer
than that predicted by the equations. The settling time may be reduced
by increasing K but this must be weighed against the resulting de-
crease in Smax . Also if K is made too large convergence may not take
place at all.

1IV. SUMMARY

We have described the performance of an adaptive echo canceller
operating in a linear, time-invariant, noisy environment. Both digital
and analog implementations were considered. In both cases the echo
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cancellers were assumed to consist of a set of M filters having ortho-
normal impulse responses which were selected as the first M member
of a complete basis set. A weighted sum of the filter outputs approxi-
mates the echo signal. The approximation is substracted from the real
echo and the difference signal is used to continually improve the
approximation so that the cancelled echo power tends toward a mini-
mum. We have used the mean-squared value of the difference between
the transfer functions of the echo canceller and the echo path uni-
formly weighted over the bandwidth of the input signal as a measure
of suppression. This measure is not necessarily equivalent to the
subjective echo loss (apparent loss perceived by listeners) other than
on a relative basis. Sets of equations were derived giving maximum
achievable suppression and settling time of the echo canceller. We
have shown that despite certain simplifying assumptions made in their
derivations, the equations accurately describe the performance for a
random noise input.

Families of curves—Figs. 5 through 7, 9 through 11, 13, and 14 show
maximum suppression and average settling time for a range of incom-
pleteness factors I, S/N, and a factor related to the input power. The
results of simulations are shown to be in close agreement with the
predictions.

For a speech input we have found that the equations for maximum
suppression can be used to predict performance. The long-time (several
seconds) average speech power is used in the equations. The short-
time variability of speech power and spectral variations of the speech
signal cause the settling time of the echo canceller to be longer than
that given by the equations. We have found that during convergence a
speech input causes the transfer funection of an echo canceller to con-
verge on a frequency selective basis—the fit being best where the
power spectrum of the input is greatest. We find that, given enough
time, the transfer function of the echo canceller converges to essen-
tially a uniform fit of the echo path transfer function over the band-
width of the input signal. We have also found that an interfering
speech signal (such as exists during double-talking) will cause the
echo canceller to diverge on a frequency selective basis. The rate of
divergence with speech interference is less than that for the random
noise interference.

Before concluding, two final points should be reemphasized. All
the previous analysis is only valid when the environment is linear and
time-invariant. At present, we suspect that certain systems (com-
pandored systems for example) exhibit non-negligible nonlinearities.
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For such systems, the previous analysis may not suffice depending on
the type and magnitude of the nonlinearities. In any case it becomes
extremely dangerous for compandor type nonlinearities to attempt to
relate the performance of an echo canceller to a speech input from
the white noise equations given previously.

Also, it should be stressed, that the measure of performances we

have defined are objective in nature. These measures are not necessar-
ily equivalent to the subjective echo reduction which a listener will
preceive. A need exists to relate the objective and subjective.
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Number and Duration of
Fades at 6 and 4 GHz

By ARVIDS VIGANTS
(Manuscript received November 9, 1970)

We present in this paper experimental and theoretical results on the
number of fades, average durations of fades, and the probability distri-
butions of fade durations for line-of-sight microwave transmission in the
6- and 4-GHz bands. Both fading of single signals and simultaneous
fading of pairs of signals within each of the two bands are treated. The
experimental results are based on data obtained in 1966 in Ohio. M athe-
matical description of the number and average duration of fades is based
on a theory in which pairs of signals are treated as correlated random
variables that are jointly Rayleigh distributed. The durations of deep fades
of single signals tend to be lognormally distributed. A probability distri-
bution of the duration of simultaneous fades, which agrees with experi-
mental data, is obtained from the lognormal distribution using a heuristic
model.

I. INTRODUCTION

Microwave transmission on line-of-sight radio-relay links is affected
by the lower atmosphere. When atmospheric conditions permit multi-
path propagation, the output from a receiving antenna can be prac-
tically zero for seconds at a time. Such deep fades are rare events.
Still, they are sufficiently numerous to cause problems in high-
performance communication systems.

There is a certainty to fading that other causes of outages and
performance degradation do not possess. For example, catastrophic
equipment failure may or may not occur during the projected life of
the equipment on a communications link. On the other hand, come
summer and fall, one can state with some assurance that fading will
oceur on certain links in a particular microwave radio-relay system.

The number of fades and the durations of the fades have a direct
bearing on system performance. Previous investigations of frequency

815
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diversity at Bell Laboratories? and reports on extensive British® and
Japanese* experiments dwell mostly on fade-depth distributions. The
available information on fade duration distributions is rudimentary.>

As a part of a current and continuing effort, both experimental and
theoretical, to describe the fundamental properties of line-of-sight
microwave channels,?®° we will present results on the number of fades,
the average durations of fades, and the probability distributions of
fade durations. Both fading of single signals and simultaneous fading
of pairs of signals within a frequency band will be treated. Theo-
retical description of fading being far from complete, we will put
major emphasis on experimental data.

Deep fades rarely occur simultaneously at two frequencies when
the frequency separation becomes larger than a few tens of MHz. We
will show that this experimental result can be described in terms of
a model in which the signals at the two frequencies are treated as
correlated random variables that are jointly Rayleigh distributed. We
will also show that the observed average fade durations follow from
this model. The advantage of the Rayleigh model is that it contains
only a small number of parameters.

Durations of deep fades tend to be lognormally distributed. When
the durations are normalized to their means, the distribution becomes
independent of fade depth. We will show that a heuristic model can be
used to describe how the durations of simultaneous fades of two sig-
nals are related to fade durations of single signals. The model permits
transformation of the lognormal distribution into a distribution for
the durations of simultaneous fades.

The final section of this work contains a comparison of the effective-
ness of frequency-diversity and space-diversity reception. The results
summarized in this section may be of particular interest to readers who
need numerical values for diversity, reliability, or interference calcu-
lations.

II. FORM OF THE EXPERIMENTAL DATA

The results presented here are based on experimental data obtained
at West Unity, Ohio.? Briefly, the basic data consist of measurements
of received power for signals at various frequencies on a 28.5-mile
path. The transmitted power for each signal, which was angle modu-
lated, was constant. The center frequencies of the signals in the 6-GHz
and 4-GHz bands are listed in Table 1. The received power for each
signal was sampled five times a second, converted to a decibel scale,
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TaBLE I—LisT oF FREQUENCIES

Frequencies
6-GHz Band 4-GHz Band

1 GHz 7 GHz
1 5.9452 1 3.750
2 6.0045 2 3.770
3 6.0342 3 3.830
4 6.0638 4 3.850
5 6.1231 5 3.910
6 6.1528 6 4.070

7 4.170

and recorded in digital form for subsequent computer processing (in
the absence of fading the recording rate was less than the sampling
rate). The data were obtained during a 68-day period in 1966 (July
22 to September 28). The time covered by the data is 526 x 10°
seconds. We refer to the 526 X 10° seconds as the test period.

During computer processing, the received power for each signal was
normalized to its value in the absence of fading. The normalized dB
values are denoted by 20 log R; where the subscript ¢ identifies a
frequency in Table I (the data in the two frequency bands will be
discussed separately; there should be no confusion about which of the
two bands a subscript refers to). As a consequence of the normaliza-
tion, the voltage envelopes R; are unity in the absence of fading.

To investigate simultaneous fading of signals at two frequencies, an
envelope consisting of the larger of the two envelopes,

R“ = max (R. ,R,‘) (1)

was constructed in the computer during the processing of the data.
Fifteen such envelopes were constructed in each of the two bands.
These are listed in Tables IT and III. The frequency separations Af in
Table II have been rounded to the nearest multiple of 30 MHaz.
The parameter g, discussed later, will be used in the description of
simultaneous fading,.

An idealized picture of fading is shown in Fig. 1. A signal is said
to be in a fade of depth 20 log L when its envelope becomes less than
L. We refer to fades of R;; as simultaneous fades. We limit our discus-
sion to fades deeper than —20 dB; that is, to values of L that are less
than a tenth.
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TaBLE II—List oF FREQUENCY PAIrs 1N THE 6-GHz Banp

Af in MHz i q Figure
30 23 0.001 6
30 34 0.001 7
30 56 0.001 8
60 12 0.002 9
60 24 0.002 10
60 45 0.002 11
90 13 0.004 12
90 35 0.004 13
90 46 0.004 14

120 14 0.005 15
120 25 0.005 16
120 36 0.005 17
150 26 0.007 18
180 15 0.007 19
210 16 0.010 20

TaBLE III—List oF FREQUENCY PAIRs IN THE 4-GHz BaND

Af in MHz 1j q Figure
20 12 0.002 21
20 34 0.002 22
60 23 0.007 23
60 45 0.007 24
80 24 0.010 25
80 35 0.010 26

100 14 0.013 27
160 15 0.020 28
160 56 0.020 29
220 46 0.030 30
260 57 0.030 31
300 26 0.035 32
340 37 0.035 33
400 27 0.050 34
420 17 0.050 35

III. NUMBER AND AVERAGE DURATION OF FADES OF SINGLE SIGNALS

The number of fades of depth 20 log L dB is equal to, by definition,
the number of times an envelope crosses L in an upward direction
(see Fig. 1). The data on this for the six signals in the 6-GHz band
and the seven signals in the 4-GHz band are summarized in Figs. 2
and 3 respectively. The data scatter, but the overall impression is that
the number of fades is proportional to L. Least-squares fitting of lines



NUMBER OF FADES 819

Rij=Max (Ri,Rj)
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Fig. 2—Summary of the number of fades in the test period of the six single
signals in the 6-GHz band (equation of theoretical line is N = 6410 L).
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with this dependence on L to the data gives the following for the
number of fades in the test period

N = 6410 L, in the 6-GHz band, (2)

N = 3670 L, in the 4-GHz band. (3)

As an example, we note that N in the 6-GHz band averages to roughly
one —40 dB fade per day during the test period.

The average durations of fades were obtained by taking the total
time spent in fades of a given depth? and dividing this by the num-
ber of fades of that depth. The resulting data are shown in Fig. 4 for
the six signals in the 6-GHz band and in Fig. 5 for the seven signals
in the 4-GHz band. The average durations are roughly proportional to
L. Least-squares lines with this dependence on L fitted to the data are

(a) = 490 L seconds, in the 6-GHz band, (4)
{a) = 408 L seconds, in the 4-GHz band, (5)

where o denotes fade duration (see Fig. 1), and where the brackets
denote averages. The fit of equation (4) to the points in Fig. 4 is
better than that of equation (5) to the points in Fig. 5. The points in
Fig. 4 are based on a larger number of observations than those in
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Fig. 4—Summary of the average fade durations of the six single signals in the
6-GHz band (equation of theoretical line is (@) =490 L).

Fig. 5. It is therefore possible that in Fig. 5 we are beginning to see
the effects of small sample size. We will assume that this is indeed so
and put greater emphasis on the 6-GHz data in the subsequent analysis.

The data show that average fade durations in the —40 dB range
are of the order of seconds. This has direct bearing on system per-
formance caleulations, where it has been assumed, at times, that deep
fades have durations of the order of minutes. (Section 5.2.1 in Ref. 10.)

The total time spent in fades is the product N (a), which is propor-
tional to L2 The observed behavior of fade-depth distributions for
deep fades is indeed this,®> which suggests comparison of the experi-
mental results to theoretical results for Rayleigh distributed variables.
The theoretical expressions for the number of fades and the average
fade durations are, in the case of deep fades,”!*

N= (rTee) L,L < 0.1 ; (6)
(@)~c'L, L<0.l; )
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Fig. 5—Summary of the average fade durations of the seven single signals in
the 4-GH: band (equation of theoretical line is (a) =

where the dimensionless factor r is proportional to the amount of time
during which atmospheric conditions allow multipath propagation; T
is the test period (5.26 X 10° seconds in our case); the quantity c,
which has the dimensions of inverse time, is proportional to the
spectral width of the fluctuations of R;. The theoretical equations (6)
and (7) clarify the meaning of the coefficients in equations (2)
through (5). Numerical values for the parameters r and ¢ can be
obtained readily from a comparison of the coefficients. However, r
varies with path length and other parameters.’* We will not discuss
this here, because the variability of fading from path to path is a
topic in itself.

IV. NUMBER OF SIMULTANEOUS FADES

Simultaneous fades are fades of Ry; (see Fig. 1). The experimental
results on the number of simultaneous fades are shown in Figs. 6 to 20
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Fig. 6—Number of fades in test period (6-GHz band, Af = 30 MHz).
Fig. 7—Number of fades in test period (6-GHz band, Af = 30 MHz).
Fig. 8—Number of fades in test period (6-GHz band, Af = 30 MHz).
Fig. 9—Number of fades in test period (6-GHz band, Af = 60 MHz).



824

THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1971

1000 1000
800 FIG. 10 800} FIG. 11
600 600 Rs
400 B\;{'\; 400 Qo =
&M O A Q
200 200 \n\ o
A\ N o
P\ o o
M g S 0g
g% v e P PR
2 60 N o o 2 60 A opN, ©
= \d °9 & AN\ %
w 40 w 40 F
5} \ ) N\
A o
5 N g \
m 20 o 20 A
b3 b3
=) 2 pe
Z 10 Z 10 A
8 8
2a\
o o Nz 3 6 o Ng T—
4 0 Ng 4 3 Ng
A Nzg A & Ngs \
2 \ 2
1 1 A
-20 -25 -30 -35 -40 -45 -20 -25 -30 -35 -40  -45
FADE DEPTH FADE DEPTH
20 LOG L, dB RELATIVE TO NORMAL 20 LOG L, 0B RELATIVE TO NORMAL
1000 1000
800 FIG. 12 800 FIG. 13
600 600
400f 400 <
O
200 A n\g&é 200 an\ﬂN
A
AN o, ;
100 YO NG n 100 AN b
w 80 o0— w 80
2 60 N— maea 2 6o N
<
s < 9
w 40 \ \ w 40
c o \
i £ & A E
m 20 N & 20
3
z N\, 2 \
Z 10 A Z 10
8 \\ 8 AL
6 o N, 6 o Naj AAQ N
4 o Ny N O Ng
4 N A \aa A& Nag \
2 2
I I
20 -25 -30 -35 -40 -45 -20 -25 -30 -35 -40 =45
FADE DEPTH FADE DEPTH

20 LOG L, dB RELATIVE TO NORMAL

20L0G L, dB RELATIVE TO NORMAL

Fig. 10—Number of fades in test period (6-GHz band, Af = 60 MHz).
Fig. 11—Number of fades in test period (6-GHz band, Af = 60 MHz).
Fig. 12—Number of fades in test period (6-GHz band, Af = 90 MHz).
Fig. 13—Number of fades in test period (6-GHz band, Af = 90 MHz).
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Fig. 14—Number of fades in test period (6-GHz band, Af = 90 MHz).
Fig. 15—Number of fades in test period (6-GHz band, Af = 120 MHz).
Fig. 16—Number of fades in test period (6-GHz band, Af = 120 MHz).
Fig. 17—Number of fades in test period (6-GHz band, Af = 120 MHz).
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for the 6-GHz band and Figs. 21 to 35 for the 4-GHz band. The
figures are arranged in order of increasing frequency separation in
each of the two bands, The number of fades of R; in the test period is
denoted by N;. The number of ‘simultaneous fades in the test period
is denoted by N;;. The points on the drawings are the experimental
data; the lines are theoretical and will be discussed shortly.

The data show, for example, that for a one percent frequency separa-
tion in the 6-GHz band (60 MHz, Figs. 9 to 11) N;; averages to about
one —40 dB fade per ten days. The ratio of N; to Ny; at this fade
depth is about ten.

The number of deep simultaneous fades is roughly proportional to
L3, which again suggests comparison to theoretical results for Rayleigh
distributed variables. When R; and R; are treated as correlated Ray-
leigh distributed variables, the theoretical expression for the number
of deep simultaneous fades is®

N, ~@Te)2q'L’, L<01, ¢'L" <01 (8)

where the parameter g is a function of the frequency separation of the
signals. Values of g for the various signal pairs are listed in Tables
II and IIL.*

The comparison of the theoretical expressions to the experimental
data was carried out as follows. Values of g for the various signal pairs
(R;, R;) were obtained from Table IT or Table III. On each drawing,
equation (6) was used to describe the average of N; and N;, and
equation (8) was used to describe N;;. Actually, equation (8) de-
seribes only the part of N;; appearing as a straight line on a drawing;
the curved portions of N;; were computed from more complex expres-
sions in previous work.® The value of g determines the position of
equation (8) relative to equation (6), and curve fitting becomes a
matter of fitting two curves with a fixed relative position to the three
sets of data on a drawing. The result of a fitting is a value for the
product rTgc. The values of rTyc vary somewhat from drawing to
drawing, reflecting the apparently random variations in N; from
signal to signal. The average values of rThc in the two frequency
bands appear as coefficients in equations (2) and (3). The overall
impression is that the data agree with the theoretically predicted
dependence on the fade depth L. '

The behavior of the data on the number of fades is typically that of

* These are values of g obtained by Barnett? for each signal pair from experi-
mental c}igta on fade depth distributions. Equations describing g are shown in
Section X.
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Fig. 18—Number of fades in test period (6-GHz band, Af = 150 MHz).
Fig. 19—Number of fades in test period (6-GHz band, Af = 180 MHz).
Fig. 20—Number of fades in test period (6-GHz band, Af = 210 MHz).
Fig. 21—Number of fades in test period (4-GHz band, Af = 20 MHz).
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Fig. 22—Number of fades in test period (4-GHz band, Af = 20 MHz).
Fig. 23—Number of fades in test period (4-GHz band, Af = 60 MHz).
Fig. 24 —Number of fades in test period (4-GHz band, Af = 60 MHz).
Fig. 25—Number of fades in test period (4-GHz band, Af = 80 MHz).
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Fig. 26—Number of fade

Fig. 29—
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s in test period (4-GHz band, Af = 80 MHz).
Fig. 27—Number of fades in test period (4-GHz band, A

f = 100 MHz).
Fig. 28—

Number of fades in test period (4-GHz band, Af = 160 MHz).
Number of fades in test period (4-GHz band, Af = 160 MHz).
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Fig. 30—Number of fades in test period (4-GHz band, Af = 220 MHz).
Fig. 31—Number of fades in test period (4-GHz band, Af = 260 MHz).
Fig. 32—Number of fades in test period (4-GHz band, Af = 300 MHz).
Fig. 33—Number of fades in test period (4-GHz band, Af = 340 MHz).
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propagation data in general. The processes in the atmosphere causing
fading are complex, and this shows up as scatter and deviations of
the experimental points from the theoretical lines. Some of this is
magnified by the logarithmic scales used in the drawings. The devia-
tions of the experimental points from the theoretical lines in the 4-GHz
band are larger than those in the 6-GHz. This may be because the
number of observations in the 4-GHz band is smaller, or because the
theoretical description becomes less applicable as the path length,
measured in wavelengths, becomes shorter. The deviations of the
points from the lines around —20 dB reinforce the observation that
the theory based on the joint Rayleigh distribution applies only to
fades deeper than about —20 dB. A possible explanation is that the
physical processes generating deep fades differ from those generating
shallow fades. '

V. AVERAGE DURATION OF SIMULTANEOUS FADES

The determination of the average durations of simultaneous fades is
difficult, because there are too few simultaneous fades, particularly at
the larger frequency separations, to obtain meaningful averages. The
data for the first entry in Table II are shown in Fig. 36. The curves
are theoretical. The top curve is equation (7), with ¢ adjusted to
describe the average of a; and a3 (the notation is defined in Fig. 1).
Given the top curve and the value of ¢ in Table II, the bottom curve
describing B»3 is calculated under the assumption that R, and Rj are
jointly Rayleigh distributed.” Note from the curves that as the fades
become deeper, the average durations of simultaneous fades tend to
one-half of those of single signals. The theory predicts this for all
frequency separations, provided the fades are sufficiently deep,?

Bii) ~ 3{a:), L <01, ¢'L* <0.l. )

It is interesting that the same result can also be inferred from a
heuristic argument, given in Section VIII.

The data and the theory are in agreement in Fig. 36. In general,
the data on the average durations of simultaneous fades show a large
amount of scatter, much larger than in the example in Fig. 36, be-
cause of the small number of observations.

VI. THE SCALE OF SCATTER IN THE OBSERVATIONS

Experimental data can scatter simply because the number of ob-
servations is small. In the case of average fade durations we can esti-
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mate the amount of scatter possible, and it is instructive to digress
and do so. As an example, the average durations at the highest fre-
quency in the 6-GHz band are shown in Fig. 37 (the points denoted
by black squares are at fade depths for which probability distributions
of fade durations will be obtained later). Each point on the drawing
is the average of a sample of size N;. This average, the so called
sample mean, is a random variable. For example, if the test period
contains, by chance, an excess of small «;, the sample mean will be
less than the true average. As N; increases, the sample mean tends to
deviate less from the true average. The standard deviations of the
sample means in Fig. 37 are estimated in the Appendix. The straight
line in Fig. 37 is the result of a least squares fitting of equation (7) to
the data. The curves are at three standard deviations of the sample
mean above and below the straight line.

The tolerance band defined by the curves in Fig. 37 is asymmetric,
especially so for the deeper fades, because of the logarithmic scale
on which the average fade durations are plotted. The band is quite
wide in the —40 dB region, and the conclusion is that the deviations
of the points from the line are well within those predicted possible by
elementary sampling theory.

A corresponding tolerance band for the 4-GHz data would be wider
because of the smaller number of fades observed. It would be much
wider for the simultaneous fades because their number is much smaller.
Because of the potential for large scatter in the 4-GHz data, we will
discuss, in the next section, duration distributions for the 6-GHz band
only.

VII. OBSERVED DISTRIBUTIONS OF FADE DURATIONS

Estimates of the probability that a fade of depth 20 log L dB (see
Fig. 1) lasts longer than ¢ seconds were obtained by taking the number
of fades longer than t seconds and dividing this by the total number of
fades of depth 20 log L dB. The results of this for the highest fre-
quency in the 6-GHz band are shown in Fig. 38 for five values of fade
depth (the average durations at these depths are denoted by the black
squares in Fig. 37). The probability scale is normal and the duration
scale is logarithmic.

The behavior of the probabilities shows a more readily discernible
pattern if the durations are measured not in seconds but in units of
average fade durations; that is, if we look at the probability that z;
is larger than a number u, where

Zz; = a.-/(a.-). (10)
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Fig. 3¢—Number of fades in test period (4-GHz band, Af = 400 MH?z).
Fig. 35—Number of fades in test period (4-GHz band, Af = 420 MHz).
Fig. 36—Average durations of simultaneous fades of signals at 6.0045 and 6.0342
GHz (the lines are theoretical)
Fig. 37—Average durations of fades of the signal at 6.1528 GHz, with superim-
osed control curves at three standard deviations above and below the straight
ine, estimated from elementary sampling theory.
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When this is done, using values of (a;) denoted by solid squares in
Fig. 37, the fairly tightly grouped set of points in Fig. 39 is obtained.
From the behavior of the points for the various fade depths one can
argue that the data approach a lognormal distribution, denoted by the
straight line, as fades become deeper and longer. When points from the
other five frequencies are superimposed on this, Fig. 40 is obtained. Be-
cause we have pooled data from various frequencies, we have dropped
the subseripts on the variables.

The pattern formed by the points in Fig. 40 suggests that the distri-
bution of durations longer than average can be described by a straight
line (the points for the long durations begin to scatter because the
number of observations is small). The equation of the line shown is

Pr (z > u) = % erfe [(Inu — p)/V2 o (11)
with
uw= —0673, oc=127 (12)

where In denotes the natural logarithm, and erfc denotes the comple-
mentary error function. The lognormal distribution (11) specifies that
one percent of the durations are longer than ten times average, and
that thirty percent of the durations are longer than average.

The results for the durations of the simultaneous fades also fall into
a pattern when the durations are normalized to their averages. Letting

Yis = Bii/(Bis) (13)
and pooling the data for all fifteen entries in Table II, we obtain Fig.
41. Again, subscripts are dropped for the pooled data.

The behavior of the data for the simultaneous fades in Fig. 41 is
very similar to that of the data in Fig. 40. The line from Fig. 40 is
shown dotted on Fig. 41 (the solid line on Fig. 41 will be discussed
shortly).

Comparison to previous data on duration distributions®7 is difficult,
beyond noting the similar lognormal behavior, since the previous data
do not cover fades in the —30 to —40 dB range of interest to us.
Furthermore, in one of the cases the emphasis is on a grazing path® ¢
and in the other on overwater paths,” whereas our interest is in “stand-
ard” overland paths.

VIII. THEORETICAL DESCRIPTION OF DURATION DISTRIBUTIONS

The probability distribution of «; is related to the power spectrum of
the fluctuations of R;.** Calculation of the probability distribution of
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Fig. 39—Probability that duration of fade, normalized to its mean, is longer
than a given number (same data as on Fig. 38—line fitted to show trend for
deep fades).

Fig. 40—Probability that duration of fade, normalized to its mean, is longer
than a given number (summary for the six signals in the 6-GHz band at the fade
depths listed for Fig. 38—the line is from Fig. 39).

lgig. 41—Probability that duration of a simultaneous fade, normalized to its
mean, is longer than a given number (summary for the 15 pairs of signals in
the 6-1()}Hz band listed in Table II—dotted line from Fig. 39—solid line is theo-
retical).
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«; is difficult theoretically and also because we do not have experi-
mental information on the power spectra. Experimental determination
of the spectra is far from straightforward, because fading occurs in
spurts and because, presumably, the fluctuations of R; are generated by
a mix of random processes. Various theoretical spectra have been
treated by S. O. Rice!! (we obtained the idea of normalizing to the
average durations from this work), but our observed durations are
longer than those that follow from the spectra considered. For exam-
ple, the spectrum that gives the largest percentage of long durations
provides one percent of durations longer than 5.6 times the average
(from Fig. 4 in Ref. 11). The data in Fig. 40 show that one percent
of the durations are longer than ten times average.

To circumvent these difficulties we use the empirically determined
expression (11) for Pr(z > u), and determine the duration distribution
of simultaneous fades from this using a heuristic model. The model
is based on the observation that when signals separated in frequency
undergo a deep fade, the fade durations are often roughly the same,
but the fades are offset in time. Furthermore, as fades become deeper
they become shorter, and the offsets soon become larger than the fade
durations, which explains why there is a large reduction in the number
of deep simultaneous fades. A simultaneous fade occurs when the fades
at two frequencies overlap. There is apparently no preferred overlap
position, and the relationship between a and 8 (see Fig. 1) can be
expressed mathematically as

B = ga (14)

where g is a random variable, distributed uniformly between zero and
unity. The relationship (9) for the averages follows from this immedi-

ately.

The duration distribution of the simultaneous fades also follows
immediately when the transformation (14) is applied to Pr(z > u).
Specifically,

Pr(y > u) = Pr (2gz > w),
1
= [ Pre> 370 dg, (15)
0
where the integrand is (11), with appropriate change of variable.

Fortunately, this can be transformed into an expression that can be
integrated.*® The result, after a fair amount of algebra, is
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In (Ju) — u)

= i
Pr(y > w q‘el‘fc( 7B

— tuexp (—p + }2'0'2) erfe (—ln—(%_l;)T—ﬁ 4 é) (16)

The solid line in Fig. 41 is equation (16) with numerical values for
w and o as in equation (12). The line provides adequate description
of durations longer than average.

The generality imparted to the distribution functions Pr(z > )
and Pr(y > w) by the normalization of the durations to their means
is a subject for further work. We would venture a guess, for example,
that the distributions of x and y in the 4-GHz band are also given by
equations (11) and (16). A somewhat different thought is that the
idea of uniformly distributed overlaps of deep fades, which lead to
equation (14), can perhaps be extended to durations of simultaneous
fades of more than two signals. This approach might provide results
for a problem that otherwise seems to be mathematically intractable.

IX. SIMILARITY TO DURATION DISTRIBUTION IN BEYOND-HORIZON
PROPAGATION

It is interesting to compare the line-of-sight data for Pr(z > u) to
similar data for tropospheric beyond-horizon propagation,'* where fade
durations have also been observed to be lognormally distributed. Table
1V shows that the numerical values for line-of-sight (from our Fig. 40)
are quite close to the numerical values for long term tropospheric data
(from Table 2 of Ref. 14).

In line-of-sight transmission, the receiving antenna is illuminated
directly by the transmitting antenna. In beyond-horizon tropospheric
transmission the receiving antenna is illuminated by reflected (scat-
tered) energy. There is insufficient knowledge to decide whether the

TaBLE IV—COMPARISON OF FADE-DURATION PROBABILITIES IN LINE-
oF-S1GHT AND BEYOND-HORIZON PROPAGATION

u

Pr(z > u) Line-of-Sight Beyond-Horizon

0.1 2.6 2.2
0.01 10 9.1
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structures of the electromagnetic waves at the receiving antennas in
the two cases are similar in some sense, or whether the numerical
closeness of the distributions of the durations normalized to their
means is accidental.

X. COMPARISON OF FREQUENCY AND SPACE DIVERSITY

The number of simultaneous fades of the two signals must be small
to obtain good diversity reception. More specifically, the ratio

FN = N-'/Nu (17)

must be large. For signal envelopes that are jointly Rayleigh distri-
buted, a theoretical result for deep fades is®

Fy~#L>? L<O01, ¢'L’<0.l. (18)

This shows how Fy varies with fade depth. Information about the sepa-
ration of the signals is contained in the parameter g. A theory from
which g can be calculated for line-of-sight microwave links still re-
mains to be established. However, empirical expressions for g, based
on experimental data, are available? and these provide a means for
comparing the effectiveness of separations in frequency and space.

For separations in frequency, expressions for g determined from
probability distributions of R;; are?

q = }(Af/f), in the 6-GHz band; (19)

q = %(Af/f), in the 4-GHz band; (20)

where Af is the frequency separation of R; and R;, and where the
values of f used in the determination of the coefficients in equations
(19) and (20) were 6.175 and 3.950 GHz respectively. The above
expressions for ¢ are based on data obtained on a 28.5-mile path in
Ohio. We do not know, for example, how the expressions are affected
by changes in path length.

For two signals received at the same frequency on two vertically
separated receiving antennas, an empirical expression for q is® ®

q = (2.75)7'(s/\d) (21)
where s is the vertical center-to-center separation of the receiving an-
tennas, A is the wavelength, and d is the path length—all measured
in the same units. Equation (21) is also based on data from the test

path in Ohio, which was picked because fading on it was thought to be
typical of many paths in the United States. Some generality is lent
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to equation (21) by the fact that one of the experimental points on
which it is based comes from data obtained in Texas.

The equations for g can be used to compare the effects of separations
in frequency and space. For example, separations that provide equal
values of Fy are shown in Fig. 42. The curves apply for deep fades
that, satisfy the conditions L < 0.1 and ¢g*L* < 0.1. As an illustration,
values of Fy at 20 log L = —40 are indicated along the curves. Since
the expressions for ¢ are based on data for fairly small separations,
equations (19) through (21) should be viewed as first terms in power
series, and extrapolation of the results to separations larger than those
in Fig. 42 may not be advisable.

The term improvement has been used to describe the ratio of the
total time spent in fades to the total time spent in simultaneous
fades.®® In terms of Fy, the deep fade approximation for the im-
provement F is®

F~2Fy, L<O01, ¢"'L*<0.1 (22)
and Fig. 42 therefore describes separations that provide equal im-

provement.
XI. CONCLUSIONS

We have presented data on aspects of fading that are important but
have not been covered in previous investigations of fading on line-of-

70
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Fig. 42—Separations in space and in frequency that provide equal values of
the ratio of the number of fades to the number of simultaneous fades.
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sight microwave links. The theoretical framework we have provided
for the data will be, we anticipate, of practical value to designers of
communication systems.

The results presented here also demonstrate that further work, both
experimental and theoretical, is needed. For example, the parameters
in our equations are empirical and are based on data from one prop-
agation path only.
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APPENDIX

Control Curves

The equation for the control curves in Fig. 37 is, denoting the stand-
ard deviation of the sample means by o, ,

f(L) = (a:) £ 3o, . (23)
From elementary sampling theory*®
os = Ni'o% (24)
where oo is the standard deviation of the fade durations «; . Further
0. = {a;)o: (25)

where o, is the standard deviation of z, and x denotes the fade dura-
tions normalized to their means. The probability distribution of the
natural logarithm of 2 is given by equation (11). In terms of the
variance of that distribution

o; = ()’ (exp (¢*) — 1). (26)
Since (z) is unity by definition, use of ¢ from equation (12) gives

o2 4. (27)



NUMBER OF FADES 841

Using equation (2) to describe N;, we obtain

6
L) = (a.->{l % \/m}' (28)

The straight line in Fig. 37 is (), and equation (28) therefore provides
numerical values for drawing of the control curves.

REFEREN CES

1,

10.

11.
12.

13.
14.

15.

Kaylor, R. L., “A Statistical Study of Selective Fading of Super-High
g‘ggueney Radio Signals,” BS.T.J., 32, No. 5 (September 1953), pp. 1187-

.Barnett',, W. T., “Microwave Line-of-Sight Propagation with and without

Frequency Diversity,” BS.T.J, 49, No. 8 (October 1970), pp. 1827-1871.

. Baker, A. E., and Brice, P. J., “Radio-Wave Propagation as a Factor in the

Design of Microwave Relay Links,” Post Office Elec. Eng. J., 62, No. 4
(January 1970), pp. 239-246.

. Ugai, 8., “Characteristics of Fading due to Ducts and Quantitative Estima-

tion of Fading,” Rev. Elec. Commun. Lab. (Japan), 9, No. 5-6 (May-June
1961), pp. 319-360.

. Wheeler, B. F., and Mathwich, H. R., “Use of Distribution Curves in Evalu-

ating Microwave Path Clearance,” IRE Trans. Instrumentation, PGI-},
(October 1955), p. 31.

. Mathwich, H. R., Nuttall, E. D, Pitman, J. E, and Randolph. A. M.

“Propagation Test on 9555 Mec, 1965 Mc and 6730 Mc,” AIEE Trans.
Commun. Elec., Part I, 76 (January 1957), pp. 685-691.

. Gudmandsen, P., and Larsen, B. F., “Statistical Data for Microwave Propa-

gation Measurements on Two Oversea Paths in Denmark,” Trans. IRE
on Antennas and Propagation, AP-6, No. 3 (July 1957), pp. 256-259.

. Vigants, A., “Space-Diversity Performance as a Function of Antenna Separa-

tion,” IEEE Trans. Commun. Tech., COM-16, No. 6 (December 1968),
pp. 831-836

. Vigants, A., “The Number of Fades in Space-Diversity Reception,” BS.T.J.,

49, No. 7 (September 1970), pp. 1513-1530.

Pearson, K. W., “Method for the Prediction of the Fading Performance of a
Multisection Microwave Link,” Proc. IEE (London), 112, No. 7 (July
1965), pp. 1291-1300.

Rice, S. 8., “Distribution of the Duration of Fades in Radio Transmission:
Gaussian Noise Model,” BS.T.J., 87, No. 3 (May 1958), pp. 581-635.

Barnett, W. T. “Occurrence of Selective Fading as a Function of Path
Length, Frequency, and Geography,” 1969 USNC/URSI Spring Meeting,
April 21-24, 19689, Washington, D. C.

Abramowitz, M., and Stegun, 1. A, editors, Handbook of Mathematical
Functions, New York: Dover Publications, 1965, p. 304.

Grosskopf, J., and Fehlhaber, L., “Rate and Duration of Single Deep Fades
iré Tropospheric Scatter Links,” NTZ-Commun. J., 7, No. 3 (1962), pp.
125-132.

Hoel, P. G., Introduction to Mathematical Statistics, New York: John Wiley
& Sons, 1954, pp. 105-109.






Copyright © 1971 American Telephone and Telegraph Company
Tue BELL SysTEM TECHNICAL JOURNAL
Vol. 50, No. 3, March, 1971
Printed in U.S.A.

Time Dispersion in Dielectric Waveguides

By S. D. PERSONICK
(Manuscript received October 16, 1970)

In dielectric waveguides operating at optical frequencies, the primary
cause of time dispersion of marrow pulses can be mode conversion. In
this paper we argue that under certain assumptions a dielectric waveguide
acts as a linear system in intensity. That s, given the intensily input, the
intensity output is equal to the input convolved with an intensity impulse
response. We show that contrary to intuition, the width of the impulse
response gets marrower when coupling between guided modes increases.
Using the perturbation results of D. Marcuse, we obtain an interesting
model of energy propagation down imperfect guides. We conclude that the
intensity response width increases as the square root of the guide length for
sufficiently long guides and approaches a gaussian shape for sufficiently
long guides.

We conclude from the theory that the dispersion in dielectric wave-
guides may be orders of magnitude below that which was previously ex-
pected in guides of sufficiently long length having properly controlled large
amounts of mode conversion. These theoretical results have not yet been
verified experimentally.

I. INTRODUCTION

In multimode dielectric waveguides operating at optical frequencies,
the primary cause of time dispersion of narrow pulses can be mode
conversion. In a geometrically perfect guide with more than a single
mode, energy initially launched in a given mode remains in that mode
as it propagates down the guide. Physical guides have imperfections
from perfect geometric shape (e.g., roughness at the core-cladding in-
terface of a nominally right circular cylindrical guide) which allows
energy to couple between modes during propagation down the guide.
Since group velocities differ in general amongst the modes, a pulse of
energy initially launched in a single mode or combination of modes
will be broadened due to the spread of propagation times of different
parts of the energy.

843
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In this paper we argue that under certain assumptions, a dielectric
waveguide acts as a linear system in intensity as well as in voltage.
That is, we show that the relationship between the input intensity and
output intensity of the guide is defined in terms of an intensity impulse
response. We argue that this intensity impulse response, for sufficiently
long guides, has a mean-square width about its mean which increases
only linearly with length. Further, in the limit of very long guides, we
argue that the response shape is gaussian. We also show that the
greater the coupling between modes, the less the time dispersion—a
result which at first contradicts intuition. Finally, we obtain quantita-
tive results and an interesting model of an optical guide under certain
assumptions.

We conclude from the theory that the dispersion in dielectric wave-
guides may be orders of magnitude below that which was previously
expected in guides of sufficiently long length having properly controlled
large amounts of mode conversion. These theoretical results have
not yet been verified experimentally.

II. AN OUTLINE OF THE ARGUMENTS

We next outline the steps of the derivations to follow, so that the
reader can follow the train of thought.

We start with the fact that the optical guide is a linear system in
voltage. That is, if we expand the input signal in spatial modes and
expand the output signal in the same modes, then the time varying
coefficients of the modes at the output are related to the coefficients at
the input by a set of voltage impulse responses. We then make an as-
sumption about the associated set of transfer functions (Fourier trans-
forms of the impulse responses) which allows us to argue that the set
of average output intensities and the set of input intensities are also
related by a set of impulse responses. Thus the guide is also linear in
intensity under the assumptions.

We next argue that for sufficiently long guides, these intensity im-
pulse responses coupling a chosen input mode coefficient and a chosen
output mode coefficient are indifferent to the modes chosen except per-
haps for a magnitude scale factor.

Finally, this allows us to show that for guides longer than the above
scale, the intensity impulse response which is now in common for all
input-output pairs has a mean-square deviation about its mean which
grows linearly in length, and which approaches the gaussian shape in
the limit of long guides.



DIELECTRIC WAVEGUIDE 845

III. THE OPTICAL GUIDE AS A LINEAR SYSTEM IN INTENSITY

3.1 The Random Channel

We now argue that under a simple assumption, the expected value
of the intensity at the output of a random channel is related to the
intensity of the input to the channel by a simple convolution with
an intensity impulse response. We start with input baseband signal
a(t). We use a(t) to linearly modulate a carrier m(t) which may
be coherent or a stationary (wide sense) random process centered at
frequency fo. We assume that the result x(¢) = a(t)m(¢), has band-
width B, ie., its spectrum extends from —B/2 + fo to B/2 + fo.

We pass z(t) through a time invariant filter with a random impulse
response h(t) representing the channel, resulting in the final output
y(t). We define a Fourier transform 1elat10n<h1p between the function

A(f) and the function A(#)

A = [ exp 20N dt,
Alf) & \(1).
By simple linear system theory if
X(f) & (),
H(f) < h(?), ()
Y(f) & y(@),

(M

then

Y(f) = X(HH().
Define the envelopes of x(t) and y(t) by

x(t) = V2 Re [xz.(1) exp (22rfy1)},

®3)
y(t) = V2 Re {y.(0) exp (i2fol)}.
The intensity of the input and output signals are defined as
Iin(t) = l:te(t)|z == a2(t) ‘ml(t)lzy (4)

Iout(t) = lye(t)|21
where m,(t) = carrier envelope.
Assumption: Stationarity of channel transfer function

(H¥()H(f + @) = T(f) (5)
provided fy — B/2 < a, f + « < fo + B/2.
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The assumption, while apparently arbitrary, is essential to the results
which follow. Perturbation results of Marcuse,® to be discussed in
Section 4.1, indicate that equation (5) may be satisfied for the input-
output temporal transfer function of a given spatial eigenmode of an
optical dielectric waveguide with mechanical imperfections, provided
the mechanical imperfections satisfy constraints also to be discussed.

Define for any function U (a)

U.le) = Ul) a0,
=0 a < 0.
Then it has been shown that (Seé Appendix C)

oF @2 [~ 7.6+ V4 da.

Then clearly

OF @2 [ X0+ DG + JHHDXH) de.

Using equation (5) we obtain

W) & 200) [~ (X0 + @) X8 de,

(v.()") & TN,
where
L.(f) & (La()).
Thus*
Toun(®)) = (L)) * ¥(2)
where

v(t) & T(f).

(©)

@

©)

9)

(10)

Thus we have a linear system relationship between the channel input

and output intensities.

3.2 Extension to Vector Channels

Suppose we have a vector channel (corresponding to multimode

guide) consisting of a vector of L input functions

* The notation z(t) * y(t) signifies convolution:

2(t) * y(t) & f " 5 — Wyl
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EX0)
X(t) =| -
L2, (D)]
and L output functions
(5]
YO =| - |
()

The input and output functions are related by an L X L matrix of
impulse responses

6(t) = [hi;(0)] (11)
where we have

y(t) = Z o (8) * (1), (12)

{=1

ie.,
Y(t) = o(t) * X(t).

Now consider a cascade of two vector channels having impulse response
matrices '0(¢) and *0(f). The input passes first through channel 1 and
then through channel 2. The output of channel 2 is given by

Y(t) = *o(t) * 'o(t) * X(1). (13)
Define the envelope of yx (), yr(t) : we know that

0 &2 [ Yisa + DY) da,

0P @2 [0 53 T T Hwl + @ Hinf + DXl + o)
(14)
'QH:n+(a)lH:m+(a)X:+(a) der.

Assumption a. Stationarity of Mode Transfer function.
b. Mode Transfer functions uncorrelated.

(lHu(f + a)zH“(f + a)'H:m(a)szn(a»
= lFti(f)gru(j) 01.n 6i.m Ok, (15)
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where

d8x.y = Kronecka delta

for {f + a, a} € input signal bands.

We are implying that randomness, especially in phase, erases corre-
lation between the transfer functions of different modes. The validity
of this assumption for optical guides with more than one mode will be
discussed in Section 4.1.

It then follows that

Q@ =2 [ 3 3 Tu M)XK + @)X de o
S gl el 16
(lyna(B)]”) & ,Z_; ; Tul)' Tt ini(f)
where
Iui(f) & (| (D) |*).

Thus under assumption (15) we have

QO = 2 2l * 'y * (O (7)
where

Tu(t) & Tu(f).
Forming the matrix *G'(¢) with elements *y;;(¢) and similarly *G () ;
the vectors of input and output intensities are related by
| Y, |* = *G@t) » 'G(@t) * | X, | (18)

Thus the vector channel is a vector linear system in intensity as well
as voltage [compare equation (18) to equation (13)].

3.3 A Limit Theorem for a Cascade of Vector Channels

Now consider a cascade of a large number M of vector channels,
each behaving as described in Sections 3.1 and 3.2, ie., if |V, (f)|* is
the vector of the average intensity responses at the output, | X, (¢)|* the
input intensity vector; we have

.o = (* 6,0) KO = 6, K0P

where
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M
Gr= * Gi(t) = Gy * Gy -+ * G, . (20)
i=1
We would like to argue now that for sufficiently large M, all the
elements of G are identical in waveform, differing at most by a con-
stant. In other words, we would like to argue that the shape of the
intensity response between any input mode and any output mode is
indifferent to the choices of input and output modes, for sufficiently
long guides, except perhaps for the magnitude of the responses.
We shall prove our results for a lossless two-mode guide. Define
yi;(t, b) as the j — 17 intensity impulse response for b sections of
guide. We obtain (see Appendix A for derivation)

b
va(t, b) = RZ vult, b — R) * v, () * v (t) (21)
=1
where
VAU & yaa(l) * y20(t) -+ R — 1 times
and

’Yn(t.; 0) = B(t)-
Now assume that the guide is lossless, i.e.,

[t + a0} at = 1. (22

Further define
’Y-';‘(t) - aiiP-‘i(t)r

[ eswat=1, 0<a <1 (23)

Thus

Yau(t, b) = nzn Yty b — R) * pyy (1) * szn_l(t)(amafz-l)- (24)

For the lossless guide, and b sufficiently large v,,(b — R) = v..(¢, b)
for R « b. Furthermore a convolution of v, ({, b — R) with
pa(t) * pxF7'(t) is approximately equal to v, (t, b — R) for R < b
since the response v,,(t, b = R), which is a convolution of b — R terms,
has a narrow spectrum compared to the other R term convolution for
b > R. Furthermore a;,a% ' — 0 for R large. Thus for b sufficiently large

Yar(t, b) X v (t, b)(a21/(1 — az)). (25)
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Similarly we have

b1
vult, b) = n; Y1a(t, b — B) * pyy(8) * o' (Danaty™

A yalty B) T2 = aalty ), (26)
11

(since a,, + a,; = 1). Thus

1 1
1 1
G(t, b) = p(t, b) o LA . p(t, b)A, (27
1 1

1+1/n 14+ 1/y

where n = ay,/a,3, and p(t, b) £ v..(¢, b)/[®. v (¢, b) dt. Finally we
obtain the response of a guide of kb sections

G(t, kb) = p*(t, b)A.

Note that A is idempotent, i.e.,, A*> = A and p(¢, b) is a positive unit
area function.

3.4 Application to Long Optical Guide

For a multimode lossless of guide sufficiently long length, | = kL,
with finite coupling between all modes, we can generalize equation
(27) to conclude that the intensity impulse response between an input
and output mode is a constant times some positive unit area function
p(t, L) convolved with itself I/L times when L is a scale on which
equation (27) holds in the generalized case (more than two modes).
Since the central limit theorem states that the convolution of a large
number of unit area positive functions approaches a gaussian shape,*
we conclude that the impulse response should approach a gaussian
shape in the limit of long guides. Further, the impulse response’s
second moment about its mean increases linearly with increasing guide
length for guides longer than L.' That is, the second moment about
the mean of the response is

My(l) = M,(L)l/L. (28)
If =, is the “differential delay” (time/meter) of propagation in the

* Provided that f“_ p(¢, L)t2dt < o, when we add similar independent random
variables with finite second moments, the probability density of the sum, which
is the convolution of the individual densities, approaches a gaussian shape.

t The second central moment of a convolution is the sum of the individual
second central moments.
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slowest modes and . is the differential delay in the fastest mode, then®

— 7)’L* _ (ArL)’_

(Tl
My (L) = n n

(29)

Therefore,

M) = (—A‘I—)z Ll

for any L where equation (27) holds [for an N mode case we have an
N X N matrix multiplying p(¢, 1) ].

1V. QUANTITATIVE RESULTS

4.1 Perturbation Theory

We shall now apply the above results to the case of a lossless slab
dielectric waveguide previously studied by Marcuse.* We expand the
input field to the guide as

et 2, 0) = 2 alt, 0)¥u(@) (30)

where z is the cross-sectional position parameter and the y;(z) are
the eigenmodes of the guide. The field a distance [ down the guide is
written as

et, z, 1) = 2 &, Diu(). (31)

We have a linear voltage impulse response relationship between the
vector of input voltages [e(t, 0)] and the vector of output voltages
[e(t, 1)). Defining E,(w, [) as the Fourier transform of (¢, [) we have

Ei(w, ) = Z Cii(w, DE;(w, 0). (32)

Marcuse has shown that a perturbation theory solution for the Cy;(w, [)
is given by

Cyi(w, 1) = Ni; exp [18;(w)l] j(; 9(2) exp {i[Bi(w) — B;(w)]z} dz (33)

where )\, is a constant weakly dependent upon w and g(2) is the wall
perturbation from straightness. It is assumed &k # j [For k£ = j,
Cyi(w, 1) = 1]. We have therefore

* The right side of equation (29) is the mean-square intensity impulse response

width if the response consists of an impulse of area } at the shortest delay and an
impulse of area % at the longest delay.
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Cii(w, DCH(w + o, D)
= s oxp (8 — B0+ ) [ [ 9@
exp (i) — Bz — (o + ) = Bylo + )T} dede'. (30

Defining the correlation function

(9(2)9(z)) = R,(z — 2) (35)
(we assume g(z) is a wide sense stationary process) we obtain

(Chi(w, DC¥(w + o, 1)) = NarE exp (Z ABD) f fR, z —2')

-exp [i(Bu(w) — Bw)z — 2')] exp [i AB(w, 0)e'] dzde’  (36)
where
AB = (Bi(w) — Bulw + 0)) — (Bi(w) — Bylw + 0)),

AB; = (@) — By(w + o).
If R;(z — 2’) drops off quickly for (2 — 2’) in an interval of length ,
then we have the approximate result

(Chilw, DCHw + 0, D) 2= NeAGIS,(Bilw) — B;(w))

; 1 — , AB(w,
-exp (i AB,)) :xzﬁ[(:u f)(‘l" 2 (a7
where S,(:) = Fourier Transform of R,(-), and is assumed to be

constant as a function of B.(w) — B:(w) for w within the excitation
bandwidth. Fork = n,j = p

[ 6ﬂ,~(w):| N
AB ~ [ % % 17— Atyjo,

Aﬁg = (g_‘f’)o'.

That is we assume o is small enough so that there is negligible disper-
sion of energy travelling in a single mode. Thus, the intensity impulse
response between input j and output k is (see Fig. 1)

Yeilly 1) =2 Xaih%; 8, (Bm(w) — Bi(w))f(t — i) (39)

(38)

where
f(t) = 1: te[O; A'rmil_];

=0, otherwise;
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for I small enough for the perturbation theory to hold.

From equations (36) through (38), it is clear that for cases where we do
not have k = m, j = p the correlation function Cy;(w)C*(w + o) will be
negligible provided AB(w, o) is sufficiently large in the band of input
frequencies. Thus we can use the perturbation length impulse response
to find a long-guide response by means of equation (20).

From equation (37) we see that we increase coupling between modes
by making the mechanical perturbation spectrum large at frequencies
which correspond to the difference of the inverses of the pliase velocities
of the modes at excitation frequencies. It should be emphasized that
while making the perturbation spectrum high at frequencies that
couple guided modes, we will wish to avoid making it too high at
frequencies that couple guided to unguided radiation modes since such
coupling results in loss.

42 A Hydraulic Model of Dispersion

We shall now show that the perturbation results imply a model
which is an interesting interpretation of the propagation process, and
which allows easy computation of the response of a long guide.

Suppose energy traveled down the guide as follows. We start with a
large number of indivisible bundles of energy at the guide input. Each
bundle begins propagating down the guide randomly jumping from
mode to mode. At any point down the guide, a bundle travels at the
group velocity associated with the mode it is currently in. At any posi-
tion, the probability that a bundle will jump to mode k, given that it
is in mode j, in the next increment of distance dl is N \%S,(Bx(w) —
Bi(w)) dl.

Since we have a very large number of bundles, the output response
of the guide in intensity should have the same shape as the probability
distribution of the arrival time at the output of an individual bundle.
For a short guide of length L, the probability that a bundle is in mode &
given that it started in mode j is | M |* S,(8i(w) — Bi(w))L and its
arrival time distribution is given exactly by Fig. 1. Since this distribution
is the perturbation solution for the intensity impulse response of a
short guide, we see that the hydraulic model gives the same result as
the perturbation theory. Further, a little thought will show (see Ap-
pendix B) that the extrapolation from a short guide to a long guide in
the hydraulic model is analytically the same as equation (20). Thus
any technique which can be used to determine the intensity impulse
response characteristics using the hydraulic model will be valid for the
solution of equation (20) using the perturbation results.
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Fig. 1—Output intensity response for modes j, m and k, given mode j is excited.

4.3 The Solution of Some Hydraulic Model Response

4.3.1 Characteristics

We now wish to determine some probability density moments of
the arrival time of a bundle of energy at the output of a long guide
recalling that this has the shape of the guide impulse response.

Let H(I') be the mode a bundle is in at distance I’ down the guide.
In that mode the bundle travels with differential delay (time/meter)
a = 7(I'). The total propagation time down the guide is

l
= [ @) ar. (40)
0
The expected propagation time down the guide is
4
(D = [ (W)t . (41)
0
The variance about the mean is

@ — @ = ([ [ @) = D) = ot ar ar)

= [ f ' f R.(L V") dl dl"] — (DX, (42)

where R.(I', I"”) = E(+(')r(l")). We need the correlation function
R.(l, ') and the mean (r),,(!').
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4.4 Calculation for a Lossless Two-Mode Guide

For the lossless two-mode guide we have an energy bundle making a
Poisson number of mode changes in any length L with mean
| Mz |* 8,(8:(w) — B2(w))L. The correlation function R,(l, I') (assuming
we start off randomly in one of the modes) is that of a random tele-
graph wave® and is given by

R, 1) = 4 laral oxp (-2 1 = V11 + (2 - 1p @9
where

1/lc = I Ai2 l2 Sp(Bl(w) - ﬁz(w));

and

A1=(%—a—ﬁ—2)=1—1
" dw  dw ! 2

We obtain the mean and second moment about the mean of the
intensity response of a guide of length L.

M. = (),

(@ = @ = G [ e e -arpy], @0

lim (T — (T))Dew =

[L/le)=2

)

— (ATIQ)lec
4

where

l. = [l)\n‘z Sa(ﬂl(“’) = 62("’))]-1)

lim (T — (Th)) = Bm) L0

[L/1c1-0 4

(compare equation (44) to equation (29)).

4.5 Extension to the Two-Mode Guide With Loss

We can use the hydraulic model to extend the above results to a
two-mode guide with loss and differential loss.

Assume that when travelling at distance dl in mode j, a bundle of
light has probability «;dl of being absorbed.

If in travelling down a guide of length L, the bundle spends a dis-
tance L; in mode 1 and L, in mode 2, then the probability that it is



856 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1971

not absorbed is

P = exp [— (L, + ayL,)] = exp [—((ay — a2) Ly ‘+ a,L)]. (45)

The number of bundles entering the guide at time zero and arriving
at the output end at time ¢ in the presence of loss equals the number
that would arrive at time ¢ in the absence of loss times the probabil-
ity that a bundle with total travel time ¢ is not absorbed. But we have

L+ L, =1L,
t = TlLl + TzLa = (Tl - Ta)Lx + TnL:

P = exp [— (L, + axL,)] = exp {—(Aa gt—-zt—rél + a,L)}
12
(46)
where
At =1, — 12 A = a; — ay.
With a little algebra we obtain
P = eXP [_{AA_a (t = (T)nvL) + <a)nvL}] (47)
T2

where

(a>nv = (d, + az)-/zi
(The = (1 + 12)/2.

Thus the intensity impulse response for a two-mode guide with loss
is equal to the lossless response multiplied by P of equation (47).

Note that the gaussian shape for long guides still holds because the
product of a gaussian and an exponential envelope is a shifted
gaussian.

V. CONCLUSIONS

We can conclude at least one important result. Long optical fiber
waveguides need not have large dispersion due to random imperfec-
tions if properly controlled mode coupling exists. From equation (44)
we see that a mechanical perturbation spectrum which is peaked at
frequencies that couple guided modes will lower dispersion. However,
to avoid loss, we must not make the mechanical perturbation spectrum
too high at frequencies that couple guided and radiating modes.
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The above conclusions have been obtained by D. T. Young and
H. E. Rowe,® for the two-mode guide by solving the coupled line
equations directly under the assumption of white noise coupling.

APPENDIX A

We wish to derive equation (21) from the following relationship

G(t, b) = [ri;(t, b)] = [y;OPFfyi;(O]* - -+ (b Times),
h,j=1,2 (48)

Equation (48) implies the following model shown in Fig. 2. The
transfer function y.,(f, b) is the overall transmission response between
input 1 and output 2. This can be obtained by adding up the trans-
mission responses over all different paths between input 1 and output 2
using any desired bookkeeping scheme. Every path between input 1
and output 2 must pass through the v,,(t) function for the last time in
some section. If a path passes through the v, (f) function for the last
time in the fifth section from the end, then it must pass through four
v22(t) functions on its way to output 2. The sum of the path transfer
functions between input 1 and the input to the v,,(f) function in the
fifth section from the end is v,,({, b — 5). Thus the contribution to the
overall transfer function between input 1 and output 2 due to all paths
which pass through a v,,(t) function for the last time in the fifth section
from the end is v.,(t, b — 5) * v, () * v%:(t). Equation (21) merely
expresses the sum of the contributions over all positions of last passage
through a v,, (t) function.

QUTPUTS

Fig. 2—b-section guide.
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Yol B = 2ty b = B) # va) * 7170, (@1)

APPENDIX B

We wish to show that the equations for obtaining the intensity
response of a long guide, given the intensity response of a short guide,
for the hydraulic model are identical to the extrapolation equations
for the intensity response given by equation (20).

Suppose we have the probability density, for a short guide, that
a bundle of energy starting off in mode ; of the guide (at time
zero) arrives at the output of the guide at time ¢ in mode 7. Thus we
have the matrix of densities P(t, L) where L is the guide length
and the elements p;(t, L) are the previously described densities.
Let. I;(t, 0) be the probability density that a bundle of light arrives
at input j at time t. Let I;(¢, L) be the probability density that a
bundle arrives at the output position L in mode j at time ¢. Let I(¢, +)
be the corresponding vectors. Using the laws of addition of random
variables we obtain

Ii(ty L) - Z pl'l(tr L) » In(t) 0)
of in matrix notation

I(t, L) = P(t, L) * I(¢, 0)
therefore

I(t, kL) = (’*:* P(t, L)) * I(t, 0).

We see that the probability density of the output arrival mode and
time of a bundle of energy for a long guide, which corresponds to the
intensity response, is extrapolated from the short-guide response
exactly as in equation (20). Thus since the perturbation results of
Marcuse correspond to the hydraulic model in the limit of short guides
and satisfy the conditions for extrapolation using equation (20), it
follows that properties of the hydaulic model solution for long guides
will correspond to the solution of equation (20) starting with these
perturbation results. This is true no matter what techniques we use
to find these hydaulic model properties.

APPENDIX C

We wish to establish that for a narrowband high frequency signal
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y(t) = (y.(t) exp (iwot) + y*(t) exp (—iwot))/ V2

of carrier frequency fo = wo/2r and envelope ¥.(t), the intensity is
given by

o =2 [ [ [ r20v.0+ o df | exp (~izmad) e,

=2 f_" Y*OY.( + o) df.
Define

Y. = [ v exp G2nft) dt, = VE Y0+ o),

[provided y.(¢) is narrowband compared with fo] ;
.OF = [ Y.0) exp (~2inf) Y4(") exp i2nft) df af
= [ [ oo (=20t = Y. df a

-/ [ exp (—izmvdlv) V0" + M) dv d,

where y = f — f';

=2 [ exp (—2e90(VHQ)Y (g + ) d o

where g = (f* +fo).
Q.E.D.
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Anisotropic Scattering Due to Rain at
Radio-Relay Frequencies

By DAVID E. SETZER
(Manuscript received October 30, 1970)

L. T. Gusler and D. C. Hogg have estimated that interference
coupling due to rain is a significant factor in coordinating the shared
use of frequencies between satellite-communications and terrestrial
microwave radio-relay systems. Their calculations are based on the
assumption that rain scatters isotropically. Calculations given here,
based on the exact anisotropic angular scattering functions, do not
alter their conclusions. The exact scattering patterns at selected fre-
quencies in the range 1.4 to 300 GHz for rains whose drop sizes obey
the Laws-Parsons distribution are presented for the range of rain rates
1 to 150 mm/hr.

I. INTRODUCTION

Recently L. T. Gusler and D. C. Hogg' calculated the degree of
coupling between satellite-communications and terrestrial radio-relay
systems due to scattering by rain at frequencies of 4, 6, 11, 18.5 and
30 GHz. In their work they took the scattering by raindrops to be
isotropic and to be based on the Laws and Parsons drop-size distri-
bution.? They have pointed out correctly that it is known that rain-
drops do not scatter isotropically. Since the isotropic assumption is
incorrect, it is of interest to examine the magnitude of the resulting
error. Also, for the purposes of documentation, we present the scatter-
ing patterns at selected frequencies in the range 1.4 to 300 GHz at rain
rates in the range 1 to 150 mm/hr.

Tt has been shown that the Mie solution to the problem of scattering
from a single sphere can be used to generate the Stokes scattering
matrix for atmospheric type aerosols, such as rain, and in particular
for Laws and Parsons type rains.®* One of the elements of this matirx
is the angular scattering function [Py(6) + P.(6)], sometimes referred
to as the normalized Mie intensity function. Here, # is the scattering

861
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angle (0° to 180°) with zero representing the forward direction. Since
the aerosol is assumed to be made up of spherical particles, the scat-
tering is symmetric about the direction of propagation; therefore, the
total scattering field can be described in terms of the single variable 4.
Essentially, the function [P,(6) + P,(#)] is a prescription for the
relative amount of energy scattered into a differential solid angle in
the direction 4. For isotropic scattering,

P.(8) + P2(6) = 2, 1
and for Rayleigh scattering,
P,(6) + P,(6) = 3(1 + cos” 6). ®))

Generally, as the ratio of particle circumference to the wavelength
of the scattered energy becomes small, the scattering function [P;(6)
+ P,(#)] approaches the Rayleigh formula.

II. COMPUTER PROGRAM

We devised a computer program which was used to generate the
angular scattering functions for Laws and Parsons rains of 1, 50, 100
and 150 mm/hr at 1.4, 2, 3, 6, 16, 30, 60, 100, 150 and 300 GHz.* The
results are plotted on Figs. 1 through 4 along with plots for isotropic
and Rayleigh scattering. The Laws and Parsons rains are deseribed
in Table 1.

Figures 1 through 4 show that the scattering at 1.4, 2 and 3 GHz
is described by the Rayleigh function. Also, for many applications it
appears that the assumption of Rayleigh scattering at 6, 16 and 30
GHz will be in order; however, the scattering patterns at 60, 100, 150
and 300 GHz deviate greatly from the Rayleigh function. Note that
the scattering diagrams are only mildly dependent on rain rate, the
most noticeable feature being the increase in the forward peak with
increase in rain rate. It is to be expected that, in general, for a Laws
and Parsons rain, the angular scattering function will not be greatly
influenced by rain rate. This is because the angular scattering function
of an aerosol is determined by the shape of the particle size distribu-
tion and the mean particle size, rather than the density of particles.
As can be seen by examining Table I, the mean particle size and the
general distribution shape are not very different over the range of rain
rates presented.

Finally, note that none of the scattering patterns can be described
as isotropic. However, in the range of frequency considered by Gusler
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and Hogg, 4 to 30 GHz, the actual scattering functions are everywhere
within a factor of two (3 dB) of the isotropic function. Since the
Gusler-Hogg scattering model predicts an interference level between
radio relay and satellite systems proportional to the scattering func-
tion, the solutions can be in error by at most 3 dB. It is important
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TaBLE I—LAws AND PArsons Dror-Size DISTRIBUTIONS FOR
Various PREcIPITATION RATES

Rain Rate (mm/hour)
Drop

Diameter (em) | 0.25 | 1.25 | 2.5 | 5 |12.5| 25 | 50 | 100 | 150

Percent of Total Volume
0.05 28.0 | 10.9 7.3 4.7 2.6 1.7 1.2 1.0 1.0
0.1 50.1 | 37.1 (27.8(20.3|11.5 7.6 5.4 4.6 4.1
0.15 18.2 (31.3|1328|31.0[24.5|18.4(12.5 8.8 7.6
0.2 3.0(13.5|119.0|22.2(25.4(23.9(19.9|13.9| 11.7
0.25 0.7 4.9 79 (11.8(17.3119.9|20.9|17.1| 13.9
0.3 1.5 3:3 5.7/110.1 |12.8 | 15.6 | 18.4 | 17.7
0.35 0.6 1.1 2.5 4.3 82]10.9|15.0 | 16.1
0.4 0.2 0.6 1.0 2.3 3.5 6.7 9.0 (11.9
0.45 0.2 0.5 1.2 2.1 3.3 5.8 7.7
0.5 0.3 0.6 1.1 1.8 3.0 3.6
0.55 0.2 0.5 1.1 1.7 2.2
0.6 0.3 0.5 1.0 1.2
0.65 0.2 0.7 1.0
0.7 0.3

to remember that here we are speaking only of the error due to invok-
ing the isotropic scattering assumption. Nothing is intended to be said
about any other aspect of the model and, most importantly, this work
does not imply anything about the magnitude of the scattering cross
section other than that the Rayleigh cross section is probably a rea-
sonable assumption at those wavelengths where the angular scattering
function is Rayleigh. For a detailed look at the Mie cross sections for
Laws and Parsons rains see Ref. 4.

III. SUMMARY

Gusler and Hogg have estimated maximum coupling between
satellite communications and terrestrial radio-relay systems due to
scattering by rain to be of the order of —150 dB. A 3-dB uncertainty
in those results is not really significant, considering all of the other
uncertain aspects of modeling such a complicated physical problem.
In summary, the results of Gusler and Hogg are not significantly
altered if the exact angular scattering functions rather than isotropic
scattering functions are used in their calculations.
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Short-Term Frequency Stability of
Precision Oscillators and
Frequency Generators

By Raymond E. Barber

(Manuscript received August 3, 1970)

We present in this paper two definitions of short-term frequency stability:
(7) time domain, the expecled value of the variance of the fractional
frequency fluctuations from nominal frequency, (o}(N, T, 7)), in which
N 18 the number of samples, T s the averaging time plus the dead time
between samples, and r 1s the averaging time; and (2?) frequency domain,
the power spectral density of the fractional frequency departure from
nomanal frequency, S,(f). We discuss the topics of conversion from the fre-
quency domain to the time domain and conversion among time domain
measures.

All measurements were made in the time domain, using period counting
techniques. An oscillator was offset in frequency by using a specially
built quartz crystal unit plated for 10 kHz below the frequency of the other
sources. This oscillator was used to obtain the beat frequency required by
the period counting approach.

Since the use of (s5(2, T, 7)) as a measure of short-term stability has
significant advantages over {o>(N, T, 7)), the relationship between the
two quantities was investigated. For averaging times of one second or less,
(622, T, 7)) and (s2(N, T, 7)) were almost equal.

The short-term stability of several quartz crystal oscillators and precision
frequency generators was measured. The stability over the shorter averaging
times was nearly equal for most of the oscillators. At longer times, the
stability of each oscillator was unique. The frequency generators demon-
strated similar stability over averaging times of 10 and 100 milliseconds,
but were unique elsewhere. The accuracy of all measurements was limited
by systematic effects from the environment and the measurement equipment
atself.
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I. INTRODUCTION

When the phrase “short-term frequency stability’” is mentioned, one
can immediately infer that frequency varies with time and that a short
time interval is involved. Many questions are, at this point, un-
answered: How short is the interval? How is stability defined? What
system malfunctions can result from excessive instability? What
definitions are appropriate for the specific application and why?

Some answers to these questions are developed here; others must be
determined by the user in terms of the specific system involved. If
a measurement of short-term frequency stability is to be of significant
use, each of these questions must be resolved.

Although ever-increasing interest in short-term stability has existed
for 25 or 30 years, no universally accepted definition of short-term
stability exists. Primarily, early research in this area was extremely
application-oriented. Little general work was performed with the
result that many definitions were developed. Individuals and organiza-
tions defined and used stability in terms of their own applications.
The resultant confusion showed that a more general definition appli-
cable to the majority of cases was desirable in the topic of short-term
frequency stability.

Today, many users talk about stable oscillators without understand-
ing why or even if such precision is necessary. Manufacturers add to
the present confusion through lack of rigor in their performance speci-
fications. That is, they often merely quote a number without defining
what, how, or why they are measuring the stability of their equipment.

Sophisticated systems exist today which require more precision than
frequency standards of 10 to 15 years ago. Only recently has the pre-
cision oscillator been liberated from its position in secluded portions of
carefully controlled laboratories.* Spacecraft applications suffice as
good examples of the strides made in this area; wide temperature
variations, severe mechanical vibrations, and varying oscillator voltage
are often encountered. In the immediate future, these requirements
will tighten even further. A proposed collision avoidance system for
aireraft will require stable oscillators. With higher and higher data
rates in communication systems, even the dependable telephone office
will contain precision oscillators. As precision oscillators come into
general use, accepted measurement theory and techniques are abso-
lutely necessary.

In view of the above, two definitions of frequency stability are pre-
sented in this paper. One definition is in the time domain; the other
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is in the frequency domain. Conversion between the domains, an ex-
tremely important subject, is also treated. Every attempt has been
made to be consistent with the IEEE Subcommittee on Frequency
Stability.* It is anticipated that the subcommittee will publish its
formal definition sometime in 1971.

II. GENERAL DISCUSSION

2.1 General Definitions

The general definition of instantaneous angular frequency is the
time-rate of change of phase. That is

d®
w(t) = TR (1)
An oscillator output signal may be described as
g(t) = [A + ()] cos [wt + ¢(D)], (22)
g(t) = [A + «(D)] cos [2xFt + ¢(1)], (2b)
where
w = nominal angular frequency of the oscillator,
F = w/2r = nominal frequency in hertz of the oscillator,
A = nominal amplitude of the oscillator,
e(f) = small, slowly time-varying amplitude fluctuations, and

#(f) = slowly time-varying real function (phase).

Here, g(f) may be considered as either a voltage or a current. If the
oscillator is to qualify as a precision oscillator, it is required that

@ o, ”
é(1)
W < 1. 4)

2.2 Statistical Processes

For the present, assume that the variables of equation (2) are ran-
dom processes. It is generally assumed in the study of frequency stabil-
ity that amplitude deviations, e(t), do not directly affect frequency or

* This subcommittee, formed in 1964 as a result of the IEEE-NASA Sympo-
sium on short-term frequency stability, is formally named the Subcommittee on
Frequency Stability of the Technical Committee on Frequency and Time of the
Group on Instrumentation and Measurement of the IEE]%.



884 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1971

phase.? It must be stressed that ¢(¢) presumably contains all fre-
quency and phase fluctuations and is the main quantity considered.

If a random process is stationary in the strict sense, it is unaffected
by translations of the origin for time.? This implies that the probabil-
ity distribution of values in the ensemble will be the same at any two
instants. Hence, examination of the ensemble yields no data as to
which instant of time the examination occurred.

Texts on random noise and stochastic processes assume that most
noise functions may be represented or approximated as stationary
gaussian random processes with zero averages.* The justification for
assuming a gaussian distribution lies in the central limit theorem. This
well-known theorem states that the distribution of the sum of a large
number of independent random variables will approach a gaussian dis-
tribution. S. O. Rice showed that noise does, in general, conform to a
gaussian distribution, provided that a sufficiently large sample is
taken.® Zero averages of each random variable are assumed for con-
venience.

A process can be defined as ergodic when the statistics of one sys-
tem over an infinite period of time are equivalent to the statistics of
an infinite ensemble of systems at any given instant. (Note that sta-
tionarity is a necessary but not sufficient condition for ergodicity.)
Since the processes are stationary and gaussian, the noise functions
considered in this paper are assumed ergodic.

In the real world, no process can be stationary in the strict sense. To
be stationary, the probability distributions across the ensemble must
be the same for any selected instant of time. This stipulation includes
time as it approaches infinity. If the process is terminated at some
future time, the concept of stationarity in the strict sense is violated.
The random process, X, is called stationary in the wide sense, if the
first and second order moments of its random variables exist and
satisfy

E(X,) = constant,
o’(X,) = constant,
E{[X.., — E(X, )X, — E(X)]} = R(r),
where
R(r) = autocorrelation function, and
r = some arbitrary finite time interval.

The actual verification of stationarity is not feasible. The main re-
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quirement is that the physical process be consistent with the concept
of stationarity. That is, if measurements are to be of any use, they
must reasonably describe the process at all times in the future, prior
to termination of the process.

2.3 Systematics

When a study is made of a precision oscillator or frequency genera-
tor, great pains are often taken to isolate the circuits from electrical
disturbances. This is done to minimize the systematic effects so that
only the truly random noise can be observed. For evaluation of the
generator itself, this is a sound practice. However, in the real world,
electrical disturbances do exist. For example, in a data processing
system there are card readers, magnetic tape transports, and other
devices. Each of these devices has numerous electro-mechanical relays
which are continually chattering. Thus, it is desirable to insure that
a frequency generator has the necessary stability. This obviously
means it must demonstrate adequate stability in the operating en-
vironment with the contribution of the systematic effects.

In equation (2), it was assumed that the main contribution of ¢ (¢)
came from the oscillator. Now it is necessary to loosen this assumption
to include the contributions to ¢ (t) from the operating environment.
While these added uncertainties are not caused by the oscillator, any
attempt to observe ¢(t) will include these effects. Therefore, ¢ (¢) in
equation (2) can be considered to include

o(t) = c() + s(®) + n(®), ®)

where

c(t) = phase due to aging (drift),
s(f) = phase due to environmental systematic effects, and
n(t) = phase due to oscillator random noise.

The contributions of ¢(t) are strictly long term, affecting time inter-
vals of a thousand seconds or longer. Hence, for time periods of less
than a thousand seconds, ¢(t) becomes almost constant and thus is not
significant. The exact composition of s(t) is unknown, although it has
both long- and short-term effects. Again, the long-term component of
the systematic effects becomes insignificant for short time periods.
For these short intervals, ¢ (f) becomes

o(t) = sa(8) + n(), (6)
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where

8,(f) = short-term components of the systematic effects.

For the present, it will be assumed that the short-term component
of the systematic effects is a random process which is stationary at
least in the wide sense: gaussian, with zero averages, and ergodic.
This stipulation may later fall as more is learned about the nature of
systematic effects. Certainly, even if not truly random, the effects will
appear as short-term instabilities.

Any environment will contribute a term s(¢) to (5). Obviously, if the
systematics, s(¢), can be minimized to the point where their contribu-
tion is several orders of magnitude less than the oscillator noise, n(t)
becomes the only significant measurable. On the other hand, if the
environment is extremely noise contaminated, the actual oscillator
instabilities may be “swamped” by the systematic effects. Conditions
can exist that are so contaminated that coherent operation of many
electronic systems is not possible. The systematic effects will contribute
to the short-term instabilities in an additive manner on a power basis.
If an estimate of the short-term stability of an oscillator or fre-
quency generator can be obtained in a carefully controlled, low-noise
environment and if a subsequent estimate can be made in an operating
atmosphere, the resulting instabilities may be compared. The contri-
bution of the noise due to the systematic effects of the environment
may then be described.

III. DEFINITIONS

3.1 General

Many applications exist that necessitate the use of highly stable os-
cillators or frequency generators. Due to the accuracy requirements of
these various applications, some measure of oscillator instability is
imperative. Although many persons view such a quantity merely as a
vehicle for oscillator selection and comparison between oscillators,
these uses are only academic. Strictly speaking, a measure of instabil-
ity enables prediction of oscillator performance or, if not sufficiently
stable, nonperformance in a given system. More precisely, any devia-
tion from the intended frequency will degrade the performance of any
system. Specific cases of the effects of frequency stability on an
operation are discussed by J. A. Barnes.% 7

Presented below are definitions of short-term frequency stability
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both in the time and frequency domains. Translation between the
domains is also discussed.

3.2 Time Domain

In this paper, short-term frequency stability in the time domain is
defined as the ensemble average of the variance of fractional frequency
fluctuations from nominal frequency. This definition is based on the
work of D. W. Allan.®

It is convenient to make the following definition

y) = $%-, Q

where

¢(l) = de/dt = w(t) {from equations (1) and (2)}, and
= long-term average frequency, hertz, of the oscillator {from
equation (2)}.

Taking the short-term average value of equation (7)

. 1 _ ot + 1) — ¢(t)

Yn = T f:“ y(t) dt - 21I'F11' ) (8)

P _1_ tpne ot + 1) — &(b)

noep [ e =TT IE S, ©)
wheren, k =1, 2, m, -

Using equations (8 and (9) an expression in terms of the sample
variance is obtained

5 1 N ( 1 N 2
UV(N:T"’):N_—__I"X_; n’_ﬁ;yk)y (10)
where

N = number of samples,

T = time between the beginning of successive sample intervals, and

r = sample time.

Short-term frequency stability in the time domain is defined as the
expected value or ensemble average of equation (10), the variance of
fractional frequency fluctuations from nominal frequency. That is

@, 7, ) = B g 2 o - LSa)].  a

n=1 k=1
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where E[X] denotes the expected value or ensemble average of X.
Note that this definition of frequency stability is dimensionless.

The justification of the use of the term 1/(NV — 1), located directly
to the left of the first summation in equations (10) and (11), follows
from the theory of estimation (see Ref. 9). Thus, in order to obtain an
unbiased estimate of the population variance, the sample variance
is multiplied by N/(N — 1), resulting in equations (10) and (11).
Clearly, for large samples, the population and sample variances be-
come very nearly equal.

A popular expression of short-term stability in the time domain is
the expected value of the standard deviation (rms value) of the frac-
tional frequency fluctuations from nominal frequency. Expressed func-
tionally, this becomes

ot =575 S -1 Ea) T}

n=1

It should be noted that the square root of equation (11), (3(N, T, 7)),
is equal to equation (12), (s, (N, T, 7)), only when the successive samples
are truly stationary in the wide sense. If the samples appear only
slightly nonstationary, approximate equality may be assumed as

(ob(N, T, )} = (0, (N, T, 7)) (13)

3.3 Frequency Domain

L. S. Cutler and C. L. Searle showed that a practical definition of
short-term frequency stability can be given in terms of autocorrelation
functions and power spectral densities.’

The autocorrelation function of phase is defined as

Ry(r) = lim 7 f 8(t + Ne(l) dt. (14)

R4 (r) can also be determined using numerical methods on a digital
computer if enough samples can be taken, such as

R(n) = 3 T ult+ Dn(), (15)

where N is some large positive integer.

Let Ry4(r) be the autocorrelation function of a process which is sta-
tionary in the wide sense and continuous. From the Wiener-Khintchine
theorem, it is known that autocorrelation functions and power spectral
densities are Fourier transform pairs. Hence, the two-sided spectral
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density of phase becomes!**

840) = [ R ™" dr. (16)

From this, the one-sided spectral density of phase, Sy (f) , becomes®
S, = 2 f R,(r) cos (2nf) dr, )
Ryr) = 2 fo S,(f) cos (2nf) df. (18)

In normal Fourier analysis,* differentiation in the time domain cor-
responds to multiplication by j2xf in the frequency domain. In terms
of power spectral densities, this becomes (27f)2. Thus

Si(f) = @xf)*S,(f). (19)

But S;(f) is the power spectral density of frequency fluctuations.
To obtain the power spectral density of instantaneous fractional fre-
quency departure from nominal frequency, equation (19) must be
normalized

SA) = s = 8.0 (20

Thus, S,(f), equation (20), is the definition of short-term frequency
stability in the frequency domain. Note that S,(f) has the units “per
hertz.”

3.4 Translations Between Domains

3.4.1 Frequency Domain to Time Domain
L. S. Cutler has shown that the following equation allows calculation
of the time-domain stability from the frequency domain®
(i, T, 7))
__N f‘ [sin’ (rf)] [ _ sin® (wrfN7) ]
=W -1t M "y N sin? (urfr) | @D
where
r=T/r.
*In this paper, the convention is used that the term Fi, as in equations (2) and

(7), is the cycle frequency, hertz, of the oscillator. The term f is a Fourier fre-
quency, hertz, and is not a function of time.
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3.4.2 Translations Among Time-Domain Measures

In certain applications, translation among time-domain measures
is of interest. The following method, presented by Barnes,"' allows
calculation of (¢2(N,, T, 72)), given an estimate of (¢*(N, T, 7)), for
functions which have a power law spectral density.

Since most precision oscillators and frequency generators have
power law spectral densities, it is possible to define two bias functions,
Bi(N, r, u) and B,(r, u), as follows

(032, T, 7))’
(0':(2) Ty 7))
(002, 7, 7))’

B\(N,r, p) = (22)

By(r, n) = (23)

where

u = spectral type (related to the shape of the spectrum. In Ref. 11,
Barnes shows how u may be found, given B,).

Now an estimate of (¢?(N,, T, , 7)) can be made

2 _ (T2 "Bi(Ny 72, w)Bo(ra , 1) , 2
(“v(NZ y T TZ)) = ( ) B.(N, ,r , )Bar, , n) (a'v(Nl 3 Thg 7'1))-

1

(24)

See Ref. 11 for a listing of the bias functions for various spectral types,
number of samples, and 7.

IV. MEASUREMENT TECHNIQUES

4.1 Period Counting Technique

The basic functional description of this method is shown in Fig.
1. This arrangement is similar to that presented in Ref. 2. Two similar
oscillators are offset in frequency. This offset can be produced by
adjustment of the tuning control on the oscillator or use of a crystal
which produces a slightly different average frequency. It is assumed
that these procedures change only the long-term average frequency
of the oscillators and that the short-term instabilities are not affected.

As in equation (2), the output signals from these similar oscillators
are fed to a mixer or product detector. The resulting output is fed to a
low pass filter. This yields an expression:

o) = A2 oo (2r(F, — Pt + @) — 60}, (29)
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This signal is the nominal frequency difference between the sources
plus the instabilities of each. (For a more detailed discussion, see Refs.
8, 10 or 12.) Define

F0=F1_F2)

®(t) = [¢:(0) — ()]
Substituting these values into equation (25)
ault) 2= 4542 cos (2Tt + 2], (26)

This quantity is fed directly to a digital counter.
The theoretical time, 7o, between the first and Mth positive-going
zero crossings, if the signals were ideal, is

M
To = Fo
The actual elapsed time, r, between the first and Mth zero crossing is
M (Bt + 1) — B(t)]
= Fo 27I’Fo (27)

The uncertainties are characterized as

Bt + ) — ()
- 27|'F0

or

Therefore, equation (27) becomes

T =19 — 07T, (28)
Because of equation (4), 8 is small, Cutler and Searle show that if

REFERENCE | @
OSCILLATOR

l—o! FILTER | TRIGGER
MIXER LvE AND GATE

OSCILLATOR COUNTER

TEST ___l DIGITAL RECORDER

COMPUTER

Fig. 1—Fundamental description, period counting technique.
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variations of 8r are small, the following may be assumed

@(to + T) %’ @(to + To),
substituting

Bt + 70) — B(lo)
2TF%

Substituting equation (30) into equations (8) and (9) gives
Fo [Q(tm + To) = ‘I’(to:-):l — Fo 5t

or =

y" = FITO 21I'Fo B FlTo
FO [Q(tog + TO) - é(tm:):l = Fo o7
0= Firy 2xF, Fyro .

(29)

(30)

@31

(32)

For each sampling sequence, N estimates of 7, and 7. are computed.

Substituting these values into equation (11)

(N, T, 7)) = E[N Lo (-t l an)z] :

n=1

@GN, T, 1) = E[(]—V—l_—l) .y (61'.. —L5am) ]

170 n=1 k=1

4,2 A Special Case
When N = 2, equation (11) is simplified
2 1 2 2
(0:(2, T) 1)) = E[Z (gn - § Z gk) ]
ne=]1 k=1
Likewise, as in equation (34),
FI 2 1 2 2
(‘7:(2) T; T)) - E[—zii E (67:; —it Z 57&) ]'
1T0 n=1 2 =
Recall that 7 = 7, — o7
2 1 2 2
(@2, T, 1) = E[ ; {("'o — T =3 ; (ro — n)}]'
Expanding the right side of this equation and reducing
2 — F; 0 (Tz - 71) ]
(”u(zx Ty T)) - [ f-r: 2

Let T — T1 = Arg

(@22, T, 7)) = [2['; (Aro) ]

(33)

(34)

(35)

(36)

37

(38)

(39)
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The following term often appears in the literature on frequency
stability®

o~

-3 (40)

AF _ A
F-T

where

AF = frequency difference between received and local standards
(hertz),
F = nominal frequency,
At = accumulated time error corresponding to change in phase, and
T = averaging time.

The expression in equation (40) is frequently used in calculating the
long-term stability or drift rate of an oscillator. The application of
equation (40) has been well documented in many sources. The differ-
ence between two readings of equation (40) is recognized as the defini-
tion of long-term stability, yielding a peak-to-peak value of frequency
drift over a specified time period.

As the time interval is compressed, the oscillator instabilities dem-
onstrate more randomness while being less subject to drift. In the
limit, equation (40) yields an instantaneous peak-to-peak value of the
fractional frequency fluctuations from nominal frequency. Letting
t = 7 and substituting equation (40) into equation (39),

@, ) = 5| 2% (40 (41a)
(63(27 T) T)) = E 2_}1"2 (AFO)z] ’ (41b)
@ 1, 2 = B[ gk e - 1) | (410)

where

Fo , Foa = two successive samples of the beat frequency, F, , over
an averaging time, 7.

In a similar manner, the standard deviation becomes

¢ _ 1 _ 2172\
(av(z! Tr 7')) = E{\/Q F, [(Foz Fm) ] } (42)

In Section 3.4.2, it was shown that, given the spectral type, p,
translations between time domain measures can be made. Recalling
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equation (22)

It is obvious that if

(‘7:(N1 T, T)> = (63(2: T, T)>; (43)
then

By(N, 7, p) = 1. (44)

Barnes showed that for » > 1, equation (44) holds in two cases, when
p = —1.00 and —2.00.** For r = 1, equation (44) holds for o = —1.00
only. Allan showed that when the spectral type, u, is equal to minus
one, white noise frequency modulation is present.! When p equals
minus two, flicker noise phase modulation is indicated.

As shown by E. A. Gerber and R. A. Sykes,’* and Cutler and
Searle,'® there are three main sources of noise in oscillators, These
are:

(7) additive noise (added to signal),
(72) thermal and shot noise (perturbs oscillation), and
(7) flicker (1/f) noise frequency modulation. (See Ref. 15 for a
discussion of flicker noise.)

For very short time intervals, the additive (white) noise predomi-
nates. For longer intervals, flicker noise frequency modulation pre-
vails.®* Thermal and shot noise are overpowered by the other two
types.t®

For oscillators, x normally assumes two values

w0,
-1,

When the latter is true, B,(N, r, p) =2 1 and (o}(N, T, 7)) = (2(2, T, 7)).
When p = 0, however, this does not hold.

There are many indications that the most basic parameter of fre-
quency stability in the time domain is (¢3(2, 7, 7)) (no dead time between
samples). Initially, there is no guarantee that (¢}(, T, 7)) will converge.
Secondly, even if it were possible to assume convergence, it is not
practical to take enough samples at the longer intervals to assure
meaningful results. Next, it can be shown® that (¢?(2, 7, 7,)) converges
even for divergent (¢?(N, T, 7)). Therefore, the greatest significance
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of (¢3(2, T, 7)) as a measure of short-term frequency stability is that
it eliminates the embarrassing divergence of flicker noise contributions
as N — o« in (o}(N, T, 7)).

In addition, some noise functions have extremely long periods,
even beyond one cycle per year. These low frequency cémponents
affect estimates of (¢?(N, T, 7)) even though their periods are too long
to have any influence on an actual system. As a result, {(¢3(2, 7, 7))
is more constant in time than (¢}(N, T, 7)).

In physical applications, (¢3(2, 7, 7)) is often more directly applicable
than other expressions. For example, in radar it can be shown’ that
the expression for calculating doppler range errors is directly propor-
tional to (¢2(2, , r)). In timing, the mean-square second difference
of phase is often useful.”'® It can be shown® that (¢(2, 7, 7)) is directly
proportional to the mean-square second difference of phase.

In a practical sense, measurement, of (¢?(2, T, 7)) is easier to achieve
than (¢}(N, T, 7)). Storage requirements for the latter become excessive
as N becomes large. Usually, the most practical method of making
estimates of (¢}(N, T, 7)) is the use of a magnetic tape unit for storage
of data. The data may then be processed off-line on a special purpose
or commercial computer.

For (¢2(2, T, )), storage requirements are small. Neglecting processing
requirements, only one summation register is necessary to obtain the
ensemble average. Resulting equipment is small and portable. Com-
putations can be made on-line, in real time. Using this approach,
reliable measurements of short-term stability in the time domain are
practical at field locations.

V. MEASUREMENTS

5.1 General

Of prime interest to this paper is the measurement of the short-
term frequency stability of a frequency and time of year generator
to be used in a large, special purpose computer. This generator con-
sists of a rack of equipment which produces a total of 17 different
square wave signals ranging from 9.5367 Hz to 20 MHz. These sig-
nals are used as clock frequencies for the computer.

The primary frequency source consists of three 5-MHz quartz
crystal oscillators.! Two of these oscillators, designated as slave and
standby, are phase locked to the other oscillator, called the master.
The outputs of the master-slave pair are combined in three digital
mixers and fed to three counter chains. Each counter chain output
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is compared to the corresponding outputs of the other two counters.
The two signals that very nearly coincide are combined and fed to
external users via cables. The output from the standby oscillator is
not used. The standby oscillator is present only because of the five day
initial warm-up period. It is phase locked to the master oscillator to
speed switching into the system should a failure of one of the other
two oscillators occur.

The time of year generator simply uses a 1-MHz combined output
and generates a 42-bit BCD parallel time of year code.

A VLF receiver is used to check the 5-MHz oscillators against pre-
cision VLF stations. Daily frequency checks reduce the actual
frequency error. The specified long-term stability of each oscillator
is 1 pp 10" per day. [This is a measure of AF/F as shown in equation
(40). The expression 1 pp 10*° is a commonly used abbreviation for
1 x 10'°.] Thus, in theory at least, long-term error (drift) never ex-
ceeds that which can be accumulated in a single day.

Provisions have been made to indicate to operating personnel if
errors have occurred. These include sensors to detect missing pulses,
the loss of an output, counter synchronization errors, or a phase lock
circuit approaching its limits. These techniques are present merely to
add additional reliability to the system.

The phase-lock circuit permits two oscillators to be phase locked
over a frequency change of =1 pp 10° with a maximum phase error
between the two oscillators of less than =60 milliradians. The circuit
can “capture” over a range of 2.5 pp 10" with a phase error of =160
milliradians.

Whether instabilities are caused directly by an oscillator or by
associated circuitry, various problems can result from excessive insta-
bilities. These include (i) loss of phase lock, (i7) loss of counter chain
synchronization resulting in one or more false outputs, (ii7) degrada-
tion of stability delivered to users, and (iv) failure of the frequency
generator. Loss of phase lock will occur when linear drift or phase
errors caused by excessive instability of an oscillator exceed the above-
given limits. When phase lock is lost, short-term stability is degraded
even further. When a counter chain loses synchronization, the resulting
false outputs could have serious consequences to the data processing
system.

Once the stability is degraded to some eritical level, the data
processing system will begin to lose accuracy and resolution; time-of-
year errors will accumulate. Pulses propagating through delay lines
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will not coincide with intended clock pulses. Loss of data and parity
errors will result. When the parity count is sufficiently large, a soft-
ware program will attempt to regain coherence of the data processing
system, which will cause destruction of data. Since the generator is the
system clock, failure of the generator will cause failure of the system.
Possibly the most serious problems occur when the stability is mar-
ginal, causing the system to respond with false data, without any
indication to operating personnel.

Since the generator is located in the operating environment, all
electrical disturbances caused by peripheral equipment add to the
instabilities (see Section 2.3). The signals are distributed to users via
cables. Each cable, up to 300 feet in length, acts as an “antenna”’ to
the systematic noise, resulting in greater degradation of stability.

It was desirable to determine the short-term frequency stability in
several configurations:

(7) Oscillator output in a ‘“quiet”’ environment (sinusoid).
(#7) Output at terminals of generator in a “quiet”’ environment
(square wave).
(72) Oscillator output in an operating environment (sinusoid).
(i) Output at terminals of generator in an operating environment
(square wave).
(v) Generator output at end of a 200-foot cable in an operating
environment (square wave).

(v) Generator output at end of a 200-foot cable in a ‘“quiet’” en-

vironment (square wave).
If a comparison between oscillator stability in a “quiet” and an
operating environment is made, an estimate of the noise contributed
by the environment is possible. Comparison between the results for
the oscillator and the generator yields an estimate of the instabilities
contributed by the generator itself.

Comparison of the stabilities of the generator outputs over short and
long cables yields an estimate of the degradation due to the cable in
the environment. Finally, comparison between the stability at the end
of a long cable in both operating and “quiet” environments yields an
estimate of the absolute contribution of the cable and another estimate
of environmental noise.

Almost all subsystems using outputs from this frequency generator
are defined and operated in terms of real time. Therefore, short-term
frequency stability is more appropriately defined and measured in
the time domain.
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5.2 Measurement Systems

In Fig. 2, a measurement system similar to that of Cutler and
Searle is shown. The optional multipliers are used for two reasons.
First, it is often desirable to use similar oscillators. If the oscillators
are truly of high precision, they are tunable only over a small range
(one hertz or less). One oscillator is tuned to nominal frequency. The
other is offset by some predetermined amount. Using frequency multi-
pliers, both oscillator outputs are multiplied up until the frequency
difference between the two is 10 kHz. This permits measurement down
to intervals of 100 microseconds. Secondly, in addition to the basic
frequencies, all instabilities are multiplied as well. The use of multi-
pliers enables the use of a counter that is less accurate than otherwise
required. For example, assume that it is necessary to measure the
stability of an oscillator to 1 pp 107 in one millisecond, using a beat
frequency of 10 kHz. To be able to resolve this quantity, the counter
must be accurate to one millihertz in a millisecond. If multipliers are
used, however, the instabilities are increased by the multiplication
factor. If the factor used is 100, the counter need resolve only 0.1 Hz.
For higher multiplication factors, counter requirements are propor-
tionately reduced.

Up to this point, it has been assumed that the multipliers are
perfect. Unfortunately, this is not the case. Highly accurate multipliers
are extremely difficult to construct. Multipliers are susceptible to
temperature variations and, if not properly designed, are sources of
phase instability. When using multipliers, there is no guarantee that
the measured instabilities are due to the oscillators. They may be
due to instabilities within the multipliers.

The problem of obtaining a large enough frequency offset is easily
solved. Assuming two similar precision oscillators are present, it is
possible to replace the quartz crystal in one oscillator with a similar
type plated for either 10 kHz above or below 5 MHz.

s e |
REFERENCE | (OPTIONAL)
OSCILLATOR LM ULTIPLIERSJI l

MIXER FILTER COUNTER

e u
TEST | (OPTIONAL) !
OSCILLATOR MULTIPLIERS
) = ] RECORDER

Fig. 2—Measurement system of L. S. Cutler and C. L. Searle.10
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The problem of obtaining the necessary resolution can be solved by
using commercially available counters. There are at least two types
available that have sufficient accuracy to enable precise measurement
at short averaging times, without multipliers. The first, a Hewlett-
Packard 52481 counter, has a 100-MHz clock, allowing measurements
down to one millisecond with an offset of 1000 hertz. The second, a
Hewlett-Packard 5360A Computing Counter, allows measurements
down to 100 microseconds with an offset of 10 kHz.

In an effort to verify the assumptions made in Section 4.2, the
arrangement shown in Fig. 3 was used. The HP5248L was modified
to have a one-millsecond recycle delay time. It was not possible to
use the HP5360A in this configuration due to slower data transfer
capabilities to the computer and interface incompatibility. A large
number of samples were taken at various averaging times and the
data recorded on magnetic tape. The quantities (o (N, T, 7)) and
(oy(2, T, 7)) were computed from the same data and compared.

Using the configuration shown in Fig. 4, measurements were made
with the HP5360A Computing Counter and associated keyboard. This
unit can be programmed to calculate (o}, (2, T, 7)) from its measured
data. It is portable and was transported by automobile to test oscil-
lators and frequency generators in use at various locations.

5.3 Precision Oscillators

The measurement systems used by the author are shown in Figs. 3
and 4. Note that a 5-MHz square wave signal from the frequency
generator was used as an external time base for the counter in Fig. 4.
A slight improvement was noted due to the superior stability of the
frequency generator over the internal time base of the counter. It was
originally planned to use the 5-MHz oscillator being tested to drive
the external time base. Unfortunately, the additional load degraded
measurable stability.

In the system shown in Fig 3, the oscillators, synthesizer, mixer,
and video amplifier were located inside a shielded room. The counter,
computer, and magnetic tape unit were located immediately outside.
No frequency standard was available at the counter for use as an
external time base.

In Section 2.2., the assumption was made that instabilities in oscil-
lators are independent random processes. It can be shown? that the
variance of the sum of two independent or uncorrelated random vari-
ables is equal to the sum of the variances, provided that the variances
exist.
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TFi%. 3—Measurement system used for comparison of (ay(N, T, 7)) and (oy(2,
, T)).

It was previously stated that it is often desirable to use similar
oscillators. The process of selecting two oscillators at random from a
large population of oscillators can be approximated by procuring two
oscillators from a large supplier. Since the manufacturing processes
are identical, it is assumed that the probability density and distribution
functions of the oscillators are the same. The total measurable insta-
bilities of the pair are then equal to twice the instabilities of either
oscillator. Therefore, the variance measured is divided by two. Like-
wise, the standard deviation can be divided by v2. In the case of the

5 MHzZ
SQUARE WAVE

5.00 MHZ

OSCILLATOR I l

MIXER )
LOW PASS FILTER ngjﬁ;é’f
AND TRIGGER
4,99 MHZ I
OSCILLATOR
RECORDER

Fig. 4—Measurement system used by the author.
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offset oscillator, it is assumed that modification of the crystal did not
change the statistics by a significant amount.

Using the arrangement shown in Fig. 3, a comparison between
(o3(N, T, 7)) and (¢’(2, T, 7)) can be made. These quantities represent
the sum of the variance contributed by the oscillator plus the variance
contributed by the synthesizer, since the processes are independent.

When the arrangement shown in Fig. 4 is used, a very good estimate
of the short-term stability in the time domain will result.

5.4 Frequency Generators

It was desirable to investigate the short-term stability of the 5-MHz
square wave output of the frequency generator, described briefly in
Section 5.1. The measurement system used was the same as that shown
in Fig. 4 except that the 5-MHz square wave was substituted for the
5-MHz oscillator.

It seems logical that the stability of the generator would be worse
than that of an oscillator, since the original sine wave produced by
an oscillator has gone through shapers, counters, and other circuits
used to generate the square wave signal. The exact magnitude of the
generator instabilities can be easily determined. First, the total insta-
bilities of the oscillator-generator combination are determined. The
contribution of the oscillator, discussed in Section 5.3, may be sub-
tracted out. The remainder is a good estimate of the variance of frac-
tional frequency fluctuations from nominal frequency of the 5-MHz
square wave.,

5.5 Synthesizers

Short-term stability must often be measured when no auxiliary
precision oscillators are available. By using a synthesizer, it is possible
to obtain the necessary offset without the use of multipliers. Subse-
quently, it is possibile to arrive at an estimate of the short-term
stability, provided a sufficiently accurate counter is available (see
Figs. 3 and 5). Several problems are introduced, however. In the
preceding examples, the stability of each oscillator or frequency gen-
erator could be determined. Such is not possible using a synthesizer
since the contributions of the oscillator and synthesizer to equation
(37) are unknown.

If two similar synthesizers were present, these could be driven by an
external precision oscillator and the stability determined as in the
case of two similar oscillators. With only one synthesizer, an estimate
of the stability of the oscillator-synthesizer combination can be deter-
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OSCILLATOR I l
COMPUTING
MIXER FILTER COUNTER

SYNTHESIZER ———r
RECORDER

Fig. 5—Measurement system using a frequency synthesizer.

mined. Then, it can be stated that the actual stability of the oscillator
is at least as good as that measured for the combination. If the
synthesizer was much better than the oscillator, the majority of the
instabilities measured would be contributed by the oscillator. Un-
fortunately, the reverse is usually true; the instabilities of the oscil-
lator are small compared with those of the synthesizer. In some cases,
‘however, the measured stability using such a configuration may be
useful in evaluating system performance.

VI. RESULTS

6.1 Precision Oscillators

In order to compare the actual relationship between (o3(N, T, 7))
and (¢?(2, T, 7)), the arrangement shown in Fig. 3 was used. The two
oscillators shown are similar except for the modified crystal in the
4.99-MHz oscillator. It was assumed that the instabilities of the oscil-
lators were similar. Therefore, the channel containing the synthesizer
was inherently more noisy due to the mere presence of the synthesizer.

In an attempt to minimize the measurable stability, a narrowband
crystal filter was inserted between the synthesizer output and the
mixer input. At averaging times shorter than the reciprocal of the
bandwidth of the filter, significant improvement in measurable stability
of the system was noted. At times longer than the reciprocal of the
bandwidth, the presence of the filter caused a slight degradation of
measurable stability. As a result, for these longer averaging times,
the filter was removed from the synthesizer output.

The total recycle delay time of the counter is about one millisecond.
Therefore, T = r 4+ 1 millisecond. For longer averaging times, this
delay time is not significant. It was assumed for the longer intervals
that T 7. '

The quantities observed are listed in Table I. Note the close corre-
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spondence of (a,( N, T, 7)) and (o (2, T, 7)) for averaging times of one
second and less. Since neither quantity is consistently larger than the
other at all sampling times, it appears that correspondence would
become even better if more samples were taken.

At averaging times of ten or more seconds, (o} (2, T, 7)) becomes
smaller than (o, (N, T, 7)). It can be seen, in these longer intervals,
that By (N, r, u) is in the range predicted by Barnes'* for flicker noise
frequency modulation and superpositions of white and flicker noise
frequency modulation.

More precise measurements of (0,(2, T, 7)) over all time intervals
were possible by using the configuration shown in Fig. 4. The improved
precision was achieved by the elimination of the synthesizer and the
use of a more accurate counter. The recycle delay time of the HP5360A
is on the order of 1.5 milliseconds. As before, for the longer averaging
times, it was assumed that 7' = 7.

First, measurements were made using several standard oscillators
(averaging times from 0.1 millisecond to 10 seconds). Although the
instabilities contributed by similar oscillators are theoretically the
same, differences in stability were observed. Among the six standard
oscillators tested, using the system shown in Fig. 4, one oscillator
demonstrated generally better characteristics than the other five at
the short averaging times. At longer time intervals, the measured
stability of each oscillator was unique. For example, at a one second
averaging time, the best oscillator demonstrated a stability of better
than 6.3 pp 10'2. [Here, the quantity measured was (o, (2, T, 7)).]
The worst was about 1.4 pp 10**. The only differences in the oscillators
were that oscillators one, two and three used solder-mounted crystals.
The offset oscillator and oscillators four, five and six all used ther-
mally bonded crystal units. It appears that the thermally bonded units
exhibit more similarity between crystals. It is interesting to note,
however, that the best stability at an averaging time of 10 seconds
was observed using an oscillator containing a solder-mounted crystal
unit. Likewise, the oscillator which demonstrated the worst stability
also used a solder-mounted unit. Although the differences in the
measurable stability of the oscillators using the thermally bonded
crystal units were significant, these differences were still somewhat
small. The stabilities measured are summarized in Table II and
Fig. 6.

In an attempt to determine the contribution of the environment to
oscillator instabilities, all equipment in the system was de-energized.
The only equipment which remained under power was the frequency
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Fig. 6—Short-term stability of six precision oscillators.

generator, the offset oscillator, measurement equipment, and the air
conditioning equipment required for forced air cooling of the frequency
generator. Measurements were repeated for all time intervals. At the
shorter intervals, no differences were apparent. In some instances,
stability was slightly improved at intervals of 100 milliseconds or
longer but only by an amount of questionable significance.

Since these results were not as anticipated, the causes for the
disparity were investigated. The only obvious reason was inherent
in the design of the mixer circuit. The mixer contains four small ferrite
cores. About twenty feet from the frequency generator is a large power
transformer which is used in the power distribution network for the
entire data processing laboratory. Even with the remainder of the
data processing system idle, this transformer must be energized, as it
supplies power to the generator. Ferrites have been found to adversely
affect short-term stability when used in the presence of electro-
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magnetic fields.!” The effect of the field created by the power trans-
former on mixer performance is unknown.

Other than the ferrites, no reason for the discrepancy was apparent.
The most logical reason, however, would be that the measurable sta-
bility is limited by the noise characteristics of the measurement system
itself. If the noise characteristics of the system were much worse than
that of the oscillators, no differences in measurable stability would
occur. Since differences between oscillators can be observed, the oscil-
lators must contribute a measurable amount of the noise. As a result,
if the noise characteristics of the measurement system were improved,
measurable stability may improve, but probably by less than an
order of magnitude.

6.2 Frequency Generators

6.2.1 General

Each frequency generator contains three precision oscillators. Any
of the three oscillators may assume any of the three functions. The
functions are switched by means of control panel and associated relays.
The normally closed positions of the relays constitute the usual ar-
rangement and is referred to as the “normal” mode. These are

Oscillator #1 = MASTER,
Oscillator #2 = SLAVE, and
Oscillator #3 = STANDBY.

The outputs from the phase-locked master-slave pair are digitally
mixed and sent through counter chains and frequency multipliers to
arrive at the various output frequencies. As mentioned above, it fol-
lows that the stability of the generator should, in general, follow the
stability of the oscillators used as the frequency sources.

The observed stability of the six oscillators differed for time inter-
vals of one second or longer (see Section 6.1). Ironically, the oscillator
installed in the number one position in frequency generator 1
demonstrated the worst stability at the longer intervals. Oseillator
number three demonstrated the bhest.

The oscillator functions were redesignated

Oscillator #3 = MASTER,
Oscillator #2 = SLAVE, and
Oscillator #1 = STANDBY.

As anticipated, the observed stability improved. Most measurements
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were taken using the “normal” mode, as this is the usual configuration
employed during operation of the data processing system.

6.2.2 6-MHz Square Wave, Ten-Foot Cable

On frequency generator #1, measurements were taken in both
operating and idle environments. As was the case of precision oscil-
lators, little difference was apparent. On frequency generator #2,
measurements were taken in an operating environment only.

To make estimates of the short-term stability of the generator, it
was necessary to obtain the variance of the fractional frequency
fluctuations of the offset oscillator-frequency generator pair. When
these were determined, the variance contributed by the offset oscil-
lator was subtracted out of the data.

The question at this point was, which oscillator-data should be
subtracted out to arrive at a reasonable estimate of the square wave
stability? The data from the best oscillator pair from each frequency
generator was used. If the data from the worst pair was used, the sta-
bility of the generator may be too optimistic. Since the offset oscillator
used a thermally bonded crystal unit, the actual stability is probably
similar to the other oscillators using thermally bonded units.

In extremely ecritical applications, the measured stability between
the oscillator-generator pair can be considered to be the stability of
the generator itself. It may be safely assumed that the actual stability
of the generator is no worse than the measured stability of the
oscillator-generator pair.

See Table III for a listing of the quantities observed. Figure 7
shows the same data in graphical form.

6.2.3 6-M Hz Square Wave, 200-Foot Cable

On frequency generator #2, measurements were made only in an
operating environment. Measurements were taken on frequency gen-
erator #1 in both operating and idle environments. Little, if any,
difference was noted between the two environments except as noted
below.

At intervals of 100 and 400 microseconds, little difference between
the short and long cables was apparent. At averaging times of 1 milli-
second, the measured instabilities began to increase. At 10 milli-
seconds, the additional instabilities reached a peak about forty percent
above the short cable. For 100 milliseconds, the figure had declined,
although not to the level present using the short cable. At intervals
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Fig. 7—Stability of two frequency generators, ten-foot cable.

of one and ten seconds, instabilities returned to the level observed
using the short cable.

Some of the causes of the additional instabilities centered at ten
milliseconds are identifiable in this instance. In many data processing
systems, pulse rates of 100 bits per second are used. Since this rate has
a duty cycle of ten milliseconds, it is not surprising that averaging
times of ten milliseconds would be affected. Comparing the data be-
tween quiet and operating environments, it became apparent that
averaging times of ten milliseconds were indeed affected by the opera-
tion of the data processing system. In addition, the period of the second
harmonic of the power line frequency occurs near this rate. Much
longer time intervals are not affected by either of these noise sources.

The stabilities observed for both frequency generators are plotted in
Fig. 8. The same data is presented in tabular form in Table III.
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6.3 Synthesizers

A Hewlett-Packard model 5105A Frequency Synthesizer/5110B
Synthesizer Driver was arranged as shown in Fig. 5. A model 5100A
Frequency Synthesizer/5110B Synthesizer Driver was used in Fig. 3.
A 5-MHz precision oscillator was used as an external frequency stand-
ard input to the driver in both applications. In the neighborhood of 5
MHz, the short-term stability of the 5100A is much better at all time
intervals than that of the 5105A. As a result, the 5100A was more use-
ful in evaluating performance of oscillators and frequency generators.
The 5105A has a higher frequency capability than the 5100A, and
produces the best short-term stability at these frequencies.

Using the 5105A, the synthesizer output frequency was adjusted for
499 MHz. The output was mixed with the 5-MHz oscillator which
was being used as the external reference. Here, the stability of the pair
was about 2 pp 10'° over one second. A 5-MHz square wave was then

107
5

\‘,y

2 |

-<¢U (Z,T‘ T)>
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0102 05 ' 2 5 10 20 50 10002 05 {1 2 5 10 20 50 100
ms m ms ms SEC SEC SEC
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Fig. 8—Stability of two frequency generators, 200-foot cable.
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Fig. 9—Performance of frequency synthesizer, one-second averaging time.

mixed with the synthesizer output with no significant change in results.

The frequency of the synthesizer was then readjusted for 990 kHz
and the output was mixed with a 1-MHz square wave signal from
the generator. The stability was now reduced to 1.5 pp 10° over one
second.

The frequency was then increased to 19.99 MHz and the output was
mixed with a 20-MHz square wave signal from the generator. In this
configuration, measurable stability improved to 5 pp 10'* over one
second.

Figure 9 shows a plot of the frequency versus the standard deviation
of fractional frequency fluctuations for a one-second averaging time.
The specifications from the manufacturer’s catalog are plotted on the
same graph. Since the slopes appear the same, the synthesizer is the
most likely source of the majority of noise. It may be assumed that
the stability of all the frequencies measured are of the same order as
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the stability observed for the 20-MHz square wave. In reality, all may
be somewhat better. Similar data for the 5100A Synthesizer was not
taken.

6.4 Systematic Effects

From the experimental data, it seems that systematies from the data
processing system do not contribute as large a portion of the instabili-
ties as previously suspected. It must be noted, however, that the data
processing environments used for testing purposes were only small,
developmental varieties of the larger system (to be constructed at a
later date). It is anticipated that the larger system will contribute more
systematic noise to all frequency sources within the system.

Several discussions took place with individuals involved in short-
and long-term stability measurements. Some of these individuals had
made such measurements in areas where machine tools or other heavy
electrical equipment were operated. There seemed to be a general
consensus that stability is degraded at 8:00 a.m. and 4:30 p.m. or
whenever the equipment is being started or stopped. Since no heavy
machinery was located in the near vicinity of the data processing
systems, these effects were not observed.

Each day, somewhere between 4:00 and 4:15 p.m., it was noted that
observable stability became two to three times worse than that norm-
ally observed. About 4:30 p.m., the instabilities returned to their
former level, Occasionally, the same effects were observed at other
times during system operation.

Investigation yielded two causes for these observations. First, many
individuals are dumping data on the various input-output devices to
prepare for the change in shifts. Second, a concept of “rotation” is
present to make the system available to individuals wishing to run
software tests. Time intervals of five minutes are scheduled in advance.
Individuals are generally prepared with magnetic and paper tapes and
subject the system to heavy use during their five-minute allotment.
It appeared that the increased instabilities observed during mid-day
operation occurred during rotation periods.

Accuracy of measurements was probably reduced due to systematic
noise introduced by the measurement system itself. For a good charac-
terization of the noise due strictly to the oscillator or frequency gen-
erator plus induced noise from the environment, the system should
have a noise level capability of at least two orders of magnitude better
than the anticipated stability of the unit being tested.
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VII. RECOMMENDATIONS AND CONCLUSIONS

The aspects of short-term frequency stability applicable to most
situations have been discussed. Although definitions were made in both
the frequency and time domains, the time domain definitions were used
for measurement.

With the vast increase in the use of precision oscillators, measure-
ment techniques must be fast, accurate, and easy to perform. Fre-
quency domain measurements are extremely difficult to make accu-
rately. In addition, such measurements take a long time to gather
sufficient data.

The actual observable relationship between (o,(N, T, 7)) and
(o4(2, T, 7)) was discussed. It was shown that the two quantities are
very nearly equal for averaging times of one second or less. For longer
times, the results are in agreement with those predicted by Barnes.!

Time domain measurements, using a device such as the HP5360A
computing counter, are fast and consistent. The accuracy limitations
of such measurements depend mainly on mixing and filtering equip-
ment. A good method for determination of the short-term stability of
precision oscillators and frequency generators is the use of an offset
oscillator to obtain a frequency difference.

Further investigation of systematic effects is in order. Initially, sys-
tematic noise due to the measurement system must be minimized.
Then, estimates of the stability of the oscillators in a quiet environ-
ment should be performed. Next, estimates should be made in an
operating environment under controlled activity levels. Using this data,
it may be possible to generate a mathematical model of the contribu-
tions of the systematic effects of the data processing system to the
short-term frequency stability.

Investigation of the distribution of the instabilities would be ex-
tremely useful in evaluating performance of the measurement system.
Such computations can be made by appropriate programming of the
HP2116B computer shown in Fig. 3.
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On the Design and Analysis of a
Class of PCM Systems

By H. HEFFES, S. HORING, D. L. JAGERMAN
(Manuseript received July 20, 1970)

This paper considers the problem of transmitting bahdlimited signals
using binary signaling over a noise-free channel. An analytical framework
is presented for the design and analysis of a class of PCM systems where
peak error is of primary interest. For a specific class of input signals which
includes delerministic amplitude-constrained bandlimited functions as
well as bandlimited wide-sense stationary, second-order, random processes,
results are oblained which provide trade-offs between the sampling rate,
quantizer and reconstruction filter.

1. INTRODUCTION

This paper considers the problem of transmitting bandlimited sig-
nals using binary signaling over a noise-free channel. A functional
block diagram of the type of PCM system under consideration is
shown in Fig. 1.*

The two major differences between the problem considered here
and previous work are the measure of system performance and signal
classes considered. The measure of system performance usually con-
sidered is related to the integral mean-squared error.!-* This
type of performance measure lends itself to a frequency-domain
analysis. While this eriterion is widely used, it doesn’t provide direct
information regarding the size of the error as a function of time. To
investigate this time behavior, we use a time-domain approach and
use the maximum error over time as a measure of system performance.

Because of the desire to consider input signals that engineers would
normally call bandlimited [i.e., trigonometric polynomials, sinusoids as
well as functions in £,(— ®, =) with finite bandwidth] we treat a

* For special classes of signals, other types of PCM systems such as DPCM
gnd Delta Modulation are sometimes used. These systems will not be considered
ere.
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Fig. 1—UPCM system.

somewhat broader class of signals than normally considered in the
literature. (The input class is usually considered to be a wide-sense
stationary random process.)

In this paper, a technique is presented which simultaneously selects
the sampling rate, quantizer and reconstruction filter in such a way
as to minimize a bound on the peak error between the reconstructed
and transmitted-signals. Since our interest centers on studying the
trade-offs between the various system parameters, we desire precise
mathematical results which are valid over the entire range of possible
system parameters. By using an upper bound on system performance
this aim was achieved for several classes of input signals. Using a
criterion which evaluates a given encoding-decoding scheme in terms
of its performance for the worst signal in the input class, a specific
encoding-decoding algorithm, which will be called Uniform PCM or
UPCM, is suggested and evaluated. The results are presented in the
form of a set of normalized curves which plot an upper bound on
the percentage error associated with the proposed UPCM system as
a function of a normalized parameter, p, which represents the ratio of
the bit rate to the bandwidth of the input class. The optimized values
of the various parameters which define the system can also be deter-
mined from the plots (these include the sampling rate, the number of
quantizing levels and the delay associated with the decoder).

II. AN ENCODING-DECODING ALGORITHM FOR THE TRANSMISSION OF
BANDLIMITED FUNCTIONS

The class B, of functions consists of entire functions of exponential
order one and type ¢ which are bounded on the real axis." It includes
all functions in £,(— ®, «) having finite radian bandwidth, ¢, and all
trigonometric polynomials of degree [o].*

The performance of a given system is defined by

* [ ] denotes integral part. A trigonometric polynomial of degree [¢] has the form

a0 + Lg (ax cos kt + by sin kt).
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e= sup sup |[u() — g(t;) || (1
tel0,T] ueBg (M)

where u(t) is the value of the input signal at time ¢ and g(¢; u) represents
the value of the output signal at time ¢ corresponding to the input
function %. The input function  is an element of B, and the values of
the input and output signals at any time ¢ & [0, T'] belong to a normed
linear space, Q2. By proper choice of @ and the norm on Q, a variety of
different input classes and performance measures can be treated.
Specifically, define the set B,(}M) by

B,M) = f{x:xeB,,z{t) e ||z(t) || = M Vv t}.

In arriving at the proposed algorithm, the following representation
is used for elements of B, (and hence B,(M):*

() = 3 u(ih)o,() @
where
: oo . o
sin tsin t
1— 46 1— 6

g ®)

1—96 1 -5

_m(l— 9,

8;() = 6(t — jh), R 4)

[

This representation is valid for any 8 ¢ (0, 1), hence  may be chosen
appropriately for each application. The parameter § will be called the
fractional guardband since the time between samples is w(1 — 8)/¢
which is less than the time between samples /¢ which corresponds to
the Nyquist rate.

In essence the proposed algorithm is a scheme for approximating any
element of B,(M)' by one of a finite set of appropriately chosen funec-
tions. These functions are determined by first truncating the infinite
series, (2). This truncation process produces an approximation to u(t)
(over the time interval ¢ & [0, T) of the form

(T/hl+L

alt) = 2 u(h)o;(). (5)

i==L

* This is a special case of a broader class of representations for elements of B,*.
1t was chosen because it provided the smallest bound on quantization error.

t The results presented in this paper are applicable to the class of signals having
representation (2) with ||lu(jh)|| < M. This class is larger than B,(M).
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Thus we have replaced the requirement of transmitting an infinite
number of sample values by the problem of transmitting a finite
number. To achieve our ultimate objective, these sample values are
then quantized and the quantized samples are used to reconstruct
the signal

[T/AM+L
o) = X a(he,) ©)
where 4(jh) represents the quantized value of u(jh).

The encoder will therefore consist of appropriate quantization of the
input samples while the decoder simply represents the reconstruction
of the truncated series using the quantized samples [i.e., the signal
g(t) given in equation (6)]. An analog interpretation of the decoding
process is discussed in Section V. It should be noted that in order to
construet g (¢) according to equation (6), a delay of T + Lk seconds is
required. The trade-offs between this delay and the accuracy of re-
construction will become clear as the results are presented.

Having constrained the general form of the proposed system, we
now seek to determine the various parameters which define it (e.g.,
sampling rate and quantizer) in such a way as to minimize an upper
bound on the value of . Because of the binary nature of the signaling
which is being considered, the number of quantization levels is con-
strained to be 2¢, where v is an integer.* Thus vy represents the number
of bits per sample. The bit rate is then given by

B =3 b/s. o)

It is convenient to define a normalized parameter p, which is given by
2rB B

TN ®

where ¢ is the radian bandwidth of the input class and f is the band-
width in Hz. In terms of these parameters, from equation (4), we have

2v
3l =2 9
. ©)
Since 8 ¢ (0, 1), the number of bits per sample must satisfy
1<y < [g] (10)

* This is a practical constraint and not a theoretical one.
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In terms of these parameters a simple bound on the reconstruction
error results.

The analysis of the reconstruction error, given in the Appendix,
shows that ¢, defined by equation (1), satisfies

. _ MK | a,0)
Eée—ﬂ'zaL-l-‘\/S (11)
where

K = T ; (12)

=+ 1

Lh
o) = sup sup || u(jh) — 4Gh) || (13)
i utBg(M)

and 8 is given by equation (9). Thus the actual value of e which is
achieved by the proposed algorithm may be less than the value & given
by equation (11). In fact, since the reconstruction formula (6) is inter-
polatory, the error at sample points can never exceed the raw quantiza-
tion error, o,(v). The first term on the right-hand side of equation (11)
may be viewed as the error due to truncating u(t) as given by equation
(2) while the second term represents the quantization error. The effect
of the delay on the error can be easily seen from equations (11) and (12).

As a design procedure, one might first choose the quantizer which
minimizes o,(») and then determine the value of » [subject to (10)]
which minimizes the error bound given by & [see equation (11)].

In the next sections, several important special cases are considered
and explicit design curves are presented for these cases.

I1I. DETERMINISTIC, AMPLITUDE CONSTRAINED BANDLIMITED FUNCTIONS
In this case, @ =R (the real line), and ||z|| = |z|. Thus
B,(M) = {u:ueB,,ult)e R, |ult) | £ M V t}*
The quantizer which minimizes o, (v) for this case is shown in Fig. 2.
The optimal value of a,(v) is given by

M
o) = 5. (14)

* Insofar as information content is concerned, if M, < u(t) < M,, then it isequiv-
alent to consider |u(t)| < M, where M = (M, — M,)/2
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Fig. 2—Uniform quantizer.
Using equation (14), equation (11) becomes
MK M
< g = .
€E = € 7|'2 (SL + \/32' (15)
For later use, we define
. _ MK KM *
E:= 7|'2 GL + ‘\/3 2, (16)

For the present case K, = 1 and equation (15) thus becomes ¢ < & = &.

The bound represented by equation (15) is valid for any allowable
set of system parameters. For fixed values of p, T, and L, the value of »
which minimizes & can easily be found. If we define the normalized
percentage error as 100(¢/2M K,), then Fig. 3 plots this as a function
of p, using the optimized values of ». These values of » (denoted v*) are

indicated on the curves. Curves are plotted for K,L/K = 5, 10, 20, 40,

* K, is introduced here for the purpose of unifying the results of this section
and the next. For the class of signals in this section, Ko can be replaced by unity.
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and «. Since 1 < K = 2, for a given value of the ratio L/K, one can
associate any value of L satisfying L/K < L £ 2L/K. Using equation
(12), the corresponding value of 7' can then be computed. The delay
associated with reconstruction in accordance with equation (6) is then
given by T, = T + Lh. As discussed in Section V, when an analog
implementation is used for the reconstruction, a value of K = 1 should
be used and the delay associated with the filter which accomplishes the
reconstruction is given by Ty = (L + 1)h.

To illustrate the use of these curves, consider the problem defined by
the following parameter values:

c=m X 10°
B = 6.3 X 10° b/s.

Using these values, we compute p=12.6. From the curves, for L/K = 20,
we have 50é/M = 4.67 percent, v* = 5. Using M = §, we have é = 0.035.
Since B = v/h, we have h* = 0.79 X 10”° seconds or 1/h* = 1.26 X 10°
samples/second. For L = 40, the delay associated with the error [using
equation (6) to accomplish the reconstruction] is about 32 us. For the
corresponding analog implementation (See Section V) these results
correspond to a value of L = 20 (and K = 1) with a corresponding
delay of 16.6 us.

It is clear that the normalized nature of the curves in Fig. 3 facilitates
their use in a wide variety of ways. For example, one could easily
answer questions such as:

(z) For a given class of signals, what is the smallest bit rate that
can be used to guarantee an error not exceeding a prescribed
level?

(77) For a given bit rate, what is the largest class of signals that can
be handled with a maximum error not exceeding a prescribed
level?

In the next section, analogous results are developed for some
important classes of random input signals.
IV. SOME IMPORTANT CLASSES OF RANDOM INPUTS

In this section we consider the case where Q is the space of zero
mean second-order random variables* with norm given by

lz||= B =0., zeQ. (17)

* There is no loss of generality in the zero-mean assumption.
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Then
B, (M) = {u:ueB,,ul)eQ oy < M}. (18)*

Thus B,(M) consists of second-order random processes (with a,,, < M)
with sample functions which are all in B, . For the important special
case of wide-sense stationary random processes, ., = o, . For this
case, the quantizer will be characterized by the property that it mini-
mizes the mean-squared error at the sample times. The problem of
designing such a quantizer for a given probability distribution of the
input amplitude has been considered by B. Smith.” An approximate
upper bound on the optimized quantizing error is given by

<-~-—1\PU°* d]i 19
a'u=°'¢=°'a_2, 3 . P(u) U ( )

where p(u) is the probability density function of «(#). The corresponding
quantizer is described in Ref. 6.

For the important cases where p(u) is uniform, gaussian, or expo-
nential, &, can be written in the form

_ Koo

o
where K, is a constant depending on the particular distribution fune-
tion. Table I gives the value of K, for each of the input classes of
interest. The bound on the system performance which is given by
equation (11) can thus be written as

(20)

Oq

MK KM
w 8L + V52
which is identical in form to the corresponding bound for the deter-
ministic case [see equation (16)]. The use of the design-analysis
curves of Fig. 3 for these cases is thus identical to the previously
described deterministic case.

€ E =

@1

I

It is interesting to note that for the case of a uniform amplitude
distribution as well as the amplitude constrained input class, ¢, = 4,
and the optimal quantizer is a uniform quantizer. In each of these
cases € = &.

In the next section, the interpretation and implementation of the
proposed algorithm will be discussed. It will be shown that the analog
implementation takes the form of a PCM system where the sampling

* More precisely, B,(M) = {u(-, +): u(-, w) & By, u(t, -) e @, |lu(t, )| £ M}.
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TABLE I—INPUT SigNAL DESCRIPTION*

Random
Deter-
ministic Uniform Gaussian Exponential
1
5 [u| £ a i
lu@)l = M pu) = pu) = —F/—— p(u) = 5
0 I’lll >a V2m ay \/2_"‘
exp (—u?/20.2) exp (—+2u/ay)
Kn = 1
0’.,=L:—351” M = o, M = o,

* All signals are in B,.

rate, quantizer and low-pass filter which is used to accomplish the
decoding are carefully chosen.

V. ANALOG RECONSTRUCTION IN THE UPCM SYSTEM

In this section we discuss an analog reconstruction in the UPCM
system. For the analog reconstruction, the system takes the form
shown in Fig. 4. The identification of the low-pass filter results from

the following analysis.
If we first consider the response, g(t), of a causal, stationary filter

[with impulse response h(¢)] to the input

wH(t) = 3 aGh) ot — k) (22)
then
[¢/h1
90 = X A — jh). (23
We now consider 2 (t) to be a delayed, truncated (for negative times)
; Al a LOW PASS |
T e e i
h(t

Fig. 4—Analog UPCM system.
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version of §(¢) [see equation (3)]
h(t) = 6(t — (L + DR)S() = 6...()8() (24)

where 4(t) is given in equation (3) and S(¢) is the unit step. The
response g (t) can thus be written

[t/h)

gty = X aGh)e,(t — (L + Dh). (25)

If a(t), given in equation (5), were more accurately represented by
(T/A+L

at) = 3 u(h)e (), te0,T) ()

then g(t), given by equation (6), would more accurately be repre-
sented (for T = h) by

L+1

gt = .Z:m u(jh)6;(t),  tel0, T]. (6")
Equation (6’) can be made valid for all ¢ with
[t/h]+L+1
i = 2 a0, (26)
Thus
t/h)
gt — (L + Dh) = '_Z:, k) 6;(t — (L + 1h). (27)

We thus see that the output g(t) of the filter, with impulse response
h(t) given by equation (24), is a delayed version [delay of (L + 1)k
seconds] of the more accurate representation of g (¢) given by equation
(6’). It should be noted that the more accurate representation of g(t)
was obtained by truneating only future values in the infinite sum as
opposed to truncating both past and future values. The corresponding
error bound is reduced to '

lu = @+ D0 — 40 || S i+ g @8

This corresponds to the case K = 1 for the curves shown in Fig. 3.
Figure 5 is a plot of 8,1 (f) and its transform

0ra@ = [ 0,00 exp (—od) d.

* This can easily be obtained by eliminating the second term in equation (38)
which corresponds to truncation of past values.
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The causal impulse response h(¢) can be written as

h(t) = 6,..(t) — 0,.,(t)S(—1)

where the second term represents the negative time tail of 6,4 (¢). The
corresponding transform is

H(w) = 04.1(w) — H(w) (29)

where H(w) is the transform of 8,.,(t)S(—t). The transform of the

causal filter is thus seen to be a slight perturbation (for L sufficiently
large) of the low-pass characteristic of 0,.,(w).

V1. DISCUSSION

In this paper, the design and analysis of a class of PCM systems has
been considered. In arriving at these results, advantage has been taken
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of the fact that the sampling rate is higher than the Nyquist rate.
The approach taken in this paper takes advantage of the alternate
representations of the input class which are made possible by the
higher sampling rate and chooses one for which a good bound on the
effects of quantization errors can be derived.

In their present form the results which have been presented may be
viewed as a step towards the study of peak error behavior of PCM
systems. The extension of these results to input signals about which
more information is available (e.g., power spectral information) is the
next step towards providing a more generally applicable framework
for the design and analysis of PCM systems where peak error is the
natural criterion.
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APPENDIX

Derivation of Error Bound for UPCM System

The class B, of functions consists of entire functions of exponential
order one and type ¢ which are bounded on the real axis.” It includes
all functions in £,(— «, «) having finite radian bandwidth, ¢, and all
trigonometric polynomials of degree [o].*

Any element in B, has the representation’

() = 2 (e (30)
where
. oo . a
sin tsin t
o) = ——2- ——1=2 (31)
1 -4 ¢ 1—24 !
00 = o — », h=T1=0 (32)

* [ ] denotes integral part. A trigonometric polynomial of degree [¢] has the form

g
3a0 + ki‘ (ax cos kt + by sin kt).
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This representation is valid for any & e (0, 1), hence & may be chosen
appropriately for each application. The parameter 6 will be called the
fractional guardband since the time between samples is =(1 — §)/o
which is less than the time between samples /¢ which corresponds to
the Nyquist rate.

Let (f) represent an approximation to wu(f) in the interval
[—T/2, T/2] obtained by truncating equation (30). Thus

al) = 3 w0 (33)
and
u(t) — a(t) = |,~.2>~ w(jh) 6;(1). (34)
Since u & B,(M), we have
o [|u() —a@) || = M P | 6;) |. (35)
Let 2N + 1 = T/h + 2L, T/hodd, and | j | > N, then for | ¢ | < T/2,
11

| 6,() | = 2 (36)

w’a(_ t>
=
Thus

sp Nty - 90 |3 25 S {6- 97+ (+2)7} en
weBg (M) Y W) h h
Using the Sonin formula’ to sum the remainder series in equation (37)
yields
sup || u(t) — a(t) ||

ueBgo (M)
M 1\ 1\
= P {(N 2 E) (N 2 E) } (38)

To obtain a uniform bound for ¢ ¢ [—T/2, T/2], we observe that the
right side of equation (38) is maximized for ¢ = T/2. Using this and
N + % = T/2h + L yields
_ MK
sup sup) [|w(t) — a@) || = 2y (39)

te[=7/2,T/2) ueBo(M

where



PCM SYSTEMS 931

x
K=I:;f‘—, 1
L_h+1

K £ 2.

lIA
IIA

Thus equation (39) represents a uniform bound on the truncation error
associated with the finite sum approximation (33) to an arbitrary
u & B,(M) over the time interval —T/2 < t < T/2. It is clear that this
bound can be made arbitrarily small by appropriate choice of L, how-
ever the quantity T + Lh represents the delay associated with the
decoder and hence some compromise will generally be called for.

To evaluate the error due to quantizing the sample values, it is con-
venient to define the quantity A(8) by

AG) = sp Y |60 . (40)

—@W<I<® jm—cm

A(8) plays a crucial role in relating the effects of quantization error
at sample times to the error between samples. In fact, one of the sig-
nificant characteristics of the representation (30), which is not shared
by the Cardinal series representation (for functions in W, C B,) is
the ability to establish a useful bound on A(8). To do this, we first
apply the Cauchy-Schwarz inequality and obtain

il

A < sup D
—o<l<® j=—® oo .
— 5 (=il
. J

sin

1
' . ag (t h)~ 4
Sin —
I TP e (41)

The Parseval theorem for functions in B, which are also in
£,(— =, =) provides the following explicit evaluations

r Y2
«, [sin 7= (t — jh)
PP . - =1, (42)
| _—l_a(i—ih) ]
12
v it

Z 1—6 _
j=—w 60’ . -
e ) )

(43)

s | =
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Hence

1
A(®) £ —= 44
(%) = i (44)
Consider a quantizer with 2" output levels. If we denote by g(f)
the signal

N

o) = 2 60, (45)

J=—

where 4(jh) represents the quantized value of u(jh), then

u(t) — ) = 2 @@ — aeM + 3 uli@o). @6

Since the maximum quantization error at sample times is o,(v), using
equations (44) and (39) we obtain
_ O'G(V) M K a .
sup sup ||u(®) — g || = oy +ap o (4D

te[—T/2,7/2] ueBo (M)
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Digital Phase Demodulator

By BERNARD GLANCE
(Manuscript received October 2, 1970)

Injection-locked oscillators are shown to act as narrow-band tunable
filters for FM signals if the modulation rale is much larger than the locking
bandwidth. The filtering action of the injection-locked oscillator for FM
signals 1s found analogous to that of a high Q passive cavity. The effective
Q of the injection-locked oscillator can be as high as 10° if the stability of
the injected signal carrier and oscillator frequencies is better than 10°.

These filtering properties can be applied to a digital demodulator for
coherent phase detection of a coded FM signal. The local source which is
required for coherent phase delection is provided by using a fraction of the
received signal to lock an oscillator. Sideband suppression and carrier
amplification of the injected signal are achieved simultaneously by using
the filtering action of the injection-locked oscillator.

The simplicity of this digital demodulator makes it appear useful for
repeaters in microwave radio relays.

I. INTRODUCTION

Injection-locked oscillators can perform a wide variety of functions
required in microwave radio relays, such as amplification, amplitude
limitation,! frequeney modulation? and demodulation® to mention only
the most important applications.

It is shown in this paper that injection-locked oscillators can also
be used as narrow band tunable filters for angle modulated signals.
These filtering properties can be used in a digital demodulator for
coherent, phase detection and such a demodulator is deseribed
here. Its configuration, shown in Fig. 1, is similar to the injection-
locked oscillator FM receiver proposed by C. L. Ruthroff.* The
principles of operation, however, are different. For proper opera-
tion of the injection-locked oscillator FM receiver the output signal
of the oscillator contains all of the frequency modulation on the input
signal. This signal is multiplied by a fraction of the input signal to

933
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I sin[wt+ 6(t1)

V2 1 cos[wt+0(t)] [omecTionaL 7LV SIN ¢(t)
COUPLER 3dB MIXER *

CIRCULATOR

)
A

Icos[wt+ 6(t)] v cos (vt +6-¢)

OSCILLATOR

Fig. 1—Scheme of the digital demodulator for coherent phase detection.

produce the demodulated output. In the digital demodulator, the filter-
ing properties of an injection-locked oscillator are used to remove the
frequency modulation from the input signal and to deliver a sinusoidal
output at the frequency and phase of the unmodulated carrier; this
carrier is used as the local reference clock signal in a synchronous de-
tector. The mixing of the received signal with the local source gives a
current dependent on the phase of the received signal provided the time
average of the phase modulation stays small over periods shorter than
the time constant of the oscillator.

The first part of this paper includes an analysis of the filtering
properties of the injection-locked oscillator for phase modulated
signals. An approximate analytical solution for the filtering action
is derived from the locking equation. This solution is then compared
with exact numerical calculations and with experimental results.

The second part of this paper describes the properties and the
limitations of a digital demodulator which uses the filtering action of
the injection-locked oscillator analyzed in the first section.

II. ANALYSIS OF THE INJECTION-LOCKED OSCILLATOR FILTER

2.1 Locking Equation Analysis

The injection-locked oscillator performs two functions in the digital
demodulator: it removes the phase modulation of the input signal and
it amplifies the carrier signal up to the free-running oscillator output
level. The oscillator output signal which is obtained can be used as a
reference signal for synchronous detection.
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The filtering properties can be derived from the locking equation.
These properties can also be obtained from a frequency domain analy-
sis which provides a clearer physical picture of the phenomena.

Let us consider first the locking equation analysis. Assume that the
injection-locked oscillator is driven by an injected signal phase modu-
lated by a function 6(t), thus #(f) = I cos [wt + 6(¢)]. Locking occurs if
w is sufficiently close to the natural oscillator frequency w, . Within
the locking range, the oscillator output voltage is given by v(f) =
V(1) cos [wt + 6(t) — @(1)]." o(t), called the tracking angle, is the differ-
ence in phase between the input and output signals of the oscillator.
The phases of the input and output signals are related by the well-
known locking equation®’

d dé .
a%= E-I-w — wo — Awy, sin p(1), (1)
where
Aw, = I/2V()GL) X w/Q

is one-half the locking bandwidth for an unmodulated injected signal of
amplitude I, G, is the load and @ is the external loaded circuit Q. The
output signal amplitude V(¢) is usually nearly constant' and therefore
Aw;, may be assumed to be time independent.

Removing the phase modulation from the injected signal requires
that the phase of the oscillator output signal, 8(¢f) — ¢(¢), becomes
time independent. It will be shown that this condition is approximately
fulfilled if the rate of phase modulation is much larger than the lock-
ing bandwidth.

Let us consider an input signal with a sinusoidal phase modulation
given by

6(t) = 6, sin QL. (2)
Substitution of equation (2) into equation (1) gives
1de _ Awy o —w o ]
a dl 6, cos Ut = Q [ 2o, sin (1) (3)

With a rate of phase modulation € 3> Aw,, , the right side of equation
(3) remains much smaller than unity as long as | o — wy | £ Awy .
Equation (3) can therefore be approximated by

1d

5 5l — 00 ~ 0 @
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which gives for the output signal a phase approximately time inde-
pendent, thus

(p(t) = G(t) ~ Qo - (5)

The constant of integration, ¢, , can be obtained from the locking
condition which is obtained by taking the time average of equation (1)

yielding
< > < >+ w — wy — Awr(sin p(1)). (6)

From equations (2) and (4),
& > -0
(6a)

(& -

(sin (1)) = (sin (po + 6, sin Q1))
= Jo(6,) sin ¢y ,

and

where J, is the Bessel function of order zero. Substitution of equation
(6a) into equation (6) gives the locking condition

W — wy = Aw,,Jo(Ho) sin @o - (7)

The frequency range of locking is determined by the condition
| sin @y | = 1. Therefore the locking bandwidth is, from equation (7),

2(w — Wo)max = 2 AwLJo(oo)- (8)

The maximum locking bandwidth is reduced by the factor J,(6y)
compared with the unmodulated case; in particular, it becomes equal
to zero for 6, = 2.405 radians.

These results have been obtained from a first-order solution of
equation (3). The magnitude of the filtering effect, resulting from the
residual phase modulation 6(t) — ¢(¢) of the oscillator output signal,
can be caleulated by solving equation (3) to the second order.

Before calculating the magnitude of the filtering effect, it is interest-
ing to give a physical picture of this phenomenon through a frequency
domain analysis. Experimental results observed with a spectrum
analyzer will be compared with the results of this analysis.
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2.2 Frequency Domain Discussion

Let us consider as before an oscillator locked by an injected signal
with a sinusoidal phase modulation, thus

i(t) = I cos [wl + 6, sin Q). 9)
The current expression, expanded in Bessel series, can be written as’
i(t) = I{Ju(oo) coswt + 2, J.(6,) cos (w + nﬂ)t}- (10)

n#0

If one assumes that the carrier frequency w is within the locking band-
width Aw,; and that @ > Aw, , the spectral components at
w4+ nQ (n = £1, £2, --- ete) have a small effect on the oscillator.
It can be expected in a first approximation that the oscillator is locked
by the injected current component 1.J,(6,) cos wt corresponding to the
carrier frequency. The locking bandwidth, which is proportional to the
effective driving current amplitude IJo(6,), is reduced by the factor
Jo(8,) as found previously in Section 2.1. The locking bandwidth de-
creases with increasing index of modulation and becomes equal to zero
for 8, = 2.405. This particular case corresponds to an injected IF'M
signal with a suppressed carrier.

The sideband suppression effect, of the injection-locked oscillator,
can be seen clearly in this analysis as an increasing function of the rate
of phase modulation. Furthermore it can be expected from this analysis
that locking can also occur for any of the spectral components at
w4+ nQ (n = 41, £2, ---). Locking can be obtained by tuning the
oscillator natural frequency to w -+ nQ. The locking range for each
frequency w + n is proportional to the spectral line amplitude, I.J,(6,).

2.3 FExperimental Verification

The validity of the assumptions made in this analysis has been
checked by locking a 35-MHz oscillator with an FM injected signal.
The index of modulation, the rate of modulation and the locking band-
width were adjusted to be about =/2, 100 kHz, and 10 kHz, respectively.

Stable locking was obtained by tuning the injected signal frequency
such that the main speectral lines, Jo(7/2) cos wt, J.,(7/2) cos (w &= D)t
and J .,(7/2 cos (0 &= 2Q)t lie consecutively in the locking range. Figure 2
shows the locking obtained with the three first spectral components
and also shows the characteristic beat modulation which occurs just
before locking. The largest locking ranges correspond as expected to the
spectral components J,,(7/2) cos (v =4 )¢ which have the largest
amplitudes. ’
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—>| =

100 kHz /em

—-—)I '«——30 kHz /cm

Fig. 2—Spectra of the injected signal and the oscillator output signal: (a)
injected signal spectrum, (b) output signal with locking at w, (¢) output signal with
locking at @ — @, (d) output signal with locking at w + €, and (e) output signal
just before locking. (8§ = »/2 sin 2, @ = 2x X 100 kHz, Aw;, = 27 X 10 kHz,
Fy = 35 MHz)

2.4 Sideband Attenuation

The filtering effect of the injection-locked oscillator suppresses the
sidebands of the output signal. This effect is shown in Fig. 2 where
the spectra of the input and output signals of the oscillator can be
compared.
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Sideband attenuation can be defined by

(Sideband Power) / (Sideband Power)
Carrier Power /. Carrier Power /;.,u

This ratio is related to the residual phase modulation 6(t) — ¢(f)
which can be calculated by solving equation (3) to the second order.
The caleulations are given in Appendix A for 6, = =/2. The steady-
state solution is

p(f) > 3 sin O + o

A J’('é
+ 2 —SE IJ,('%) oS @, cos Qt — 3 sin ¢, sin 2Qt| , (11)
where from equation (7)

sin @, = B —o (12)

7(5)ae
For simplicity let us assume that w = w, , thus the injected current is
i(t) = I cos [w,,t -+ %rsin Qt]- (13)
The tracking angle becomes
oL i Aw,, (L")
o(t) ~ 5 Sin Q4+ 2 Q Jy 5) cos 0L, (14)
and the oscillator output voltage is

v(t) = V cos [w(,l -2 A—;L Jl(g) cos Qt:l- (15)

The expressions of the input and output power, expanded in Bessel
series, yield for the ratio of sideband power to carrier power:

a) Input signal

Sidéband Powes h= A 3(7“;)
(__) S Y (16)
Carrier Power /,,,u

7(5)
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b) Output signal

Aw
- 240 )]
(Sldeband Power) _ 2/ _ 0.0064. an
output

Carrier Power 7 [ o Awy Awy, i, ( )]

The calculated sideband attenuation, in the present case, is about
27.4 dB.

In order to verify these results, equation (3) has been solved nu-
merically for the following parameter values: 6, = 7/2, (0 — wo)/Q =
—0.01 and (Aw,)/Q@ = 0.1. Results of this computation are shown in
Fig. 3 and are compared in Table I with the second-order approxi-
mation given by equation (11).

2.6 Comparison Between the Active and Passive Resonators

In the case of an injected current phase-modulated by a sinusoidal
phase excursion, the filtering properties of the injection-locked oscillator
characterized by a single-pole resonator with a negative resistance
can be compared to the filtering effect of the same passive circuit.

Assuming an injected current equal to I cos (wet + 7/2 sin Q) the
power ratio between the spectral component at w, + @ and the carrier
at wo is, for the passive resonator,

(26 (6]
vl )~ g

_~OUTPUT PHASE 6(t) —o(t)

DA AANDD S
VIVY

(18)

~INPUT PHASE 6(t)= = SIN 9t

| 1 1 | | | | | 1

10 15 20 25 30 35 40 45 50 55 60 65
ot

Fig. 3—Phase of the oscillator output signal for an injected signal phase modulated
by 6(t) = #/2 sin Q. [(Aw)/2 = 0.1, (0 — we)/2 = —0.01, 6 = 7/2.]
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TABLE I—COMPARISON BETWEEN THE ANALYTIC APPROXIMATION
SoLuTION AND THE COMPUTED SOLUTION

Analytic Second-Order

Approximation Solution Numerically Computed Solution
sin o =~ ﬁ;—)‘:’;ﬂ—b —0.212 sin gg = —0.199
le = @0 = Olmax = 0.112 le — @0 — Olmsx = 0.160
Sldeband attenuation = 27.4 dB Sideband attenuation = 23.7 dB

Taking into account that Aw, = wo/Q(P;/Py)'"?, the same ratio for
the locked oscillator gives, for @ > Aw;, ,

& ()67 19

where P,/P; is the locking gain. For an FM injected signal having a
sinusoidal phase excursion of amplitude =/2, the locked oscillator acts
as a singly resonant filter with an effective @ given by

Q= Q(F‘:)g 1( )— Q(Po) - [AwL] ' 20

The maximum effective Q which can be obtained depends on the mini-
mum-locking bandwidth achievable. The minimum-locking bandwidth
is limited by

() minimum frequency offset w — wo ,
(#7) oscillator free running frequency stability dwo/wo ,
(77) injected signal frequency stability éw/w.

The slow variation of the frequency offset w — wo , between the injected
signal frequency and the oscillator free-running frequency, can be made
approximately equal to zero with a low-frequency feedback loop as
shown in Ref. 3. In that scheme, the mixer output signal contains a
current proportional to @ — w, ; the oscillator natural frequency w, can
be kept tuned to w by using this current to control a suitable oscillator
parameter.

If one assumes a frequency stability of 10™° for w and w, and takes a
safety margin Aw;, = 10 dw, one obtains a maximum effective @ given by

1 AO.)L _ 5
Qdmnx 10 [ ] — 10 .
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III. DIGITAL DEMODULATOR

3.1 Coherent Phase Detection

Coherent phase detection involves multiplication of the PM received
signal by a local source which has a constant phase and the frequency
of the carrier associated with the received signal. The local source, which
is needed to achieve coherent phase detection, can be obtained by using
the filtering properties of the injection-locked oscillator for phase-
modulated signals.

A block diagram of the digital demodulator is shown in Fig. 1. The
oscillator, in this configuration, is locked by a fraction of the received
signal. The filtering properties of the injection-locked oscillator are
used to remove the phase modulation from the input signal and to
deliver a sinusoidal output at the frequency and phase of the un-
modulated carrier; this carrier is used as the local reference signal for
synchronous detection. The mixing of the received signal with the local
source gives a current dependent on the phase of the received signal.
Correct demodulation is obtained if the time average of the phase
modulation stays small over periods shorter than Aw;'. This restriction
results from the impossibility of maintaining the phase of the reference
signal constant if the phase of the injected signal has an average value
different from zero. This problem arises for instance with a long pulse
sequence of plus ones made by binary digital encoding using polar
pulses.

3.2 Demodulation of a Binary Polar Signal

Let us consider an unmodulated carrier given by cos wt. Starting at
t = 0, the phase is modulated by a pulse train of plus ones made frpm
raised cosines of maximum amplitude equal to /2. The phase of the
received signal can be written for ¢ = 0

6(t) = gsinz ot

= Z [1 — cos 20(] (21)

where 29 is the signaling frequency equal here to the rate of phase
modulation. The phase modulation of the received signal has an average
value equal to /4. The phase of the local source 6(t) — ¢(t) at ¢t > 0 is
obtained by the transient solution of the equation

E?S—t) = Zsin 201 — %sm (D), (22)
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where & — w, has been set equal to zero in order to simplify the analysis.

The filtering condition Aw,/Q@ < 1 suggests that the time constant
associated with the transient solution of equation (22) is large com-
pared to 2r/Q. An equation giving approximately the transient effect
can be obtained by taking the time average of equation (22) over a
large number of periods of sin 2Qtf. Equation (22) then becomes

%}L} = — Aw,(sin ¢). (23)

Equation (23) can be solved approximately by replacing (sin ¢) by (¢)
which yields

T

(o) ~ 3 &P (—Awt). (24)
The transient solution of equation (22) is therefore approximated by
o(t) ~ ’Z' [exp (— Aw,l) — cos 201], (25)

where —/4 cos 201 is the first order steady state solution of equation
(22). The phase of the local source is given for ¢ = 0 by

0() — () > 7 [1 — exp (—Awsf)]. (26)

An exact numerical solution, shown in Fig. 4, agrees well with the
analytical solution given by equation (26). This result shows that the
phase of the filtered signal used as a local source increases exponentially
from zero to /4 with a time constant equal to about Awz'.

Correct demodulation requires that the magnitude of the phase of the
reference signal remains small compared to =/4. The maximum number
of consecutive pulses of the same polarity, which can be decoded with-
out error, inereases with the ratio @/Aw, . It is important to note that
the sideband suppression effect improves by the same factor.

In general, the pulse polarity varies in a nearly random fashion from
pulse to pulse. The phase of the reference signal is then a function of the
random processes which give the pulse polarity distribution. Its maxi-
mum magnitude variation can be equal to ==m/4. It will remain smaller
than | =/4 | if the probability of having positive or negative pulses is
about the same over periods shorter than Awz'. This condition intro-
duces some restriction on the coding.

3.3 Demodulation of a Signal Symmetrically Phase Modulated
The problem of the reference phase discussed in the previous section
disappears in case the average phase deviation is equal to zero for each
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6(t)
o
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0.4
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1 IV

-0.8 1=
1.2
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(©)

6(t)- (1)

0.4

(o] | 1 | | | - | | 1 |
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Fig. 4—Tracking angle and phase of the oscillator output signal for an injected
signal phase modulated by 0(t) = (7/2) sin? % with (Aw,)/2 = 0.1. (a) Phase of
the input signal, (b) tracking angle, (c¢) phase of the oscillator output signal.

pulse. A simple example of such a pulse shape is a sine wave starting
from zero and limited to one period. The phase of the received signal
can be written in this case’

+ 00

o) = Y alk) gsin Qt — kT), 27

=—00
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where a(k) takes, for example, the value 0 or +1 according to a binary
code. The phase of the received signal becomes, for a pulse train of +1s

sin Qf. (28)

This case has been solved in Section II, equation (11); it gives, if
(w0 — wo)/Awy, < 1, a local source with a phase equal to

0(t) — () A ———"— + 2 —A—‘(‘Zi J,(?:;) cos QL. (29)
|]0(§>AOJL

This result is shown in Fig. 3.

The phase of the local source can be made nearly constant and ad-
justed close to zero by making (@ — wo)/Aw, and (Aw.)/Q very small.

This phase shift is also caleulated for other types of pulse distribu-
tions. Its effect is shown in Fig. 5 which gives the tracking angle ¢(f)
and the demodulated signal sin [¢(f)] for an injected signal phase
modulated by a pulse train of alternate ones and zero. These curves are
calculated for the parameters (Aw,)/Q = 0.1 and w — wy/Aw, = £0.1.
Figure 6 shows the same functions for a random phase modulation
with the same parameter values. In these two cases, the distortion due to
the phase shift of the local source is minimum for (v — wo)/Aw = —0.1.
Partial compensation is then obtained between the phase shift resulting
from the frequency offset and the phase shift due to the residual of the
filtering effect. In all cases the distortion ecan be minimized by setting
(Aw,)/Q and (0 — wo)/Aw;, small compared to unity. Correct de-
modulation ecan then be obtained without an encoding restriction.

1V. CONCLUSION

Injection-locked oscillators can be used as filters for sideband sup-
pression of FM signals if the modulation rate is much larger than the
locking range. These filtering properties can be summarized as

(1) high effective Q,
(%) power amplification for the carrier, and
(717) eircuit simplicity.

The filtering properties of an injection-locked oscillator can be used
in a digital demodulator to provide a local source for coherent phase
detection of a particular class of digitally modulated signals. In partic-
ular, correct demodulation is obtained for pulse shapes which give an
average phase deviation equal to zero for each pulse.
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Fig. 5—Tracking angle and demodulated signal for an injected signal phase modu-

lated by
- X 4 2 psin (2p + 1)t/2
0(t) sln o I: = ; % F 1
which corresponds to a pulse train of 1, 0, 1, 0, ---. (a) Input modulation, 6(t) =

(wr/2) sin QU{1/2 + 2/x )E [sin (2p + 1)(2t/2)])/(2p + 1)}. (b) Tracking angle

¢(t) and (c) output mixer sin ¢(¢), (Aw;/Q) = 0.1 and (v — we/R) = 0.01. (b’)
Tracking angle ¢(¢) and (c¢’) output sin ¢(t), (Awr/2) = 0.1 and (0 — wo/Q) =
—0.01.
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A binary digital coding using polar pulses requires a coding which
gives a small average phase deviation over periods shorter than Awz'
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APPENDIX

Second-Order Solution of the Locking Equation
The locking equation (3), obtained for an injected signal phase
modulated by 6(f) = /2 sin Qt, can be written as:

dp

T 5cosx+/3—asm¢ (30)

where n = Q, B = (0 — wy)/Q and @ = (Aw.)/9.

Equation (30) integrated for 8 < a < 1 has a solution in the first
approximation given by

¢ = Gsinz + o (31)

with
B = aJo(g) sin ¢, . (32)
The second-order approximation is calculated by putting ¢o = ¢; +

n, with  ~ « < 1. Substitution of these results into equation (30)
gives, keeping the first-order terms in q,

Z—Z + om{l:.ln(%) + 2.1,(%) cos 2x:| COS @y — 2J,(1§r) sin z sin qoo}

= —2a{J ,(g) cos gosinx + J ,(%) sin ¢, €os 2:1:}- (33)

The approximate solution of equation (33) is

J,(E l
= 2a|J (Lr) COS @y COS T — 2 sin ¢, sin 23:J
n oy 2 0 2 o

+ C exp [—a{J.,(er-)x -+ J,(g) COS @,

-sin 22 + 2J, (g) 8in ¢, sin :c}] ; (34)

which gives for g» after the initial transient
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¢ = gs'm T + ¢o
! ()
+ 2a J,(§> €08 ¢ COS T — — sin ¢, sin 2z |- (35)
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Self-Synchronizing Sequential Coding
with Low Redundancy

By PETER G. NEUMANN
(Manuseript received August 31, 1970)

In this paper, we present sequential codes which have interesting
properties in three respects. First, these codes may be used to achieve
low redundancy (e.g., bandwidth compression through coding) by
employing a multiplicity of variable-length codes to encode transitions
between successive source symbols, Second, the coding complexity is
surprisingly low. Third, many of these codes have exceedingly good
intrinsic recoverability properties following errors. These codes com-
pare favorably with a difference code environment in which the dif-
ferences between successive source symbols are encoded. The scope
of the sequential codes presented here includes, but is much wider than,
difference code schemes. Where comparable, the sequential codes have
slightly greater complexity and may have lower redundancy. They
normally have vastly superior error recovery. These codes are ap-
plicable in situations such as video transmission in which the message
source is highly correlated and where errors can be tolerated for a short
period of time.

L. INTRODUCTION

In several previous papers, the author has pursued two apparently
separate paths of development. The first path involves classes of
slightly suboptimal variable-length prefix codes'* whose self-synchro-
nizing abilities are vastly superior to the optimal (Huffman) codes
which minimize redundancy. The second path involves self-synchroniz-
ing sequential codes using information-lossless sequential machines as
encoders and decoders.** In this paper, these two paths of development
are joined. The result produces highly efficient sequential codes (with
low redundancy) which have good self-synchronizing abilities and
surprisingly low decoding complexity. These codes are applicable in
situations in which the message souree is highly correlated.
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1.1 Difference Codes

Given an environment in which successive source signals are likely
to be similar (or at least strongly correlated), considerable compres-
gion can be obtained by encoding the level difference between succes-
sive quantized signal levels (temporally or spatially). Such is the
gituation in a video picture environment, for example, with respect
to adjacent points horizontally or vertically, or even to the same point
in successive frames. By encoding differences, however, any error in
quantizing, encoding, transmitting, decoding or reconstructing the
image tends to persist, That is, once an error has occurred in a signal
level, subsequent levels will continue to be in error by the same offset,
unless terminated by boundary effects or by compensating errors. In
an encoding of level differences between successive points in a line,
for example, errors tend to propagate until the end of the line; in an
encoding of level differences between the same point in successive
frames, on the other hand, errors may continue forever. In order to
prevent such error effects from propagating indefinitely, it may be
necessary to terminate the propagation forcibly, for example by
transmitting periodically the set of signal levels for the entire frame
(“replenishment”) rather than their frame-to-frame differences. Thus
the use of difference coding for compression may be compromised by
the need to resynchronize. This is true in general of frame-to-frame
difference codes. An example of the use of such codes in a differential
pulse-code modulation environment is given in Ref. 5.

II. BELF-SYNCHRONIZATION

The main purpose of this paper is to present codes which have
compression capabilities at least as good as difference codes, along
with roughly comparable decoding complexity, as well as having
rather remarkable intrinsie self-synchronization properties. (These
codes are in faect much more general than difference codes in terms
of compression capabilities.) These codes recover quickly from the
effects of errors in that arbitrary errors give incorrect results for a
period of time, after which the entire system resumes correct operation
without any explieit effort. (Note that self-synchronization is a prop-
erty of the coding scheme, and should not be confused with video
picture frame synchronization.) It is important to note that in such a
scheme the errors are not corrected (in the sense of error-correcting
codes) ; instead errors are tolerated, with the expectation that their
effect will cease quickly. Video coding is an example where such an



SELF-SYNCHRONIZING CODING 953

approach is reasonable sinee loss of information for a short period of
time can often be tolerated.

2.1 Self-Synchronization in Variable-Length Codes

The use of variable-length codes for reducing redundancy is well
understood. For example, D. A. Huffman® shows how to obtain a code
which minimizes the transmitted information for a given independent
distribution of source symbols. However, there has been relatively
little quantitative concern for the effects of errors on these codes. In
earlier papers'* the author has shown that a slight sacrifice in efficiency
(ie., a slight increase in transmitted information) can be rewarded
with tremendous gains in self-synchronizing capability. Some of this
work is required here and is reviewed briefly, although from a differ-
ent viewpoint.

A code is a colleetion of sequences of digits (code digits), each
sequence being called a code word. Code text is obtained by concat-
enating code words. An encoding is a mapping of source symbols S(1)
onto code words W(i). A code is a prefix code if and only if no code
word occurs as the beginning (prefix) of any other code word. Thus
in prefix code text, a code word can be decoded as soon as it is received,
even though there are no explicit interword markers. A code is
exhaustive if and only if every sequence of code digits is the prefix of
some code text (i.e., of some sequence of code words). (A uniquely
decodable code must be a prefix code if it is exhaustive.) A sequence
of code digits is a synchronizing sequence for a given code if the
occurrence of the end of that sequence in (correct) code text must
correspond to the end of a code word (although not necessarily to a
particular code word), irrespective of what preceded that sequence.
M. P. Schiitzenberger® and E. N. Gilbert and E. F. Moore™ have shown
that most exhaustive prefix codes tend to resynchronize themselves
following loss of synchronization (e.g., after arbitrary errors, or at
start-up). If an exhaustive code has at least one synchronizing se-
quence, then the code tends to resynchronize itself following errors
with a finite average delay (assuming a suitable randomness). All
codes considered here are exhaustive unless explicitly stated otherwise.
Note that resynchronization is an intrinsic property of the code, and
no externally implied synchronization is required. Synchronization
following ambiguity occurs as a result of any synchronizing sequence
oceurring naturally in code text.

As an example, consider the code of Fig. 1, consisting of the five
code words 00, 01, 10, 110, 111. The tree of Fig. 1 may be interpreted
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Fig. 1—A simple prefix code.

as the state diagram for a sequential machine® which detects the end of
a code word whenever the initial state 1 recurs. In this figure (and
throughout this paper) a “0” code digit corresponds to left-downward
motion, a “1" to right-downward motion. These digits are the inputs
to the sequential machine. In Fig. 1, state 4 is equivalent to state 2
(in the usual sequential machine sense®), since the respective next
states are equivalent, for each input digit. Thus Fig. 1 represents a
3-state machine whose recurrence of state 1 indieates the end of a code
word in text.

The synchronizing diagram®'® for the code of Fig. 1 is shown in
Fig. 2. It is obtained from Fig. 1 by examining the set of next states
resulting from each input digit, beginning with the set of all states, i.e.,
total ambiguity. For example, a “0"” digit can lead only to state 1 or
2, and a “1” can lead only to state 1, 2 (formerly 4), or 3. Given the
set of states 1, 2, a “1"” can lead only to state 1 or 3. In this way it is
seen that the sequence 0110 always culminates in the occurrence of
state 1, irrespective of the actual state at the beginning. (This is indi-
cated in Fig. 2 by the dark path.) Thus 0110 is a synchronizing se-
quence for the code. (Note that its occurrence in code text following
ambiguity does not imply the conclusion of a particular code word;
either 10 or 110 could be involved.) There is an infinite set of syn-
chronizing sequences described by Fig. 2, including as other examples
0111110 and 10110.

If a sequential machine (or a code) has at least one synchronizing
sequence, then it tends to resynchronize itself with probability one,
assuming all input sequences are possible. In order to obtain a measure
of how well text for a given code is self-synchronizing following arbi-
trary errors, the code digits “0" and “1"” are assumed to occur inde-
pendently and equiprobably. This is in fact a meaningful and useful
assumption under various real-life circumstances, even when it is only
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Fig. 2—Synchronizing diagram for the code of Fig. 1, showing unresolved
ambiguity.

approximately valid. (This assumption holds exactly whenever each
code word oceurs independently with its characteristic probability 274,
where d is the length of the code word in digits.) Assuming this ran-
domness of 0 and 1 in code text, the synchronizing diagram of Fig. 2 is
redrawn in Fig. 3 to show that on the average I = 16 digits of code text
are required for code text to resynchronize itself following arbitrary
errors. (This computation may be done in several ways' which are not
relevant to the present discussion. Note that the randomness assump-
tion implies that at each node in the synchronizing diagram the resi-
dual lag is one more than the average between the residual lags of the
two nodes below.) In general, the synchronization lag (or, simply, the
lag) I of a (prefix) code is defined as the average number of code
digits until synchronization can be guaranteed to the end of some (not
necessarily known) code word following total ambiguity, assuming

Fig. 3—Copy of Fig. 2, showing lag at each node.
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randomness of “0” and “1” as above. Thus the lag is the average length
of the synchronizing sequences. (It is also convenient to speak of the
actual lag, the same average but based on the probabilities of the actual
source distribution rather than on random text. If the randomness
assumption is not roughly applicable in a given case, then it is neces-
sary to investigate the actual lag. If the likelihood of the various
synchronizing sequences actually occurring in text is smaller than under
the randomness assumption [e.g., because of constraints on the source
symbols], the actual lag is larger than I. However, in such cases it is
often possible to change the encoding slightly to assure that the actual
lag iz less than I, without adversely affecting compression. It may
also be possible to use a different code with the same set of code-word
lengths whose lag is less. For example, the code 00, 01, 11, 100, 101
has I = 5, a marked improvement over the code of Fig. 1, with I = 16;
for purposes of compression, these two codes are equivalent. In general,
the randomness assumption and the resulting lag are quite useful.)

[Synchronizing sequences also exist for uniquely decodable non-pre-
fix codes. For example, consider the code 00, 01, 11, 001, 011.* The se-
quence 10 in code text guarantees that a code-word end occurred
between the “1” and the “0”; the lag is 4. Since such codes may require
decoding delays (in some cases infinite) beyond the end of their code
words, they are of little practical significance. (This paragraph and
others delimited by square brackets may be omitted on casual read-
ing.) |

Codes vary widely in their ability to resynchronize code text. For
each number n of code words, there is a code with I = 2 (the “best"),
and a related code with I = 2~ — 2 (the “bad” code). These codes
are shown in Fig. 4 for each n = 9, along with a few other examples.
(Note that the “best” code and the “bad" code for each n have the
same set of code-word lengths, and are thus equivalent with respect to
compression considerations.) The only finite exhaustive codes with I =
0 known to Schiitzenberger* (and to the author) are the block codes
(e.g., the fixed-length codes (a), (b) in Fig. 4) and three classes of
non-block codes: the codes with greatest common divisor of their code-
word lengths greater than one (e.g., code (¢) in Fig. 4), the uniformly
composed codes '/ obtained by concatenating f times the code words
of some code in all combinations (e.g., code (d) in Fig. 4, composed
from 0, 10, 11 with f = 2), and Schiitzenberger's “anagrammatic”
codes* which when scanned backwards are also prefix codes (e.g., code
(e) in Fig. 4). Note that block codes have the properties of all of these
three classes. (By sacrificing exhaustivity [and optimality], i.e., by
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Fig. 4—Prefix codes with external lags for n = 9.

eliminating at least one code word from a code, the lag is never in-
creased ; in some cases [ is reduced substantially. [A slight extension of
the definition of the lag is nccessary for non-exhaustive prefix codes to
handle sequences which cannot arise.] Thus there are synchronization
advantages of nonexhaustive codes.)

The only finite exhaustive codes, known to the author which have
2%1) — 2 < [ < @ for any n are the two codes (f) and (g) in Fig. 4.
Excluding these two codes and the “bad” codes, all remaining finite
lag codes seem to have I < 2" — 2, for all n; the worst of the re-
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maining codes seem to be far from the “bad” code bound (I = 5.5 for
n = 5,1 = 12 for n = 6). Nevertheless, as n increases, the lag of an
arbitrary code may be quite bad. Sinee prefix codes offer compressions
which become more spectacular as n increases, this would be distressing
were it not for the small-lag infinite systematic codes of Refs. 1 and 2,
Since these are helpful in the construction of sequential prefix codes,
they are summarized next.

22 Infinite Codes with Good Synchronization Properties

The “systematic” prefix codes of Ref. 1 are infinite codes generated
by sequential machines whose synchronizing properties guarantee that
the codes will themselves have good synchronizing properties. (These
codes have properties suggested by B. Mandelbrot.'*) When truncated,
these codes give highly efficient (but not optimal because they are no
longer exhaustive) encodings with self-synchronizability far exceeding
that of the optimal (Huffman®) encodings. A typical reduction for a
code for English words with n = 5537 is from I » 1,000,000 for an
optimal code down to I = 10.7 for a systematic code which is within
3 percent of the optimal code in terms of compression. (The resulting
compression is about a factor of three better than a block coding of
the English letters, due to the redundancy of the language.) High-
efficiency compression using these codes is discussed in Ref. 1.

Several examples are given in Fig. 5. The convention of this and
succeeding figures is that a terminal node without an arrow indicates
the end of a code word. A terminal node with an arrow indicates the
occurrence of a state shown elsewhere in the diagram. If there is no
label on the arrow, the corresponding state is that occurring at the top
(the root) of the diagram. The first code (a) is a “definite” code,* with
any occurrence of the sequence “10” in code text indicating the end

1 1 10 1

10 "
010 010 100
110 0010 011
0010 1110 8&??
< ?::g N 8??'-3 R 1011
(1) r 11010 .
: : 3 -
("
(a) (bl fc)

Fig. 5—Examples of systematic codes with small | I. (8) Definite
code, ] =4, L =4; N(d) =01234567 (b) ased code, | = 8,
L=6;Nd =011235813 . (e) General systematic, | = 6, L = 4;
N(d) =01234567....
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of a code word. A definite code is one in which a code-word end occurs
in code text if and only if one of a finite set of finite sequences occurs;
in the example, the sequence “10” forms the set. The other codes are
not definite, but nevertheless have small lags. The number N(d) of
code words of each length d is given for each code. The function N(d)
is usually called the structure function of the code. The average code-
word length (assuming randomness of “0” and “1” in code text) is L,
the sum of d N(d) 2 over all d. (If each code word occurs inde-
pendently with its characteristic probability, then L is equal to the
entropy H of the source distribution.) Note that I = L for all prefix
codes, with equality if and only if the code is definite. That is, on the
average, one code word is sufficient to resynchronize a definite code,
longer being required for a non-definite code.

It appears that asymptotically almost all [completely specified,
strongly connected, deterministic] sequential machines have synchro-
nizing sequences; for those that do, the resulting systematic prefix
codes are self-synchronizing (i.e., I < o). The spectrum of values of I,
however, is wide, As is the case with exhaustive finite prefix codes, the
infinite codes with I = « may be of several ‘classes. There exist codes
with a non-unit greatest common divisor of their code-word lengths
(e.g., Fig. 6a), with uniform composition (e.g., Fig. 6b), and with the
anagrammatic property (e.g., Fig. 6¢c). Unlike the case for finite ex-
haustive codes, infinite exhaustive codes can easily be constructed
which belong to none of these three classes (e.g., Fig. 6d). (Uniformly
composed codes are studied in Ref. 13.)

[The worst value of I for a code derived from a synchronizable
r-state machine appears to be about I = (r — §) (2" — 2) + 1; that is,
just about a factor of r worse than the “bad" code of Fig. 4 with r
states, r = n — 1. A. E. Laemmel and B. Rudner** exhibit for each r a
machine whose shortest synchronizing sequence is (r — 1)% For all r-
state machines with synchronizing sequences, the best bound known
to the author for the longest synchronizing sequence is that given by
M. A. Fischler and M. Tannenbaum': (r — 1)?, exact for r = 4;
(r* — r)/6 for small r = 5; 117°/48 for large r. On the other hand,
there are many machines with extremely short synchronizing se-
quences and small values of 1.]

11, SYNCHRONIZATION IN SEQUENTIAL PREFIX CODES

For purposes of this paper, sequential coding implies the use of a
sequential machine for the encoder, and a corresponding sequential
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N B 6D b

Fig. 6—Examples of systematic codes with infinite (I = ). (a) Greatest
common divisor 2; N(d) =010309027081....(b) Uniform composition;
=2 Nd =01234567....(c) Anagrammatic; N(d) =0222222
. ... (d) None of the three classes; N(d) = 01123581321....

machine (the inverse or “quasi-inverse”) for the decoder.®* In an
earlier paper,® the author explored the use of particular input sequences
to the encoder (synchronizing input sequences) each of which synchro-
nizes the encoder to a particular known state. Also involved are partic-
ular output sequences from the encoder (synchronizing output
sequences) whose presence in code text (in the absence of errors) guar-
antees the occurrence of a particular state of the encoder at a particular
point. in the code text. Synchronizing output sequences correspond to
the synchronizing sequences for prefix codes.

Given an encoder with both synchronizing input sequences and
synchronizing output sequences, the entire system is self-synchronizing
on the average. That is, following some arbitrary errors, two things
happen. First the encoder resynchronizes itself and begins to encode
correct text again. Then the decoder tends to resynchronize itself with
the encoder (the synchronizing output sequences for the encoder act
as synchronizing input sequences for the decoder), and correct decod-
ing resumes, This occurs spontaneously as an intrinsic property of the
coding system, with no externally imposed resynchronization required.

A (first-order) sequential encoding is & mapping of symbols S(7)
onto code words w(i | j) where the code word selected depends on the
previously encoded symbol S(j) as well as on S(7). If the set of code
words {w(i|j)) for each j is a prefix code, then the set of code words
{w(i| 7)) for all ¢, j is a sequential prefix code. For such codes a syn-
chronizing sequence is a sequence of code digits the end of which must
correspond to the end of a code word (possibly unknown) resulting
from a known symbol S(1), irrespective of what preceded that se-
quence. Thereafter subsequent decoding is correct, irrespective of the
initial ambiguity. The remainder of this paper is concerned with
sequential prefix codes, and investigates their compression, decoding
and self-synchronizing properties. (The development is also applicable
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to higher-order sequential encodings, with the code word depending on
the present message S(i) and some finite number of previous messages.)

As an example, consider the sequential encoding given by Table L.
A, B, C and D represent four source symbols S(i),1 = 0, 1, 2, 3, where
i is the level of the symbol. This is an example of an encoding in which
the code word w(i|j) to be transmitted is a function of the cyelic
difference between the level of the symbol S(i) to be encoded (column
headings) and the level of the symbol S(j) just previously encoded
(row headings): w(i|j) = W(k), where k = i — j (mod 4). This
encoding is thus a difference encoding. Note that, irrespective of the
choice of the code {W(k)}, there iz always ambiguity in decoding as
soon as an error is made. If for example S(2) is decoded instead of
S(1) as a result of a transmission error, subsequent decoding will
consistently produce S(i + 1) instead of S(i) where i 4+ 1 is modulo
4, as long as further errors do not compensate for the original errors.
(Throughout the paper, all additive operations involving i and j are
modulo n.)

As a second example, consider the sequential prefix code of Table I1.
In this example four different prefix encodings w(i|j) are used for
j = 0,1, 2, 3, depending upon the symbol S(j) previously encoded.
For example, if “A” was just encoded, then A, B, C, D are encoded
as 0, 11, 100, 101, respectively, Thus any symbol S(1) as input to the
encoder acts as & synchronizing input sequence. (The encoder is a 1-
definite machine,! with its output being a function of the present input
symbol and the previous input symbol.)

A state diagram for the decoder is given in Fig. 7. The states A, B,
C, D represent the successful decoding of these four symbols, while the
states a, b, ¢, d, a’, b’, ¢/, d’ are intermediate states. The state diagram
is shown in four pieces, which fit together as the upper-case letters
indicate. The synchronization diagram for this state diagram is shown
in Fig. 8. Its construction follows the usual technique®'® and is similar
to the synchronization diagram for prefix codes (cf. Fig. 3). The top

TasLE I—Foﬁun—L:vm. DiFFERENCE CODE

i=0 1 2 3

8() 8(i) = A B C D
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TasLe II—A Goop SEQUENTIAL PREFIX CoDE

im0 1 2 3

8 S(i) = A B o D
j=0A 0 11 100 101
=18 010 1 00 011
j=2C 100 11 0 101
j=3D 010 011 00 1

node corresponds to the set of all states. Each terminal node corre-
sponds to the occurrence of the end of a code word resulting from a
particular symbol S(i). Given a “0" input, the next state must be one
of A, C, b, d, a’, ¢/, for example, beginning with the set of all states.
The synchronizing diagram of Fig. 8 results after noting several
equivalences (e.g., Abda’e” with ACbda’c’).

From the synchronizing diagram of Fig. 8 it is seen that the se-
quence 0011 can arise in code text only if the corresponding source
sequence ends in a “B”. Thus 0011 synchronizes the decoder to the end
of a code word corresponding to the symbol “B" irrespective of what
preceded it; similarly 00101 synchronizes to “D", 1100 to “C”, and
11010 to “A". Assuming 0 and 1 are random in the above sense, it is
easily shown that synchronization results from total ambiguity after
an average of J = 7.67 digits. The sequential synchronization lag J
is the average number of code digits until the end of a code word is
achieved corresponding to a known symbol; that is, J is the average
length of the synchronizing sequences. In this example, the occurrences
in code text of the encoded versions of CB, CD, BC and BA imply
synchronizing sequences for the decoder. (For example, note that CB
is encoded as 0011 following a “B” or “D”, as 10011 following an “A”,

A C D
a c d
A c "
a B C c! B C d'
c D A D B B

Fig. 7—8tate diagram for the decoder for the code of Table III.

A D



SELF-SYNCHRONIZING CODING 963

ABCDabedab’'c'd’

D A

J”Fig. ‘SESynchronixing diagram for the decoder of Fig. 7, J = 787, J' = 3§,

and as 011 following a “C"; in the last case, 011 must have been
preceded by a “0",)

In the example, any sequence ending in 00 or 11 (ef. Fig. 8) guar-
antees the end of a code word, although not the code word for a known
symbol. For purposes of this paper, synchronization to the end of some
(unspecified) code word is called first-stage synchronization. Synchro-
nization to the end of a code word corresponding to a particular symbol
is called second-stage synchronization. The former is of concern in
prefix codes, and both are of concern in sequential codes. In rare cases
(particularly asymmetric ones), the second stage is achieved simul-
taneously with the first stage. In many useful cases, however, they
may be treated independently. (In all but one example given in this
paper, second-stage synchronization implies a particular known ecode
word as well as a particular known symbol.)

[A word of eaution i= again needed regarding the randomness as-
sumption. Again, the actual lag may be defined in terms of the actual
probabilities. If synchronizing sequences occur naturally in code text,
then the lag J is a fair estimate of the actual lag. If the sequences oceur
only as a result of unlikely sequences of symbols, then the lag J is
smaller than the actual lag. However, in such cases the encoding ean
often be altered so that J is realistic. In general, it is desirable to have
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codes with widely distributed likely synchronizing sequences, as in
Fig. 8, rather than being totally dependent on a few obscure sequences. ]

IV. CODING COMPLEXITY

It is clear that the choice of the code of Table II (with J = 7.67)
is (infinitely) superior to the code of Table I (with J = ) in terms of
resynchronizability. If W(k) = 0, 11, 100, 101 in Table I for k =
0, 1, 2, 3, then the codes of Tables I and II are identical with respect
to compression capabilities. The significant concern remaining is the
computational complexity of the encoder and the decoder for the code
of Table II. Intuitively, one might expect that an n-state sequential
prefix code would be almost n times as complex as a difference code in
terms of its encoding and decoding eircuitry, Somewhat surprisingly,
codes are developed below for which the complexity is essentially the
same as the difference codes, while attaining good synchronizability
and compression,

Examination of the code w(i|j) of Table II shows that the prefix
code w(i| 1) for state B (j = 1) is the binary complement of the code
w(i|0) for state A (j = 0), cyclically shifted by one word: w(i|1) =
w’(i = 10). Further, the code w(i|2) for state C (j = 2) is related
to w(i|0), having the same code words but with a different mapping.
In particular, w(i|2) = w(2 — 7| 0). Finally, the code for state D
(j = 3) is the shift of the complement of w(i|2), or the complement
of the shift, and thus w(i|3) = w’(3 — t|0). Thus all four of the
prefix codes are closely related to any one of them.

The code w(i | j) as a function of w(i|0) is summarized in Table
I1I for each j. The structure of the code is somewhat more transparent
when related to the difference code of Table I, with W (k) = 0, 11, 100,
101 fork =0,1,2,3 and k = i — j (mod 4). In this case, w(i| j) =
Wik), W k), W(—k), W (=k) for j = 0, 1, 2, 3, respectively. The
encoder and decoder for Table II are thus easily specified in terms of
the difference code. If (p, g) is the binary representation of j as shown
in Table III, then W (k) is replaced by W(—k) if p = 1, and the result
is complemented if ¢ = 1. The encoder for the difference code is shown
in Fig. 9, while the encoder for the sequential prefix code of Table II
is given in Fig. 10. (“A" represents a one-digit delay.) It is seen that
an AND gate (-) and two EXCLUSIVE OR gates (@) represent the
marginal cost of encoding the latter code, compared to the difference
code. The same is true of the decoder, which employs precisely the
same set of gates.
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TapLe 111—SumMary or ExcopEr axp Deconer ror THE CoDE OF

TasLe 11
J P Code w(ij)
0 0 [0 w(il0) = w(zl0) - Wik)
1 0 1 wiill) = w'(i—110) = W'(k)
2 1 0 w(il2) = w2—il0) = W(—k)
3 1 1 w(ild) = w'(3—120) = W'(—k)

V. CONSTRUCTION OF GOOD SEQUENTIAL PREFIX CODES (WITH SMALL LAGS)

The synchronizing properties of sequential prefix codes fall into two
classes, those which depend on the individual choice of the encoding
w(i| j) for each i, j, and those (in varying degrees) which are inde-
pendent of the actual choice of w(i|j). [The encoding of Table I,
for example, has J = = irrespective of the w(i|j).] Such properties
are said to be choice-dependent and choice-independent for these two
classes, An example of how choice-independent properties may be
treated separately is given by the following theorem.

51 Very Bad Codes (J = =)

Theorem 1: A sequential prefix code has J = = in each of the
following cases: (a) if there are precisely n distinct code words among
the n x n {w(i | j)), each of which occurs eractly once for each i
(a “Latin square” code); (b) if for some value of s (0 < 8 < n) the
relation w(i + s |j + 8) = w(i|j) holds for all i and j.

Proof: Case (a). Consider an ambiguity between any two symbols
which could have led to a given code word. Then any subsequent code
word could have resulted from ecither of two distinet symbols. Thus
ambiguity is never reduced, and J = = irrespective of the choice of the
n independent w (i | j). [Note that if the prefix code for any j (the same
code words, but a different encoding for each j) is self-synchronizing
(I < =), then it is possible to reduce ambiguity to the end of some
(unknown) code word, but no further. Recall that in the definitions, a
distinetion is made between the code (the set of code words) and

i A = -

L= k| wik) —cooe Texr

-
-

Fig. 9—-Encoder for the difference code of Table 1.
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J
q i) K k* lw(k*) _.< i >__.

Fig. 10—Encoder for the sequential prefix code of Table II.

the encoding (the mapping between code words and source messages). |

Case (b). Without loss of generality, suppose that s is the smallest
value of s for which w(i + s | j+ s) =w(i|j) foralliand j. (Ifsis 1,
the code is a difference code.) Then w(i + gs | j + gs) = w(i|j) for all
i, j, for every integer g. Let u be the smallest value of g > 0 for which
gs == 0 (mod n). Then since & is as small as possible, it follows that su
= n, i.e., § divides n: Thus there are s prefix codes w(i | j), e.g, for j =
0,1, «++, 8 — 1, which completely determine the prefix codes for j = s,
8§ + 1, -+, n — 1. That is, the same prefix code (shifted) occurs for
eachj = gs + h (mod n) forg = 0,1, -+, (n — 5)/s, for any fixed
value of h, 0 = h = s — 1. Thus there must always remain an ambi-
guity among all the symbols with i = gs + h (mod n) for g = 0,
1, «++, (n — 5)/s, for any particular value of h,0 = h = s — 1. There-
fore J is infinite again, irrespective of the choice of the sn independent
w(i|j). QED.

[Case (b) of Theorem 1 can easily be extended to include cases for
which w(i + s|j + ¢) = w(i|j) for all 4, j: if s and ¢t are each
relatively prime to n, or more generally if s and ¢ have the same order
in the field of integers {i.e., if u = v, where u and v are the smallest
non-zero values for which us = 0 (mod n) and v¢ = 0 (mod n)}. As
these cases are less natural to the present environment, they are men-
tioned parenthetically.)

The difference codes satisfy both cases (a) and (b). Another example
of case (b) is given in Table IV. If ¢, f, g, h are replaced by b, ¢, d, a,
respectively; this example also satisfies case (a), and is a “sum” code
rather than a difference code.

5.2 Properties of Good Codes

It is highly desirable that sequential codes {w(i | j)} have consider-
able structure, in order to simplify encoding and decoding, to simplify
the analysis of synchronizing properties, and to facilitate the construe-
tion of good large codes. Several intuitively evolved properties have
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been examined which are found to contribute considerably to this
desired structure. Firstly, to simplify encoding and decoding, the num-
ber m of distinet prefix codes (not counting complements) used to form
a sequential code should be small (one or at most two). If a prefix
code and its complement are both used, the sequential code is comple-
mented. In the complemented code of Tables II and III, m is one
since the prefix code for each j is Wi(k) or its complement. Since the
cireuitry required is up to m times as complex as when m = 1, large
values of m are to be diligently avoided. The m distinet prefix codes
(ignoring complements) are called kernels. The property of keeping
m small is called the symmetrization property; it is choice-independent.
Secondly, if all code words w(i | j) for a given i end in the same digit,
irrespective of j, then first-stage synchronization is greatly enhanced.
This property of making code-word endings uniform by column (as in
Table 11) is called the columnization property. (It is more or less
choice-independent.) A third property involves the number of different
symbols to which a given code word can correspond. (In the example
of Table 11, half of the code words occur only for one value of 7 each.)
Second-stage synchronization is greatly aided by having almost all code
words oceur only for a relatively small number of different symbols,
avoiding having each occurrence correspond to a different symbol S(1).
This is called the association property, and is also choice-independent.

It should be noted that none of the above properties is necessary for
obtaining finite lag codes; however, these properties are found to be
helpful in achieving low lags. Although the example of Table V is a
(complemented) one-kernel code, it violates both the columnization
property and the association property. (Note that each code word
occurs only twice, but always for different symbols.) Its lag J, though
finite, is quite horrendous (around 200), with the shortest synchroniz-
ing sequences being of length ten (e.g., 0101000100). It thus compares
badly with the code of Table IT with respeect to its lag. (It even com-
pares badly with the worst columnized one-kernel finite-lag code using
the given prefix code, for which J = 23.1.)

TasLg IV—ExamrLe oF A Cope with J = « By THEROREM [(b)
n=42s=2
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TasLe V—A Bap I'inrre Lac Cooe

0 11 100 101
1 00 011 010
101 100 11 0
0w o 00 1

An example of a two-kernel ecode which satisfies the columnization
property and the association property is shown in Table VI. The code
words which occur for only one value of ¢ are indicated by asterisks.
This code has J = 89, with synchronizing sequences including 0011
(for B) and 11100 (for C).

In a columnized code, the set of symbols S(i) for which all code
words end in “0" (“1") is called the O-set (1-set). In the example of
Table VI, the sequence 00 (among others) guarantees the end of a code
word corresponding to the 0-set A, C or E (i even), while a 111 guaran-
tees the end of a code word corresponding to the 1-set B or D (i odd).
These are two of the first-stage synchronizing sequences. Having re-
duced the ambiguity to a O-set symbol or to a 1-set symbol, the associ-
ation property within these sets is of great aid to second-stage synchro-
nization. For example, the code words which optimally satisfy the
association property (e.g., those with asterisks in Table VI) themselves
act as second-stage synchronizing sequences in this example. Associa-
tion is especially helpful to second-stage synchronization if the prefix
code is the same for each symbol S(;) in the 0-set, and similarly for
the 1-set, This is the bifurcation property of columnized codes, that
the 0-set and the 1-set use one prefix code each (although the two
codes may be identical). Note that this property is found in the code
of Table VI, in which two distinet prefix codes are used. If present, the
bifyrcation property implies that the symmetrization property is met
with m = 1 or 2. (By definition, bifurcated codes must be columnized.)

An example of a one-kernel code satisfying all four of the above
properties is given in Table VII. Apart from 00 and 01, no code word

TasLe VI—A Two-Kerner ExampLe, J = 89, /" = 4, J" = 51

8(4) S(i)=A B C D E

A 0 11* 100 1011* 1010
B 010* 1 00* 0111 0110°
s, 1010 11° 0 1011* 100
D 010* 0111 00* 1 01100
E 1010 1* 100 1011° 0
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TasLe VII—A Oxe-Kersen Examere, J = 202, [ = 8, J"” = 147

80G) SG)=A B C D E F G H

AB 00 01 100 101 1100 1101 1110 1
C,D 1100 1101 00 01 100 101 1110 1111
E, F 1100 1101 100 101 00 01 1110 1111
G, H 1100 1101 1110 1111 100 101 o0 01

occurs for more than two symbols Sii) (ie., in more than two
columns). The lag is seen to be J = 20.2.

5.3 Balanced Codes

If the columnization property is to be achieved in a complemented
sequential code, then any kernel prefix code and its complement must
each have the same number of code words ending in zero (or one).
Consequently, the prefix code (and its complement) must have hali
of its code words ending in each digit. Such a prefix code is called a
balanced code, and of course must have an even number of code words.
The codes of Tables IT and VII are examples of balanced prefix codes
used in complemented and uncomplemented one-kernel codes, respec-
tively.

Theorem 2: For every set of code-word lengths with n even for
which there exists an erhaustive prefir code, there exists at least one
balanced prefix code.

Proof: A simple proof involves a construction procedure during
which the number of code words ending in “0" differs by at most one
from the number of code words ending in “1”. Thus since n is even,
the resulting code is balanced. Such a procedure is easy to construct,
but is omitted here since it does not contribute to a basie understand-
ing of the paper. [It can in fact be shown that the ratio of balanced
exhaustive codes to all exhaustive codes is asymptotic for large n to
1/(ne)t.]

A few balanced exhaustive codes are shown in Fig. 11, including one
for each strueture funection N(d) with n = 4 and 6. In each of these
cases, the code shown has the smallest possible lag I among all bal-
anced codes with the given N (d).

If the sequential code is not complemented, the kernels need not be
balanced. However, the use of balanced prefix codes as kernels is
highly beneficial. It greatly enhances flexibility in the assignment of
the w(i | j) according to the necds of synchronization (e.g., via colum-
nization and association), coding complexity and compression.
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CODE |Nn=4 n=e
Nid) 04 " 2 1032 o4 024 0312
I ) & 5.2 5.3 7 10 2
iy o0 3 3 6.1 5.5 10 "
by 00 5 3 6.3 5.9 T 3
1* o0 2 2 5.1 4.5 9 10

Fig. 11—Some balanced codes for n = 6,

5.4 Analysis of First-Stage Synchronization

Another property emerges from considering the relation between
the lag J of a bifurcated sequential code and the lags of the kernel
codes. For an uncomplemented one-kernel code, first-stage synchroni-
zation is guaranteed by the synchronizing sequences of the kernel, i.e.,
with the lag I of the kernel. Thus this lag should clearly be small. On
the other hand, for a bifurcated complemented one-kernel code, the
lage I is not relevant to first-stage synchronization. Instead the mu-
tual lag I’ of a prefix code and its complement is needed. The mutual
lag of a 0-set code and a 1-set code is obtained by considering the state
diagrams of both codes. Imposing the restriction that a code word
ending in “0" (“1") is followed by a O-set (1-set) code word, these
two state diagrams become one just as the four diagrams in Fig. 7
become one. The mutual lag I” is then the lag of this combined state
diagram, obtained from the mutual synchronizing diagram, ie., the
synchronizing diagram for the combined state diagram. Terminal nodes
consist of first-stage synchronization, i.e., solely of 0-set or 1-set code-
word ends. (Note that the mutual lag is partially choice-independent,
depending on the choice of the 0-set and 1-set prefix codes, but not on
the actual w(i|j).) Mutual lags are relevant primarily for balanced
prefix codes and their complements, as used in (one-kernel) bifurcated
complemented codes; this case is assumed unless otherwise specified.
They are also meaningful for two-kernel bifurcated codes, for which
the mutual synchronization diagram also guarantees first-state syn-
chronization. (For example, the two prefix codes used in Table VI have
I’ = 4.) Note that the mutual lag of a code with itself is I’ = I (since
the 0-set code and the 1-set code are identical).

Consider as an example the prefix code {0, 11, 100, 101} used in
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Table I1. Suppose that it is used for the 0-set symbols A and C (Fig.
12a), while its complement is used for the 1-set symbols B and D (Fig.
12b). The state 0 (1) corresponds to a code word ending in “0"” (“17),
and implies that the next code word is taken from the 0-set (1-set)
code. (Note that irrespective of the actual w(i | j), the occurrence of a
00 or a 11 suffices to guarantee the end of a code word, as in Fig. 8.)
The mutual synchronization diagram is given in Fig. 12¢, and has
Ir=3.

Values of the mutual lag I’ are given in Fig. 11 for each code shown
there and its complement. In each case, the code shown has the smallest
value of I’ for any balanced code with the given set of code-word
lengths N(d). A numerological euriosity is provided by Fig. 11: for
each N (d), the indicated best value of I’ is precisely one greater than
the best value I® of I attainable by any code (unbalanced, in fact)
with the given N(d). Since this curiosity is true of all N(d) for ex-
haustive codes with n = 6, including those for odd n, it seems highly
likely for all n, for all N(d) for which exhaustive codes exist.

[It should be noted that the value of I’ for a given prefix code and
its complement is obtained with the given code as the O-set code. If
it is used instead as the 1-set code, the resulting value of I’ is the
mutual lag of the complemented prefix code, and is designated by I'.
Values of I' are also shown in Fig. 11. It is seen that I” and I" are not
usually the same. |

The kernel lag J' of a bifurcated code is then defined as the synchro-
nization lag of the first stage. For a one-kernel uncomplemented code,
J’' = I; for a two-kernel (uncomplemented) code, or a one-kernel com-
plemented code, J* = I'. The kernel lag property then states that the
kernel lag J’ of a bifureated code should be small, in order to help mini-
mize the lag J.

o |
°l'|2~)o4'5
3 2
0 (]
[+
4 . K 5

o ] o 1 i

(a) (b}

(c)

» Fig.3 12—Example of first-stage synchronization in & complemented code with
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6.6 Further Properties of Bifurcated Codes

The second-stage lag may be approximated by the structural lag J”
which assumes first-stage synchronization, and results in a known
symbol (at the end of a code word). It is obtained by averaging the
second-stage lags, K beginning with the 0-set and K’ beginning with
the 1-set; K and K’ are weighted according to the probabilities of
reaching the 0-set and 1-set, respectively, in the mutual synchroniza-
tion diagram. (In the example of Table VI, for example, it is seen that
these weights are § and §.) The structural lag property states that this
lag should be as small as possible. A rough measure of J” may be
made independent of the prefix code by assuming all code words of
equal length, and the 0-set and 1-set equiprobable.

Theorem 3: For a bifurcated code,
JsJ +J".

Proof: The theorem follows from the definitions. Inequality occurs
when, in the sequential synchronization diagram, first-stage synchro-
nization oceurs in at least one case as the result of an advantageous
subset of either the O-set or the l-set. By “advantageous” is meant
a subset which accelerates second-stage synchronization. The value of J'
gives precisely the first-stage synchronization lag in any event. When
there are no such subsets, equality holds, as in Fig. 8. (For example,
the code of Table VI has J' = 4, J" = 5.1 and J = 8.9; the sequence
1100 guarantees not just the O-set, but specifically a “C"” or an “E"”
at its end. The code of Table VII also has such subsets. These subsets
are obtainable from the first-stage synchronization diagram, and may
be used to caleulate the exact second-stage lag J~ based on the subsets
with their appropriate weights, rather than just on the O-set and the
1-set. Then J = J' 4+ J . In all cases J” = J . Also, if J" is infinite,
then so is J.)

Theorem 4: A bifurcated code has J = w if and only if either J'
or J" is infinite.

Proof: The “only if”’ follows as a corollary of Theorem 3. The “if”
requires two cases. If J” = =, then J = o« since the 0-set and 1-set
are subsets of the set of all states, on which J is based. If J' = e,
first-stage synchronization is never reached. Since a bifurcated code
must go through this stage in order to reach second-stage synchro-
nization, and since J' is the true value of first-stage lag even when
there is inequality in Theorem 3, it follows that J = «=. QED. (Note
that in Theorem 4 J”' may be replaced by J.)
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In many symmetric cases, the O-set and the l-set are equivalent
structurally, and K = K’ = J". This occurs in the example of Table II,
since the code obtained under the transformation A & D, B & C is
the complement of the Table II code (a complementary reflective
symmetry). It also oceurs in Table VII, since the 0-set and 1-set sym-
bols are paired with identical encodings. Such symmetric cases are
advantageous for encoding/decoding and analytic simplicity.

In certain cases it is desirable to use complemented bifureated codes.
If the above numerological curiosity is true in general, there is essen-
tially no sacrifice in the best I’ of a balanced code compared to the
best I = I*® for the given N (d). That is, first-stage synchronization is
just as rapid for these complemented codes, while avoiding the diffi-
culties arising from the use of an unbalanced code. Further, considering
only balanced codes for a given N(d), the best value of I’ is often
better than the best value of I (ef. Fig. 11). Thus the overall lag is
frequently better. Furthermore, the flexibility of compression available
with the complemented codes is often greater. For example, consider
again the code of Table 11, this time only in terms of its code-word
lengths. Using an exhaustive prefix code, it is impossible to have length
one on the i = j diagonal with an uncomplemented one-kernel code
unless the columnization property is violated; this in turn may greatly
increase the lag of the code.

[Surprisingly, prefix codes with I = = are not altogether useless. If a
one-kernel code uses a block code or a code the greatest common divi-
sor (ged) of whose lengths is greater than one, then it follows that
J' = J = . It is interesting to note, however, that many uniformly
composed codes and anagrammatic codes (with I = =) have I’ < =,
and thus may give rise to one-kernel codes with J < oo, assuming
J' < w. The smallest possible finite exhaustive anagrammatic code
with I’ = I' = = has n = 18, and is its own complement. An infinite
example with the same properties is provided by the self-complement-
ing anagrammatic code of Fig. 6¢. Thus the use of such prefix codes
in a one-kernel sequential code must result in J = o, by Theorem 4.]

V1. GOOD STRUCTURE FOR LARGE SEQUENTIAL CODES

The codes of Tables II and VII are rather small examples, albeit
good ones, of one-kernel codes. Since great compressions are found
primarily in large codes, the next question is whether low lags can be
achieved for large codes without sacrificing coding simplicity and
compression.
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Assume for now that it is possible to approximate the second-
order probabilities associated with the code words w (i | j) as a funetion
of k=1 — j (mod n), and hence that from a compression point of
view a difference code is meaningful. (This assumption will be general-
ized below.) Now consider the general n-level one-kernel encoding
framework shown in Fig. 13. The difference k is modified as a function
of j, and the result &* is encoded by an ordinary prefix encoding
W (k*®). If the code is a complemented code, the result is complemented
(e.g., if jis odd). (Otherwise the complementing circuitry is not needed,
as in Table VII,) The corresponding decoder is shown in Fig. 14.
(Again the complementing eircuitry may not be required.) In many
cases the demodification circuitry of Fig. 14 is identical to the modifi-
cation circuitry of Fig. 13, with the input and output interchanged.
Note that the codes of Tables IT (see Figs. 9 and 10) and VII are
examples of codes amendable to this framework. The incremental cost
of encoding and decoding compared to difference codes is embodied in
the modification logic and the trivial complementing logic; as long as
the modification logie can be kept simple, the incremental cost is low.
The compression can in general be made at least as good as the differ-
ence code,

If a balanced code is used, the framework defined by Fig. 13 makes
it easy to satisfy the columnization property, the symmetrization
property (with m = 1), and the bifureation property. The choice of a
prefix code is dictated by the kernel lag property, and by the condi-
tional probability distribution of the symbols S(1), given S(j). The
suitable structure is dictated by those probabilities, mitigated by the
structural lag property, and by the complexity of the modification logie
desired. Considerable experimentation has shown that the properties
discussed here are eentral to the construction of good codes. Columni-
gation and the choice of prefix codes with small J* greatly facilitate
first-stage synchronization. Association greatly influences second-stage
synchronization. Bifurcation greatly simplifies eoding complexity and
improves second stage synchronization. The use of balanced codes is

SOURCE _
¢ Al N

- MODIFI=| K® W(K®)
S CATION K
; " LOGIC
DIFFERENCE PREFIX
DECODER

Fig. 13—Generalized encoder for one-kernel codes.
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Fig. 14—Generalized decoder for one-kernel codes.

very helpful. If the number n of messages is odd, however, it may be
desirable to use a two-kernel code as in Table VI to achieve eolumni-
zation,

If the conditional probabilities are strongly asymmetric and/or
not approximately representable by difference probabilities, it may
be advantageous from a compression standpoint to use a multi-kernel
code. Alternatively, or additionally, it may be desirable to eliminate
the difference/sum circuitry in Figs. 13 and 14, and to deal directly
with the i and j. The properties deseribed in this paper are equally
relevant in such eases, No restrictive assumptions have been made
regarding the first-order probabilities, It is also unnecessary for 0-set
and 1-set code words to mateh even and odd ¢, respectively; this is
merely a deseriptive convenience.

6.1 Large Balanced Codes

In order to enhance the kernel lag property for codes with large n,
it may be desirable to use truncated systematie prefix codes rather
than optimal prefix codes as kernels. In this way it is possible for I to
remain small as n increases. Several examples of such eodes which may
easily be truncated to give balanced eodes are summarized in Fig. 15,
along with their structure functions N(d) and their lags I, I’ and I
The best lag I* for any code with the specified N(d) is also given,
along with the random average code-word length L for N(d). The
selection of cfficient codes for compression purposes is considered in
Ref. 1.

There exist many classes of codes for which J remains finite (and
in fact quite small) as n inereases without limit. A simple (rather
extreme) example is indicated in Table VIII for n = 8. The code is
columnized, complemented, bifurcated, and maximally associated with-
out being trivial. (It assumes very ligh probability of / = j for com-
pression purposes.) To avoid confusion, the symbols are given as A to
H for i and j from 0 to 7; the integer k is given to indicate the occur-
rence of the code word Wik, If j is odd, the complementary code word
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Fig. 15—Some systematic prefix codes easily truncated to balanced codes.

W’(k) is used, and the table is read from the bottom up. The code
thus has complementary reflective symmetry. If W(k) = 0, 11, 100,
1011, 10100, 101011, 1010100, 1010101 for kK = 0, 1, --+, 7, then
J = 8.62. This code is readily extended to arbitrary even n with a
similar pattern of k’s: for each even j other than 0, k = 0 for i = j,
k = j for i = 0; otherwise k = i; code words for odd ; are then
specified by the complementary reflective symmetry. The modification
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logic of Figs. 13 and 14 is thus exceedingly simple, and the comple-
menting logic is again a single EXCLUSIVE OR gate as in Fig. 10.
The limiting prefix code is code (a) of Fig. 15. Analysis shows that a
sequential code with J' = I' =3, J” = 4|1 + %4 + Ya + You + Yoss
+ +-+] < 5.7, J < 8.7 exists for every even n. (For suitably skewed
distributions, the compression factor arising from this code approaches
the base two logarithm of n.) This is an example of a class of codes for
which the differential cireuitry is not relevant; it is casier to encode
directly as k = i, with (n — 1)/2 pairs of exceptions. Variants for
which the 1-set is treated in this fashion while the 0-set is treated
differentially as before are also easily implemented. These variants
provide a very simple structure which results in low J and simple
circuitry.

[A word of caution is in order when considering sequences of ex-
haustive prefix codes approaching systematic codes in the limit: the
limit of a sequence of values of I (or I')y thus obtained is normally
somewhat larger than the value of I (or I’} for the limiting systematic
code. (The previous example is an exception with respect to I’.) Code
(b) of Fig. 15 is an example in point, with I = I’ = 5. The limit of the
value of I (or I’} for the codes 01, 10,001, 110,000, 111 (I = I' = 10),
01, 10, 001, 110, 0001, 1110, 0000, 1111, (I = I’ = 8), ete,, 18 seven,
although this sequence approaches the systematic code (with I = I' =
5) in the limit. In general, truncated systematic eodes have better
synchronization properties than their finite exhaustive approximations,
since the values of I and I’ are essentially unaffected by truncation.
For large codes, there is little if any noticeable degradation in com-
pression caused by using truncated infinite codes.|

The use of definite codes is suggested since their lags are minimal
(I = L), while I > L for non-definite codes, However, non-definite
codes can be quite good. Codes (a) and (c) in Fig. 15, for example,

Tapre VIII—Examere or A Goop Cone From AN IxFiNITE CLASS OF
Copes vor WHien J < 8.7 FOR ALL n

j E Tor desired W (k)
even A B €C D E F G H=8(
it A 0o 1 2 3 4 5 6 7| H
C 2 1 0 3 4 5 6 7| F
E $ 1 2 3 o 5 6 7| D
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k for desired W(k)
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have N(d) for which definite codes exist (whence I* = L). In these
cases, I’ = L + 1, reealling the above numerological curiosity. No
counterexample to this curiosity is known among N(d) for which
definite codes exist, or even among all systematiec codes. In general,
there are many non-definite cases for which I or I’ is quite close to
L + 1. Thus in these cases the non-definite systematic codes do almost
as well as comparable definite codes in achieving first-stage synchroni-
zation. Subsequently the non-definite codes may be much better in
reaching the second stage. Definite codes are necessarily completely
unbalanced,"* with all code words ending in the same digit; therefore
a complemented columnized code is impossible. Although a non-com-
plemented code is thus automatically columnized if it uses a definite
prefix code as its kernel, second-stage synchronization often must
begin with the set of symbols, not just half of them as in the case of a
balanced code. However, some definite codes are balanced on two
distinet terminal sequences, e.g., on the next to last digit of each code
word or on some earlier digit position. In these cases, it is possible to
columnize on the two distinct terminal sequences. As an example, con-
sider code (d) of Fig. 15. This is a definite code defined by the set of
sequences (0100,0110}, with N(d) = 00224481224 --- . For each
length there are exactly as many code words ending in 00 as in 10. If
the sequential code is columnized according to the last two digits of
each code word into a 00-set and a 10-set, first-stage synchronization
results in one of these two sets, as in the balanced code situation. Since
I = L = 8, this code has synchronization properties excelling any non-
definite code with the given N(d).

8.2 Guidelines for Choosing Good Encodings

Because of the perversity of the three-dimensional tradeoffs among
compression, complexity and synchronizability, it is pointless to try to
give a specific algorithm for choosing the best encoding for a given
application. Optimality in any one dimension is of little concern, for
slight saerifices in any of these dimensions often result in great savings
in the other two. Besides, no sensible cost metric is known. Nevertheless,
the techniques of this paper provide a set of guidelines for the con-
struction of good eodes and good encodings.

The first step in selecting a sequential encoding is to establish for
each j the code-word lengths which are optimal for the code word
w(i | j) in the prefix code for the given j, based on the conditional prob-
abilities of S(7), given S(j). This may be done simply using any variant
of the Huffman algorithm® which derives the code-word lengths. In-
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spection of the matrix of lengths thus obtained (i.e., of the set of n
structure funections, one for each j) indicates what kind of symmetries
the code might reasonably have, e.g., whether a reflective symmetry is
in order, and whether the code can be a one-kernel code. A comple-
mented bifureated code may be required for compression reasons, as
in Table I1. The next step is to choose the basis code(s), considering the
set of lengths and the first-stage lag J'. For large codes, techniques of
Ref. 1 may be required to aid code selection. The encodings should then
be arranged to have the columnization and association properties to
help minimize the first- and second-stage lags, respectively. The de-
gsired code-word lengths should be taken as suggestive rather than as
mandatory; slight departures from these lengths are generally not
harmful to compression (especially among large lengths), and may
help greatly in decreasing J . Care should be taken to avoid having
short synchronizing sequences occur only as the result of unlikely
sequences of source messages.

VII. CONCLUSIONS

The object of this paper is to present codes with low redundancy,
reasonable complexity and intrinsic error tolerance, within a single
class of codes designed for that purpose. The approach taken is by
no means the only one, although the codes exhibited here seem quite
powerful in view of their capabilities. In combination with some
additional redundanecy (e.g., as in Refs. 1, 4, 17 and 18) to be used
for error-detection and/or correction and/or forced framing, the in-
trinsic properties deseribed here may be used to great advantage.

The sequential prefix codes of this paper can be useful for a wide
range of conditional probability distributions. Quantized video picture
information provides an example of a class of distributions'**' to which
these codes seem suited, with respect to compression and synchroniza-
bility, as well as to the meaningfulness of tolerating errors for a short
period of time. Such distributions are strongly geometrie,* for which
the codes presented here are naturally applicable.

The techniques deseribed here are also applicable to other com-
pression situations. Examples include run-length coding (which has the
same essential synchronization problem as differential eoding) and
predictive, averaging or smoothing schemes, or combinations thereof.
In addition, the same techniques are applicable when code words
w(i| j) need not be provided for many of the transitions, for example,
when only relatively small differences are possible.
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In conclusion, a wide variety of sequential prefix codes has been

presented, with a considerable range of tradeoffs among coding com-
plexity, compression and synchronizability. By not insisting on opti-
mality in any of these, it is possible to obtain codes which are highly
satisfactory in all of these respects at the same time.
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Theory for Some Asynchronous
Time-Division Switches
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(Manuseript received September 24, 1970)

A two-wire active asynchronous time-division switch has recently
been proposed by J. 0. Dimmick, T. G. Lewis, and J. F. O’Neill. The
interrupted energy transfer from one filter to another is accomplished
asynchronously in order that more efficient use may be made of pro-
cessing time of talker pairs on the switching bus. After first formulat-
ing, in a concise mathematical fashion, the effect of passing a signal
through such a randomly time-varying circuit, we focus attention on
optimizing an important filter response function. Typically, two per-
cent rms jitter in the transfer times yields an output S/N of 30 dB
independent of signal spectrum. The timing stabilization required to
obtain small jitter is also discussed and an exact solution for ex-
ponential processing time is obtained. This latter result may be put
to good use in studying the efficiency of the switch. Conservatively,
asynchronous operation should increase traffic capacity threefold.

Finally, a speech wave which passes through a sample-and-hold
cirewit with random sampling times is considered upon being recon-
structed with a fired filter. This is a model for a four-wire active
asynchronous switch, and results are compared with the two-wire
situation.

1. INTRODUCTION

Voice switching systems have most commonly been based on con-
trolling electromechanical switches which select and hold a spatially
distinet path for each econversation. The technology used to implement
such a space-division network (erossbar or ferreed switches) usually
results, in practice, of an individual path having much larger band-
width than is required for faithful transmission of the signal. The
space and cost of these switches makes other solutions desirable for
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many applications. One line of attack has been to keep the space-divi-
sion concept, but replace the electromechanical relays with semicon-
ductor switches. These techniques, however, still suffer from the
hard-to-grow nature of multistage space division networks. A more
promising solution seems to be tb place all the conversations on a
wideband bus using time-division techniques. In fact, the 101 Elec-
tronic Switching System (ESS) is such a time-division switch. This
system uses resonant energy transfer to “move” periodically measured
samples of a speech wave from an incoming line to an outgoing one. In
the same vein, an asynchronous time-division switch has recently
been proposed by J. O. Dimmick, T. G. Lewis, and J. F. O'Neill.! This
switching arrangement makes use of active energy transfer between
filters rather than resonant energy transfer and allows a variable time
slot for transferring each speech sample through the switch. The asyn-
chronous nature of this switch allows a more efficient use of processing
time than is possible to achieve synchronously. However, a consequence
of this virtue is a periodic sampling of the input waves. While the
synchronous switch can make use of the usual sampling theory to
guarantee faithful reproduction, the asynchronous switch cannot.
FurtHer, the modifications of the theory which are required to discuss
the proposed asynchronous switch are not simple, for the random
sampling causes some feedback energy which is later retransmitted,
further adding to the output noise. Our immediate purpose will be,
then, to present theoretical work relevant to this problem. We discuss
the quality of transmission [measured by the output signal-to-noise
ratio (S/N)] as a function of jitter in the sample values and as a
functional of a certain filter response function upon which the feed-
back energy depends. The optimum function is found. Also a tech-
nique suggested in Ref. 1 for keeping the jitter small is discussed
theoretically, and the combined question of how jitter, quality of
transmission, and increased efficiency are related is answered.

Section X summarizes our conclusions and, barring some terminology
introduced in the text, may be read next.

II. MATHEMATICAL MODEL

Consider the diagram in Fig. 1 which represents a talker and listener
on a switching bus. There will be many such pairs on a particular bus,
but we need now concentrate on only one. The way the switeh works
is that, at approximately periodic instants of time, the two identieal
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Fig. 1—Model for a “talker”—"“listener” pair on an asynchronous switching bus.
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capacitors which are shown in Fig. 1 are interchanged* and energy
transfer is effected. The following assumptions are made:

(i) The input signal z(f) is bandlimited to W Hz and the switching
oceurs at times f, = nT + ¢, where T = 2W and e, is small com-
pared to T

(i7) The filtering aspect of the filter is neglected in the sense that if
no switching is performed, then v(t) = z(f). In particular this
means that if current impulses of area x(nT) are applied at times
nT to the listeners capacitor, z(f) will oceur at the output.

(i11) Suppose that one volt is placed on the listening capacitor when
no energy is stored in the filter. The voltage across the capacitor
(t = 0) under these conditions will be called 2(f), and we assume
z2(0+4) = 1.

Our goal will be to determine, for given spectrum of the input, and
for given second-order statistics of the ¢, sequence, the output S/N.
The proper design of z(t) will be of major concern in the analysis.

We shall call the problem just deseribed two-wire switching.

111, FUNDAMENTAL EQUATIONS

In this section an exact equation which deseribes the two-wire
talker-listener switching situation will be derived. As in Fig. 1, let v(t)
be the actual voltage on the talker's capacitor and w(¢f) the actual
voltage on the listener's capacitor. In the absence of switching, v(f) =
z(t). In addition, at times nT + ¢, voltages [w(nT + ¢ —) — v(nT +
«w—)] are placed on the eapacitor, where w(f—) means the limiting

* Of course in reality they are not interchanged. What happens is that at the
given instant of time at which the “switch” is to occur, the instantaneous vol
are measured, certain current sources (not shown) are activated and a fixed value
of current flows for a duration just sufficient to effect the interch of chu':'d,
and hence voltages, of the equal capacitors, All this occurs in a negligible pen
of time compared with the response time of the filters.
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value of w(#’) as ¢’ approaches ¢t from below. Since switching oceurs at
times nT' + ¢, , continuity cannot be assumed at these instants and left
and right limits must be distinguished. Using the definition of z(¢) we
have by the superposition prineiple

WD) = 2(0) + 3 (00T + o) = 0T + o)t —nT =) (1)
where I(t) is the integer which satisfies
I(OT + =t < (l(l) . n l)T + €

Likewise for w(f) we may write

w(t) = (T 4 e.—) — wnT + =)t — nT —¢). (2

If we let t = (kT + &—) in equations (1) and (2), we have the
pair of equations

e

v(kT + &—) = z(kT + &) — 2 (0T + &.—) — wnT + ¢,—)]

°l[(k -7+ 4 — ) (3)
and

{4

wkT + =) = 3 T + =) — wnT + =)

2k =T 4+ & —e,—]. (4
It is very useful to now introduce the vectors ¥, V, W and a matrix Z
defined by

= (kT + «),
v = v(kT + «—), (5)
w, = wikT + «—),
and
2y =2k = )T + & — e.—]. (6)

Note Zy, = 0if k = n since z(t) = 0fort < 0.
Using equations (5) and (6), (3) and (4) become

Ve=Y~=2V-W, )]
W =Z(V - W). (8)
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Solving the above pair for (V — W) gives®

(V- W) =[I+22]"'Y. (9)

Equation (9) determines exactly the behavior of the switch, for the
output is determined by applying the sequence {Vi — Wi at times
kT + « to the filter (here assumed ideal). We emphasize that the
jitter enters not only through the time at which the 8-functions are
applied, but also in the quantities Z and Y.

Consider now a 2(¢) such as that shown in Fig. 2 which passes
through zero at all times kT, k > 0. If further there is no jitter, then
Z = 0, and equations (5) and (9) show that impulses of area z(nT)
are applied at times nT, thus giving x(t) at the output. In short, in
the absence of jitter, any z(f) which passes through zero at all positive
integer multiples of the sampling interval will be optimum. One might
now conclude that a z(t) which is zero in a sufficiently large neighbor-
hood of each such crossing will not see the jitter and would therefore
be optimum in the presence of jitter. However the following argument
(by J. F. O'Neill) suggests that such is not the case. Consider sampling
a de signal at random times. We must get enough power through the
switch to reproduce the signal. Surely if we sample late, we are lagging
in power and we would like to increase the area of the impulse; like-
wise if we sample early, we seem to be supplying extra power and so
should decrease the impulse area. There should be a design of z(t)
which would conspire with the jitter to reduce jitter noise even below
that noise obtained for the class of z(t) which do not see the jitter.

IV. WHAT IS THE OUTPUT NOISE?

Define the vector

y=V-W (10)
and the functions
sin i (t = nT)
i = — (1)
T (t = nT)
for all integer n. The properties of y,(f} that we use are
val(l) = (=), (12)

* The inverse of (I 4 2Z) always exists since it is triangular and all its diagonal
elements are unity.
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z(t) —

0 /—\
2T aT

o T
TIME =

Fig. 2—An illustrative curve for z(t).

[~ wovaty dt = 18,0, (13)
and
Wt = 1) = 3 alb)¥alt. (14

We assume that the reconstrueting filter impulse response is given by
¢o(t) and thus the output error signal is

e(t) = 'g'r.wﬁ.(l - = ,§ T.¥.(1) (15)
and has average power® N where
N = lim 2 [ et ar = lim g7 [ ex0ar.  (0)

In the right side of equation (16), we have introduced ey(¢) which
is the error signal truncated to K pulses; that is, the upper limit of the
sums in equation (15) iz K instead of infinity. If we use equation (14)
to expand ¢.(t — ¢,) which occurs in equation (15), find e*(¢) and
do the time integral, we obtain

f: e;(l) =T ...2_0 Y “Z "-(‘-)«'n.-g(h)

FTEA - z roese).  (17)

* This corresponds to the noise in & band up to 1/2T Hz. If T is less than the
Nyquist rate, then some out-of-band noise is included here. In practice T will be
about half the Nyquist interval in order to make filter design problems easier,
but then the inclusion of the out-of-band noise seems fair at this stage. Figure 3
shows a picture of the relevant bandwidths.
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Equation (14) may be used again to recombine the first terms of the
right side of equation (17) and so

% ’[:G’K(‘) - _k-’.z-. 7-7&*--&(‘! - en) " il(- 02 3‘:

- 72(-.2 T Va-a(6). (18)

Recall again that
Zie=2l(k — )T 4+ & — ¢,

v = (1 4+ 22)uy , (19)

W= I'(IT + ![).
It is useful to define a new matrix @ by

_ 22
so0 that
vy=Y — 0Y. (21)

Substitution of equation (21) in equation (18) splits the expressions
into two types of terms. The first type, called collectively Ay , do not
involve the filter z(¢) while the remaining ones, called By, do. We
thus have

N = lim E[Ayx] 4+ lim E[Bx) = A + B, (22)
LT K—~w

where in equation (22), the expectation is taken over both the signal

and jitter statisties. The quantities A; and B, are given by

1 <« 1 © 2
A== Y Yer(a — &)+ 2 70 =% 2 ZTaaVe-ala), (23)
K n, k=0 K L] K n. k=0
IDEAL
RECONSTRUCTING
+ 7 FILTER
R R R R . "’1
i ! \
b oseme | ]| A
1 '
R ¥
w—l—T;

Fig. 3—Relevant bandwidths in terms of the sampling interval T.
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K
.2 lla(’!l)a“'-—o(én - ‘-) — &u-—h(‘l)]

le

- %“E (Ohlye — T.l¥n-i(e)

+ % K 2 (O)(otrle — @) (29)

One may note that if z2(¢) is such that when the filter is designed
so as not to feel the jitter (as deseribed in Section III), then B = 0
and the noise would be given by the filter independent term A alone.
The function of the filter design is to make B as negative as possible.

To proceed further we make essential use of the fact that the ¢ are
small. In addition, since z(kT) = 0 iz an optimum solution in the
absence of jitter we shall keep the requirement

2(kT) = 0, k=12 - (25)

and see what further optimization can now be made. This will amount
to designing the slopes of the function z(¢) when it goes through zero.
The evaluation of A and B for small ¢ is carried out in Appendix B.
Introducing the correlation function of the signal

R(r) = Elz(O)z(t + 7)) (26)
and the correlation funetion of the jitter
J(k = n) = Elee,] (27)

we find that when the jitter is independent from sample to sample,

2
A = limE[Ax] = c:[—R(O) + %%}R(O)]- (28)
In equation (28), ¢} is the variance of the jitter and is given, for inde-
pendent jitter, by
o =& — &= JO) — J(n = 0). (29)

To write the corresponding expression for By we introduce, as is done
in Appendix B, the derivatives #, of the function z(f) at the zeros,
that is

z'.-‘%z(t) T (30)

s=a?
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and also the constants*

L= (0 = do(—8) = S s @31)

Ts

Then, for jitter independent from sample to sample,

B = lim E[By] (32)

- 43(0)«3[2 I, + 2 gsf .};{%0_) +2 i. " = :_)]'

Expressions for Ay and B, which include the effects of correlation in
the jitter are also derived in Appendix B and will be discussed in
Section V. At the moment we merely state that positive correlation
between jitter values will tend to reduce the noise power given by the
sum of equations (28) and (32). Equation (32) gives, incidentally,
more of a physical interpretation as to the breakup of the noise into
A and B terms. The filter mentioned at the end of Section IIT which
does not see the jitter certainly has 2(¢) = 0 at each crossing, and thus
from equation (32), B = 0 [or that filter. Thus the A term is the
noise power for the “blind” filter; it will be improved upon whenever
B is negative.
If we now define the functional F'[z] of 2(t) by

F[z]=gr.z'.+2§:'z'f Z.;II%O_) +2.2:;|z.z.£(;—e(-_ﬁq- (33)

then optimum choice of any Z is found by simple differentiation of
equation (33):

aFfz) _ R(k) . R(k = 1) _
%, 0—I‘.+2z.—R(0)+ Z.;z. RO k=1,2, .

(34)

Thus for given signal statisties, equation (34) must be solved for the
optimum set of {z:). In reality, equation (34) does not have to be
taken seriously for all positive integer k, since the response of a
realistic filter will die off rapidly with time. Thus in equation (33),
most of the 2, can be set to zero and only a few retained. If the first Z
are thus retained we shall refer to this as designing the first Z zero

* Recall the definition of y.(t) given in equation (11). Also in equation (31),
dots denote differentiation with respect to the time variable,



992 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1071

crossings. Of course equation (34} will hold only for the k such that

2, # 0 a prioni.
As our first example we consider the case where the signal spectrum

is flat and extends to Q.. = »/T rad/sec. We refer to this as the
full spectrum case. The interval T in this case is also the Nyquist
interval, and no oversampling is done as one would expect to do in
practice (the latter case will be treated shortly). We have

Full Spectrum Case:

R(r) = R(0)¥s(7),
R(s) = 0, s #= 0,

R(©) = 0, (35)
R(s) = R(0) L—L R

—R(0) = R(0) %;—.5

Thus equation (34) yields as the optimum solution for designing all
zeros in the full spectrum case

Proceeding to evaluate A and B, we have

A = R(0)-5 31,
* @7

B = —R(0)- 1—":.
Since R(0) is the signal power, we have
l 2
% -5 %ﬁ a . (38)

An important fact can be gleaned from equation (37): one should not
generally expect the optimum filter to be very much better than the
“blind” filter.* In the reasonable example which we have just worked,
only a gain of 3 dB is achieved.

* Of course the blind filter is itself a highly designed filter.
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TasLe I FuLL SPECTRUM

Jitter Standard Deviation

Output 8/N o
15 dB 017
21 dB 0.05T
29 dB 0.02T
35 dB 0.01 7T
55 dB 0.001 T

Table 1 calculates equation (38) for several values of jitter. For an
output 8/N of 30 dB, two percent jitter is required.
V. EFFECTS OF SIGNAL CORRELATION

Equation (34), the basic design equation for the filter response z(t),
can be conveniently rewritten in matrix notation

I+ Mz=A (39)
where the vectors 2 and A have components

(@D = 4, (40a)
1 [ R(k) .
Ag-ﬁ[k(o)-rg] &-1.2,"',

and the matrix M is defined by

Rk —
M & = ‘%@)J (40b)
The matrix I is of course the identity. The dimension of all the above
quantities is Z, where Z is the number of zero crossings that one wishes
to design for.

To solve equation (39) one must in general invert the matrix
(I + M). This was possible in the full spectrum case because M was a
diagonal matrix; in general it is hard to do exactly, unless the dimen-
sion Z is small. A case of special interest for applications is a qualita-
tive understanding of the situation for a flat signal bandwidth up to
Quax = 7/2T. This corresponds to sampling at twice the Nyquist rate
and better approximates the situation to be encountered in practice.
We call it the half spectrum case. We have
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Half Spectrum Case:

RGT) = R(O)%sin!s, s % 0;

2
cos % 8, sin g 8
R(sT) = R(0) T — - 7 | (41)
1{=\
—R(0) = 3 (;1‘—) -R(0).
The A term yields, from equation (28)
A 5 ‘l" 7 0‘:
E'(a)' =% =7 (4.16). (42)

In the B term we must solve equation (39). We do so by inverting the
matrix by hand fof the cases of designing either the first zero, the first
two zeros, or the first three zeros (Z = 1, 2, 3 respectively). We obtain

‘.ou ‘- %v [—0409].

) 1 T—o.454}
Zopr = i '
=27 | 40.145

[ —0.442
.1 _
Zopt ‘:' T +0.l79

| —0.118

(43)

These numbers give for B

B _
R(0) 2.,
B _
R(0) ;.. T*
B _ e
R(©) 2.5 T
From equations (44) and (42) we note that Z = 1 design improves the
“blind” filter by only 1.7 dB and Z = 2, 3 by 1.8 dB. Output 8/N are

given in Table I11. For a given fraction of jitter essentially the same out-
put S/N is obtained as for the full spectrum case shown in Fig. 1. Let

%: (— 1'34)0
(—1.49), (44)

(—1.50).
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TasLe II—HavLr SpEcTRUM®

Output §/N e,/T
Z
1 2 3

15.5dB 0.1
21.5dB S 8 0.05
20.5 dB A A 0.02
35.5dB M M 0.01
55.56 dB E E 0.001

* The noise is here measured in a bandwidth twice the signal bandwidth.

us emphasize here that the jitter is listed as a fraction of the nominal
sampling time and not in absolute units. Thus for a fired signal spec-
trum and fired jitter in seconds, one percent jitter for the full spectrum
case would correspond to two percent for half spectrum situation.

The effect of positive correlation can be seen by comparing equation
(43) with equation (36). Positive correlation tends to flatten the slopes
at the zero crossings somewhat. Pursuing positive signal correlation to
the utmost, we consider one more case, the case of a de signal. In this
case R(r) = 0, and we want to solve

(I + M)z = —=4T (45)
where
2 1 1 1 '
Fpm=|t® 14 (46)
11 21
111 2

Let us first consider the (Z x Z) version of equation (45). One may
verify that for de

I+M'=1I- 2—_'_—1 U (47)

where U is the Z X Z matrix that has all its elements equal to unity.
If we let V equal the Z dimensional vector which has all its com-
ponents equal to unity, then we get

t= -+ aior [ B -
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Finally for de signal we have

A
R(0)

2
- %,!'5 (49)

and

E‘(%) - a:(—4)z"(—§)

which has the limiting value (Z = =)

B -0, s 1 71 '_' 50

RO T EHST T 6 (50)
Again we see for an exact solution that only 3 dB is gained by pursu-
ing optimum design past the “blind” filter design. The output (8/N)
is 3 dB better than equation (38) ; one would expect de to be influenced
less by jitter. '

We note the remarkable fact that as Z — =, equation (48) yields
exactly the same solution 2, = —T'¢/2, as one gets for the full spectrum
case, This is not true for a fixed finite Z.

Judging from our two exaet and one approximate solution, designing

is an optimum design independent of signal spectrum. Also the “blind”
filter is a very good design independent of signal spectrum, being about
only 8 dB worse than optimum. This all assumes that the jitter is in-
dependent from sample to sample.

VI. EFFECTS OF JITTER CORRELATION

Until now, any correlation between jitter samples has been ignored.
In fact, some positive correlation is to be expected in the jitter statis-
tics. We do not feel it is large for the way we have described the jitter
in the previous sections® (call it e-jitter), so that our previous design
is not affected. Nevertheless, we should note that any positive correla-
tion which exists between the jitter values will improve the output
8/N above that obtained by assuming that the jitter from sample to
sample is independent. The physical argument as to why this should
be true is quite simple. Assume ¢ is & nonzero constant, the same con-

* See Section VII.
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stant for all i. Then we are sampling at time ¢, = nT + « From equa-
tion (19), Z = 0 and we are supplying current impulses of area
z(nr + ¢ at times nr + ¢ to the output filter and the signal is recon-
structed perfectly. Positive correlation helps.

An important check on our work thus far can be made by assuming
¢ = const., and checking that the A and B terms, which for jitter are
given in Appendix B, vanish. Since for this case

J() = J(s), foralls, (52)

the B term given in equation (112) obviously vanishes. The explicit
demonstration of the vanishing of the A term in equation (107) is not
at all so obvious. Term (107), the A term, for constant jitter, is seen to
be proportional to [note §,(0) = 0]

—R(0) - E R(#)V.(0) + 2 Z R(s)¥.(0)
= —R(0) - Z R(s)do(sT) — 2 .ZR(a)&o(d’). (53)

Define a funetion of time g(t) by

dl
o) = 2 ROW(D).
Then the right side of equation (53) is

> g6T)

and by Poisson's sum formula

£om-d £ ol

where G'(w) is the Fourier Transform of g(t). Now y,(t) is band-
limited to |u| < »/T and o is R(t). The spectrum of R(t)y,(t) ex-
tends only to 2x/T and in fact vanishes at = 2x/T since it is & con-
volution. Thus only the m = 0 term of equation (54) could possibly
contribute, but this contribution also vanishes because the second time
derivative in the definition of g(#) introduces a double zero in the
spectrum of G(w) at w = 0.

Further use will be made of the expression for output noise with cor-
related jitter when the emodel for jitter is compared with another
model discussed later in Section IX.
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VII. TIMING STABILIZATION

At this point we return to consideration of many talker-listener
pairs. Let L be the number of possible such pairs. This number depends
on how rapidly each talker can be processed (switched). For example,
if each talker is sampled at a nominal rate of 1/7" and ¢, is the process-
ing time for the ith speaker, a constraint which reads something like

L

Z; t.~T (55)

-
must be imposed. Further, the timing errors ¢ are hopefully small. A
scheme for stabilizing the sampling rate has, in fact, been proposed
but T. G. Lewis.!* An interpretation of this scheme due to Saltzberg
and Pasternak is shown in Fig. 4. For immediate convenience let us not
worry about normalization and let the dashed line have unity slope.
The large dots in Fig. 4 represent a talker starting to be sampled, and
let the length of time required for the ith sample be t,. The time ¢,
represents the length of time that the current source pumps current to
effect the interchange of the talker-listener capacitors and, in accord-
ance with our earlier assumptions about measurement times being
short compared to filter bandwidths, we have {; < T. After many
counts (measurements), say L, we return to resample a given talker.
We particularly note that a talker is never sampled early. We see that
in Fig. 4 after the time f3, our path hits the 45° line early, and we

w
1

NUMBER OF COUNTS
N
I

1

o
Y
-
-
—
b—

Fig. 4—Timing stabilization.
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“pad” time until the fourth count occurs. Also, as shown, the variables
@« represent the horizontal distance from the 45° line to the dot repre-
senting the count. They are positive random variables and are given by
the equation*

{o
¢. = max
[/ B + ‘u—l - 1.

The random length of times f,_, are assumed to be identically dis-
tributed and independent of g,., . We shall proceed to derive an in-
tegral equation for the probability distribution function for g..! We
note the possibility of a 8-function at g. = 0 and thus write for the
density function g.(z)

g.(z) = a, 8(z) + (1 — a,)p.(2). (57)

The number a, is the probability of having ¢, = 0, and p,(z) describes
the continuous portion of the density. If we let u(f) denote the density
of t, and * denote convolution, we have, uging equation (56),

(56)

av = s [ WO+~ ) [ o e adt, (586)
'p.-,(t')u(z +1-=1) dl’
ol =y D 4 ) = j
[ u(t’) dt’ f dt f Pas(Put — #) at’
(58b)

A steady-state « and p(z) would obey equation (58) with all indices
removed. We shall write the steady-state equation. Let K denote the
known constant,

K= f u(t’) a’, (59)
let, for > 0, v(t) denote the known density function
]
oy = WEED, (60)

* Except for a time scale normalization, the sequence {gu} n = 1,2 «+ corre-
:Eondl to the sequence {e) of previous sections when there are L talkem on

'B R. Saltzberg and G. P. Pasternak?® had also derived an integral equation
for ga, and no doubt our :xnﬁon is substantially equivalent to their equation.
An entirely different appro (ie., an eqmuon for a different set of variables to
deombe&heumopmblem)hunho discussed by J. Salz and R. D. Gitlin *
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and introduce the unknown constant

o= [ ruwnar. ®1)

Then the steady-state solution (lim n — ) satisfies, if it exists,
a=(1—K)a+ (1 — a)p, (62a)
p@) = @ + (0 —a) [ iz~ ). (62)

If we let C(w) denote the characteristic function of p(z) then equation
(62) yields

aV(w)

C@ =11 - V@ (63)
where
- L.
“TK+op e

One may now imagine determining the unknown constant p in the
following manner, Equation (63) determines C(w) and therefore the
density p(z) in terms of p. Form the convolution of p with u and set
the finite integral of this convolution equal to p in accordance with
equation (61). This then is an equation which can be used for the
numerical determination of p. For the case

u(t) = B exp (—Bt) (65)

the procedure may be carried through exactly. We find that the dens-
ity p(z) of the g variable is also exponential and is

p(z) = af exp (—afz), (66)
where the probability a of having g exactly zero is related to g by
1 — a = exp (—Ba). (67)

Using the inequality
1—z<e” z # 0,

we see that equation (67) has a nonvanishing solution for « if and
only if 8 > 1. Realizing that the average of ¢ is 1/8, this says the
system will be stable if the average duration of f; is less than one.



TIME-DIVISION SWITCHES 1001

From the above considerations we calculate that

o = T (68)

VIII. EFFICIENCY OF SWITCH

We propose here to give an idea of how much is gained by asyn-
chronous (but stabilized) versus synchronous sampling. We have
shown in the previous section that (introducing unnormalized quanti-
ties now) for a speech processing duration distributed exponentially,
ie.,

u(t) = ge™, (69)
we have
c: — !_;;?‘.': (70)

where « and # are related by

[-%] . (1)
which requires
L
8> (72)

Again, L is the number of talkers. To effect the comparison with the
synchronous version of the above scheme a new parameter has to be
introduced which represents the peak-to-average voltage (not power)
ratio of the signal. Recall 1/8 is the average processing time, and
therefore represents the average voltage. In the synchronous case a
maximum time, f,., is allowed for each talker. Clearly fu.. is &
representative of the peak voltage. The ratio 4 is then

A=2Z§.. (73)
If L, is the number of synchronous talkers, we also have
Lin.=T. (74)

Now use equation (70) to solve for a, substitute the expression for a
into equation (71), eliminate g via equations (73) and (74) and obtain



1002 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1971

B 1 [‘A(%)] 5
'-Vizz "™ Vit 7 79)

where

- 5
An approximate solution to equation (75), which is accurate for large
L. ’ is that

7 = A'L:(‘-'s)'. (76)

L

L, ~ A, (77
i.e., in the large Ly limit, the ratio of possible asynchronous talkers to
synchronous ones is approximately the peak-to-average voltage ratio
of the speech signal. One would expect this number to be at least
four. Actually for Lg of interest (77) is not an accurate enough ap-
proximation. The solution of equations (75) and (76) iz shown if
Figs. 5 and 6 for A = 4 and 8 respectively, Taking A = 4 (which is
conservative), we see from Fig. 5 that if the technology would permit
50 talkers to be put on the switch synchronously, the switch could
accommodate 150 simultaneous speakers, sampled on a stabilized asyn-
chronous manner, with an output S/N of 35 dB.* To repeat, factor of
3 increase in efficiency seems like a conservative estimate.

IX. FOUR-WIRE CONSIDERATIONS

The last topic we consider is what we call a four-wire treatment of
the problem. Here we treat the details of a model proposed by F. K.
Becker* which should deal with active asynchronous energy transfer
when four-wire facilities are available. The model is this. A speech
waveform is sampled and held for a variable time A, before the next
sample is taken (see Fig. 7). The holding times A; are independent,
identically distributed, and have average value

A =T (78)

The initial speech waveform is approximately reconstructed by passing
the jittered box car through a filter having an inband characteristic

o
0 Lo () «»
sin —2‘

* The 8/N is read from Table II for ¢./T = 001.
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Fig. 5—Efficiency versus number of synchronous talkers for peak-to-avernge

voltage ratio A = 4.

The A, in the above model will not necessarily be assumed to be
sharply distributed about T'; later a stabilized version using an ejitter

model will be used.

Let z(t) denote the speech wave and z,(t) denote the jittered box
car version. Further denote the spectra of the two processes by S(w)
and 8;(w) respectively. Our major interest shall focus on determining

the spectrum E (w) of the error

error = h* x,(t) — =z(t), (80)
-5
F g
b
w
v
W
w
w
5.—
al it 1111 1 1 [ U TR B I | 1
5 6 7 8910 20 30 40 S0 60 7080 100 200

NUMBER OF SYNCHRONOUS TALKERS, Lg

Fig. 6—Efficiency versus number of synchronous talkers for peak-to-average

voltage ratio A = 8.
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4,

Ao

Az

to Ly ta ty
Fig. 7—"Jittered-boxear” sampled speech wave.

assuming h(t) is the reconstructing filter. The output noise power can
then be obtained by integrating the spectrum. It may be shown that for
the A-model of jitter deseribed above the exact error spectrum is

Ew) = S@) |1 — —‘- L@ — CWw) '

" H,%:ﬁae{u - C*@)P f S@) C(}"w) ‘;“} (81)

In equation (81), the function C(«) is the characteristic function of the
variable A, that is,

Cw) = [ exp (w)p(a) da, (82)
p(A) being the probability density of A. Also

he) = [ exp (—iudh() dt.

The symbol P in front of the integral in equation (81) denotes that
the principal value is to be taken for the simple pole 1/[1 — C(«" —
w) ]. If the term in the braces in equation (81) is rewritten as

- [ [0S0,

the reader should be assured that now no singularity will arise in the
integrand, and the principal value distinction need not be made.

For numerical purposes, we plot the error spectrum given in equa-
tions (81) and (83) for the case when A is gaussian distributed about
mean value T, and for standard deviations (es/T) = 0316, 0.1.*

* The random variable A is always positive, while the ?. jan assumption al-
lows it to become negative with some probability. We have verified that this

effect is not significant here,
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These larger variances are chosen here because we are mainly in-
terested in the unstabilized version. Figures 8 and 9 show, respee-
tively, these error spectra, assuming the input spectrum is flat up to a
maximum frequency @ = » rad/s, and assuming a sampling interval
T = 0.5 s. This corresponds to sampling at twice the Nyquist rate.
Also in caleulating the out-of-band noise we have taken the reconstruct-
ing filter (79) to extend to fwice the baseband spectrum. This em-
phasizes the higher frequencies more than desirable, perhaps. Thus
in Fig. 9, the S/N for noise measured in twice the baseband interval is
24 dB while inband we have a S/N of 20 dB. Thus for independent A,
a 10 percent jitter about the mean value seems tolerable for sampling
at about twice the Nyquist rate.”

In the event that the unstabilized four-wire version is unsatisfactory,
we recalculate the error spectrum when timing is stabilized according
to e-model discussed earlier. In this case the Fourier transform er(w)
of the truncated error signal is found to be given by

) = & 3 207 + o) exp (—ien? — i0 )
[ (- ) (- )]

[T 1 in) same terms
X137 ar“"(T "(wiuu=o)' (84)
sin _2‘

Again, the reconstructing filter (79) has been assumed. Further details
of the ealeulation will not be recorded, but we simply state that the
error spectrum E () is, retaining only second-order terms as in pre-
vious work involving ejitter,

E@) = lim -@-l‘—;:(‘!?f ,

—

-5 exp(—w){g- J(s)[n(s) -

R(s + 1)+R(s —j]-
2

sin o> =
— i ‘321'- R6)J ()

* Let us remark that the A model for '}i*:ter described here is significantly dif-
ferent from the e-model used previously. The A model implies positive correlation
between adjacent e variables and for a given variance produces less noise. We
shall return to these questions shortly. v R
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+ ggm‘iz’l J(s)[(—R(c) + R(s + 1)) exp ( ‘;T)

— (—R() + Rls — 1)) exp (“;T)]} (85)

One may verify that the above expression is indeed real, that is, it
vanishes when ¢ = ¢ and when the correlation function corresponds
to a de input signal. The noise power N in any bandwidth Q is gotten
from equation (85) by

1
- E (w) dw. (86)

Choosing 2 = »/T we obtain from equation (86)

N = —ROJO) + 7 % . J(c)[R(c) -

R(s + 1) 4+ R(s — 1)]
2

R(s + 1) R(s — 1)

L B, ()

a, J(‘)[ R6) + R(s + 1) ;RJ. - 1)]. @

+
e | Lol | Lo
'M‘

7Ml

0.04 s S - 18.5dB

ERROR SPECTRUM

P S e . o ——— - —————-—— ———— - -

4] 1 L Li 1 | 1
o 1 2 v - S 6
W —

N
2

Fig. 8—FError spectrum for T = 1/2, ¢o/T = 0316, Undistorted spectrum is one
for —r =< w = , and sero otherwise, S/Ny = 185 dB, 5/New = 14 dB.
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Fig. 0—Error spectrum for 7' = 1/2, eu/T = 0.1. Undistorted trum is one
for —» = w < w, and zero otherwise. 8/N, = 20 dB, §/N» = 24 dB.

where
1 ["cossr ,
a =3 fo o ds, (88a)
2
ocos =
p.-%[ T 008 82 22dz. (88b)
. sin =
2
v = el
a.-lf ssandei=lo 0 (88¢)
w Jo 8§
Numerieally
ap = 2B, ~ 2.78
a, = —0.469, (80)
ﬂo - lo39,
8, = 0.386.

For the case of independent ¢jitter, equation (87) reduces to

noise power; R(0) R(1) R(l)]
independent ¢ R(")‘[ R(0) "' ( R(O)) + 7% R0)

- (90)
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The results for the stabilized full spectrum and half spectrum cases
are obtained by using equations (35) and (41) in equation (90).

Full Spectrum:

(8)-&[2+a]~Gam. o)
Half Spectrum:
(1718) - 5 [% - °°(1 - ;g) = B §] ~ T 0M). (9

By comparison with equation (38), the four-wire full spectrum answer
(91) is about 1.5 dB worse than the optimum two-wire result, but
the four-wire result has about a 4.5-dB advantage for the half-spec-
trum case [compare equation (92) with equations (42) and (44)].
The latter case corresponds more to the case of practical interest. We
note further that in this comparison the four-wire might be penalized
by two dB or so due to the (z/ sin z) characteristic being used out of
band also. Secondly, the more concentrated toward de the signal spec-
trum is, the better the four-wire version will become since it has
vanishing distortion for de, while the optimum two-wire version does
not.

Before leaving this topic, a comment on the relation between A-jitter
and e-jitter should be made. We begin by looking at two successive
A-variables A, and A,.; in terms of e-variables.

AI=T+‘Q_‘Q-I' (93)
A =T + iy — €.
Clearly
E@) =T, (94a)
ok = 28(1 - ), (94b)
El(Av, — T)(A. - T)] = 2?0 - - ;’ (94c)
In writing equation (94 a through ¢), we define
Eleseans] = ép (95)
and assume no e-correlation after one displacement, ie.,
E(we) = &.

To make two successive A variables uncorrelated, we set equation
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(94¢) equal to zero and obtain

+ (96)

ull *%

00|
B |

p =

and
o; = ot . (97)

Thus to compare independent A-jitter with e-jitter, a good way to
do it is to choose the same variance according to equation (97) and
introduce a correlation between adjacent €'s by equation (96). This
simple way of comparing the two schemes is not exact, but should be
good if signal correlations do not persist for extended periods. In any
event, it illustrates why for ¢} = ¢} the independent A-model will yield
appreciably better results than the independent ¢ model. The first
implies positive correlation in the second.

X. CONCLUSIONS

We began our study with consideration of the two-wire switching
problem (Fig. 1). After obtaining a concise mathematical deseription
of the operation of this switch, [equation (9)], attention focused on
the optimum eapacitor discharge 2(¢) when one volt is placed on the
capacitor (Fig. 2). We have seen that a good design for the slopes £,
of the function z(f) as it passes through its zeros (see Fig. 2) are the
values 2, = (—1)*/(2kT). Exact solutions for full spectrum and for
de indieate that this result is not sensitive to the signal spectrum. This
optimum design ean be expected to yield only a 3 dB improvement
over the “blind” filter which is defined to be flat at the zero crossings
and consequently does not “sec” the jitter. Typically two percent jitter
yields an output 8/N of 30 dB. Any positive correlation in the jitter
will tend to improve this figure.

When the processing time of an individual speaker is exponentially
distributed, an exact distribution of the timing jitter with a stabilized
clock is obtained. This result is used to study the efficiency of the
asynchronous switch. This increase in capacity over a switch using the
same technology but employing a synchronous strategy is, roughly,
the peak-to-average voltage ratio of the signal. More accurate deserip-
tions are presented in Figs. 5 and 6. Conservatively, the asynchronous
switch should handle three times the traffic.

Finally, a four-wire version modeled as a jittered boxcar recon-
structed with a filter has been considered. Under the independent
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A-model for jitter, Fig. 7, 10 percent jitter can yield 30 dB S/N, largely
because of the correlations this implies for «jitter. Exact error spectra
have been plotted for this case also (Figs. 8 and 9). With timing
stabilization, and consequently the e-jitter model, the reconstructed
boxecar should yield several dB improvement over the two-wire results
for cases of practical interest (spectrum concentrated at dec).
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APPENDIX A

Some Lemmas on Limits of Sums
We list here certain lemmas which will be needed in Appendix B.

Lemma 1: If either 3%, | {(s) | or 2=, sf(s) converges,* then

lim 7 .};‘ fin — k) = E. (s). (98)
Lemma 2: If 3%, {(s) oowoea then
lim & 3 3160 = 3 10). 99)
Likewise
lim % 3 3 46,0 = 3 16,0, (100)
Lemma 8: 1f 3 {(5, ) converges, then
imt 53 3 16,0 = & 16,9, 1oy

APPENDIX B

Derivation of Output Noise Power
Our first step is to derive the filter independent noise, i.e.
* Neither condition implies the other; each implies the convergence of Zf(s).




TIME-DIVISION SWITCHES 1011

A =IMAK

K

where Ax is given by equation (23). Our expressions are valid to
second order in the {«¢). We note the following relations

Ve = z(nT 4 ¢) = z(nT) + 2(nT) + §€2(nT);  (102)
*ﬂ(‘l)zl"'&bgo lf m-o;

A Yal0)e + 1.(0)6/2, if m = 0; (103)
(0) = —¢..(0);

making use of this in equation (23), we have, to second order in {«}

Ax =L T @2 - 2000
(104)
~ % % [raea — 2uteateO)

n.A=0
ek

Averaging over the signal statistics by using equation (26) and the
further relations

E[‘t(t +- 1’)2(0] = R(f) - —E[t(‘)z(l + 7)]i (105)

E(z(t + 7)2(f)] = —R(r),

and also averaging over the jitter variables using equation (27) gives:

EAx = % 3 [—ROJO) — 4O ORO)]

L3
— & % RO~ B = K¥ans0) — 20s T — DR — B).
-y (106)
Observing that the second sum is a symmetric function of (n — k)
and using Lemma 1 of Appendix A, the required limiting operation
yields

A= —ROJO) — 3 ROIGH0 +2 3 TJORE.  (107)

=g L]
a0

We list for further possible use
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(=)
&.(0) =2 7 § # 0;
8T (108)

'3

¢o(o) - - T* H

L

and also

3 v.0 = o. (109)

The latter relation may be derived by direct evaluation of the sum, of
course, or by using the Poisson sum formula and the bandlimited
nature of y(?).

We now proceed to derive an expression for the filter dependent
terms B, starting from equation (24). Gathering the second-order
terms proceeds much as it did for the A, terms, with the following
additional complication. Recall from equation (20) that # is given by

2Z
o-l+2z-2z—42'+82'—---

From equation (6),

higher

terms)' if k>n:

Zi = (& — €)és-u + (

-ov if kSn.

Thus the matrix # is at least linear in the {¢). Proceeding now to
collect terms and averaging, we have to second order

EBY = 3 & 2 ivieiR(— m)

mne=l wm =0

WO + Jm = 1) = Jn — m) = J@n = D]

- ’1% ‘E 'i‘i--.ﬂ(n -~ m)[J(0) — J(n — m)] (110)

4 K A-1

+x 2 L TeiiiuRin — mJU — k) — J(n — m)].

n. k=] m=0
ek

In the second term of the above, we change summation variables by
replacing the sum over m with a sum over s, where

s§=n—m, §w=12 -+, ,n.
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We make the same change in the first term, and also introduce

t=n—1, t=1,2 +:+,n.
In the last term let

s=k—m, s8=12 -,k
j=n—k, jm—=(=1), ,K—5§,
] #0.
Then
BB = & 3 3 iR — 0O + 6 — 0 — J6) — JO)
- & Z TiROUO - J6) (11
R Z X T TARG+IIG) - G+ ).

=0

Making use of Lemmas 2 and 3 of Appendix A yields

B = lim E[B) = —4 3 iROIJO) — J6)

+4 }: iiR(s — OJO) + JG — ) — J@& — J(O)] (112)
+4 5 T TARG+ G - G + o).

=0

The simpler equations (28) and (32) which hold for independent
jitter may be gotten from the above by using the result of Section
VI. Namely for J(s) = const., all s, the A and B terms vanish., When
we have independent jitter J(s) = const,, s # 0. So we add and sub-
tract a term with J(0) replaced by J(s # 0) and use equation (29) to
obtain the independent jitter results,

APPENDIX C

Ezxact Error Spectrum for Independent A-Jitter
Consider a long time L, and denote by [L] the best integer so that

L = [L)T. (113)
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The jittered box car (truncated to the long interval L) can then be
represented as
L)

z,(8) = 2 z(t)Btw, L), (114)

a=0
where B is a unit box extending from ¢, to ¢,., . The Fourier transform
of this truncated version is then

N 1L)

su(w) = = Zz(t.) exp (—iwt,)[exp (—iw A) — 1].  (115)

The power spectra for a process y(t) is generally calculated according
to

6@ = lim LE '@,

where y%(w) is the Fourier transform of y(t) truncated to an interval
L, and E denotes an ensemble average with respect to all random
parameters, If we apply the above to spectrum of the error signal
(80), we obtain immediately, using notation of the text,

E() = | h(w) |" 8;(w) + S(w) + D(w) (116)
where

Diw) = .2E Re h*(w)z} (w)z" (w). (117)

t." [L]T

Expressing r%(») as a time integral and performing the signal averag-
ing we get

§ !
D(w) = —lim == Re h*(w){— 2 exp (iwt,)[exp (iw 4,) — 1]
[L]T { n=0 (118)

x [ : exp (—iwt)R( — &) dt}-

Expressing the signal correlation function in terms of the spectrum,
doing the integrals and remaining averages, gives

D(w) = %,2 Re h"(w)G)S(u)[l — Cw). (119)

There remains the calculation of S,(w). Using equation (115), we have
(performing averages over signals)
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E |3L(ﬁ')| - ‘lE lﬁ R[E 4, — E:‘ An]

X [exp (—iw A,) — 1)(exp (iw A.) — l][exp = -(};‘; A, — 'f A.)]

k=0
(120)
where we note the fact

b= 3D A (121)

k=0

Performing the A-averaging yields
E |s"(w)|* 0 W R(0 . J
. WL‘ 21 — Re Cw)] 31

=0
1Ll LE)

+ [7]—1.'1 Re{[l - C*(w)]

Aemt]l m=0

f 2 ' 80’ — ) [Cl’ — w) — C’(w’)]}~ (122)

To perform the limits of the sums we first replace C*™*(o" — @) by
[exp(—¢)C™"'(«’ — w)] to insure convergence and then let ¢ — 0.
We then have

8,(w) = E |s“(w)|*

‘“P.[T]T'

- ;’TT- Re {[1 - C*(w)) j:: gl: S(w’) 1 -lC?uF-(f'Z»)e"}' (123)

Making use of the general relation

1
T+ de

- P% F ir 8(2),

where P denotes principal value, finally yields

S,(w) = Ll__-_iCl('z)JI%(‘;l

2 ~ “d' o 1= Cl) }
+ 7o3 Re {[1 C@IP [ 8w o ) 429
The interested reader may indeed check that for
C(w) = exp (1T),
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the above expression reproduces the known result for a wave-form
impulse modulated at precisely T-second intervals.

1. Dimmick, J. O, Lewis, T. G., and O'Neill, J “A Time Division Switching
Network Uung A-ynehronom Active bnetgy Transfer,” 1970 IEEE Int
Conf Commun. Record, p. 43-1.
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Error Probability of a Multilevel Digital
System With Intersymbol Interference
and Gaussian Noise

By E. Y. HO and Y. S. YEH
(Manuseript received October 16, 1970)

In a previous paper a series expansion method for calculating the error
probability of a binary digital AM system in the presence of intersymbol
interference and additive gaussian noise was derived.' In this paper those
results are extended to the multilevel case. In the examples calculated for a
four-level system, this method 1s 10" times faster than the exhaustive method
and is 10* times more accurate than the Chernoff bound. The actual compu-
tation time with an 11-sample approximation to the real system tmpulse
response is only 1.8 seconds with the GE Mark II time-sharing system.

I. INTRODUCTION

In a recent paper' we have developed a new method to calculate the
error probability of a binary digital data system in the presence of
intersymbol interference and additive gaussian noise. A similar method
has also been reported by M. I. Celebiler and O. Shimbo.” The purpose
of this paper is to extend the previous results to multilevel systems.

The existing methods for the estimation of the error probability are
the Chernoff bound or the worst case bound,”"* the results of which are
generally too loose. Another alternative is the time-consuming exhaus-
tive method.’ For example, it would require 4'’(= 10°) calculations of
the error funetion to find the error probability of a four-level digital
system where intersymbol interference resulted from ten nonzero
samples of the channel impulse response.

1I. DERIVATION OF THE EXPRESSION FOR ERROR PROBABILITY

For a 2m-level digital AM system, the corrupted received sequence at
the input to the receiver detector is

1017
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y(t) = ‘-z_:w ar(t — IT) + n(t), 1)
where
n(t) is additive gaussian noise,
a = =1, +3, -+, +=(2m — 1) with equal probability,
and

r(t) is the given noiseless system impulse response.

At the detector, y(t) is sampled every T seconds to determine the
amplitude of the transmitted signal. At sampling time ¢, , the sampled
signal is,

Y(to) = aor(te) + xZ ar(to — IT) + n(ty). (2)

o
The first term is the desired signal while the second and the third terms
represent the intersymbol interference and gaussian noise respectively.

The set of slicing levels are,’

0; :hz"(to); ﬂ:4r(t0); KRR :!:(2m = 2)?"(!0) (3)
Given a particular transmitted signal level, a,, the conditional error
probability is,

P, (e/ao)
Ply(te) = —2(m — 1)r(t)}, a = —(2m — 1),
P{y(to) § 2(m - l)r(to)}l ao = 2m - 1;

(4)
P{(y(t) 2 (a0 + Dr(t))Uly(t) = (a0 — Dr(to))},

ay # :i:(2m - 1),
where AUB is the union of the events A and B.
Substituting equation (2) into (4), we obtain
P,(e/a,)
PUX arlty = IT) +n(t) 2 ()}, @y = —@m — 1),
0
P{ Z ar(ty — IT) + n(t) = —r(t)}, a, = 2m — 1,
1¥0

= (5)
P{(,Z ar(ty — IT) + n(te) = r(t)U,

(X arlty = IT) +n(ty) < —r(t))}, @0 #= £(2m — 1).

\ =0
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Since E,,.., a,r(t, — IT) and n(t,) are equally likely to be positive or
negative, equation (5) reduces to

P.(e/a,)

P(Y ar(t — IT) + nlte) = r(t)}, a0 = +(@m — 1),
_ 1#0 (6)
2P{ Y ar(ty — IT) + n(to) = r(to)}, @ #* =(@m — 1).

10
The error probability of the system is,
P- - 2 Pr(e/aO)Pr(a'O)i

all ao

== 1p(Sart, — ) 40l 2. O

m 170

We note that equation (7) is similar to equation (7) of Ref. 1, with
the only exception that the a; can now assume multiple values. Accord-
ing to equation (9) of Ref. 1, we obtain the following expansion for P,,

_2m—=1 _ (o)

oo ()
2m — 1§~ 1 (1) 1 r(ty)
L ,,Z;(Zk)!(%’) ~ &P [_ 2«’]

o (gt ®

where

o? is the noise power,

Hy_ is the Hermite polynomial,

erfec is the complementary error function,

M, is the 2kth moment of the random variable X,

and
X=Yarlt,—1IT), a==1,%3 - ,x@m—-1. (©
10
The moments can again be obtained through the characteristic function
of X without the explicit evaluation of the distribution function. The
characteristic function is,

Pw) = H{ i & [j(2k — Dr(te — lT)]/21n} )

1#0 \k=-—m+

=11 {ﬁ sin [2mar(t, — IT)]- ese [wr(to — lT)]}' 10*

1#0

* See Ref. 6, equation (1.342).
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Therefore,

8'(w) = 3(w){2m X r(to — IT) cot [2maw(ty — IT)]

— D1ty — IT) cot [wr(ty — IT)]}. (11)

1#0
Since My, = (—1)*®**(0) and M.;_, = 0, we obtain a recurrence
formula for M. by successive differentiation of equation (11),

~ o% — 2 [Em)* — 1
M"‘ = ; (22 )]'42(!: x)( 1) % lBg;

[): r(te — IT)*], (12)

where B,; is the Bernoulli number obtained by series expansion of
cotangent function about the origin. Knowing that M, = 1, all the
M,’s can be calculated successively through equation (12) for an
N-sample approximation of the channel pulse response. The N-sample
truncation is equivalent to the approximation of D . (o — IT)* by
(N — 1) summation terms.

The error probability of a 2m-level system can thus be obtained by
equations (8) and (12). In the special case m = 1, equations (8) and
(12) agree with the results of the binary system, i.e., equations (9)
and (15) of Ref. 1.

III. TRUNCATION ERROR BOUND

The error incurred by truncating the series expansion of equation (8)
at a finite term n — 1 is,

Ry, = 2= §<2k)'[ ]kﬁe"p [‘r;(:g)]

“Hyy 1(:%”) )M,k . (13)

Let

>
Il

maximum {| X ar(ty, — IT) |},
1#0

@2m — 1) ’Z | r(ty — IT) |. (14)
It can be shown that the moments satisfy the following inequality,

A/[2E+2w =< M2k)‘2 P = 0: 1) 21 £ (15)
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For (2k — 1) > z, the Hermite polynonﬁé.ls are upper bounded by,

| Ha-a(2) | < 25712k — 3)!1]V/2k — 1 exp [2%/2]. (16)
Substituting equations (16) and (15) into equation (13) and grouping
the terms into geometric series, we obtain an upper bound for Ra, .

2m — 1
m

|Bon | S a0 = ﬁr (exp [—r(to)/4a™])

w1 L -
(20")" n1v2n — 1 { [(@m — 1) X |r(te — IT) I]’]

1 —

g’

IV. EXAMPLE

We have calculated the error probability of a four-level digital AM
system with the received pulse given by

1) %sin (xt/T).

4
CHERNOFF BOUND 1,88 X 10”

— —— — —— — — — — — — —

SERIES EXPANSION\\
\

\

pe

10 e
TRUNCATION _—
ERROR BOUND

2 1 1 l 1 1 1 1 | 1 1 1
3 4 5 6 7 8 9 10 11 12 13 14 15
NUMBER OF TERMS IN EQUATION (8) K —

Fi%; 1—Comparison of Chernoff Bound and series expansion method. Sin
2[Itc'{B 1/(x/T)t pulse, 11-pulse truncation approximation, t» = 0057, (§/N) =
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CHERNOFF BOUND 8.83%1073
=
10-6 =
sl  EXHAUSTIVE METHOD
6 4 . 5.2x10~7

1077

8

]

4

TRUNCATION ERROR
_-—==— BOUND
2 S~—__ SERIES
EXPANSION

1078

1 | | 1 ! | 1 Il | | 1
3 4 5 6 7 8 9 10 11 12 13 14 15
NUMBER OF TERMS IN EQUATION (8) K —

Fig. 2—Comparison of series expansion method with Chernoff Bound and
exhaustive method. [SIN rt/T]/(rr/T)t pulse, 5-pulse truncation approxima-
tion, to = 0057, (S/N) =24 d

With an 11-sample approximation, a S/R of 24 dB and a sampling
time of t, = 0.05 T, the error probability obtained by the Chernoff” *
bound is 2 X 10-*. The result obtained by our method is 3.4 x 10-*
indicating an improvement of two orders of magnitude. The conver-
gence of equation (8) is presented in Fig. 1. Reasonable accuracy is
achieved after eight terms of the series are caleulated. A check of the
accuracy of our method by comparison with the exhaustive method is
impossible in this case because the latter requires 10* times more com-
putation time as compared to the series expansion method. Instead, we
checked our method with the exhaustive method for the case of a five-
sample approximation. The results agree well and are presented in

* 11-sample approximation to the channel response is used in calculating the
Chernoff bound.
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Fig. 2. The computation time spent on GE Mark II time-sharing sys-
tem is approximately 1.3 seconds for the series expansion method in
both the eleven-sample and the five-sample approximations. The
truncation error bounds are also presented in both figures.

V. CONCLUSIONS

We have extended the series expansion evaluation of the error prob-
ability of a binary digital AM system in the presence of intersymbol
interference and additive gaussian noise to the 2m-level systems. The
results are extremely encouraging. For the case examined the series ex-
pansion method was calculated several orders of magnitude faster
than the exhaustive method, and it was more accurate than the Cher-
noff bound by two orders of magnitude.

REFEREN CES

1. Ho, E. Y., and Yeh, Y. 8., “A New Approach for Evaluating the Error Prob-
ability in the Presence of Intersymbol Interferences and Additive Gaussian
Noise,” BS.TJ., 49, No.9 (November 1970), pp. 2249-2266.

. Celgbiler, M. I., and Shimbo, O., “Intersymbol Interference Considerations in

igital Communications,” ICC Record, I (June 1970), pp. 8.1-8.10.

. Aein, J. M., and Hancock, J. C., “Reducing the Effects of Intersymbol Inter-
ferences with Correlation Receivers,” IEEE Trans. Inform. Theory, IT-9,
No. 3 (July 1963), pp. 167-175.

4. Aaron, M. R., and Tufts, D. W., “Intersymbol Interference and Error Prob-
ability,” IEEE Trans. Inform. Theory, IT-12, No. 1 (January 1966), pp.
26-34.

. Lucky, R. W., Salz, J., and Welson, E. J,, Jr., Principle of Data Communica-
tion, New York: McGraw-Hill Book Company, 1968, p. 44.

. Gradshteyn, I. S. and Ryzhik, I. M., Table of Integrals and Series and
Products, New York and London: Academic Press, 1965, p. 30.

. Saltzberg, B. R., “Intersymbol Interference Error Bounds with Application to
Ideal Band Limited Sampling,” IEEE Trans. Inform. Theory, IT-14, No. 4
(July 1968), pp. 563-568.

W N

N o O






Copyright © 1971 American Telephone and Telegraph Company
Tue BeLL SysTEM TECHNICAL JOURNAL
Vol. 50, No. 3, March, 1971
Printed in U.S.A.

Spectral Density of a Nonlinear

Function of a Gaussian Process

By SCOTTY NEAL
(Manuseript received September 10, 1970)

We derive an expression which can be used in a relatively straight-
forward manner to obtain either the autocorrelation function or the spectral
density of any ‘“‘reasonable’”’ function of any stationary gaussian process.
The expression 1s used to study the spectral density of a sinusoidal wave
which is phase modulated by a hard-limited gaussian process.

I. INTRODUCTION

A band-limited gaussian process having a rectangular power spec-
trum is assumed for some purposes to be an adequate approximation
for several classes of modulating signals encountered in phase modu-
lation (PM) systems.! However, in an actual implementation of a PM
system, the modulating signal passes through circuitry which saturates
when the signal rises above a fixed level. This clipping (i.e., limiting)
level is usually adjusted fairly high (nominally at four times the rms
of the modulating signal) and then ignored in any subsequent analysis
of the system. Consequently, the objective of this study is to deter-
mine the qualitative effect of hard-limiting the modulating signal in
a PM system.

From a mathematical viewpoint, we can obtain an understanding
of the preceding question by investigating the following problem:
Find the spectral density of a sinusoidal wave which is phase modu-
lated by a function ¢(X,) of the stationary gaussian process X;. Of
course, this version of the problem can also be viewed as finding the
spectral density of a (composite) nonlinear function of a gaussian
process; a problem originally studied by S. O. Rice,*> D. Middleton?
and W. R. Bennett.* In fact, we do use their approach (representing
the nonlinearity in terms of a transform) to derive an expression
which is essentially the starting point of our analysis. However, using
our relation avoids some of the complexity associated with the trans-

1025
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form method. A derivation of the expression is given in Appendix A.

The notation and general results are presented in Section II along
with two examples. In the third section, we obtain specific results for
the hard-limiting case.

II. SPECTRAL DENSITY OF A PM WAVE MODULATED BY A NONLINEAR
FUNCTION OF A GAUSSIAN PROCESS

Let W(t) denote a constant-amplitude sinusoidal wave which is
phase modulated by a real-valued function g(X;) of the stationary
gaussian process X;. That is,

W(t) = A cos (vt + g(X.) + 6) (1)

where A is the wave amplitude, f. = w./27 is the carrier frequency,
and @ is a random variable with probability density function

%r for 0 <6 < 2m,
™ 9(9) = (2)
0, otherwise.
To obtain the spectral density for W (t), it is convenient to express

the wave in terms of complex variables as®

W(t) = Re (W)} 3)
where!
W(t) = A exp [j(wt + )]V (), (4)
and
V() = exp [jg(X )] (5)

Since X, is stationary and 6 is uniformly distributed, both W(t) and
V(t) are wide-sense stationary.” Moreover, the spectral density S, (f)
of W(t) is given by

8.(f) = i8.(f — f) + 8u(—f — fo)] (6)

where S,(f) is the spectral density of V).
If we define R,(r) = (V(t + 7) V(t)), the Wiener-Khintchine theorem

implies that

8.0 = [ Rr) exp [—s2nf] dr. @

t We use Re (2) and Im (z) to denote respectively the real and imaginary parts
of the complex variable z. The symbol Z denotes the complex conjugate of z.
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So, assume that X,,, and X, are gaussian with joint probability
density function

@, 7) = 1 . (_xf — 2rz, 2, + :ci)
Py, X2) = 2#1‘2‘\/1 _ 7_2 Xp 21-.2(1 _ 7'2) )

—w <2, < o, (8)

where R,(r) = (Xi4,Xs), T* = R,(0) and r = R,(r)/I% It follows
that

R = [ [ explitoe) - oepte ) daydz . @)

In Appendix A, we show that if G'(z) is of exponential order and
of bounded variation on bounded intervals,’ then

[ [ 6e)t@pe ) dn o = Sar, Iris1, Q0

where

)

I ool

and

2
N 1 2z
p) = o e (—21.2)

is the probability density for X;. Setting G (x) = exp[jg(z)],

R(r) = 3 Ca", (11)

wheret

2n 2

c. =L
n!

(12)

f_ : exp [jg(z)] [;g; p(:c)] dx

Recall that the Hermite polynomial of degree n, H,(x), satisfies the
relation

exp (—z°) = (—=1)"H,(z) exp (—2°).

dz"
t We define such functions to be “reasonable.” )
 Since [exp [jg(z)]| = 1 for all finite g(2), it follows that equations (11) and

(12) are valid for all functions g(z) which are of bounded variation on finite
intervals. This should include most functions which one might encounter in
engineering applications.
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Consequently,

€ = 51| [ e tiownm (g oo o

Since the coefficients {C,} are independent of R.(r), an infinite
series representation for the spectral density S,(f) can be obtained
from equations (7) and (11). To obtain the series, let

(13)

8.0 = [ Rute) exp (—j2efr) dr (14

and define S,(f) to be the n-fold convolution of S,(f) with itself; i.e.,
S.(f) = S._i(f) * Si(f) for n = 2. It follows that

8.(f) = Co 8(f) + il C S —o < f< o, (15)

Using equations (13) and (15), one can see that the carrier power
is given by

Co = | {exp [jg(X)]) [*. (16)

2.1 Ezamples

To obtain a better understanding of the preceding results, we present
two examples. The first example uses g(z) =  (and serves as a partial
check on our results since this case is well known®). The second
example assumes extreme clipping,

g(x)={ b for =z >0,
—b for 2 <0,

and serves as a preview for the hard-limiting case presented in
Section III.

2.1.1 Phase Modulation

For this example, g(z) = z for all z. Consequently, from equation (13)
we have, forn = 0,

C, = ?lyﬁ \/L; f:. exp (jv2 Tz)H,(z) exp (—2°) dz 7
Thus,
Con = 5ot | oz ), 08 (VE TOHa@ exp (~a dz |, (18)
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(Pa)Rn
2n)!’
(see Ref. 6, Section 7.388-3).

In a similar fashion Conyq = exp(—T%) (I'?)2*+1/(2n + 1)!, which
implies that

Can = exp (—T%) (19)

P!n
n!

C, = exp (—TI for n = 0. (20)

Now, substitute equation (20) into equation (11) to obtain the well-
known result®

R,(r) = exp [-T*(1 — 7)]. (21)
2.1.2 Phase Modulation by an Extreme-Limited Gaussian Process
For this case,
b if >0,
g(z) = { (22)
-b if z<0.
Using equation (22) in equation (13), one obtains

O = i | exw G [ B2 ote) do
vow i) [ m(Zsp@ |,
which reduces to
_ (cos )’ ( 2 = % 5
Cin = )T (\/;fo H,.(z) exp (—z°) dx) (24)
and
Cuur = g (2 [ Hun@ e (=Y ), (29
forn = 0. Since
[ ew B0 dy = Ho© for mz1, @9
we have
Co = (cos (b))% (27)

C,, =0 for n2=1, (28)
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and

__ Gin@)* (2 ’
Czun = 22n+l(2n o 1)! (\/1—,. Hzn(0)> A (29)

Using the fact that Hy(0) = 1 and H,,(0) = (—1)"2"[1-3 +-- (2n — 1)]
forn = 1, we see that

¢, = 2 gin @)

and

2, 01350 (20— 1)
Contr = Z (sin (b)) i @n + 1) for n 2 1. (30)

Substituting equations (27), (28) and (30) into equation (11) and
recalling the series éxpansion for Aresin z, one obtains

R.(r) = (cos (b))® + (sin (8))* % Arosin (%«—’)%) , (31)

for —o < 7 < o,

Notice that the carrier power, Cy= (cos (b))*, vanishes if b=r/2+km,
k=0,1, -, while all the power goes into the carrier whenever b = km,
k=0,1, - .If b % km, the continuous part of the spectrum is simply a
scaled version of the spectrum for an amplitude-modulated wave when
the modulator is an extreme-limited gaussian process. This problem was
studied by J. H. VanVleck.”

III. PHASE MODULATION BY A HARD-LIMITED GAUSSIAN PROCESS

A problem of interest arises when the function g represents an ideal
hard-limiter; i.e.,

b for z > b,
gx) =9 =z for |z| =D, (32)
—b for z < -0,
for some b = 0.

3.1 Carrier Power
Noting equations (13) and (16), one can see that the carrier power
is given by
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1 ¢ z’
C, = (mf_b cos () exp(—Z—I‘,)dx
2 L) x2 2
+ cos (b) ﬁj; exp (_QF) d:v) .

Defining « = b/T (the relative clipping level), we have

C, = (5—; /;a/\/z cos (V2 T'z) exp (—z°) dx + cos (b) erfe (\/-))2 (33)

where

z

erf (2) = exp (— %) dt (34)

.\/_
is the error function® and erfe (z) = 1 — erf(2).

A more useful expression for 'y can be obtained in terms of the
error function with complex argument. Apparently,

\% / " o0s (VA Ta) exp (=) da
- { o /\:2 exp (—jv3 Tz — %) d:v}, (35)
con (D)l [ on e 5 oo
SO PR AE PO g
con(B)sefr( 15}
Consequently,

C, = (exp (—-I;—z) Re {erf( + 7 ‘ﬁ))} + cos (b) erfe (%))2 (39)

can be calculated numerically.® However, we can obtain a better
analytical understanding of the carrier power by expressing the
integral in equation (36) as

t To make the last step, we used the relations® )
erf (—z) = —erf (2) and erf (2) = erf (2).
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? g eVl - Y
e (- fme 22 [ own (< + 575 o
2 a/VZ+i(T/VD)
= exp <—I; ) Re {f exp (—z",) dZ} (40)

(T/V2)

Since exp (—z°) is an entire function, the integral in equation (40) is
independent of the path taken from j(T'/VZ) to a/V2 + j(T/V2). It
is useful to use a contour consisting of three straight line-segments: the
first from j(T'/V2) to 0 (on the imaginary axis), the second from 0 to
a/V2 (on the real axis) and the last from a/V2 to a/VZ + j(T'/V2).

Integrating along these lines, it is straightforward to show that

2 a/V2+i(T/V?2)
ex (—L) Re {if exp (—2°) (lz}
P 2 \/7—1' i(r/v3) .
™ @
=exp(—% erf /5
2

+ exp (—%2) é fn”ﬁsin (V2 ay) -exp (—(% - 3/2)> dy (41)

Combining equations (33) and (41) yields
_ ™ (e . (&)
Gy = (exp (— 5 ) erf (\/Q) + cos (b) erfe V3

Dt2 ) T/VZ I-.z 2
+ exp (—2—) — f sin (V2 ay) exp (—(—) - yz)) dy) - (42)
T Jo &
When T' < 1 (low-index case), the last term inside the brackets is
negligible so that

2 2
C, ~ (exp (—%) erf (%) + cos (b) erfe (%)) when T < 1. (43)

It is interesting to observe that erf (a/V2) is the probability that X,
is inside the clipping levels [—b, b] [and erfe (a/V2) is the probability
that X, is outside the clipping levels]. Hence, we can reason that
exp (—I'*/2) is the average dec voltage associated with V(¢) when X, is
inside the clipping levels while cos (b) is the average voltage when X,
is outside the limits. [One can see from equation (16) that the carrier
power Cy = | (V(#)) |°.]

Pursuing these thoughts further, one might conclude that the
integral in equation (42) represents a high-order correction (to the
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preceding approximation) associated with transitions of X across the
clipping thresholds. When T is small, these transitions are rapid and
the correction (i.e., the integral) is small. However, as T increases, the
transitions are slower (at least when X, is bandlimited) and the
integral in equation (42) can increase in magnitude for certain values
of «. Moreover,

\/_ erz sin (V2 ay) exp ( (E; — yz)) dy
X sin (b)F(T%) when T'>> V2,

where F(z) = 2/A/7 [i exp [—(* — t*)] dt is Dawson’s function.®
Consequently it follows that when T >> V2 (i.e., the high-index case),

C,~ (evp( P2) exf( ) + cos (b) erfe < )

+ sin (b) exp ( 2) (\—/-—))2 (44)

Thus, when « is not too large,

Co = (coq (b) erfe ( ) + sin (b) exp ( 2)1’(\—%))2- (45)

The quantity inside the brackets is a sinusoidal function of «. Hence,
there are various values of « (for fixed ') which will completely null
the carrier power (', while other elipping levels give rise to a relative
maximum earrier power.

Using

(V()) = exp (—-I:,—z> Re {elf( + \@)} -+ cos (b) erfe <%) ,

we computed exp (T"/2)(V({)) as a funetion of « for several values of T
Some of the results are displayed in Fig. 1. (Since the dynamic range of
this function is so large, we used a linear scale between —1 and 1 on the
ordinate axis and a logarithmic scale otherwise.)

The general features of the three functions are as indicated above.
Since (V(t)) = 1 whenever @ = 0, each curve starts at exp (T%/2)
fora@ = 0. For I' < 1 (not shown in Fig. 1) the curve decreased mono-
tonically to one. For I' = 2, this relative average remains positive but
oscillates slightly before converging to unity. However, for the high-
index case, the relative mean is similar to a damped sinusoid (as dis-
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Fig. 1—Relative mean of V(¢) as a function of relative clipping level. « is
the ratio of the clipping level b to the rms modulation-index T'.

cussed above). This extreme oscillation about zero apparently occurs
for ' = 3. Notice that the value of a required for the relative mean
(and therefore the carrier power) to stabilize increases as T' increases.
Hence, for high-index modulation, setting o =~ 4 does not necessarily
guarantee that the carrier power is unaffected by the clipping.

3.2 Continuous Part of the Spectrum

Numerical techniques are required to obtain the continuous part of
the spectrum. However, one can see from equations (23) and (31)
that the coefficients {C,} in the series are independent of R,(r) and
need only be computed once for any particular configuration of the
hard limiter (and choice of T'). Consequently, it seems worthwhile to
derive an algorithm for efficient computation of {C,}.

Noting equations (11), (12) and (13), one can see that

R.(r) = i (Iir@)c (46)
where

@, = Tl [ (47)

n!
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and

P = [ exw (i@ ) da. (48)

Consequently,
(1)

dx

I

f_b exp (—jx) dp(z) + exp (—jb) fb” dp(z) + exp (jb) f; dp(z),

exp (—%’) Re (erfc <§-§ + 3 "%)) (49)

Next, for n = 2 we have

oy = [ ew (i) a i p@) + exp (=i0) [ d( o p@)

+ exp (Jb)f (d = xp(z)>

Integrating the above expression by parts, we have

) = 3 [ o (i) e @) (50)

Recall that

i ow (~3m) = (G0 (as) o (-5)

so that integrating equation (50) by parts obtains
7= (A7) ) oo (- - 50) |
n) =vn—1 — —= H, \—==)exp|—jr — ==
i) = vlp= 1) V2T A\vat/ P\T# T arf/ |
(51)

Of course, H,(—z) = (—1)"H,(x), which implies that the exact
determination of equation (51) depends on whether n is even or odd.
It is straightforward to show that

v(2n) = v(2n — 1)

(=1 i)~ 6P (—g)(ﬁ)h_lmm n(—ﬁ) (52)

S

and
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v(@n +1) =¥(2n) — (—1)" cos (b) % e ( 2)(\f r)hH’”‘ (3\/5)

forn = 1.
It is known that?®

Hy(z) = 1, H,(z) =

and
H,.\(z) = 2zH,(z) — 2nH,_,(z) (53)

for n = 1, so that in principle, the sequence {C,} ean be computed
by using equations (47), (52) and (53). However, in practice the dif-
ference-equations (52) and (53) are unstable and care must be taken
in their implementation. We found it best to use the following approach:

Let [z] denote the largest integer not exceeding z and let nl! =
nl/221[n/2] . [So that (2n — 1)!! = 1:3+5---(2n — 1).] Now, one
can use equations (52) and (53) to obtain stable algorithms for

wy =~ and @ =
2[»/21 [ﬂ] ! i
2

which are used to compute
Cy. = tl(n)tg(n).

3.8 Numerical Results

To obtain insight into the effect of hard-limiting, we assume that X,
is bandlimited with a rectangular power spectrum, That is to say

_ peSin2rWr sin 27 Wr ;

R.(7) o, for | 7| < o. (54)

In this case,”

S.(f/W) = Co 8() + 537 Z C.F.(f/W), (55)
for —o0 < f < . The functions F,,(A) are defined as follows:®
£ = {r, 1< <1,

0, otherwise,

(56)

and forn = 2,
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(l MAn k)""

M(n,\) 2

F.(N = o 3 (=D Mo 0SIx<n (D)

k=0

0, otherwise,

where M (n, A) = [n + [A|/2]. We use [z] to denote the integer part
of x.

As M (n, A) increases, it becomes increasingly difficult to accurately
sum the alternating series displayed in equation (57). Since

P ~ () exp( — &) 58)

n n

(see Ref. 9), we used the asymptotic approximation (58) whenever
F,(\) was required for n = 15. The threshold 15 was determined
empirically. We attempted to keep our numerical estimates of the
various spectra accurate to one percent relative error.

We considered three cases: low modulation-index (I' = 0.1), mod-
erately high index (I' = 1) and high index (I' = 5). The results are
displayed in Figs. 2 through 4. In each case, we have computed the
effect of changes in the relative clipping level @ = b/T.

3.3.1 Low Modulation-Index
When T' < 1, it is evident from Fig. 2 and equation (55) that the
principal part of the spectrum is well approximated by

lew sy + 55 marmy, tor 111 < W,

0, otherwise.

S.(f/W) ~ (59)

Using results from the preceding section, we can show that when
r«<1,C, ~ I'"exp (=T (erf (a/V2))®. Hence, for I' < 1,

S.(f/W)

< Jeasn + (et (&) T2 D pgm, (11 <w,

0, otherwise.

(60)

That is to say, in the low-index case (I' < 1), hard-limiting causes
the principal part of the spectrum to be scaled down by the multiplica-
tive factor (erf (a/V2))®*

Figure 2 illustrates the actual behavior [as opposed to the approxi-
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Fig. 2—Spectrum of low-index PM wave (I' = 0.1) for various relative clipping
levels. « is the ratio of the clipping level b to the rms modulation-index T

mation (60)] of S,(f/W) for f > W. Notice that the tails of the spec-
trum are raised considerably as the relative clipping level « decreases.
This phenomenon is noticeable even for « = 4 (i.e., clipping at a
four-sigma level). The increase in high-frequency content is appar-
ently caused by the introduction of points at which the derivative of
W (t) is discontinuous.

3.3.2 Moderately High M odulation-Index

The results for T' = 1 are displayed in Fig. 3. The qualitative results
are similar to those observed for T' = 0.1; i.e., the principal part of the
spectrum tends to decrease and the tails increase, as the relative
clipping level « decreases. However, notice that for a particular value
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of «, the frequency f/W at which the tails of the spectrum begin to
rise is somewhat larger for T = 1 than for T = 0.1.

3.3.3 High Modulation-Index

When T' = 5, the behavior of (V({)) as a function of « is quite dif-
ferent from that observed for T' < 1 (see Fig. 1). In fact, small changes
in « can change the discrete component of the spectrum, C, = (V{t))?,
from a relative maximum to zero. Consequently, we originally suspected
that the continuous part of the spectrum might change significantly
as the discrete component changed from a relatively large value to
zero. To check this point, four values of a were selected for testing;
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Fig. 3—Spectrum of waves having moderately high modulation-index (T' = 1)
for various relative clipping-levels. a is the ratio of the clipping level b to the
rms modulation-index T.
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two at points of relative maxima for C, and two where C, was nearly
zero. The results are displayed in Figs. 4a and b.

From Figure 4a, we see that the qualitative behavior of S.(f/W)
for high modulation-index (I' = 5) differs significantly from that
observed for I' £ 1. However, whether or not C, vanishes does not
seem to affect the general characteristics of the continuous part of the
spectrum. Generally speaking as « decreases, the portion of the spectrum
for 0 < f/W < 1 tends to increase while the part for 1 < f/W < 10
tends to decrease. Notice that a discontinuity is introduced at f/W = 1,
a characteristic of lower modulation-index. Of course, limiting reduces
the variance of the modulating signal X,, so that the discontinuity
at {/W = 1 is not surprising.

To examine the behavior of the tails of the spectra, look at Figure 4b.
As in the other cases, decreasing a raises the tails of the spectrum,
although the effect is considerably less than that observed for I'' < 1.
In fact, for « > 3, we observed very little difference between the clipped
and unclipped cases.

3.4 Comments

Computation of the spectrum for large values of f/W, using the
infinite series approach, is expensive since many terms are required.
Moreover, accurate computation of €, and F, , for large n, is difficult
(if not impossible) because of numerical problems. Consequently, a
good estimate of the spectrum for large f/W would be very desirable.
Unfortunately, we do not have such an approximation. However, it
is possible to estimate the relative frequency f/W at which the tails of
the spectrum for a clipped modulator will begin to depart from the
unclipped case.

More precisely, consider equations (48) and (49) which constitute
an algorithm for the computation of v(n). Since the tails of the spec-
trum of W (t) can rise only when v(n) increases as a function of =,
we need to examine v(n) for large n.

For large n, we know that®

H@) = (—1)"2"@n — 1)!! exp (x*/z){cos (Van + 12) + o(%;)}

(61)
and

Hyii(z) = (=127 20 — D!I1V2n + 1
- exp (x’/Z){sin (Van + 3 2) + O(i;)} (62)
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Hence, for large n we have the approximation

»(2n) ~ v(2n — 1) — 2T sin (b)\/?r cos (@V/2n — 3/2)
oo (-5) B (%), @

k=1

v(2n + 1) &~ v(2n) + cos (b)\/g sin (@V2n + 3/2)
exp (_£> Von + 1 0l (2k s 1)_ (64)

4 T e i

It is evident that the sequence u, = [[i., [(2k — 1))T']is a decreasing
function of n for n < m, = [I"" + 3/2] and is an increasing function
for n > n, . For any finite &, u, will ultimately exceed exp (a’/4) and
the forcing function for »(2n) will begin to grow without bound. It
follows that »(2n) will exhibit instability when n is so large that u, >
exp (a’/4). This will certainly be true when (2n — 1)/T* = exp (a3/4)
or for

n 2 §{I"* exp (o/4) + 1]. (65)

An inspection of Figs. (2), (3) and (4) shows that equation (65) gives
a good indication (at least for those cases considered) of the value
of f/W where the tails of the clipped spectra begin a significant depar-
ture from the unclipped case. Equations (63) and (64) also indicate that
for large n, »(n) will oscillate as it increases in magnitude. Consequently,
it appears that it will be difficult to get tight bounds on S,(f/W) for
large f/W. It is interesting that the carrier power is most significantly
altered by the hard-limiting when T' >> 1 while the effect (of hard-
limiting)-on the tails of the spectrum decreases as T' increases.

IV. CONCLUSIONS

In principle, equation (68) can be used to obtain either the auto-
correlation function or the spectral density of any “reasonable” func-
tion of a stationary gaussian process. We made use of the identity to
study the spectral density of a sinusoidal wave which is phase-
modulated by a hard-limited gaussian process.

The main disadvantage of this approach (i.e., using an infinite series
solution) is that numerical techniques are usually required to obtain
a solution. Consequently, estimates of the tails of spectra (of interest
for PM systems having high modulation-index) are difficult and
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expensive to compute accurately. However, when no better alternative
is available, our approach can be used to obtain numerical results in
a relatively straightforward manner.
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APPENDIX

A Relation

Let X; denote a stationary gaussian process with probability
density function

2

pla) = lra exp ( ;I, ) -0 <z < o, (66)

The joint probability density funetion for X,,, and X, is

B il i 1 . [_zf — 2rx,, + xﬁ]
Py, Ty) = 2”r2m exp 21‘2(1 — ) )

—o < 7, < ©, (67)
where
R() = (XoX), T*=R() and r="20
for —w < 7 < .

If G(x) is an exponentially bounded complex-valued function of the
real variable z (i.e., there are real numbers » and v such that |G(z)| <
vexp (u|z|]) for — < 2 < =) and if G(z) is of bounded variation
on finite intervals, then we shall show that

f-w f_w G(2)G)p(; , 22) dz, dz,
- Z(R (r))"

n=0

2

[ ew(Er@) | @9

A1 Comments

All the improper integrals displayed in this Appendix are defined
in the sense of principal value. For example, equation (68) is more
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precisely expressed as

T,y Ty

lim [ | G)Ge)p , ) do, da,

Since G(x) is exponentially bounded and integrable over (—7, T)
for all T = 0, it follows that the integrals in equation (69) exist and
are bounded. Consequently, the improper integrals in equation (68)
also exist. Moreover, one can show that

lim [* 6)GE ) dn = [ 0@)0EE , o) dn

Ty=0 V-

uniformly for —e < z, < ®.

It follows that the double limit in equation (69) can be expressed
as an iterated limit and further that the improper integral in equation
(68) can be evaluated as an iterated improper double integral.

A.2 Proof of Identity

We first establish equation (68) for all functions G'(z) which are of
bounded variation and satisfy

/‘“ | G(z) | dz < .

In this case (following Rice,® Middleton® and Bennett*), G'(x) has a
Fourier transform

5 = [ 6@ exp (—jur) do (70)

such that for almost all z, — 0 < & < o0,

6@ = 3= [ 5 exp (joz) do. 1)

Using equation (71), we can write

./: f_ : G(2)G)p(z, , ) da, dz,

= [ L[ s oG ([ 50 o e )

o, , z,) dz, dz, . (72)
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Since G (z) is of exponential order, one can show that all combinations
of the integrals in the right-hand side of equation (72) converge uni-
formly so that we are justified in interchanging the order of integra-
tion to obtain

./l: f_ : G(2))G(x)p(z, | 22) d, dz,

= [ [ swige
(_/: ﬁ: p(x, , T,) exp [jlw,z, + wor,)] dz, dx,) dw, dw, . (73)

Using the fact that
f_ _/: p(x; , %) exp [j(w,2; + w.r,)] dx, dz,

™ s 2
= exp _? (wy + 2rwow, + ;)

(see Ref. 5, pp. 30-35), and recalling that >, z"/n! converges uni-
formly to exp (z) for —®o < x < w, we obtain the following from
equation (73):

[ [ caroaimt , ) dz, iz,

- 5 EONL [ Goygia exp (-5 o) dof

{L [ Gorgon own (-5 o) o) (74)
An application of Parseval’s theorem yields
L[ s ew (-5 o) do = [ o-a(Ere) @ @)

and a similar expression for G and G. Using equation (75) in equation
(74), we obtain equation (68).
Now, we only assume that G(z) is exponentially bounded and of
bounded variation on finite intervals. For k = 1, 2, .- , define
) = {G(:c), for —k <z <k,

0, otherwise.
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It follows that G, (z) is of bounded variation and that [Z, | G.(z) | dz < =
fork = 1, 2, --- so that the above results imply that

[ [ ae@mne , o) o
- 5 @y

n=0

[ ew(Low)as |

(76)

fork=1,2, -
We know that

e = s () o) o ()

dz' P Var \ v2T/ VBT "P\ T

[H,(z) is the Hermite polynomial of degree n], so that the series in
equation (76) can be expressed as

80 = 3 tuur” @)

n=0

where

an.k =

2'n! \—I/—; /:: Gi(V2 Tz)H,(z) exp (—2") dz E (78)

Making use of the inequality®
2
| Ho(z) | < £ exp (;—)2"’ 2v/n!, ~ 1.086435,

and the assumption

|G) | svexp(u[z|), —o <z<»,

we can see that
2Ev L] 3 2
02a.,<|—=]| exp?2Tz —2%)dz) < o,
Vi
for all n and all k. Hence, when | » | < 1, Weierstrass’ M-test implies that

the series S.(r) converges uniformly for k& = 1, 2, - .- . Consequently,
we have

lim f ) j: ) Gi(z,)Gi(2)p(2, | 2,) dx, d,

- £ B i [ ol )

n=0
for all 7 such that R,(r)/I"” # =+1;ie. for|r| < 1.

(79)



SPECTRAL DENSITY 1047

One can also show that

tim [ N " G, , 2 dx, dx,

k—o0

- : [ : Gla)G@)p(@, , ) dzy daa,  (80)
and that
firi : G,,(m)(;—:;. p(x)) dr= [ : G(x)(j;,. p(:v)) iz, @D

koo ¥ —

Substituting equations (80) and (81) into equation (79) yields the
identity (68) for all = such that R,(r)/T* # 1.
We saw above that our identity can also be expressed as

f i f i G(x)G(x)p(x, , 2,) dx, dx; = i ar”, [r| <1, (82)

n=0
where

1

b = 2l

| —h f : GV To)Ho(@) exp (—2) dz | - (83)

Since the left-hand side of equation (82) exists for r = =1 and since
a, = 0 for all n, it follows that equation (82) is also valid for r = =1.
(The proof of this result is a Tauberian theorem. For example, see
Ref. 10, page 427, exercise 13-34.)
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Television Coding Using Two-
Dimensional Spatial Prediction

By D. J. CONNOR, R. F. W. PEASE and W. G. SCHOLES
(Manuscript received September 30, 1970)

Three classes of differential coders have been built which ewploit
the two-dimensional spatial correlation present in television pictures.
The three classes are distinguished according to the technique used to
predict the value of the picture element (pel) to be coded. In the first
class, the prediction is the value of the previous element along the
scan line averaged with one or more elements in the previous line
(of the same field). In the second class, the prediction is the sum of
the value of the previous pel with the local element difference in the
previous line. In the third class, the transmitter and receiver choose
the prediction from either the previous element or some combination
of the previous element with the elements in the previous line. The
choice is based on differences measured between elements already
coded. These are available both at the transmitter and recewver, so
no extra information need be transmitted. In the absence of trans-
mission errors, the pictures resulting from all three classes of coder
are markedly improved over those in which only the previous element
is used as a prediction. In particular, vertical and sloping edges are
now well defined. The effect of a transmission error on a single frame
of the received picture is scarcely visible in the first class of coder
but is much more visible in the second and third classes.

1. INTRODUCTION

Intensity correlation in television pictures extends both horizontally
and vertically.** For a number of good reasons, most practical predic-
tive encoders have exploited only the horizontal correlation:?

(?) In a noninterlace system, access to the vertically adjacent
picture element (pel) requires storage of one line of information
(about 8,000 bits for broadecast TV or 2,000 bits for Picture-

1049
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phone® Service). In a 2 : 1 interlaced system, a field plus a line
must be stored (10° bits for broadecast or 250,000 for Picture-
phone Service). If access to the vertically adjacent pel in the
same field is desired, a line of storage is required.

(i7) Most television systems, including Picturephone Service, use an
interlaced scan. Because of the storage problem, access to the
vertically adjacent pel in the same field is most practical. How-
ever, this pel is about twice as far away (spatially) from the
current pel as is the previous pel in the same scan line. The
vertical correlation of intensity within a field is thus less than
the horizontal correlation.

(i77) Statistical studies of television pictures suggested that for
linear predictive encoding very little extra redundancy could
be removed by exploiting the vertical correlation as well as the
horizontal correlation.”"*

Given these reasons, why look at the use of vertically adjacent pels
in various predictive encoding schemes? First, in recent years the cost
of storage has fallen dramatically and hence the extra memory re-
quired for storing one line is not a serious objection. At present, a
2,000-bit line store using MOS shift registers costs about $600.00
and fits on one printed circuit board containing 40 dual-in-line pack-
ages. Future costs should be much lower (less than $100.00).

To counter the second and third points above, let us consider for a
moment the operation of a differential quantizer. A differential quan-
tizer predicts the value of the current pel by using information that
has already been transmitted. The discrepancy between the uncoded
value and the prediction is quantized and added to the prediction to
form the coded value of the current pel.

Most practical differential quantizers which make use of the
horizontal correlation of intensity produce pictures of generally accept-
able quality, except for sharp vertical or diagonal edges. These are
blurred and have an annoying “busyness.” The problem is in the predic-
tion. The differential quantizer has no way of “anticipating” a vertical
edge. Consequently, the prediction it makes is grossly in error at these
edges.

By making use of information from the previous line, it is possible to
anticipate the vertical edges and most of the diagonal ones. To study
this possibility, we have built and/or simulated on a computer a num-
ber of differential quantizers. These coders can be divided into three
classes which are distinguished by the way in which the information
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from the previous line is used to “anticipate” or predict the value of
the current pel. In Fig. 1 we give a labelled diagram of the pels near the
current pel.

In the first class of coder, the prediction is the average of the value
of the previous pel, 4, and the value of one or more of the vertically
adjacent pels, B, C, and D. We call this “averaged prediction.” In the
second class of coder, the prediction is the sum of A and the scaled
horizontal element difference or slope between elements on the previous
line, e.g., C — B or 3 (D — B). This has been called “planar predic-
tion.”*

These first two classes of coders use linear prediction since the pre-
diction is a linear sum of previously coded intensities. The third class of
coder uses a nonlinear prediction in that the choice of prediction mode
is signal-dependent. The prediction can be either A or some linear
combination of A4, B, C and/or D. The choice is dependent on the mag-
nitude of intensity differences between the pels in the previously coded
neighborhood of the current pel, X. This class of coder can be called
“optional prediction.” (R. E. Graham has proposed and simulated
some coders of this type.?)

In the following sections we describe the particular coders we have
built, and give some examples of processed pictures. We also include
a discussion of the effect of transmission errors for the various coding
strategies.

II. DESCRIPTION

The scan format is similar to that used in Picturephone Service:
there are 271 scan lines with a 2:1 interlace, 248 elements per line and
the frame rate is 30 Hz.

A schematic of a general differential quantizer that uses information
from the preceding line is given in Fig. 2. The quantizer characteris-
ties are shown on Table I. The particular coders to be described below
differ only in the implementation of the predictor. Note that with the
use of sign prediction® these are three-bit coders.

For comparison, we chose as a reference an element-coder (i.e., the

B € D
-~ |CURRENT
INTERLACED FIELD
FIELD

Fig. 1—Diagram of picture elements (pels) near the current pel.
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PREDICTION = P

PREDICTOR
P P
INPUT
I I-P| o-LEVEL 1- PEL o I M 1-PEL
QUANTIZER DELAY [ A |agiav| D |PELAY[ ¢ |DELAY[ G
| TO CHANNEL
CODER

Fig. 2—Diagram of differential quantizer using information in previous lihe to
aid prediction of current pel. The letters A4, B, C' and D refer to the pels whose
positions are shown in Fig. 1.

value of pel A is used as a prediction) having the same quantizer
characteristics as above. Although it might be argued that it would
make more sense to optimize the quantizing scale for each type of
prediction, we found that the subjectively optimum quantizing scale
varied as much with picture content as with prediction strategy. For
most experiments, therefore, we used one quantizing scale; a few
results on varying the quantizing scale are, however, also described in
the next section.

In the subjective tests, the 5} inch by 5 inch raster was viewed
through a polarizing screen from a distance of 36 inches in a room
having average office illumination (70 foot candles). Two scenes were
used: (7) a model head, “Penelope,” with a draped background (Fig.
3a); and () a photographic slide, “Karen,” (Fig. 3b).

III. AVERAGED PREDICTION

In this type of coder, the prediction is formed by adding the value of
pel A to the value of some combination of the pels B, C and D. Three
coders were built and tested; the predictions used were: () (4 +
D)/2, (i) (A + C)/2, (i) [A + (C + D)/2]/2. Figure 4a shows a
diagram of the arrangement used to test coder (z).

In the absence of channel errors, the displayed picture at the trans-

TaBLE I—ENCODER CHARACTERISTICS

Input Levels +0-1 2-7 8-17 18-33 34-255
Output Levels +0 -+ 11 25 42
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mitter is the same as at the receiver® and hence only the transmitter
loop was built for the real time tests.

In comparison with the reference coder, all three of the coders gave
significantly improved rendition of the vertical and most of the sloping
edges. Horizontal edges and those sloping slightly upward appear
blurred in comparison with the same edges encoded by the element
coder. However, it is a static blurring which is subjectively much less
annoying than the “edge busyness” which occurs on some edges en-
coded by the element coder. The granular noise in pictures encoded
with the averaged prediction coders is associated more with high
vertical spatial frequencies than with high horizontal spatial fre-
quencies. This effect is to be expected because the relatively large
vertical step size will result in more frequent use of the larger (and
less aceurate) quantized difference signals in regions containing vertical
detail. In picture areas with no directional properties, the noise level
is about the same as with the element coder. Some observers, however,
mentioned that it appeared to be a higher frequency noise.

In comparisons among the “averaged prediction” coders, (i) and
(1) appeared preferable to (ii) since they were able to adequately
encode edges with smaller positive slopes than was (i2). This is under-
standable since the presence of pel D in their prediction means that
such edges are anticipated. There was very little to choose between
coders (i) and (ii7) and so we carried out subjective tests in which
eight unskilled and eight skilled observers were asked to state a pref-
erence between pictures obtained using coder (i) and the reference
coder. With “Penelope,” all eight of the skilled and seven of the eight
unskilled observers preferred the picture given by coder (7). With

Fig. 3—Scenes viewed for evaluating coders, (a) Penelope and (b) Karen.
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__ PREDICTOR =
PREDICTION A | 2 m‘_l
P=(A+D)/2 [ S !
P P L _ ¥ |
8-BIT
INPUT
I | 9-LEVEL i . 1-PEL lél-h::EEI_
[-P | QUANTIZER A RELAY A |peELaY| D
DIGITAL TO
ANALOG DISPLAY
CONVERTOR
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Fig. 4a—Diagram of apparatus used to evaluate coder (i) in which the value
(A + D)/2 is used as a prediction of the current picture element. The displayed
pxcture is equivalent to the received picture providing there are no channel errors.

Fig. 4b—Ap dparatus used to evaluate coder (v) in which A 4+ (D — B)/2 is
useg as a-prediction of the current pel. The position of pels 4, B and D is shown
1g.

Fig. 4c—Appara.tus used to test the optlonal predlctxon encoder. If |[A — B| >
|D — B, A is used as the prediction. If |[A — B| =|D — B|, (A + D)/2 is used
The positions of A, B and D are shown on Fig. 1.
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“Karen,” all subjects preferred the picture given by coder (7). (The
skilled observers all remarked on the better edge rendition of the verti-
cal stripes in Karen’s blouse.) As the quantizing scale is made coarser,
there is improved rendition of vertical edges in the picture from the
reference coder but the granular noise also increases. In this situation,
the comparison between the two coders is closer, but coder (7) was still
preferable.

The element coder and coders (i), (ii) and (i) were simulated on
a DDP-224 computer system. Only a single frame was processed so
it was not possible to judge frame to frame noise. In the first set of
experiments the magnitude of the difference between the original pic-
ture (coded as eight-bit PCM) and pictures from the above coders
was displayed. Figures 5a and 5b show the discrepancy between the
PCM coded picture and pictures coded with the element coder and
coder (i) respectively. (Figures 5¢ and d are for coders discussed

Fig. 5—Magnitude of the difference between a picture coded as 8-bit PCM and:
(a) the reference coder; (b) coder (i) ([4 + D1/2 is prediction); (¢) coder (v)
(IA + (D — B)/2] is prediction) ; (d) optional prediction coder of Fig. 4c.
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below.) As expected, the element coder showed differences along verti-
cal and diagonal edges. The average prediction coders, on the other
hand, gave differences chiefly along horizontal edges. Coder ()
seemed to show the least discrepancy from the eight-bit coded picture.
No subjective improvement was realized by choosing coder (i) over
coder () in the experimental model.

We also investigated on the computer the effect of transmission
errors on a single frame of the received picture. It has been suggested
that because the average prediction coders made use of information
from the previous line as well as from previous pels on the current
line, the effect of an error on subsequent lines would be serious. How-
ever, because the prediction is an average, the effect of the error decays
spatially. For example, consider the effects of an error of 64 quantum
levels in coder (z). This error results in the array of intensity errors
shown in Table II. Note that the effect of the error decays rapidly
both horizontally and diagonally, but more slowly vertically. Also,
the spatial derivative of the error pattern is small except near the
original error. This fact should help reduce the visibility of the error
pattern. In fact, the pictures generated on the computer showed that
even serious errors (e.g., a change of sign on the outer level) resulted
in a pattern that was scarcely visible.

Contrast the visibility of the errors in Figs. 6a and b. The picture
in Fig. 6a was coded with the reference coder. The upper, dark line
was caused by a positive-to-negative sign change in an outer quantizer
level. The lower light line results from a negative-to-positive sign
change in the third quantizer level. The identical type of errors are
present in the picture in Fig. 6b which was coded with coder (z). The
error in the outer quantizer level is visible as a small black dot at the
outside corner of the left-hand eye. The error in the third quantizer
level appears as a white streak toward the right end of the upper lip.
In any event, the errors are far less visible than the equivalent errors
in Fig. 6a.

IV. PLANAR PREDICTION ENCODERS

Two coders were built and tested. The predictions used were (iv)
A+ (C —B),and (v) A + (D — B)/2. Figure 4(b) shows a sche-
matic for coder (v).

Both coders showed improvement over the reference coder, but not
over the coders in the previous section. In particular, the planar pre-
diction encoders gave rise to “edge-busyness” on edges sloping upward
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Fig. 6—Decoded pictures showing the effect of intensity errors resulting from
channel errors. Figures (a) and (b) each contain two error patterns resulting from
errors of 84 and 50 levels (out of 255 levels). (a) Derived using the reference coder
(differential quantizer using A as the prediction); (b) results from the use of
coder (z) ([A 4 DI1/2 is prediction); (c¢) results from the use of coder (v)
([A + (D — B)/2] is prediction) when there is a single intensity error of 84
levels; (d) results from the use of the optional predictor (see Fig. 4c) when there
is a single intensity error of 50 levels. Copies of the original prints may be ob-
tained from the authors.

to the left. In addition, coder (#v) gave rise to the same problem on
edges sloping upward to the right.

Consider an edge passing to the left of B in Fig. 1 and between
A and X so that (C — B) = (D — B) = 0. The values of A +
(C — B) and A + (D — B)/2 will both be poor predictions of X
(the same as the element coder but worse than (4 + D)/2.) Also,
if an edge passes between A and X and between D and C, then A +
(C — B) will be a poor prediction of X.

The discrepancy between the picture coded as eight-bit PCM and
that coded with coder (v) is shown in Fig. 5c. Although on the
average, the picture shows less discrepancies than the equivalent
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picture for coder (z), the discrepancies that do occur lie on vertical
or diagonal edges sloping upward to the left. It is on just these edges
that the “edge busyness” occurs.

The effect of a transmission error is an area of uniformly altered
brightness as shown in Fig. 6¢c. How this pattern arises is illustrated
in Table III where we have assumed an error of +64 levels in the
element in the top row of numbers.

In view of the increased visibility of error patterns and the absence
of a significant improvement in picture quality over the averaged
prediction encoder, we saw no overall advantage in the planar pre-
diction encoders for fixed length codes.

V. OPTIONAL PREDICTION ENCODERS

A number of varieties of optional prediction encoders were investi-
gated. The one examined most closely uses either A or (4 + D) /2 as
a prediction. If the difference |[A — B| is greater than the difference
[D — B|, A is used as the prediction, otherwise (4 + D)/2 is used
(Fig. 4c). These differences are made up of pels already coded and
available (in the absence of transmission errors) at both the receiver
and transmitter. Thus, no extra information need be sent to the re-
ceiver to indicate the prediction used by the transmitter.

The pictures obtained showed less granular noise than those from
any of the other encoders. They showed little deviation (Fig. 5d)
from the pictures coded as eight-bit PCM. Most edges are reproduced
well, but those sloping at about 45 degrees upward to the left showed
some local slope overload due to a mistaken choice of prediction. Un-
fortunately, a mistaken choice on one line tended to lead to similar
mistakes on the next line and hence such clusters of mistakes tended
to be visible. Different strategies for making the choice altered the
slope of the edges on which the trouble occurred. So far only simple
strategies have been tried; more complicated ones may well eliminate
the problem. Obviously, there is a wide variety of techniques to be
explored. For instance, there can be more than two options. In view
of the low granular noise of the encoded pictures, such exploration is
well worthwhile. :

The effect of a transmission error on the decoded picture can be
catastrophic. The receiver can lose track of the prediction option
selected by the transmitter. Indeed, the effect of a large error tends to
make the receiver choose incorrectly. This is illustrated by supposing
the pel D has an error of +64 levels. This generates a large spatial
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change; |D — B| is large and hence (4 + D)/2 will probably be used
as the prediction. This propagates the error to the next line. If A
should have been used as a prediction instead of (A + D)/2, then the
differences are added to the wrong prediction at the receiver. The
effect on the decoded picture can be catastrophic as is illustrated in
Fig. 6d.

VI. DISCUSSION

Because of the improved picture quality and the insensitivity to
transmission errors compared with a standard differential quantizer,
coders (i) and (i%) seem at present to be the most practical for intra-
field coding of pictures for transmission. This is especially true when
fixed length codes are to be used. We have still to determine the best
quantizing characteristics and the best weighting of pel A with pels on
the previous line to form a prediction.

Except for a few poorly predicted pels, the optional prediction en-
coders give a better rendering of the scenes described than do the fixed
prediction encoders [e.g., coders (i) through (v)]. Hence we are con-
tinuing to study ways of removing the last few flaws in the coded
picture. The sensitivity of this type of coder to transmission errors
may be a serious problem. We are considering a number of methods
for reducing this sensitivity.
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On the Control of Linear Multiple
Input-Output Systems*

By B. GOPINATH
(Manuscript received July 1, 1970)

The control of linear time-invariant systems 1s one of the most basic
problems of modern automatic control theory. Although “optimal con-
trollers” which minimize certain costs associated with control can be
determined, in most applications “simple controllers” suffice, and are
often more desirable. The criteria by which these simple controllers
are designed are closely velated to the problem of assigning the
eigenvalues of the fundamental matrix (i.e., the poles of the system)
to arbitrary but specified locations. This paper presents an approach
to the design of such control systems. Our approach does not involve
computing complicated canonical forms, as do some previous methods,
and at the same time generalizes easily to multi-input-output systems.
A simple solution of the problem of designing feedback control systems
with a minimum number of dynamic elements is also presented.

I. INTRODUCTION

In recent years there has been a considerable amount of interest in
the problem of designing controllers for linear systems. Although
most of the theoretical interest has centered around optimal control
approaches, it is generally known that in most standard control sys-
tems, simple and usually nonoptimal controllers suffice. One of the
oldest problems of control theory is that of stabilizing a linear control
system by using feedback (see Fig. 1). Although this problem has
been solved in the single input-output case by many people, one of the
first clear statements was that by D. G. Luenberger.* In the case of
multiple input-outputs, elegant solutions are of recent origin (see Ref.
2). Almost all of the published solutions resort to canonical forms,
and in the multiple input-output case are not convenient to work

* A talk based on this paper was presented at the Second Assilomar Con-
ference on Circuits and System Theory, 1968.
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Fig. 1—Model of controller.

with. Also, in almost all cases, since the system is often deseribed in
terms of variables that are of direct interest, a transformation to
canonical form is inconvenient.

In this memo we present a solution of the problem including the
problem of designing controllers of minimal dynamic order (ie., a
controller using the, least number of dynamic elements). The present
solution does not resort to the use of canonical forms for the design.
This approach also helps to systematically exploit the additional
freedom that is obtainable due to the multiplicity of the inputs and
outputs. In fact there is no previous solution known to the author
which solves the problem of designing “minimal order” observers
without resorting to complicated canonical forms.

We begin by introducing certain preliminaries and establishing the
notation, and then solving the problem of designing controllers and
observers in Sections 11T and IV. In Section V, the problem of design-
ing controllers of low dynamic order is solved.

After this paper was written, the author became aware of the paper
by W. M. Wonham.® Wonham derives Lemma 1 in the following sec-
tion. The proof given in Wonham however uses the theory of minimal
polynomials, as compared to the proof given in the following section
which uses only the concept of linear spaces. Wonham himself has
commented in his paper that an abstract proof of his results would
be very worthwhile. The author feels that the proof given in the
following section is an abstract version. The results of Sections 111
through V are not to be found in Wonham's paper.

II. LINEAR TIME-INVARIANT SYSTEMS AND THE PROBLEM OF CONTROL

The following definitions contain certain undefined but generally
understood concepts such as dynamical system, ete. For a more
detailed discussion of these ideas, the reader is referred to Ref. 4.
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2.1 Linear Time-Invariant System

A linear time-invariant system = is a dynamical system governed
by the following equation.

i(t) = Fz(t) + Gu(1), (1
y(t) = Hx(1), 2)

where z(t) ¢ E" is the state of £ and u(f) ¢ E™ and y(t) ¢ E” are the
inputs and outputs of Z respectively. F, G, and H aren X n,n X m
and p X n matrices respectively, and are independent of time t.

A “system” hereinafter shall denote a linear time-invariant system
for brevity.

2.1.1 Cyclic System

2 is cyclic if there exists « ¢ £" such that the matrix [z Fz .- F"
is nonsingular.

1]

2.1.2 Complete Controllability

Z is completely controllable if the rank of [G FG --- F*'G] is n.
See Ref. 4 for details.

2.1.3 Complete Observability

2 is completely observable if the rank of [H' F’'H’ --- F'""'H] is n.
Finally Z is ordinary if

(z) Zis eyeclic; and
(#7) Z is completely controllable and observable.

Most systems ordinarily dealt with are cyclic, because, as will be
shown in this section, the condition of not being cyclic is caused by
having two identical subsystems embedded in one system and yet
completely decoupled from each other. Hence it is a singular situation
in the sense that whenever a system is completely reachable and com-
pletely observable, a slight amount of feedback can make the system
cyclic (see Ref. 5).

It is very interesting to note that most theorems to be given in this
paper are dependent on a simple and basic property of linear spaces.
This property is stated as the following lemma.

Lemma 1: Let 9;,, 1 = 1 --- n, be n distinct linear subspaces of a
linear space. Let £ be a linear space contained in the set union of 4, ,
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1--- n. Then
£ C 9, forsomeje{l, 2 - n}, 3)

-,
Il

where < denotes ‘“contained in”.

Proof: The proof will be based on the principle of finite induction.
The lemma is obviously true for n = 1. Now suppose the lemma is
true for all n < n, ; 1.e., suppose that, given g, ,2=1,2, -+ ,n < Mo,
then £ C \U.:. 9; implies that £ C g; for some j = n. It will then be
proved that the lemma is true for n = n, , which will complete the
proof of the lemma by finite induction.

Assume £ is not contained in the set union of any m (m < mo) of
the g,’s, for if it is so contained, then the lemma trivially holds (from
previous paragraph). Therefore there exists n, vectors z; such that

z,ef, r,ed; and z;¢9; if 7#7j. (4)
Consider now any two of these n, vectors z; , x; and
z; + az; , 1 # j, aceR. (5)
(The set of real numbers).
Since £ is linear, z; + az; ¢ £ V «; also, since £ & Uisne 9:
z; + az, e d, forsome s(a)e {1,'2, cee o, Mgl (6)

However, since there are only a finite number of 4,’s while « can assume

any values from the uncountably infinite set E, there exists an ‘‘s”
such that for at least two distinct values of a, namely o, and a: ,
T, + ax; and T; + ax;ed, .
But this implies that
(@, — ay)z; e 9, since 4, is linear; @)
ie.,
x; e d, since a; # a; and 4, are linear. (8)

Therefore s = j by (4), i.e., x; + az; ¢ 9;, whence z; e J; since z; e 9J;
and 4, is linear. Once again using (4), 2, ¢ 9, =1 = j which contradicts
equation (5). Q.E.D.

Note: As can easily be seen, Lemma 1 does not hold in general for
an uncountable union of linear spaces.

Definition: A square matrix F has simple structure if and only if for
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each eigenvalue \; , of F there exists one and only one eigenvector e; .
(In other words, F' is simple if no two uncoupled Jorden blocks in the
canonical form have the same eigenvalue.)

Note: All the eigenvectors are assumed to be normalized such that
the first nonzero component is +1.

Lemma 2: The statement that the system Z 1is cyclic implies that the
square matriz F in equation (1) has simple structure.

Proof: Suppose there exists two eigenvectors e, and e, of F corre-
sponding to the eigenvalue A. Then 3 two eigenvectors, d, and d, of
the matrix F’ corresponding to X, where F’ is the conjugate transpose
of F. Let = be any vector in E". Then suppose y is the projection of z
in R(d, , d,), the subspace spanned by d, and d, . Let

ze R(d,,d,) suchthat (z,9)* =0, z=0. 9)

Then since ((x — ¥), 2) = 0 because z ¢ R(d, , d,), it follows that
(z, z) = 0 by equation (9) and since z ¢ R(d, , d3), 2 = aud; + aud, .

Therefore

I

(2, F'z) = ((udy + auds), F'z),
= X ((ayd, + ond,), ),
=N@E2)=0 V r

Therefore the proof is complete. Q.E.D.

Definition: A subspace £ of E" is an invariant subspace of F if
zef = Fref. 9,(F) denotes an s-dimensional invariant subspace of F.

Lemma 8: The stalement that Z is ordinary implies that 3 an o ¢ E™
and B ¢ E7, such that

p([F : Ga]) = p([F’ : H'B]) = n'.

Proof: Notice that the number of invariant subspaces of F' are finite,
since the number of one-dimensional invariant subspaces are finite. [This
follows from the familiar structure of invariant subspaces, see equa-
tion (6).] Suppose z ¢ R((), the space spanned by the columns of G and

po([F : z]) = s(z) < n.

* (z,y) is inner E‘roduct of z and y.
t The matrix [F : A] will in general denote the matrix [4 FA --- F™14],
and p([F : A]) denotes the rank of [F : A].



1068 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1971

Therefore z ¢ ®(G) belongs to some 9,(F), s < n. Therefore, from
Lemma 1 ®(G) C 4, (F) for some s < n, which contradicts p([F:G]) = n.
Therefore 3 an « ¢ E™, such that p([F : Ga]) = n. Similarly the other
case. Q.E.D.

The above lemma shows that 3 a single input-output system corre-
sponding to every ordinary system, such that the controllability and
observability of the new system is implied by that of the old system
with multiple inputs and outputs. Lemma 4 shows that the weighting
vectors a and 8 could almost be any vector in E™ and E” respectively.

Lemma 4: The statement that = is ordinary, that « ¢ E™ and B e 7,
implies that p([F : Ga]) = p([F' : H'B]) = n almost surely.*

Proof: Notice the determinant of [F : Ga] is a polynomial in &, and
by Lemma 3 we have shown is nonzero for at least one a. If the distribu-
tion of & does not allow nonzero probability to any surface of dimension
< m then

Probability that p([F : Ga]) = nis 1. Q.E.D.

The stability of =, and the transient response of 3 are generally
characterized by the eigenvalues of F, which in turn are given by the
characteristic polynomial x(F). Hence loosely by dynamics of % we
mean the characteristic polynomial or the eigenvalues of F.

Given that a system 3 models a “plant” to be controlled the problem
that we will consider is that of designing another system 3; such that
the resultant “closed loop” system has arbitrary dynamics.

III. THE DESIGN OF CONTROLLERS

In order to motivate the nature of the problem in Section IV, we
shall first solve the so-called control problem which essentially is a
simplified version of the problem postulated in Section II. The H
matrix in equation (2) is now assumed to be the “n” dimensional
identity denoted by I,, in other words, the complete state of 3 is
available for measurement. In this case, we show that we need only
feed back a certain linear function of the state “z” to achieve any
given dynamics for the closed loop system.

The problem formally reduces to the following.

Given a plant 3 described by equations (1) and (2) with H in (2)

*« and 8 are chosen from any joint distribution in E™ and E* respectively,
which does not assign nonzero probability to a surface of dimension less than
m and p, respectively.
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replaced by I,, it is required to find an m X n matrix K referred
to in the following as the feedback gain such that the resultant system
has the prescribed characteristic polynomial (10)

4 s (10)
i=1
Let the characteristic polynomial x (F') be
x(F) =s" + 2 as"". (11)

i=1
Then from Fig. 2 the problem reduces to finding K such that
x(F — GK) =s" 4+ 2 v (12)
i=1

gince the new differential equation is & = (F — GK)z + Gu. The’
solution is contained in the following theorem.

Theorem 1: If a system Z is cyclic and completely controllable then
with ¥y , Y2, **+ , s real constants,

W x(F — GK) = & + Xy (13)

i=1

for any K of rank one satisfying

v, = a, + tr (GK) (14)

Yo = @y + Gnyy tr (GK) + -+ + tr (F*'GK).

(2) Moreover there exists at least one K satisfying equation (14).
Proof: The new characteristic polynomial with feedback is

x(F — GK) = det (sI — F + GK),

0= H="O==Ip>

Fig. 2—Feedback control when the state is known.
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ie.,
= det [(sI — F)I + (s — F)"'GK)], (15)

= x(F) det (I + (sI — F)"'GK).
Since K is of rank one, it follows that (sI — F)*GK has rank one;
therefore
det (I + (sI — F)'GK) = 1 + tr (s — F)'GK (16)
where tr (4) denotes the sum of the diagonal elements of A. Therefore
from equation (15)

x(F = GK) = x(F)[1 + tr (sI — F)"'GK], (17)
ie.,
x(F — GK) = x(F) + tr [x(F)(s] — F)"'GK] (18)
which since
(81 _ F)—l = ZF-'S—HH)
outside an appropriate region in the complex plane (see Ref. 6),
becomes

x(F — GK) = x(F) + tr [x(F) f) [F"s“"“’GK]]- ©(19)

i=0
Now using the Cayley-Hamilton theorem (see Ref. 6), i.e., using the
fact that

F"+ 2 aF™" = 0. (20)

and equating coefficients of equation (19), we have that the coefficient
of 8" on R. H. 8. of equation (19) is (using a; = vy, = 1)

=0, j>mn; (21)
v =a; +a,trGK + -+ +tr FF'GK, n2>j2>1; (22
=0, j <0. (23)
Therefore
Y1 = al + t!' GK,

1tz=a2+a1trGK+trFGK, (24)

Yn = an+ R +trF"—’GK.
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This proves that if there exists K of rank 1 such that equation (14) is
satisfied, then K satisfies equation (24), and that if K satisfies equa-
tion (24), then equation (12) is satisfied.

Let

[’Yl!"':‘Yn]é'Yv (25)
[a’l)"' van]éa,)

where 7 denotes the transpose. We have, rewriting equation (24),

1 0 -+ 0 tr GK
i ('1,1 1 -+ 0 trF.GK 26)
. a1 .
a,._l Ap-g """ aq]. tr F!'I—IGK
Let
1 0 -0 O]
a, 1
AL o (27)
Ouz Quog *+- 1
LAn—y QAu-2 *** O l...
Notice here that A-' always exists and can be evaluated easily.
tr GK
wIGK | 2 476 - a). (28)
tr F"'GK

Now we assume K = ok’ (o« and k are m X 1 and n X 1 matrices
respectively), such that K is of rank 1 then equation (28) becomes

tr Gak’

r PGk’ | A7y — o). (29)

tr F""'Gak’



1072 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1971

Since tr FiGak’ = «’ G’F''k, equation (29) becomes
aIGI

a'GjF’ b = A-l(_y — a). (30)

dGQF"

But from Lemma 4 it is clear that p([F Ga]) = n for almost all a.
Therefore it follows that equation (30) has a unique solution for almost
any e, and this completes the proof.

Therefore from the proof of the above theorem, it is easy to see
how we can find the required gain matrix. Equation (28) is linear in
the elements of K. The freedom in the multi input-output case is
essentially one of picking «. Almost any solution of equation (28)
which has rank 1 will do the job. Notice that restricting K to be of
rank 1 also helps to reduce the number of amplifiers to implement
the system, for K then can be realized by (m + n — 1) amplifiers
instead of (mn).

IV. DESIGN OF OBSERVERS

In Section III we saw how a gain matrix K could be computed for
the system 2 with H = I, . However when H # I, , the state ‘n’ of 2
is not directly observable and an observer to estimate the state has to be
designed. It will become clear that Theorem 1 gives the solution to this
problem also. The solution consists of designing a linear system 2,
which is constructed in such a way that its state £ can easily be ob-
served, and such that the state of 2, tends to the state of 2 as “rapidly
as desired.” (The meaning will become clear in the following.)

The system 2, will consist of a model of Z driven by an input which
is equal to the sum of the inputs to a weighted error term which is the
difference between the state of £ and that of Z, .

Let Z, be defined by

¢ = F¢ + LH(z — %) + Gu. (31).
Let the error # £ 2 — £. Then equations (1) and (31) imply
& = Fz — LHz. (32)

Now we would like & to decrease to zero according to some dynamics
in the sense that x(F — LH) should be some prescribed polynomial.
It is obvious that once again the problem is to find an L such that
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x(F — LH) is a prescribed polynomial which by Theorem 1 again is
easily done by solving

v, = a, + tr LH,

‘y.,=a,+a1trLH+---+t,rLHF, (33)

Yo = Gp + @y tr LH + -+ + tr HF"™,

where v; are the coefficients of the prescribed polynomial. Hence now
the complete solution can be stated as follows.

Step 1: By solving equation (33), construct an observer with dy-
namics such that it is sufficiently fast compared with the plant.

Step 2: By solving equation (26), construct the controller as in
Section III to have the required closed loop dynamics.

Step 3: Cascade the observer and the controller as in Fig. 3.
We can show that the characteristic polynomial of the entire closed
loop system of Fig. 3 is actually x(F — GK)x(F — LH).

—

Fig. 3—The structure of a complete “controller.”
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The differential equation for the complete system of Fig. 3 is as

fOllO WS.

Since the characteristic equation is unaltered by a nonsingular trans-
formation of the state [z, £']’, consider the transformation 7' denoted by

A,

Obviously T is nonsingular and

T[F —-GK }T_I=F—GK GK}
LH F— GK + LH 0 F-LH

whose characteristic polynomial is clearly
x(F — GK)x(F — LH).

V. DESIGN OF OBSERVERS OF MINIMAL ORDER

In Section IV, the design of observers was discussed and it was seen
that the observer is a system of the same order as 3, namely n. If it is
assumed that H has full rank (this assumption is obviously no loss
of generality), it is clear that the knowledge of Hz gives measurements
on part of the state immediately; for

= Hzx (34)

gives the projection of x on the row space of H. Hence it seems that
one should be able to find the other component in the complement of
the row space of H by making use of a dynamical system of order
(n — p) (H: p X n). This was first proved by Luenberger in 1964
in the single input/output case' and was proved in the multlple input/
output case by the same author in 1966.

In the following section, a simple proof of this proposition is given
and a different method for constructing the observer is derlved

Let the given system be, as before:

& = Fz + Gu,

y = Hz.
Let H be of full rank. It can be assumed that H is of the form

(35)



LINEAR TIME-INVARIANT SYSTEMS 1075

H = [Ia , 0], p <mn (36)
since a nonsingular transformation of the state of equation (35) can
always be found such that equation (36) holds. Hence, if

x = ["I}P , (37)
Ton — P
and
T |:Fu F:z}? , (38)
Foy Foaln —1p
G = [Gl]” (39)
Gz n — p.
Then

& = Fuz + Fix + G,

i, = Faz, + Fapxs + Gau.

Now the design procedure will be deseribed in the form of two theorems
for clarity.

Theorem 2: If (H, F) is completely observable, then [Fiz, Fas] 18
completely observable.

(40)

Proof: The assertion of the theorem is in some sense intuitively
clear, since y = x; does not give any direct information about x2 . The
only information about . is obtained from equation (40). That is,

Fixp = &, — Fuzy — G, (41)

which implies that F;», Fas should be completely observable in order
that (H, F) be completely observable.

The proof of the theorem is immediate, since (H, F) completely
observable implies that the rank

pl(H', F'H', --- , F"'H")] = n,
i.e., using the partition of F indicated in equation (38),
T 1 0 N
Fll F12

P F?l + FioFy FuFiy + FioFa n. (42)
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[In the following a row of a partitioned matrix will mean the “block”
row; for example, the first row of the matrix in equation (42) is
[I 0], the second row is [Fy; Fia], ete.]

The rank of the matrix in equation (42) is unaltered by adding to
any row linear combination of other rows. Hence

(7 o |
F12
P LAOR) Flezg ="n. (43)
(Ler FuaFa' L)

The third row of the matrix in equation (43) is the third row of the old
matrix — F3, (first row) — F;, (second row), etc. Equation (43) im-
plies that, irrespective of what the first column of the matrix in equa-
tion (43) is,

0
F
P P ll=@-p, (44)
FoF3"
which by the Cayley-Hamilton theorem implies that one need only
include terms up to F,,F3;”"" which gives
p([Fiz , Fo.F, , y F2 77 'Fl)) = (n — p). (45)

Theorem 3: There exists an ‘“‘observer’” of dimension (n — p) for Z
of Theorem 2.

Proof: Consider the ‘“partitioned’” system presented in Theorem 3.

From Section IV it is clear that since (F,, , F,;) is completely ob-
servable we can find an L such that (F,, — LF,,) has arbitrary eigen-
values. Hence if #, is defined by

1%32 = FaZ + LFlz(xz - fz) + Gyu + Fazx, y (46)
then £ = 2, — %, implies
&= (&, — &) = (Fas — LF )%, . (47)

Therefore by choosing L appropriately, we can make £, — 0 as fast
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as we want. The only problem is observing (z, — &) in equation (46),
that can be solved as follows. Using equation (40), equation (46) re-
duces to

iéz = (Fzz - Lsz)fz — LF,z, — LG:'U/ + qu + Faz, + Lz, . (48)

All the terms on the R. H. S. of equation (48) except L, can be ob-
served. In order to eliminate the need for getting L&, we replace it by
(Fy, — LFy5)Lx, , ie., if

:éz = (F;, — LF,;)#; — LF,x, — LGyu
+ G + Fux, + (Foo — LFy,)La, . (49)
Then it can be shown by integration by parts that

T, = £ + exp (Fzz - LFlz)t
(£(0) + LF,,2,(0) + LGu(0) — Gu(0)) + Lax,(t).  (50)

Therefore by appropriately choosing initial conditions for the system
described by equation (49) we can make

& = £ + La(t) (51)

hence the proof is complete. Note that even if the initial conditions
for equation (4]) were not set, the error term, namely,

& — £, — La,(t) = 0 as fast as exp (Fy; — LF )t

The proof of the theorem, though complete above, is easier to see in the
form of figures.

Equation (48 says that the observer is of the form presented in
Fig. 4.

Theorem 3 implies that Fig. 4 is equivalent to Fig. 5, namely, the
input #, shifted over to the right of (n — p) dimensional integrator.

From the above theorems the following method evolves for the
construction of minimal-order observers.

Step 1: Construet by the method of §3 an L such that F,, — LF,,
is stable and has the required dynamies.

Step 2: Use the output z, in the configuration presented in Fig. 5
to get [x] , #;] which gives the required estimate.

Vi. EXAMPLE

In order to illustrate the methods presented in this paper, we solve
a simple example of a control problem.
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X,
Fig. 4—Minimal order observer with rate information.
The problem is to stabilize the control system
%, 1 3 2|z, 10
Uy
T =0 1 2|z |+ |2 O J,
Uz
Ty 0 0 1llz, 11
| [= 10o0|™
= = Ty |* (52)
2 3 010 e

It is readily seen that the characteristic polynomial of this system is

8 —3"+3—1, or (s—1)°% (53)
which shows that the system is unstable.

It is desired to design a controller which observes the output y and
computes a linear feedback law such that the plant (52) behaves as a

Fig. 5—Minimal order observer without rate information.
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system with characteristic polynomial

(s+1)° = 0. (54)

Proceeding as in Sections III and IV, suppose (z;, 2, x3) were avail-
able; then the feedback control gain matrix say

[kll k12 J klx} é K (55)
21 k22 k23
can be computed from equation (24) which gives

[ |

121001"‘2

9 41 2 2 1|"|=|18]. (56)
1061 10 4 1% 38

k22

_kﬂﬂ_

Almost any solution (56), subject to the condition that rank of K =
1, will do. For the purpose of this discussion a particular solution,

namely
[2/3 4/3 4/3J &)
2/3 4/3 4/3
will be considered.
Now since x3 is not actually available, an estimate will be computed
and the error will be required to diminish as fast as exp(—2t), at the

same time using only one integrator in the feedback loop. From
equation (52) it follows that

Ty = X3 + Uy + ug , (58)
P M R
&) 10 1zl L2 20 |u

The expressions in equations (58) and (59) can be compared to the
more general treatment of Section 111 by noting that,

el ]

Fy = [1], F, = [0 0].

(60)
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Then
2
Fy; — LF,; = 1 — [L, Lz]l: ] = =2, (61)
2
One solution for L is
L,=L, =% (62)
The analogue of equation (23) is
@=@+W2W%ﬂm—®+%+m; (63)
2

that is, the solution of equation (46) obviously tends to x3 as fast as
exp(—2t) for from equation (52)

L (e — 4 = =2z — £). (64)

In order to construct the observer, in equation (63), 3 has to be
replaced by x;, » which are directly measurable. Proceeding just as

in §3, equation (46) becomes

£ = —24, + [3/2 3/2]{[:&'—] - [1 3}]:1"} — [1 OJu,} + u +u.
Ty 0 1), 2 0 u,

(65)

Therefore
4= —28 — 3/22, — 62, — 9/2u, + 3/2(#, + &) + u, + u, . (66)

The only quantity that is not available on the right-hand side of equa-
tion (66) is (&, + 4,), but appealing to Theorem 4 it follows that if

By = —2F — 3/2x, — 622 — 9/2u, — 3@, + 22) +uy +uy  (67)
£y — T3 + 3/2(1?1 + 3’2) (68)

and the error tends to zero as exp (—2¢) [it can be made zero by setting
the initial condition on the integrator simulating equation (62) to
£,(0) — $(2:(0) + ,(0))].

Hence #; + 3(x, -+ z,) which can also be gotten as in Fig. 5 tends
to x; as exp (—2f). Therefore the controller design is complete. The
analog computer realization is shown in Fig. 6.



LINEAR TIME-INVARIANT SYSTEMS 1081

— /- 9/2 -
Uy N gy ] -5 |
~H(z) PLANT ) L= 1
Uy 14 \* 14
-3/2
A +
Fig. 6—Example of a controlled system.
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HILO—An Improved Transmission Scheme
for Semiconductor Switching Networks

By R. R. LAANE
(Manuscript received July 25, 1969)

I. INTRODUCTION

Foremost among the problems in semiconductor switching network
implementations is the difficulty of fabricating a semiconductor cross-
point which duplicates the characteristics of metallic crosspoints of
nearly zero “on” impedance. A low crosspoint impedance is necessary
for low signal loss through the switching network.

A transmission technique is described in this paper which relieves the
requirement for low crosspoint ‘‘on” impedance and which allows
excellent voice-band transmission characteristics with unbalanced
semiconductor switching networks. The technique called HILO con-
verts voltage inputs to the network into current changes using a high
input impedance current source and transmits the current changes
through the network crosspoints by modulating the network bias
current. A low output impedance is provided at the networks receiving
terminal, where the modulated currents are decoded to recover normal
voltage-current levels.

II. CURRENT TRANSMISSION

The ac equivalent of the HILO current transmission circuit is shown
in Fig. 1. Assuming idealized transistor characteristics (zero emitter
impedance, infinite collector impedance, and unity a), an input signal
e; controls the current source, @, , converting the input into a current
change i = e;/R; . The current change is transmitted through a net-
work path and is supplied as an input to a common base amplifier,
Q. , at the receiving terminal. The recovered output is given by

€y = 'iRo == RD/R.‘C.‘ . (1)

Although equation (1) assumes idealized transistor characteristics to
1089
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Fig. 1 — Current transmission circuit for switching networks (assume a — 1).

keep the exposition simple, the equation remains reasonably valid for
voice-band applications using Darlington transistor pairs and normal
(600-ohm) transmission impedance levels.

Because information is transmitted only as a current change within
the switching network, crosspoint resistance and crosspoint nonlineari-
ties do not impair the characteristics of the recovered signal. Recovered
transmission level becomes primarily a function of R; and R, . As a re-
sult, network gain (loss) characteristics can be accurately controlled.

In addition to providing good signal transmission capability, the
technique allows nearly ideal isolation between network paths. Capaci-
tive crosstalk is minimized because only a small voltage change is pro-
duced within the network transmission path as a result of the trans-
mitted current changes. This is the result of a low input impedance at
the common base output stage and the result of relatively low series
resistance of the network crosspoints.

Inductive crosstalk is reduced because the high output impedance
of the current source driver makes the transmitted currents relatively
insensitive to inductive coupling between network paths.

III. BIASING, TRANSMISSION, AND CONTROL

As an example of current transmission, Fig. 2 illustrates the biasing,
transmission, and conttol circuitry necessary for operating an un-
balanced thyristor network. Only a single direction of transmission is
shown. For a bidirectional connection, a second, identical circuit is
required.

To establish a connection through the network, a coNNEcT signal
is applied at the transmit terminal. The signal sets the control flip-flop,
thereby turning off @, . As a result current source transistors, @, and
Q; , become forward biased. The coNNECT signal also saturates @, which
allows @, and @, to saturate during selection.
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Next, appropriate thyristor base selection lines are pulsed simul-
taneously to form a path through the network stages. Crosspoints are
activated when the selected current path appears at the cathode terminal
and when a thyristor selection control signal is applied at the base
terminal. Thus, thyristors turn on in sequence starting with the stage
nearest the network input terminal.

Holding current for the crosspoints is supplied through thyristor
base terminals of successive stages until a path has been established
from the transmitting to the receiving terminal. At this time, appro-
priate holding current is supplied through Qs and Q, and thyristor
selection inputs may be terminated. Finally, the coNNECT input is re-
moved, causing @, to turn off and forcing @, and Q; to function as a cur-
rent source.

Supply voltage V, is selected to set the level of the current source col-
lector voltage (Q; and Q;) at a higher potential than the thyristor base
selection inputs. This prevents faulty connection to already active net-
work paths.

A network path is disconnected by applying & DISCONNECT input
to the control flip-flop. This causes @, to saturate, terminating the
current flow in the network path and thereby tearing down the connec-
tion.

DIS~- +
CONNECT Q, Vi

LRO Qz
L | 1|

Q NETWORK
Q, 5 OUTPUT
CONNECT Qy >
STAGE |
NETWORK SELECT
INPUT Qg
o=
i
STAGE N
SELECT S
Vo tv,

Fig. 2. — Thyristor network using current transmission.
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Fig. 3—Combined hybrid and transmission gate (assume o — 1).

IV. COMBINED HYBRID AND TRANSMISSION CIRCUIT

A loss-less electronic hybrid can be combined with the transmission
and biasing circuits to convert two unidirectional transmission paths in
the switching network to bidirectional transmission paths at the net-
work terminals. Figure 3 shows the ac equivalent of the hybrid circuit.

Currents appearing at the emitter of @, are transmitted to the emitter
of Q5 via @, ; whereas, currents at the emitter of @, are transmitted to
Q, via Q, and @Q, . Inverter stage Q, is necessary for proper phase rela-
tionship in the transmission loop. The circuit can be described by the
following z-parameters

1 Rl K
Vg 3 0 I!

Consequently,
— R2R02
V2 = R1R4 Vl (3)
and
R,
VvV, = —E: Va. 4)
The input impedance at the two input terminals is given by
2, = 1 o BBuke (5)
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Fig. 4— Combining two hybrid-transmission circuits in a switching network.

and

_ YV, _ RR.R,
= T. = R, ©

To cancel the inverse effect of R,, and R,, on input impedance two
identical circuits are cascaded between network terminals. Assuming
R., R;, Ry, and R, of the circuits are identical, the circuit acts as a
gyrator and termination impedances are reflected through the network
to the input terminals such that

Zl — R,z y Zz = R,l . (7)

Z,

For symmetry, two stages are connected as shown in Fig. 4 to form a
switching network with unidirectional network paths and bidirectional
network terminals.

The contributions and suggestions of W. B. Gaunt, J. E. Iwersen and
D. Vlack on the hybrid circuit are gratefully acknowledged.
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A Telephone Traffic Model Based on Randomly Closing
Crosspoints, and Its Relationships to Other Models

By V. E. BENES

(Manuseript received December 23, 1970)

I. INTRODUCTION AND SUMMARY

In the theory of traffic in telephone connecting networks it is on one
hand a virtual necessity, for practical purposes, to compromise the true
complexity of the system under study and to introduce drastic simplify-
ing assumptions that allow some calculation to be done, and on the
other, it is perfectly feasible to pursue basic theoretical studies without
such compromise and simplification. For this reason, a spectrum of
several mathematical models for describing traffic in networks has been
developed in recent years.

These models range from ‘‘simple’” ones that furnish an incomplete
description based on strong stochastic independence assumptions, to
““‘complicated” ones that exactly mirror network structure and routing.
Each grade of model has its uses: ‘‘simple’’ ones for easy computation
and involved ones for general understanding,.

An example of a useful ‘“‘simple” model is the probability linear
graph' suggested by C. Y. Lee in 1955, an outgrowth of earlier work by
L. E. Kittredge and E. C. Molina. At the other end of the scale, an
example of a “complicated” model is the Markov process” proposed by
the author in 1963 as an improvement of the “thermodynamic’” model.’

We shall describe here another ‘“simple’”’ model, with a basic starting
point similar to that of Lee, and then show how a certain natural restric-
tion of this model yields in many cases precisely the thermodynamic
model. Our presentation thus clarifies the known relationships between
these models, and reveals some unsuspected ones; it strengthens our
understanding of them by showing how the apparently realistic “com-
plicated” models can arise through natural and relatively minor mod-
fications of the “‘simple” ones.

Whereas Lee’s model assumes that a link £ of the network is busy
or idle with a probability p, , all links being independent of each other,
we propose instead to assume that each (individual switch or) crosspoint
¢ is closed with some probability p, , again independently. This
basis for calculating probabilities has the virtue of assigning prob-
ability to every possible way of closing switches, physically meaningful
or not. We then modify the model by calculating all probabilities
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conditional on the system’s being in a physically meaningful state.
This procedure in effect rids our calculations of the irrelevant states by
normalizing them out. The resulting new model we call the crosspoint
model. If, as is usually the case, every call goes through the same num-
ber of switches, then conditioning in this way brings in the partition
function® in a natural way, and the crosspoint model turns out to be
formally equivalent to the thermodynamic one; when the latter is in
turn modified so as to take realistic account of routing and calling rates,
it becomes the Markov process model.

We stress that the suggestion made here of a new model does not
really improve our capacity to calculate blocking, load-loss curves,
or other practical items. Primarily, it provides a new derivation of the
thermodynamic model from simple (and strong) first principles similar
to those used for the probability linear graph model of Lee.

II. LEE’S MODEL AND ITS EXTENSION

The probability linear graph model has been extensively discussed'**
in the literature, so we include only a resume of the method: to calculate
the congestion incurred by traffic between an inlet » and an outlet v,
attention is focused on the graph G' defined by the permitted paths
through the network from u to v; G consists of all nodes and branches
through which some path from % to v passes. Given any complete
specification of which branches of G' are busy and which are idle (at a
particular juncture of network operation), it is possible to examine G
to see if there is a path from u to » no branch of which is busy. The
method now assigns a probability distribution to the possible occupancies
by postulating that a link ¢ of G is busy with probability p, inde-
pendently of all other links. The congestion for « and v is then calculated
as the probability that this distribution assigns to the event ‘“There
is no path from « to » composed of idle branches.”

We have described the probability linear graph model as assuming
something only about certain events having to do with the graph G
of paths for a particular call from u to », and not as providing a prob-
abilistic description of the busy or idle condition of all the links in the
network. However, it is entirely possible to extend the probabilistic
description, used in Lee’s model for links of G, to all the links in the
network. This extension is natural because if the description is believable
for one inlet-outlet pair, it should be so for all such pairs, and so for
all links. It will of course still give only an incomplete stochastic model,
since it says rather little about what crosspoints are closed, so that
in general it is not possible to tell what inlet is connected to what outlet.
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However, the extension does shed some light on the character and ac-
curacy of Lee’s model, as we note in the next paragraph, and it also
suggests the new model to be proposed.

The fashion in which this extended version of Lee’s model works is
clear: the states of the network, i.e., all the possible ways of closing
crosspoints, whether physically meaningful or not, are partitioned ac-
cording to the equivalence relation of “having the same links busy,”
and probabilities are assigned to these equivalence classes. In this
situation, it is unfortunately true that physically meaningful and
physically irrelevant (microscopic) states occur in the same equivalence
class. Were this not so, one could try to remove the effect of the ir-
relevant states® by insisting that all probabilities be taken conditional
on being in the set of relevant states. This set, however, does not have
probability assigned to it.

III. THE CROSSPOIN’I: MODEL

There is, nevertheless, a basic modification of Lee’s approach in
which the normalization device for eliminating the “irrelevant’ states
can be used. The change to be made is this: whereas Lee’s model assigns
a probability p, of being busy to each link ¢, we propose to assign a
probability p. of being closed to each crosspoint ¢, all independently
in both cases. The point is this: if it is known what crosspoints are
closed, then it is known what links are busy, but not vice versa. This
approach has the property of assigning probability to every state of
the network, physically meaningful or not.

In particular, the set of meaningful states is assigned probability.
Once this is true we can restrict attention to these states. We shall
eliminate the effect of the irrelevant states by simply normalizing them
out of the picture, i.e., by calculating all probabilities of interest cond:-
tional on being in the set of meaningful states. The distribution of
probability (over the set S of physically meaningful states) obtained
in this way we shall call the “crosspoint” model, because the basic
events to which probability is assigned are closings or openings of cross-
points. In a similar vein, Lee’s model might be called the “link” model,
because the basic probabilities are assigned to the busy or idle condition
of links.

IV. PROPERTIES OF THE CROSSPOINT MODEL

Let S be the set of physically meaningful ways of closing crosspointss
and for z ¢ S let ¢(z) be the number of switches or crosspoints closed



CROSSPOINT MODEL 1097

in z. Let us suppose that all crosspoints have the same chance p of being
closed. (This is likely to be true if the network traffic is uniform and
if there is neither concentration nor expansion.) The basic unconditional
probability assigned to z is then

pc(:)(l = p)C—c(z) Te S

where C is the total number of crosspoints in the network. The prob-
ability of z conditional on being in the set S of physically meaningful
states is then zero if z ¢ S, and

pc(:)(l _ p)c'—a(:)
ch(v)(l _ p)C—z(v) !

ves

for ze S,

or, with u = p/(1 — p),

e(z)

I

Z ”e(u) '

veS

This is of the familiar Maxwell-Boltzmann form, with the function
¢(+) playing the role of the energy. The reader familiar with the thermo-
dynamic model® will at once recognize the resemblance of the above
expression to the basic (equilibrium) state probabilities in that model,
which assigns a meaningful state z ¢ S a probability

)\le

Z )\lvl ’

veS
with | ¥ | = number of calls in progress in state y, and X\ a positive
constant. As we have pointed out, this distribution is obtained by
maximizing the entropy functional subject to a fixed mean number
of calls in progress. Exactly the same arguments’ characterize the
distribution over S in the crosspoint model, as follows:

Theorem: The distribution |q. , x ¢ S} of probability over S which maz-
imazes the entropy functional

H(gq) = — Z; ¢. log g.

subject to the constraint

2 a.c(@) =c,

xeS
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with ¢ a fized number >0, 18 given by

c(x)

veS

where u > 0 is the constant determined uniquely by the equation
d clz)
c=pu-"lo .
kg, log 2

Thus the crosspoint model differs from the thermodynamic model
only in that the average number of closed crosspoints, rather than
that of calls in progress, is fixed while maximizing the entropy. In an
important class of cases the two models formally coincide, even. This
can be seen from the

Corollary: If every call goes through exactly s switches, then the stale
probabilities assigned by the crosspoint model with parameter p are exactly
the same as those assigned by the thermodynamic model with paramelter

A== <__L).
m T=p
For evidently in this case ¢(z) = s | z|. The property that every call

goes through the same number of switches is possessed by virtually
all the connecting networks used in practice.
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