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With deep regret we record the death of

farald Be Forest Arnold

who died of a heart attack on July 10.

Dr. Arnold was born in Woodstock, Connecticut on Septem-
ber 3, 1883. He was graduated from Wesleyan University, and in
1911 received a degree of Doctor of Philosophy from the Univer-
sity of Chicago. Leaving college, he entered the Research Labora-
tories of the Bell System, later becoming Director of Research.

His early work in the theory, design, and manufacture of
vacuum tubes was of fundamental importance in the growing field
of wire and wireless communication. Later, under his guidance the
magnetic alloys, permalloy and perminvar, were developed.

The communications art owes a substantial debt to Dr. Arnold
not only for his personal contributions but also for his leadership
as the directing head of one of the world’s largest research labora-
tories.
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Eighth Annual Convention

The Eighth Annual Convention of the Institute was held in
_Chicago, Illinois, on June 26, 27, and 28.

Two-dozen papers were presented during the five technical sessions
which comprised the major portion of the program. The titles and
authors of these papers are listed in the June PRoCEEDINGS. Some of
these papers will be published in the next few issues of the PROCEED-
NGs although, unfortunately, all have not been made available for
publication.

Two official trips were made to the Century of Progress Expos’tion,
and although substantial amounts of time were available, it was im-
possible to cover more than a small portion of the exhibition of interest
to engineers. A large number of those in attendance stayed over for
one or more additional days in order to devote the extra time to a more
thorough investigation of what the Fair offered.

The Electrical and Communications Buildings which housed many
exhibits of high interest were adjacent, and this assisted greatly in
conserving time and effort in examining electrical developments.

Thirty-five organizations were represented by displays at the In-
stitute’s exhibition and many new pieces of equipment were introduced.

The annual banquet which was held in the Bal Tabarin of the
Hotel Sherman was very well attended and devoted almost exclusively
to an interesting series of entertainment acts and dancing. The short
time that was devoted to serious business was occupied in the presenta-
tion of the Institute awards. The Medal of Honor was presented to
Sir Ambrose Fleming for the conspicuous part he played in introducing
physical and engineering principles in the radio art. This award was
accepted in his behalf by British Vice Consul Henderson. The Morris
Liebmann Memorial prize was awarded to Heinrich Barkhausen for
his work on oscillation circuits and particularly on that type of os-
cillator which now bears his name. In this case, acceptance in behalf
of Professor Barkhausen was by German Vice Consul Tannenberg.

The registration for the three days of the convention totaled 487
of whom 74 were ladies.

Radio Transmissions of Standard Frequencies

The Bureau of Standards transmits standard frequencies from its
station WWV, Beltsville, Md., every Tuesday. The transmissions are
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on 5000 kilocycles per second. The transmissions are given continuously
from 12 noon to 2 p.M., and from 10:00 p.M. to midnight, Eastern
Standard Time. The service may be used by transmitting stations in
adjusting their transmitters to exact frequency, and by the public in
calibrating frequency standards, and transmitting and receiving ap-
paratus. The transmissions can be heard and utilized by stations
equipped for continuous-wave reception through the United States, "
although not with certainty in some places. The accuracy of the fre-
quency is at all times better than one cycle per second (one in five
million).

From the 3000 kilocycles any frequency may be checked by the
method of harmonics. Information on how to receive and utilize the
signals is given in a pamphlet obtainable on request addressed to the
Bureau of Standards, Washington, D. C.

The transmissions consist mainly of continuous, unkeyed carrier
frequency, giving a continuous whistle in the phones when received
with an oscillating receiving set. For the first five minutes the general
call (CQ de WWY) and announcement of the frequency are trans-
mitted. The frequency and the call letters of the station (WWYV) are
given every ten minutes thereafter.

Supplementary experimental transmissions are made at other
times. Some of these are made at higher frequencies and some with
modulated waves, probably modulated at 10 kilocycles. Information
regarding proposed supplementary transmissions is given by radio
during the regular transmissions.

The Bureau desires to receive reports on the transmissions, es-
pecially because radio transmission phenomena change with the season
of the year. The data desired are approximate field intensity, fading
characteristics, and the suitability of the transmissions for frequency
measurements. [t is suggested that in reporting on intensities, the
following designations be used where field intensity measurement ap-
paratus is not used: (1) hardly perceptible, unreadable; (2) weak,
readable now and then; (3) fairly good, readable with difficulty; (4)
good, readable; (5) very good, perfectly readable. A statement as to
whether fading is present or not is desired, and if so, its characteristics,
such as time between peaks of signal intensity. Statements as to type
of receiving set and type of antenna used are also desired. The Bureau
would also appreciate reports on the use of the transmissions for pur-
poses of frequency measurement or control.

All reports and letters regarding the transmissions should be ad-
dressed to the Bureau of Standards, Washington, D. C.
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Institute Meetings
BosTON SECTION

A meeting of the Boston Section was held on May 25 at Harvard
University. G. W. Kenrick, secretary, presided.

A paper by Sewell Cabot on “Resistance Tuning” was presented
and included an anlytical discussion of circuits analogous to the Max-
well bridge circuit. In these circuits, the speaker stated the variations
in resonant frequency are obtainable by a variation of a resistance
parameter rather than a reactance parameter. Each resistance param-
eter includes a negative resistance component derived by the use of a
dynatron characteristic.

“The Simulation of Musical Instruments by Electrical Circuits”
was the subject of the second paper of the evening which was presented

by E. B. Dallin. He discussed harmonic analyses of some common .

musical instruments, placing particular stress on the importance of
musical resonant structures associated with these instruments in the
emphasis of particular groups and harmonics. The paper was concluded
with an experimental demonstration of the simulation of numerous
musical instruments through the use of broadly tuned resonant circuits
designed to produce an accentuation of harmonics similar to that ob-
tained in the actual musical instruments being considered.
Fifty members and guests were present.

CLEVELAND SECTION

The June meeting of the Cleveland Section was held on the 2nd
at the Case School of Applied Science, an d was presided over by P. A.
Marsal, chairman.

“The Simple Physics of Electrons” was the subject of a paper by
John Victoreen of the Victoreen Instrument Company. In it, the
speaker presented a general summary of known facts about: electron
behavior. He correlated the results of experiments in high-frequency
emissions and measurements. Developments in the high-frequency field
and X-ray intensity measurements were reviewed. At the close of the
paper a general discussion was participated in by many of the thirty-
eight members and guests in attendance. Special interest was shown in
technique and quantitative measurements in the X-ray and high-
frequency regions.

DeTrROIT SECTION
“Qome Characteristics of Five-Meter Transmission” was the sub-

ject of a paper by J. D. Kraus at the June 15 mecting of the Detroit
Section which was held at the Edison Boat Club in Detroit. G. W.
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Carter, chairman of the section, presided and the attendance totaled
thirty-four.

In his paper, Mr. Kraus presented the history of short waves from
the time of Hertz, outlining the field at the present time. He then
presented detailed explanations of results of some experiments made at
the University of Michigan on 5.1 meters. The purposes of these experi-
ments were to measure field strength in absolute units, obtain a field
strength survey of a specimen transmitter, determine the character-
istics of the transmitting antenna used, and determine the effect of the
length of the receiving antenna upon the voltage available at the re-
celver.

The transmitter comprised a pair of 10 tubes in a push-pull circuit
feeding a full-wave antenna located on a tower of the Physics Build-
ing of the university. The antenna was arranged to permit its being
swung around the tower and twisted vertically about its center. A
highly sensitive superheterodyne receiver with an indicator in the sec-
ond detector circuit was used for measuring field strengths. The trans-
mitter output was about one watt.

It was then pointed out that higher field strengths were obtained
when the intervening territory between the transmitter and receiver
was low. The effect of hills and valleys were very prominently indicated
upon the field strength maps. An antenna system giving a vertically
polarized wave gave best results, and apparently regardless of how the
wave leaves the antenna, it tends to become vertically polarized at a
distance. Resonant receiving antenna systems gave best results, and
higher voltages were obtained with long antennas working at harmon-
ics. Phase shifting circuits located at correct points in the resonant
system also proved valuable.

PHILADELPHIA SECTION

The Philadelphia Section held a meeting on May 4 at the Engineers
Club with H. W. Byler, chairman, presiding

A paper on “Exploring the Ionosphere” was presented by J. P.
Schafer and W. M. Goodall of the Bell Telephone Laboratories. The
paper covered recent experiments of the authors who showed that there
are at least five layers in the upper atmosphere from which reflections
of radio waves occur. The variation of ionization was indicated to be
strikingly different. Considerable details of these layers and their be-
havior were presented. The paper was concluded with an outline of the
results obtained during the solar eclipse during August, 1932,

At the close of the paper, election of officers for the following year
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was held. William F. Diehl of RCA Victor was elected chairman; E. L.

Forstall of the Bell Telephone Company of Pennsylvania became vice

chairman; and George C. Blackwood was reélected secretary-treasurer.
The meeting was attended by seventy-five members and guests.

SaN FRANCISCO SECTION

A. R. Rice, chairman, presided at the June 21 meeting of the San
Francisco Section held at the Bellevue Hotel, San Francisco.

L. E. Reukema, Associate Professor of Electrical Engineering at
the University of California, presented a paper on “Outstanding
Developments in Radio During 1932.” In it, Dr. Reukema presented a
very comprehensive outline of recent developments in the radio art
both at home and abroad. A general discussion followed and was par-
ticipated in among others by Messrs. Black, McAulay, and Whitton.

The annual election of officers was held. G. T. Royden of Mackay
Radio and Telegraph Company was elected chairman; A. H. Brolly
of the Television Laboratories, vice chairman; and R. C. Shermund,
secretary-treasurer.

The meeting was attended by sixty-five of whom sixteen were pres-
ent at the informal dinner which preceded it.

SEATTLE SECTION

A meeting of the Seattle Section was held on May 26 at the Univer-
sity of Washington, H. H. Bouson, chairman, presiding.

A paper was presented by W. A. Kleist of the Pacific Telephone
and Telegraph Company on “Wave Filters.” In it, the speaker pointed
out that the proper design of filters was dependent upon the harmonic
content of the signal being transmitted. He then analyzed a telegraph
signal consisting of a single telegraph letter and showed it to consist
of a fundamental frequency determined by the number of letters trans-
mitted per second and all harmonics of this frequency. He then showed
by a mathematical transformation that these harmonics could be
divided into two groups, one being a function of the shape of the current
impulse while the other contained all the intelligence carrying com-
ponents. Furthermore, this second group was found to repeat itself in
a series of bands, the maximum frequency component being a “dot”
frequency. It was then pointed out that by use of wave filters all but
one band could be removed thus permitting an increased number of
telegraph channels on one line.

The paper was discussed by Messrs. Libby, Smith, Tolmie, Willson
and others of the twenty-six members and guests who were present.
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The June meeting of the Seattle Section was held on the 10th at
the University of Washington with H. H. Bouson, chairman, presiding.
Two papers were presented by graduate students of the University of
Washington. The first by E. D. Scott on “A New Method of Obtaining
Frequency Modulation” presented a method developed by him in
connection with Professor Eastman in which an oscillator could be
frequency modulated by a varying resistance through the use of a
radio-frequency transmission line. He pointed out that the two prin-
cipal drawbacks to the use of frequency modulation were the difficulty
of producing linear modulation by means of a variable reactance and
the difficulty of securing a satisfactory type of detector. He then out-
lined some work he has been doing which it is hoped will prove to be a
solution to the second difficulty and proceeded to develop equations
showing that with a line one-eighth wavelength long with a terminal
resistance approximately equal to the character:stic impedance of the
line, very satisfactory linear frequency modulation could be obtained.
The paper was closed with a demonstration of this point by means of
an experimental set-up of equipment.

The second paper presented by F. S. Allen was on “A New Type of
Impedance Unit.” In it, the speaker presented data taken on a quarter
wavelength line to show its suitability as an impedance unit. He then
demonstrated that if such lines were made of twisted pairs of con-
ductors encased in shielding, the characteristics of the line are un-
changed if the line is coiled up and inserted in a ean. This gives a very
compact and cheap filter unit. ‘

The papers were discussed by Messrs. Eastman, Fisher, Levitin,
Libby, Merryman, Tolmie, and Williams. Thirty-one members and
guests were in attendance.

WasHiNGTON SECTION

H. G. Dorsey, chairman, presided at the June 8 meeting of the
Washington Section held at the Kennedy-Warren Apartments.

“A Solution of the Problems of Night Effect in Radio Range Beacon
Systems” was the subject of a paper presented by Harry Diamond of
the Radio Section of the Bureau of Standards. This paper apgears in
the June, 1933, issue of the PROCEEDINGS and is not abstracted here.

It was discussed by Messrs. Burgess, Robinson and others of the
thirty members and guests in attendance. Fifteen were present at the
informal dinner which preceded the meeting.
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TECHNICAL PAPERS

THE APPLICATION OF GRAPHITE AS AN ANODE MATERIAL
TO HIGH VACUUM TRANSMITTING TUBES*

By
E. E. SPITZER

(Formerly, General Electric Company, Schenectady, New York; at present RCA Radiotron
Company, Inc., Harrison, New Jersey)

Summary—Graphite has been found to possess a number of advantages over
materials which have heretofore been used in the construction of anodes for high
vacuum transmitling tubes of the radiation-cooled type. Graphite has o higher radia-
tion emissivily, resulting in lower glass temperatures and therefore less danger of
glass electrolysis and strain cracking. Its use avoids anode warping and therefore
results in tubes of much greater electrical uniformily. With proper manufacturing
methods, there is no sacrifice in tube life when graphite is substituted for molybdenum.

owe their rapid strides of the past 15 years largely to the develop-

ment of high vacuum electron tubes. An entirely new tool was
made available, possessing the unique property of being able to am-
plify faithfully electrical phenomena of the most complex character.
Through this tool long-distance telephony became a reality, radio-
telephony became practicable, and radio communication in general
took on new life.

The action of the high vacuum tube amplifier may be briefly de-
seribed as follows. The electrical impulse to be amplified is applied to
the grid, and controls electrostatically the flow of electrons from an
emitting cathode to the anode. The source of energy in the anode cir-
cuit is generally a high voltage direct-current supply. This energy is
partly converted into an enlarged replica of the impulse applied to the
grid. The efficiency of energy conversion in the anode circuit 1s never
100 per cent, so part of the energy is lost. This appears in the form of
heating of the anode and is equal to the average energy with which the
electrons hombard the anode.

Now it is readily seen that if a tube is operated under specified
conditions at a given anode circuit efficiency and there are no other
limiting factors, the power output is determined by the power that can
he dissipated safely by the anode. In radiation-cooled tubes, which

* Decimal classification: R331. Original manuscript received by the In-

stitute, April 14, 1933. Presented before Eighth Annual Convention, Chicago,
1il., June 26, 1933,

J:[T IS generally appreciated today that the communication services
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alone will be considered here, the anode loss is radiated largely through
the glass envelope into space. Since the amount of energy that can be
radiated is approximately proportional to the fourth power of the
temperature, it has been found desirable to operate at anode temper-
atures as high as 1000 degrees centigrade in order to obtain anodes of
reasonable size. Largely because of these high operating temperatures,
comparatively few materials have been found suitable for anode con-
struction. It has recently been determined that graphite is suitable and
has a number of advantages over materials that have heretofore been
used. Before discussing the characteristics of graphite for this purpose
some of the requirements of an anode material will be considered.

1. Adsorbed Gases

The amount and kind of gases adsorbed in the anode material and
the ease with which they can be desorbed are two of the most important
factors in determining the suitability of the material. Gases are de-
sorbed when materials are heated in vacuum. It is very essential that
no appreciable amounts of gases be liberated by the anode during
operation at the normal temperature. Liberated gases become ionized
under impact by electrons and these ions partly neutralize the electron
space charge which limits the flow of electron current between the
cathode and anode. Increased current then flows through the tube, re-
sulting in greater anode heating and more rapid gas liberation. This
process may quickly become cumulative and lead to an are discharge
between anode and cathode. If no overload protective device is used,
such a discharge generally results in an abrupt termination of the life
of the tube by melting of the cathode, grid, and anode. In any case, a
tube which goes out of service at short intervals is of no practical value.

The kind of gases liberated by the anode is important in the case
of thoriated-tungsten cathode tubes. The electron emission of such
cathodes is due to a monatomie layer of thorium adsorbed on the sur-
face of the tungsten. Very small amounts of oxygen will oxidize the
thorium layer and thereby destroy the emission of the cathode. This
layer can also be destroyed by sputtering of positive ions. The lighter
gases, such as hydrogen and helium, are relatively ineffective in this
sputtering compared with heavier gases, such as mercury vapor.
2. Radiation Emissivity

Tt is desirable to have the total radiation emissivity of the anode
material as high as possible because for given anode operating tempera-
ture and dissipation rating this results in an anode of minimum physi-
cal size and, therefore, also of lowest electrostatic capacitance to the
other electrodes of the tube. Low interelectrode capacitances are essen-
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tial if the tube is to be operated up to the highest frequencies in com-
mercial use at the present time. In the past, high radiation emissivity
has been obtained by roughening the external surface of the anode, by
the addition of radiating fins and by coating the anode with carbon.
The last method comes nearest the ideal of a black body.

3. Mechanical Properties

The material of the anode must have a number of mechanical prop-
erties. It must be capable of being worked into the desired shapes with-
out undue difficulty. It must maintain these shapes at the highest tem-
peratures necessary during the exhaust of the tube. Only a very small
amount of warping can be tolerated at the normal anode temperature
as warping results in a change of electrical characteristics of the tube.

4. Vapor Pressure

The vapor pressure of the anode material must be low enough to
avoid noticeable deposits in the tube during exhaust. Deposits on in-
sulators in the tube may result in excessive interelectrode leakage.
Deposits on the glass envelope result in higher glass temperatures be-
cause of increased radiation absorption and may lead to strain cracks.

5. Electrical Conductivity

The electrical conductance of the anode material must be high
enough so that no appreciable energy loss can be attributed to this
property.

MOLYBDENUM AS ANODE MATERIAL

Molybdenum, tantalum, and nickel are materials that have been
used for anodes of transmitting tubes. Molybdenum is most widely
used at the present time. Long manufacturing experience has shown
that molybdenum anodes which have been degassed at a brightness
temperature of 1400 degrees centigrade can subsequently be operated
at temperatures as high as 1000 degrees centigrade without noticeable
gas liberation. The recent work of Norton and Marshall' has shown
that considerably higher temperatures are necessary to degas molyb-
denum completely. Fortunately, complete degassing is not necessary
hecause, regardless of the temperature at which the degassing is carried
on, the rate of gas evolution can be reduced to a negligible value by
operating the anode at a sufficiently lower temperature. Furthermore,
considerable gas evolution can be tolerated if the tube contains active
“getter” for cleaning up the gases as fast as they are generated. In
general, it may be stated that as far as adsorbed gases are concerned,

1 F. J. Norton and A. L. Marshall, Amer. Inst. Mining & Metallurgical
Eng., February, (1932). .
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molybdenum is satisfactory as an anode material for transmitting
tubes.

In regard to the second factor—radiation emissivity—molybdenum
leaves considerable to be desired. Even when the surface is roughened
by means of carborundum blasting, the radiation emissivity is only
about half that of a black body. Thus, for the case of radiation into
space, the absolute temperature of the molybdenum would have to be
\/2 times the temperature of an equivalent black-body radiator. With
the black body at 1000 degrees Kelvin the molybdenum would have to
be at a temperature 190 degrees Kelvin higher.

The mechanical properties of molybdenum are not very satisfactory.
It can be put through the necessary forming processes but the life of
the tools and dies is comparatively short. In the case of flat anodes,
warping of the molybdenum occurs due to uneven heating over the
side of the anode. Special bracing is necessary to counteract this warp-
ing. Molybdenum does not soften or anneal even at much higher tem-
peratures than are used during exhaust. This property is one of the
chief reasons for the present widespread use of molybdenum for anodes.

In regard to the fourth and fifth factors, molybdenum is entirely
satisfactory. Its vapor pressure is low enough so that bulb blackening
can be avoided during manufacture. Its electrical conductivity is never
a problem in design.

APPLICATION OF GRAPHITE

Graphite has been used for many years as an anode material in
mercury pool type rectifiers. In such tubes the voltage drop is very low
and consequently the anode loss is also small for a given current. Fur-
thermore, there is no necessity for keeping interelectrode capacitances
low so that it is possible to design tubes to operate at very low anode
temperatures. Recently it has been found that it is possible to make
successful high vacuum tubes with graphite anodes. Following the
early work of H. W. Jackson of the General Electric staff, the initial
application has been to the so-called “50-watt” tyvpe of tube which is
designed to operate at a plate voltage of 1000 volts and a maximum
anode dissipation of 100 watts. Fig. 1 shows a molvbdenum and
graphite anode as used in this type of tube.

Various commercial brush grades of graphite have been found ap-
plicable. In comparison with molybdenum, the amouats of gas ad-
sorbed in typical graphite samples are quite large. Some of the best
grades of artificial graphite have a gas content by volume of the order
of ten times the gas content of molybdenum. By suitable treatment this
gas content can be very materially reduced before the anode is built
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into the tube. This makes the exhaust of the tube correspondingly
easier. As in the case of molybdenum, Norton and Marshall found that
complete degassing is not necessary. They found, for instance, that
after a certain sample had been degassed for about one hour at 1300
degrees centigrade, no further evolution of gas could be detected when
the temperature was dropped to 1000 degrees centigrade for 15 min-
utes. In actual manufacture it has been found that in spite of the large
initial gas content of raw graphite, the exhaust of a properly pretreated
graphite anode in a tube requires no more time than the exhaust of a
similar molybdenum anode tube.

Fig. 1—New graphite and former molybdenum anode for 50-watt
radio transmitting tube.

The total radiation emissivity of graphite depends on the treatment
the surface has received. For rough ground surfaces, the total emis-
sivity is probably about 90 per cent. This is a satisfactory approach to
the black-hody ideal. In comparison with molybdenum, graphite
anodes run at a visibly lower temperature for the same power radiation.
This reduction of temperature results in a decrease in the amount of
heat conducted along the electrode supports to the reéntrant glass
stems to which the supports are attached. For example, by introduc-
tion of the graphite anode in the “50-watt” type of tube, the temper-
ature of the glass pinch through which the lead-in wires pass was re-
duced about 35 per cent at the rated anode dissipation of 100 watts.
It is estimated that the glass conductivity between the lead-in wires
was reduced twentyfold by this drop in temperature. It is hardly
necessary to state that the danger of strain cracks and electrolysis of
the pinch has been greatly reduced by this change.

One of the disadvantages of graphite as an anode material is its
low tensile strength. In order to compensate for this weakness it ap-
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pears desirable to make the minimum wall thickness at least one-
sixteenth of an inch. There is a decided advantage in this increased
wall thickness. The appearance of hot spots is a common occurrence in
metal anode tubes, even when the construction is perfectly symmetri-
cal, and is due to the fact that electrons attempt to travel from the
cathode to the anode in lines normal to the anode surface. If the anode
thickness is made very small so that the heat conductance in the plane
of the anode surface is low, the shape of the filament can be seen out-
lined as a bright image on the exterior anode surface. With the anode
thickness commonly used when the material is molybdenum, the
center of the anode usually operates at a visibly higher temperature
than the edges. This temperature difference produces warping. In the
case of graphite anodes where the minimum anode thickness is one-
sixteenth of an inch, the heat conductance in the plane of the anode
surface is so good that hot spotting is avoided. In addition, the coefhi-
cient of expansion is so much lower for graphite that warping prac-
tically does not occur. Consequently, the electrical characteristies of
graphite anode tubes are much more uniform, not only from tube to
tube, but also for the same tube under various conditions of load.

The absence of hot spotting when graphite anodes are used means
that the anode loss is radiated much more uniformly over the anode
surface. The glass bulb also operates at a more uniform temperature.
In the case of the “50-watt” type of tube, an 8 per cent reduction of
bulb temperature opposite the anode was obtained when graphite was
substituted for molybdenum.

Because of its softness, graphite does not present any serious diffi-
culties in machining. Grades of graphite which have been graphitized
at the highest temperatures are easiest to work but also have the least
strength.

The vapor pressure of graphite is so low that bulb blackening can
be avoided during exhaust. However, if the material has been graph-
itized at a low temperature, volatile materials other than graphite may
be present and result in bulb darkening. Such grades of graphite are
quite likely to be difficult to degas properly too. By choice of the
proper grade of graphite these difficulties can be avoided.

The electrical conductivity of graphite is low compared with metals,
but at the same time the temperature coefficient is usually negative,
so that as the temperature is increased the differencé becomes less.
As the thickness of a graphite anode has to be about tenfold greater
than the thickness of an equivalent metal anode for purely mechanical
reasons, the resultant conductance is low enough to avoid appreciable
loss, even at frequencies as high as 60 megacycles,
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Finally a word should be said about the comparative costs of molyb-
denum and graphite anodes. Fundamentally, graphite is a much
cheaper material than molybdenum. Whether a saving can be effected
in the last analysis depends upon the construction adopted and the
amount of pretreatment necessary for the graphite. It is hoped that
in most cases the substitution of graphite for molybdenum will result
in a somewhat lower cost.
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VACUUM TUBE CHARACTERISTICS IN THE POSITIVE GRID
REGION BY AN OSCILLOGRAPHIC METHOD*

By
H. N. KozaNxowskI axp I. E. MOUROMTSEFF

(Westinghouse Research Laboratories, East Pittsburgh, Pa.)

Summary—A4 method of determining “complete” plate and grid characteristics
of vacuum tubes in the positive grid region by means of oscillographic recording has
been developed. A condenser of high capacity furnishes a single pulse of grid excita
tion which can be made to cover the entire region from any desired positive grid
voltage to zero. Due lo the rapidity of this excitation instantaneous power input to
the tube of twenty to thirty times nominal rating has been recorded without danger to
the tubes.

Several typical complete charts of plate and grid characteristics obtained by this
method for an experimental tube of the so-called “50-watt” type are given. The ex-
pervmental procedure in obtaining these characteristics is discussed in detail. Also
the circuil for obtaining oscillographically the highly important “composite diode
line,” with Ep=E,, ts described. The inadequacy of the usual logarithmic extrapola-
tvon of zero-grid characteristics into the positive grid region is discussed.

The complete plate and grid current charts, which can be obtained accuralcly
only by an oscillographic method, are practically indispensable in precalculation of
class B and class C performance. The method has been successfully used in studying
the characteristics of the smallest and the largest exristing tubes in this country.

N THE use of transmitting vacuum tubes the familiar curves of

plate current against plate voltage for various negative grid volt-

ages have long been an almost indispensible source of informaticn
to the radio engineer. Thus, in the case of the class A amplifier he has
been able to determine easily and accurately such factors in tube oper-
ation as optimum load for a given output, grid excitation, distortion,
and efficiency. Such churts have also been widely used in the study of
modulator performance, a particular case of the class A amplifier, to
determine the number of tubes necessary, percentage of modulation,
and so forth. In fact, with the aid of these charts, all questions involv-
ing the action of a class A amplifier, where the grid does not swing to
potentials positive with respect to the filament, can be solved graphi-
cally with ease and precision.

The increasing popularity of amplifiers where the grid is driven
positive has brought out the desirability of having complete character-

istic charts covering all regions into which the plate and the grid may
swing during operation.

* Decimal classification: R131. Original manuscript received by the In-

stitute, April 13, 1933. Presented before Eighth Annual Convention, Chicago.
., June 26, 1933.
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In the class B audio amplifier where the problem of power output
at minimum distortion is paramount, the chart allows the direct de-
termination of distortion and the selection of. operating paths along
which the distortion is a minimum. For the class B amplifier at radio
frequencies, and the class C amplifier, or oscillator, the complete charts
would give such information as: grid excitation voltage and power for
a desired output, optimum operating region, efficiency and many other
important factors. Thus with the aid of complete charts, the perform-
ance of an amplifier, or self-oscillator, can be precalculated precisely,
whereas, without this information, the process is rather empirical and
indefinite.

"Tor a complete solution of the operation of vacuum tubes, the
values of grid current corresponding to the various plate-current—
plate-voltage characteristics are also quite essential.

PossiBLE METHODS OF ExTENSION OF CHARACTERISTICS

There are three methods by which one might expect to arrive at
information concerning the positive grid region. They are:

(a) Point-by-point static curves

(b) Logarithmic extrapolation

(¢) Oscillographic recording.

Let us examine these possibilities in some detail.

(a) The point-by-point static curves are undoubtedly the most
straightforward way of exploring the positive-grid region, as with suit-
able circuit arrangements, the values of the four variables, plate and
grid current, and plate and grid voltage can be directly measured. In
this way the region of comparatively low positive plate and grid volt-
ages can be accurately investigated. However, the fact that the volt-
ages must be applied for a time interval long enough to allow the read-
ing of indicating meters furnishes a distinct limitation to carrying the
observations to the most interesting region of comparatively high posi-
tive grid voltages. It is evident that in this region the dangerous heat
dissipations for the plate and also for the grid are soon reached. With
sustained voltages of the order in which we are interested, the tube
might easily be damaged, if not destroyed, during the few seconds
necessary for taking the corresponding meter readings. There is also the
point that might be made concerning the effect of high plate and grid
temperatures on the electron emigsion from the cathode and the possi-
ble distortion of the tube elements with consequent changes in normal
tube characteristics. This is the reason why a point-by-point method

cannot be successfully used for complete mapping of the positive-grid
region.




1084 Kozanowski and Mouromiseff: Vacuum Tube Characteristics

(b.) Logarithmic extrapolation method is an attempt to calculate the
plate currents for positive grid voltages from the zero-grid static curve
by application of the basie vacuum tube equation. This plate-current
plate-voltage characteristic at zero grid voltage can be determined
statically in a point-by-point manner with accuracy; it gives a straight
line on log-log paper which may be extended in the direction of higher
plate currents. In the basic equation,

I, = 1/k<Ep + #Ea)a;

o is the slope of this log-log line and 1/k is its intercept. It is evident
that if the constants a and 1/k have been determined, I, can be calcu-
lated for any combination of values of plate and grid voltages, assum-
ing that u, the amplification factor is also known. Therefore, the value
of I, can be read directly from a linear extrapolation of the original
zero grid voltage curve plotted against “plate diode voltage” (or
“grid diode voltage”),! which is given by

Epe = Ep + uE,

thus referring all voltages to the plate (or to the grid) as though the
tube were a diode. The method is open to the following eriticisms:

1. The amplification factor is not constant.

2. The slope of the log-log curve is not necessarily a constant; it
varies essentially in the region of low plate currents and also as the
saturation region is approached.

3. The slope is seldom equal to 1.5, the theoretical slope of the ideal
tube characteristic, and wvaries from tube to tube, even of the same
type.

4. No means exists in the equation for the separation of grid and
plate current.

5. Secondary emission which may greatly affect grid and plate cur-
rents does not appear in the picture at all.

The verdict one is compelled to arrive at from the above consider-
ations is that the method of logarithmic extrapolation can be applied
safely only for regions of high plate and low grid voltages with negligi-
ble grid current, and also where the situation is not complicated by a
limited thermionic emission from the cathode.

! When “p]ate—‘diode voltage” is considered, a three-electrode tube is treated
as a diode tube having identical plate and filament structure and the original grid
voltage is transferred to the plate of this diode according to the relation above.
They§t‘1‘m of plate and transferred grid voltage is what we call, “plate-diode volt-
age.” “Grid-diode” voltage is referred to a diode in which the original grid of the
tube is considered the anode and the plate voltage is transferred to it according
to the relation E,q =KE,/u+E,. This “grid-diode” voltage corresponds exactly to

the German “Steuerspannung.”
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(¢) An oscillographic-recording method is free from the limitations
just discussed. With it the actually observed values of the four param-
eters are permanently recorded under conditions comparable with
those which prevail during vacuum- tube operation. But even such a
method may involve some limitations connected with plate and grid
temperatures. One must note that in such a method the power supply
sources are required to deliver instantaneous currents which usually
exceed the capacity of standard equipment. Therefore, a method which
may be described as “condenser-discharge oscillographic method” has
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Fig. 1—Oscillograph circuit for recording triode characteristics
in positive grid region.

been developed. It can be outlined as follows: A high capacity—high
voltage condenser is charged to any desired potential difference and is
then discharged in a comparatively short time interval to furnish ex-
citation to the grid of the tube being studied. Normal plate voltage is
supplied by the conventional direct-current generator. Four oscillo-
graph elements suitably placed give deflections corresponding to the
instantaneous values of plate current, grid current, and grid and plate
voltages. The experimental arrangement is shown in the schematic
diagram of Fig. 1.

Derains oF THE CirRcUuiT AND ITS CALIBRATION

Tor this work five elements of a standard Westinghouse 9-element
oscillograph were used. The grid excitation condenser, C, and the load-
ing resistor, R, are so chosen that the discharge curve falls to zero
within the length of a single exposure of the recording camera film,
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with the camera drum driven at a suitable speed. A 60-cycle per second
timing wave, which is also recorded on the film, aids in the checking
and adjustment of the discharge time. A condenser of 100 microfarads
capacity, rated at 500 volts, and a loading resistor of approximately
2500 ohms are suitable for the study of tubes rated from 50 to 500
watts. It should be pointed out that the grid is never “floating,” but is
always connected to the center tap of the filament transformer by the
grid voltmeter element and loading resistor in parallel.

The connections of all oscillograph elements are shown in Fig. 1.
All shunts and resistors are noninductive, preventing the possibility of
phase-shift in recording. The grid current shunt has a resistance of one
ohm and is used with a high-sensitivity oil-damped element. The plate
current shunt consists of two equal 0.2-ohm sections connected to a
high sensitivity element. This allows the selection of such deflections
for a given plate current that accuracy is preserved even at lower plate
current values. The grid and plate voltmeter elements are of standard
sensitivity (of about 100 milliamperes per inch deflection).

The calibration of elements was carried out in the usual way, by
applying to the individual elements a series of standard voltages and
currents measured by laboratory standard meters, and measuring the
deflection of the spot of light on a graduated ground-glass screen. The
deflections are stable and linear over the range used in actual recording.
Additional calibration checks were obtained by actually recording zero
lines and constant deflections photographically-.

SYNCHRONIZATION OF EXCITATION AND REecorpinGg

In this type of oscillogram it is necessary that the beginning of the
grid excitation coincide with the beginning of the exposure. This is
carried out in the standard 6- and 9-element oscillograph by the “re-
mote control” relay which can be adjusted to close the grid excitation
circuit and open the recording light shutter simultaneously. A com-
mutating segment located on the camera drum-shaft can be so ad-
justed that the trip-solenoid operates the shutter and excitation
circuit only when the film is in the correct position.

PROCEDURE 1N OSCILLOGRAPHIC RecorpinG

The tube under investigation is operated at rated filament voltage.
Plate power is supplied by a 5-kilowatt direct-current high voltage
generator shunted by a condenser of 24 microfarads capacity. The plate
voltage is adjusted to a desired value indicated by a standard volt-
meter. The maximum voltage is governed by the plate temperature of
the tube at zero grid voltage. The grid excitation circuit is opened and
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interlocked with the shutter trip mechanism. The grid condenser is
then charged through a high “protective” resistance from a generator,
or vacuum tube rectifier of comparatively small capacity, to a poten-
tial of about 500 volts, and the charging switch is opened. The con-
denser is thus isolated and holds its charge for an appreciable time as
leakage is small. The camera is operated at a predetermined speed with
the safety shutter open. When the overvoltage switch of the oscillo-
graph is closed, the light intensity increases, and at the instant the
beginning of the film reaches the recording slit, the shutter is auto-
matically opened and excitation applied. At the end of the trace the
shutter is closed and the lamp circuit is opened. Once adjusted the re-
cording and synchronizing circuit is entirely automatic.

Thus with a single exposure we have a permanent record of plate -
current, grid current, and plate voltage for a continuous range of grid
voltages from about 400 volts positive to zero. Experiments have
shown that a very complete record of the characteristics of medium
power tubes such as UV-203A or UV-849 can be obtained with six ex-
posures, using arbitrarily chosen plate voltages of 1000, 750, 625, 500,
250, and 100 volts. With the apparatus once set up and calibrated,

complete characteristics of an individual tube can be recorded in 20 to
30 minutes.

ANALYSIS OF OscILLOGRAPHIC RECORDS

After the records are developed, the four zero lines are extended
across the entire film, consisting of three exposures, from the middle
exposure, where they are photographically recorded. This is done in
preference to recording zero lines for each individual exposure, because
confusion due to the line width and superposition at small deflections
is eliminated. A typical exposure at E,=900 volts is shown in Fig. 2.

Distances equal to a selected series of grid voltages, as given by
calibration data, are measured from the grid zero or hase line, F,q, to
the discharge curve, £,. A template with appropriately spaced holes
allows these distances to be quickly and accurately located. Lines
drawn perpendicular to the zero lines and passing through the points
corresponding to the selected grid voltages, intersect the plate-current,
grid-current, and plate-voltage curves. The perpendicular distance of
each deflection from its zero line, multiplied by its appropriate calibra-
tion factor gives the value of each variable recorded.

The grid voltages arbitrarily selected for reading the oscillograms
start from zero and increase by 25-volt intervals up to positive voltages
of the order of 300 to 400 volts. It can be seen from the oscillogram of
Fig. 2 that the initial plate-current surge due to the closing of the ex-
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with the camera drum driven at a suitable speed. A 60-cycle per second
timing wave, which is also recorded on the film, aids in the checking
and adjustment of the discharge time. A condenser of 100 microfarads
capacity, rated at 500 volts, and a loading resistor of approximately
2500 ohms are suitable for the study of tubes rated from 50 to 500
watts. It should be pointed out that the grid is never “floating,” but is
always connected to the center tap of the filament transformer by the
grid voltmeter element and loading resistor in parallel.

The connections of all oscillograph elements are shown in Fig. 1.
All shunts and resistors are noninductive, preventing the possibility of
phase-shift in recording. The grid current shunt has a resistance of one
ohm and is used with a high-sensitivity oil-damped element. The plate
current shunt consists of two equal 0.2-ohm sections connected to a
high sensitivity element. This allows the selection of such deflections
for a given plate current that accuracy is preserved even at lower plate
current values. The grid and plate voltmeter elements are of standard
sensitivity (of about 100 milliamperes per inch deflection).

The calibration of elements was carried out in the usual way, by
applying to the individual elements a series of standard voltages and
currents measured by laboratory standard meters, and measuring the
deflection of the spot of light on a graduated ground-glass screen. The
deflections are stable and linear over the range used in actual recording.
Additional calibration checks were obtained by actually recording zero
lines and constant deflections photographically.

"SYNCHRONIZATION OF EXCITATION AND REcorpiNG

In this type of oscillogram it is necessary that the beginning of the
grid excitation coincide with the beginning of the exposure. This is
carried out in the standard 6- and 9-element oscillograph by the “re-
mote control” relay which can be adjusted to close the grid excitation
circuit and open the recording light shutter simultaneously. A com-
mutating segment located on the camera drum-shaft can be so ad-
Justed that the trip-solenoid operates the shutter and excitation
circuit only when the film is in the correct position.

PROCEDURE IN OSCILLOGRAPHIC REcorpING

The tube under investigation is operated at rated filament voltage.
Plate power is supplied by a 5-kilowatt direct-current high voltage
generator shunted by a condenser of 24 microfarads capacity. The plate
voltage is adjusted to a desired value indicated by a standard volt-
meter. The maximum voltage is governed by the plate temperature of
the tube at zero grid voltage. The grid excitation circuit is opened and
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interlocked with the shutter trip mechanism. The grid condenser is
then charged through a high “protective” resistance from a generator,
or vacuum tube rectifier of comparatively small capacity, to a poten-
tial of about 500 volts, and the charging switch is opened. The con-
denser is thus isolated and holds its charge for an appreciable time as
leakage is small. The camera is operated at a predetermined speed with
the safety shutter open. When the overvoltage switch of the oscillo-
graph is closed, the light intensity increases, and at the instant the
beginning of the film reaches the recording slit, the shutter is auto-
matically opened and excitation applied. At the end of the trace the
shutter is closed and the lamp circuit is opened. Once adjusted the re-
cording and synchronizing circuit is entirely automatic.

Thus with a single exposure we have a permanent record of plate
current, grid current, and plate voltage for a continuous range of grid
voltages from about 400 volts positive to zero. Experiments have
shown that a very ecomplete record of the characteristics of medium
power tubes such as UV-203A or UV-849 can be obtained with six ex-
posures, using arbitrarily chosen plate voltages of 1000, 750, 625, 500,
250, and 100 volts. With the apparatus once set up and calibrated,

complete characteristics of an individual tube can be recorded in 20 to
30 minutes.

ANALYSIS OF OSCILLOGRAPHIC RECORDS

After the records are developed, the four zero lines are extended
across the entire film, consisting of three exposures, from the middle
exposure, where they are photographically recorded. This is done in
preference to recording zero lines for each individual exposure, because
confusion due to the line width and superposition at small deflections
is eliminated. A typical exposure at E,=900 volts is shown in Fig. 2.

Distances equal to a selected series of grid voltages, as given by
calibration data, are measured from the grid zero or bhase line, £, to
the discharge curve, F,. A template with appropriately spaced holes
allows these distances to be quickly and accurately located. Lines
drawn perpendicular to the zero lines and passing through the points
corresponding to the selected grid voltages, intersect the plate-current,
grid-current, and plate-voltage curves. The perpendicular distance of
each deflection from its zero line, multiplied by its appropriate calibra-
tion factor gives the value of each variable recorded.

The grid voltages arbitrarily selected for reading the oscillograms
start from zero and increase by 25-volt intervals up to positive voltages
of the order of 300 to 400 volts. It can be seen from the oscillogram of
Fig. 2 that the initial plate-current surge due to the closing of the ex-
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citation circuit causes a highly damped transient state in the plate
voltage. This does not affect the results in this region as there is no
phase displacement in the recording of the elements. The voltages ac-
tually recorded during this transient state can be read from the film re-
cordsandthecorresponding values of currentsusedin compilingthedata.

~ Initially it was found that a generator without a filter condenser
gives a plate voltage which varies throughout the entire record, making
the interpretation of the data tedious. By placing a condenser of 24

e

Fig. 2—Typical oscillographic record for EX-50 tube. A replica of the
actual oscillogram, prepared by tracing over the original, is shown
since this offers better reproduction.

microfarads capacity across the generator, and making all connecting
leads short and of large cross-section, it is possible to maintain a plate
voltage which is sensibly constant after the first two or three timing
cycles of the exposure. Such a constant plate voltage greatly simplifies
the analysis and interpretation of the record.

It will be noted that the magnitude and direction of the grid current
can be accurately determined from the oscillograms. This recorded grid
current is in reality the difference between the number of electrons
arriving at the grid, and the number of secondary electrons leaving the
grid at any given instant. The very interesting and important problem
of the separation of incident and secondary electrons will be discussed
in a later publication.
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Thus, six oscillograms at appropriately chosen plate voltages make
it possible to obtain complete data on the plate- and grid-current char-
acteristics in the positive grid region. Charts prepared from these data
for a special EX-50 tube of the so-called “50-watt” type resembling the

- UV-203A are given in the following figures. In Fig. 3 the plate current

200
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Ep voLTs

Fig. 3—Plate characteristics from oscillographic data.

is plotted as function of the plate voltage for a series of positive grid
voltages. It is interesting to note that peak currents of 2 amperes at a
plate voltage of 1000 volts, corresponding to instantaneous plate dis-
sipations of 2 kilowatts, have heen recorded without danger or injury
{0 the tube, although the rated plate dissipation is only 100 watts.
In addition, the value of the plate current calculated from logarith-
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mic extrapolation has been indicated in broken lines in the same chart
for particular values of grid voltage of 4100 and +200 volts. One must
note that the discrepancy between calculated and recorded curves be-
comes more and more marked throughout the entire voltage range as

Ep =100 V. l

FIG.4.- GRID CHARACTERISTIC
| FOR AN EX-50 TUBE WITH
LOW SECONDARY EMISSION

AN
/ |

700 I /
L | /
!
600 T y,
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| /)
Y 7
E 400 / 1
/
S [ /
o /
= 300
5 /20
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— // /900
o}
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POSITIVE GRID VOLTAGE— Eg

Fig. 4

the saturation region, due to g limited thermionic emission from the
cathode, is approached.

The grid current curves are shown in Figs. 4 and 5 corresponding
to two extremes from the standpoint of secondary emission. The pres-
ence of secondary emission is evident in both; but Fig. 4 shows grid
characteristics of a tube in which measures were taken to reduce sec-
ondary emission, while in Fig. 5 it is so pronounced that in certain re-
gions large negative grid currents are observed. The same data in more
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useful form for the design engincer are given in Figs. 6 and 7. Ilere grid
current is plotted against plate voltage with the grid voltage as a pa-
rameter.

In Fig. 3 the curves of plate eurrent have been terminated on the
“composite-diode” line; that is, with &, =17,. This line can be ob{ained
by logarithmic extrapolation of point-hy-point determinations of plate
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current from the region of low voltages, or by oscillographic recording
using the circuit shown in Fig. 8. Such an oscillographie record is repre-
sented in Fig. 9, while Fig. 10 contains the curves of plate and grid
current for ¥, =F, plotted from this record. This diode line is most
useful in verifying the shape of the characteristics in Fig. 3 in the re-
gion of low plate voltage. To the left of the diode line in Fig. 3 the vari-
ous curves of plate current (shown in dotted lines) descend steeply to
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zero and practically coincide with each other and at the same time de-
part but little from the diode line itself. Therefore, this part of the

N

NE

e
Iov
60 C
K
SYNCHRON-]
OUS SWITCH
—_——cC
[F 160 MFD
0.4
{ 0
i
Eg OSCILLOGRAPH Ip

ELEMENTS

Fig. 8—Circuit for oscillographic recording of composite
diode line, E,=E,.

" IpF 23 mMa/mm
Ig - 5 T "

FIG.9: - TYPICAL OSCILLOGRAM OF
: Ep_-'Eg LINE

Fig. 9—A replica of the actual oscillogram, prepared hy tracing
over the original, is shown since this offers
better reproduction.
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chart is of little technical importance. In fact, it can readily be seen
that there is little to be gained by allowing the grid to swing into the
region to the left of this line, as such a condition increases the grid
dissipation and driving power greatly without contributing appre-
ciably to the power output of the tube.

2000 _—
FIG.10:-COMPOSITE DIODE

LINE Ep=Eg PLOTTED
Ip /|FrROM DATA GsciLLOGRAPH-

ICALLY RECORDED

EX-50

1500

§ /
1000 : /
20 /
2 /& FROM
&3 LOGARITHMI
A EXTRAPOLAT-
e ION. |
/
/
/
, //Ig
500 / //I/
/
7(2
Ep~Eyg
0 100 200 300 400 500 600 VOLTS

Fig. 10

The curves of Fig. 10 show that the effect of saturation with the
tube investigated begins with plate current somewhat below 1.5 am-
peres (point a), although the total emission of the thoriated filament
used is above 3 amperes. The influence of saturation is particularly
clear from the comparison of the logarithmically extrapolated plate
and grid current lines for E,=E, and the actually recorded currents,
as is shown in Fig. 11. Early saturation can also be observed on the
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plate-current chart, where the upper curves have the tendency to
crowd together. With some individual tubes this effect is even more
pronounced.

One may note that variation in the amplification factor, u, in the
vieinity of the diode line is very pronounced, if one considers plate-
current—plate-voltage characteristics of Tig. 3. There it acquires any
values between the normal (about 28) and zero. But if one plots
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(I,+1,) curves as function of plate voltage with E,=constant as a
parameter (Fig. 12), u comes out more constant and does not drop to
zero even at zero plate voltage. It is quite evident that p in the basic
vacuum tube equation must be considered for total space current,
(1,+1,) rather than for plate current alone.

CONCLUSION

The oscillographic charts obtained by recording the actual picture
of the internal relations between voltages and currents within a tube,
over a wide region of feasible tube applications, are very useful for
precalculation of all desired data for any preconceived operating con-
dition taking into account all possible tube limitations. Thus, for in-
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stance, the grid-current charts are indispensable in determination of
driving or excitation power and, hence, for the design of preceding stage
exciter tubes and circuits.

The oscillographic method is particularly well adapted for the study
of the more complicated phenomena in multigrid tubes, such as the
screen-grid type, in which secondary emission plays a decided role in

E
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/ ]
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:% ﬁz/w
/
. // |50
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/%Ep VOLTS3
e 200 200 500 500 000 1200

Fig. 12—Sum of 7, and 7, as functions of E,, for E, as parameter, showing
details of characteristics to left of E,=E, line. (Compare with Fig. 3.)

determining tube performance. A study of screen-grid transmitter
tubes from this viewpoint is now being carried out.

This method is applicable, and in fact has been used, in the study
of the largest as well as the smallest tubes made in this country.
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A LIFE TEST POWER SUPPLY UTILIZING
THYRATRON RECTIFIERS*

By
H. W. Lorp

(Vacuum Tube Engineering Department, General Electric Company, Schenectady, New York)

Summary—Thyratron rectifiers for supplying high voltage direct current to
radio transmitting tube life lest racks are supertor to motor-generator sets where
quietness, flexibility, low operating cost, and safe operation over long intervals of
time are destrable. )

An installation for supplying typical voltages, in conjunction with usual forms
of electric power supplies is described. This consists of two high power rectifiers for
425 and 1000 volts direct current plate supplies and a low power 125-volt direct
current rectifier for bias vollage. A control circuit provides complete protection against
faults detrimental to tube operating conditions such as low filament voltage, low bias,
and resumption of power after failure, insuring a mazimum of life testing hours
available consistent with safe operation.

495 volts and 1000 volts direct current to life test racks for radio
transmitting tubes is a useful auxiliary to vacuum tube manu-
facturers. It is often desirable to have the power supply in the same
room with the test racks where the noise of a motor-generator set
would be objectionable. The rectifiers provide a quiet unit, are flexible
as to voltage ratings, have low operating cost and may be operated
safely at long intervals without attention, permitting operation of
the life test over week-ends.
Typical direct current voltage requirements for small transmitting
tube life test purposes are:

§§ N installation, including two Thyratron rectifiers, for supplying

Plate Supply Bias Potentiometer Supply
(a) 1125 0
(h) 1000 —125
(¢) 425 +125 (See Fig. 1.)
(d) 250 +125

In the equipment to be described the available power sources are:
250v/125v d-¢ with grounded neutral
230v/115v a-¢ with grounded neutral
550v—=3-phase a-c (Selsyn excitation source)
* Decimal classification: R366.2. Original manuscript received by the In-
stitute, April 14, 1933. Presented hefore Eighth Annual Convention, Chicago,

1., June 28, 1933.
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The voltage requirements are met by two rectifiers, rated at 1000
volts and 425 direct-current output, with the negatives tied to the com-
mon neutral of the power sources, and a third low power rectifier rated
at 125 volts direct-current output with the positive tied to the —125-
volt direct-current source. Fig. 1 shows how the different required
voltages are obtained.

The two high voltage rectifiers are similar in circuit and construc-
tion. The tube and control panels are identical. Fig. 2 is a schematic
wiring diagram of one of these rectifiers and shows two FG-29 Thyra-
trons with an anode supply consisting of power transformer T, con-
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TO HY RECTIFIER FrROM LV RACHK
INTERLOCK CIRCUIT INTERLOCH
Fig. 3

nected as an autotransformer. The autotransformer connection is used
in the 425-volt rectifier to reduce the kva rating of transformer 7', and
in the 1000-volt rectifier to obtain 1000 volts direct current from a
standard 2300/1150- to 230/115-volt distribution transformer. This
connection makes the neutral of the alternating current source the
center tap of the anode supply and thus gives an inherent tie-in be-
tween the neutral of the source and the negative terminal of the recti-
fier. The IF(:-29 variable phase grid excitation for control is supplied
through transformer T, from Selsyn SM, which in turn is supplicd
from a threc-phase source of which the anode supply is a part. Current
transformer 7'y in conjunction with a trip free overload relay provides
overload and short-cireuit protection. The interlock circuit is supplied
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Fig. 5—Thyratron rectifiers. Side view showing bias panel.
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from a main control panel through the gate interlocks on the test
racks.

The bias rectifier is mounted on a panel which also functions as a
main control panel. The circuit of this panel is shown in Fig. 3.The
rectifier includes two FG-32 Phanotrons supplied by the anode trans-
former T, and two filter circuits, one for the output and the other
for supplying the underbias protective circuit.

VPG ESIA VY Y
IEERE T R S G R A
7, ///%/ Gada 37" Ziaa

Fig. 6—Thyratron rectifiers for vacuum tube life test racks.

Only a reduction of negative bias is harmful so potentiometer P is
placed across the bias rectifier and the — 125 volt direct-current source
in series. A part of this voltage is fed to a tungsten-thyrite bridge, the
output of which controls the grid of the 'G-81 Thyratron. Relay [y
operates to open the interlock circuit to the high voltage rectifiers
when the bias voltage drops below a predetermined value and recloses
a8 soon as the voltage exceeds the drop-out value by a few volts.

Relay 17,1 in conjunction with an alternating current nonlincar!

~ +C. G. Buits, “Non-linear circuits for rclay applications,” Eleclrical En-
gineering, vol. 50, pp. 963-965; December, (1931).
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circuit provides a simple but dependable alternating current under-
voltage release. This relay opening drops out the cathode protection
time delay relay R,, and requires the full time delay for reclosing after
an undervoltage failure. The contacts of R,; control excitation to the
underbias protective relay and the alternating and direct current con-
trol bus contactor R,s. These alternating and direct current control
busses supply excitation to interlock circuits and contactors with either
alternating or direct current type coils when the life test circuits re-
quired a cathode heating time before application of anode voltage.

The protective circuits are so interconnected that all cathodes are
allowed a definite heating time, set by the time delay relay, after an
interruption or undervoltage condition of the alternating current fila-
ment supply while loss or reduction of bias removes the plate supply
to the vacuum tube racks only for the period of the fault, still permit-
ting other life test circuits unaffected by the loss of direct current to
continue operating. With such a control the operation is entirely auto-
matic and may be safely operated without attention for long periods of
time.

The accompanying photographs show the installation described
above. Fig. 4 shows the rectifier and test racks, Fig. 5 the rectifiers, and
Fig. 6 the control panel. This installation has been in operation for
several months with a very satisfactory service record.

) > B O o
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THE LIMITING POLARIZATION OF DOWNCOMING RADIO
WAVES TRAVELING OBLIQUELY TO THE EARTH’S
MAGNETIC FIELD*

By
W. G. BaAkgEr anD A. L. GREEN

(Radio Research Board, Sydney, Australia)

Summary—The paper is a theoretical discussion of the limiting polarization
of downcoming electromagnetic waves propagated at oblique angles to the earth’s
magnetic field. The main conclustons arrived at are:

(a). The polarization of the downcoming wave tends lo a definite lumit on leaving
the Kennelly-Heaviside layer. The limiting polarization has been shown to be very
nearly independent, for conditions that are likely to hold in practice, of the presence
of large numbers of heavy negative tons in addition to the electrons, and of the occur-
rence of collisions between electrons and gas molecules.

(b). The shape of the ellipse of polarization is determined by the frequency of
the wave relative to the critical frequency, and by the angle between the direction
of propagation and the lines of force of the earth’s magnelic field.

(c). The orientation of the ellipse is such that the principal axes are perpendicu-
lar to the direction of propagation, the major azis being in the plane containing the
direction of the earth’s magnetic field and the direction of propagation.

(d). The sense of rotation of the electric vector contained by the ellipse 13 left-
handed when the direction of propagation of the “ordinary” downcoming ray makes
an acute angle with the earth’s field; the rotation is right-handed when the angle s
obtuse. Either form of rotation can therefore occur even for the “ordinary” ray in
either hemisphere, but, for moderate distances from the transmailer, in temperate
and polar latitudes, and for waves of broadcast frequency, the polarization is left-
handed in the Northern Hemisphere, and right-handed in the Southern. In the con-
trary case, the angle of incidence of the downcoming ray must be greater than the
magnetic dip, which is usually large. The sense of rotation in the “extraordinary”
ray 1s the reverse.

(¢). By a simple transformation of the principal components of electric force,
namely those along the azes of the ellipse, to components respectively in Lhe vertical
plane containing the sending and the receiving station, and parallel to the ground,
il has been shown to be possible lo predict the polarization of the downcoming rays
(as measured at the ground), for omy given distance and in any direction from the
transmitler. As a practical example, maps have been drawn on which there are
marked lines of equipolarization, the conditions being those for transmission from
station 2BL, Sydney, New South Wales, frequency, 8565 kilocycles. The contours
show (1) the ratio of the abnormally to the normally polarized component of electric
force, and (2) the phase difference between the components. The two maps, taken
together, are sufficient lo determine both the shape of Lhe polarization ellipse, and the
sense of rolation of the electric vector in the ellipse.

(f). Itis pointed out that, in the Kennelly-Heaviside layer, the true direction of
propagation is oblique Lo the wave front. Practically this suggests thal a wave propu-

~ * Decimal classification: R113.6. Original manugeript received by the In-
gtitute, January 12, 1933.
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gated obliquely to the earth’s field, would be laterally deviated; the amount of de-
fAection depends on the gradient of ionization in the layer.

(9). The relative attenuation factors of the “ordinary” and the “extraordinary”
rays have been plotted for oblique propagation to the earth’s field, assuming stmple
conditions. For angles, between the directions of propagation and of the earth’s field,
less than about 30 degrees, the “ordinary” downcoming ray is much the stronger. At
about 60 degrees the attenuation factors are equal, and, at right angles to the field,
the “extraordinary” ray suffers the less absorption.

I. INTRODTUCTION
(1). Scope of the Paper
TE PPLETOXN and Katcliffe’ have found, experimentally, that the

polarization of downcoming waves of broadcast frequency is

predominantly circular, with a left-handed sense of rotation of
the electric vector, when propagation is along the lines of force of the
earth’s magnetic field. In a recent investigation? by one of us, circular
polarization has also been measured, but with a right-handed sense
of rotation; the experimental conditions were for propagation parallel
to but against the lines of force of the earth's field in the Southern
Hemisphere.

No general tests of polarization have vet been made in either
hemisphere for directions of propagation oblique to the earth’s field,
so that the object of the present paperis to predict the elliptical charac-
teristics of downcoming radio waves as received at any given distance
and in various directions from the transmitting station.

(2). Previous literature

Early work by Lccles and Larmor paved the way for the discussion
of propagation in directions parallel to and perpendicular to the earth’s
magnetic field by Appleton. Nichols and Schelleng, Appleton and Bar-
nett, Taylor and Hulburt, Breit and Tuve, and Pedersen.?

In his book, Pedersen discusses the matter in considerable detail.
He assumes the electric force to be transverse to the direction of propa-

! E. V. Appleton and B. A. Ratcliffe. Proc. Roy. Soc. (L.ondon), sec. A, vol.

117, pp. 576-588; February 1, (192R8). i

2 A. L. Green, to be published.

* W. H. Eccles, Proc. Roy. Soc. (London), sec. A, vol. 87, pp. 79-99; August
13, (1912). J. Larmor, Phil. Mag., ser. 6, vol. 48, pp. 1025-1036; December,
(1924). E. _\. Appleton, Proc. Phys. Soec. (London), vol. 37, pp. 16D-22D;
February 15, (1925). H. W. Nichols and J. (., Schelleng, Bell Sys. Tech. Jour.,
vpl. 4, pp. 215-234; April, (1925). E. V. Appleton and A..F. Barnett, Proc.
(“ambridge Phil. Soc., vol. 22, pp. 672-675; July, (1925), Electrician (London),
vol. 94, p. 398; April 3, (1925). A. H. Taylor and E. O. Hulburt, Phys. Rev.,
ser. 2, vol. 27, pp. 189-215; February (1926). G. Breit and M. A. Tuve, Phys.
Rev., ser. 2, vol. 28, pp. 554-575; September, (1926). P. O. Pedersen, “Propaga-
tion of Radio Waves Along the Surface of the Earth and in the Atmosphere,”
Copenhagen, (1927).
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gation. However, in the case of transmission at right angles to the
earth’s field (loc. cit. p. 107), there is an electron motion in the direction
of propagation, this constituting a current; there is no displacement
current to offset it. The current does not, therefore, lie in the wave
front. As the current is the same at any point of the wave front, it
follows that its “divergence” is not equal to zero, which it must be in
order that Maxwell’s equations may be satisfied. In this case it seems
that Pedersen’s results fail to hold.

Transmission oblique to the direction of the earth’s field has been
considered by Breit, Goldstein, Appleton, Hartree, and Burnett.*

No distinction has been made between the direction of a ray and the
normal to the wave front, whereas these actually coincide only when
the dielectric constant is a maximum or a minimum as regards a varia-
tion in direction. In particular, the ray and the normal to the wave
front agree in the principal cases of transmission along and at right
angles to the earth’s field.

Goldstein derived an expression from which may be obtained the
limiting polarization of the downcoming wave. He applied this to the
special experimental conditions used by Appleton and Rateliffe for
the west-to-east, and the south-to-north directions of propagation in
England, but did not further consider oblique transmission in general. .
It would appear to be difficult to modify Goldstein’s analysis in order
to allow for collisions and for the presence of heavy ions.

Appleton has extended his earlier work to include oblique propaga-
tion. In particular, he has used the modified formulas in an experi-
mental investigation® of the maximum electronic density of ionization
in the Heaviside layer. '

Hartree has pointed out the importance of a term which allows for
the discontinuous distribution of electronic charge in the Heaviside
layer; earlier work had assumed a constant electric charge per unit
volume, but the concentration of charge on discrete particles renders
this assumption untenable, in the limit. However, we have been able
to show that the limiting polarization of the “ordinary”® ray is not
altered by the inclusion of the new factor.

Burnett was concerned chiefly with waves of very low frequency.

4 G. Breit, Proc. LR.E., vol. 15, pp. 709-723; August, (1927). S. Groldstein,
Proc. Roy. Soc. (London), sec. A, vol. 121, pp. 260-285; November 1, (1928).
E. V. Appleton, International Union of Scientific Radio Telegraphy. Papers,
vol. 1, pt. 1, pp. 2-3, (1927). D. R. Hartree, P’roc. Cambridge Phil. Soc., vol. 25,
pp. 97-120; January, (1929); vol. 27, pp. 143-162; January, (1931). D. Burnett,
I’roc. Cambridge f?hil. Soc., vol. 27, pp. 578-587; October, (1931).

5 . V. Appleton, Nature, vol. 127, p. 197; February 7, (1931).

% Waves longer than ahout 180 meters, on entering the Heaviside layer, are
resolved into two components. The ray, for which the refractive index at first
decreases from unity, we have called “ordinary,” and the other “extraordinary.”
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(3). Definitions

In Fig. 1, a downcoming wave is incident at the ground at an angle
e. It is assumed that the electric force in the sky wave is, in gencral,
elliptically polarized and that the components of this rotating force
are I/, the normally polarized component which is in the vertical planc
containing the sender and the receiver, and ', the abnormally polar-
ized component, being at right angles to £, and to the direction of
propagation. The angular phase difference between the components is
denoted” by £.

Dissociating the downcoming wave, for the moment, from its
orientation with the ground and looking at Fig. 2, it is seen that OF

Ey

Fig. 1

and OQ are the normal and the abnormal components of value
Ei-sin pt and E\’-sin (pt+§), respectively, where p is the angular fre-
quency of the wave. In this figure, the direction of propagation is
through the paper and away from the reader, and the sense of the
system of axes is such that OQ points to the right for an observer look-
ing from the sending to the recelving station.

Combination of the two component alternating forces then gives
the rotating electric vector OE, whose instantaneous value depends on
the shape of the ellipse of polarization, and on the position of the vector
ia the ellipse at any given moment. The definition of the sense of rota-
tion of OF is then as follows: Looking from the sending to the receiving
stations, and for increasing values of the time t, the sense of rotation is

" The nomenclature is mainly that of Appleton and Ratcliffe.
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left-handed if £ lies between 0 and 180 degrees, and right-handed when
¢£1is between 180 and 360 degrees.
For example, with the polarization circular and the sense of rotation

" right-handed, the component forces OP and OQ are equal but in quad-

rature, in time as well as in space, the normally polarized component
OP leading the abnormally polarized component OQ, in time. The de-
scription of the polarization is then that the ratio of components

E,.siNnpt AP

0 Q

E{-sin(pt+&)

E

Fig. 2—The alternating electric forces OP and OQ are the components of the
rotating vector OE, of periodically varying amplitude. The shape of the
ellipse of polarization and the sense of rotation of OF are completely speci-
fied when the quantities Ey’/E; and £ are known both in magnitude and sign.

E\'/ E,, denoted by R., is unity, and that the phase difference between
them, &, is 270 degrees.

II. EvecTrRON MoOTIONS IN THE HEAVISIDE LAYER

It will be necessary briefly to review the application of classical
theory to the problem.

In Fig. 3, let 0X, 0OY, and OZ denote three axes at right angles, of
which 0Z lies along the positive direction of the earth’s magnetic field,
of which the vertical component in the Southern Hemisphere is directed
upwards. OX lies in the plane which contains the direction of propaga-
tion and the direction of the earth’s field; let OX make an acute angle
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with the former direction. The sense® of the axes is such that 0X is to
the right of OZ when looking in the direction OY.

Let E., E,, and E. denote the components of electric force, there ‘
being similar components of magnetic force H, and electric displace-
ment D. The electric quantities are measured in electrostatic units,

A

EARTH'S FIELD

Fig. 3

and the magnetic in electromagnetic units. Then Maxwell’s equations
state,

1 aD 1 0H
curl H = — —— andecurl £ = — —.—__ (1)
c dt c Ot
where c¢ is the velocity of light in vacuo. We also have that,
div H = 0, and div D = 0, (2)

but it is not necessary that div E should be zero.

In setting down the equations of motion of the ions in the Kennelly-
Heaviside layer, the effect of the electrons alone will be considered at
first, the treatment of the heavier ions being given later. For the pres-
ent, also, we shall neglect the effects of collisions between electrons and
gas molecules; discussion of this point will be found in the sequel. A
further assumption, later to be modified, is that there are equal posi-
tive and negative charges in the ionized region, per unit volume.

Let —e and m be the charge and mass of an electron, u, v, and w its
three velocity components at time t, and 3C the total intensity of the
earth’s magnetic field. The equations of motion are then,

du JCev
r —— == — e . Ez —_
dit &

8 The symbolism of this paper follows that of Nichols and Schelleng; they,
however, used a left-handed system of axes.

m

(3)
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dv ) Jeu

m-— = —el, +— (4)
dt ¢
dw

m-— = — e I,. (5)
dt

Since the velocity and field components all involve an exponential
factor whose index is jpt, their time derivatives are obtained by multi-
plying by jp, where j has its usual operational significance; we can also
put,

Do = — (6)

po being the electronic critical angular frequency. We then have for
the velocity components,

—e¢ (p-E: — po L)

u =
m (po* — p*)
—e (p £y + po k)
v s .
m (po? — p?)
—e I,
W = ———
moJp

The constants of integration are the initial velocities, distributed at
random, and hence equal to zero on the average.

If there are N electrons per unit volume, the current per unit area
will be -—Ne times the velocity. This is the current carried by the
electrons, to which must be added the Maxwellian displacement cur-
rent, equal to 1/4x-dE/dL.

To shorten the expressions, let us put

10 47 - Ne? o
€ = C
l m(py® — p?)
) dr-Ne?
6 =1 - —— (8)
mp?
o 4 - Ne?
o =— — (9)

n mpg® — 7)2)“

and the current components are given by,
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dr, 4 dly,
lr-C, = ¢ —— 4 jo-——
] i ot
dl, Cdly,
-1, = € - = Ju-
dl (i
dl,
b, = ey ——
dt
so that the components of electric displacement are,
D, =¢e- K, 4+ ja I, (10)
D, =e-F, —jal, (11)
1)2 = 62'1’]2. (12)

From the last three equations, it is apparent that the displacement,
does not agree with the electric foree in direction, except in certain
special cases. Hence, there will be an effective dielectric constant for
each direction® of propagation of the wave.

Let us now choose OX in the plane containing the directions of
propagation, and of the earth’s field; then the normal to the wave front
makes angles with the axes whose cosines are respectively [, zero, and
n. Let ¢V be the phase velocity, and ¢l its component normal to the
wave front; then the phase of the wave at the point (x, y, z) at time ¢, is

(T (lz + n2)
fi L et
cU ]
so that differentiation of a vector with respect to ¢, z, y, or z is the same

as multiplication by a constant quantity times unity, —{/cU, zero,
or —n/cl, respectively.!”

¢ = ¢y + p-

! It Is interesting to notice, qualitatively, two aspects of the phenomenon of
there being a difference between the directions of phase propagation and of the
normal to the wave front. In the first place, it appears that a ray incident ver-
tically at the Kennely-Heaviside layer would keep its wave front horizontal,
but would he bent over and come down again vertically at a different place,
which, for the ordinary ray, would be at a point closer to the magnetic pole.
Second, for propagation not in the magnetic meridian, there will be a deflection
of the ray in the plane containing the earth’s field and the direction of ray
propagation. Ij‘or example, for east-to-west transmission in the Southern Hemis-
phere, the ordinary downcoming ray will appear to come from a direction some-
what north of the true bearing of the transmitter. The amount of lateral devia-

tion depends on the gradient of ionization in the layer, being zero for the case of
sharp reflection.

coming waves, and he has suggested that this deviation may be produced, in
part, by the influence of the earth’s magnetic field.
1 We are indebted to M. René Mesny for helpful eriticism as to the method

of performing this differentiation, and consequently as to the form of equations
(13) to (19).
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On expanding Maxwell’s equations (1), we have

nH,/U = e E. + ja-E, (13)
(IH, — nH,)/U = e.- E, — ja- E, (14)
IH,/U = — e E, (15)
nE,/U = — H, (16)
(lE, — nE.)/U = — 1, ‘ (17)
IE,/U = H.. (18)

On the elimination of E., E,, E., ., I[,, and II. from these six
equations, an expression for U is left, namely

Utle(e? — a?) ] — U {1(e? — )
1 (1 + ndee] + (nfe + laf =0, (19)

the solution of which is,
1 (1 — &) {1)262 _ %127702 + \//il[—??o“ -_F—n'z_ézz_poziﬁ}

U? {em? + n2pe*(1l — el)}
agreeing with Goldstein and Hartree.

Having chosen the value of U, the ratios of the electric and mag-

netic components may be obtained by the elimination of five of them

from any five of the above equations. On putting, A=U¢g, B=Ue,
and C = Ua, we have

,(20)

KE, = — nB(AU — 1) (21)
KE, = — mmBCU . (22)
KE, = lU(A? — C?) — A (23)
KH, = jn* BC (24)
KH, = — BU(A? — C?) + BA (25)
KH, = — jinBC (26)

in which K is the same for all the components, hut otherwise arbitrary.
The components of electric displacement and magnetic force normal to
the wave front are now zero, as required by (2).

In order to describe the polarization more simply, we may take the
components of displacement and magnetic force in and perpendicular
to the plane containing the earth’s field and the normal to the wave
front. We shall call the components in the above plane D, and H,, and
their values may be obtained from (21) to (26). It should be noted that
D,, Dy, I1,, and I1, all lie in the wave front. 1t follows that,

D, e — ja-n

Y = = = . (27
D, I, fe? — o) U? — e -
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JTI. PorARIZATION OF THE DOWNCOMING RAYS

As the wave comes down through regions of decreasing ionization,
the direction of propagation comes into coincidence with the normal
to the wave front, in the limit when the ionization density tends to
zero. The limiting polarization may therefore be found by fixing the
direction of the wave normal, and taking the limit of the polarization as
the ionization density tends to zero. In this case all the expressions (21)
to (26) for the field components vanish, so that it is necessary to find
their ratios.

It is convenient, at this stage, to change the directions of the axes of
Fig. 3. Choose OS, OT, and OY, such that OV is unchanged, and OS
and OT lie in the plane ZOX. Then 0S8 is along the wave normal, OT
is at right angles to OS and makes an acute angle with OZ, the direction
of the earth’s field. We then have,

E, =1E, +nE., and E, = IE, — nkl,,

with similar expressions for the magnetic components. The values of
the latter in (16) to (18) may be substituted in (13) to (15), giving

n*E, — InE, = U (¢E, + jau-E,) (28)
E, = U* (aF, — Joo- E.) (29)
IPE, — InE, = UE,. (30)

Any two of these three equations are sufficient; they are compatible
for the correct value of U7, From (29) and (30), we have

E, Ja (12 — Uze)

Et Nn€y (1 - U261)
and, for the component along the wave normal,
E, (1 — U?e)
= " (32)

Ez n Uez

As the ionization tends to zero, both U and e tend to unity, so that
the ratio in (32) tends to zero. The wave thus has its electric force
transverse, as it ought to have, since the component along the wave
normal vanishes. From (31) it is seen that E,and E, are in quadrature,
so that it follows from (31) and (32) together, that the major and minor
axes of the ellipse of polarization are along the directions OT and OY.

The final states of polarization of the rays are then determined com-

pletely by the limit of (31) as N tends to zero, if such a limit exists.
Let us put
~ B,/j E, = R, (33)
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where R, may be known as the ratio of axes of the ellipse of polarization
in the downcoming ray. We then may obtain the value of U? from (31)
and put it into (19). This eliminates U, and gives the relation between
R., the direction cosines I and n, and the principal dielectric constants
€, €, and a.

From (7), (8), and (9), using the abbreviations

g = 4w Ne*/m-(ps* — p?) (34)

g = po/p (35)
it follows that,

e =119 (36)

e =14+ g1 — ¢% (37)

a = gq. (38)

Let us take the limit of the polarization as ¢ tends to zero. The terms
of the first degree yield nothing, but the terms containing ¢* give,

l2

Ri2+-—qgR.—1=0 (39)
n

which, therefore, shows first that the limiting polarizations* of «the
downcoming rays are determined by the angle between the direction
of propagation and that of the earth’s field, and second by the fre-
quency of the wave relative to the critical frequency. From this equa-
tion we may calculate the ratio of axes of the ellipses of polarization
for both the ordinary and the extraordinary rays. The ray with U
greater than unity may be termed the ordinary ray and that with U
less than unity the extraordinary ray.
Solutions of (39), for directions of propagation oblique to the earth’

field are readily had with the help of a table of sin 0 - tan 6, since this is

11 Ap alternative method of obtaining the limiting polarization is to deal
directly with the electric displacement. From (27) we have

RI) = - Du/j'Dt = a‘n/{(élz - aZ)U2 — el}.
After eliminating U? with the help of (19), we have

2 2 _ 42 —
RD2+—Z;-<€‘ @ —aa).p, —1 =0,

o €9
which, in the absence of heavy ions in the layer, reduces to
2 R
Rpt + — "GD )
- a - o . 2
Now, as the density of ionization tends to zero, e; tends to unity, and further
. (ja-E, + ¢F,) E,
']/f/]) = — = = j]{a,

{n(aE, — ja E,) —laE,} nE, —lE,

since « tends to zero, and « to unity. Ience the limiting polarization is again
given hy (39) above.
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the same as 2/n,if 0 is the angle between the direction of propagation
and the earth’s ficld, and is also equal to (see 8 — cos 0). laving selected
t (o correspond to the direction of transmission required, the value of
sin - tan ¢ obtained from the table is multiplicd by ¢. Thus the sum of
the roots of (39) is known. The table is then read inversely for the angle
¥ corresponding to sin - tan Y =¢-sin 6 tan 6. The two possible roots
of (39) are then given by the cosine and the negative secant of the new
angle ¢, since we have that the produet of the rootsis — 1.

These two roots are for the ordinary and the extraordinary rays,
and it is necessary to distinguish between them, this being done in
the following way: The values of (2 may be found in terms of ¢, ¢, (,
and #, from (31). As the density of ionization tends {o zero, we have

1 - ok qn
Ll ——— = — = (40)
g0 g R,

For the value of R, numerically less than unity, 2, and n are of the
same sign. In the case when p is less than p,, then » is greater than R,
so that the right-hand side of (40) is negative, and therefore /2 tends
to unity from above. The value of 12, numerically less than unity there-
fore corresponds to the ordinary downcoming ray. For the other value
of Iy, n, and R, are of opposite sign, so that the right-hand side of (40)
is positive, and U? tends to unity from below, thus corresponding to the
extraordinary ray. Hence, in distinguishing between the two possible
roots of (39), the cosine root is applicable to the ordinary ray.

It is now possible to specify more definitely the orientation of the
ellipse of polarization. For the ordinary downcoming ray, the axes of
the ellipse are perpendicular to the direction of propagation, and the
major axis is in the plane containing the earth’s field and the direction
of propagation; the minor axis is perpendicular to that plane.

The values obtained for R, show that the resultant forece in the
downcoming ray is, in general, elliptically polarized. When R, is pOsi-
tive, the rotation is like a left-handed screw when looking along the
ray path from the transmitter to the receiver; with I, negative, the
sense of rotation is right-handed.

The ordinary downcoming ray will have a left-handed sense of ro-
tation of the resultant electric force when the direction of propagation
makes an acute angle with the lines of force of the earth’s magnetic
field; the rotation will bhe right-handed when the angle is obtuse.
Either form of rotation can oceur, even for the ordinary ray, in either
hemisphere, but for moderate distances from the transmitter, in tem-
perate and polar latitudes, and for waves of broadeast frequency, the
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polarizatioﬁ will be left-handed in the Northern Hemisphere, and right-
handed in the Southern. In the contrary case, the angle of incidence of
the downcoming ray must be greater than the magnetic dip, which is
usually large. ‘ ~

IV. POLARIZATION OF THE DOWNCOMING RAYS AS MEASURED
AT THE GROUND

In the previous section, the orientation of the ellipse of polarization
was specified with respect to the plane containing the directions of
propagation and of the earth’s field. However, the experimental meth-
ods of measuring ellipticity in downeoming waves make use of receiving

s

——

G
Fig. 4—Spherical triangles used in the transfer of the principal components of
electric force, namely those along the major and minor axes of the ellipse of
polarization, to components of electric force respectively in the vertical
plane containing the sending and the receiving stations, and parallel to the
ground.
aerials placed in planes either parallel or perpendicular to the earth’s
surface. Tt will therefore be necessary to transform the principal com-
ponents of electric force, which were along the axes of the ellipse, to
components respectively in and perpendicular to the plane containing
the direction of propagation and the normal to the earth’s surface, for
which we will need to consider the spherical triangles of Fig. 4. It will
ILe remembered that the principal components were in quadrature, in
time as well as in space; the new components will not necessarily he
(uadrate in time.
() is the center of the sphere, OV the vertical line, OZ the earth’s
field, OS the direction of propagation, N/iD the horizontal plane
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northerly direction, the ratio of components decreases markedly, so
that the polarization of downcoming waves as received in an area north
of the transmitter would be elliptical. An interesting point, which might
have a practical application, is that the intensity of the abnormally
polarized component is very small at distances of about 300 kilometers
from the transmitter in a northerly direction; this follows from the low
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Fig. 5—Map showing the variation of the angular phase difference %, between
the normally and the abnormally polarized components of electric force in
the ordinary downcoming ray, as measured at the ground. Angles between
180 and 360 degrees indicate a right-handed sense of rotation of the equiva-
lent electric vector in the ray. The phase difference for the extraordinary
ray differs from that for the ordinary ray by 180 degrees.

values of the ratio of components found north of the transmitter, of
the order 1/10 for the distance just quoted. -

The meaning of this is that one would expect errors in radio direc-
tion finding to be small at night for this particular orientation of sender
and receiver. There is, however, the possibility of the presence of the
extraordinary ray, especially at this distance and in this direction, and,
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in that case the resultant polarization should occasionally still be plane,
but it would be capable of assuming almost any state of ellipticity as
the two downcoming rays moved in and out of phase.

A number of assumptions have been made in constructing the maps
of Figs. 5 and 6. In the first place they are for the ordinary downcoming
ray alone. Second, they are drawn for conditions in the Southern Hem-
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Fig. 6—Map showing the variation of the ratio of the abnormally to the nor-
mally polarized component of electric force in the ordinary downcoming ray,
as measured at the ground. For practical convenience, this ratio has been
multiplied by cos i, where 7 is the angle of incidence of the downcoming
wave at the ground. The ratio of componentg for the extraordinary ray 18
the reciprocal of that for the ordinary ray.

isphere where the value.of the critical wavelength is about 180 meters
instead of the 214 meters correct for England, where the total intensity
of the earth’s magnetic field is less. Again, the frequency of transmission
is 855 kilocycles, and the lines of equipolarization would be differently
placed for other frequencies; other maps can, however, be drawn after
reading the appropriate conditions into the mathematical analysis de-
tailed above.
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The other assumptions are:

(1). The height of the Kennelly-Heaviside layer has been taken to be
110 kilometers.

(2). The value of the critical angular frequency p, has been assumed to
be exactly twice p.

(3). No account has been taken of the earth’s curvature, and in par-
ticular, no allowance has been made for the difference in magnetic
bearing of a line at its two ends.

(4). No account has been taken of variation in magnetic intensity or
dip at different poirts of the map.

(5). The lower boundary of the ionized layer has been assumed to
be horizontal, and the height of the layer, that reached by a wave
traveling along an ideal triangular path such as would correspond
with the angle of incidence at the ground.

(6). No correction has been made for imperfect reflection at the
ground. Such errors as will be made here are likely to be small, and
will principally affect the phase difference between the components.

(7). No allowance has yet been made for the effects of collisions be-
tween electrons and gas molecules.

(8). No allowance has yet been made for the presence of massive ions
in the ionized region, in addition to the electrons.

Most of the errors due to inaccuracies in these assumptions are
likely to be small, so that the maps should represent the distribution
of polarization of the ordinary downcoming ray fairly closely.

The polarization of the extraordinary ray, if it should happen to
come down in appreciable intensity, is easily determined from that of
the ordinary ray. The phase difference is changed by 180 degrees,
which reverses the sense of rotation. The ratio of components is the
reciprocal of that for the ordinary ray, so that, in preparing a map
for the extraordinary ray, one would have that R,’-cos i = (cos™) /R,
-cos ¢, where R, is for the extraordinary ray.

If both ordinary and extraordinary rays are returned to the earth
with comparable intensity, the effect would be that the resultant phase
difference would be variable, except in the principal case of quadrature,
and there would be a fluctuation in the measured ratio of components
as the two waves moved in and out of phase due to changes in the
lengths of their paths. .

In the next section, the effects of collisions between electrons and
gas molecules are considered. In that part of it dealing with the rela-
tive absorptions of the ordinary and extraordinary rays, it will be
found that theoretical evidence is against the return to the earth of
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the extraordinary ray when the direction of propagation makes an
angle with the earth’s field less than about 30 degrees; for very oblique
transmission, however, the extraordinary ray may even be the stronger
of the two downcoming rays.

V. EvecTrONIC COLLISIONS

In the preceding pages it has.been assumed that the electrons are
free to move in accordance with the applied electromagnetic field.
However, each electron will make a large number of collisions with
other particles in the layer, and, according to Pedersen® the estimated
number of collisions per second is 10 at a height of 100 kilometers
above the earth’s surface, changing tenfold for a change in height of
20 kilometers, and decreasing on ascending.

On the average, there will be very little relation'? between the ve-
locity of an electron before and after a collision. As far as the wave is
concerned, a collision destroys the motion built up, and collisions oc-
curring at a certain average rate mean a corrseponding rate of decrease
of current.

Using the same notation as before, the equations of motion of the
electrons are still those given by (3), (4), and (5). If there are N elec-
trons per cubic centimeter, the current per square centimeter will be
increasing at a rate given by

dC,’ Negj vIC)
= —- <K, +—
dt m l %
ey N (i)
dt m l c f
dC,’ Ne?
= .E,
dt m

in the absence of collisions.

If there are » collisions per electron per second, each of these elec-
trons carrying a current —eu, —ev, and —ew, then this current
is annulled at the rate of N» times per second. The rate of decrease of
current due to collisions alone is then given by

dc,’
= — Nveu = — v-C,”
dt

with similar expressions for the other components.

3 Loc. cit., p. 43.

1z Thig agsumption has heen made by W. G. Baker and C. W. Rice, Truns.
A J.E.E., vol. 45, pp. 302-332; Fehruary, (1926).
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The net rate of increase of current will be obtained by subtracting
the decrease due to collisions, and we then have

e?
Gp +»)-Co+ peCy =— K,
m
‘ Ne*
(.71) + y)'Cy - pO-'Cr = Ly
m

‘ Ne*
Up +»)-C. =—E,
m
from which the current components are easily obtained. To these must
be added the Maxwellian displacement currents, and we then have for
the components of displacement,

D.=eE, +ja B, :
D, =¢-E, —ja-FE,
Dz = 62'Ez

which are of exactly the same form as (10), (11), and (12), except that
€&, €&, and a now have different values, given by

Net  (ip+¥)

€ =1 4 4r- - : (41)
m gpipe + (v + jp)?}
Ne2 1
@ = Il g topo=—0c (42)
m Jp(Jp + »)
Do Ne? 1
o = —- 4y —. — . (43)

p m o {pe + (v + jp)t!

These new values of €, e, and « are now available for the analysis
following (10): they should be compared with (7), (8), and (9).
If now, corresponding with (34) and (35), we use

y =47r-N62._ Up +v) | (44)
m jpipe’ + (v + jp)?}
¢ = po/(p — jv) (45)
we have, similarly to (36), (37), and (3%) -
e =14 g (46)
e=1+¢(1—q? (47)
o= q'g (48)
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where the new expressions may be referred to as the “collision” values
of €, €, and «.

With these modifications, it will be unnecessary to repeat any more
of the previous work; it will be sufficient to note a few results.

(1). Limiting Shape of the Polarizatidn Ellipse

As the density of ionization tends to zero, ¢’ vanishes, and, by a-
nalogy with (39), it must follow that the limiting polarization, when
allowing for collisions, is '

2

R4+ — ¢ Ro—1=0, (49)
n

Because of the substitution of ¢’ for ¢, the value of R, is now complex,
so that the axes of the ellipse must be rotated a little. Let us find the
probable maximum shift of the axes, for which it will be permissible
to assume the practical conditions, po=2p=20r. Then the collision
frequency is about 5.10%, which should hold at a height of about 90
kilometers above the earth’s surface. For these conditions

¢ =2/(1 —j/10).

To find the amount of change in R,, due to the effects of collisions,

we have from (49)
AR, R.-13/n

Ay 2R+ ¢ 1/n

and it will be necessary to find for which direction of propagation the
effect is greatest. Again from (49), we have

2 (1 — R.)

. n C[,'Ru
80 that,
AR, R.JR,)}?—1)

Ay R+ D)

Differentiating logarithmically with respect to 2, we find for the maxi-
mum value of AR,/Aq’,

1 — 4R+ R.A
R.(1 + .2

The value of 2, less than unity which satisfies this equation is, for the
ordinary ray,

R, =2 — /3 =10.268
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for which value of R, it follows that 2/n=+/3, and the direction of
transmission for which the shift of the axes is greatest, makes an angle
of about 63 degrees with the direction of the earth’s magnetic field.

We can now use in (49), this value of 2/n and that already assigned
to ¢, and hence determine the new value of 2,: it is

R, =0.263 4+ 0.157j

showing that the ellipse of polarization no longer has its principal axes
in the same direction as when collisions were assumed to be negligible.
Let us rotate the axes through an angle ¢, and find the components a
and b, along the new directions; they are

a = cos¢ — 0.2637-sin¢p + 0.157 sin ¢
b = sing + 0.263j-cos¢p — 0.157 cos ¢ .

For these to be the new principal axes, the ratio of a to b must be purely
Imaginary, which oceurs when

tan*¢ + 5.77 tang — 1 = 0

from which ¢ is approximately 10 degrees.

It is then easy to show that the ratio of the new axes is 0.256, where-
as when neglecting collisions it was 0.268, while the ellipse has been
rotated nearly through 10 degrecs. These are likely to be maximum
errors, since the collision frequency has been assumed to have a value
slightly greater than that which we expect to hold in practice.

It follows that the limiting shape and orientation of the polariza-
tion ellipse are given with sufficient accuracy by the analysis which
neglects collisions.

(2). Attenuation Factors of the Ordinary and Extraordinary Rays

Equation (19) is of the same form as before, except that U is now
complex; suppose its value is the reciprocal of (u—j¢), then u will be
the refractive index, and ¢ the logarithmic attenuation factor of the
wave traveling a distance equal to ¢/p.

The solution of (19) is still that given in (20), except that there must
be substituted the collision values of €1, €&, and «; also ¢ must be re-
placed by ¢’. We then have that

e — g =1 4 LT e P VIR et
v e+ n22(1 — &) }

A simple solution of this general case may be had for the condition
po=2p, when both the ionization density and the frequency of col-
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lision are low. The result is,
. k ( — 1
(w—70=1+— 3p/1—2l2i2\/l4+n4
Op? | f

o 2(1 — 2n) }
_ -5 212 e
7 l(. et VEF+ S
= R + jI, say, where k = 4w-Ne’/mp.

Then,
¢ =+VR + 2
and hence,
¢ = —1/2u
whence,
2w NePv {(5 + o) 4 20 — 2n%))
§ = 9u-mps L ~ Vit S

and the logarithmic attenuation factor per unit distance is ¢.p/c.

9
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ANGLE BETWEEN DIRECTION OF PROPAGATION AND EARTH'S FIELD

Fig. 7—Relative logarithmic attenuation factors per unit distance, of the ordi-
nary and extraordinary rays. The transmission frequency is one half of the
electronic critical frequency, and both the collision frequency and the
density of ionization have been assumed small. The abscissas are the
angles between the directions of the earth’s field and of propagation, and
the ordinates can be converted into absolute units on multiplying by the
factor

27« Netv/Qp - me - p.
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We have drawn, in Fig. 7, curves showing the relative attenuations
of the two rays, ordinary and extraordinary. The abscissas are for the
angle 6 between the direction of propagation and the earth’s field;
sin 0=1, and cos §=n. The ordinates should be multiplied hy
2m-Ne%- /9u-mep? to obtain the logarithmic attenuation factors per
unit distance, it being understood that both the density of ionization

- and the frequency of collision have been assumed to be low. The fre-

quency of the wave is one half of the critical frequency.

For propagation at small angles to the earth’s field, the ordinary
ray is favored; for example, at 30 degrees the ratio of attenuation
factors is about 4/1. Approximately for an angle of 60 degrees, the two
rays are equally attenuated, and, for transmission perpendicular to
the field, the attenuation factor for the extraordinary ray is less than
that for the ordinary, in the ratio 5/9. Hence for propagation at very
oblique angles to the earth’s magnetic field, one would expect the extra-
ordinary and the ordinary rays to be returned to the earth in compa-
rable intensity.

VI. Heavy Ions

Chapman®® has pointed out that, chiefly owing to the known elec-
tron aflinity of oxygen atoms, there must be a large excess of negative
ions over electrons in the Kennelly-Heaviside layer. Lunar daily mag-
netic variations, if caused by the tidal circulation of Foucault currents,
require an ion density of the order 10% per cubic centimeter. On the
other hand, Appleton’s measurements' of maximum electronic density
are of the order 3.10%, for the greater part of a midwinter night.

Since the large numbers of negative oxygen atoms, and molecules,
may cause an appreciable reduction in the dielectric constant it will be
important to know whether the limiting polarization of the downcom-
ing wave is affected.

Let there be N’ heavy negative ions each of mass M. Then the ionic
critical angular frequency is, by analogy with (10),

JC-e
Me

[)0 =

(50)

which has a value of approximately 300 for the same conditions that
make p,, the electronic critical angular frequency, about 107.

Modifications to the equations of motion, (3), (4), and (5) need not
be given; it will be sufficient to quote the new expressions for ¢, €, and
@, as a comparison with (7), (8), and (9); they are

13 8. Chapman, Proc. Roy. Soc. (London A 1. 132 . 353-374:
August 1, (1931). ( on), sec. A, vo , PP ;

1 K. V. Appleton, Nature, vol. 127, p. 197; February 7, (1931).
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S 47 - Ne? i 47 - N'e? (51)
m(pe® — pY)  M(Po* — p?)
47-Ne* 4m-N'e?
Compr My
Do 4r-Ne? Py 47r-]\'f’e2
P mpt —p) | p MPR— D)
Now, P, is very small compared with p, so that it will be valid to

assume that the ionic contributions to € and ¢, are the same. Further,
on using the abbreviations

Q = Po/p (54)
G = 4r-N'er/ M(Py® — p?) (55)

62-_-'-1

(52)

(53)

which should be compared with (34) and (35), we have, corresponding
to (36), (37), and (38)

e =1+ g + G (56)
e2=14+g(1 —¢) + ¢ (57)
a =q9 + QG. (58)

Now, with regard to «, the ratio of the ionic to the electronic con-
tributions is given by

QG N'-m*-(ps® — p?)
g9 ~ N-M*-(Po* — p?)

If M is for negative oxygen atoms, m?/M? is about 10~°; also, for the
practical case of py=2p, we have approximately
Q(V N/
T - 3107,
N

q9

We may therefore consider two cases, (a) when QG is negligible com-
pared with qg, that is to say when there is at least one electron to each
million of ions, and (b) when QG cannot be neglected.

As the downcoming wave descends through regions of decreasing
electronic density, even assuming that the ionic density remains
sensibly constant, there will be a height at which the number of elec-
trons is so small that double refraction has ceased to operate. It is im-
portant to notice that, since the ionic critical frequency is of the order
of 50 cycles, a wave, such as we are considering, behaves in a purely
ionic medium as if its wavelength were very short; the two values of
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the refractive index, for any direction of propagation, are cqual, to a
high degree of precision. Hence, it is only by the agency of clectrons
that a wave can be resolved into two components.

The limiting polarization of the ordinary ray may then be con-
sidered when the number of electrons is very small, and yet a large
enough fraction of the ionic density to make ¢gg greatly preponderate
over QG. At a lower height, where there are ions but no electrons, there
is no longer any mechanism capable of altering the polarization, except
the effect of a rotation of the ellipse of polarization by simple ionic
refraction.

Our two conditions are therefore, (a) a=gqg, and (b) a«=QG. The
limiting shape of the polarization ellipse is had from the first, when ¢
becomes small, and, the final orientation of the axes of the ellipse can
be found from the second, by caleulating the total change in the direc-
tion of propagation as the downcoming wave passes through the ionic
region.

(1). The Limiting Shape of the Ellipse of Polarization

The conditions are,
@ = q9
a=14+g9g+G
e=1+g(1 —¢) + G,
With these modifications, equation (27) still holds, so that
D, ' an
j-D, B {(612 — a)U? — 61} .
Eliminating U through (19), we have

RD—_-—

12 (6 — a? — €6)

Rpt 4+ —  — Ry —1=0
n €2 (X
which is the same as,
2 (1 + @)
Rp? + —- ‘Rp —1=0. (59)

n {1+ g0 — ¢%) + G|

As the electronic density becomes small, so does g, and (59) becomes

2

RD2+_'Q'RD—1=O i

and holds independently of the value assigned to N’, the number of

heavy ions. On exactly similar lines it may be shown that, as the elec-
tronic density becomes small,
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[fp = — DI/_]Dt“") — Ey/j'Et = Ra,

so that, even when heavy ions are present, the limiting polarization is
given by

l2

R+ —q¢qR,— 1= 0,
n

which is (39). Hence, the limiting polarization of the downcoming wave
is that which holds for the lowest height at which free electrons exist,
even if there is, at this height, a large concentration of heavy ions.
There remains to be considered a possible twist of the polarization
ellipse as the wave descends through the ionic region.

(2). Ionic Refraction of the Downcoming Wave

The conditions are, po=2p =107, and

o = QG
6 =€ =14+ G.

Assuming that there are as many as 10% ions per cubic centimeter at
the height at which the electron density of ionization becomes small,
the refractive index, as calculated from ¢ or €, is 0.77.

Let us consider the special case of a ray traveling along the direction
of the lines of force of the earth’s field, the dip angle being 62.5 degrees.
Then it is easy to show that the change in direction of the ray path is
only 9 degrees, this being the difference between the direction of
propagation at the height at which the limiting shape of the polariza-
tion ellipse was found, and the final direction after passing through the
region of purely ionic ionization.

Hence, the point on the earth’s surface at which the downcoming
wave is actually received, is not very different from that for which the
polarization, as shown in Figs. 5 and 6, is circular.

VII. THE HARTREE M ODIFICATION

Hartree! has suggested the value of 1/3 for a term 8 which allows
for the discontinuous distribution of electric charge on discrete par-
ticles in the Heaviside layer. Other workers have either assigned a
zero value, or alternatively left 8 unspecified. In this paper, which is
particularly concerned only with the limiling polarization of the
downcoming wave, 8 has been disregarded. It will be necessary, there-
fore, to justify the omission.

Since it will be shown that the limiting polarization is not affected
by the inclusion of 8, we do not propose to do more than quote the new
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values which must be assigned to e, €, «, and ¢, in order to allow for
Hartree’s term. They will be

L 4+ Te — 26 — 9¢*
T e - e — 9
1 + 2
4 — ¢

77
€9 &

2% = (61” _ 1)(61” . 62”)
¢ =39/ (4 — e).

With these interpretations, the polarization expression (27) still holds,
and we have, after the elimination of U through (19),

9 Q”
If1)2 + I ‘7,'RD — 1= 0 (60)
n

€2

in which we are interested in the factor

124

¢ _ 3¢
62” 1+262

As the ionization density tends to zero, € tends to unity, so that the
expression for ¢’'/ e’ becomes ¢. For the same condition, €'’ tends to
unity, and «’’ to zero, so that

Rp = — Dy/j'D; =2 = Ey/J"Et = R,

and (60) becomes,
2

R+ —q¢R,—1=0,
n
which is the limiting polarization.expression as given in (39).

VIII. ConcLUsION

In the preceding pages we have been able to show, by compara-
tively simple modifications of the fundamental expressions for e, e, and
a, how to allow for the effects of collisions between electrons and gas
molecules, and for the presence of large numbers of heavy negative
ions in the Kennelly-Heaviside layer. The limiting potarization of the
downcoming wave is apparently not much affected by the modifica-
tions, and is given, with an accuracy sufficient for comparison with
experimental values which may later become available, by the simple
theory which neglects the refinements just quoted.
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Without wishing to labor the versatility of e, e, and o, we would
point out that it is a simple matter to allow for the effects of collisions
between the heavy negative ions and other particles in the Heaviside
layer. The modifications would be on very similar lines to those for
electronic collisions, but, for broadcast frequencies of transmission,
there seems to be no necessity to consider the point.
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A NOTE ON THE THEORY OF THE MAGNETRON
OSCILLATOR*

By

J. BArToN Hoac
(Ryerson Physical Laboratory, University of Chicago, Chicago, 111.)

T HAS been shown by K. Okabe! that the half period of the electro-
J:[ magnetic wave generated by a magnetron oscillator corresponds to

the time for an electron to travel from the filament to its tangential
position along the inner wall of the anode. When the accelerating volt-
age V and the field strength H (gauss) have been adjusted so that the
anode current starts to decrease rapidly, high-frequency oscillations
are observed whose wavelength is X centimeters. Then, according to

Okabe’s theory,
AH = 10,650.

His experimental value of 13,000 for this constant, and as well, the
value of D.S. Mohler of 13,230, taken as the average of twelve readings
on four different tubes, is obviously much higher. It is here proposed to
derive the above equation in a more elementary fashion and to indi-
cate a simple correction which gives a constant in much better agree-
ment with experiment.

First, we shall assume that the electrons which leave the filament
are given their full acceleration within a negligible distance from the
filament and then travel with a uniform velocity v. Under these con-
ditions, they will be deflected by the magnetic field in perfect circles,
touching the anode tangentially and returning to the filament when
the accelerating voltage and magnetic field are properly adjusted. This

serves as a simple oscillator, producing a radiation whose wavelength
is, from Okabe’s theory

A =cT,

where ¢ is the velocity of light and 7' is the period of the radiation as
well as the time of transit of the electron in its orbit. If r is the radius
of the anode, this time of transit is obviously

T

77-_———. <
14

* Decimal classification: R133 X R355.9. Original manuscript received by
the Institute, September 2, 1932.

! K. Okabe, Proc. L.R.E., vol. 17, p. 652, (1929).
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Further, we may equate the magnetic deflecting force and the centrif-
ugal force in the usual manner, so that

muv?
Hey = ——
r/2

where ¢ is the charge, m is the mass and v is the velocity of an electron.
Solving for » and substituting in the two preceding equations gives

-

2T
NI =
e

= 10,650.

However, Langmuir? has shown that, due to the space charge in the
neighborhood of the filament, the actual path of the electron is a car-
diod whose length is 1.23 times that of the circle. Since the velocity is
practically the same in both cases, the time of oscillation is 1.23 times
as great and the last equation becomes

2rmce
ANH = 1.23 = 13,100
e

which is in much better agreement with experimental values. Correc-
tions for the initial velocities of emission and for the finite size of the
filament are omitted, but this equation is sufficiently accurate for
practical purposes.

2 Hull. Phys. Rev., vol. 18, p. 31, (1921).
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DETERMINATION OF GRID DRIVING POWER IN
RADIO-FREQUENCY POWER AMPLIFIERS*

By
H. P. THOMAS

(Radio Engineering Department, General Electric Company, Schenectady, N. Y.)

Summary—An approrimate method of determining the power required to
drive the grid circuil of a vacuum tube power amplifier of the class C type when
operating at radio frequencies is developed, and a comparison given between the
results obtained by this method, and more exact measurements made at sirty cycles.
The only quantities which need to be known for the method described are the grid
excitation voltage and the direct grid current, the driving power being given by the
formula W= \2E, ..

GENERAL

(OST present-day radio transmitters employv a number of stages
Iw of radio-frequency amplification, as the oscillator is usually of
the piezo-electric tyvpe or a lightly loaded master oscillator,
from which the available power is in the order of a few watts, and this
must be amplified to the output power level, which may be many kilo-
watts. The number of stages required in the amplifier chain, and the
size tubes needed in each stage are determined by the power necessary
to excite the successive grid circuits. Very little information on the
magnitude of the grid driving power which must be supplied is avail-
able to the designer, with the result that he must do considerable ex-
perimental work, or else run the risk either of having too little exciting
power to obtain the required output, or of having too many stages or
larger tubes than are required.

In an article by E. E. Spitzer,! it was shown, from measurements
made at sixty cyeles using a wattmeter to measure the ilnput power,
that the driving power could be divided into two parts, first that lost
in the bias device, und second the actual input to the grid. The loss in
the bias device is simply E.I., and the input to the grid of the tube it-
self was found to be expressible by the formula Wy=AI13% where[.is
the direct grid current, E, the bias voltage, and A is a constant. How-
ever, - is a funection of the tube and also of the plate circuit load, so
its value must be determined experimentally for various values of plate
load impedance for each tube in order to have compfete data avail-
able. Since the use of sixty-cyele frequency makes the tank circuits

*Decimal classification: R355.7. Original man i i ? i-
tute, February 9, 1033, g uscript received by the Insti

' Proc. I.LR.E,, vol. 17, pp. 985-1005; June, (1929).
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large and clumsy, and the wattmeters needed to measure the grid
power are apt to be of sizes not commonly available, this method of
measurement is not convenient. The method described below was
evolved in order to make it possible to make measurements at radio fre-
quencies with the usual types of radio-frequency and direct-current
instruments with at least a fair degree of accuracy.

DERIVATION

The power lost in the grid circuit of a power amplifier tube is given
by the expression

T
W, = 1/Tf il (1)
0

where,

e, =instantaneous value of the input voltage.

i, =instantaneous value of the grid current.

T =period.

1f e, is assumed to be sinusoidal, as is usually the case, since ordi-
narily a tank circuit with sufficient kilovolt-amperes is used to prevent
serious distortion of the wave shape, this expression may be changed
to

2n/w

Wa = E,,w/x/@rf 7, sin wtdt (2)
0

E,=root-mean-square value of the grid circuit input voltage.

Fig. 1

Now 7, may be expressed as a series
1, = ¢ + ay sin wt + ag sin 2wl 4+
+ by cos wl + be cos 2wl + - - - (3)

If (3) is substituted for 7, in (2) it is seen that the driving power be-
comes
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DETERMINATION OF GRID DRIVING POWER IN
RADIO-FREQUENCY POWER AMPLIFIERS*

By
H. P. TaoMas

(Radio Engineering Department, General Electric Company, Schenectady, N. Y.)

Summary—An approrimate method of determining the power required fo
drive the grid circuit of a vacuum tube power amplifier of the class C type when
operating at radio frequencies is developed, and a comparison given between the
results obtatned by this method, and more exact measurements made at sixty cycles.
The only quantities which need to be known for the method described are the grid
excitation voltage and the direct grid current, the driving poicer being given by the
formula Wa=~/2E,I..

GENERAL

7% /li OST present-day radio transmitters employ a number of stages
of radio-frequency amplification, as the oscillator is usually of
the piezo-electric type or a lightly loaded master oscillator,

from which the available power is in the order of a few watts, and this
must be amplified to the output power level, which may be many kilo-
watts. The number of stages required in the amplifier chain, and the
size tubes needed in each stage are determined by the power necessary
to excite the successive grid circuits. Very little information on the
magnitude of the grid driving power which must be supplied is avail-
able to the designer, with the result that he must do considerable ex-
perimental work, or else run the risk either of having too little exciting
power to obtain the required output, or of having too many stages or
larger tubes than are required.

In an article by E. E. Spitzer,' it was shown, from measurements
made at sixty cyeles using a wattmeter to measure the input power,
that the driving power could be divided into two parts, first that lost
in the bias device, and second the actual input to the grid. The loss in
the bias device is simply E.I., and the input to the grid of the tube it-
self was found to be expressible by the formula W,=AI_*, wherel.is
the direct grid current, £, the bias voltage, and A is a constant. How-
ever, A is a function of the tube and also of the plate circuit load, so
its value must be determined experimentally for various values of plate
load impedance for each tube in order to have compléte data avail-
able. Since the use of sixty-cycle frequency makes the tank circuits

*Decimal classification: R355.7. Original i i P i-
tute, February 9, 1935, riginal manuscript received by the Insti

' Proc. I.R.E., vol. 17, pp. 985-10053; June, (1929).
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large and clumsy, and the wattmeters needed to measure the grid
power are apt to be of sizes not commonly available, this method of
measurement is not convenient. The method described below was
evolved in order to make it possible to make measurements at radio fre-
quencies with the usual types of radio-frequency and direct-current
instruments with at least a fair degree of accuracy.

DERIVATION

The power lost in the grid circuit of a power amplifier tube is given
by the expression

T
Wi=1/T f e il (1)
0

where,

¢, =instantaneous value of the input voltage.

1, =instantaneous value of the grid current.

T = period.

If ¢, is assumed to be sinusoidal, as is usually the case, since ordi-
narily a tank circuit with sufficient kilovolt-amperes is used to prevent
serious distortion of the wave shape, this expression may be changed

to
2/ w

Wa = ng/\/ﬁwf 1, Sin witdt (2)
0

E,=root-mean-square value of the grid circuit input voltage.

Fig. 1
Now 7, may bhe expressed as a series
1, = ao + ¢ sin wt + a2 sin 2wt +
+ by cos wl + by cos 2wl + - -+ - . (3)

If (3) is substituted for ¢, in (2) it is seen that the driving power be-
comes :
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DETERMINATION OF GRID DRIVING POWER IN
RADIO-FREQUENCY POWER AMPLIFIERS*

By
H. P. TroMASs

(Radio Engineering Department, General Electric Company, Schenectady, N. Y.)

Summary—An approximate method of determining the power required to
drive the grid circuit of a vacuum tube power amplifier of the class C' type when
operating at radio frequencies is developed, and a comparison given between the
results obtained by this method, and more exact measurements made at stxty cycles.
The only quantities which need to be known for the method described are the grid
excitation voltage and the direct grid current, the driving power being given by the
formula Wa=~/2E,I..

(GENERAL

OST present-day radio transmitters employ a number of stages
of radio-frequency amplification, as the oscillator is usually of
the piezo-electric type or a lightly loaded master oscillator,

from which the available power is in the order of a few watts, and this
must be amplified to the output power level, which may be many kilo-
watts. The number of stages required in the amplifier chain, and the
size tubes needed in each stage are determined by the power necessary
to excite the successive grid circuits. Very little information on the
magnitude of the grid driving power which must be supplied is avail-
able to the designer, with the result that he must do considerable ex-
perimental work, or else run the risk either of having too little exciting
power to obtain the required output, or of having too many stages or
larger tubes than are required.

In an article by E. E. Spitzer,! it was shown, from measurements
made at sixty cycles using a wattmeter to measure the input power,
that the driving power could be divided into two parts, first that lost
in the bias device, and second the actual input to the grid. The loss in
the bias device is simply E.7., and the input to the grid of the tube it-
self was found to be expressible by the formula W, = AT,1%, where I, is
the direct grid current, £, the bias voltage, and A is a constant. How-
ever, 4 is a function of the tube and also of the plate circuit load, so
its value must be determined experimentally for various values of plate
load impedance for each tube in order to have complete data avail-
able. Since the use of sixty-cycle frequency makes the tank circuits

*Decimal classification: R355.7. Origi : . .
tute, February 9, 1933, riginal manuscript received by the Insti

! Proc. LR.E,, vol. 17, pp. 985-1005; June, (1929).
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Jarge and clumsy, and the wattmeters needed to measure the grid
power are apt to be of sizes not commonly available, this method of
measurement is not convenient. The method described below was
evolved in order to make it possible to make measurements at radio fre-
quencies with the usual types of radio-frequency and direct-current
instruments with at least a fair degree of accuracy.

DERIVATION

The power lost in the grid circuit of a power amplifier tube is given
by the expression

T
Wa=1/T f il 1)
0

where,

e, =instantaneous value of the input voltage.

i, =instantaneous value of the grid current.

T =period.

If ¢, is assumed to be sinusoidal, as is usually the case, since ordi-
narily a tank circuit with sufficient kilovolt-amperes is used to prevent
serious distortion of the wave shape, this expression may be changed
to

27/ w

Wi = ng/\/ﬁwf 1, Sin wtdt (2)
0

E,=root-mean-square value of the grid circuit input voltage.

Fig. 1

Now 7, may be expressed as a series
1, = ag¢ + uy sin ot 4+ ag sin 20l +
+ by cos wl + by cos 2wt 4 - - - (3)

If (3) is substituted for 7, in (2) it is seen that the driving power be-
comes :
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Wd = Ega1/\/§- (4)

The grid current is some function of wt, say f(wt) from which the
value of the constant a; can be determined, if the function is known.

o 27/ w
oy = w/ﬂ’j flw!) sin widt. - (5)
0
Now if we determine the value of ao of (3), which is the direct grid
current,

2w
Ty = w/27rf flwt)dt (6)

we see that a; would be equal to 2a, except that the expression for a,
has a factor sin wt under the integral sign. This means that the ordi-
nates of a curve of f(wt) vs. wt are multiplied by sin wt, and then the area
under the curve found. An examination of the normal grid current

Fig. 2

wave shape shows that the greater part of the current flows when sin
wt is nearly unity, and at points where sin wt is considerably less than
unity the magnitude of the grid current is small. Fig. 2 shows an
oscillogram of grid current for a UV-851 under class C operation
(solid line), and 7, sin wt (dotted line). By inspection of these two
curves it can be seen that the difference in area is small. This suggests

that as an approximation we may set sin wi equal to unity in (5). Then
a1 = 2a,, and (4) becomes

Wi = \V2E,ay = \2E,I,, (7)

et i bk IR - e oo ary Lot . Tr e
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where FE, is the root-mean-square value of the radio-frequency
voltage applied to the grid circuit, and I, is the direct grid current.
W, is the total power lost in the grid circuit, comprising both the loss
in the grid of the tube and that in the bias device.

RESULTS

The validity of the assumption made in arriving at (7) can be de-
termined most easily by comparing values of driving power calculated

TABLE I
| Out- | Per
Iy E I ‘ E, ‘ L/RC Wa | Wa

Tube type Ey ¢ ¢ g put cent

v a v ma | v ohms | “ipo | TReas. cale. e
Uv-211 1000 0.175 100 19 160 | 3100 122 3.9 4.3 | 10
UV-203-A 1000 0.175 75 35 145 3100 123 6.7 | 7.18 7.2
UV-204-A 2000 0.275 175 131 328 4030 405 | 56 60.8 8.4
UV-849 2000 0.350 200 57 240 2860 562 | 18 19.35 7.5
TV-851 2000 0.900 200 300 274 979 1420 | 111 116.3 5.0
Uv-861* 3000 0.350 200 40 455 | 4300 | 665 22.5 | 25.7 14.8

* Eg =500 volts.

by this formula with actual measured values. For this purpose the ex-
perimental results obtained by E. E. Spitzer were used for comparison
purposes, the calculation of driving power by (7) being made from the

150

GROSS OUTPUT __—

~
3}
Ut

o h_,;
5 P e
100} = 20
2 e
5 / Py
k4

75
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a1 W, MEASURED
7
P
50

/ w
uv-211 -

- // Eg 1000V. Ec-100V] =
Y 3100, onus o

/ z

o |
o] 20 40 60 80
I¢ MILLIAMPERES
Fig. 3

values of grid voltage and grid current shown in the curves of his
article. That the approximate formula gives results very close to the
correct value can bhe seen by an examination of the curves shown in
Figs. 3 to 8 for six different types of tubes. Table I gives a comparison
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of the calculated and measured values when the tubes are operated
with rated input.
Discussion
To utilize the approximate formula it is necessary to know the
direct grid current and the radio-frequency excitation voltage. Most
radio transmitters have grid current metars, or one can easily be in-
serted, but there is usually no provision made for measuring the ex-

(o]

C

Il

Fig. 9

Fig. 10

citation voltage. However, it is g fairly simple matter to measure this

quantity. Avacuum tube voltmeter may be used, but probablyasimpler

method in most cases is to Insert g, radio-frequency ammeter in the

grid tank ecircuit, and calculate the voltage from the current and the
reactance of that portion of the circuit across which the excitation
voltage is obtained. For instance, if the grid of the power amplifier is
excited by connecting it across a section of the tank condenser of the
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previous stage as shown in Fig. 9, the voltage will be I /Cyw. Similarly,
for the circuit shown in Fig. 10, B, =1, Lyw+I1Mw, or if the kilovolt-
amperes in the tank circuit is sufficiently large so that I =1, approxi-
mately, E,=1(L;+M)w. Andther method which may be convenient

Eg

Fig. 11

in some cases is to connect a small capacity in series with a low range
ammeter from grid to filament of the power amplifier, the capacity
acting as a voltmeter multiplier (Fig. 11). This makes it unnecessary
to use two ammeters as in Fig. 10 although the additional capacity
may change the circuit conditions slightly.

150 / / .
: /
@
=
< /
100 |E__OUTPUT wATTS 1500 L/
3 / [/ ~— GRID CURRENT
L LiMiT
/ —
/
I
/ OPERATING
1400 | 1 [ |rEGION
[
50 /
/ uv -85I1
/‘4 Eg 2000V Ec-200V
1300
1
PLATE CURRENT
LIMIT
L/hc OHMS
|
00 500 1000 1500
Fig. 12

Fig. 12 is given as an example of the data which can be obtained
fairly quickly end easily by this method of caleulation, showing data
obtained on a UV-851, of grid driving power required for various plate
circuit load impedances to obtain a given amount of output power.
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AMPLITUDE CHARACTERISTICS OF COUPLED CIRCUITS
HAVING DISTRIBUTED CONSTANTS*

By
Roxorp Kixc

(Electrical Engineering Department, University of Wisconsin, Madison, Wisconsin)

Summary-—A1 general solution for the amplitude characteristics (resonance
curves) for bridge-coupled circuils having distributed line constants is obtained and
applied to typical circuit arrangements including those encountered in wavelength
measurement using parallel wires. The physical conditions under which the theory
may be applied are analyzed; theoretical curves are computed for a typical selection
of constants, and are shown to be in excellent agreement with corresponding experi-
mental ones. A new precision method for measuring ultra-short waves 1s described ;
the maximum deflection and the minimum deflection methods are shouwn to be exact.
A method 1s devised for exrperimentally determining the characteristics of short-wave
detectors, and for measuring their input tmpedance at ultra-high frequencies. The
screen-grid resonance indicator is shown to have a linear resonance current-deflection
characteristic, and ils inpul impedance is measured at }3/ centimeters wavelength.

N Arecent paper! the wavelength characteristies of coupled circuits
having distributed constants were theoretically derived and com-
pared with experimental results. It is the purpose of this paper to

obtain a general expression for the amplitude characteristics of the
same type of circuit, and to compute from it resonance curves for a
number of typical and important circuit arrangements. Among these
o, s
B Je,
X o

O ®
I

Z,,g:}l 2,

S,

O
J

Fig. 1-—Circuit diagrams.

are circuits which were experimentally studied and qualitatively dis-
cussed in an earlier paper:® they also include as a special case the ar-
rangement examined by Takagishi? Definite conclusions will then be
drawn regarding the accuracy of several methods of wavelength
standardization using parallel wires.

The circuit to be analyzed is shown in Fig. 1. It consists of a primary
pair of parallel conductors 0;s; with their ends at 1‘1—;~01 bridged by a

. ¥ Decimal classification: R140. Original manuscript received by the In-
stitute, March 10, 1933
' R. King, Proc. [.LR.E,, vol. 20, p. 1368, (1932).
® R. King, Ann. der Phys., Band 5, Folge 7, p. 803, (1930).
® Takagishi, Proc. .R.E., vol. 18, p. 513, (1930).
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perfect conductor, and their ends at z,=s; shunted by a terminal im-
pedance Z,. This impedance consists of a bridge B; (with impedance
Z,) in parallel with the input impedance Z; of a secondary pair of
parallel conductors extending from z,=0:=s; to z2=ss, where they
are in turn connected by a second bridge Bs. A potential difference
E., of sinusoidal form is maintained between the parallel conductors
at a point z along the primary. It is desired to derive an expression
for the current amplitude I, through an impedanceless current in-
dicator (corresponding to the perfect conductor mentioned above)
connecting the ends of the primary at z;=0; in terms of the length
s; of the primary, the length s, of the secondary, and the point of ap-
plication z of the induced electromotive force E..

I. Tue GENERAL SOLUTION

The current I, flowing at any point z in a pair of parallel conductors
of length s;, which are bridged at the end z = s, by a terminal impedance
Z,, and to which a sinusoidal electromotive force Ej is applied at the
end z =0, is given by Cohen? to be:

r

cosh K(s; —x) + sinh K(s; — x)

3 E.K Ip+r )
Colp o 7,K l
sinh Ks; + cosh Ks;
Ip+r

Here, K=\/(lp—|—r) (cp+g) and [, 7, ¢, and g¢ are, respectively, induc-
tance, resistance, capacitance, and leakance per loop unit length of the
parallel conductors. The differential operator p becomes jw using the
notation E,= Ee“t.

By setting y=(s;—x), and defining the surge impedance N as
follows,

' Ip + 7
N=K/(0p+g)=4/
cp + ¢

equat'ion (1) is more compactly written in the form:
Ey j Y,N cosh Ky-+sinh Ky\
N Y,N sinh Ksl—}—costhlf'

(2)

By a general reciprocity theorem® “a sinusoidal impressed electro-
motive force applied at any point of the system and an impedanceless

4+ Cohen, “Heaviside’s Electrical Circuit Theory,” p. 119, equation (99).
5 Pierce, “Flectric Oscillations and Electric Waves,” p. 204.
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ammeter at any other point of the system are interchangeable without
changing the amplitude or phase of the steady-state current through
the ammeter.” Hence, if an electromotive force £, be applied to the
wires at a point z, and the wires are bridged by an impedanceless
ammeter at x =0, the current through this ammeter is at once given
by (1) after interchanging the subsecripts. It is,

E. (Y.N cosh Ky-+sinh Kyl
N J(Y,N sinh Ks;+cosh Ks, |

Iy =

(3)

The terminal impedance Z, consists of the impedance Z, of the
bridge B, in parallel with the input impedance Z; of the secondary pair
of conductors. In terms of admittances the following relation is true:

Y, =Y, + V.. (4)
The input admittance Y; of the secondary is given by
Y= (I/E)zo. (5)

Here, K and I have the values given by Cohen.* The complete expres-
sion is as follows:

1 {YbN cosh Ksy4sinh KSz} ©)

" N \Y,N sinh Ks;+cosh Ks,

The terminal admittance of the secondary is, of course, simply the
admittance Y, of the second bridge B,. The two bridges are assumed
to be identical. The complete terminal admittance ¥, of the primary is,
then,

Y,=Y

1 {YbN cosh Ks,-+sinh Ksz} )

+ —_—
* 7 N \Y.N sinh Ks;+ cosh Ks)

With the value of ¥, obtained from (7) substituted in (3), the com-
plete general solution for the current I, through the impedanceless
ammeter at 2 =0 is obtained. The solution is expressed in terms of the
three variables, namely, the length s, of the primary, the length s, of
the secondary, and the position x (or y) of the applied electromotive
force. The constants which appear in the equation are the distributed
line constants of the parallel conductors, the impedances of the bridges,
the frequency, and the amplitude of the induced electromotive force.

1. Tk SoLuTioN roR FIRST-ORDER Damring

The general solution for the current I, in the ammeter at =0
given by (3) and (7) is complicated and not well suited to a study of
special circuit arrangements. It is, in fact, much more general than re-
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quired for an entirely adequate treatment of the circuits usually en-
countered in wavelength measurement, and which are the real object

“of study in this paper. Accordingly, the problem will be specialized by

imposing restrictions upon the circuit constants. The prime purpose
of this mode of attack is to simplify the mathematics, but without
thereby seriously limiting the accuracy of the solution as applied to
the actual circuits under consideration. In the following analytical
development restrictions will be imposed and approximations will be
made as required to achieve a reasonably simple result. When this
has been obtained and applied to several special cases, the imposed
conditions will be reviewed and their significance exposed in a general
way.

A first restriction will now be imposed on the line constants of the
paralle]l wire system. Let it be assumed that the distributed resistance
and leakance of the conductors are both small compared with their
inductive reactance and capacitive susceptance per loop unit length.
Symbolically, r<<pl; g&pc. Taking advantage of this condition, and
introducing the familiax notation v=1//Ic, the following relations
are true:

/lp + r T /14 r/lp 1
N = 1/ p+r _ /‘/_4/_+ip - vl[l +_<L_i>] (8)
cp+ g ¢V 1+4g/ep 2p\ 1 ¢

=

K =~0p ¥ nep + 9) = p/on/ (T + 7/Ip)(1 + g/cp)

) /+1<r+g
- 20 \ [ c>.

Upon now setting p =jw and defining the propagation constant 8 and
the damping constant « as follows, the quantities N and K are con-
veniently expressed by (8a) and (9a).

w 2T 1 /7 g 1/ (
p- 2= a= (L4l c=—(L-4) W
v A 20\ [ ¢ 2w\ [ c

N = l(1 — je) = vl (8a)
K=« 8. (92)

(9)

It is well to note that hoth « and 8 are dimensionally reciprocal lengths.
In terms of the constants « and 8 the restriction already imposed upon
the line constants and an additional condition limiting the range of the
impressed wavelength are expressed as follows:
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Restriction a.
The line constants of the parallel wire system and the wavelength
of the impressed electromotive force satisfy the inequalities:

a<<<l; aKf; e 1. (a)

Here, «, €, and 8 are defined by (10).

It is to be noted that condition (a) allows « to be neglected as com-
pared with 8 only when the factor K (as given by (9a)) appears in an
amplitude factor. Whenever K occurs in the argument of a hyperbolic
function, the periodicity of the imaginary part involving 8 makes the
real part, of which « is a factor, significant. Since the factor N defined
by (8) and (8a) appears only as an amplitude factor, the small quantity
€ was neglected in (8a).

As a second restriction a condition will now be imposed upon the
constants of the identical bridges B; and B,. Let it be assumed that the
resistance of each bridge is negligibly small compared with its indue-
tive reactance. In other words:

Restriction b.

The constants of the bridges B, and B, are such that the following
relation is approximately true:

Zb = ‘].O)AM. (b)

Here M is the total inductance of each bridge.
With this condition and (9) the quantity Y,N occurring in (7)

becomes :
YN = N/joM = vl/joM = 1/8k. (11)

The quantity £ here introduced is defined by the equation,
E=M/l. (11a)

It is the ratio of the total inductance M of a bridge to the inductance
per loop unit length of the parallel conductors. It is a kind of coupling
coeflicient having, however, the dimension of a length. It will be re-
ferred to as the equivalent length of the bridge B. This name will be
found of descriptive significance later in the analysis. The three quan-
tities, k, «, and 83 are the fundamental constants of the circuit taken as
a whole.

Upon substituting (9a) and (11) in (7), the quantify ¥, N appearing
in (3) becomes °

cosh (« + jB)s; + jBk sinh (o + jﬁ)szl
sinh (a + j8)s; + j8k cosh (a + j8)s,f

Y.N = 1/i8k + { (12)
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A restriction will now be made upon the lengths s and s, of the
primary and secondary (and consequently also upon ).

Restriction ¢.
Let the lengths si, s, and y, denoted in the following by S, be not

so great that the inequality
a?S? K 1 (e

is not true. This implies that,
- sinh &S = tanh aS = aS; coshaS = 1. (¢

As an immediate consequence of restriction (¢’) the next written
relations are true:

sinh (a + ]B)S = aS cos BS + ] sin BS
cosh (a + jB)S = cos BS + jasS sin BSs.
With these values inserted in (12), and upon collecting terms, the

following equation is obtained:

1 [cos Bs, — Bk sin Bse] + jorss [sin Bs; + Bk cos 682]1

(13)

Y, N=—+ 14
8k lass[cos Bs: — Bk sin Bse] + jlsin Bs; + Bk cos 632]/( (14

1t will be convenient to obtain (14) in the form,
Y. N = as;A — 30. (15)

Here the newly introduced quantities A and 6 are functions only of se
and the three fundamental constants &, «, and 8. They are completely
discussed in the Appendix and their principal values are summarized
in Table 1.

With the value of Y,N obtained from (15) and Table I, (3) be-
comes

- L, | (asd — j8) cosh (a + jB)y + sinh (@ + jB)y\
S =

= Vs d — j9) sinh (@ + j8)s + cosh (o + B)s | (16)

3y now applying (13) written for s and y according to restriction
(c), (16) expands into the following:
Ly
§ la(s:8 +y) cosBy +aybsinBy |+ [(a2ys.A+1)sinBy — fBcosBy | 1

. (17
)[(a231.s-2A-|-l)cosﬁsl-l-esinﬁsl]+j[a(.92A—i—sl)sinﬁsl~a.s-19cosﬁsl]f (D

After transforming trigonometrically and taking the ahsolute value,
the current amplitude is found to be
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. (G2 cos? + 6, + a?F,? cos? — 1/2
| IIOI {fu (By %) a?F % cos? (By 'Yu)l . (18)

| - n | G2 sin? (Bsy + 6,) + «?F%sin? (Bs; — 'ys)f

'Here the amplitude and phase factors are defined as follows:

g alsyA + 1
G, = (a®ys:A + 1) 4602 b, = cos™! —— = sin™’ (_ﬂ__)
Gy Gy

0 a’ses1A + 1
G = (o180 4+ 1) + 02 8, = cos™! —— ={sin™* ( 217)

|
}
t
|
1
]
|
1 (19)
}
1
|
r

Tg ! Gs
S0 + 6
F 2= (528 + y)? + 202 v, = cos™! (_Q__y) = sin™! _'7_{
FII F'II
A + s 05
F.2 = (528 + 81) + 5202 vy, = cos™! (—2F—1> = sin™! ?,i

The «? terms are not neglected in the above formulas since they are
multiplied by the quantity A which may assume very large values.
' g and A for the above relations are given in Table I.

Equation (18) is the complete general solution for the amplitude of
the current I, through the impedanceless ammeter at 2 =0 for a circuit
to which the restrictions imposed apply.

a Before proceeding to derive simplified forms from (18) for the spe-
cial cases which are to be considered, it is interesting and experimen-
F tally significant (as will become evident at a later point) to note that the
| amplitude I, given by (18) is essentially the same for certain lengths
| of the secondary as it is for the secondary completely absent.
; The expressions for the factors given in (19) for the case of no
|

secondary at all, but with the primary terminated by the bridge B: are
obtained as follows. Clearly with Y;=0 equations (4), (11), and (15)
reduce, respectively, to the ones written below:

Y,=7Y, (4")
Y.N =Y,N = 1/58k (117)
V,N = as,& — 70 = 1/56k. (147)
From the last equation, it is evident that
A=0;0=1/8k. (20")

With these values, the array (19) simplifies to the following:
(G2 = (G2 = (1 + 07
12 =yt + 6%); F,2 = s*(1 + 0?)

=6, = cot™1h

v, = tan=! 6.

(19°)

(=
=
|

(=2}
<
|
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On the other hand for ¢ =8(sy+k) near nw/2, Table T shows that
8, and A, have the following values:

A=1, 0=1/pk. (20")

With this value of A the quantity «%S?A<1 according {0 restriction
(¢), so that (19) gives:

G2r=0G>= 1+ 6%
P2 =g [(L 4 so/y)? + 0% F2 = s [(1 + s0/s0)% + 02
o, = 6, = cot™' 0

v, = tan  0/(1 + s3/y);  ve = tan10/(1 + sy/s)).

A comparison of (19') and (19'") discloses that the major factors
(G? and 6 are identical in the two cases. The minor factors, (i.e., those
involving the very small quantity «?), differ by having a term (14-s,/y)
or (14s./s1) appearing instead of unity. However, so long as s, is no
greater than y or s;, these terms are small compared with 6, so that F?
and vy are also nearly the same in the two cases. Any difference between
them is, moreover, a second order one in view of the multiplying factor
a?. In other words, so long as s; is not too long, and is of such a length
that the relations (20’’) are true, which is the case over a considerable
range near ¢ =f(sy+k) —nr /2, the current amplitude ‘Zo ‘ is the same,
to a very close degree of approximation, as for no secondary present
at all. This statement is the theoretical verification of the same con-
clusion obtained experimentally in reference 2 and invoked in ref-
erence 1.

(19")

IT1. AppricaTIiON OF THE THEORY TO SPECIAL CASES

The general equation (18) for first order damping may be applied
to a large variety of possible circuit adjustments. There are, essentially,
the three variables already referred to, namely, the position (z) along
the primary of the source of induced electromotive force, the-length
(s1) of the primary, and the length (s,) of the secondary. Simultaneous
variation of these three, or of any one with the others fixed in any
desired way, leads to amplitude characteristies of many types and
shapes. In the present discussion only a few of the more important
special circuit arrangements will be analyzed by means of (18). Among
these will be included especially the resonance curves of three useful
methods of wavelength standardization and the “double hump phe-
nomenon.” A new precision method for the measurement of ultra-short
waves will be outlined and compared with a similar one suggested by
Hoag.5

¢ Hoag, Proc. I.R.E,, vol. 21, p. 29; January, (1933).
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Special Case 1: Variation of the position z of the induced electromotive
force with the secondary detuned and the primary adjusted to give a
maximum or any sufficiently large amplitude.

The requirement that the secondary be detuned prescribes that s

e fixed at a length such that ¢ is near nw/2. The array (19”) is then

true for (18). Referring to this equation it is clear that the amplitude
|I 0] will become large only when the denominator of the quantity in
brackets becomes sufficiently small. This will be the case when the
following relation is true or nearly true:

(Bs; + 6) = (Bs, +cot10) =mr (m=1,2,---). (21)

Let it be supposed, then, that s; and s, are so adjusted that (20) is
satisfied. Equation (18) reduces, in consequence, to the following simple
form:

B, | 1+ 6 [
Uol - . - cos Bx
v lOé2F32 sin? (COtMI 7 + ’Ys)f (22)
= ] I, cos Bz

With ¢ near nw/2, array (19’") applies and (19') approximately. Using
(19") equation (22) reduces to the simple expression
E.} 1

—— cos Bz
v |as;

| Io| = . (222)

Equation (22) is true for all values of z except at or near those lead-
ing to a vanishing numerator. At points where the numerator becomes
vanishingly small, (i.e. whenever 8z is at or near (2n+1)7/2), equation
(18) gives the following expression for [Io ‘: '

E, (Fj2sin?(y, Fcot-10)y v (E, F
| To| = { o U Z¥ 1 (22p)
r \F2sin? (v, + cot—1 6)f wo P,

With the same approximations as those which apply to (22a), equation

(22b) becomes:
E.

lv

This value is obviously small compared with the amplitude in (22a) in
which there is a factor « in the denominator.

| To| = (22¢)

Conclustion.
If the secondary is detuned and the primary is fixed at a length
which will give a large amplitude,” the magnitude of the current, IIO ],

7 It is to be noted that any adjustment whatsoever of 5, and s, is satisfactory
so long as the amplitude is sufficiently large. The form of (22) is not affccted by
the adjustment of sy and s,.
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through the ammeter varies as the absolute value of the cosine of the

argument 8x, where z is the position of the induced electromotive force

relative to the parallel conductors of the primary. This is true except

over small ranges where the cosine, instead of vanishing, reaches a

minimum value. These minimum points oceur at x=nw/B=nA/2.

Here A is the wavelength of the source of electromotive force.
Equation (22) may also be written in the form:

1 Iy A 1o
r = — Cos™! <T> = — cos™! —>
B IO 27r i()

2mx
A= —— (23)
cos™! ([0/10)

or

Irom this relation it is clear that by plotting x against the arc-cosine of
the ratio (/4/7y) a straight line is obtained. The wavelength of the
generated electromotive force is proportional to the slope of this line.

Special Case 2: Variation of the secondary length s, with the position
of the induced electromotive force and the primary length s;both chosen
to give a maximum or near-maximum amplitude.
From Special Case 1 it follows that the amplitude will be a maxi-
mum, in so far as the position of the induced electromotive force is
“concerned, when Bz =nr. Since 0, a function alone of s, is now the
variable, the value of s, determined by s, =mm will give a maximum
or near maximum IIO ’ in so far as the adjustment of the primary length
is effective. With values of s; and z so chosen, (18) becomes

| Io| e {Gf c08%0, + a’F? COSZW} i
0 = -
lv G, sin%, 4+ o?F? sin?y,

(24)
By now substituting from the array (19) the values of the several

factors, this formula reduces to the simpler form given below:

E, J 02 + a(s:,A + y)? 1/2
lv l(oﬂslsg A+ 1)+ a202812}

| 1| = (25)

In the range of ¢ not near nw, A is small so that the inequality
a’s,?AK1 is true according to restriction (c¢). For this range, then,

E, 62 vz -
| I, = { —} . (252)

ly

In the range of ¢ near nr, A is large so that A>>y/s, and equation
(25) becomes
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(25D)

E. {67+ A’ e
11| = J - } :

lv l(oﬂstlA + 1)2 4+ ols,?0?
Conclusion.

With s; and z chosen to give a maximum amplitude, the current I,
through the ammeter varies with s, according to (25) and Table I.

Equation (25a) indicates that the general shape of the characteristic
i resembles that of [6].

Special Case 3: Moving the bridge B, corresponding to a simultaneous
variation in the length of both primary and secondary, with the total
length s=s;-+s; fixed and the position z of the induced electromotive
force chosen to give a near-maximum amplitude.

In proceeding from the general equation (18) it is mathematically
very convenient in this case to assume the induced electromotive force
concentrated at a point sufficiently near the indicator at z =0 to per-
mit the approximation y=s;—z=s1. It will be shown below that this
does not seriously restrict the generality of the solution. With this
condition (18) becomes

E. | G* + o?F? Rk
1L @)
v \G2sin? (8s, + 6) + a2F2sin? (Bs; — 0) f

1ol =
The phase and amplitude factors are

s 2
72 = (a¥s15A 4+ 1)2 4 0% F* = 31?\:<A = -+ 1> + 62]

S

. 0628281A + 1 . 9-5‘1
6 =sin-! {—————); v = sin™! .
G G

After inserting the values of the coefficients given in (27) in (26) and
neglecting terms in a?s;’ in comparison with unity, this becomes

|I 1 B E, {( 62 + A%, + 1 + 4Aa’s1ss 1]”2
’ v | (6% + a2s,?A%)(sin?Bs; + ao?si? cos’Bs1) [

+ (a2s1%sin?Bs, +cos?Bs1) + 205154 +0sin2Bs1

(27)

(28)

Two subecases are now of interest: (a) the total length s=si+4s; 18
near m’A/2, (m'=2, 3,- ) Or, what is the same thing, Bs is near
m'm; (h) the total length s is near (2m’+ 1)A/4, or Bs is near (2m’+1)
/2.

Special Case 3a: The total length s is near m'A/2.

With s=s,+5, near m’A/2 it is clear that as s, approaches mA/2,

(m=1,2, ), sy must approach nA/2, (n=1,2,-- ) with m'=m
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+n. The range 8s; (or ¢) near nm corresponds to the range S8s; near

mm. If a small quantity 5, is defined as the change in s; measured in

either direction from s, =mA/2, then s;=mA/2+3,, (or Bs;=mr+45,).

Since 35y is by definition small in the range to be considered, it is per-

missible to set sinfBs; =sinf3, =65, and cosBs;=cosB3,=1. Remember-

ing restrictions (a) and (e), (28) becomes

l[o} :& j i 02+ a®so? A2+ 14+ 4A0?s; 8y . _ 11 12 (29)
o (0212 48%5:2) (074 a28,2A2) 4 1 + 2025, 5,0+ 2085, |

or, after neglecting the small quantities (85,)2 and (as))? compared

with unity,

l ]Oj :_ﬂ: J _ _0_2_!_062:5'22A2+20(28182A—‘20[351 _ 1 e . (29&)
I (s 4B875,2) (62 + ay?A%) + 20251550 + 2085, + 1

This equation is a good approximation so long as 3, is sufficiently small

to justify the relation sin285, = 285,. If this condition is satisfied, 3, is

automatically limited in the same way so that the values of 8 and A

for the range of ¢ near nx apply.

Outside the range of ¢ near nr or 8s, near mm, A is sufficiently small
so that A2s,°x?<«6?; also sinBs, does not become vanishingly small.
Hence (28) becomes

Ex 1 + 02 1/2
| 1] =~{ . _ —1} . (30)
lo U(gsinBs; 4 cosBs;)? + a’s1?(6%cos?Bs; + sin 2Bs;)

After rearranging terms this expression may be written in the form

Exj 1 1172
| To] =— —1}  (30a)
ZU 2 12

[sinZ (Bs;4cot=16)4 ] (6%cos?Bs;+sin?Bs,)
or,

( , 0(2812 1/2

7 j cos® (Bs; + cot—10) — m(é)“’ cos?Bs; + sin?fBs;)
To| ==2 t . (30b)

0(2812 I

02+1(02 c0s%8s, 4 sin?Bsy) |

From this last expression the general nature of the current amplitude
for ¢ not near nr is seen to be:

E,
lv

[
' {sin2 (Bs1+ cot=10) +

| To] = =2 cot (Bs; + cot~! 0] . (30¢)
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This simple equation is identical with the one obtained directly from
the general form (18) by neglecting all terms involving the damping
factor . In general it is only roughly correct and (30b) must be used.

Equation (30b) or (30¢) shows that the current amplitude will not
be large over the range ¢ not near nm (or Ss; not near mm). Equation
(29a) shows, on the other hand, that large values of \I,| are to be
expected in the range ¢ near nm (or 3s; near mi).

Special Case 3b: The total length s is near (2m'+1)A/4.

With the total length s near (2m’+1)A/4, it is clear that when s
is near mA/2, s, must be near (2n+ 1)A/4. Hence the range (s, near
na implies that 8s, is near (2m+1)7/2. The inverse is similarly true.

With Bs; near mm, ¢ is near (2n-+ 1)7/2, so that A is small and the
following inequalities may be used: A2a?s,?<K6%; o*Ases <1 Upon now
setting s, =45, +mm, the restriction that 8s; is near mm implies that
35, is sufficiently small to allow the approximation, sinfs; =sinBs; = 35;.
With these conditions equation (28) reduces to the following:

Ex 92 + 1 11/2
1] = { - ~—1; . (D)
b L6285 + ats®) + 1 + 2085

Upon neglecting the small quantity a’s* in comparison with unity,
this expression becomes

2. (00 + 1+ (065 + 17 V°

| 7o] = | Bls? + (085 4 1) S

(32)

Upon differentiating (32) with respect to S, noting that o= —3y,
and equating the derivative to zero, lI 0 ‘ is found to have a maximum
at 085, — 1 =0. Since ¢ is near (2n+1)m/2, =1/8k from Table I. Hence,

Sim = — k, O S1,» = mA/2 — k (32a)

are the positions of the maxima.
At these points, since §2>>1,

E, 1
| Io] = — (32h)
aly s

Since k is small compared with mA/2 for the larger values of m, the
following expression is true:
2K,

alvA

1
— (m =4,5,6,---). (32¢

m

| 1 =

Turning now to the second possibility, viz., the adjustment with
Bs; near (2m41)7/2, and consequently with ¢ near n, it is clear that
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in this case A is large, cos 8s; is small, and sinfs; is near the value 1.
Under these conditions (28) becomes:

1] E.y (074’207 + 1) + 1 4+ $2a’sis, 1 (33)
T (02 + a2s,?A?) sinBs; + 2aaised + Osin 28s, S
or,
2 26.2\2 S23s 2a?As1ss — in 28s, 7 12
!]0,5 _ E, J (0% 4+ a®s:2A%) cos?Bs, + 2a2Asss — 6 51.11 31 } - (332)
ol (0% + «?s,%A%) sin? 88, + 2a’Asisy + 6 sin 284!

Since the cosine is small and the sine large over the range to which this
equation applies, the numerator will alwavs be smaller than the de-
nominator. Consequently the current amplitude |7,/ will be small over
this entire range, i.e., over the range 3s, not near m=. On the other hand
in the range 35, near mm, to which (32) applies, large amplitudes are
to be expected because of the o? term in the denominator.

Conclusion.

By moving the bridge B; with the total length s fixed, large current
amplitudes should be obtained whenever s, is of such a length that 3s,
1s near mw, i.e. whenever & is near mA/2. The nature of the resonance
curves at these points differs with the total length s. When s is near
m’\’2 the complicated equation (30b) applies: outgide this range the
relatively simply equation (32) must be used. The current amplitude
remains small for positions of the bridge B, at whieh s is not near
mA/2 regardless of the total length s of the parallel wires.

Returning now to consider the approximation that y =g, the fol-
lowing is significant. From the conclusions just drawnit is clear that
large current amplitudes are obtained only when 3s; is near m#. Since
the conditions of the special case require in any case that Sr=m’'r
(m'"=1,2,- ) the writing of & for y is immaterial in the arguments
of the trigonometric functions. Hence, for 8s, near m the major term
in the numerator of (18) will be (r,"c0s*(3s;446,), while the important
term in the denominator will be o F 2sin®(Bs; —v,). The substitution of
sy for y is, therefore, only important in the factors (z,> and §,. Referring
to (19), it is evident that even these factors will be seriously affected
only near the vanishing points of §. At these points, however, evena
large difference in s, and y could at most affect the amplitude, hence
hardly at all the general shape of the resonance curves. The conclu-
sion therefore is that to set y equal to s, has no significant effect on the

general nature of the amplitude characteristic even when s; and y are
not at all the saume.

A
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The final equations for the current amplitude as derived for the
three special cases just considered do not, on the whole, lend them-
selves to a general qualitative interpretation. It would be possible to
determine the position of maxima or minima over the several ranges
considered, and in this way attempt to visualize the nature of the
resonance curves in each case. But expressions so obtained are, for the
most part, complicated and little information is gained. It is, therefore,
a much more satisfactory procedure to select definite circuit constants
with the aid of which the curves or families of curves corresponding to
the three special cases may be computed. However, before passing
from the general treatment to a particular circuit, it is essential that
the conditions imposed in the course of the analysis on the constants
and on the range of the variables be reviewed and interpreted. The
following section will be devoted to a study of the actual type of cir-
cuit to which the analysis applies, and to the selection of suitable cir-
cuit constants to be used in the subsequent evaluation of the resonance
curves of a particular circuit.

1V. ANALYTICAL RESTRICTIONS AND THE APPLICATION OF THE
THEORY TO EEXPERIMENT

In deriving (18) from the general solution (3), the following restric-
tions were imposed upon the circuit constants, the impressed fre-
quency, and the range of the three variables.

(a) r Lol g <<Lwe
a<<<l; a KB e 1.

8 y 1<r+g> 1<r g>
= v = — | — — - — | —m = =
w 2v\ { ¢ e 2w\ c

Here,

(h) 7y = joM
(¢) a?S? < 1; here, S may be si, sz, or y
(d) B2 1; k= M/l

The significance of each of these restrictions will now be discussed
in order.
(1) Using formulas given by Hund,? the line constants r, [, and ¢ of a
pair of parallel No. 12 wires 10 centimeters apart are found to have
the following approximate values at a frequency of w=4X10%

8 A. Hund, Bureau of Standards Scientific Paper, No. 491, p. 497,
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r = 8.6 X 107*Q per loop em
[ = 1.8 X 1072 & per loop em
¢ =6 X 1074 f per loop em
g = 107101 per loop em. ®

With these line constants, which at least represent the order of mag-
nitude, the circuit constants «, 3, and e assume the following values:

8.6 X 1073 )
o = — =0.8 X 107% em™!
6 X 100 X 1.8 X 102
4 X 108
B =———=1.33 X102 ¢em™!
3 X 1010

e=0a/8=0.6X 102,

For a maximum value of « ten times that computed above, i.e.,

a=8X1075 an error of not over 5 per cent in neglecting @ in comparison
with 8, or e in comparison with unity, requires that 3=1.6 X103, or
w=4.8X107, or A<3930 em. For this limiting value of «, which is
quite arbitrary, the theory as developed is accurate for wavelengths
not exceeding 40 meters. (b) The total self-inductance I of a bridge
of length 10 centimeters made of No. 12 copper wire is readily com-
puted.’® M/ is found to bhe about 0.09uh. The resistance of this same
bridge at w=4X10%1is 4.3 X 10-2\. This is clearly negligible compared
with the inductive reactance w1/ =36Q. Tor a shorter or longer bridge
the ratio R/wl/ remains the same.
() For «<8X 105, 4 maximum error of 5 per cent in neglecting 282
in comparison with unity requires that S=2800 em. For ¢<0.8X 103,
S should not exceed 28,000 em. This condition 1s readily satisfied in
most cases.

(d) For the approximate values of 1/ and [ computed above, the
equivalent length of a bridge 10 centimeters long isk=23/l=5 em, or
half the separation of the wires.!! With this value of & and the above
value of 3, i.e. £=1.33X10"2, (Bk)?=4.45><10“3, which is certainly
negligible compared with unity. For an error of not over 5 per cent in
neglecting (8k)? in comparison with unity, 3<0.045 for k=5. This cor-
responds to w £1.35X10° or A =140 em. For - — L, corresponding about

_ ° The value of ¢ was computed from the approximate conductivity of the
air, A =107* electrostatic units.
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to a separation of 2 cm of the wires, B=0.22, w=<6.6X10° A=27 cm.

~ For the usual range of wavelengths measured with parallel wires, con-

dition (d) is seen to be readily satisfied.

Sammarizing the above conclusions, the theory expressed in (18)
applies to circuits for which 25 <A <4000 ¢cm, or 1.6X1072=<5<0.22
em~!, for a8X107% cin™, if the separation of the wires or the induc-
tance of the bridges is properly chosen to satisfy the condition on k.
For a different limiting value of o the range of wavelength is, of course,
not the same as that given above.

In computing the resonance curves for a particular circuit, values
will be arbitrarily assigned to «, 8, and k. The values selected will not
he chosen to fit exactly any circuit actually used experimentally, but
rather to provide a typical example which is, at the same time, arith-
metically relatively simple to handle. Thus a choice of A =400 cm or
B=0.0157 is mathematically convenient and at the same time reason-
ably near the wavelength used in several experimental determinations.
In deriving the wavelength characteristics of this same type of circuit,’
L was found to equal 0.044 for A=4 (measured in units of primary
length) for one experimental case. Hence a choice of k=4 cm with a
wavelength of A =400 cm is reasonable and convenient. With 8 and k&
thus assigned a choice of «=3.93X107° corresponds to the very con-
venient value of kg=1 or ¢=1/4. It will be observed that this choice
of constants falls well within the limits specified above.

With the three constants «, 8, and k thus selected to agree with both
the requirements of the theory and the values encountered in experi-
ment, it only remains to consider the range over which the variables
s1, 89, and y need be studied. To be sure, an upper limit to the extension
of any or each one of these has already been set in restriction (c), and
it may appear at first thought that no further discussion is needed.
This is true in the case of sy and y, but not entirely so for s;. By defini-
tion s, is simply the distance along the parallel conductors measured
from the bridge B, to the bridge Ba. Similarly ¥ is the distance measured

from B; to the reference point of the source of electromotive force.

With s, the situation is not quite so simple. It will be recalled that the
length of the primary is the distance from an impedanceless ammeter
at 2 =0 to the bridge B; at z =s1. Now, from the experimental point of
view an impedanceless ammeter is a pure fiction, and it is certainly
true that the sereen-grid resonance indicator used in experimental de-
terminations has an impedance which is not at all negligible. In order
10 bring the theory as developed into harmony with this experimental
fact, it will now he demonstrated that the impedance of the indicating
device is electrically equivalent to a hypothetical extension of the
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primary beyond its obvious length. That is, it will be shown that a
pair of parallel conductors of a specified length bridged by an am-
meter of impedance 7, at one end corresponds clectrically 1o 2 primary
of considerably greater length bridged at the end by an impedanceless
ammeter. The difference in length between the fictitious or extended
primary and the actual measured length will be called the cquivalent
length of the impedance Z,,.

Consider a pair of parallel conductors of length S bridged at the
end 2 =S by a device with an admittance Y. The input admittance of
such a circuit arrangement has already been given in (6). In terms of
Y, itis:

v o L {¥VoN cosh KS + sinh KS$) 34)
" N \Y,Nsinh KS + cosh KSS ‘

It is desired to represent this line of length S and terminal imped-
ance Z, by a fictitious line of length S’ (greater than S) and terminal
impedance zero. The input admittance of such a line is readily obtained
from (34) by letting Y, become infinite. It is:

1
Y/ = — coth K§’. (35)
N

If these two input admittances are to he equal, the following relation
must be satisfied:

Y .N cosh KS 4+ sinh KS
YN sinh KS + cosh KS

= coth KN’ (36)
or,
Y ,N(cosh KS sinh K8’ — sinh K8 cosh KS7)

= cosh KS cosh KS’ — sinh KS sinh K.S’. (36a)

Using familiar transformation formulas this expression reduces to:
1
Vo= v coth K(S" — 8). (37)

Upon comparing (35) and (37) it is clear that the terminal admit-
tance Y, may be represented by a pair of parallel conductors of length
S,=8"—S. This length is determined by (37); it is the equivalent
length S, of the impedance Z,. If it can be determined by experimental
means, the impedance Z, of the current indicator may be obtained
using (37).12

) 2 Tt may be noted that a method is here outlined for actually measuring the
input impedance of ultra-high-frequency receivers. A further analysis and de-
velopment of the method is reserved for a later paper.
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If the length of the primary s; be now redefined as the total fictitious
length S’ corresponding to the measured length plus the equivalent
length of the impedance of the ammeter, the theory as developed may
be applied to the experimental case at hand. This will be true provided
the length of the primary so defined does not exceed the limits imposed
by restriction (c). In order to verify that it does not, and at the same
time in order to obtain a general notion of the range of length of the
fictitious primary with which one has to deal using the screen-grid

TABLE II

Numerical values of # and A from Table I.
The value of D for Special Case 2.
B=x/200; k=4; g=1%, («=3.93X1073) s1 =2000

$:0m ’ <) A D

1 28.6 172 11.6

6 22.2 40.6 10.95
16 19.0 10.5 10.5
46 16.9 2.0 10.2
96 15.9 1.0 min 9.95
146 14.9 2.0 9.74
176 12.8 10.5 9.0
186 9.6 40.6 7.66
191 3.2 160 3.11
192 .06 0.0 257 1.75 min.
193 — 4.7 426 4.4
194 —14.1 954 8,4
195.5 —47 .7 min. 8100 11.25
195.94 0.0 16000
196 15.9 . 16200 max. 11.68
196.5 79.5 max. 8100 11.8
197 66.7 3240 11.8
199 36.6 426 11.7
201 28.6 160
206 22.2 40.6 10.95
216 19.0 10.5 10.5
246 16.9 2.0 10.2
296 15.9 1.0 min 9.95
346 14.9 2.0 9.74
376 12.8 10.5 9.0
386 9.6 40.6 7.66
391 3.2 156 3.22
392 0.99 238 3.01 min
392.27 0.0 271 3.20
393 — 3.18 405 4.69
394 — 9.54 810 7.49
395 —15.9 min. 2025 9.60
395.73 0.0 2340
396 15.9 4050 max. 10.75
397 47.7 max. 2025 11.2
398 41.4 810 11.6
399 35.0 405 11.40
400 30.9 238 11.38
401 28.6 156
406 22.2 40.6 10.95
416 19.0 10.5 10.5
446 16.9 2.0 10.2
496 15.9 1.0 min 9.95

resonance indicator, recourse must be had to experimental data. It
will be shown and discussed in detail in conjunction with Special Case
3bh that the equivalent length of the screen-grid resonance indicator
at a frequency corresponding to a wavelength of 434 em is 1467.5 em.
The total fictitious length s; of the primary is therefore obtained by
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adding the length of the parallel conductors measured from the
indicator to the bridge B, to this equivalent length. Referring to re-
striction (e¢) it is clear that for a=4X107% this measured length must
not exceed about 5600-1467.5 ecm using the screen-grid indicator at
this particular frequency. The range of s; is thus determined.

In concluding this section, it may be noted that the values of the
three circuit constants and the ranges of the three circuit variables have
been fitted to both theory and experiment. In the following section the
theoretical equations will be used to compute the amplitude charac-
teristics of a typical circuit.

B0
8|38 :miwg

_ =4y
40 A=3.93%x0

- \

i sl 100 130 Poo 250 300 350 ymo 450 500

|

-60‘\_“.

]
LENGTH OF SECONDARY s, (cr1)
Fig. 2—The variation of 6 with s, for the constants indicated.

V. THE RESONANCE (C'URVES OF A PARTICULAR CIrcuir

In the preceding section numerical values were selected for the
constants «, 8, and k, and the ranges of the variables sy, Sz, and y were
discussed. In addition to appearing explicitly in the several equations,
the three constants and the variable sz oceur in the quantities # and A.
Hence, a first step in the application of the theory to a special circuit
is the evaluation of these two quantities over the desired range of s,.
This has been done in Table IT in which the values of 8 and A are shown
over a range of secondary length corresponding to a complete wave-
length. Table 1T was evaluated from the relations giverr in Table I and
the chosen values of the constants. Fig. 2 shows the values of 6
from Table IT plotted against s,. The variation of A is readily visualized
without plotting a curve.

Before turning to the evaluation of the special cases it will be con-
venient to tabulate the important quantities as follows:




King: Amplitude Characteristics of Coupled Circuuls 1163

Name of Quantity Symbol Numerical value or range
Damping constant o 3.93 107° em™*
Propagation constant B /200 cm™1
Equivalent length of bridge % 4 cm
Wavelength of source A=27/B 400 cm

g=al/Bk i
Secondary argument 0 =0B(s:+k) (w/200) (s2+4)
Amplitude D= |Iw/E.
Secondary length $2 $2< 5600 cm
Primary length 81 1470 <5, <5600 ecm
Position of K, z 1470 <z <8, em

Special Case 1: By choosing n=1 and m=10, the ’general conditions
and the special requirements of this case, as discussed in the theoretical
study, are satisfied. Then,

o =7m/2; s =9cm; 0 = 15.9; A =1
s; = 2000 cm.

Using array (19"") and neglecting s»/s1=0.05 in comparison with
unity, the following simplification may be made:

1+ 0 IR
{ = — =12.7.

&21%"82 sin? (cot™1 8 + v,) ( asy
Since A% is large compared with unity, the following is true:

0y 53

1 — .
F, s 2000

Hence, (22) and (22h) yield the following:

D = 12.7 cos Bz = 12.7 cos mx /200 (38)
1470 < z < 2000; = 5 1500, 1700, 1900
D= (1 — 2/2000) at z = 1500, 1700, 1900 (382)
or,
x cm D

1500 0.25
1700 0.15
1900 0.05

[fig. 3 shows the resonance curve plotted according to (38) and
(38a).
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Fig. 3—Theoretical resonance curve for Special Case 1.

Special Case 2: By again choosing m =10 or s;=2000 and setting Sz
=8, the special conditions for this case are satisfied. Upon sub stitut-
ing in (24a), the following formula is obtained:

1 191
02 11/2
D = { 201 b < s, < {391,  (39a)
1+ 6.18 X 10-392
401 | 591

In the same way (24b) yields:

o B2 & 1.54 X 10-95,2A? RE
1(3.08 X 10554 + 1)? + 6.18 X 10-7g2

191} (201
< Sy < { .
391 ) 401

(39b)

Using the values of § and A obtained from Table II, the amplitude
D is readily calculated as a function of the secondary length s,. These
values of D are also listed in Table II. Fig. 4 shows the resonance curve
for Special Case 2.

12

g I
2 o= 393x/078
& 8= /200 ,
E 4 — -k =4 JR S
= 5,= 2000 '
-
. :
0 50 100 150 200 250 300 350 400 450
B LENGTH OF SECONDARY AND POSITION OF BRIDGE ‘B;  (cM)

Fig. 4—Theoretical resonance curve for Special Case 2.

Special Case 3a: Let the bridge B; be moved from 83 =1900 to s, =2100
with the total length s fixed near 2400. Tt is found that a very limited
range of values of s yields resonance curves which completely picture
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this special case. Beyond this range Special Case 3a merges into Spectal
Case 3b in a readily visualized way. This range of s is from s =2383 to
s =2395 cm. Five curves have been computed over this range of s by
substituting the required values in (29a) and (30a). The computation

12
o = |3.9310° P CURVE | S (CH)
) N a |2383
&, P e ) b |2386
La id ¢ |z389
o ANk o 12392
Q
S 8 \ ) £ |2395
}\ . .
= ! \ ‘\
Z 4 ; \
< N
b ‘._\ . \
= ST NN

0 : _
740 350 360 370 380 390 400 410 420 430 440 450

LENGTH OF SECONDARY CM

Fig. 5—Theoretical resonance curve for Special Case 3a.
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Q 1
D8 .
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x 4 : R
& e { L | 7N
D i J o 1/ S
9] /'/ 4 RN
o]

050 e0 70 BO 90 2000 10 20 30 40 2050
POSITION OF BRIDGE B, AND LENGTH OF PRIMARY.  (C1)

Fig. 6—Theoretical resonance curves: curves e, a, ¢ for Special Case 3a; curve
for Special Case 3.

in this case is somewhat tedious since the formulas are not simple. The
results are represented in Figs. 5 and 6. In Fig. 5 the variation in the
amplitude 1) corresponding to the five values of s is plotted ag a func-
tion of the secondary length s,. In Fig. 6 the same amplitude of three
of the five curves is plotted against the primary length s, as abscissa.
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Special Case 3b: In this case the total length s is chosen to be s = 2296

to satisfy the requirement that it be near (2m’41)A/4. In view of the

conclusions drawn in the theoretical discussion of this special case, only
(32) needs to be evaluated. It is found that the range from s, = 2050 to
$1=2150 completely covers the region where the amplitude D is not
small. Using formula (32) curve f of Fig. 6 was readily computed.

In this section typical resonance curves corresponding to four
special cases have been computed for a particular circuit from the
equations derived earlier in the paper. In the next section the method of
obtaining corresponding experimental curves will be briefly described
and the resonance curves will be displayed. A careful discussion and
comparison of the two sets of curves is reserved for Section VII.

VI. A Review oF EXPERIMENTAL TECHNIQUE AND A DISPLAY oOF
EXPERIMENTALLY OBTAINED REsoNaNceE CUrvEs

In a theoretical study such as this one, an appeal is made to experi-
mental data primarily to demonstrate that approximations and restric-
tlons made in the course of the mathematical analysis have not been
80 severe that the theory actually does not fit the facts it purposes to
explain. If it can be shown that the theoretically derived general form-
ulas, such as (18) in this case, lead to results in representative special
cases which agree well with the corresponding experimental ones, then
1t is safe to assume the mathematical picture a good one. Hence, no
attempt will be made at this point to explain in detail an experimental
technique which has already been discussed in another paper.? A brief
description of the apparatus and its manipulation must suffice.

Fig. 7——Schematic diagram of the experimental arrangement. At the left is the
screen-grid resonance indicator in its shielded case. By and B, are the mov-
able bridges. At the right is shown the brass cylinder which winds up the
parallel conductors as it simultaneously unwinds the supporting cords.

The experimental set-up is shown schematically in Fig. 7. The dia-
gram is self-explanatory. The current indicator represented is in this
case the compact linear detector designed as a receiver of ultra-high
frequencies. Tt consists of the screen-grid voltmeter with all necessary
batteries and control devices contained in or mounted on a shielded
case. The device is described in considerable detail in another paper.'

13 R. King, “A screen-grid voltmeter,” Proc. LR.E., vol. 18, p. 1388, (1930).

gfztiolrisG”. H. Brown and R. King, “High Frequency Models in Antenna Investi-
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Due to the extensive shielding, which is connected to the cathode of the
224 tube, the detector is relatively insensitive as a resonance indicator
if the two parallel wires are connected, respectively, to the control
grid and the cathode of the tetrode. On the other hand, if only one of
the wires is attached to the control grid, while the other is left free,
the capacitive coupling between this latter and the shielding of the in-
dicator case is sufficient to make the instrument highly sensitive.

The source of electromotive force is a small high-frequency oscil-
lator coupled inductively to the two parallel conductors. Sufficiently
loose coupling is maintained throughout to prevent close-coupling
effects.

Special Case 1: The oscillator was mounted on a small truck in such
a way that it could be moved parallel to the two wires which were
stretched one above the other 10 em apart. Precautions were taken to

N s _
PTRYA]
o
= 50
-
Ex
B, B,
% 104 208 312 416 520 37 7ee cm
o Position x of applied em.f. $, s,

Fig. 8—Comparison of experimental and theoretical results for Sypecial Case 1.
The solid curve is computed; the small circles are experimental points. In
each casge the amplitude is reduced to unity for the first maximum on the left.

maintain a uniform coupling distance. With the oscillator coupled at
any arbitrary point, a bridge B, was placed across the wires in a posi-
tion, several half wavelengths from the indicator, such that a maxi-
mum deflection was observed. (In the theory, (8s:40,) =mm.) The re-
mote end was then adjusted by means of the telescoping tubes or the
brass cylinder so that the secondary length, i.e., the distance from the
bridge B; to the bridged end B,, was an odd multiple of a quarter wave-
length; (in the theory, ¢ near nw/2). With this adjustment completed
the oscillator was moved step by step along the parallel conductors,
readings heing taken of the indicator deflection at the successive posi-
tions along the wires of the arbitrary reference point on the oscillator.
Taking the first maximum amplitude as unity, the deflections ohtained
are shown plotted as small circles in Fig. 8. Fig. 9 shows the same
oxperimental data plofted according to (23). The solid curve of Iig. 8
is one computed from the theoretical formulas (22) and (22h) for the
wavelength used in this experiment. The amplitude is also taken as
unity.
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Special Case 2: The bridge B; was fixed to give a maximum de-
flection in the same way as above, but for practical reasons at a point
several half wavelengths nearer the indicator; (in the theory, Bs,
=mm). The oscillator was coupled to the wires at a point between B,
and the indicator where it produced a maximum deflection; (in the
theory, Bz =mnm). Since it was impossible to change the length of the
secondary from zero to a whole wavelength by means of the end ad-

8

A=lR2Tx {2155 ]
cos'p| “7g5 | Heem

(rad)

ARC-COSINE OF INDICATOR DEFLECTIONS

v

$00 800 700 600 Soo 400 300
POSITION X OF OSCILLATOR (¢m)

Fig. 9—The experimental points of Fig. 8 replotted according to the indicated
equation. The straight-line locus is determined by these points. Its slope
gives the wavelength of the source as shown,

Justing device which allowed 1 range of only a half wavelength, the
conclusions drawn in the theory in conjunction with the arrays (19°)
and (19”7) were invoked. Accordingly, by adjusting the length beyond
the bridge B, in such a way that it was an odd multiple of a quarter
wavelength, it had essentially no effect on the rest of the circuit. By
now moving a second bridge B, from By toward this end; the secondary
(i.e. the length between the two bridges) was effectively varied as re-
quired, while the length bevond the bridge B., a tertiar): circuit, could
have essentially no effect upon the remainder of the circuit. The varia-
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tion in the deflection of the current indicator with a progressive change
in the length of the secondary circuit is shown in Fig. 10. Fig. 11 shows
a similar characteristic observed on conductors made of flat copper
' braid.

320
240/ ——— T —— r
/60

. \UL \u’

0 688 650 600 550 500 450 400 350 300 350
*
B, POSITION OF BRIDGE ‘B, fcr

INDICATOR DEFLECTION

Fig. 10—Experimental resonance curve for Special Case 2. The conductors were
No. 12 copper wire.

200, —
\ ]

)

A
(o)

INDICATOR DEFLECTION
3

N=430 cm
50
ol
350 300 250 200 150 100 cm
B POSITION OF BRIDGE B,

Fig. 11—Experimental resonance curve for Special Case 2. The conductors were
flat copper braid.

Special Case 30 With the oscillator coupled as above, and the total
length of the wires adjusted to an odd multiple of a quarter wave-
Jength beyond a point at which a single bridge on the wires produced
a maximum deflection, bridge B, was placed successively at the points
indicated in Fig. 11. For each position of B;, B was moved along the
conductors and the indicator deflection was noted. The curves of IFig.
12 and of Fig. 13 are typical of the characteristics observed at inter-
vals of a half wavelength along the wires. In Iig. 12 the abscissa is the
secondary length (i.e., the length hetween the two bridges); in Tlig. 13
the ahscissa is the position of B, referred to the primary. Figs. 7 and 8
of reference 2 show additional charactlerigtics of this type. Fig. 14
shows 4 family of curves corresponding to those shown in Fig. 12, hut
observed for a wire system of flat braid.
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Special Case 3b: With B, set as indicated for curve f of Fig. 13, the
bridge B; was moved along the wires and indicator deflections were
recorded. At intervals of a half wavelength curves like f of Fig. 12 were
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Fig. 12—Experimental resonance curve for Special Case 3a. The conductors
were No. 12 copper wire.

observed. I'igs. 6 und & of reference 2 show similarly obtained char-
acteristics. Curve (& of Iig. 13 is the corresponding curve observed
on the flat braid parallel wire svstem.
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Fig. 13—Experimental resonance curves: curves a, b, d for Special Case 3b;
curve f for Special Case 3a. The conductors were No. 12 copper wire.

In this section experimentally obtained resonance curves for the
four special cases are displayed. They will be discussed and compared
with the corresponding theoretical ones in the next section.
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VIl. INTERPRETATION AND SIGNIFICANCE OF THE THEORETI-
CAL AND EXPERIMENTAL RESULTS

A preliminary survey of the computed and-experimentally derived
curves displayed in the preceding sections cannot but leave a smile of
satisfied conviction on the lips alike of the theorist and of the experi-
menter. The adequacy of the theory and the justification of the re-
strictions imposed in its derivation could hardly be better demon-
strated than by comparing in the preceding sections the corresponding
pairs of characteristics. In the sequel each of the special cases will be
discussed; a few general comments are reserved as a conclusion to
this section.
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Fig. 14—Experimental resonance curves: curves A to F for Special Case 3b;
curve G for Special Case 3a. The conductors were flat copper braid.

Special Case 1: The (solid) theoretical curve of Fig. 8 and the ex-
perimentally determined points (small circles) are in exact agreement
if due allowance is made for fluctuations in the experimental values
due to no very accurate control over the coupling distance between
the oscillator and the parallel wire system. This distance may casily
have varied by 5 per cent; (sce reference 2 for details). It will be ob-
served that this special case completely verifies the form of (22), but
that it throws no light on the quantities contained in the amplitude
factor, since both in the theory and the experiment this is purely rela-
tive.

The excellent, correspondence between theory and experiment
and the great simplicity of (22) suggests that a method might well be
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devised for the measurement of ultra-radio waves using the arrange-
ment of this special case. As Hoag® has recently pointed out, the usual
Lecher wire method of determining the separation between resonance
peaks (of the type to be discussed in Special Case 3b) is not precise
when wavelengths of the order of a meter or less are to be measured.
This is a consequence of the fact that it is not practicable to increase
the accuracy with which the position of resonance peaks can be deter-
mined beyond a certain limit regardless of the wavelength. The rela-
tive error for short wavelengths is therefore larger than for long ones.
In the following method, suggested by that of Hoag and by (23), this
difficulty is avoided.

Consider a small parallel wire system so arranged that it can be
moved relative to the source of the frequency which is to be measured.
If it is more convenient the source may be moved instead of the wire
system, but the former method involves no practical difficulties since
the Lecher wires need not be over 150 or 200 centimeters long. They
may be stretched one above the other over a suitable board equipped
with a scale, and with the resonance indicator mounted on one end.
With either arrangement the only precautions to be observed are that
the coupling distance between the source and the wires must be main-
tained constant as the two are moved relative to each other, and that
it be not so short that close coupling effects are observable. The pre-
liminary adjustment of the wire system involves nothing further than
the placing of a bridge at some point near the end remote from the in-
dicator where a satisfactory deflection is obtained in this latter. The
wire system is now moved relative to the source a centimeter or two at
a time, and the deflection D of the indicator recorded. By plotting the
position z along the wires, as measured from any convenient reference
point, against the arc-cosine of the ratio D/Dpmax, the slope of the
straight line drawn through the points is A /2m. Here A is the wavelength
of the source. It will be observed that no critical adjustments, such as
that of the input admittance of the wire system in the method of
Hoag, are required in this case; (see footnote 7). In Fig. 9 the experi-
mental data of Fig. 8 are replotted according to the method just out-
lined. It is an easy matter to draw a straight line through this large
number of points and at once determine the wavelength from its slope.
Several points seem to lie a relatively large distance from the line; actu-
ally the error in the deflection observed for these points is not over 3
per cent. By suitably constructed apparatus this method may be made
both convenient and precise for measuring ultra-short waves.

Spectal Case 2: In Special Case 1 the constants o and k entered only
into the amplitude factor and not at a]l into the factor determining the
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shape of the resonance curve. In this case all the constants are impor-
tant in affecting both the amplitude and the shape of the characteristic.
In order to reveal the part played by each of the constants, as well as
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Fig. 15—Theoretical resonance curves for Special Case 2 for different values of
the constant &k and the length s;.
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Fig. 16—Theoretical resonance curves for Special Case 2 for two different values
of the damping constant .

by the total length s; of the primary, the curves of Figs. 15 and 16
were computed from (25a) and (25b) in the same way as Iig. 4. Com-
pletely new computations of 6 and A were, of course, involved. 1t is
seen that the position of the minima relative to the points Se=nA/2
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are determined primarily by the value of k. They are all shifted toward
the indicator by an amount roughly equal to the sum of the equivalent
lengths of the two bridges B, and B,. This is entirely reasonable. In
this case the shift is approximately 2k since the bridges are alike. The
amplitude, especially of the maximum points, is determined largely by
a and the length s;. A comparison of the theoretical curve of Tig. 4,
with the experimental one of Fig. 10 shows good agreement. The theo-
retical damping constant is evidently somewhat larger than that of the
system of No. 12 copper conductors used in ohtaining Fig. 9. On the
other hand the value of & in the experimental curve of Fig. 11, which
was obtained using conductors of flat copper braid is clearly larger
than the value used in the theory. A difference in %, of course, also
plays a part.

As a method of wavelength measurement this method, previously
referred to as the minimum deflection method, is entirely satisfactory.

" TABLE III
Spectal Case 2, Minimum Deflection Method

Position of minimum ’ Half Wavelength
1391.5*% cm 210.5** em
1181.0 217.0

964 .0 217.0
747 .0 217.0
530.0 217.0
313.¢C

* This is the position of the fixed bridge B..

Hx In agreement with the theory the distance from B, to the first minimum is less than & half wave-
length. The amount of this shortening should be approximately 24 centimeters. In this case, then, & is
about 3.25 centimeters. Since this data was taken on a wire system made of fat copper braid while the
bridge was of No. 12 copper wire, & =M /l would not be one half the wire separation.

The distance from the fixed bridge B, to the first minimum or.-“dip” is
about 2k less than a half wavelength, but the separation of the succeed-
ing “dips” is very nearly a half wavelength. Table IIT shows the experi-
mental data obtained on a long parallel wire system. It agrees entirely
with the statements just made.

Special Case 3a: This is the “double-hump” phenomenon discussed in
various ways by Takagishi® Mohammed and Kantabet,” and more
recently by Hikosaburo.16 A comparison of the curves of Figs. 5 and 11,
or of Figs. 6 and 13, shows that the present theory completely describes
the experimental observations. Fig. 14 shows curves analogous to those
of Fig. 13 but for the circuit having higher damping. Figs. 5 and 10
show that here, just as in the preceding case, there is a shift of about
2k toward the indicator end. This is, of course, to be expected since
both bridges again play a part. Clearly the double peaks occur when-

» Proc. L.R.E., vol. 19, p. 1983, (1931).
* Proc. L.R.E., vol. 21, p. 303, (1933):
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ever the primary comes into resonance at or near the same position of
the movable bridge B; as does the secondary. The way in which the
double peaks grow and shrink with different adjustments of the total
lergth is readily followed in the curves. The extent to which the con-
stants of the circuit determine the depth of the “dips” may be analyzed
using (29a).

The double peaks are not convenient for wavelength measurement.
They have been considered here primarily to show that the “double-
hump” is, in fact, no remarkable phenomenon at all. The appearance
of two or more peaks in the amplitude characteristics of filter circuits
having two or more similar sections is well known. The fact that in this
case the circuits have distributed constants instead of lumped ones in
no way alters the general theory underlying the problem. This is evi-
dent from the results here given.

Special Case 3b: The amplitude characteristics obtained in this case
are the ordinary resonance peaks of the conventional way of measuring

wavelength by the Lecher wire method. The theory shows and experi- -

ment agrees that the maxima occur at intervals of exactly a half wave-
length. Their shape and amplitude depend upon o and s;; their po-
sition relative to the points s, =mA/2 is determined by the value of k.
In this case all the peaks are shifted exactly k centimeters toward the
resonance indicator. The theoretical and experimental curves of Figs.
6, 13, and 14 show that the peaks obtained in this case are the envelopes
of the double peaks described above. For wavelengths of over a meter
the method of this special case is the most convenient and quite ac-
curate.

In concluding Section 1V it was stated that the equivalent length
of the resonance indicator was experimentally determined to he
1467.5 centimeters. The method by which this value was obtained will
now be described, since it depends upon Special Case 3b. 1t was shown
by (32¢) that the maximum amplitude of the peaks in this case is in-
versely proportional to their half wavelength number m. That is, if
the first peak nearest the impedanceless ammeter has an amplitude 1,
the second one will be one-half as high, the third one-third as high, or
in general, the mth peak will he 1/m times the height of the first peak.
In the fourth column of Table IV are tabulated the ohserved amplitudes
of six resonance peaks as measured by the deflections of the current in-
dicator located at the scale point recorded in the table. By dividing
these amplitudes by the factor 925, the decimals given in the fifth
column are obtained. A comparison of these with the values of 1/m
given in the sixth column, shows that these six peaks are peak numbers
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TABLE 1V
| Observed .
()bser}\{red Sc.z#e ‘ Hlalf th | Observed amplitude Theoretical Theore}zlcal

Nar | Boshen | Waveerett | amplitude divided 1/m e
No. i in em | / I by 925 No.
e | mols | 2170 | 117 0.126 1/8=0.125 | s

3 1 1174.5 217.5 101 0.110 1/9=0.111 | 0
4 957.0 217.0 92 0.100 1/10=0.100 10
5 ‘ 740.0 217.0 84 0.091 1/11=0.091 11
6 | 523.0 216.5 78 0.084 1/12=0.083 12

7| 306.5 i 71 0.077 1/13=0.077

Current indicator at 1660.0; Oscillator coupled at 1590; *To nearest 0.5 em.
Equivalent length of current indicator (8X217) — (1660 —1391.5) =1467.5 em.
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Fig. 17—Theoretical 1/s curve and six experimental amplitudes plotted as points.

8 to 13 on an equivalent parallel system bridged by an impedanceless
ammeter. Actually they are peaks numbers 2 to 7 on the system bridged
by an ammeter having an impedance Za. The last two coliumns of
Table IV are shown plotted in Fig. 17. The solid curve is a 1/s curve,
the plotted points are the experimentally observed amplitudes re-
duced to a suitable scale.

From the measured wavelength of 434 cm, the length of the ficti-
tious system from observed peak number 2 (theoretical peak number 8)
to the hypothetical impedanceless ammeter can be readily calculated
to be 1736 cm. The actual distance from this peak to the current indi-
cator was 1660 —1391.5=268.5 cm. Hence the equivalent length of the

“indicator is 1736 —268.5 = 1467.5 em. From the constants of the paral-
lel wire system and this length the actual impedance of the current in-
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dicator may be readily computed using (37). The significance of this
result should not be underestimated. Let it be emphasized that an

experimental method has been devised by which impedances may Le

measured accurately at ultra-high frequencies. For if the impedance
of the detector is known, small impedances connected in series with it
may be measured.

In this section the beautiful and complete agreement of theory and
experiment has been pointed eut, and the significance of the several
special cases has been discussed. In the application of the theory to a
particular circuit, let it be recalled, no attempt was made to select
constants such that the computed curves would exactly fit the experi-
mental data available. The values selected were chosen, rather, as
representative, hence the theoretical characteristics are not to be
expected to coincide identically with the experimental ones. As a matter
of fact they do correspond very closely.

A word is in order with regard to the comparative amplitudes of the
characteristics of the several special cases. For the theoretical curves
the amplitude “D?” is plotted as ordinate in each case, so that an inter-
comparison of characteristics is possible. With the experimental data,
however, the indicator deflection plotted as ordinate differs in almost
every instance, since the respective curves were recorded at different
times using two different forms of the indicator with conveniently ad-
justed sensitivity. Evidently, then, an intercomparison of amplitudes is
not possible. For this reason data were taken successively for the three
special cases to compare the maximum amplitudes. It was found that
this was essentially the same in all three cases; that is, the amplitude
of Fig. 8, the maximum point of Fig. 9, and the peak of Fig. 12 would
all be very nearly the same, if the same indicator adjusted to the same
gensitivity had been used for each. A comparison of the theoretical
curves shows that here, too, the amplitudes are practically the same.

Throughout the analysis it has heen tacitly assumed that the cur-
rent indicating device is an impedanceless ammeter the deflections of
which are proportional to, or at least a known function of the high-
frequency current flowing through the instrument. It was theoretically
and experimentally shown that it is possible to substitute for the reso-
nance indicator with its impedance Z,, an impedanceless fictitious am-
meter and a definite length of parallel conductors. But whether it be
the actual current indicator or the fictitious one that is considered, it
is none the less true that the theoretical as well as the experimental
curves have been plotted on the agsumption that the amplitude “D”
and the obgerved indicator deflection are linearly related to the reso-
nance current passing through the device. The question evidently
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arises: Is the deflection of the indicating milliammeter a linear function
of the resonance current? Or, more in particular, does the screen-grid
voltmeter connected across the ends of a pair of parallel wires actually
function as an impedanceless ammeter at the end of a fictitious length
of line? It was shown in a previous paper!* that the sereen-grid volt-
meter when used as a detector of ultra-radio waves in space is indeed
a linear rectifier. An even more conclusive proof than that referred to
above is, however, the agreement between theory and experiment in
each and all of the cases here analvzed. If the sereen-grid detector did
not have the linear characteristic as presupposed, then the points on
Fig. 8a for example, could not possibly lie along a straight line. A
further significant result of the theoretical analvsis is, therefore, the
development of an experimental means for studving the detection
characteristics of short-wave receivers. In particular, the linear charac-
teristic of the screen-grid voltmeter has been definitely verified.

VI StaMary axdp CONCLUSIONS

The following are the significant achievements of this theoretical
investigation supplemented by experimental studies:

(1). The basic mathematical theory of bridge-coupled circuits
having distributed constants has been developed and applied to im-
portant special cases. (Sections I, II, and 111.)

(2). A careful study has been made of the phvsical conditions under
which the theory may be applied to actual circuits. (Section 1V)

(3). The theory and all its implications have been shown to be com-
pletely verified by a detailed comparison of computed and observed
amplitude characteristics in four widelv different and important
special cases. (Sections V, VI, and VII)

(4). A new precision method for measuring ultra-short waves has
been deseribed and demonstrated. (Special Case 1, Section VII.)

(5). The maximum deflection and the minimum deflection methods
for the measurement of wavelengths are shown to be exact. (Special
Cases 3b and 2, Section VII.)

(6). The “double-hump™ phenomenon is discussed and shown to
be merely a special case of the coupled circuit theory here developed.
(Special Case 3a, Section VII.)

(7). A method is desecribed for experimentally determining the
characteristics of short-wave detectors and for measuring their input
impedance at ultra-high frequencies. The method is upplied to show
that the screen-grid voltmeter has a linear resonance current indicator
deflection characteristie, and that its input impedance is the same as
that of a definite length of parallel conductors.
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Finally this investigation has once again demonstrated the fruit-
fulness of combined theoretical and experimental study. It is hoped
| that *he results obtained may prove of value in the ultra-high-fre-
quency field.

1 APPENDIX
! The Evaluation of the Quantities 6 and A

Before proceeding to derive the expressions for § and A from (14)
and (15) the following condition will be assumed satisfied by the con-
g stant k: :

Restriction d: The equivalent length of each bridge B is sufficiently small
, to satisfy the inequality:

(Bk)? << 1. (d)
. As a consequence of (d) it is also true that

,\ tan Bk = Bk. (d"
{; Tet the following notation be introduced: '

| o = (Bs: + tan= Bk) = B(s2 + k)

| a = (cos Bs; — Bk sinBsy) = A/1 + Bh2cose = cose (I-1)
b = (sin Bss + Bk cos Bsy) = /1 + B%?sing = sine.

With these symbols (14) and (15) give:

ja + jOéSgb\l

Lassa + 5b f

assA — 0 = — j/Bk +

(a2 + b?) &2l
ase(a? 2 (
= T s+

a?sta? + b2

CLb(]. - 012822)1
a?sta? + i)gf'

Upon neglecting a?sy? as compared with unity according to (c), the
complete expressions for 0 and A are:

1
6 =1/8k + -3
/8 a?sy? cot o 4+ tan ¢ (1-3)

1

A= (1-4)

s, cos? ¢ + sin? @

For the argument ¢ (as defined by (I-1)) not near nw, (n=1, 2,

3,- - -), these expressions reduce to the simple forms given helow:
6 = 1/Bk + cot ¢ (I-5)
A = csc?o (I-6)
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Ifor the argument ¢ near nm the following relations are true:
tan ¢ = sing@ = ¢; cos¢ = 1 (1-7)
Se = nA/2 4 5y
a’sy? = a’n?A?/4.
Here $; is a small length measured in either the positive or negative
direction of s, from the point s, =nA/2.

With these approximations § and A have the following values in
the neighborhood of the points s, =nA/2:

L, e 1 48(3: + &)
Bk a?s? + o Bk a?n?A? + 40625, 4 k)?
1 4
0l + @ atnA? 4 B2 + k)2
It is now convenient to introduce a new constant to replace the
damping constant «. Let the quantity ¢ be defined as follows:

(I-8)

n

A, = (I1-9)

_o (1-10)
=
In terms of this new constant, (I-8) and (I-9) become:
1 4(1 + 5o/k
0, = L[1 4 LA W/E) } (I-8a)
Bk L qg*n? 4 4(1 + 35/k)?
1 4
A, = |: jl (I-9a)
B2 Lg*n? 4 4(1 4 59/k)?

In the range of ¢ near nw, (or what is practically the same, .
near nA/2), there are several important and interesting points. These
include the maxima, the minima, and the zeros of 6, and the maxima
of A,. By equating 60, in (I-8a) to zero, the vanishing points of 8,
are found to be at

S‘/” ,nA + 117 T)A ]{ 3 1 2,2 (I 11)
=5 = — — (3 F — ¢*n?). -
2 9 2, 9 2( T q*n?)

By differentiating 6, with respect to s, in (I-8a) and equating the

derivative to zero, the extreme values of 6, are easily shown to be at

' nA . nA ng
82, =———l—s2,n=——k<1 Tr—>. (I-12)
2 2 2

Here the upper sign refers to the position of the maxima, the lower
sign to the position of the minima.
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By equating the derivative of A, with respect to s, in equation
(I-9a) to zero, A, is found to have maxima at the following points:

, nA ., nA
So.n = —— + Sy, =— — k. (1—13)
2 2

With the aid of the values of s, obtained above, Table I, showing
the values of # and A, was easily evaluated. From it the general varia-
tions of 6 and A with s; are readily visualized as follows. In general
shape and period 6 follows a cotangent curve having for its zero line
the positive ordinate 1/8k. The argument is B(ss+k). From this it is
clear that there is an effective shortening of the secondary by an
amount k. The name, equivalent length of the bridge, for k is thus seen
to have a definite meaning. Instead of becoming infinite as the cotan-
gent, f reaches a definite maximum for values of s, slightly less than
nA/2—k, and then drops to a minimum slightly beyond this value.
This minimum will be positive, zero, or negative according as ¢n is
greater than, equal to, or less than 1. If it is negative 6, will have two
zero points symmetrically placed with respect to the abscissas s, =nA/2
—3k/2. The variation of A with s, follows very closely the curve of the
cosecant squared of the argument B(s:+k). Instead of becoming in-
finite, however, a definite maximum is reached at the points s, =nA/2
—k.

The convenience of using the constant ¢ instead of o is apparent
from Table I and the above discussion. Throughout it is the quantity
ng which enters into the expressions for the significant quantities.

e et > @< G -
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FREQUENCY MODULATION AND THE EFFECTS OF A
PERIODIC CAPACITY VARIATION IN A NONDISSIPATIVE
OSCILLATORY CIRCUIT*

By
W. L. BARrROW

(Massachusetts Institute of Technology, Round Hill Research Division, South Dartmouth, Mass.)

Summary—Certain fundamental characteristics of the theory of frequency
modulation for arbitrarily large degrees of modulation and unrestricted modulation
frequencies are developed from the differential equation for a dissipationless circuil
with fized inductance and rariable capacitance. The several modes of modulating the
frequency are discussed and classified: il 1s shown that they give the same resulls
only when the amount of modulation ts very small. The case of “inverse capacity
modulation™ is then treated in detail. This treatment discloses the possibilily of un-
stable osctllations occurring with certain values of the paramcters: the nature and
physical significance of these unstable oscillations are determined, and it is explained
why they are not ordinarily observable in radio-frequency modulation or in the
warble tone generator. The frequency spectrum of the stable oscillations is found, and
a means of calculating the amplitude given. For certain adjustments of the circuil
the oscillations may be represcnted by a true Fourier series, while in general this is
not the case. Frequency modulation in radiotelephony, the warble tone, and the special
case where the natural period of the wunmodulated circuit and the frequency of modu-
lation are of comparahle magnitude, represent successively more comyplicaled cases
of the same general phenomena: the latter is of special interest. The nature of the
phenomena accompanying other than a sinusoidal inverse capacily rariation is
mentioned.

INTRODUCTION

ORD Rayleigh seems to have been the first to have given a
theoretical explanation of the oscillations of a svstem in which
the stiffness parameter is periodically varied, and in 1887 pub-

lished! un excellent discussion of some of the types of ozcillations of a
string whose tension is periodieally altered. His mention at that time
of the corresponding situation in an electric cireuit anticipated the in-
terest to be given this kind of vibratory motion some thirty vears later
in the fields of radio communication and electro-acousties. In 1922 J. R.
Carson® discussed from the point of view of radiotelephony the actual
electric circuit with inductunce and a sinusoidally varving capacitance.
During the last several vears quite u few workers huve given attention
to various aspects of such modulation phenomena, éspecially in con-
nection with its effects on the quality of wireless telephone transmis-
* Decimal classification: RI4N. Original manuscript received by the In-

stitute, March 2, 1933,
! Numbers refer to Bibliography.
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sion. The introduction of a “warble tone,” often described as a tone
whose frequency is periodically varied but whose amplitude, i.e. whose
envelope, remains constant, into the technique of acoustical measure-
ments for the purpose of mitigating undesired space and time interfer-
ence has also supplied a growing interest in this kind of an oscillation,
since it is usually by means of a vacuum tube oscillator in conjunction
with a rotating condenser that the warble tone is produced.

Lord Rayleigh’s treatment may be safely said to deal only with the
case where the frequency of variation of the capacitance is twice the
natural frequency of the circuit. The radio application discussed by
Carson, on the other hand, is characterized by having both the fre-
quency of variation of the capacitance and the magnitude of this varia-
tion (expressed as a variation of the frequency) so small compared to
the natural frequency of the circuit that they may both be considered
as second-order effects. Often the magnitude of the frequency variation
in the warble tone is of the same order of magnitude as the natural fre-
quency, and the frequency of variation is by no means a small quan-
tity, so that in this case neither of the above theories is suitable. The
nature of some of the types of oscillation occurring here have been dis-
cussed by the author from experimental evidence.

A theoretical treatment of the warble tone case is of considerable
importance and displays some phenomena not at once apparent from
the experimental work done heretofore. Besides this there are several
points that may well receive attention in the radio case and which, it
is believed, are not generally recognized. Finally, the physically very
interesting situation existing when the natural period of the circuit and
the period of the variation are of the same order of magnitude well de-
serves a detailed analysis.

The present paper attempts to give the theory of frequency modu-
lation in its broadest sense without imposing limitations peculiar to any
particular application. In doing this the individual characteristics of
the several special applications will be developed and correlated.

Tuae DIFFERENTIAL YQUATION

The circuit under consideration consists of a pure inductance of
constant value [, connected in series with a pure capacitance (1),
which is varied in some definite periodic way with the time ¢; there is
no resistance in the circuit. One way to approximate physically the
above conditions is to associate a three-electrode vacuum tube with an
R, L, (! circuit, in one of the many oscillator connections, the effect of
which may be considered as introducing just sufficient negative re-
sistance o cancel the actual (positive) resistance I2 of the cireuit, giving
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as a result a circuit composed only of inductance and capacitance. The
circuit thus formed differs from the idealized one treated in this paper,
as nonlinearity of the vacuum tube, etc., may prevent the oscillator
from functioning so that the total resistance of the tuned circuit is ex-
actly zero at every instance of time (the condition assumed in the fol-
lowing analysis), but for the purposes of this discussion the idealized
representation of R =0 will suffice to bring out the salient character-
istics of the actual oscillator.

Equating the potential difference across the inductance to that
across the capacitance gives at once, where @ denotes the charge on the
condenser and the dots denote differentiation with respect to time,

At o @=0 ()

which is the differential equation determining the performance of the
circuit.

It is now necessary to select a specific function of ¢ for the varying
capacitance C(¢). The latter may, by suitably designing the plates of a
rotating condenser, etc., be varied in almost any manner, but of all
possible types of variation only three have any particular importance
for us. Accordingly, the coefficient of Q in (1), viz., 1/L-C(t), and the
corresponding differential equation will be derived for these three
cases.

First, it will be assumed that the capacitance is so varied that it has
the form C(t) = Cy+AC cos at. Assuming AC < Co, which is always true
in a practical circuit, and denoting the natural frequency™* of the cir-
cuit without variation v/1/L-C, by w, a binomial expansion of C(¢)
leads directly to the expression

1

e — 2 __ 4 LA 6 . 2 2 = o0 o o
L 00 wo? — wo'(L-AC) cos at + we(L-AC)? cos? at . (2)

From (2) it is at once clear that the general equation (1) has the form

Q+(90+9100sat+92cos2at+‘-‘)Q=0 (3)

where, -
B0, 01, 6y, - - -

are the constants obtained after completing the operations contained

* For brevity in text and formulas the word Srequency will be used through-
out this paper to mean angular velocity = wo = 27f.
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in (2) and rearranging according to ascending frequencies o, 2, - - - .1

- 1t seems quite reasonable to call this type of variation “direct capacity

modulation,” which term will be used throughout this paper. If the
limitation be imposed that AC/CyK1 the square and higher power
terms in (2) can be neglected; there is then no difficulty in showing

that
L 2(1 ¢ t> = 2(1 +2 t (4)
=z w — —=¢0 = — ,
C(t) 0 CO COS & Wo . COSOL)

where Aw denotes the absolute frequency change, i.e. the difference
between wo and wo(1—AC/C)Y2, so that the differential equation for
this limited case becomes

Q + (wo? + 2wo-Aw cos at) = 0, AC K C,. (32)

The conditions imposed on (3a) allow validity only when the absolute
frequency change is very small compared to the natural frequency; this
is thought to be true in frequency modulation occurring in radioteleph-
ony, and indeed (3a) forms the basis of the analyses given for this
case by Carson, van der Pol® and others.

A second type of variation of interest may be constituted as fol-
lows: We note that our fundamental equation (1) is of the form

Q+ Q) Q=0 (5)

where Q2(¢) is a periodic function of the time, and would correspond to
the square of the frequency if @ =constant# (¢). Instead of formulat-
ing our problem for a sinusoidally varying capacity let us take such a
variation that Q(t) =wo+Aw cos at, whereupon (5) gives the differ-
ential equation

. Aw? Aw?
Q —I— <w02 + —~2—— + Zwo»Aw cos «t + 7 CcOSs 20ét>Q = (6)

valid for all values of wy and Aw.

This second type of variation leading to (6) will be called “pure
frequency modulation.” When Aw is allowed to assume a relatively
large magnitude compared to wo the equation as above must be solved,
but if small variations alone are of interest this reduces to

O + (wo? + 2we Aw cos al)Q = 0,  Aw K wyg (62)

t This equation is of the Hill type and presents formidable difficulties. Only
when the highest ¢ present is 0, are the properties of the solutions known. (Ref-
erence: Ince, “Ordinary Differential Equations,” p. 507.) Equation (6) is a par-
ticular case of the Hill equation, called the Whittaker equation;* of particular
interest here is Ince’s discussion of the existence, stahility, ete., of the periodic
solutions.’
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which is identically the equation arising for small variations with direct
capacity modulation, i.e. (3a).

A third type of variation is of great importance; first, because it
corresponds to the important practical case of a condenser microphone
connected in an oscillating circuit (such, for example, as the circuit
used with the Siemens-Halske condenser microphone), and second, be-
cause it leads to the simplest differential equation. This type of varia-
tion is characterized by having the distance between the condenser
plates oscillate in a simple harmonic manner about a mean distance d;
if h-do(h<1) is the amplitude of this oscillation and « the frequency,
the capacitance as a function of time is given by C(¢) = const./(dy+ hd,
cos at), and (1) assumes the form

Q + (wo? + h-wo? cos at)Q = 0. (7)

A comparison with (3) and (6) shows that the general equation here is
far simpler than in the other two types of variation previously dis-
cussed. In view of the way in which (7) arises this third type of varia-
tion will be called “inverse capacity modulation.” It is easy to show
that when h<«1, (7) also reduces to the common form (3a) or (6a) as-
sumed by all types of modulation for small variations.

The term frequency modulation is now generally applied only to the
radio case where both the magnitude of the variation and the variation
frequency are small compared to the natural frequency. In a discussion
such as is undertaken in this paper, it seems advisable to use the term
without reservation, but to state expressly the limitations imposed
when special cases are being considered. The reasons for the distinetion
made above between “direct capacity,” “pure frequency,” and “in-
verse capacity” modulations are made, it is thought, sufficiently clear.

Tabulating the results of this section, it is seen that the three
principal types of modulation lead to the following differential equa-
tions representing the phenomena in the circuit for all values of the
parameters:

I. Direct capacity modulation:

X AC AC\?
Q + <0302 + wog”c— cos al + wo"’(F) cos 2at + - - - >Q =0.

-

I1I. Pure frequency modulation:

0o Awi’ A 2
Q+ <w02 + 7 + 2wo-Aw cos at + 7&) cos 2at>Q = 0.
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II1. Inverse capacity modulation:
0+ (wo? + wo?-h cos at)@) = 0.

IV. For small variations all three equations hecome:
() + (wo? + 2wo-Aw cos at) = 0.

The equations I, IT, and III represent three special types of fre-
quency modulation as indicated. There are still other types of interest,
for example, a square-wave type of variation to be mentioned later.
Also, as will be pointed out, frequency modulation may be accom-
plished by varying the inductance periodically, under which circum-
stance the results of the present paper are generally applicable, and
phenomena similar in character to those occurring with periodic capac-
ity variation to be expected.

SOLUTION OF THE DIFFERENTIAL KQUATION

The equation ITI for inverse capacity modulation will be dealt with
specifically, for reasons of mathematical simplicity as well as for the
fact that it approaches closest to the actual cases of greatest practical
interest. Our equation is therefore (I1I); making a convenient change
of variable at=7 and denoting differentiation with respect to = by
primes this becomes

QO + (W + A cos7)Q =0

Wo 2 Wo g
W = <___> p A = <——-—> -h = Wh. (8)
o (43

The solutions of (&) for the different values of the parameters W and A
give the answer to our problem. This is the Mathieu equation and,
fortunately, enough is known* about its solution to allow a complete
discussion of the physical behaviour of the circuit. Floquet’s theory{ of
linear differential equations with periodic coefficients shows that a par-
ticular solution of Mathieu’s equation is ¢* - ¢(r), where ¢(r) is a
periodic function with period 2w, u is (in general) a complex number,
the characieristic exponent, to be determined, and 7=+/—1. Since an
imaginary charge or current has no physical significance only the real
parl of the solution is to be taken; this will he implied here in all eases.

* A standard reference for the theory of Mathieu’s cquation is Humbert,?
while the most modern developments are presented in the recent work by Strutt.?
Introduced originally by Mathieu® in connection with the oscillation of an
elliptical membrane this equation is now one of the important ones of theoretical
physics, appearing in numerons hranches from the most claggical to the newest
quantum theory. Of particular intercst here are papers by CGoldstein,® van der

Pol and Struit,) %t and Morse.' ] o
t Whittaker and Watson, “Modern Analysis,” p. 412, 1927 edition,
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Changing 7 to —7 does not alter the equation, so that a fundamental
set of solutions of (8) is

Q = Cie¥ - ¢(r) + Coe™™ - p(— 1) (9)

where C, and C; are arbitrary constants.
Accordingly, let a particular solution be assumed

+x
Q — ei#r_ Z bneinT‘ (10)
Substituting this into the differential equation and equating to zero
coefficients of equal powers of the exponential gives the recurrence re-
lationship for the coefhicients b,

(W — (4 n)2]bw + 24 By + busr) = 0. (11)

Equation (11) determines the ratio of all of the d’s in terms of any one
of them, say bo, which may be regarded as an arbitrary constant. This
relationship forms a set of homogeneous algebraic equations which
must be mutually consistent for the existence of a solution; the con-
dition for consistency is that the determinant obtained by eliminating
all the b's must vanish. This determinant can be put in the following
convergent form by dividing the recurrence formula by [TV — (u-+n)?],

giving

. A 1 4 0 0
2[W~(u+12] = 2[W—(u+1)2]
A4 A
A A
0 0 2[W —(u—1)2] ! o[W—(u—-12]
..................... ‘

The infinite determinant (J(u) equated to zero gives an equation de-
termining u as a function of W and A. Following Hill (12) may be

written as
sin? ur = (J(0) -sin? W2y, (13)

From (12) and (13) it is at once clear that for very small values of A the
characteristic exponent u becomes approximately +/17. For any given
value of u, (13) defines certain associated values of W and A ; this re-
lationship is best represented graphically by contours of constant
p-values drawn in the WA plane.

Now, from (10) it is easily seen that when u is real or zero the solu-
tion remains finite as the time increases indefinitely; the solution is
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then of a purely oscillatory character and is called “stable.” On the
other hand, when p has an imaginary part not identically zero @ either
hecomes infinite with the time, or becomes vanishingly small; this type
is referred to as “unstable.” If we plot in the WA plane curves of con-
stant u some of these will represent stable and other unstable solutions.
It is thus possible to divide the WA plane into areas where the oscilla-
tion is oscillatory and stable, and those where it is unstable. The two
types of solutions are of prime importance in interpreting the electric
oscillations of the resonant circuit. Therefore, the location, shape, etc.,
of the areas of stable and unstable oscillation becomes the subject of
principal concern for the physical problem at hand.

Let us investigate the nature of p in general. According to Hill
another determinant V(0) may be defined as

v (0) = 200(0) sin? WVir (14)
so that the expression for u may be written
cos 2um = 1 — V(0).

Since cos 2ur is itself always real, let us suppose that 2um is complex,
ie. u=a+1b, a and b real. Then,

cos 2ur = cos (2am) cos (2tbm) — sin (2ar) sin (2:b7)

and the reality of cos 2um requires either that b=0 or a =n/2, n an in-
teger. In the first case u is real, while for the second case we have

cos 2ur = + cos 2ibr = 1 — V(0)
which gives only one (real) value of b. If 1— /(0) is positive, then,
=+ 1+ mn,

but if negative cos 2um = — cos 2ubm, whence,
w=+1b+n-+1/2

Thus it has been demonstrated that when p is complex the real part
is independent of A, which is of great importance. 1t is therefore possi-
hle, when u is complex, to associate its real part with the exponential
inside of the summation sign in (10), so that the solution is, for ex-
ample, of form e”Tan .¢ir(+D In this sense one can state that the char-
acteristic exponent for the Mathieu equation is either real or imagi-
nary, but not complex. This allows the regions of the WA plane to be
classified as either areas of real or areas of imaginary p.

The houndaries between the two kinds of regions are the contours
along which =0, 1/2, 1, 1-1/2, - - -, ie, the contours along which
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periodie solutions exist with a true period of = or 27, These are in fact
those solutions of the Mathicu equation known as the Mathieu func-
tions and have been studied in detail. That periodie solution reducing
to cos mr when A =0 in which the cocflicient of cos mr is unity is de-
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Fig. 1-—WA plane graph, showing regions of stable (unshaded)
and unstable (shaded) oscillations.
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Fig. 2-—Enlarged section of WA plane graph, showing contours
of constant |u|? values.

noted by cen(r); similarly, the solution which reduces to sin mr when
A =0 is denoted by se.(r). Mathieu* gave in 1868 series approxima-
tions relating W and A for these particular solutions, the so-called

* Mathieu gave just enough terms to allow the computation for very small
values of W and A; further terms could be obtained only with great lahor.
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“characteristic values,” but the method of continued fractions of Ince
and Hough? is vastly superior and has been used here. An example of
the calculation is given in the Appendix.

The characteristic WA values are shown graphically in Fig. 1;
shaded areas represent the sections within which the values of W and 4
give rise to unstable oscillation. Radial lines from the origin are the loci
of constant h values. Fig. 2 shows a small part of the same diagram en-
larged and with the contours giving associated values of W and A for
particular values of {/u |2 equal a constant; this figure makes clear the
way in which ‘,u. {2 changes as one increases W or A. These curves are
obtained by solving (18) after expanding the infinite determinant into
an approximate series.t For all values of g in ce, and se, except ¢ equal
an integer or half integer the curves for ce and se are coincident; it is
only when ¢ has one of these values that the two curves separate and
have an area of instability between them.

We must examine the actual cases of radio-frequency modulation
and acoustical warble tone to determine the ranges of values for W
and 4 in both instances before undertaking a discussion of the physical
aspects of the problem; this will be treated in the next section.

Having determined the value of u associated with any given set of
values of W and A there remains only the evaluation of the coeflicients
b, to complete the particular solution (10) and therefore the general
solution (9). With by arbitrary (say =1) equation (11) allows the calcu-
lation of these coefficients for any real value of u, but it is more con-
venient first to transform this expression into the following continued
fractions of Poole

b A Az Al
basi Su —Semt —Sace -
o 1 (14)
by, A A? Al
bt - Sn — Snt — Sz —

where S, = W — (u-+n)% With the evaluation of the b’s the formal solu-
tion of the differential equation (8) is complete. We have yet to take
the real part of the solution to secure the answer appropriate to the
physical problem; one finds at once that the real part of

4% 4%

Q= €y 2 buenetn 4y 30 byl

=z —n =y

t The writer is greatly indebted to Professor P. M. Morse of the Massachu-
setts Tnstitute of Technology, Cambridge, Mass., for the use of some of the
unpublighed data from his paper “Quantum Mechanics of Electrons in Crys-
tals,” Phys. Rev., vol. 35, p. 1310 (1930), used here and in Fig. 7.
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is given by
+2

Q= > (Cib, + Cab,') cos 7 (u + n)

n=—c

or, returning to the original variable ¢

“+

Q= Y, (Cib, + C3b,') cos (u + n)at (15)

n=-—c0

which is the final solution of our general equation and is valid for all
values of the parameters wy, a and  for which stable oscillations exist.
When, however, u is imaginary the sclution is no longer given by (15)
but has the unstable form

Q = Cieflp(t) + CoePp(— t), 3 real

(16)
= C1ef0 (1) , tlarge

and so becomes infinite with increasing time regardless of the ratio of
C: to Cy, since the term with the positive exponential will rapidly
swamp that with the negative exponential for any (finite) ratio of these
constants.

Discussiox oF THE Mopes oF OSCILLATION

Since % is never greater than unity it is clear that our interest lies
only in the sector of the "4 plane between the 1" axis and a 45-degree
radial line from the origin. The region of this sector beginning at the
origin and including the first several unstable areas is of considerable
theoretical interest; this will be called Region I. A survey of the values
of the parameters for the warble tone case, as used by a number of
workers in experimental acoustics, gave the following representative
values: 102 W 62X 105 0<h=<0.2; this will be called Region II. In
selecting specific values of the parameters for the case of frequency
modulation in radiotelephony a difficulty is found, in that up to now
such processes have been inadvertent auxiliary effects and almost no
data are available. Probable values are, however; 105< T <3 X109,
0 <h =0.05; this will be called Region III. It is thus important to con-
sider the oscillations occurring in the above three specific regions of the
WA plane, which may be conveniently characterized by

Region I, of theoretical interest, Aw =wo
X =Wy

Region II, acoustical warble tone, Aw <wg
Od<<(z)0
Aw<wy

Region ITI, radio-frequency modulation,
O(<<(Uo
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 Yig. 3 shows the location of these regions in the WA plane. It is seen at
once that only a very small part of the 45-degree sector is occupied by

values occurring in practical applications.

Having determined the values of the parameters w,, «, and & for
which stable and unstable solutions of the differential equation exist,
as well as the precise form of these solutions and the values of the
cdefficients involved, let us now consider the nature of the electrical
oscillations in general, and particularly those occurring in radio-fre-
quency modulation, the acoustical warble tone generator, and when w,

1 and « are of comparable magnitude. The diagrams of Figs. 1, 2, and 3,

|
|
|

together with equations (15) and (16), furnish at once the necessary in-
formation:

A

//\ 5
A ECIOR OF POSSIBLE YALUES

Reaon [, ACOUSTICAL WARBLE TONE

Resion
I h=0.2 Recion [T, R40I0 FREQUENCY HMODULATON

= = ) h=005

10 4 0 60t 307 W

Fig. 3—Regions of the WA plane of particular interest.

To begin with, the significance of the shaded areas of Fig. 1 for
the electrical and mechanical systems must be made clear. As al-
ready pointed out, the adjustment of w, &, and A to such values that u
is imaginary (and so falls within a shaded area) gives rise to an oscil-
latory charge, or current, of continuously increasing amplitude (equa-
tion (16)). This represents a continual increase in the energy of the
electric circuit which must be supplied by the energy expended in vary-
ing the capacity, for example, by the motor used for rotating the vari-
able condenser of a warble tone generator or by the acoustic waves
vibrating the moving element of a condenser microphone. Oscillations
of this kind represent a special type of resonance phenomena hetween
the electrical and mechanical parts of the system quite analogous to the
forced oscillations of coupled electrical circuits. That the current can-
not really become infinite in the physically realizable circuit is clear; a
tendency in this direction must he very soon counterbalanced by a
change in some of the parameters of the system, such that either wg, a, h
are altered to give stable oscillations, or the premises upon which our
original differential equation was based cease to be valid, and therefore
the predications of the present theory inapplicable. For example, the
amplitude of oscillation of the vacuum tube oscillator mentioned on
page 1183 is inherently limited by the extent of the plate-current—grid-
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voltage curve, the grid current, ete., which will prevent a current in-
crease beyond a certain limit; before this limit is reached, however, it
is certain that the assumption is no longer approximately true that the
resistance of the oscillatory circuit is identically zero. As another ex-
ample, if unstable oscillations begin to build up it might happen that
the additional load demanded of the source responsible for the con-
denser variation (motor-driving the condenser, acoustic waves actu-
ating condenser microphone, ete.) would cause a change in the speed
of rotation or of the amount of variation just sufficient to make the
oscillations again stable. An increase in the current through an iron-
cored inductance used in the oscillatory circuit could change its proper-
ties so that wy would be altered to give perfectly stable oscillation.

a 1 1
l»;a( —4 e— a L @ o &

g ' |
i | | |
‘ Tp-2a (u-ja pa U+ u+2)a
FREQUENCY

Fig. 4—Illustrating the frequency spectrum”of oscillation type
whose period is not that of the modulation.

I—;a—-—n—Ag*m—: a :_ 2= a =
| 1 L

2a 4a Sa

R - -

3a
FREQUENCY

Fig. 5—Illustrating the frequency spectrum of oscillation type
whose period is the same as that of the modulation.

Next, the unshaded areas of Fig. 1 where u is real must be inter-
preted. When wo, «, h are given values such that u falls into an un-
shaded area the charge is purely oscillatory of the form given by (15)
and the amplitudes and frequencies of the components remain constant
with time. It is important to notice, that corresponding to any real
value of u there are stable oscillations whose component frequencies are
given by (u+n)a, where n= - - . =3, —2 —1,0,1, 2,3, - - - . This
may be interpreted as a spectrum of the general form of Fig. 4. The
electric oscillations are thus not in general of the same period as that
of the capacitance variation, or any multiple of it (i.e. of period 27 /na).
It is only when u=0, 1, 2, - - -, that the oscillation has the funda-
mental period 27/« of the capacitance variation. The contours bound-
ing every alternate area of instability in the WA plane form the locus
of associated values of wo, «, and h for this condition. This particular
type of oscillation is characterized by the fact that the spectrum is
representable by an ordinary Fourier series with fundamental fre-
quency « and harmonics 2, 3a, - - -, as illustrated in Fig. 5. The
boundaries of the remaining areas of unstable oscillation give values of
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wo, @, h for which the oscillation has a Fourier series representation
with fundamental frequency «/2. Similarly, oscillations can take place
having a Fourier series spectrum with a fundamental frequency of any
integer fraction of «; these cases are of importance in some acoustical
applications of the warble tone and have been observed and discussed
by the author.'® ‘ _
With the above facts in mind a consideration of Fig. 1 makes the
general character of the oscillations in the circuit quite clear. If we
assume that the values of the inductance, capacity, etc., of the system
are completely under our control and we vary these so as to go out-
ward from the origin in the WA plane it is seen from Fig. 1 that the
first instability occurs, with very small &, for a=2wo; this is the case

ik 7
[y

0.5

——ry

025

2 4 [ 8
w

Fig. 6—Location of areas of stable and unstable oscillation for
different values of h, wo, and a; W = (wo/a)®

discussed by Rayleigh! for a vibrating string and mentioned later by
van der Pol® for an electric circuit. For larger A the unstable region
broadens, until for A=1 any value of « in the range from about 1.40 to
3.42 will cause unstable oscillation. This broadening with increasing h
of the range of values of W causing an unstable condition in the circuit
is typical of each successive area of unstable oscillation, although the
amount of broadening is naturally slightly different. '

Replotting Fig. 1 with the codrdinates W and h, as in Fig. 6, gives a
clear presentation of these areas of stable and unstable electric oscilla-
tions. It may be seen from this diagram that for small h almost any
adjustment of w, and « results in a stable oscillation, while as h in-
creases the probability of having instability grows until for A=1 this
predominates, and indeed for large W and h=1 there are only very
narrow ranges of stable adjustment.
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Proceeding outward along a line of constant but very small 4 in
Fig. 1, the second instability occurs when a=w,, the third when
a=2wy/3, the fourth when a=2ws/4, and in general when o =2wy/n,
n=1,2,3,4, . Each time that a new region of instability is tra-
versed in progressing outward the range of these successive unstable
~values becomes smaller. Because the absolute value of the imaginary
part of u is smaller each successive instability has a lower magnitude
than the preceding one, that is, the rapidity with which the current in-
creases is less. This is made quite clear by a consideration of Fig. 7,
where the real and imaginary values of u (see p. 1189) are plotted for a

3
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Fig. 7—Real and imaginary values of x vs. (wo/a)?
for h =constant.

particular value of A = constant. Since the value of the imaginary com-
porent alone determines the magnitude of the instability it may be
seen at once that the successive unstable oscillations involve smaller
and smaller ranges of W, and have successively smaller numerical values
of imaginary u, and are thus of a progressively lower magnitude of in-
stability. Now, if we go out far enough the width of the unstable re-
gions get exceedingly small, so that for small A they become, for prac-
tical purposes, simply a line. If it were then possible to give wo and «
the precise values required to make u fall on one of these “lines” an
unstable oscillation would occur, but because the absolute value of the
imaginary u is now so small the increase in amplitude of oscillation
would take place very slowly. Nevertheless, the amplitude should
finally inerease beyond all bounds; but this is not likely to happen.
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For, this would demand a very high degree of constancy of the magni-
tudes of both wo and a and at the same time a continuously increasing
load on the power sources of these two oscillatory motions; the main-
tenance of all of these conditions cannot be accomplished by any appa-
ratus known to the writer. Since the particular range of wo/a for un-
stable oscillation is actually so very small, and because the apparatus
would, if an attempt were made to adjust to this condition, undoubt-
edly stay at a stable condition represented by the ce or se lines to either
side, this phenomena is not likely to be observable even with care in
the radio or usual acoustic case. However, if 4 is not taken as a small
quantity it is clear from the WA plane graph that the unstable oscilla-
tions would certainly make themselves noticeable, both directly in the
oscillatory current and indirectly in the energy supplied for varying the
condenser and for neutralizing the natural resistance of the circuit (i.e.
the energy supplied to the vacuum tube oscillator).

It is only with the above provisions in mind that the solution of the
frequency modulation problem as given by Carson,? van der Pol}?
Salinger'* and others is to be taken as strictly correct. Under the as-
sumptions then made a<w,, Awwy, in which case the solution sums
up to

hwg

) = (- sin <w0t — ——sin at>

(0%

0 Aw (22)
=C- Y, Jn<—> sin 27 (wy + no)t J[

P— o

where .J,,(Aw/a) is the nth order Bessel function of argument Aw/a and
(' is an arbitrary constant.

(OSCILLATIONS FOR VARIOUS TypPrs oF MODULATION

A brief consideration of the general nature of the oscillations occur-
ring in the circuit with a modulation other than the inverse capacity
type is of interest. The foregoing detailed analysis is based on equation
111, page 1187 for inverse capacity modulation. The general form of the
equation for any periodic modulation is

Q" +y¢(r)Q =10

where Y(7) is a Fourier series determined by the way in which the
capacity is varied. Equation 11 is thus a special case of the above oh-
tained by putting ¥(7) =w®+w?h cos 7. Similarly, the equations [ and
11, for direct capacity modulation and pure frequency modulation, re-
spectively, are special cases of the above general form obtained by as-
signing to ¥(7) the particular expressions appearing in these equations



1198 Barrow: Frequency Modulation

T and 11. As a further example of an interesting special case there may
be mentioned the type of frequency modulation occurring in radio-
telegraph communication where the frequency is modulated abruptly
in transmitting dots and dashes. In this instance ¥(r) becomes the
Fourier series representing a square-tooth wave.

A solution of the general equation written above is not at present
possible (see footnote page 1185), but broad conclusions relative to the
character of the solutions may be drawn with the assistance of the
Floquet theory (reference, page 1187). From considerations of this na-
ture it seems quite certain that all of the characteristics desecribed for
inverse capacity modulation will also accompany any periodic modu-
lation. Thus, it is to be expected that the oscillatory charge will have
the same type of spectrum, but with components of slightly different
absolute values of frequency and amplitude, since u will naturally be
slightly different. Similarly, there will be certain, although somewhat
different, values of wy, «, ete., for which unstable oscillations would
tend to take place. For an.arbitrary variation the mathematical diffi-
culties of obtaining the 17"A plane representation are at present un-
surmountable, but the case of telegraphic dots has been partly solved;!°
besides its application in radio communication this seems to be the
only practical way of securing the adjustments o =2w,, a=w,, - - -,
for large values of A and an w, low enough to be satisfactorily oscil-
lographed.

It is also to be expected from Floquet’s theory that a periodic vari-
ation .of the inductance would lead to essentially the same results as
those predicted for the variable capacitance circuit. Such a circuit has
been described by the author,® and the occurrence of periodic and non-
periodic oscillations in the experimental circuit demonstrated.!* The
instability occurring when a=2w, in an R, L, C circuit containing a
periodically varying, iron-cored inductance has been observed and ex-
plained by Winter-Glinther.'” There is, therefore, theoretical and experi-
mental evidence that the findings for the circuit with a varying
capacitance may also be applied to that with a varying inductance.

(CoxcLUsION

The most important aspects of the theory of frequency modulation
for arbitrarily large degrees of modulation and unrestricted modulation
frequencies have now been developed,* for, the frequency spectrum,

* The relative change in frequency measures the degree of modulation and
the frequency at which this change takes place gives the modulation frequency.
This nomenclature is directly analogous to that used in describing amplitude
modulation, where the relative change in amplitude measures the degree of
(amplitude) modulation, and the frequency at which this change takes place is
the modulation frequency.
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amplitudes, and stability of the oscillations may be obtained for given
values of the circuit parameters and the nature of the oscillations have
actually been studied throughout the range of these parameters. It is
thought not amiss to conclude by summarizing the consequences of
this analysis.

When the degree of modulation is small all types of frequency
modulation result in exactly the same oscillation as given by equation
IV, p.1187. If, further, the modulating frequency is small the amplitudes
and frequencies of the spectral components are given by Carson’s? well-
known solution. However, for large degrees of modulation and modu-
lating frequencies it is essential to know the type of modulation used,
as the amplitudes and frequencies of component oscillations will vary
with the type. Besides, there is the important fact that unstable oscil-
lations, that is, oscillations whose amplitude increases exponentially
with time, tend to occur for certain values of the parameters of the
circuit. The extent of the values producing instability, as well as the
magnitude of the tendency toward increasing amplitude, becomes
larger with increasing degree of modulation. That the current in an
oscillatory circuit cannot increase indefinitely is clear. This tendency,
however, may cause marked reactions on the circuit and associated
apparatus.

In Region I, where a=w, and Aw =wj, stable or unstable oscillations
are about equally divided, and the magnitude of the tendency toward
instability, when this occurs, is relatively large. Instability occurs with
small h when o =2wo/n, n=1,2,3, - - - ; for large h the range of « is ex-
tended. The magnitude of instability is largest when a=2w and de-
creases with increasing wo/a and 1/h. Stable oscillations may or may
not be periodic in a Fourier series sense—in general they are not. The
amplitude of the components depends in a complicated way on the
circuit parameters, as does the real part of g, which latter determines
the frequencies of the components as (utn)a, n=0,1,2, - - -.

In the case of the warble tone, i.e., Region II where a<wq and
Aw < wy, the oscillations are generally stable, with only a slight possi-
bility of the unstable condition being set up. The oscillations are in
general like the stable ones of Region I, except that for many of the
values of wy, Aw, and « employed in acoustical practice, the approxi-
mate solution for Region III is valid. The oscillation is usually not
periodic with period «, 2e, - - -, but may be.

Frequency modulation in radiotelephony, Region ITT where a<Zwy
and Aw<w,, represents the simplest possible situation. There is neither
a question of instability nor one of nonperiodicity. The spectrum is
composed of discrete frequencies (w1 na) with amplitudes J.(Aw/a),
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n=0, 1, 2, - - -, J,=Bessel function of nth order, as given by Car-
son’s approximate solution.

ADDENDUM

The preliminary results of an experimental investigation now in
progress verify the above theoretical analysis quite well. Instability,
manifested by comparatively large amplitudes of oscillations in the
vacuum tube oscillator, amplitude, and the general character of the
wave form, are all observable about as predicted. The results of these
experiments will be published later.

APPENDIX
Calculation of u for Mathieu Functions

This will be illustrated by means of the calculations for ces;, as
these are typical of all the others. Following the method of Goldstein,?
we assume

cezgy1 = b1 cOS T + b3 cos 37 4+ - - - 4 by cos 2n + D7 + - - -

Substituting this into the differential equation (8) gives the recurrence
relation (11) in the special form

A ] A
?b2n—1 + [H - (n + %)2]52n+1 + "z—bzn+3 = 0, n= 1.

If bsnv3/b2n1 be denoted by v, this can be written
4 1 PO
204D 0s | (kB 200+ b

4 /K 1+ v + - 0,n =1
Up—y = — — — — — U =Y, n = 1.
L 2ty (n+ b mn+afl> "

— 4 A
2 + 1 i+ 30+ 5 + 1)
, w
— i & — — — 1+ —
(n +4)° (n+3+1)
A ‘
40+ 3+ 1)%(n + § + 2)?
= -
(n+ %+ 2)2

v, =0, n=1
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Also we have

A T W 4(n + ¥ n + 3 — 1)*
ot .
2(n + 3)* (n + 3)* A
o+ — 1
AZ
_ 0 w4+t — 1)
(n + 3)? w
(n+z—1)°
AZ A2
4n + 5 — 1D(n+ 35— 2)° o 42 + (1 + 3)°
w A
! _ 1 + . I _—
- (n+ 35 —2) 2(1 + 3)°
But,
A 1 A
we (i lowy/A,
2 4 2
so that:
AZ
A W 4(1 + 3
“waptT Vo e a.,
2 2 E + % o W/

and therefore we secure the following equation determining the char-
acteristic W and A values

I 1+ u H,—K,=0
’ R L
where,
A? A?
PGk VGl Sl A LS +3 = Dn+3—2)°
- 1+ v 1+ v
(n+3%— 1)  (nt 32y
A_Z
42 + 3)*1 + 32)°
w A?
-1+ U ——
(1+3 4+
A
—+--W
2 4
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A2
— A An + $H)*n+ 32+ 1)

TR SR Lo
O o VL

>

A2
i(n + 5+ D*n + 3 + 2)2 N
W ‘
+ A)__
(n+3 +2)°

For ce; n must be put equal to unity; for a particular value of A the
characteristic value for W is found by solving the equation L, =0 by
successive approximations. For example, with 4 =4 we try W =3.5,
which gives L;=+0.030; a second try might be W =3.52, giving
L= —0.017, which definitely fixes the correct value as intermediate be-
tween these two. Several further guesses, guided by the preceding
work, give the value with four-figure accuracy as W =3.512. The
rapid convergence of the continued fractions makes the calculations
relatively easy, and if the first guess for W is fair, and it will be once
computation has been started, the above accuracy is obtained quite
rapidly. Goldstein® has given tables for ceo, se;, cey, seq, ceq; the other
curves have been calculated as above, although Strutt!! has published
a graph of these. Quite complete tables of the Mathieu functions, char-
acteristic values, etc., have just been published by Ince, Proc. Royal
Soc. (Edinburgh), vol. 52, part 4, pp. 347-434, (1931-1932).
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MODULATION PRODUCTS IN A POWER LAW MODULATOR*

By
A. G. TyNnaN
(Phitadelphia, Pennsylvania)

Summary—Ez pansion of the current as a function of the voltage in a multiple
Fourier series is used to solve the problem of deter mining the amplitude of the various
frequency components produced when a vollage is applied across a resistance, the
current in which varies as a power of the voltage across it. Recurrence SJormulas are
developed by which the higher order products can he computed from those of lower
order. Certain of the integral coeflicients in the Fourter series expansion are evaluated
in the form of double summations. The method is applied toa specific case, and sample
caleulations carried through in detail. While the method is not as well adapted to
obtaining qualitative results as are the usual forms of analysis, it does appear to have
some advantages when numerical resulls are required, or when the effects of the
contributions of higher order products are Lo be studied.

HE problem of determining the resultant current ina circuit con-
taining a resistance varying asa function of the current through
it has been attacked in a number of different ways. The usual
method is to expand the current as a function of the applied voltage
in a powet or Taylor series. Another method, heretofore neglected, is
available for this expansion. This method, expansion in a multiple
Fourier series, appears to have been first applied by W. R. Bennett!
who obtained by it a solution to the problem of a modulator operated
through cut-off and obeying an integer power law over the conducting
portion of the characteristic. We shall apply the method here to the
case of a power law modulator not operated through discontinuities.
This is the case considered in the usual treatment of the problem.
The current voltage characteristic is assumed to be of the form:

i = Ke (1)

where,
7=1instantaneous current
e =instantaneous voltage
K =a positive constant
r = a positive constant
¥ Decimal classification: R14%. Original manuscript received by the Tn-
stitute, January 3, 1933. o
1t This solution is given as an incidental part of a paper by W. R. Bennett
entitled, “Note on relations between elliptic integrals and Schlomilch series,” to
be published soon in the Bulletin of Lhe American Mathemalical Society. Another

paper by W. R. Bennett discussing the solution from a less mathematical stand-
point has been prepared for publication.
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For simplicity we shall limit ourselves to an input of the form:
e =FL,+ P cos (pt+ 0, + Qcos (¢t +6,). (2)

Additional frequency terms would not alter the procedure but would
increase the work involved. We can write more simply and without in-
troducing any additional restrictions:

e = P(ko + ki cos y + cos z) (3)
where,
ke =Ey/P =14+ ki
ky = Q/P =
x = pt+ 0,
y=qt+0,.

The first condition is the mathematical form of the limitation that the
device shall not be operated through cut-off. In the plate circuit of a
vacuum tube, or any power law device, when the sum of all the volt-
ages, instantaneously present, becomes zero, current ceases to flow.

From (1) we have:
= KP (ko + ki cos y + cos z) . (4)

Expanding in a double Fourier series and using the plus and minus
signs for the upper and lower side bands, respectively:

t=KP > > B,.cos (mx + ny) (5)
. n=0 m=0

2 T T ,
Bon = —;f f (ko + kicosy + cosz) cosma cos ny dx dy. (6)
™ 0 0

If both m and n are zero the right-hand side is to be divided by two.

From (6) we can obtain recurrence formulas connecting the Bun’s
of different subscripts, thus reducing the number of integrals we shall
be required to evaluate. The Fourier series expansion appears to be the
only method that permits of a simple derivation of such formulas. To
obtain them we note that:

f f [(ko + ki cosy + cos x)™*1sin (m + 1)z cos nyldy =0 (7)

-

f f [(ko + ki cosy + cos x)™ ! cos ma sin (n 4+ Dyldz = 0. (8)
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Differentiating under the integral sign, after collecting terms, and
using the trigonometric sum and difference relations, we have from

(7) and (8):

r+1
2kOB(m+1)n + kl(B(m+1) (n+1) + B(m-{—l)(_n~1)> + <]~ - —_—>Igmn

m + 1

+ <1 -+ r+l >B 0 (
m n = 9
1) (9)

r+1

2kolgm(n-{d) + [3(m+1) (n41) + lf(m—l)(u-{—l} + kl 1 - >Igmn

n+1

+P<1+T+1>B 0 (10)
vl " + 1 m(n+2) .

If both of the subscripts in (9) or (10) are zero, we must divide that
term by two. Another relation that may sometimes be of interest is
obtained in the same way. Using a superscript to indicate the value of
the exponent in (1), a relation between products of modulators having
different exponents can be written:

r41 T+1

2B (minn = m + 1(an — B (i) (11)
r+1 r + 1 ) r |
2[£m(n+]) = kl n + l(lf"ﬂnr - [3m ("+2)) o (12)

Equations (9) and (10) give relations between terms having sub-
seripts of order, (m—+n—1), (m~+n), (m+n+1), (m-+n-+2). Specifi-
cally we have the following relations between coefficients of zero to
third orderinclusive:

— 1By + 4koByo + 4kiBy + 2(2 + 1) Bag = 0 (13)
— 7k, Boo + 4koBo + 4B + 2%k (2 + 7)Bo = 0
(1 — r)Bw + 4koBoy + (3 + 1) B3y + 4k1Bo = 0
(1 — 1)k Bo + 4koBos + k(3 + r)Bos + 4B = 0
— 2k By + 4koBy + 26, (2 + 1) By + 2B, =0
— 9B + 2k1Byo + 4koBu + 2%k Bz + 2(2 + 1)Ba = 0.
It is evident that if Boo, Bai, B, and B, are known, the remaining
coefficients can be caleulated from (13) or similar sets of equations.

The problem is then reduced to the evaluation of four integrals. Un-
fortunately, there appears to he no way of obtaining a solution in a
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finite number of terms, except, of course, when 7 is an integer, which is
a trivial case. The solutions here found for the integrals are in the form
of double summations. The first four coefficients might also be obtained
by measurement or by use of the customary expansions, and (13) then
used to obtain the remaining terms. The process of evaluating the
integral Boois given in detail in the appendix. The others can be readily
found in the same manner. The final results are:

Zrr—=1) - (r—=2s+1) 135 - (25 — 1) k¥
Bso:]'ur[ "(/" ( ) : (5 ) :

i (2s)! 2.4 .. 9y g
<=1y (r=20+1) 135 - (20— 1) L
+ Z e ' . ‘ko‘_’r
r=1 (21'). 24 o o a le
S— r=s—-1 »r(r — 1) L. o 22, 1 1_:_).':- L 2‘ __1
LYY (s / ¢ s+ 1) 135 (2¢ )
e (2s — 20)'(20)" 21 92,
135 (28 — 20 — 1) k%2
' ‘ (14)
2.4 - (25 — 20) ko™
“Fr(r— 1) —2:s4+2)1-3-5 s — 1 1
Bio = 2ky ! l7 i’ _U -+ 1-5 5) ( )
- =1 (2s — D! 2-4 Qs e
+ ‘Z » =l (r=2s+4+2) 135 (20 — 1)
PO (2s — 20)'(20r 1! 2.4 2
1-3-5 (20 — 2p — ]) l\l"a—’Lﬁ
(15)
2-4 (28 — 2p) J
Bay = 21\‘({‘1 ‘:i rr— (= 2x 2).1-3-5 c (28 = 1).1{1?3
ey =1 (2x — 1)! 2.4 .. .%Q Jools
S =D (=24 ) 185 (20— 1)
+ 2 2 Y e
s=2 1 (25 — 20 — 1)'(20)! 2.4 . .2
1-3-5H ()5——7p_1) l\l 2
P ' 16
24’ s @ o ()5 — )U) ]\0 J ( )

SR =254 8) 185 - (20— 1)
o s = 20— D2 — 1) 2.4 .

M

lrjll = 2}-‘01' [

) -

I-3-H - (28 — 2p — 1) Al 20—
24 (25 — 20) :|

(17)
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These equations can be written somewhat more compactly as follows:

Boo = ]{)0

—~ [2-4 - - 2s] ko%
+ =10 7"(?" _ 1) L. (7‘ — 20 + 1) 1
2 B CR DY I

g=p o=l rr—1) - - -(r—2s+ 1) k1?77
Z e Toa 224 @s—20)) ke )
_ oyt \i*‘:" r(r—1) - - (r— 2s + 2). 23
- [(2-4 .29 foo2e
g=% v=5—1 r(r — 1) - - - (r — 25 + 2)2v [l 2820
Lo Toa - 224 (25— 20 ke
ki =2 r(r — 1) - - - (r — 25 + 2)2s k¥
Lzl e 29)) g2
s=o v=sl p(p — 1) - - (r — 25 4+ 2)(2s — 20) kP
L oy a2 a (2 — )] ke

(14A)

Bio

§

| s

| asa

7 Upr+2 172 o=l p(r — 1) - - - (r — 25 + 3)(2s — 20)20
BT T2 2 T w2422
k128~27)
: (17A)
kOZ.s

These series are convergent for all values of 7, ko, and k1. However,
their rate of convergence does depend upon these constants. They will
converge most rapidly for r near unity, ki small and k, large, or, in
other words, they converge most rapidly for those values that cor-
respond to the least curvature in the current-voltage characteristic
over the operating range. However, for most curvature type modula-
tors, they converge sufficiently rapidly for practical use.

The series are somewhat formidable in appearance hut are com-
paratively easily handled. As an illustration of the use of the method,
let us assume certain values for r and ko and carry out the work in de-
tail. Assume r=3/2 and ko=2. This corresponds approximately to the
case of a vacuum tube amplifier working into a low plate load re-
sistance. Since for these values of the constants the series converge
quite rapidly, it will be sufficient to take terms up to s=3. Writing out
the terms:
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3/2:-1/2- ki 3/2-1/2-1/2-3/2- ki
B (2-4)* P
3/2:1/2.1/2-3/2-5/2-7/2 k®  3/2-1/2- 1
(2-4-6)? ket 22 ky?
3/2-1/2-1/2-3/2- 1 3/2:1/2-1/2-3/2-5/2.7/2- 1
(2-4)? ey (2-4-6)2 I
3/2-1/2-1/2-3/2- k>  3/2:1/2-1/2-3/2.5/2-7/2- kyt
92.92. ot 2:(2.4)? X
3/2:1/2-1/2-3/2-5/2-7/2- k*
22.(2-4)° f]

Boo = ko I:l o

_ k03/2[<1 | 01875  0.0088 0.00214)
k02 k04 koﬁ
k20,1875 0.1025
+ 0.1875 :<1 + o + ~ >

Co

ket 2.187 ky®
+0.00875k—;<1+ ; >—I—0.00214 ~—:|

‘0 " o0
Substituting kyequals 2:

Bop = 2.96 + 0.139%:% 4 0.00239%,* + 0.000095k,°.
Similarly we have:

By = 2.10 — 0.033k,2 — 0.00198%,*
Bor = ki(2.08 — 0.0205k,2 — 0.000647k,*)
B = k1(0.265 + 0.00062k,2).

To obtain the current amplitude, these coefficients are multiplied
by KP".

APPENDIX
Ivaluating By, we have:

1 T T -
By = 7] f (ko =+ ki cosy + cos 2)7dr dy
m 0 0

kor T T kl 1 7
=—f f 1+—cosy+—cosx>dxdy (1)
77'2 0 0 ko k()
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applying the binomial theorem:

ke 7 (" = r(r—1) - —s+1
Boo = —:f f <1 +> ( : )(kl cos Y
™ 0 0

s—1 S!kos
+ cos x)“’)d?ﬁ dy &
AN R LEL R AL
7r2 0 0 s=1 k,o“'
Z k#=?(cos )" cos® r>dm dy . (3)
v=0

Integrating, we note that for odd values of L:

f f cosl xdx = 0 (4)
0 0
and for even values:

kg T L _ 1 T T
f f costxdx = f f cost2x dx. (5)
0 0 L 0 0

Applying (4) and (5) to (3) we have after rearranging terms:
s=» p(p — 1) - - - (r—2s+1) 1:3:5 -~ (25 — 1) k™

Boo = kOT I:l +Z
s=1

(25)! 2.4 - - 25 ko
v== p(p —I) - - (r— 20+ 1) 135---(2v—1) 1
u E (20)! T o2 ke
=z o=l p(p — 1) - - (r—2s+1) 1-3:5- - (20 — 1)
* 2 E (25 — 20)1(20)! 242
1.3.5 - (28 — 20 — 1) k2
' 2.4 . . .((2.3' — 2v) )' ko2 ] {9

For values of &k, and ko, respectively, less and greater than unity the
ceries is convergent. The rapidity of convergence will depend upon the
values of r, ko, and ki.

oo s et D> @) (e - oo
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A METHOD FOR CALCULATING TRANSMISSION
PROPERTIES OF ELECTRICAL NETWORKS
CONSISTING OF A NUMBER OF
SECTIONS*

By

ANDREW ALFORD
(Los Angeles, California)

Summary—The solution of certain electrical networks can be made to depend
on the solution of a much-studied mathematical problem in difference equations. This
Jact, while recognized for some time, has not received as much attention as it deserves.
On the following pages we have worked out several relatively simple electrical net-
works by the method of difference equaiions. Our aim was not to obtain the solutions
of the particular cases considered, but rather to illustrate the procedure involved.

ET us first consider a well-known network made up of a number
of symmetrical T sections (see Fig. 1). Let,

zm be the impedance of the series element of mth T section
Zn be the impedance of the shunt element of mth section
tn be the current in the series element of the mth T section
I be the current in the shunt element of the mth T section
Vom be the voltage across the input of the mth section.

Let Z,” and Z,' be the terminal impedances of the network.

Zm

—_— Y

Fig. 1

The following set of equations can be readily derived by applica-
tion of well-known laws:

I + Ty = 70 (1)

Im+1 =5 izn+2 = Z.m+1 (1,)

Vitt + 2Zmimit + Zmim = Vo, ) (2)
InZp 4 20tm = 1, (3)
LnirZmy + Zmstimgs = Vs, (37

. * Decimal classification: R140. Original manuscript received by the In-
stitute, January 4, 1933.
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If in (2) we replace Vi and V,, by their values in terms of I.., 2.,
I i1, and 7,41 a8 given by (3) and (3'), we get

Zm+1Im+1 - ImZm _I_ (Zm J[_ zm+l)im+1 = 0 (4)

Since by (1) and (1), I » and I ,..1 may be expressed in terms Oof Ty Tong1y
and 742, Wwe may write in place of (4)

(Zm+l + Zm _ll_ Zm+1 _ll_ Z7n)im+1 - Zmim - Zm+11'm+2 = 0 (5)

1f 7, and 7, were given we could by repeated use of (5) written succes-
sively form=1,2,3, - - -, etc., calculate i3, 24 -+~ Im for any value of
m. It seldom occurs, however, that ¢, and i, are given or can be easily
calculated. Usually the conditions at the two ends of the network are
given instead, and the best that one can do is to set up two independent
equations involving four unknowns i, Zz, 1x, IN+1- Theoretically speak-
ing, this is equivalent to knowing 7, and s, but in practice it is difficult
to express iy and iy41in terms of 7, and 7, by repeated use of (5). In-
deed if N is a large number successive use of (5) becomes a laborious
operation. This difficulty could be overcome if it were possible to ex:
press i, in terms of two arbitrary constants Cy and C, and one or more
known functions of m.*

Suppose, for example, that it were possible to find ¢1(m) and ¢z(m)
such that

im = Cips(m) + Cops(m), (6)

where €, and (. are arbitrary constants not necessarily 71 and 2
hut merely constants. Then the problem would be solved, for 21, 12,
in, and x4 could be expressed in terms of €, and (s, and the terminal
conditions would reduce to two equations with two unknowns, Cy and
C,.

Let us show how ¢1(m) and ¢z(m) can be obtained in several simple
cases.

1.

Suppose that zZmi1=2m; 7 mir=Zm that 1s, that all T sections are
identical. If we write, for simplicity z»=zand Z, = 7\ =z/7, equation
(5) becomes

21 + Nimpr — (m T Tmyr) = O (7)

Assume that ¢, =¢(m)=Cq" where (' and ¢ are independent of m.

Then we have
N m
T4 = (/ ’I -

’L',,L+2 — (/v(ImJZ‘

1 See (3. W. Pierce, “Electric Oscillations and Waves,” Chap. XVI.
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If (7) is to be satisfied, we must have
20+NMg—¢—-1=0 (8)
so that ¢ may be equal to either
a=1+A+TFN -1
or, (9

| |
=0 4+N - NTFN=T=— |
q1 J

On the other hand € may have any value. We see that Cigy"=17,, and
Cogem=Cy 1/qu™ =17, both satisfy (7). The sum Cig,"+ C,g,™ too, sat-
isfies (7).

Thus, if we prefer, we may write?

1

Im = Cin™ + Co— - : (10)
Q"
Equation (10) contains the same information as does (7), but in more
usable form. C; and C, are left arbitrary because (7) alone is not suffi-
cient to fix the value of ¢,. Terminal conditions must be given before
Cyand C; can be evaluated. Suppose, for example, that there is a gen-
erator in series with terminal impedance Z,’”. If the generator voltage
is I, we have
h=F — 7).

Un the other hand,
Ivl = [12 + 52'1

= 2o + ]1,
therefore,

(Z+ 2+ 7)), — inZ = E. (11)
If there is no source of voltage at the other end of the network

Tv,\'+1 = ZQ/?..\'-'rl
but since,

Vg 4 zivag + ziy = Vv = z/v + Z1

and,
Iy = vy + Iy

? Equation (10) is the complete solution of (7). In general C; and C, are not
constants but periodic functions of m with periods equal to unity. Since we are
concerned with only integral values of m we may consider these periodic fune-
tions as constants. An excellent treatment of the theory of linear difference equa-
tions is found in Paul M. Batchelder's “Introduction to Linear Difference

Equations,” The Harvard University Press, 1927.

-
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we may write,

(Z + z + Zz/)Z.N_H — Zin = 0. g (12)
From (10),

1
= C1Q1 + Co—
q1

1
19 = 01(]12 + Cz—é

q1

1
IN = 01(11N + Cr—;
G1

1

iN+1 = ClQlN‘H + C, '
qlN-H

If these values are introduced into (11) and (12), we get

1 1
C1[Z+Z+Z1/—Q1Z]Q1+C2[:Z+Z+Z1/—“_Z‘J‘—=E (13)

G q1
1 1
Cl[z 4247y — — Z]qN + |2+ 2+ 7 — qﬁ](—N =0 (14)
I QL 1
but since,
Z+z2=7Z(1+N)
1 -
14+N——=~+(14+N2-1
q1
14N —q=—~V01+N—1
it follows that, .
(11 [Zl/ — Z(J]([l + (jQ 7Z1/ + Z(J]'(— = Z‘/' (15)
41
r, 1 3
(/'1 Zg/ —Jr‘ ZQ](/lN —Jr‘ (,/VQ[ZQI — A(J I_(;_N_ = () (16)
1
where,
Q=+vI1+N:—1.
Hence, 0 e
Jl _ ]‘/(12 — /i 2)(11 (17)

(20 — 2Q) (2! — ZQ)qiN+ = (Za' + ZQ) (% + ZQ)n™™

y B+ 200" - (18)
T e+ 2 B+ QN — (L — ZQ) (L — ZQ)q
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Therefore,

is known for every value of m.

1
T = 01917” + Oy
glm

Other quantities, V,, I, can be readily calculated from (1), (2),
and (3). In a special case, when

7/ / ly C E E
ZV =27y =70; C1,=0; C, = QZI’Q = 2ZQq
j k +1
I = T,
ZZl’q
It follows, incidentally, that
E
7:1 = .
27,

This means that the impedance looking into the network is equal to

9

Z) =20 = 21//<14-i;> - 1.

This impedance is often called the iterative impedance of the network.
From (17) and (18) it is also quite evident that when N is very large

and ]qlf,>1,Cl=O and

/8] . /5

C‘_Z = - 9 L = -
Z) + ZQ ' Z\"+ ZQ

so that the network behaves as though it were equivalent to impedance
ZQevenif Z,/ =7,

I1.
Let us next assume that

Zm = ™2y
D = @
Equation (5) then becomes (
" (Zo+ 20 (1 F @mis — Zoin — aZins = 0. (19)

The solution of this equation again has the same general form as in 1.

By = 01Q1m + C2q2m
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except that, this time
1 1
42 = — —
@

and ¢: and ¢z are to be determined from the following equation

(Zo + 20)(1 + a)q — Zo - aZ0q2 =0.

. I11.
Consider now the so-called tapered line
Zm = Zo + m -2y
Zm =Ty = 4.

Iquation (5) reduces to

(2Z + 22() + 277[21 + Zl)im-{Al - Z(///.m + Z.m+2> = ()

or,
2(m + my) ) )
- ,Lm—H. — im — ,Lm+2 = ()
Z
21
where,
27 + 2z + 21
moe = .

221

If myis not a real integral number (22) is sutisfied by

_ Z
Tmyl = Cl']WL+7IL[J -

21

Y/
. Y
Loyl = (J2'/——(m+mo) -

Z1

and,

1215

(20)

(21)

(22)

where J oy m (Z/21) and J_guymp(—7/21) are Bessel’s functions of the
first kind. Indeed these functions satisfy the following well-known

equations:
2n
—‘.In(fl)) = -/n-{ 1(7;) + '/ uvl(.]’.)
x

21
) = J—an(£) + S (5).

45
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If we let n=m+mq, x=27/z, J.(x) and J_,(—z) obviously satisfy
(23). When n is not an integer J_, is independent of J, and we may
write as a complete solution

| z Z
Tyl = ClJm+mo<H> + 02']_(nz+m0)< — —> )

21 21

If m, is an integral number we must use K,(z) in place of J_,(—ux).
K, (x) is a Bessel function of the second kind. This solution is not as
convenient as those previously discussed, yet, in some cases, it may
prove of value since various types of expansions are available for Pes-
sel’s functions.
V.

So far we have discussed networks made up of one row of T sec-
tions. The method is equally applicable to networks made up of more
complicated elements. Let us now consider the network shown in

Fig. 2.
° ‘{ Im-1 In-1 —0- Im tm |—o
Zmed Zm
§m—1 fm-l o Sm gm
1
;Z m- Z'n
1 et e
Fig. 2
2=2p 1=, e =Lm_ =1L,y i, current through z,, and z,, _;
14 7 14 -
2 =z m—1=zl7n;Z,=Z m—]:ZIm ]m current in Zm
(={m1={m 0., current through ¢,, and ¢,y

v, current through z’,, and z/,,_;
I’ currentin Z’,,

The following equations may be easily obtained:

220w+ Z(T gy — 1) + 200,00 = 0 (1)
tm = Tmy1 + I (2)

Tmil =.0my2 + Iy (3)

20 s + 2 (U 1 — 1)) + 200,00 = 0 (4)
U = + 1, (5)

Vntt = Umpe + I (6)

[m + Iml + 9n+1 - 9m = 0. (7)
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Eliminating 6., and 6,41 from (7) by means of (4) and (1) written for
(m—1), and replacing I m—1, I, Imyr, In', I” i1 by their values in terms
Of ’L‘(n—ly im, Z.m—i—ly im+2; ’L.m,; i,m+1, 'L',m+2 we get,

— Zima + 20z + Z 4 Oin—(Z + 20)imia
+ (2 H 20 — 2+ Z )i+ L e =0 (8)
On the other hand by subtracting (4) from (1) we obtain
— Zim + 2(z + Z)imy1 — Lims2

+ 72 — 202+ 2 ey + 27 e = 0. (9)
Let,
z ¢ VA 2! 2
— =N —=p —=v; =N, o=z
Z Z Z Z VA
Then,

- ’L‘m-l _{'_ 2(>\ _{'_ 1 _{'_ ,u)’lm - (1 + 2H)im+l
F 0+ 2T — 20 A v+ Wilms F i =0 (10)

— Im + 2(1 + Nimp1 = Tmye
4 it — 200 F N iy F Vi e = 0. (11)
Eliminating between (10) and (11) first 7’2 and then 7,,” we derive
e+ N+ 3+ 200 — N+ 3+ 20T F
+ 2u(i’'m — t'me1) =0 (12)

— Vim1+ (3v 4+ 2 4 2wy + 2T — (B + Bur + 2N AU) T mtt
+ (2u + V)imsn + 220N A+ w)i o — 2001 g2 = 0. (13)
Writing (12) for m+1 and eliminating i nie by means of (13) we get
Vipo1 — (4v + 20 + 2uv + 2u)in + (6 + v + 8uv + du)tm

— (4y + 2+ 2u + 2 iz + Vimgs — 4N T = 0. (14)

Writing (14) for m~+1, subtracting the equation so obtained from (14)
and combining the result with (12) we arrive at the following equation
which contains only 7’s:

Z‘m—l - Q?zm + ]f?:m+1 — ]f/im.‘}a ‘I" (27:m+3 - 7/.771_{_4 = () (15)
where,

v-() = 5+ 2\ + 2uv + 2u + 2\’
vl = 10v + 6ur + 6Av + 6 + 4N + AN 4+ 6N+ Ny
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We may now let 7,,” = Cg™. If (15) is to be satisfied ¢ must be a root of
the following equations

1= Q¢+ Re* = R¢® + Q¢* — ¢° = 0 (16)
or,

a—@h+wr-@+¢u—Q+m+¢d—@+wﬂfo
(1~q)[ +q+<1~Q>< >+1~Q+R]=

It is evident that one root ¢, =1.
To get the remaining four roots let

r=q+(1/q).
Then,

and we have,

(L -Qr4+R—-0Q—1=0

1._
Ty = Q ( Q>+Q+1—‘h ];
(17)
1 -0
)
1 1
¢+ —=x ¢+ -— = a,. (18)
q q

It follows that ¢s=1/q2; ¢s=1/¢5. g4 and ge are roots of (1/¢)+q=r,
and gs and ¢z are the roots of (1/¢) +¢=uz..
The complete expression for 7,, therefore is

1 1
tn = Ci + Coge™ + Cagz™ + C, = C5—— > (19)

(12 m q3 ™

'm can now be obtained from (11) in the following manner. Consider
the equation .

— 2.m+1 + 2(1 + >\>z.m+1 — Z‘m—,u_z == A_lqm-ka' (20)

Let,
Im = @™
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711

ken,
al— L4200 +Ng — ¢2] = A¢°
A '

‘qm—i—a (21)

Tm

T2l Ng—1— ¢
if ¢ is such that

20 +N)qg —1—¢*=0. (22)
This solution breaks down and we must have a special solution for
this case.

Let,
1=mqgmt"-g3.

Then,

Bl—m+ 200 +N(m + g — (m + 2qt] = Aqge

B[—m + 2(1 +Ngm — ¢*m + 2(1 + Ng — 2¢7] = Aqe.

But since ¢ is assumed to satisfy (22) we have
A

- v q

2(1 + N)g — 2¢°

a

8 =

and,
A-m

sy _ — ([m+a‘ (23)
2(1 +Ng — 2¢°

Lo
Therefore, the complete solution of (20) 1
A

= Gl + Colpem + e @28)
S O T g -1 -

if ¢ does not satisfy (22) and

A-m
.m _ C 7 - C 7 m + (m+u (25)
1 U™ 4 Cape 20+ Mg — 2q21

if ¢ satisfies (22). In either case p and p, are roots of

21 +Np — 1 — p* = 0.

Ttis now easy to show that if in place of (20) we had

- ,L'm + 2(1 + >\)’L.m—i—l - ’I:m+2 = 14({1"'_1—01 + BQ2’"+“2-

The complete solution would be

im = Ci'pi™ + Co'p2™ + ALyt + BLage™ s
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where,

1
L, = if ¢, does not satisfy (22)

2(1 +N)gn — 1 — g2

and,

m
L, = if ¢, does satisfy (22).

2(1 + Mg — 2¢,2

Applying similar procedure to (11), in which ¢,’, 7' mi1, 2’ ms2 have been
replaced by their values obtained from (19), we get

‘ A
tm=C1'py"+Co' pym — Cl—)\j‘|‘C2L2 [Q?m—Q(l +)‘)q2m+1+q2m+2]

+C3Ls [Q3m—‘ 271 ‘|‘)\)Q3m+1‘|‘Q3m+2]
+CiL, [Q2"m —2(1 ‘|‘)\)Q2_m_1‘|‘Q2_m‘2]
+CsL5 [q3""—~ 2(1 ‘|‘)\)Q3_m*1‘|‘q:%_m_2]

1

vL, = if g.isnotarootof2(1+x)g—1—¢*=0
2(1 + X)Qn — 1l = QHZ
and,
m
vL, = -if g. s aroot of 2(1 +x)g — 1 — ¢*= 0.

2(1 + x)¢n — 2¢a

The arbitrary constants Cy, Cs, Cy, C'y, Oy, 1/, C3’ must be determined
from the initial conditions.

Since ¢=e¢* and ¢"=¢*" if a=log.q we could express the solutions
in terms of hyperbolic functions sinham and cosham. We felt, how-
ever, that e=2.71 - . - is entirely foreign to the problem itself and we
preferred to avoid it.
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BOOK REVIEWS

Theory of Thermionic Vacuum Tubes, by E. L. Chaffee. Published by McGraw-
Hill Book Co., New York City. Price $6.00.

This splendid book by Dr. Chaffee is the most comprehensive work on the
subject of low power vacuum tube theory which has so far appeared. The author
states in his preface that the book was written primarily as a texthook but ex-
presses the modest hope that it will serve also as a reference. That thishope will
be fully realized is almost a foregone conclusion. The concise and yet complete
discussions of fundamental vacuum tube theory are in keeping with the require-
ments of the classroom but are equally valuable to the engineer who desires a
complete and authoritative reference book.

The writer of a book on any phase of radio engineering is faced with a diffi-
cult problem in separating important fundamentals from those short-lived engi-
neering practices which soon become obsolete. Dr. Chaffee has wisely avoided
extensive reference to current designs of tubes, choosing only a few typical cases
which serve to illustrate the basic theory. Incidentally he shows some very fine
X-ray photographs of these typical tubes. A similar course has been adopted with
regard to the multitude of vacuum tube circuits, only those which are funda-
mental being discussed. The result is a work which has an excellent chance of
remaining a standard reference for many years to come.

Much of the subject matter is new and obviously the original work of the
author. There is also a collection and coordination of a large amount of material
which has heretofore appeared only in fragmentary form in many scattered pub-
lications.

The opening chapters of the book include a brief historical introduction fol-
lowed by a treatment of the basic physical phenomena which are important in
the study of vacuum tube theory, such as atomic structure, conduction of elec-
tricity, electron emission, and space charge. This is followed by an excellent dis-
cussion of practical sources of electron emission and characteristics of the various
emitters. Next the triode is very completely covered in a number of chapters,
heginning with the basic structural relations in the tube itself then taking up the
fundamental considerations of the triode and its attached circuits. Particular
mention should be made of the excellent discussion of equivalent circuit theo-
rems and the combined operating characteristics of tube and circuit. This ma-
terial is much more complete than has appeared elsewhere. This is followed by a
discussion of regeneration and three chapters on the various types of triode
amplifiers. The operational characteristics of the diode and triode as detectors are
discussed very completely, including operation with large clectrical variations,
a subject which has often bheen slighted in the literature. Tetrodes and pentodes
are discussed in the closing chapter of the book.

The system of letter symbols used throughout the hook recalls Dr. Chaffec’s
former publication on the subject and also his codperation in the Vacuum Tube
Committee of the Institute in its lengthy discussions of this difficult subject.
Dr. Chaffee’s system has the virtue of completencss and for a text book it ap-
pears to serve its purpose very well. However, this reviewer ig still partial to the
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simpler system finally adopted by the Institute, and believes that for a large
majority of engineering uses it fully serves its purpose with a minimum of com-
plication. _

Two other minor criticisms might be mentioned. The classification of ampli-
fiers (A, B, and C) is not in agreement with the system standardized by the In-
stitute and in practically universal use by engineering organizations as well as
by the Federal Radio Commission. There is also an omission in the discussion
of the thoriated filament. The description of the activation and deactivation of
the filament is very good but applies only to the untreated type of filament.
The impression is left that this sort of filament is commonly used in medium-
power transmitting tubes. As a matter of fact, the thoriated filament used in
such tubes is invariably given a hydrocarbon treatment which entirely changes
its rates of activation and deactivation. In fairness it should be added that nearly
every other writer on thoriated filaments has made this same omission.

These criticisms are relatively unimportant however, and do not detract
from the great value of the book as a whole. Unquestionably the book should be-
come a permanent part of every radio engineer’s technical library, and the
promised second volume on high power tubes will be awaited with great interest.

*J. C. WARNER

Radio International, by Ernst A. Pariser. Published by Union Deutsche Ver-
lagsgesellschaft, Zweigniederlassung, Berlin SW 19, Germany. 81 pp. 5 X7
in. Price, 3.50 Reichmarks. :

A five-language dictionary of the more important and commonly used words
on radio. The German words are arranged alphabetically, with the English,
French, Spanish, and Italian equivalents in parallel columns. In addition, the
words in the four latter languages are arranged in separate lists, with numbers
referring to the German arrangement. Thus the dictionary is convenient and easy
to use when translating from any one to any other of the five languages.

Nine hundred words in a radio dictionary may seem to be inadequate in
view of the much larger lists that have already been published. But when it is
considered that words common to all languages have been omitted, and that
repetitions in compound words have been avoided as far as possible, this dic-
tionary seems to fill its purpose of enabling the user to find the meaning of the
common technical words that appear in foreign correspondence and periodicals.

There are a few errors in translation and spelling, but they are almost in-
evitable in the first edition of a polylingual dictionary and doubtless will be
corrected in future editions.

1J. A. Sounox

(1) An Appraisal of Radio Broadcasting in the Land-Grant Colleges and State
Universities, by Tracy Ferris Tyler. 150 pages, with tables and charts,
(2) Some Interpretations and Conclusions of the Land-Grant Radio Survey,
by Tracy Ferris Tyler, 25 pages. Published by the National Committee on
Education by Radio, Washington, 1933. A limited number of copies of these
books are available from the publisher without charge.
Upon the initiative of the Radio Committee of the Association of Land-
Grant Colleges and Universities, a survey has recently been made with the co-

* RCA Radiotron Company, Inc., Harrison, N. J.
1 Engineering Societies Library, New York City.
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operation of the National Committee on Education by Radio, the National As-
sociation of State Universities, the Association of Land-Grant Colleges, the
Federal Office of Education, the National Advisory Council on Radio in Educa-
tion and the United States Department of Agriculture. The desired data were
collected from Land-Grant Colleges and State Universities in all of the forty-
eight states. Publication (1) is the complete report of the survey, giving in de-
tail the financial and administrative aspects of broadcasting, facilities, programs,
opinions of college administrators, summary, and conclusions. In publication (2)
a brief summary of the report is provided, with comments and conclusions. These
two pamphlets are an important contribution to the literature on the use of
radio in education, and they should be carefully studied by all who are related
to this activity.

Of the seventy-one institutions surveyed, twenty-four owned and operated
their broadcast stations. The discussion of the relative advantages and disad-
vantages of station ownership as contrasted with the use of commercial facilities
is particularly timely and interesting, as is also the comparisen of the invest-
ments and operating costs for different stations of the same power.

*W. G. Capy

* Wesleyan University, Middletown, Conn.
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BOOKLETS, CATALOGS, AND PAMPHLETS RECEIVED

Copies of the publications listed on this page may be obtained gratis by ad-
dressing the manufacturer or publisher.

Switchboard and panel instruments of various sizes and types are covered in
catalog No. 48 issued by the Roller-Smith Company, 233 Broadway, New York
City.

In Bulletin 11 the Ward Leonard Electric Company of Mt. Vernon, N. Y.
cover their vitrohm resistors. Bulletin 19 lists their vitrohm ribflex type resistors;
Bulletin 25, resistor enclosures and mounts; Bulletin 106, midget magnetic re-
lays; Bulletin 371, agastat, a pneumatic time delay relay; Bulletin 1105, vitrohm
ring type rheostats; and Bulletin 75000, vitrohm stamped steel dimmer plates.

Leeds and Northrup Company of 4901 Stenton Avenue, Philadelphia, Pa.
announce a portable Wheatstone testing set which is deseribed in their Bulletin
1543. It is designed for locating faults in telephone and telegraph cables and other
communication circuits and is sufficiently accurate and reliable for laboratory
purposes.

Volume 1, No. 1 of the Shure Technical Bulletin is devoted to the advance-
ment of microphone technique and is published by Shure Bros. Company of
337 W. Madison St., Chicago.

Data on general characteristics, installation and application of the follow-
ing tubes are available from RCA Radiotron Company or E. T. Cunningham at
415 8. Fifth Street, Harrison, N. J.: 2A3, power amplifier triode, 2A5, power
amplifier pentode, 2A6, duplex-diode high-mu triode, 6A4, power amplifier
pentode, 2B7, duplex-diode pentode, 5Z3, full-wave rectifier, 1, half-wave vapor
rectifier, 42, power amplifier pentode, 43, power amplifier pentode, 44, super
control radio-frequency amplifier pentode, 49, dual-grid power amplifier, 53,
class B twin amplifier, 75, duplex-diode triode, 77, triple-grid detector amplifier,
78, triple-grid supercontrol amplifier and 84, full-wave rectifier. Additional ap-
plication notes have been released and are as follows: No. 5, the type 79 tube;
No. 6, higher voltage ratings for the 36, 37,38,39-44, and 89; No.7, higher voltage
rating on the 79 tube, No. 8, the 246 as a resistance coupled audio-frequency
amplifier; No. 9, recent advances in output design; No. 10, hum elimination in
universal receivers, No. 11, use and operation of the 2575; No. 12, half-wave
operation of the 25Z5; No. 13, recommended operating conditions for the 38, 41,
42, 43, and 89 tubes; No. 14, operating conditions for the 53; and No. 15, opera-
tion of the 48 as a triode.
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RADIO ABSTRACTS AND REFERENCES

HIS is prepared monthly by the Bureau of Standards,* and is intended to
cover the more important papers of interest to the professional radio engi-
neer which have recently appeared in periodicals, books, etc. The number
at the left of each reference clagsifies the reference by subject, in accordance with
the “Classification of Radio Subjects: An Extension of the Dewey Decimal
System,” Bureau of Standards Circular No. 385, obtainable from the Superin-
tendent of Documents, Government Printing Office, Washington, D.C., for 10
cents a copy. The classification also appeared in full on pp. 1433—-1456 of the
August, 1930, issue of the PROCEEDINGS of the Institute of Radio Engineers.
The articles listed are not obtainable from the Government or the Institute
of Radio Engineers, except when publications thereof. The various periodicals
can be secured from their publishers and can be consulted at large publie li-
braries.
RCCO. Rapio (GENERAL)

RO51 A. Hund. High-Frequency Measurements (hook). Published by
X R200 MeGraw-Hill Book Co., New York, N. Y. 1933. Price $5.00.

The book gives a thorough treatment of high-frequency measurements covering both
theory and applications. The book is largely an amplification and modernization of
“Hochfrequenzmesstechnik.”

R100. Rapio PRINCIPLES

R111 F. D. McArthur. Electronics and electron tubes—Part 1 Electron
and atomic theories. Gen. Elec. Rev., vol. 36, pp. 136-138; March,
(1933).

A simple treatment of the theories of the electron and molecule is givin. The Bohr
atom is described.

R113 E. O. Hulburt. lonization in the upper atmosphere at about 200 km
ahove sea level. Physics, vol. 4, pp. 196-201; June, (1933).

From the skip distances of radio waves measured in temperate latitudes during 1927
and 1928 the average day ionization is calculated to be, at about 200 km ahove sea level
with a maximum electron density, 7.5 % 10% and 5.6 X105 for a summer and winter day,
respectively, which agree with the observed virtual heights from radio echo experiments
and the longest wave which at normal incidence pierces through the ionized layer.

R113 C. B. Feldman. The optical behavior of the ground for short radio
waves. Proc. I. R. E., vol. 21, pp. 764-801; June, (1933).

The paper describes experiments undertaken to determine the limits of applicatility
of optical reflection equations and discusses the results. Particular emphasis is place
on the identification of direct and reflected waves. The existence of a surface wave, for-
eign to simple reflection theory, is recognized with, vertical antennas, when the incident
wave is not sufficiently plane. At angles of incidence between grazing and pseudo-
Brewster value the requirements of planeness are severe. The relation of optics to Som-
merfeld’s theory is discussed. The experiments include tests made with the aid of an

airplane.
R113.3 H. Diamond. The cause and elimination of night effects in radio
XR521 range beacon reception. Bureau of Standards Journal of Research, vol.

10, pp. 7-34; January, (1933). RP513; Proc. R.ILE. Vol. 21, pp. 808
832; June, (1933).

* This list compiled by Mr. A. H. Hodge and Miss E. M. Zandonini.
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A new antenna system is deseribed for use at radio range beacon stations which elim-
inates the troublesome night effects hitherto experienced in the use of the range beacon
system. Data are given which show the severity of night effects. Because of the mag-
nitude of these effects the range beacon is often useless over large distances. With the
new antenna system developed, referred to as the transmission-line antenna system, the
beacon course is satisfactory throughout its entire distance range, the night effects
becoming negligible. An analysis is included which explaing the occurrence of night
effects with the range beacon system when using loop transmitting antennas. The signifi-
cant element of the system consists of the use of transmission line for confining the radi-
ation to the four vertical antennas.

H. A. Chinn. A radio range-beacon free from night effects. Proc.
[. R. E, vol. 21, pp. 802-807; June, (1933).

A radio range beacon, suitable for the guidance of aircraft along established airways,
which is entirely free from atmospheric variations or “night effects,” is described. Ad-
vantage is taken of the phenomenon that waves of frequencies higher than 30 megacycles
per second, or thereabouts, are not usually refracted back to the earth by the Kennelly
Heaviside layer. Multiple path transmission, variation in signal intensity and in polar-
ization are thus avoided. A four-course aural beacon operating on 34.6 megacycles per
second was employed for the experimental work. Results and applications are discussed.

G. W. Kenrick. Records of the effective height of the Kennelly-
Heaviside layer. Physics, vol. 4, pp. 194-195; May, (1933).

“The purpose of this note is to show characteristic changes in the effective height of
the Kennelly-Heaviside layer recorded photographically with recently developed equip-
ment.” Some photographs are shown.

C. H. Smith. Amplification of transients. Wireless Eng. & Exp.
Wireless (I.ondon), vol. 10, pp. 296-298; June, (1933).

A mathematical analysis which indicates discrepancies between the response of a re-

ceiver to steady tones and to transient waves, and suggests possible lines for fruitful
experimental investigation.”
H. Kaiser. Beitrag zur Theorie der Eigenfrequenzen und der Selb-
sterregung in elektrischen Schwingungskreisen. (A contribution to
the theory of the “eigen” frequency and self-generation in oscillating
electrie circuits.) Elek. Nach. Tech. vol. 10, pp. 123-143; March,
(1933).

Thizarticle is a theoretical treatment of uscillating circuits.

Stig. Ekelof. Uber den Wechselstromwiderstand von geraden Drihten
mit kreisformigem (QQuerschnitt, die aus mehreren konzentrischen
Schichten bestehen. (On the alternating-current resistance of straight
concentric conductors which consist of several lavers.) Elek. Nach.
Tech., vol. 10, pp. 115-122: March, (1933).

Formulas are given by which one may calculate the high-frequency resistance of
straight concentrice conductors. The formulas are usuable for any frequency. As examples
tin-plated and copper-oxide coated wire are treated.

Serles modulation. Marconi Review, no. 41, pp. 1-8; March-April,
1933,

A generalreview of the modulation systems commonly employed is given. Advantages
of “series modulation” over other systems are discussed.

R.200. Rap1o MEASUREMENTS AND STANDARIZATION

A valve voltmeter for audio frequencies calibrated by direct current.
Wireless Eng. & Erp. Wireless (London), vol. 10, pp- 310-312;
June, (1933). -

The characteristics of this voltmeter are: (a) constant calibration for all frequencies
in the audible range; (b) calibration independent of the valve characteristic to within
one or two per cent, and independent of filament voltage over a wide range of variation
of the latter; (e¢) fairly high input resistance; (d) range easily variable by a change of
resistance, the lowest accurate range being about 20 to 30 volts for full scale deflection,
making it suitable for measurement of loud speaker voltages: (e)linear scale; (f) calibra-
tion carried out by simple direct-current measurements,
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I. Saxl. How scientists are finding applications of the relation be-
tween electricity and crystals. Radio News, vol. 15, pp. 16-18; July,
(1933).

Uses of quartz crystal (piezo-electricity) for loud speakers, microphones, and phono-
graph pick-ups.

R300. APPARATUS AND EQUIPMENT

E. D. McArthur. Electronics and electron tubes—Part I1—ZEle-
ments of electron tubes. Gen. Elec. Rev., vol. 36, pp. 177-181; April,
(1933).

The electron emission of different types of filament is duscussed.

E. D. McArthur. Electronics and electron tubes—Part I11— Space
charge and two-electrode high-vacuum tubes. Gen. Elec. Rev., vol.
36, pp. 250-253; May, (1933).

_ Asimple discussion of space charge and the conduction of electrons in a vacuum tube
is given. Construction and application of two-electrode high-vacuum tubes are discussed.

E. D. McArthur. Electronics and electron tubes—Control of electron
space currents. Gen. Elec. Rev., vol. 36, pp. 282--289; June, (1933).

Methods of controlling space currents are discussed. Many tube characteristic curves
are given.

W. N. Tuttle. Dynamic measurement of electron tube coeflicients.
Proc. LR.E,, vol. 21, pp. 844-857; June, (1933).

Cireuits are described for the dynamic measurement of amplification factor,electrode
resistance, and transconductance; and are shown to be suitable for the measurement
of both positive and negative values of all three coefficients over wide ranges. The analy-
ses are for the grid-to-plate coeflicients of a triode but are directly applicable to the
measurement of grid-circuit coefficients or of coefficients relative to any pair of electrodes
of a multielement tube. A description is given of a measuring instrument in which the
three circuits are incorporated.

The Catkin valve. Wireless World, vol. 32, pp. 340-341; May 12,
(1933).
The new all-metal tubes of Marconi and Osram Companies are described.

Trends in radio design and manufacturing. Electronics, vol. 6, p. 152;
June, (1933).

The new all-metal tube is announced. It is a product of Osram-Marconi. The chief
advantages are listed as: better support and mounting of e!ectrodes, self—shleldlpg,
greater cooling, elimination of losses in the seal, nonmicrophonic, and retention of high
vaeuum.

New receiver valves. Electrician (Iondon), vol. 110, pp. 611-612;
May 12, (1933).

A group of new tubes which use metal containers instead of glass hulbs are described.

C. N. Symth and J. Stewart. The double-diode triode. Wireless
World, vol. 32, pp. 355-356; May 19, (1933).

Practical data on the double-diode triode tube.

.. Martin. New tube data. RadioCraft, vol. 5, pp. 14-17; July,
(1933).

The following type vacuum tubes are deseribed: 2A6, 2A7, 6A7, 2187, 6137, and 61°7,
(.. (i, Dietsch. Suppression of transmitter harmonics. Kleclronics,
vol. 6, pp. 167-169; June, (1933).

The problem of suppressing transmitter harmonies is diseussed. Several circuits are
given. Push-pull amplifiers in connection with low pass filters and antiresonant circuits
in transmission line are recommended.
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J. S. McPetrie. Production of electronic oscillations with a two-
electrode valve. Nature (London), vol. 131, pp. 691; May 13, (1933).

A two-electrode valve is described which may be used to generate high frequencies,

D. D. Knowles. The Ignitron—A new controlled rectifier. Electronics,
vol. 6, pp. 164-166; June, (1933).

A rectifier tube is described which uses a spark for forming a cathode spot. It requires
no time delay, has a high overload capacity and longer life.

C. L. Lyons. The Pentragrid converter—An American development
in frequency changers. Wireless World, vol. 32, pp. 347-348; May
12, (1933).

Description of a single tube frequency changer which should simplify the construction
of the superheterodyne. It combines in one envelope the electrodes necessary for a
triode oscillator and a variable-mu first detector with the added advantage that aerial
radiation and interaction between tuning circuits is avoided.

J. M. Stinchfield and O. H. Schade. Reflex circuit considerations.
FElectronics, vol. 6, pp. 153-155; June, (1933).

This paper deals with the fundamental principles of reflex, the difficulties in using it,
its advantages and some general comments on the design of reflexed circuits,

R. W. H. Bloxam. Increasing bass response. Wireless World, vol. 32,
pp. 334-336; May 12, (1933).

A method of arranging the parallel-fed low-frequency transformer in the circuit so as
to increase the bass response is given. A diagram is given which shows at a glance the
value of coupling condenser required for different transformers to effect the bass reso-
nance at any required frequency.

P. O. McDonald and T. W. Tweed. Operating constants for direct-
current thermionic amplifiers. Physics, vol. 4, pp. 178-183; May,
(1933).

The most sensitive operating value for a UX222 is found to be 1.5 volts giving a
voltage sensitivity of 8 X10—4 volt/mm in the simple circuit with no plate current com-
bensation. By use of the screen grid, a grid filament resistance of 104 ohms may be ob-
tzi,)med, giving a current sensitivity of 8 X101 amp/mm with an input resistor of 101t
ohms,

J. R. Nelson. Class B amplifiers considered from the conventional
class A standpoint. Proc. I.R.E., vol. 21, pp. 858-874; June, (1933).

The wave form of the output current of an ideal tube is analyzed when plate current
cut-off occurs between zero and 180 degrees of the cycle. The theory thus developed is
applied to practical tubes,and it is shown that one of the tubes operated in series may be
represented as a hypothetical class A amplifier provided ‘that twice the plate load re-
sistance cuts off the plate current for the input voltage used. It is also shown that a dia-
gram may be constructed from the characteristics of a tube for any operating condition
from class A to class B with half the wave cut off. The load resistance used may then be
transferred back to the characteristic.

R400. Raprio CoMMUNICATION SYSTEMS

N. Wells. Common wavelength relay broadcasting. Marconi Review,
no. 41, pp. 20-27; March-April, (1933).

Some indication is given of the nature and possibilities of this form of broadeast trans-
mission.

R500. APPLICATIONS OF RADIO

H. Diamond. Radio system for landing aircraft during fog. Elec-
tronics, vol. 6, pp. 158-161; June, (1933).

A description is given of the installation of radio equipment for blind landing at the
Newark, N. J., airport.
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E. L. Q. Walker. Synchronization in television. Marconi Review,
no. 41, pp- 9-19; March-April, (1933).

In this article the conditions which have to be met, and the difficulties which have to
be overcome, are enumerated, and some details are given of systems of synchronization
which have hbeen applied in practice.

G. D. Robinson. Theoretical notes on certain features of television
receiving circuits. Proc. I.R.E., vol. 21, pp. 833-843; June, (1933).

Four main items are treated in these notes. The first is the determination of the product
of capacity and resistance required in a television amplifier in order that the distortion
of low-frequency flat-topped waves shall pot excecd a specified percentage, the wave be-
ing passed through a single stage of resistance-coupled amplification. The second item
deals with the addition of small amounts of inductance to the circuit of a resistance-
coupled amplifier. A set of generalized graphs are presented for the purpose of greatly
expediting computation of the best amount of inductance to use for given conditions.
The third item shows the use of these curves by applying them to apecific cages. The
fourth item refers to the use of a type of push-pull detector circuit useful for minimizing
the bypassing of desired high-frequency currents in the output of a detector.

R800. NoONRADIO SUBJECTS

B. R. Hill. Applications and characteristics of copper-oxide rectifiers.
RadioCraft, vol. 5, pp. 18-19; July, (1933).

Uses and limitations of copper-oxide rectifiers are discuseed
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Alford, Andrew: Born August 5, 1904, at Samara, Russia. Graduated, Uni-
versity of California, December, 1924; university Fellow and graduate student,
University of California, 1925-1927; teaching Fellow in physics, California In-
stitute of Technology, 1927-December, 1928. Research engineer, West Coast
division, Fox Film Corporation, 1929-1931; geophysical prospecting and con-
sulting engineer, 1931 to date. Nonmember, Institute of Radio Engineers.

Baker, William George: Born May 27, 1902, at Clarendon, South Australia.
Received B.S. degree, Sydney University, 1921; B.E. degree, 1923. Held Walter
and Eliza Hall engineering traveling Fellowship, 1924-1927. Honorary lecturer

in electrical engineering, University of Sydney, 1927; radio research worker un- .

der Council for Scientific and Industrial Research, Australia, 1929-1931; Amal-
gamated Wireless, Australasia, Ltd., 1931 to date. Received D.S. in engineering,
Sydney University, 1932. Nonmember, Institute of Radio Engineers.

Barrow, W. L.: Born October 25, 1903, at Baton Rouge, Louisiana. Received
B.S. degree in E.E., Louisiana State University, 1926; law student, Louisiana
State University, 1926-1927; M.S. degree in E.E., Massachusetts Institute of
Technology, 1929; D.C. degree in Physics, Technische Hochschule, Munich, Ger-
many, 1931. Assistant, Electrical Engineering Department, Louisiana State Uni-
versity, 1925-1926; instructor, Communications Division, Electrical Engineering
Department, Massachusetts Institute of Technology, 1928-1929; Redfield
Proctor Fellow in physics, Technische Hochschule, Munich, 1929-1931; Round
Hill, research and instructor, Communications Division, Massachusetts Insti-
tute of Technology, 1931 to date. Associate member, Institute of Radio Engi-
neers, 1928.

Green, Alfred Leonard: Born February 3, 1905, at London, England, Edu-
cated at King’s College, London University; B.S., 1925; M.S., 1929. Investigator
to Radio Research Boards, Councils for Scientific and Industrial Research, Great
Britain and Australia, 1927-1929, and 1929 to date. Associate member, Institute
of Radio Engineers, 1928.

Hoag, J. Barton: Born September 22, 1898, at Colorado Springs, Colorado.
Amateur radio experimenter since 1916. Instructor Army Radio School, Colo-
rado College, 1918; received A.B. degree, Colorado College, 1920. Instructor in
Physics, Colorado College, 1920-1921; assistant, 1922-1927. Instructor, Univer-
sity of Chicago, 1927-1930; Assistant Professor, 1930 to date. Received Ph.D.
degree, University of Chicago, 1927. Member, American Physical Society. Mem-
ber, Institute of Radio Engineers, 1928.

King, Ronold: Born September 19, 1905, at Williamstowr, Massachusetts.
Received A.B. degree, University of Rochester, 1927; M.S. degree, 1929; Ph.D.
degree, University of Wisconsin, 1932. American-German Exchange Student,
Munich, 1928-1929; White Fellow in physics, Cornell University, 1929-1930;
University Fellow in electrical engineering, University of Wisconsin, 1930-1932.
Associate member, Institute of Radio Engineers, 1930.
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LIKE A DELICATE
TIMEPIECE

For hundreds of years a fine watch has been a symbol of care and
precision and accurate workmanship.

Yet, the radio tube engineer knows that his materials are just as
fine, his design just as important, his tolerance as close, as those
of a timepiece.

Every Sylvania radio tube is built with these facts in mind.
Sylvania engineering is modern, scientific, constructive. It gave
radio a new and efficient group of tubes for automobile receiver
use. It adapted these tubes to all other types of service other
than dry battery. In both instances it pioneered in radio.

And always . . . this service is at the free disposal of manu-
facturers . . . to help with circuit problems, design problems, sales
problems!

There is a reason for these high service standards in Sylvania
Tubes. The Hygrade Sylvania Corporation is management
owned. It is run by men whose only goal is the success of their
company and its customers. Hygrade Sylvania Corporation, Em-

porium, Penna.

(Rey. U. 8. Pat OfT)

THE SET-TESTED RADIO TUBE

When writing to adverlisers mention of the PROCEEDINGS will be mutually helpful.
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ROGUCTION

pacity to serve its customers is
equal to the greatest demands.

Three factories—in the United
States, Canada and England—are
equipped with the very latest
types of automatic machines to
produce FErie Resistors quickly
and in large quantities.

Ratings are checked by machines
especially  designed for the
purpose—laboratory technicians
constantly check all steps in the
manufacturing process.

Everything possible is done to
serve the manufacturer promptly
but speed is never given prefer-
ence over precision and accuracy
in manufacture.

May we send you samples, prices
and more detailed information ?

ERIE RESISTORS

ERIE RESISTOR CORPORATION, ERIE, PA.
Factories in Erie, Pa., Toronto, Canada and London, Eng.

When writing to advertisers mention of the ProcrEpINGs wwill be mutually helpful.,
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“1#'s Good to Hear Your VOICE”

Tuis very day the telephone will
touch the lives of millions of people.
To a modest home in the suburbs, it
will carry words of love and com-
fort and the assurance that all s
well. In another home, a housewife,
busy with her work, will pause a
little while to place her daily orders
or answer a welcome call from a
friend. To some one else, the ring
of the telephone may mean good
news about a position or a business
transaction.

To have a telephone in your home

is to hold your place in the &=

world of people—to keep un- &
- [
broken your contact with those %

MOKES
SN
R2XY

N

whose help and friendship are so
essential.

Individuals employ the telephone
in many different ways. The busy, to
save time. The friendly, to win more
friendship. The lonely, to make con-
tacts. The troubled, to find comfort
and reassurance. The frightened, to
call for aid. The gay, to share their
gayety.

The value of the telephone can be
measured only by measuring the ac-
tivity of the people who use it and
the diversity of life itself.

2 AMERICAN TELEPHONE

&)\
18
|

&  AND TELEGRAPH COMPANY

i

You are cordially invited to visit the Bell Systen Exhibit in the Communication Building, Century of
Progress Exposition, Chicago.

When wriling to advertiscrs mention of the PRoCEEDINGS will be mutually lclpful.



CHANGE IN MAILING ADDRESS
OR BUSINESS TITLE

Members of the Institute are asked to use this form for notify-
ing the Institute office of a change in their mailing address or
the listing of their company affiliation or title in the Year Book.

The Secretary,
THE INSTITUTE OF RADIO ENGINEERS,
33 West 39th Street,
New York, N.Y.
Dear Sir:
Effective ...................... please note change in my address
(date)
for mail as follows: N
FROM -
.............................. (Name)

....................................................................

.................................................................

(City and State)

TO NEW ADDRESS

....................................................................

.................................................................

(City and State)

Please note following change in my Year Book listing.

............................................................

............................................................

(Company Address)

Al 3



ThHe Institute of Radio Engineers

Incorporated
33 West 39th Street, New York, N. Y.
APPLICATION FOR ASSOCIATE MEMBERSHIP

(Application forms for other grades of membership are obtainable from the
Institute)

To the Board of Direction

Gentlemen :

I hereby make application for Associate membership in the Institute of Radio
Engineers on the basis of my training and professional experience given herewith,
and refer to the members named below who are personally familiar with my work.

I certify that the statements made in the record of my training and pro-
fessional experience are correct, and agree if elected, that I will be governed by the
constitution of the Institute as long as I continue a member. Furthermore 1 agree
to promote the objects of the Institute so far as shall be in my power, and if my
membership shall be discontinued will return my membership badge.

References:
(Signature of references not required here)

Y, OO USROS 5./ SO SUUUUSP———
AdATESS oo ereceen e emr e e AAATESS oo
City and State .. City and State .ot
|V ORISR
AAATeSS oo ceerm e

City and State oo

The following extracts from the Constitution govern applications for admission to the
Institute in the Associate grade:
ARTICLE II—MEMBERSHIP

» % #% (¢) Associates, who shall be

Sec. 17 The membership of the Institute shall consist of: )
ght to hold any elective

entitled to all the rights and Privileges of the Institute except the ri
office specified in Article V. # * *

Sec. 4: An Associate shall be not less than twenty-one years of age and shall he a person who
is interested in and connected with the study or application of radio science or the radio arts.

ARTICLE I1I—ADMISSION AND EXPULSIONS

Sec. 2: * * * Applicants shall give references to members of the Institute as follows: * % * for
the grade of Associate, to three Fellows, Members, or Associates; LA Each application for
admission * * * shall embody a full record of the gencral technical education of the applicant

and of his professional career.
ENTRANCE FEE SHOULD ACCOMPANY APPLICATION

XI



(Typewriting preferred in filling in this form) No...__ ... .

RECORD OF TRAINING AND PROFESSIONAL
EXPERIENCE

............................................................

....................................................

Placeof Birth........................... Date of Birth............. Age......

Education ...

Degree ..o
(college) (Date received)

TRAINING AND PROFESSIONAL EXPERIENCE

DATES

«

Record may be continued on other sheets of this size if space is insufficient.

...........



ANNOUNCEMENT

CORNELL ELECTRIC MFG. CO.

AND THE

DUBILIER CONDENSER CORP.

Have consolidated their manutact-
uring activities and hereafter will

be known as the

CORNELL-DUBILIER
CORPORATION

4377 BRONX BOULEVARD, NEW YORK CITY

vinas will be mutwally helpful,




EMPLOYMENT PAGE

Advertisements on this page are available to members of the Institute
of Radio Engineers and to manufacturing concerns who wish to secure
trained men for positions. All material for publication on this page is
subject to editing from the Institute office and must be sent in by the
15th of the month previous to the month of publication. (July 15th
for August PROCEEDINGS IRE, etc.) Employment blanks and rates
will be supplied by the Institute office. Address requests for such forms
to the Institute of Radio Engineers, 33 West 39th Street, New York
City, N.Y.

MANUFACTURERS and others seeking radio engineers are in-
vited to address replies to these advertisements at the Box Number
indicated, care the Institute of Radio Engineers. All replies will be

forwarded direct to the advertiser.

RADIO ENGINEER, Ph.D.-in mathematical physics, has had seven years
as chief engineer in radio division of large midwestern university, covering
design, construction, and operation of a number of broadcast and ultra-high
frequency transmitters; instructor in radio engineering for three years. Con-
sultant on high frequency research for two years. Three years transmission and
research engineer for motion picture concern in charge of development of re-
cording and re-recording channels. Desires responsible position with manu-
facturer of electronic equipment, laboratory apparatus, or with communication

engineering organization. Age 28. Single. Will travel. Box 141.

COLLEGE GRADUATE with B.S. in E.E. has had ten months experience in
construction and operation of broadcast station, three years in testing, construc-
tion and operation of experimental television station, two years as licensed
operator of broadcast station. Has had eight months experience as ship operator
together with amateur experience. Desire employment in research, development,
construction and design. or maintenance of radio transmitting equipment. Age

28. Single. Will travel. Box 147.

When writing to advcrtisers mention of the Trocervixags will be mutually helpful.
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e WESTON ,#ettiod a/
SELECTIVE ANALYSIS

ANALYZER 0BSOLESCENCE

[ ] ® /
2 éfd -

No longer is there the slightest need for
worrying about Analyzer obsolescence.
Weston has found the solution, providing
a design which is always up-to-date regard-
less of tube developments. It’s a method
of Selective Analysis involving the new
Weston Model 665 Selective Analyzer and
suitable Tube Selectors.

Weston Model 665 Selective Analyzer
contains all the neces-

sert the plug into the tube socket of the
radio set. Then by plugging into the
proper jacks, voltage, carrent and resist-
ance may be read in any part of the entire

network leading to the tube socket.
TheWeston Model 665 Selective Analyzer
with Tube Selectors truly is universal in
its capacity to analyze radio receivers.
New tubes merely mean a new, inexpen-
sive Tube Selector.

sary voltage, current
and resistance ranges.
Tube Selectors to ac-
commodate 4, 5, 6 and
7 prong tubes are pro-
vided. You merely at-
tach the proper Tube
Selector to the Select-
ive Analyzer. Next in-

[KSTON

Modernize Your Analyzer with
W eston Socket Selector Units

Your présenl Analyzer can be brought
up-to-date and kept that way by means
of the new, inexpensive Weston Tube
Selectors which can be used with all
models and makes of Analyzers. Return
the coupon for descriptive bulletin.

Please send bulletin

663 Selective Analyzer and Tube Selectors,

NGILE o oo

That’s how obsoles-
cence is eliminated.
Return the coupon to-
day for complete in-
formation . . . Weston
Electrical Instrument
Corporation, 589 Fre-
linghuysen Avenue,
Newark, New Jersey.

Weston Electrical hustrument Corporation
489 Frelinghuysen Ave., Newark, N. J.

describing Model

adio [rustyunments

W \ Address.. ..

When writing to advertisers niention of the PROCEEDINGS will be mulually helpful, °
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Alphabetical Index to Advertisements

A
American Tell & Tel Co...oo 0 1X
C
Central Radio laboratories. ... ... XX
Chicago Tel. Supply Co....... .. XVIII
Cornell-Dubilier Corp............ XIII
E
Employment Page . ............ .. X1V
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H
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$11.00 respectively.

PROCEEDINGS BOUND
VOLUMES

Volume 20 (1932) of the Proceedings is now available
in bound form to members of the Institute. It may be
obtained in Buckram or Morocco leather for $9.50 and

Beund copies of vplumes 18 and 19 (1930 and 1931)

are also available at the same price.

When writing fo advertisers mention of the Proceepinas will be mutually Jielpful.
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PROFESSIONAL ENGINEERING DIRECTORY
For Consultants in Radio and Allied Engineering Fields

FOR ADVANCED
TRAINING
in:
Practical Radio Engineering
Practical Television Engineering

write to

CAPITOL RADIO ENGI-
NEERING INSTITUTE
Riggs Bank Bldg.
Washington, D.C.

FOR MANY YEARS

the Professional Bngineering Directory has
helped consulting engineers, designers,
and laboratory men make the right con-
tacts in the radio industry. Perhaps we can
help you with your problems too. For fur-
ther information write to

Advertising Department

INSTITUTE OF RADIO
ENGINEERS
33 Wesat 39th St.
NEW YORK CITY, N.Y.

Cathode Ray Tubes
and Associated
Equipment For All
Purposes

Write for Complete
Technical Data

ALLEN B. DUMONT
LABORATORIES
UPPER MONTCLAIR, N.J.

LITTELFUSEKE
LABORATORIES

Specialists in
Delicate Equipment Protection

INSTRUMENTS and METERS
RADIO RECEIVERS
RADIO AMPLIFIERS

RADIO TRANSMITTERS

Write for new Technical Bulletin No. 5
1764 Wilson Ave., Chicago, Ill.

For the Engineering Consultant

who can handle a little extra business this year

For the designer

who can manage some additional work

For the Patent Attorney

who is anxious to develop a larger clientele

we suggest the Professional Engineering Directory of the
PROCEEDINGS I.R.E. Manufacturers and organizations with
special problems who need services such as yours come to the
Professional Engineering Directory for information. Y our name
and special services announced here will tell them what you do
and where to find you. Further information will be furnished on
request. Special rates to members of the Institute.

When writing to advertisers memtion of fhe ProCERDINGS witl e wmdwally Jelpful.




C.T.S. Co. No. 600 SERIES

A NEW VOLUME CONTROL TO
MEET SPECIAL REQUIREMENTS

Many automobile radio sets designed
to have the volume regulated by re-
mote means require a volume control
that operates with a very low torque
without sacrifice of quietness even
when subjected to extreme vibration.

CONIACTOR,
IVSUATING BASE,

LATENTS LPENONG

The above drawings of our new control show grounded
shaft construction and for the sake of clarity the
cover has not been shown on Fig. 1. The actuator
arm and shaft are connected so that as the shaft is
rotated the arm will swing over the resistance element.
The contactor is interposed between the actuator
arm and the resistance element, as shown plainly in
Fig. 2, so that it exerts a ligsht pressure on the re-
sistanceelement and a corresponding pressure against
the under side of the actuator arm.

This contactor is made of a very light spring-
tempered metal and is so arranged that it will adapt
its self to the normal surfaceof the resistance element,
thus forming a radial line contact. The upright ears
A on the contactor engage notches in the sides of the
actuating arm to prevent radial or angular displace-
ment of the contactor with respect to the actuating
arm and to furnish a connection between the arm
and the contactor so that the contactor will always
be drawn, and not pushed, along the resistance
element. The two end portions of the contactor that
bear on the under side of the actuating arm are
formed slightly convex to the arm surface so that a
minimum amount of friction occurs at these points,
thus allowing the actuating arm to slide freely over
these surfaces to engage either one or the other of
the upright contactor ears A to draw the shoe over
the element. © C.T.S.CO.

Some of the more important fea-

tures of this new control are:

9

A narrow radial line contact ex-
tending across the face of the
resistance element.

This resilient shoe insures intimate
contact with the resistance element
at all times. Its light weight and
method of support make it prac-
tically unaffected by vibration.

The entire contact shoe is drawn,
never pushed, across the surface
of the resistance element. Smooth
action is therefore an inherent
quality.

More difficult resistance gradients
are obtainable due to no noticeable
shorting out of the high resistance
sections by the contactor.

It operates with very low torque.
A very necessary requisite for use
with remote controls on auto-
mobile radio sets.

Low frictional component between
the shoe and the resistance element
gives extraordinarily long life with
freedom from noise.

Full wiping contact keeps surfaces
in good condition and automati-
cally removes any foreign matter
from the raceway.

Low minimum resistance with our
terminals which are flush with the
contacting surface of the resistance
element.

Solder lug portion of terminals
lock over projections on base and
are unusually strong.

CHICAGO TELEPHONE SUPPLY CO.
General Offices: ELKHART, INDIANA and Plant

When writing to advertisers mention of the PROCEEDINGS will be mutually helpful.
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Take Your Choice

Every member of the Institute of Radio Engineers will want
to wear one of these three attractive emblems. All of these
emblems are appropriately colored to indicate the various
grades of membership and each emblem is approximately the
size of the following illustrations.

&

The Lapel Button is of 14k gold, with background enameled in the
membership color, and with the lettering in gold. The screw-back on
the back of this button fastens it securely to your coat.

$2.75 postpaid—any grade.

Al

The Pin is also of 14k gold.. It is provided with a safety catch and is
appropriately colored for the various grades of membership.

$3.00 bostpaid—any grade.

The Watch Charm, handsomely finished on both sides, is also of 14k
gold. This charm is equipped with a suspension ring for attaching to
a watch fob or chain.

$5.00 postpaid—any grade.

Orders, accompanied by checks made payable to the Institute
of Radio Engineers, should be addressed to

THE INSTITUTE OF RADIO ENGINEERS
' 33 West 39th Street
NEW YORK CITY, N. Y.

Send in your order now!
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The new 1933 CENTRALAB RADIOHM maintains its dominant position—just as the
1923 CENTRALAB Volume Control did ten years ago.

Quality has never been compromised in a decade during which 25,000,000 controls were
sold. The new 1933 RADIOHM embodies refinements especially adapted to all require-
ments of the new 1933 receivers.

CENTRAL RADIO LABORATORIES : MILWAUKEE, WIS.

When writing to advertisers mention of the PROCEEDINGS will be mutually helpful.
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Don’t Take Chances on
Destroying Valuable
Information!

Protect your back issues of the PROCEEDINGS with a binder that
will stand abuse:; a binder that will hold twelve issues and keep them

all together for ‘easy reference.

We can, to be sure, usually fill orders for back issues, but occasionally
we may not have the one necessary to complete your reference work—
this means unnecessasy delay and delay means dollars.

Be sure—get a bindéer now and protect those back issues.

s

PROCEEDINGS BINDER SN

Binder of handsome Spanish Grain Fabrikoid in blue and
gold. Can be used as’ temporary ‘transfer binder or as 2
permanent cover. Wire fasteners hold each copy in place
and permit removal of any issue from binder in a few sec-
onds, All issues lie flat when binder is opened.

BINDER (holds complete 1931 or 1932 /copies) ves- .. .. 81,75

(Name stamped on volume for $.50 additional)

Send orders for binders, accompanied by remittance, to

INSTITUTE OF RADIO ENGINEERS
33 West 39th Street
New York City, New York




FOR RIGID

CIRCUIT

The Type 505 Con-

denser marks a new ot- ‘

der of magnitude in
low. cost ' condenser
performance, ‘meeting
-rigid  circuit require-

ments “of low power

factor and - constancy
of capacitance - with

“temperature  and. hu.
midity and 'meeting

them for: ye_ars.

REQUIREMENTS

The cost is llttle above the' ordmary type of- small mica cons

denser.

Temp“éfatiire cbefﬁcient—~@_006% / &

~Seated and dehydrated—xmpervmus to monsture 3

Power. factor 0. 05% to 2 megacycles

The new condensers: are-made in the following ratings:

(0.1% on Type505-A)-
0.7% at 30 megacycles

Type * Capacitance
505-A 108: pupf
%505-B. 200 ppf
505-E -500-ppf
505-F 0.00L pf
505-G 0.002 puf
505.K 0.005 pf
505-1, 0.01  pf
505-M 0.02 pf
505-Q -0.05 uf

- Déscribed in Bulletin 3301

-Price
$3.50
3.50
3.50

3.50
3.50

4.00

450
5.50 -

7.50

Y

- GENERAL RABIO COMPANY

oam

CAMBRIDGE MASSACHUSETTS

A

GEORGE BANTA PUBLISHING COMPANY, -MENASHA, ‘WISCONSIN

mal




