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HARADEN PraTT
President of the Institute, 1938

Haraden Pratt was born in San Francisco, California on July 18, 1891. He
received a Bachelor of Science degree in electrical and mechanical engineering
in 1914 from the University of California.

He entered the amateur radio field in 1906. From 1910 to 1914 he did radio
operating and installation work. From 1914 to 1915 he was assistant engineer
for the Marconi Company of America at its high-power radio stations in Cali-
fornia. From 1915 to 1920 he served as expert radio aide in the United States
Navy Department serving on the Pacific coast and in Washington, D. C. From
1920 to 1922 he was in executive charge of the Federal Telegraph Company’s
radio construction and manufacturing activities at Palo Alto, California.

He had charge of the construction and oEeration of a high-frequency point-
to-point telegraph system for Western Air Express in 1926 and 1927. During
the next year he was in charge of the development of radio aids for air naviga-
tion at the Bureau of Standards, Washington, D. C. From 1928 to date he has
been vice president and chief engineer of the Mackay Radio and Telegraph
Company.

He has been closely identified with the standards work of the Institute since
1929, serving as chairman of the Standards Committee in 1935. He has been
active on several radio committees of the American Standards Association.

He attended, as a technical advisor to the United States delegation or as a
company representative, the International Radiotelegraph Conference held in
Washington in 1927, the International Radio and Telegraph Conferences held
in Cairo in 1938, and the conferences of the International Technical Consulting
Cor?mittee on Radio Communicationheld in Copenhagen, 1931, and in Bucharest,
1927.

Mr. Pratt is registered as a professional engineer in the State of New York.
He is a Fellow of the American Institute of Electrical Engineers, an Associate
Fellow of the Institute of the Aeronautical Sciences, and a Fellow of the Radio
Club of America. He became an Associate member of the Institute in 1914, a
Member in 1917, and a Fellow in 1929.
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TECHNICAL PAPERS

ASYMMETRIC-SIDE-BAND BROADCASTING*

By

P. P. ECKERSLEY
{Londou, England)

Sumimary—An economy in the frequency-channel widlh occupied by stations
sending telephony signals can be made by removing one sideband from the trans-
mitted spectrum. This operation however produces a distortion of the received signals
which can only be minimized by an intensification of the carrier component com-
pared with the side-band component. If this inlensification is performed al the
transmitter the carrier power must be enormously increased and the scheme would be
impracticably uneconomic; it is furthermore tmpossible in broadcast lechnology to
make the necessary alleralions lo intensify the carrier component in existing re-
ceivers all at once because they are publicly owned and extremely numerous. The
distortion produced in the absence of carrier-wave intensification at either iransmiller
or recetver 13 mainly directly proportional lo modulation. The modulation demanded
in the transmission of ordinary speech and music is much less at the higher frequen-
cies of modulation than that laking place in the lower middle frequencies. In order,
therefore, lo approach the ideal of the carrier- and single-side-band system, circuits
have been devised to produce whal i3 called an asymmeltric side-band (ransmission in
which only the outer parts of the side band are cul away. The distortion due lo the
culting away of only the outer parts of one side hand may be kept to negligibly small
values because the intensity of the components in the ouler parts of the side band,
crealed by the higher frequencies of modulation, becomes less, since the modulating
intensily i3 less al higher audio frequencies, as they are of greater frequency differ-
ence from the carrier.

This paper gives an analysis relating the dislorlion produced by asymmelry
between side-band components created by any given modulating component, the de-
gree of distortion, and the depth of modulation. The expressions derived, and the
assumption of a relationship belween modulation frequency and modulation inten-
stty, make il possible to derive “criterion” attenuation curves for a filter which, giving
this performance, would not introduce more than a given constant and negligible
distortion over a given range of modulation frequencies. These curves are based upon
the assumption that phase asymmetry between counterpart side-band components is
not so marked as lo give a grealer distortion than that inevitably iniroduced by mag-
nitude asymmetry. It is therefore necessary lo design a nelwork, conforming to the
requirements of differential attenuation of the side-band components, which does not
introduce more than a negligible phase asymmetry belween such components at values
of side-band component frequencies where they have comparable magnitude. This net-
work 13 of special form and is designed to combine the performances of band-pass
and band-eliminalor sections which are arranged to have, over the vital range of fre-
quencies where the side-band components have comparable magnitude, inverse flex-

* Decimal elassification: R550 X R148. Original manuscript received by the
Institute, April 2, 1938.
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1042 Eckersley: Asymmetric-Side-Band Broadcasting

ures in their phase characleristics, and produce as a resullant a phase characteristic
which does not introduce phase asymmetry between the differentially aitenuated side-
band components.

The stde-band cutting filter produces a partial demodulation of the carrier and
in order to preserve the level frequency characteristic given tn symmetric transmission
equalizer circuits are described designed to correct for the carrier demodulation.

A section i3 devoled lo a study of the application of the system to practical uses
and it is shown that if adopted several benefits would accrue which may be expressed
as the alternaitves (1) that if the present carrier-wave separations were maintained
the interference known as “side-band splash” would be reduced tenfold, or (2) if
the existing interferences were considered tolerable carrier-wave separations could
be reduced to the order of 6 kilocycles, or (3) that all possibility of side-band splash
would be eliminaled, assuming receivers to be tuned asymmetrically, if separations
were tncreased to 11 to 12 kilocycles.

A comparison i3 made belween the system devised by the author and fully de-
scribed in the paper and one, designed to fulfill the same objects, by N. Koomans

It is suggested finally that the adoption of the asymmeltric system might con-
stitute a first step in an evolulion the outcome of which would make it possible for
transmallers lo be adapted to the ideal system in which the carrier and only one side-
band was transmitted.

LisT oF SymBoOLS
a=My(14£)/2
b=Mxy(1-$)/2
do — 460/MN
fn=mean pass frequency of band filter
f.=frequency of side-band component
fo=carrier frequency.
fi=lower cutoff frequency of band filter.
fa=upper cutoff frequency of band filter.
Af=frequency of modulating component.
Af.={requency of modulating component at or above which a« may
be infinite.
M ,=modulation factor of carrier after passing through asymmetric
filter.
M 4;=modulation factor of carrier after passing through asymmetric
filter when only magnitude asymmetry exists.
M 4., =modulation factor of carrier after passing through asymmetrie
filter when only phase asymmetry exists.
M y=modulation factor of carrier before passing through asymmetric
filter.
M,=magnification of amplifier associated with demodulation com-
pensation network.
Ar=error in assuming (224 y?)V2=y+22/2.
= 1—Ar.
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ro=14Ar.
S =magnitude of one side-band-component vector.
{=time.

a=attenuation constant of filter designed to cut away one side band
without the introduction of more than a constant and negligible
distortion.
a=attenuation constant of equalizer network for demodulation
compensation when magnitude asymmetry is virtually zero.
d=distortion factor, ratio of amplitude of second harmonic to
fundamental.
8o=constant value of & chosen as negligible.
8= value of § when magnitude asymmetry is alone present.
35 =value of & when phase asymmetry is alone present.
6=phase angle between currents entering and leaving filter.
6,=value of 9 at frequency fo.
6,=value of 0 at frequency fo+ 2Af.
6,= value of 6 at frequency fo— Af.
6,=(6,—40,) the result being positive.
6,=(6,—0,) the result being positive.
£=ratio (<1) of amplitudes of two side-band components created
by the same modulating component.
2¢ =algebraic sum of 6, and 6,, i.e., the algebraic sum of the phase
angles made by the side-band components with the phase angle
of the carrier component.
¢ =angle of vector resultant of two unequal-magnitude side-band
vectors and the vertical.

Aw=2mAf.
Wy = 27Tfo.
w,=27f,.

INTRODUCTION

HERE would be effected an economy in the number of channels
Trequired for the operation of a continental system of broadcast-

ing if, according to systems common to commercial practice, only
the carrier and one side band were transmitted.

The removal of one side band from the transmitted spectrum intro-
duces, however, a distortion of the shape of the wave envelope of
modulation which appears in the received product as a harmonie dis-
tortion of the fundamentals forming the modulations.

The harmonic distortion produced, when one side band is removed,
is a function of modulation depth, the distortion increasing with in-
creasing modulation. The effective depth of modulation of the carrier,
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and hence the distortion, can be reduced, while the received signals
can be maintained at their original volume, if the carrier conponent
is greatly increased above the value, in ratio to the modulation com-
ponents, it normally possesses. If the carrier intensification takes place
at the transmitter the power used must be greatly and wastefully in-
creased beyond a value suitable for double-side-band transmission.

The economical solution to the problem of minimizing the distor-
tion due to cutting away one side band, is to increase the value of the
carrier component, without increasing the value of the side-band com-
ponents, at the input to the receiver detector.

The introduction of such a system in broadcast practice would
involve a radical alteration in the design of perhaps millions of re-
ceivers simultaneously and the solution of the problem to economize
channel width in broadeast practice in sueh terms is seen to be, at
any rate immediately, impracticable.

1. ASYMMETRIC-SIDE-BAND BROADCASTING

Asymmetric-side-band broadcasting is a name chosen by the author
to describe a system in which the carrier and all of one side band is fully
transmitted while the outer parts of the other side band are cut away.

This implies that for the lower frequencies of modulation a conven-
tional and double-side-band system is employed and that the condition
of carrier and single side band working is more and more approached as
the frequency of modulation is higher.

The object of this system of transmission is to reduce harmonic
distortion, due to the differential attenuation of side-band com-
ponents, to negligible values. This object is achieved because the in-
tensities of the upper-frequency components in the spectrum of sounds
forming typical speech and music programs have a less intensity than
the lower. By including both side-band components where modulation
depth is large, and by cutting away more of the side band in regions
where modulation depth is less, distortion may be kept constant and
negligible.

This basic conception of asymmetric-side-band technique may be
clarified by reference to I'ig. 1 which shows the experimentally de-
termined attenuation and phase characteristics of a constant-k band-
filter section.

In asymmetric technique the carrier frequency f, is located nearer
to fi the lower-frequency cutoff frequency of the filter than to Sy 1ts
mean pass frequency, or nearer to f, than to f.. If according to the
conditions illustrated in Fig. 1, the modulation frequency be Af; then
the two side-band component frequencies are fo+Af,, and So—Af1 But
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Af1 s so low a modulation frequency that the attenuation of both side-
band components is the same and virtually zero and both side-band
components have the same magnitude and virtually the same phase
relationship to the carrier. Thus if the modulation frequency is low
there will be no side-band-component asymmetry and hence no distor-
tion of the wave envelope of modulation.

If however, the frequency of modulation is increased to Af:> Af,
then one side-band component of frequency fo— Af: is considerably
attenuated in relation to its counterpart component of frequency
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fot+2fs. In this condition there will be asymmetry of magnitude he-
tween the two components as well as asymmetry of the phase differ-
ences between one side-band component and the carrier and the other
side-band component and the carrier.

It will be proved hereafter that these asymmetries produce a dis-
tortion of the wave envelope, and hence a distortion in the received
product, and that such distortions are a funetion of modulation.

But it 1s assumed, and can be proved experimnentally, that in the
transmission of typical speech and musie programs the depth of modu-
lation at a frequency Af:(>1f)) is less than that at a frequency Af;
and so the distortion introduced is smaller than if full modulation were
demanded at the modulation frequency Afs.

Thus as the modulation frequeney increases asymmetry increases
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but modulation depth decreases. The potentially increasing distortion
due to increasing asymmetry is thus offset by the decreasing modula-
tion and so the outer parts of the side band may be more and more
cut away without the introduction of more than a negligible distortion.

The problem of designing a filter cutting away the outer part of
one side band without introduecing audible harmonic distortion can
only be solved in terms of a knowledge of the relationships between
the degree of asymmetry between any two side-band components
created by a given modulation ecomponent, the magnitude of either of
these components (which will be a function of modulation depth), and
the distortion produced. Given this information it will then be neces-
sary to fix upon some function to relate modulation depth with modula-
tion frequency in the transmission of typical broadcast intelligence.
Combining the information will allow us to derive expressions for the
required attenuation-frequency and attenuation-phase characteristic
of a filter which will cut away the outer part of one side band without
the introduction of more than a constant and negligible distortion in
the received product.

DisTorTION OF THE WavE ExvELOPE DUE TO
SIpE-BAND-COMPONENT ASYMMETRY

Analysis of Modulation (Case of Symmetry)

Fig. 2 gives a vector diagram suitable for analyzing the process of
the modulation of the intensity of high-frequency alternating cur-
rents at lower frequencies when both side-band components have sym-
metrical relationships to one another and to the carrier.

It is assumed throughout the following that the modulating com-
ponent is sinusoidal and rectification “linear.”

It is well known that the effect of the modulation of the intensity
of currents having frequency f; by a component of lower frequency Af
is to produce two new components of frequencies fo+Af and fo— Af.

Thus in Fig. 2 the vector OF is taken to represent a carrier, of
unit magnitude, while the side-band component vectors are repre-
sented as OA+08B.

The vector OF is supposed to rotate at an angular velocity
2nfo=wo while OA rotates faster than w, at an angular velocity
27(fo+Af) = wo+Aw, and the other rotates slower than wy by an angu-
lar velocity 27(fo—Af) =wo— Aw. The projection on the vertical of the
amplitude resultant of the three vectors OA, OB, and OF plotted
against time gives, at that time, the amplitude of the modulated currents.

However, it is not necessary, when deriving the order of the distor-
tion due to asymmetry, to have so complete an expression of the
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value of the modulated currents as would be given by plotting the
high-frequency intensity at every instant; it is suflicient to find expres-
sions for the shape of the envelope of the modulated currents. That is
to say, if we can find the value of the maxima or minima of the cur-
rents at the instants of time when these occur a curve plotted through
the values of such maxima or minima at the times when they occur
will give the values of the audio-frequency components appearing after
rectification.

Thus in Fig. 2(B) the carrier vector is reduced to rest and re-
mains vertical while the side-band-component vectors are supposed to
rotate in opposite directions at an angular velocity Aw. The resultant
of the three vectors will then give the value of the maxima of the
modulated currents ever occuring and the value of the maxima re-
sultant plotted against time gives the shape of the wave envelope.

Auwt R
Wik
‘V kY
A'\'\ B
F F F
Awt Awt
A B A B
(o} (0] 0] [¢]
a) ® © (D)
Fig. 2
= vectors

— — — — =construction lines,

It is furthermore clear that the wave-envelope shape, plotted about
a horizontal line of height OF above zero, will give the value of the
rectified currents.

In order to obtain an expression for the resultant of the three
vectors the diagram Fig. 2(B) may be developed through Fig. 2(C) to
Fig. 2(D).

Let the magnitude of each side-band component be S. The modula-
tion factor, in a system where no distortion is present, may be defined
as the ratio of the maximum increment of peak intensity when modula-
tion is taking place to the unmodulated carrier peak intensity. If each
side-band-component vector has a magnitude S then the increment of
peak volts due to modulation is 28. Thus by definition and assuming
the unmodulated carrier intensity to be unity the modulation factor

28 My

My = — or 8= . 1
Y 2 W
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In Fig. 2(D) we require to know the resultant OR. If both side-
band-component vectors are assumed to be vertical when time =0
then at any time ¢ they will each have moved in opposite directions of
rotation through an angle Awt. Clearly therefore OR is the sum of the
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unit-value-carrier vector and the projections on the vertical of FA+A R

or
OR =1+ 8 cos Mwt + S cos Awl

or from (1)

OR =14+ My cos Awl. (2)
The effect of rectification is to remove the carrier when it is seen that
the low-frequency component appearing is a cosine curve having an
intensity proportional to My, the modulation factor, showing that
there is no distortion when both side-band components have sym-
metrical relationship to one another and to the carrier.
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Distortion Introduced by Magnitude Asymmetry

Fig. 3 shows the effect of the introduetion of magnitude asymmetry
between the side-band components. One side-band component FA4 is
supposed to remain at its original amplitude S= My/2 (due to a modu-
lation intensity given by the modulation factor My) but the side-
band-component vector AR is reduced in amplitude due to its dif-
ferential attenuation and has a magnitude £¢S=¢ (My/2):

£1s thus the magnitude asymmetry factor and is always <1.

It is seen that

4

FC = FA cos Awl = - 2N cos Awl

also
M

CB = DR = RA cos Awl = -“; £ cos Awt

M N

24
<

B (1 4 &) eos Awt.

It i1s also seen that
BRE =CA — DA

and since

My
A = —, sin Awt
My
DAS= £ sin Awt
2
"vIN .
BR = —5— (l — E) sin Awl.
Let
My
5 d+8=a (3)
and
My
— (1 —§) =b. )
2
Then,
B = « cos Awt (5)
BR = b sin Awt. (6)

The locus of I is an ellipse and the magnitude of any semiaxis is
given by

FR = (FB* + BR?)Y? = {a? cos? Awt + b? sin? dwt} V2 (7)
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and the angle of the axis to the vertical by
¥ = tam 1-2— tan Awt. (8)
The resultant OR is given by
OR = {(1 + a cos Awt)? + b? sin? Awt} 1z ()

The implications of these expressions will be dealt with hereafter
when considering the case where both magnitude and phase asymmetry
are present.

R
A
F
1
[ o] (0] o]
() ®) © ©
Fig. 4
- = vectors
— — — —=construction lines
—-—-— =locus of R.

Distortion Introduced by Phase Asymmetry

Phase asymmetry between side-hand components created by any
given modulation components may be introduced when, as in Fig. 1,
the carrier frequeney is not coincident with f,. The phase character-
istic of a filter is the phase angle between currents entering and leaving
the filter plotted against frequency. Let 8, be this phase angle at the
carrier frequency fo, and 0, and 6, be the phase angles at side-band com-
ponents corresponding to frequencies fo+Af and fo— Af. Phase asym-
metry is introduced when 6o — 0,70, — 8 (8, being assumed > 8o, and 6,
being assumed >#6,) that is to say when the algebraic sumn of the phase
angles made by the side-band components to the carrier is not zero or,
in other words, is finite.

In Fig. 4(B) each side-band component, making in symmetric
phase conditions an angle Awt to the vertical, is displaced by angles
0,=00,—86, and 0:=0,—0, where 8,48 is finite. Rotating the vectorsin
opposite directions until they are in line Fig. 4(C) shows that since
they are rotating at equal angular velocities in opposite directions the
angle to the vertical they will make when in line is §,+0:/2 and that
the locus of R is a straight line inclined at this angle 6,+6,/2 to the
vertical.
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Let
6 + 6,/2 = ¢. (10)

From the foregoing and considering Fig. 4(D) we can write that
FG=FR cos ¢ and from the analysis of the case for distortionless
modulation FR= My cos Awt so that FG= My cos Awt cos ¢.

Also GR=FR sin ¢ =My cos Awt sin ¢.

Evidently
OR = {(1 + FG)* + GR?}\?
{(l + My cos Awt cos ¢)® + My? cos? Awt sin? ¢‘/‘~’}

or
OR = {My? cos? Awt + 2My cos Awt cos ¢ + 1}z, (1)
The maximum and minimum values of OR are given by writing Awt =10
and 180 degrees, respectively, whence
ORmux = {Mn? 4+ 2My cos ¢ + 1}1/2 (12)
ORmin = {Mx? — 2My cos ¢ + 1}/2, (13)
If =90, ORpnux=0Rnia. The implications of the result are explained
hereafter.
Distortion Due to Magnitude and Phase Asymmetry in Combination

Fig. 5 illustrates the case when both phase and magnitude asym-
metry are present. From the results of the foregoing it is clear that
when £ <1 and ¢ is finite the locus of R is an ellipse having its major
axis inclined at an angle ¢ to the vertical.

The values of FB and BR have been previously determined (see
(5) and (6) ).

From Fig. (5)

FG = FB cos ¢ = a cos Awt cos ¢
GH = BK = BR sin ¢ = b sin Awl sin ¢
FH = FG — GH = a cos Awt cos ¢ — b sin Awt sin ¢.

Moreover
GB = HK = FB sin ¢ = a cos Awt sin ¢
KR = BR cos ¢ = b cos Awl cos ¢
HR = HK 4+ KR = a cos Awt sin ¢ + b cos Awt cos ¢.
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The z and y co-ordinates of K are given by I/ and (14 FH) and

we may write

x

Y

It is seen

a ¢os Awt sin ¢ + b cos Awl cos ¢

1 4+ a cos Awl cos ¢ — b sin Awl sin ¢.

(14)
(15)

from the foregoing, where the three cases of (1) magni-
tude asymmetry, (2) phase asymmetry, and (3) magnitude and phase

(o}
Fig. 5
=vector
=construction lines
- =locus of R.

asymmetry have been considered, that the resultant vector OR the
magnitude of whieh plotted against time gives the shape of the wave
envelope may, at certain instants of time, be different from the value
it would have at those instants of time if neither magnitude nor phase
asymmetry were present.

When magnitude asymmetry exists alone then, when Awt=90 or
270 degrees, the resultant OR is greater than it would be if symmetric



Eckersley: Asymmetric-Side-Band Broadcasting 1053

modulation were present. The maximum divergence occurs when
Awt=90 or 270 degrees. The occurrence of this divergence twice per
cycle shows that the harmonic distortion is mainly of the form of the
introduction of a new component having twice the frequency of the
fundamental of the modulating component; i.e., the distortion intro-
duces a second harmonic,

When phase asymmetry alone is present the maximum divergence
of the value of OF from the value it would have in svmmetrie modula-
tion is at Awt=0 or 180 degrees showing, once more, that the distortion
is of the form of a second harmonic but displaced 90 degrees out of
phase with the harmonie produced by magnitude distortion.

The combined effects of phase and magnitude asymmetry are seen
also to produce mainly a second harmonic with phase intermediate
between that introduced by magnitude or phase asymmetry depending
upon which effeet predominates.

When magnitude asymmetry was present then at a time Awt=0 or
180 degrees the magnitude of OR is Mxy(14£)/2 and My(1—¢)/2
instead of, as in symmetric modulation, (My/2) X2 or (My/2) X (—2),
1.e, My and — My, respectively. Thus when £ is less than unity the
effect of magnitude asymmetry is to produce, as well as a second-
harmonic distortion, a demodulation of the carrier. The same effects
are seen to occur both when phase asymmetry exists alone and when
phase and magnitude asymmetry combine. Thus another form of dis-
tortion introduced by the asymmetric filter is to reduce the modulation
factor of the carrier from My to M 4. The distortions are determined if,
for the complete case, when £<1 and ¢ is finite, an expression is de-
rived giving the degree of the second harmonic and the degree of the
demodulation.

In order to derive such expressions the value of OR must be ex-
pressed in terms of Awt to give the value of the fundamental and 2:wt
to find the harmonic. The value of the fundamental will then give M,
and the value of the terms in 22wt divided by the value of the funda-
mental, the distortion.

The value of OR is given by

OR = (z* + y?)'? (16)
and its complete expression would be given by substituting in (16)
the values of z and y given in (14) and (15). It simplifies the algebra
however to make an approximation.

This approximation depends upon two assumptions, as (1) that in
the analysis of the vector diagrams representing the effects of asym-
metry between side-band components the ratio z/y seldom exceeds a
value to introduce any but a negligible error by writing
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z? s
2+ )2 2 <1 ——>=1+—
(z* + 9% Y +2y2 v+ o

and (2) that

The latter approximation is justified because, in the cases analyzed,
z is generally small compared with y when y is much greater or less
than unity.

Thus the approximation chosen is that
x?
(*+ )2 =y + roo (17)

The degree to which the approximations may be relied upon is
calculated hereafter.

From (14), (15), (16), and (17)
OR =1 + a cos Awl cos ¢ — b sin Awt sin ¢
+ %{a cos Awt sin ¢ + b cos Awl cos ¢>}2.

Iixpanding the expression in the bracket gives
%{a2 cos? Awt sin? ¢ + 2ab cos Awt sin Awt cos ¢ sin ¢
+ 1% sin? Awt cos? ¢>}
or
%{a2 sin? ¢(1 4+ cos 2Awt) + 2ab cos ¢ sin ¢ sin 2:wt
+ b2 cos? (1 — cos 22ut)} .
The value for OR can now be written in terms of the sum of three
different forms; namely, (1) those not containing Awt and therefore a
constant, (2) those containing Awt and therefore representing the

fundamental, and (3) those containing 22wt and therefore representing
the second harmonie.

Thus the approximation for OR may be written
(1 4 3(a?sin2 ¢ + b2 cos? ¢)| + [a cos Awt cos ¢ — b sin Awt sin ¢
+ [i{a?sin2 ¢ — b2 cos? ¢} cos 22wt + 2ab sin ¢ cos ¢ sin 2Awt].
The amplitude of the fundamental is thus given by

{a? cos? ¢ + b2 sin? ¢]V2. (18)
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The amplitude of the harmonic is given by

1{(a*sin? ¢ — b2 cos? ¢)? + 4a%? sin? ¢ cos? oy
or

1(a?sin? ¢ + b2 cos? ¢) (19)
whence the harmonic factor 8 is
a®sin? ¢ + b? cos? ¢

SO T 20
4(a? cos? ¢ + b? sin? ¢)!/2 e

Substituting the values for a and b in (20) a and b being given in 3)
and (4) makes

20
6=& 1+¢ QEﬁ)S&ﬁ . 1)
8 (1 + & + 2f cos 2¢) "2
It is clear that the effect of the differential attenuation or phase
shift of the side-band components is to reduce the effective modulation
of the carrier at the output of the filter.
If M4 be the modulation factor at the filter output then clearly
from (18)

My .
M= - (a? cos? ¢ + b? sin? ¢)!/2
or
My
M, = o (L + £ + 2¢ cos 2¢)1/2, (22)
Special Cases

We may now derive expressions for the distortion for special cases.
Thus suppose that ¢ =0 and £<1, i.e., consider the case when magni-
tude asymmetry is alone existent, then from (21)

My (1 -5

g = —

8 1+¢

If My=1and £=0 (single-side-band transmission) the maximum value
of d; is 0.125 or the harmonie distortion is 12.5 per cent, reducing in
proportion to My. Also from (22)

(23)

My
Mag=—-(10+9 (24)

showing that if £=0 (single-side-band transmission) and My=1
M 4¢=0.5 showing that the effect of a filter, producing only magnitude
asymmetry, is to demodulate the carrier and that for single-side-band



1056 Eckersley: Asymmetric-Side-Band Broadcasting

working the demodulation is such as to halve the modulation at the
input to the filter. This is obvious from first principles since in sym-
metric modulation the modulation factor is given by dividing the sum
of the side-band amplitudes by the unmodulated-carrier amplitude
and if one side-band component is removed the modulation is halved.

If £=1 and ¢ is finite, i.e., when phase asymmetry is alone present,

then
B My 5 (1 — cos 2¢)

= e v 25
S 8 (1 + cos 2¢)'/? (25)

Further in this special case
My, = Myv2(1 + cos 2¢)'/2. (26)

It is interesting to note that, although it is difficult to see how the
condition could arise in practice, if the sum of the angles made by the
side-band component vectors to the carrier were 180 degrees, ie.,
when 2¢ =180 degrees, then

0y = © and Muss = 0.

This means that with equal magnitude vectors displaced by 180
degrees the carrier is completed demodulated and the distortion is in-
finite the resultant being purely of the form of a second harmonic.

The same result can be derived from (12) and (13) whichshow
that when ¢=90 degrees (2¢=180 degrees) ORmax=0Rnin and that
the resultant is of purely second-harmonic form. Since (12) and
(13) were not derived from an approximation and since (26) derived
from the approximation gives the same result it is seen that expression
(26) and hence expression (21) is accurate for values of ¢ =90 degrees.

Limits of the Approximalion

It is now possible to show the limits of the approximation, i.e., at
what values £, ¢, and My the expressions (21) and (22) may be con-
sidered reliable.

The approximation given is
2

X
(v* + 2 2y + — -

Let 100 Ar be the percentage error in using the approximation then

either
x?

(ﬁ+yW”—y+2

Ar = ——=
u;?. + y2)1/2
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or x? )
(]/ + __2_> — (x2 + yQ)I/-
Ar = —— -— -
(x* + 9
These expressions can be rewritten as
$2
(#* +y5)'"2(1 — ar) =y + ~
and
1:2
@+ )" (1 + ar) =y + .
respectively.
20 — -
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Fig. 6
If (1—Ar)=r, and
(14+Ar) =7, then
either
2 l 1/ & x*
— b -
xlll + 1 ’l ‘ 2
I/ = — _— -—
1 — 712
or
1-2 H 172
?i{4*+1—7‘22}
Yy = S
s — 1

The curves of Fig. 6 are plotted for different constant values of
100 Ar, the percentage error, against z and y, between values 0 and 27
respectively.
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The point F in Fig. 6 can be taken to represent the tip of the
carrier-amplitude vector, and lines FR,, FR,, etc., drawn at angles
é1, ¢ etc., as the major axes of the ellipses forming the locus of R.
Let the lengths FR,, FR,, ete.,=1,, l,, ete. Evidently

My
lh=—@0+8 (27)
whence
- 2 1 (28)
g My

where 1, is any value of .

But in Fig. 6 the lengths I, I, etc., are drawn between F and a
line of constant error Ar,. Thus (28) will give, for chosen values of FR
and hence ¢ the value of £ and My at which the error introduced will
never exceed Arg. Arp in Fig. 6 is chosen as 20 per cent.

('urves of Constant Distortion Plotted Against £ and ¢

It is now proposed to derive from (21) values of cos 2¢ in terms of
3, £, and My in order that curves may be drawn for constant values of
8 against 2¢ as ordinates and ¢ as abscissas.
This conversion, which involves straightforward, if somewhat
heavy, algebra shows that we may write
1+ & +2d[d + {20 + ) + d*}]

Cos2¢p = —————— % (29)

where

435
d=—- (30)

My
It is useful in plotting the required curves to find the values of ¢
when ¢ =0 degrees and ¢ =180 degrees.

Thus when ¢ =0 we may use (23) and convert that expression to
give

toro = (1 +d) — {d(d + 4)}V2. (31)

When 2¢ =180 degrees we may use (21) and write
Ergmise’ = {d(d + 4)}12 — (1 + d). (32)
Equation (25) may also be converted to give cos 2¢ when £=1 whence
cos 2¢p-q = 1 + d* — d(d* + 4)V2. (33)

Thus Fig. 7 shows curves plotted from (29), (31), (32), and (33)
which gives curves of constant-percentage distortion plotted against
£ and ¢ for My=1.
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But it has been shown that the formulas are based upon an ap-
proximation. The limits of the approximation have been determined
(see Fig. 6). The curves shown in dot-dash lines can be derived from
(28) and drawn as in Fig. 7, as shown, to delimit the values of ¢ and ¢
above which the error in using the curves of constant distortion is

MN=08 MN=09 MnN=I

1.0

0.9 - +++FF4- . ]

08

07

06

05

04}

03

02

[o2]

0 20 40 60 80 100 120 140 160 180
2 =9+ 573

Fig. 7
My =1.0, curves labeled values of 100s.

greater than 20 per cent. It will be seen, as the arguments are de-
veloped, that it is very seldom in the practice of asymmetric-side-
band broadcasting the curves cannot be used because it is very seldom
that My is large when 2¢ is of medium value and £ greater than the
values shown by the error curves. Obviously from (21) if My is less
than 1, § is proportionately reduced.

C'urves of Constant Values of M 4 Plotted Against £ and ¢

The value of M, is given in (22). This expression may be converted

to
£ = —cos2¢ + [cos?2¢ + (4M 42 — 1)]v2, (34)
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¢ must always have values lying between 0 and 1. If M 4=0.5 then
Exy=05 = — €OS 2¢

and £y 4-05 lies between the values 0 and 1 when 2¢ equals 90 and 120
degrees, respectively.

= SRS SRR 5 - -
20 40 60 80 100 120 140 160 180
2¢.degrees
Fig. 8

The implications of the approximation reveal that the value of the
fundamental is correct for all values of £ ¢, and My. The curves of
Fig. 8 derived from (22) and (34) are therefore completely reliable.

Analysis of the Sound Spectrum

The expressions derived in the foregoing section, relating wave-
envelope distortion and carrier demodulation with modulation depth
and asymmetry of side-band components, must be supplemented, in
order that the side-band cutting filter may be correctly designed, by a
knowledge of the function relating modulation depth with modulation
frequency.

That is to say an analysis must be made of the maximum intensities
at different frequencies of the components forming sounds typically
transmitted in broadeast practice.

Many such analyses have in fact been made. The author believes
that it is sufficient for the purposes of asymmetric-side-band technique
to choose a curve, given in Fig. 9, which copies the sensation level
curve, as representing a general probability for the relative maxima of
the modulation components at different audio frequencies. It is as-
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sumed that modulation never exceeds 80 per cent. There is 2 decibels
difference between 30 and 100 per cent modulation. It is not said that
in all cases and at all times the maxima will not exceed the relative
values shown in Iig. 9. If the more exotic type of program director
chose to broadeast a concerto in which the principal solosit was a bat,
accompanied on the Galton whistle, doubtless the curve of Fig. 9
would not he representative. On the other hand, mercifully, neither
would the program item!

It seems rather logical to assume that the relative intensities of

musical instruments and voice components should follow the sensation-
100— BT A s
80 = T

60

30

4 =

30

L TERR

My, per cent

0? 05
Fig. 9

level curve because, if they did not, the ear would ohject. The evolu-
tion of music has, obviously, been guided by the ear.

If the foundation of these arguments is proved to be unsound and
if research and experiment reveal that in fact there are types of pro-
gram items which, when analyzed, prove that an occasional component
rises above the predicted relative level the choice may still be justified
by the rarity of the aberration.

Indeed and in sum the soundness of the choice should be judged
more in terms of the performance of the asymmetric system than by
its comparison with results which seek a complete expression rather
than an assessment of probability.

I1. DESIGN OIF ASYMMETRIC SYSTEMS
General

It is inevitable that distortion should be introduced when part of

one side band is eut away and asymmetry between side-band com-
ponents thereby introduced.
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The basic conception of the asymmetric system is that the modula-
tion depth demanded reduces as the frequency of the modulating com-
ponents is higher and hence, for a constant and negligible distortion,
the asymmetry between side-band components and, hence their at-
tenuation, may be greater the more removed the side-band-component
frequency from the carrier frequency.

Required Attenuation Constant, ¢ Assumed to be Zero

Let it be assumed that a network for attenuating the outer parts of
one side band can be designed which introduces the necessary magni-
tude asymmetry, i.e., attenuation, without introdueing phase asym-

metry.
It is seen from (23) that we may write in this case that
My (1 —§)?
T8 1+

It has also been seen that the carrier is demodulated by the action
of the filter, this demodulation inereasing as £ is smaller. Thus at the
output terminals of the filter the new modulation factor, when phase
asymmetry is absent, is, from (24),

My
Mg = — (1 +9).

At low frequencies of modulation, where both side-band com-
ponents are substantially equally transmitted, £ is unity and My=My.
At high-modulation frequencies, where the filter has substantially re-
moved one side-band component completely, Ms=1/2 My. Thus the
transmitter characteristic, given these conditions, would not be level
and so “correction” must be applied.

This correction of the transmitter-frequency characteristic is per-
formed by multiplying the intensity of the input modulation com-
ponents by My/M 4 or from (24) by 2/(14£).

Thus when the transmitter has a level frequency characteristic

My /1 £\?
55‘- — > ( ) (35)
4 \1+¢
This may be converted to write
Vido — 1)2
dy— 1

where,
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45;0
My

and & is a constant value of &, the distortion introduced by magnitude
asymmetry.

It we assume that the fully transmitted side band suffers prac-
tically negligible attenuation then «, the required filter attenuation
constant, is given in decibels by

(]o -

1
a = 20 log)p — (37)

c

or from (36)

do — 1
a = 2() ]O[.’,lo A —— (38)
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Criterion attenuation curves, assuming no phase asymmetry, can
now be plotted using (38). The value of 3, is chosen to be negligibly
small. The value of the side-band frequency at which a has different
values is given by f,=f,+ Af the use of the sign depending upon
whether the upper- or the lower-frequency side band is attenuated.
The value of My is given from Fig. 9 for different values of Af. The
frequency scale of Fig. 10 and subsequent, figures concerning attenua-
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tion and phase characteristic is that of the side-hand-to-carrier differ-
ence frequency, i.e., the modulation frequency Af.

It is seen from (38) that as d approaches unity, i.e., when My =48y,
that « becomes infinite. The frequency Af,, at which My =438y, 1s
given, assuming a value for 8z, from Fig. 9. It is also seen that «
is finite when Af=0. This oceurs because (38) assumes that some con-
stant value of distortion is tolerable at all modulation frequencies.
It would be impossible on the one hand to design a filter which fully
transmitted components of the carrier frequency and the carrier fre-
queney plus an infinitesimal value of frequency while it attenuatel
components having the carrier frequency minus an infinitesimal fre-
quency (or vice versa), and it would be foolish to introduce distortion
at side-band frequencies, where it is unnecessary and incidentally im-
possible in practice to do so, and so (38) must be taken only to apply
to the higher frequencies where My is less than its maximum.

Thus in Fig. (10), showing the criterion attenuation curves for dif-
ferent constant values of distortion, dotted lines are shown for values
of frequency where My has its maximum values, and the full-line
curves join the points where (38) truly applies to the point of zero
attenuation at frequency fo. The full lines represent both the practical
and desirable curves.

Choice of Design of Side-Band-Altenuating Networks

The above analysis, deriving eriterion curves of attenuation, has
assumed that phase asvmmetry is not introduced in the filter networks.
It remains to design a network which will approach in its performance
the criterion attenuation curve without introducing phase asymmetry.
It is clear from Figs. 7 and 8 that phase asymmetry, if it exceeded cer-
tain values, if £ were of medium values, would introduce far worse dis-
tortion than that chosen as negligible.

Considering only the question of how to get the desired attenua-
tion it is clear that this would be most nearly approached by using a
constant-% filter terminated by an f, section.

A study of the characteristics of such a network reveals however
that while the required attenuation could be approached the phase
characteristic of the combined network, and particularly the effects
on that characteristic of the f, section, would introduce very large
phase asymmetry when ¢ has medium values. This implies that this
tvpe of network would introduce intolerable distortion of the wave
envelope.

Using only one constant-k section reduces phase asymmetry to
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riegligible values but does not give even a reasonable approach to the
requirements of attenuation.

The cascade connection of constant-k sections would give an ap-
proach to the required attenuation but introduces, once more, a phase
ssymmetry suflicient to produce considerably more distortion than
would be present if magnitude asymmetry existed alone.

Examination proves that in all these networks the root difficulty
is that the flexure of the phase characteristics over the range of fre-
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Fig. 11

quencies between f; and fo+ Af,, is always in the same sense. It ap-
pears that any image impedance association of filter sections must
reveal this difficulty and that therefore a new approach to the problem
must be made.

The solution devised by the author and proved hereafter to be
completely successful involves associating the performances of a con-
stant-k band-pass section with that of a constant-k band-eliminator
section, the cutoff frequencies being necessarily different. It is obvious
from first prineiples that such networks cannot be directly associated
hecause they would not in such a case be even approximately termi-
nated in their image impedances. Thus it is repeated that it is their
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separate performances which must combine in the resultant. This im-
plies that a means must be arranged to decouple the two networks,
each performing, undisturbed, its separate functions, and it is clear
that a practical way to achieve such decoupling is to use valves.

It is perhaps worth while to give a quantitative analysis of the per-
formance of the different networks in order to prove the superiority of
the solution to combine the band-pass and band-eliminator filters.
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To this end three separate types of network will be studied, i.e.,
the constant-k band-pass section terminated by an f,, band-pass sec-
tion (Fig. 11), the constant-k band-pass section alone (Fig. 12), and the
constant-k band-pass seetion in association with the constant-% band-
elimination section (Fig. 13).

The method of analysis is first to show in Figs. 11, 12, and 13, the
diagram of connections of the network studied and its attenuation and
phase characteristics (obtained experimentally). Such characteristics
are shown in the diagrams compared with the criterion attenuation
and phase characteristics, i.e., those which would give the least possible
distortion.

The secale of frequencies given in the diagrams is one representing
the difference frequency between carrier and side-band frequency and
is therefore a scale of modulating frequency.
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Figs. 14, 15, and 16 show the £ and ¢ characteristics of the net-
works and also § and M.

The former parameters can of course be obtained from the dia-
grams giving the attenuation and phase characteristic of the networks
and the latter by knowing My for the given modulation and hence
side-band frequency. Thus at any side-band difference frequency we
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know My (Fig. 9), ¢, and é. It must however be remembered that the
value of My given in Fig. 9 for any side-band difference {requency and
hence modulation frequency must be multiplied by 2/(14£) to give its
value actually oceurring in practice because it must always be assumed
that demodulation eompensation is necessary. Knowing M., the cor-
rected value of My, also £ and ¢ it is easy from the diagrams of Figs.
7 and 8 to determine the percentage distortion, 1004, and demodulation
M 4, respectively.

The analyses are given in Figs. 14, 15, and 16. It is seen that the
constant-k plus the f, section gives a good approximation to the re-
quired attenuation but only at the expense of producing large distor-
tion; that the constant-k section alone gives little distortion but fails
to achieve as great an attenuation as has been proved to be per-
missible; and that the association of constant-k band-pass and
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band-elimination filters gives both the desired attenuation and phase
characteristic and so achieves a large attenuation without introducing
more distortion than is caused by magnitude asymmetry.

It will be clearer from this analysis why the performance of the
network of Fig. 13 is so superior to the others. Thus the cutoff fre-
quencies of the band eliminator are chosen to be a little higher (in
the case where the lower frequency side band is cut away) than Af,
where, according to (38), « may be infinite. The phase characteristic
of the constant-k band-pass filter is one showing a decreasing rate of
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change over a band of frequencies having limits a little less than fo
and fo— Af,. The phase characteristic of the constant-k band elim-
inator shows an increasing rate of change between the limits of this
same and vital band of frequencies. In other words, the two phase
characteristics have, over this band of {requencies, inverse flexures and
their resultant is nearly a straight line. Moreover, at {requencies
higher than the carrier frequency, the constant-k band-pass section
phase characteristic is nearly a straight line while the rate of change
of phase with frequency of the band-eliminator section is so small and,
as frequency inereases, increasingly tends to be smaller, that it con-
tributes little or no effect, over this pass range of {requencies, to the
combined phase-characteristic curve.

Of course very violent phase changes take place at frequencies
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slightly less than f,— Af.. These phase changes cannot introduce dis-
tortion since the attenuation at such frequencies is so large, band pass
and band eliminator combining their attenuations, that ¢ is virtually
zero. Obviously no phase distortion can be present when one side-band
component is nonexistent; i.e., when £=0.

With the other filters studied the addition of further sections of the
same type or the addition of f, sections produces phase characteristics
which always have the same and even more pronounced flexures as
their prototype over the vital range of frequencies f; to fo— Af..

It is concluded therefore that a network wherein constant-k band-
pass and constant-& band-elimination filters combine their perform-
ances approaches very nearly to the ideal and introduces a very large
attenuation of the unwanted side band without introducing more than
a negligible distortion.

The scheme has lastly the merit of being extremely simple with the
consequent virtues of small cost and ease of adjustment.

Asymmetry of Impedance Characteristics of Asymmetric Filters

A point of importance arises in the practical application of asym-
metric-side-band transmission, namely, that care must be taken in
associating filters having asymmetrical impedance characteristics with
valves, particularly if these are designed to fulfill the functions of
modulated magnifiers. Thus evidently if the carrier frequency is located
near the cutofl frequency of a filter then the impedance presented to
the valves by such a filter is different for a side-band frequency fo+ Af
from that presented at the counterpart side-band frequency, namely,
fo—2f. Buch different impedances may be different not only in value
but in character one having the nature of a capacitative and the other
of an inductive reactance. Ideally modulated magnifier valves and, to
some extent, valves in a class A connection, should work into an im-
pedance having the nature of a constant resistance. The effect of the
varying reactance load on the valves is to produce serious distortions
not inherent in asymmetric-side-band practice.

A solution to the difficulty is found by making the asymmetric-
filter impedance very large compared with the optimum valve im-
pedance, the latter being afforded by a resistance. In order to obtain
this condition in practice it is advisable, because otherwise the filter
elements have unwieldy values, to use a step-down transformer which
1s interposed between the valve anodes and the filter, the ratio of the
transformer being so chosen that the filter impedance is large com-
pared with the transformed optimum valve impedance. According to
this method the primary of the transformer may have a resistance of
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optimum value connected across it which, in the given conditions, will
be practically the sole load scen by the valves. The system is at first
sight wasteful inasmuch as the transformer reduces the volts to much
smaller values than would be desirable in terms of ideal matching but
if the filter is terminated with another transformer which is arranged
to step up the volts again and apply these to further amplifying
valves the difficulty is overcome.

Fig. 17 shows an arrangement used in certain tests on an asym-
metric-transmission system based on the foregoing principles.

Equalizer Design

The carrier is seen to suffer a demodulation at the output terminals
of the side-band-cutting filter. In order to level the frequency char-
acteristic the input modulation must be increased above its value in
orthodox practice by an amount My/M 4.

MODULATED
MAGNIFIERS

DECOUPLING
AMPLIFIERS

CARRIER
FREQUENCY

MODULATION

Tig. 17—Schematic of asymmetric transmission system using
band-pass and band-elimination filters.

Let My=1 and let p be the multiplier, then p=1/M, or
p=1/(2M4)Xm where m is the magnification factor of an amplifier
and 1/2M 4 represents the function of a passive network giving the
required frequency discrimination. It has been shown that M, has
boundary values of unity, corresponding to low modulation frequencies
{when both side bands are present) and 0.5 at high modulation fre-
quencies when one side-band component is completely removed. It is
also seen that, provided phase asymmetry is not greatly pronounced,
M 4 never falls below 0.5. In this case the conditions for equalization
are satisfied if m is constant and equal to 2. In the case where phase
asymmetry is pronounced and when M, falls below 0.5, m must vary
with modulation frequency, being equal to 2 at the boundary condi-
tions Ma=1, M4=0.5 and greater than 2 when M4 <0.5.

It is however unnecessary to deal fully with this latter case because
it has been shown that the side-band-cutting filter in which band-pass
and band-eliminator filters combine their performances never intro-
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duces so much phase asymmetry as to reduce M, below its critical
value of 0.5.

If o is the required attenuation constant of the equalizer network
and M the required magnification constant of the amplifier with
which it is associated, then the attenuation constant in decibels is

aeg = 20 logye (1 + &) (39)
and the magnification constant
M:=2. (40)
111. THE APPLICATION OF ASYMMETRIC-SIDE-BAND
BROADCASTING

Reduction of Interstation Interference

Some five years ago the author published a paper' showing a
method whereby it was possible to find the minimum frequency separa-
tion between the carrier waves of broadcast stations to ensure {reedom
from interstation interference.
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Fig. 18—DMinimum separation.

The basic idea, which can be used to give some quantitative assess-
ment of the value of the asymmetric system in economizing channels,
was to produce a scaled representation of the maximum limits of the
spectra radiated by broadcast stations and maneuver these “shapes”
relatively to one another so that in no case should there be any
overlapping.

Spectrum Areas

The spectrum of a normal transmission is obtained by drawing the
boundaries of the spectrum on a horizontal scale of frequencies (ex-
pressed as the carrier frequency minus the side-band-component fre-
quency or vice versa and on a vertical scale of powers).

1 P, P. Eckersley, “The required minimum frequency separation between

carrier waves of broadcast stations,” Proc. I.R.E,, vol. 21, pp. 193-211; Febru-
ary, (1933).
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A vertical line, the top of which touches what is arbitrarily chosen
as zero level, represents the carrier. The maximum side-band intensities,
for 100 per cent modulation of the carrier, will be virtually 6 decibels
below the carrier maximum or zero level. But as there is only 2 decibels
difference between 80 and 100 per cent modulation it is common and
legitimate practice to attempt to fix 80 per cent modulation as a maxi-
mum. Thus in Fig. 18, showing symmetric spectra, the maximum side-
band level is 8 decibels below the zero or carrier level.

The level of other side-band components can be derived in their
relative value by reference to Fig. 9. The boundaries of the maxima of
the side-band components are thus delineated in Fig. 18.

It is helpful in considering the effects of interstation interference
to delineate a lower boundary to the spectrum of what we may call
the wanted station, i.e., the station desired to be received. If it be
assumed that the receiver used is so selective as to give response only
between the frequency limits occupied by the wanted station and also
that this “perfect” receiver introduces no distortion then the lower
boundary of the spectrum is usefully delinated by a curve of the same
shape as that giving the threshold of ear hearing. This is clear because
in order to find out what level interference must have in relation to
the wanted station’s intensity to produce interference the boundary
must be that above which interference will be audible.

It must thus be assumed that any energy lying between the fre-
quency limits oceupied by the wanted station will create some cor-
responding sound-wave energy in the loud speaker, however feeble. The
only factor determining whether or not unwanted energy, in the form
of parasitical waves or components of the spectrum of an unwanted
station, causes audible interference is whether or not it is strong
enough to be appreciated by the human ear and therefore the limiting
boundary above which intensities are audible and below which they
cannot be heard must be the threshold of ear hearing. It is therefore
logical to delineate the lower boundaries of the wanted-station spectrum
by a line of the shape of this curve.

The only other quantity to be chosen, before the spectrum is en-
closed, is the vertical scalar distance at which this line, fixing the ear
threshold of hearing, must be fixed relative to the side-band maxima.
The determination of this power-level difference involves settling upon
what is obviously the contrast level in the reproduction. It is thought
that 60 decibels is representative of typical practical eonditions and so
I'ig. 18 is completed as shown.

The preparation of the asymmetrie spectra (Iig. 18) is evolved as
follows: First it is assumed that no equalizer is used in the transmitter.
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In this condition evidently the fully transmitted side band is identical
with that created in symmetric modulation. The attenuated side-band
maxima are given by subtracting the attenuation constant of the side-
band-cutting filter, at given side-band frequencies, from the intensity
of the fully transmitted side band at that frequency. But, second, in
order to represent the condition when the filter demodulation is com-
pensated for by the equalizer, the intensities of the side bands derived
as above must be multiplied by 2/(1+§).

Fig. 18 shows symmetric and asymmetric spectra in various rela-
tive positions, arranged so that no overlap takes place.

Conditions for No Cverlap of Spectra

Obviously the conditions for absolute {reedom from interference
are that the area enclosed by the boundaries of the spectrum shall
never be invaded by parasitical unwanted energy. It is not proposed
here to consider the effects of the invasions of the types of interference
caused by electrical machinery, atmospherics, etc., but it is relevant
to consider what conditions must be postulated to be sure that stu-
tions on frequency-continguous channels shall not cause interference
with a wanted station.

Evidently this can be done, see Ilig. 15, by drawing a shape repre-
senting the spectrum of a frequency-contiguous or unwanted station
and, keeping the lines representing the carrier vertical, sliding this un-
wanted station shape about that of the wanted, always ensuring that
there shall be no overlap. It would of course be fallacious to delimit
the lower boundaries of the unwanted-station’s spectrum because this
extends theoretically infinitely downwards but the higher frequency
cutoffs introduced by typieal transmission apparatus and by the rapid
falling off of the sound intensities as {requency is higher permits the
outer boundaries of the unwanted-station’s spectrum area to be sub-
stantially vertical.

The result of moving one spectrum about the other, always en-
suring that no overlap takes place, gives, in proportion to a horizontal
scalar distance, the required frequency separation and, according to
the vertical scalar difference between the tips of the carrier com-
ponents, the relative field of the two stations, at the reception loca-
tion, for the corresponding carrier-wave frequency separation.

Interference Due to Suboptimum Carrier-Wave-Frequency Sepurations

It is not likely that authority will decide to separate stations by the
optimum frequency, revealed as desirable for good-quality reception
and freedom from side-band interference, because, if this were done,
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even though the considerable gains inherent in the adoption of asym-
metrie technique were used, it would still be necessary to reduce the
number of working stations. It is therefore necessary to assess the
merits of the asymmetric system in terms of its ability to reduce inter-
station interference from the existing amount when, due to symmetrie
side-band transmission, greater overlap takes place.

The relative degree of interference between symmetric and asym-
metrie transmission can be assessed as in Fig. 19 by placing the carriers
9 kiloeyeles apart and studying the relative areas of overlap for dif-
ferent relative field intensities at the reception location.
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Fig. 19—Interference.

But the ratio of interference factors for the two conditions is not
properly judged by a direct comparison of the areas of overlap. Thus
some overlap at the outer boundaries of the wanted-station’s sacrosanct
area is not so deleterious to comfortable reception as if the invasion
were nearer to the carrier wave. A user will tolerate some loss of “top”
reproduction, if thereby interference can be reduced, or eliminated, but
this process of removing the outer parts of the spectrum as interference
pushes itself further and further inwards in the spectrum cannot be
continued indefinitely, the user, after a certain limit is passed, rather
tolerating interference of a certain degree than sacrificing all reasonable
fidelity in the reproduction. Thus it is thought logical to give “weight
factors” to the ordinates and abscissas of the areas invaded. These are
shown in Fig. 19. The weight factors serve to give, in the resulting
comparison of interference factors, an appreciation of the fact that
invasions nearer to the carrier in frequency and nearer to zero level
in intensity are far more annoying than those staged in the more remote
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parts of the spectrum. This method of assessing the advantages of the
asymmetric system moreover seems to be justified in terms of experi-
ments described hereafter.

Summary

The summary of the results obtained from Figs. 18 and 19 is given
in curve form in Figs. 20 and 21 showing (a) the required carrier-fre-
quency separation for no interference (symmetric and asymmetric)
and (b) the ratio of interference factors between symmetric and asym-
metric systems.
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The results can be summarized as follows: (1) If carrier-wave sep-
arations could be increased to the order of 11 kilocycles per second then
no interstation interferences would be experienced and high-fidelity
reproduction would be probable. (2) If carrier-wave separations were
maintained at 9 kilocycles per second, existing interstation interfer-
ences would be reduced typically tenfold by the introduction of asym-
metric technique. (3) If existing interferences were considered to be in
all the circumstances tolerable then carrier-wave separations could be
reduced from their present value to 6 kilocycles per second.

Effect Upon Existing Receivers

It is one of the principal advantages of the proposed system of
transmission that it could be put into practice without in any way
changing the conditions of service to which the listener has hecome
accustomed.
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This does not imply that the design and/or adjustment of receivers
should remain unaltered if full advantage were to be taken of the more
economical system of transmission; it means that the ordinary listener
would not, on the introduction of the asymmetric system, remark
sither a change in volume or an increase in distortion in his received
signals.

Thus, so far as volume is concerned, it has been seen that the bulk
of the transmitted energy is carried in bands of frequencies close to
the carrier and in the asymmetric system double side bands are trans-
mitted over such a band of frequencies. The extra distortion intro-
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duced amounting, as has been seen, to an average of 11 per cent over a
sand of modulation frequencies between 1500 and 3500 eycles per sec-
and, could hardly be remarked by a receiver which, in the generality
of cases, introduces per se from 73 to 15 per cent distortion at full out-
out.

feecerver Tuning

Such postulates however assume that the receiver tuning is ad-
.usted to dispose the response of its filters symmetrically about the
sarrier frequencey. The main object of the asymmetric system is to
eliminate the interferences associated with the overlap of side-band
spectra. While therefore the application of the method to transmis-
sion may prevent such overlap the receiver also must give an asym-
metric response before the advantages of the narrowed frequency band
of transmission can be appreciated.
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“onsider Fig. 18. A dotted line is drawn about the unwanted-sta-
tion’s spectrum which for the sake of argument is now considered as the
wanted. This dotted line would represent a receiver with its filters sym-
metrically disposed about the carrier frequency. But obviously in spite
of the asymmetric transmission a receiver tuned as shown would ex-
perience interference; indeed, because correction multiplies the value
of the outer parts of the fully transmitted side band twofold, more
interference would be experienced by symmetric reception of asym-
metric transmission than if the normal methods of transmission and
reception were used. It is therefore necessary for the receiver to be
tuned asymmetrically as shown theoretically by the full line in Fig. 18.
In sum, the advantages of the asymmetric system can only be realized
in terms of a co-operation between receiver and transmitter. This intro-
duces the further point, fundamental to the conception of the system,
that the distortion introduced in the resultant, after rectification, is
produced not only by the transmission filters but by the combination
of all filters, acting upon the modulated carrier wave, which are inter-
posed between the point where the modulated carrier currents are
normally generated and the input to the detector.

There are two classifications of reception as local-station and dis-
tant-station reception. High-fidelity reception cannot be described as
such unless the signal-to-noise ratio is large. Distant-station reception
is usually accompanied by noise and the “reacher-out” puts up with a
narrowed response to minimize interference and accepts, however
grudgingly, and provided the program is interesting, the inevitable
interference.

The asymmetric system is hardly necessary for local reception be-
cause if the signal-to-noise ratio is large it is unlikely that side-band
splash will be pronounced. But in those intermediate circumstances
when the field is quite strong enough to give good reception, were it
not for side-band interference, then the asymmetric system proves
its greatest usefulness. The same applies to distant-station reception
except that, when the field is very weak, other interferences often mar
reception. The asymmetric technique applied as much to reception as
to transmission does obviously minimize noise but not to such a degree
as to make it the prineipal feature of the system.

It is therefore possible to envisage the user of a modern receiver
tuning into the local station and getting high-fidelity results by dispos-
ing his tuning symmetrically about the carrier thereby introducing no
more than the negligible distortion seen to be introduced by the trans-
mission eircuits.

At positions and in conditions of reception where side-band splash
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would otherwise be pronounced the user would tune his receiver asym-
metrically thus eliminating or avoiding interferences from stations on
frequency-contiguous channels but theoretically at any rate introduc-
ing more distortion than is present in the transmission. It is thought,
and experiments hereafter described prove, that this distortion is
negligible compared with that commonly aceepted by the average user
asinevitable and it would appear much better to accept this theoretical
extra distortion in exchange for the boon of a riddance of the intolerable
noise due to side-band splash.

It might indeed be argued that the average listener willingly ac-
cepts a degree of harmonic distortion where he resents any interference.
Provided the program is interesting harmonic distortion detracts but
little from enjoyment, but perhaps the more thrilling the item the more
irritating the interference.

Carrier Intensification at the Receiver Delector

There is a solution to the problem of the introduction of distortion
in the receiver which would appear to overcome all difficulties and ean
be represented as a first step in a worth-while evolutionary policy of
broadeasting.

It was mentioned in the introduction that distortion of all kinds
due to the cutting off of part or all of one side band can be economieally
overcome by using means in the receiver to intensify the carrier com-
ponent at the detector without changing the level of the side-band
components. Such carrier intensification is in fact a reduction of the
value of My in the foregoing expressions, and since distortion is shown
{o be in general proportional to this parameter, its reduection, or con-
versely the increase of the carrier, results in a proportionate decrease
of the distortion. :

One might envisage therefore that the introduction of the asym-
metric system would encourage receiver manufacturers to apply the
carrier intensification systems in their receivers. Such encouragement
would be the more forceful if the transmission authorities announced
their intention to cut oft more and more of the side band, thereby in-
troducing more and more distortion at periods to be agreed upon, say
every three years.

The result of such a policy, and assuming the gradual adaptation
of receivers to produce the necessary circuits for carrier intensification,
would allow us to arrive eventually at the ideal transmission system
in which only the carrier and one side band was transmitted.

In the meantime, and even if the required courage to face possible
outery from vested interests proves to be lacking, it is felt that the
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introduction of the proposed system would be of real public benefit,
eliminating or minimizing as it would the all-too-prevalent side-band
splash interference without introduction of any dislocation to the exist-
g service.

Adaptation of Transmitlers

It is obviously easier to force filter characteristies to conform to a
given requirement if the carrier frequency is low and all the experi-
ments so far performed by the author have used carrier frequencies of
the order of 30 kilocycles per second. It would be an easy matter to
adapt low-power modulated transmitters to the new technique by
supplying a modulated-carrier stage, containing the necessary filters
and equalizers, the output from which could be applied to some form
of frequency-converter stage which, in turn, would feed its output to
the first or input stage of the high-frequency amplifier raising the power
to the level normally used to energize the aerial.

The problem to adapt transmitters using the high-power system of
modulation presents more serious problems. First, it would involve de-
signing the side-band cutting filters to perform their functions at the
aerial frequency which in broadcast practice is relatively high com-
pared with 30 kilocycles per second.

Evidently the method to dissociate the band-pass and band-elimi-
nation filters from one another could be performed eitler by resistive
networks with consequent loss of power or by valves having a magnifi-
cation of unity but which would necessarily have to be rather a cumber-
some addition to existing plant. It would, perhaps, be worth while in-
troducing a constant-A-filter section only and foregoing the advantages
of the greater attenuation introduced by the band-elimination filter.

EXPERIMENTAL VERIFICATIONS OF THEORY
Test Transmitter

The British Broadeasting Corporation in the latter part of the year
1936 supplied the author with the necessary funds for the construction
of apparatus designed to give a comparison of the quality of reproduc-
tion obtainable from the asymmetric system with the best standard
obtainable.

The apparatus, a photograph of which is shown in Fig. 22, designed
by the author and manufactured by R. M. Radio, Ltd., embodied
(a) means for the generation of a carrier of the order 25 to 27 kilo-
cycles per second, (b) means to modulate the carrier at audio fre-
quencies, (¢) carrier-frequency filters,one giving symmetric treatment to
side bands and the other designed according to the foregoing theory to
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2ut away the outer parts of the lower-frequency side band, (d) a de-
teetor and audio-frequency amplifier energizing a high-fidelity loud
speaker, and (e) the necessary power supply.

An external hand-operated switeh operated relays on the apparatus
panels which changed the system from a conventional transmission

Fig. 22

circuit to the asymmetric type of transmission. The relays thus served
to route the modulated high-frequency currents either through a filter
in which the carrier was located at f.. or through the constant-k band-
pass and band-elimination filters arranged to give, according to the
foregoing theory, the least possible phase asymmetry with the maxi-
mum attenuation of the outer parts of one side band.

Further relays served appropriately to conneet the output termi-
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nals of either filter alternatively to the input terminals of a rectifier
which in turn fed its output to the audio-frequency amplifier energizing
a loud speaker.

It was necessary for a third relay to arrange that the input modu-
lations were routed either through the equalizer necessary, as has been
seen, to level the frequency characteristic of the asymmetric transmit-
ter or, when the symmetric system was in use, through a resistive
attenuator cutting down the level by half to represent the attenuation
introduced, and compensated for by extra amplification, by the equal-
izer. The introduction of this pad ensured that the modulation level of
both transmissions was the same.

All eireuits were designed with a large margin of safety in order to
ensure that the standard quality should be representative of the best
obtainable. After the cireuits had been properly adjusted the following
performance was obtained from either the symmetric or asymmetrie
system:

Modulating frequency 500 (cycles per seec-
ond) to ensure
symmetric treat-
ment of side bands

in both filters)

Input power to modulators =0.002 watt (order)
Unmodulated carrier power =2.0 watts (order)
Power output from audio-frequency amplifier

with 909, modulation of carrier =7.0 watts (order)
Percentage modulation =909,
Percentage 2nd harmonic measured at loud-

speaker terminals =159,
Percentage 3rd harmonic measured at loud-

speaker terminals =negligible
Frequency characteristics see Fig. 23.

Resulls of Tests

Tests were arranged so that a comparison of quality could be made.
The input modulations were taken from a very high-quality receiver
measured to introduce virtually no distortion and tuned to the London
regional station transmissions.

The loud speaker was mounted in a quiet room not containing any
other apparatus. Red and green lights mounted on the baffle served to
distinguish in a given series of change-overs one transmission from the
other but switching was arranged so that there was no consistency in
the code, the green light (say) applying during one series to asym-



Eckersley: Asymmelric-Side-Band Broadcasting 1083

metric, in the other to symmetric, but haphazardly. The switch making
the change-overs short-circuited the loud speaker during the change
over so that the different click sounds introduced by the different relay
motions could not indicate a distinction between the two types of
transmission.

In sum, everything was done to get a standard of the highest pos-
sible quality and all distracting aberrations were removed so that there
was no difference between the two reproductions save that inherent in
the circuits.

At the time of writing prolonged tests have only been made with
the author’s staff and it is concluded by them that it is practically im-
possible, even in terms of a comparison, to distinguish one from the
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other. Two observers from the British Broadcasting Corporation were
given a short series of tests with the following results:

(1) It is agreed that the system wherein the band-pass and band-
eliminator networks are used in combination is a great deal less liable
{o give audible distortion than that in which an f, section is associated
with the constant-k filter. Thus in the previous tests the observers were
able to detect the difference in quality between symmetric and asym-
metric transmission with some degree of certainty, given certain con-
ditions of modulation and program item. In the tests on the new
transmitter the observers were, over a limited period, more often wrong
than right in their choice, believing the asymmetric system to be ac-
tually more pleasing and less “rough” than the symmetric.

(2) The observers remarked that they thought the quality on both
transmissions inferior and that this fact was inclined to vitiate any
firm conclusion. The author feels that, while this may conceivably have
been due to some fault in the test apparatus or, more probably, in the
loud speaker used, nevertheless the very critical analysis of distortion
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and frequency characteristies would suggest that in this instance the
source itself was not up to standard.

(3) The most remarkable fact adduced was that the observers were
inclined to distinguish differences of frequency characteristies between
the transmissions; e.g., there appeared to them to be more bass in one
than the other. This, in view of the measurements, is very surprising
although a quite definitely established fact. The only conclusion one
may draw is that a decibel of difference is distinguishable by acute ears
provided one supposes that this difference extends over a fairly wide
frequency range.

The relevance of the reference to other tests is that similar tests
were made before the importance of eliminating phase asymmetry was
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appreciated. In these previous tests an asymmetric filter was used com-
bining a constant-k and f., band-pass section which has been proved to
give violent phase asymmetry and consequent large distortions.

Iiven with this now provedly undesirable design skilled British
Broadeasting Corporation observers were unable always to distinguish
the differences between the two transmissions but on balance they were
more often right than wrong. Thus taking 100 change-overs as a basic
figure, it is estimated that in 50 cases no differences were observed or
the observers’ opinions canceled one another while of the remaining 50
the observers were right 35 and wrong 15 times.

Tests on Interference

A further experiment was performed in which the output from the
transmitter was fed into a frequency converter which in turn supplied
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the input, at a frequency of about 230 kilocycles per second, to a typi-
cal commercial receiver.

An unmodulated carrier was simultaneously introduced into the re-
ceiver. This carrier was arranged to have a frequency difference from
th2 multiplied output from the test transmitter of 9 kilocycles per sec-
ond. The receiver was then tuned to the silent carrier and relative levels
of the two carriers, modulated and unmodulated, were adljusted so that
the receiver was subject to typical side-band splash interference, the
test transmitter transmitting both side bands equally, i.e., representing
conditions of symmetric modulation. Moving the switch which changed
the test transmitter from a double to an asymmetric side-band trans-
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mitter resulted in a considerable diminution of the interference and it
was estimated that, generally speaking, while not completely eliminated
the interference, was reduced by at least 20 decibels.

Quality Comparisons with a (‘ommercial Receiver

Opportunity was further taken to make comparisons of quality
when the reproducer was a typical commercial receiver and in no con-
ditions of adjustment giving coherent reproduction was any difference
not.ced between the symmetric and asymmetrie transmissions.

Ezxperimental Check of Theory

Lastly, when the transmitter was equipped with the f, section fol-
low ng the constant-k section, which network introduces considerable
phase asymmetry, measurements were made to test the accuracy of
the theory set out herectofore.

Figs. 24 and 25 show the experimental results compared with those
obtained from theory. The agreement is good and proves the practical
valie of the analysis,
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THE KooMaNs SYSTEM
General

This paper would be incomplete without reference to a system of
asymmetric side-band broadcasting developed by N. Koomans of Hol-
land based upon the use of low- and high-pass filters connected in the
input modulation circuits of two separate carrier generators the output
of which are combined to give the necessary differential attenuation
of an asymmetric side-band system.
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The author has no greater knowledge of the system than can be
gathered from Koomans’ British patent specification® and offers his
apologies in advance to the inventor should any point have been over-
looked in what follows.

Principle

The principle of the scheme can be appreciated by reference to Fig.
26.

Fig. 26(A) represents, purely diagrammatically, the side-band-com-
ponent intensities of a transmitter, modulated from a constant input,

: N. Koomans, British Patent No. 450,000.
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having a high-pass filter connected in series with the input modulations
while Fig. 26(B) is a similar representation of the side-band component
inzensities of a transmitter having a low-pass filter connected in series
with theinput modulation circuits.

It is assumed so far as these diagrams are concerned that no phase
distortions are present and so the basic prineiple is treated purely on an
amplitude basis.

It is obvious, assuming no phase asymmetry, that if the two trans-
m:tters having amplitude-frequency characteristies as shown are com-
bined the resultant will be a symmetric transmission. If however,
according to the Koomans system, a side-band-cutting filter is ar-
ranged, in the output from the modulated magnifier of the transmitter
(the input modulations to which are influenced by the high-pass filter
(Fig. 26(A))), which cuts away substantially all of one side band then
the combined effect will be that of Fig. 26(C).

It will be clear that over the range of frequencies where the modula-
larion is large, i.e., over a range of frequencies close to the carrier, this
side-band-cutting filter cannot introduce distortion because, thanks to
the attenuation introduced by the high-pass filter the magnitudes of
the side-band components are substantially zero. It is also clear that as
rezards the other transmitter, the input modulations to which are in-
fluenced by the low-pass filter, no magnitude or phase distortion ean
be introdueed since all eircuits will present symmetrical characteristies.

D-stortion

The distortions introduced will be those due to magnitude and
phase asymmetry between counterpart side-band components.

The magnitude asymmetry is given obviously by Fig. 26(C) and ¢
becomes less than unity as the frequency of modulation exceeds that
necessary to create side-band frequencies less than fo—f.; and £ is zero
at a frequency of modulation Af,=f,—fy:.

‘The determination of phase asymmetry is extremely complex and
wauld involve a great deal of experimental and analytical work. Clearly
the phase asymmetry cannot be compensated for as in the system pre-
viously deseribed.

The root point is however that the use of low- and high-pass filters,
according to the technique described, permits or, it would be better to
say, forces the rate of change of attenuation with frequency to be ex-
tremely rapid. Attenuation must be relatively infinite at a modulation
fraquency Af,. Taking this as a fundamental then obviously f., sections
must be used in the high- and low-pass filters. The rate of change of
attenuation with frequency depends upon the ratio f/f. where f is fre-
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quency and f, the cutoff frequency. The change of frequency between
Af., and some frequency Afo where attenuation must be zero 18 very
small if Af, and Af, are, as they will be, of the same order as fe.

In the system formerly deseribed, the rate of change of attenuation
of the band filter depends upon f/f» and f» has been chosen to be a
good deal greater than f, in the Koomans system. Thus the change in f
in the system described formerly is a smaller fraction of f. than the
change of f in the IKKoomans system and so the rate of change of at-
tenuation with frequency in the Koomans system is relatively much
greater.

Evidently phase distortion can only introduce added distortion
where £ has large or medium values and this can only occur where both
filters combine their effects over the range of side-band frequencies
fll? —fL2-

As the flanks of the filter-characteristic curves are made steeper and
steeper, so the range of frequencies over which phase asymmetry can be
deleterious is less and less until, in the limit, distortions, greater than
those introduced inevitably by magnitude distortion, could only occur
at one frequency and so by and large we may say that phase distortion
in this system, as in the system formerly described, can be neglected.

Comparison of Systems

It is interesting to compare what may perhaps be legitimately de-
seribed as the Eckersley system of asymmetric side-band transmission
with the Koomans system.

If it be agreed that both systems virtually eliminate phase distor-
tion it will be seen that in the Eckersley system this is obtained by the
use of a special network acting upon the carrier-frequency currents and
in the Koomans system by obtaining an over-all resultant attenuation
curve for the cutaway side band which has a relatively much greater
rate of change of attenuation with frequency than that given by the
Eckersley system.

Distortion

Distortiuns may be thus compared purely by a consideration of
magnitude asymmetry and it is seen that in the Koomans system § is
unity and distortion zero up to frequencies very close to Af. where-
after ¢ is zero and magnitude distortion is determined by the modula-
tion constant. In the Lckersley system ¢ becomes less than unity at
modulation frequencies of the order of 1000 cycles per second and gets
less and less as modulation frequency is increased becoming zero, as in
the IKKoomans system, at Af,. Thus, considered only from the point of
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vizw of distortion, the Koomans system has an advantage over the
Eckerlsey system.

Interference Eflects

This advantage is not however obtained without a corresponding
disadvantage, and that to the author’s way of thinking a considerable
one, namely, that the Koomans system does not cut away as much of
the side band as the Iickersley system.

To make this point clear a diagram is shown in Fig. 27 giving a com-
parison of the spectra radiated according to whether the one circuit or
th= other is employed to give the asymmetric effects.
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Fig. 27
-spectrum radiated in Koomans system
- —spectrum radiated in Eckersley system.

It is unlikely that the carrier waves of broadeast stations will be
separated by their optimum whatever asymmetric system is adopted.
Overlap is therefore inevitable and it would appear better to cut away
as much of the side band as possible provided the resulting extra dis-
tortion is not so considerable as to constitute a real disadvantage.

Evidently one cannot “have it both ways” and the inclusion of more
of “he side band must result in a greater interference albeit less distor-
tion and vice versa.

If it were thought that the reduction of distortion was of paramount
imoortance however, the Eckersley system could be adapted so far as
the spectrum shape is concerned to give the same performance as the
Kcomans system either by simply increasing the number of filter sec-
tioas of the band-pass and band-elimination type equally or, with
fewer sections, using carrier frequencies of the order of 6000 to 10,000
cycles per second.
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The point is not fundamental and it is purely a question of what to
choose, more side band and less distortion but more interference, or
less side band, more distortion, and less interference.

The point that is important perhaps is to appreciate that the
Eckersley system is flexible and adaptable according to which policy
is chosen, the other relies essentially upon the sharp-cutting filters to
reduce phase distortion to negligible quantities.

Recewver Phase-Characteristic Compensation

A point of advantage in the Eckersley system is that the transmit-
ter phase characteristic may be arranged partly to compensate for the
receiver phase characteristic.

Thus it is probable that the phase characteristic of the receiver filter
has a flexure similar to that given by the constant-k band-pass filter
and inverse to that of the constant-k band eliminator.

Tig. 13 shows that with one band-pass and one band-eliminator
filter the phase characteristic is dominated to a slight degree by the
latter and the addition of another band-eliminator filter would still
further overcompensate giving a tendency for correction in the re-
ceiver.

Summary

It may be said that the disadvantages of the Koomans system are
as follows:

(1) More of the side band is included than is necessary and so a
greater interference with stations working on neighboring channels in-
vited.

(2) The correction of the transmitter frequency characteristic be-
comes more difficult as the attenuation characteristic is steeper.

(3) The adjustment of the high- and low-pass filters to secure the
condition of inverse rate of change over the range of frequencies f1,
to fue, Fig. 26, is more difficult as the steepness of the flanks of the
characteristics is increased.

(4) The over-all phase characteristic of the received product is a
function of the over-all phase characteristic of the transmitter. Ideally
phase change should be proportional to frequency. This econdition is
not obtained in either the Koomans or the Fickersley system but it is
suggested that the gentler treatment of phases and magnitudes of the
component currents concerned in the latter constitutes a relative dis-
advantage of the former system. This point is not, it is hoped, put
dogmatically and should be considered as purely suggestive.

(5) No phase compensation for receivers can be obtained by the
Koomans system.
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(6) It is suggested that the circuits involved in the Koomans sys-
tem are more complex, less flexible, and less easy to adjust than those
of the Eckersley system and that the cost of manufacture and adjust-
ment would therefore tend to be higher in the former.

(7) It is nceessary to use two modulating systems in the Koomans
arrangement. It is true that these only combine their effects over a
small range of frequencies and that this range of frequencies is very
narrow but it is just at this point where maximum distortion occurs
and the introduetion of two modulations is not helpful.

The advantages of the Koomans system are as follows:

(1) That less distortion occurs over the range of frequencies 0 to
Af, than in the Eckersley system as deseribed.

(2) 'The carrier frequency used might be that employed by the sta-
tion itself although if this were done the filter would have to produce
say 20 decibels of attenuation in a change of frequency represented on
the average by 3 kilocycles in a million. Assuming this to be practicable
the system does not require as does the Eckersley system a frequency
converter.

The disadvantages of the Eckersley svstem are as follows:

(1) The greater distortion introduced if the system as formerly de-
se-ibed is used.

(2) It is essential to use frequency conversion.

The advantages of the Eckersley system are as follows:

(1) That it is flexible and able to be designed to give the smaller
distortions present in the Koomans system at the expense let it be
stressed of including more of the side band. (This virtually cancels dis-
advantage (1).)

(2) That it has a more uniform phase characteristic.

(3) That it can give receiver phase compensation.

All the points raised are largely theoretieal. It is question of policy
as to which is better to have less distortion and more side band or vice
versa and the Eckersley system could be adapted to either policy.

Perhaps the Eckersley system scores in terms of simplicity, flexi-
bility, and first cost. It is most sincerely hoped in any case that no spe-
cial pleading has been adopteil and that the points are based upon a
purely factual analysis.

CoNCLUSION

The analysis, verified by experiment, proves that the outer parts of
ore side band normally transmitted may be cut away without intro-
dueing a more-than-negligible harmonie distortion in the received prod-
uct.

It is proved that this cutting away of the side-band reduces side-
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band interference to a tenth of its present value, assuming existing
carrier-wave separations remain the same as commonly used today.
It can be shown that the carrier frequencies could be considerably
reduced if the interferences as existing today are considered tolerable.
The introduction of the asymmetric system might be the first step
in an evolutionary policy wherein more and more of the side band
could be cut away as more and more receivers were designed and dis-
tributed which, by intensifying the carrier component at the detector,
minimized the distortion inherent in the narrowed transmission.
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A CONTRIBUTION TO TUBE AND
AMPLIFIER THEORY*
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W. E. BENHAM
(Ilford, Essex, England)

Summary—A formula adapting Mazwell's solution for a plane grating to the
Pane triode differs from those obtained by previous workers. The triode is simulated
by a diode whose electrode separation exceeds the cathode-grid clearance by an amount
which is calculated from elecirostatic considerations. Corresponding resulls are
derived for the cylindrical triode by means of conformal representation, and are
so0wn lo agree better with experiment than the formulas of King and of van der
Edgl. The nonuniformity of the electric field due to the presence of the grid, “grating
efect,” is not marked at the cathode surface, as generally supposed, the field at the
cuthode being sensibly uniform along the length of the cathode even for grids for which
the distance between wires is equal to the cathode-grid clearance. This resull is ob-
teined directly from Mazwell's treatise. As the electrons approach the grid the non-
untformity then becomes important and the space-current stream is subject to electron
ovtical considerations. These cause the known departures of g from theory in open-
mesh tubes.

The effects of space charge on the measured amplification factor are briefly
discussed. It is shown that u is two stages removed from the Mazxwell shielding con-
siant uo. The tmportance of the cathode-plate capacitance is mentioned and an ex-
pression given for its approzimale value under operating conditions. Llewellyn’s
calculations for the grid-plate capacitance are discussed in relation to experimental
results, which seem to show that this capacitance is greater than the cold value in the
negative-grid triode with zero anode load, as predicted by Jarvis, Bakker, de Vries,
and North on theoretical grounds.

Variations in u are aulomatically included in formulas for current and power
oulpul if v, 15 defined as the plate resistance measured at the reduced anode voltage
Ep —rip, where r is the resistive component of the load. Mazimum output at the fun-
damental is obtained when the load impedance z, is matched to the tube, provided z,
contains no resistive component which changes as z; is adjusted. In case this condi-
tron is not fulfilled, or where 2, is a pure resistance, the optimum load may be deter-
mined from the condition r,=2,+42z2,(d,/d,) where r is the resistive component of
the load z,.

Formulas for the first three harmonics produced by a tube obeying an nth power
low, the load impedance having in general a frequency characteristic, are given in
Sll. The denominators of the expressions contain (rp+2.') tothe first, third, and fifth
degrees, respectively, where n' =1, 2, or 8. (The form of transit-time solutions is
later shown to be similar.) llarmonics are described as of minor im portance per se as
affecting audio-frequency distortion, but it is shown how distortion by intermodula-
tzon between strong and weak components of the input signal can amount to 25 per
cent of the weaker signal. The main features of Harries’ experiments are explained
by simple theory, in which an account is given of the great advantages of complex

* Decimal classification: R130 X R132. Original manuscript received by the
Institute, June 7, 1937. Revised in proof, May 3, 1938.
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notation in engineering calculations, with special reference to multiple angles. Con-
ventions are developed for interpreting expressions such as z(ei“!)?, where z is com-
plex, tn terms of the real components of z and sines and cosines of wl. The results are
extended lo the resolution of vectors such as ze/“it-ei*:t-ei® which is an important
case in regard lo cross modulation.

Following a sketch of the main developments in the transit-time theory of
vacuum tubes a new lechnique for the space-charge-limited diode is explained which
depends directly on the simple and universal conception that a charge is propagated
without change. The solution is in such a form as lo permit evaluation of the nth har-
monic from knowledge of 7o - - - a1 only.

Neglecting space-charge forces, the technique is first illustrated in its application
to the first three harmonics in the temperature-limited diode, and the results confirm
the correctness of Sloune and James’ graphical solution in a special case. In par-
ticular, the third-order contribution to the fundamental corrects the phase from +45
degrees lo + /42 degrees.

The application of the lechniquetothe space-charge-limited diodeis tllustrated in
some detail. For the inclusion of initial velocilies an expression is given under general
boundary conditions which is the same as already given by Llewellyn in a slightly
different form. An extension to large signals including third-order curvature brings
oul an apparenl omission in Llewellyn’s expression for the second-order variation
time. Equation (91) permits knowledge of the wave form of the total current +f that of
the tnput potential is known. A pplication is made first lo the analytically simplest
case where the total current is free from harmonics, the potential harmonics are shown
on Iig. 3. Sloane and James' graphical solution is less accurate here bul represents
a creditable achievement. The case where theinput poteniial is free from harmonicsis
next in order of simplicity. T he increase with frequency of the harmonics of the total
current may besaid tobe pronounced, theapproximatetransit-anglecorrection factors
being (1 +(13/300)¢2)et%t10 (fundamental); (1+(15/200)¢%)e° (second harmonic)
and (1+(93/200)¢%)e (third harmonic). These are accurale only for 0<t<w/4, for
larger values of t phase angles differ from zero. The course of these expressions is
indicated. Applications o receiving tubes are investigaled, an expresston being given
for the electron convection current al the plane of the control grid of a triode, including
the second- and third-order terms. In case the circulation of displacement currents
in the inpul circutl gives rise to appreciable second-order polentials the tube possesses
an apparent second-order admittance of which the inpul conductance may be im-
portant though the inpul capacitance is unchanged from the first-order value. Modu-
lation products at ultra-high frequencies are shown to tnvolve funclions of as many
transil angles as there are frequencies concerned, and il is pointed oul that in many
cases rough estimales of their importance may be made from the harmonic analysis
given.

In Appendiz I following a critique of Pidduck’s treatment of the cylindrical
magnetron, discussion cenlers mainly around an expression giving the first-order
impedance between a pair of plane electrodes, neither of which need be the actual emit-
ter, under the most general boundary conditions including the presence of anapplied
magnetic field H tilted at any angle to the plates. The expression reduces to Llewel-
lyn’s expression when H =0 or when magnetic and electric fields are aligned. By judi-
cious allention lo limils the “Seriesschallung” inio which the impedance naturally
resolves ilself (resistance and capacitance in series) is converted lo the equivalent
“Parallelschaltung” in the case of low frequencies. The capacilance of the “Series-
schallung™ assumes an infinite value al low frequencies, but the “Parallelschaltung”
brings oul the existence of negative capacilance for a range of H in the neighborhood
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¢f the critical value. The “Parallelschaltung” may then be shown to be equivalent to
cnother “Seriesschaltung” consisting of a resislance in series with an inductance.
HNegative resistance arises at low frequencies and the plane magnetron can form
part of a self-maintained circuit for natural frequencies of almost any value what-
ever; the erternal circuil must be capacitative in order lo lune the magnetron, but
awing to siray capacitances it is not always possible in practice to stop the magnetron
cscillating, for certain values of H. Appendiz 11 explains how calculations for the
rectification effect, previously regarded as onerous, may be effected in a few lines in
closed form. The published formulas of Benham (1931) and of Llewellyn (1936)
are substantiated. Appendiz 111 lists eightcen transit-angle functions, showing their
relation lo one another and their physical significance, Appendiz IV deals with the
taird-order contribution to the fundamental. In the space-charge-limited diode this
contribulion to the tolal currenl increases with frequency according to the factor

(I+8/84 - - - ) exp. (0).
INTRODUCTION

VHE scope of the present paper will be evident from the summary,
though it may be as well to stress the fact that fourth and
higher harmonics are not given consideration. The nonlinear

theory of electric oscillations! lies almost entirely outside the scope of
the paper, although it is hoped that the method of approach will be
of interest to this field. In particular, the procedure adopted in the
present paper is diametrically opposite (not opposed), in that we start
from the fundamentals of the tube itself and find out as much as
possible from the minimum number of harmonics (first, second, and
taird), whereas in nonlinear theory it has been the custom to start
from ecircuit phenomena and argue back to the tube, the harmonic
coefficients obtained being due, however, not in all cases to tube char-
acteristic curvature but, in addition, to other complications, such as
tae fact that the tube may only be passing space current for a fraction
of the cycle. The analysis of the present paper is exact only in cases
where the input voltage never exceeds a value sufficient to cut off the
space current for an appreciable fraction of the cycle, but some of the
eonclusions reached are qualitatively applicable to oscillators and class
F and C amplifiers. The main interest of the paper is, however, in re-
gard to tubes operated with class A bias.

Considerations of the influence of finite electron-transit time at
high frequencies are deferred until later in the paper. The temperature-
limited diode, gives harmonics due entirely to finite transit time. No
additional low-frequency transit-time phenomena, such as C = (3/5)C,
and Bakker and de Vries’ negative electron damping in the tempera-
ture-limited triode, arise from the inclusion of second- and third-degree
terms, a careful study of which suggests that, in the space-charge-

! Balth. van der Pol, “The nonlinear theory of electric oscillations,” Proc.
I.R.E, vol. 22, pp. 1051-1086; September, 1934,
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limited diode, all harmonies will reduce to those predicted by the static
characteristic, at very low frequencies. At high frequencies, however,
the influence of transit time on harmonics may be said to be marked,
and it is just possible that higher-order harmonics will eventually be
shown to be predictable only by the inclusion of finite transit time.
If in places I should appear dogmatic, it will be understood that this
is for the sake of brevity, in view of the length of the paper.
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Fig. 1
(1) Position of diode equivalent plane, given hy
a+d
d'=d + -
Ko

where, with n =number of grid wires per unit length,

) 2rna
Mo — — = e
— log (2 sin wnc)

Diagram corresponds to ue =10.5 nearly. The true equipotential graduates
about d’, and typical equipotentials in the neighborhood of a grid wire are
also shown. The line A'B’ has no significance for the plane triode, but see
Fig. 1(b).
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I. THE LiLECTROSTATICS OF A TRIODE, AND THE INFLUENCE
or SPACE ('HARGE

As is well known, the formulas available for the space current in a
triode depend in the first instance on electrostatic considerations. It is
probably not so generally realized, however, that equation (12), p. 312,
vol. I of Maxwell’s treatise gives directly the electrostatic field at the
cathode surface of an infinite plane triode due to the combined in-
fluence of the anode and grid. All we have to do is to replace Maxwell’s
symbols as follows (see Fig. 1(a)):

a 1)1 + I)g d + a

Ho by d

Vs
<Vg + - )
Ho Ho

— 4roy = —— - €8]
R d

=v; V=V, Vo=V,; V=20

end the equation becones

Equation (1) is subject first to Maxwell’s assumption that the grid-
vire diameter 2¢ is small compared with the distance ! between wires.
Maxwell’s second assumption, that [ is small compared with both d
end a is of importance in connection with the potential distribution
i1 the neighborhood of the grid wires, but by his equation (5), p. 311,
the potential distribution when y=d and when y= —a appears to be
so nearly uniform that (1) is thought to be reasonably free from error
for values of @ and d equal to [. On this basis the geometry indicated

(b) The effeet of rotating Fig. 1(a) about an axis parallel to AB and distant
a+0.75 centimeter from the line CD. The grid wires are then cireles about
A’B’ as axis, but are here shown as sections of longitudinal wires to show
spacing.* For longitudinal wires n =number of wires per unit of piteh circle
circumference.

wo is increased by this operation from 10.5 to 12.2, while the diode equiv-
alent cylinder is closer to the grid than might have been expected.

R, R, 1 Ry
log = log— + log
Ry R Mo Ry

1 4
27nk, log
) Ry
Ho = =
— log (2sin wnc)

. * Van der Pol has shown that a given length of wire of given thickness (whether in the form of a
spiral, parallel rods, or mesh) will give rise to the same value of xo when arranged at the grid surface
in as uniform manner as possible. See G. J. Llias, Balth, van der Pol, Jr., and B. S. H. Tellegen, Ann.
dw Phys., vol. 4, pp. 370-406, September, (1925).
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in Fig. 1 would correspond to negligible grating effect? at the actual
cathode surface.
Now (1) may be interpreted in a number of ways, as follows:

(1) The electrostatic field due to the combined action of the grid
and anode is reduced in the ratio uo/(y+wuo) due to the fact
that the grid is not a continuous surface.

(2) The “lumped” potential V,+ V,/uo acts, not at the grid, but
at a plane d(y+uo)/uo; i.e., slightly farther out than the grid.

(3) The effective potential at the grid plane (d) is reduced in the
ratio po/ (v o).

(4) The electrostatic field due to the grid is reduced from (V,/d)
to (V,/d)(uo/(v+muo)); and that due to the anode is reduced
from V,/(a+d) to V,/(a+d(14uo)) due to the presence of the
grid. (Note: This conception leads readily to the relation
wo=C1/C, used later.)

(5) The potential (uV,+ V) acts, not at the anode, but at a plane
given by a+d(14uo); i.e, at a plane uod farther from the
cathode than the anode.

(6) The potential V, acts, not at the grid, but at a plane
d((y+wo)/uo), while the potential V, must be taken to act at
the plane a4d(1+4uo).

Now all of the above interpretations are equivalent in the cold triode,
but if we are to extend them to cover actual operating conditions the
utmost care is necessary in deciding between the various possibilities,
and in their application to the evaluation of anode current it is possible
to obtain a variety of formulas. Let us denote d((y+uo)/uo) by d’,
and define d’ as “the diode equivalent plane.” Then a plane diode
having the interelectrode distance d’ passes the space-charge-limited
current 2.34 X 10-¢(A V32/d’?), where V, may also be taken equal to
the “lumped?” potential (V,+(V ,/u0)). Then, in accordance with inter-
pretation (2) the anode current of the triode having interelectrode
distances d, dy will be the same as in the diode of interelectrode dis-
tance d’. On the other hand, if we adopt interpretation (1) or (3) we
obtain a result ((y+4uo)/uo)'/? times as large. There is still the inter-
pretation corresponding to King’s solution,® namely that the field due
2 The term “Inselbildung,” literally “island formation,” rather suggests the
phenomenon of patches or islands of activity in the emissive material. For this
reason the term “grating effect” is put forward as being more descriptive in
English of the nonuniformity of electric field caused by the presence of the first
grid, and, to u lesser extent any outer grids as well. The effect is included in
Maxwell’s treatment of a plane grating if the full expression for the potential
distribution is employved (see plate X111, vol. 1, Maxwell’s treatise).

# R. W. King, “Calculation of the constants of the three-element vacuum
tube,” P’hys. Rev., vol. 15, pp. 256-268; April, (1920). In the notation here used
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to the potential uoV,+V, is reduced in the ratio we:y+puo, but King
then takes this potential to act at a plane given by (a+d) which seems
to me to be unjustified (Compare (3)). At all events, King’s formula is
analytically unsatisfactory, since when u is made large in it, we do
not get the correct limiting formula for a diode coinciding with the
cathode-grid space. On the other hand van der Bijl’s formula? fails at
low values of u. Interpretations (4) and (6) would be ideal if a simple
way could be found for adapting them to the space-charge equations.
Failing this, the best that can be done is to refer the action of the
triode to that of the equivalent diode in accordance with interpreta-
tion (2). Electron-optical effects—grating effect in the neighborhood
of the grid wires—will sort the anode current stream into peneils but
the effect of this on the actual value of the anode current will be
ignored. We then obtain

2.34 X 10°%/ V)22
L =——>0 --(Vo+ ) &)
d" o
where,
a+d
d =d+ ——
o

Zo = value assumed by po when space charge is present.

It will be seenn in Section Il that it is an approximation to take
a(=—dV,/dV, 1,)=q, but for the present purposes this difference
xill be ignored, so that (2) becomes

2.34 X 109, V,\¥ R
Ip == d’2 _'<Vu+ ” > ‘ _(‘1)

For the cylindrical case, we may pass by means of a suitable trans-
formation from (2a), obtaining for a structure of length L,

14.70 X 10-L V|2
= __—<V,, + ”> ()

Bv’z_Ra'

P
m

King’s formula for eylinders is
T,=14.70X1075L /B8R, [(Ry — Ri) (Vo +u V) /Ry — Ry 4+ (u4+1) (R — R
In the case of V; >0 and u— « we should obtain u diode formula corresponding
to V,applied at grid, as given by (3a) of the present puper.
¢+ H. J. van der Bijl’s formula is taken as
470 X107°L /82 R [V +ul(V,+ €) /1 +u]2
"Vhile this formula was attributed to van der Bijl by the author of reference 5,
} have not been able to find it in this form in the references given. [ think it was
intended to convey that van der Bijl was the first to point out the importance of
the quantity V,4uV,, in his paper, Verh. den Deutschen Physik. Ges., vol. 15,
1. 338; April, (1913).
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where 8,7, I, refer to the “diode equivalent cylinder” given by

| R, | R 1R s

o e e T R X
where R,, I,, Rx are radii of anode, grid, and cathode, respectively.
Equation (4) is the same as equation (141), Chapter IT of W. G. Dow’s
“The Fundamentals of Engineering Electronics,” John Wiley and Sons
and Chapman and Hall, Ltd., (1937). Readers are referred to this
work, whieh appeared after the present paper was written, for the de-
tails in mathematies of the electrostaties of triodes.

Equation (3) differs, however, from Dow’s space-current formula
(equation (263) of Chapter V). After careful consideration of Dow’s
arguments I find no reason to change from my own interpretation.
Anode currents predicted by (3) agree well with experiment, but
Dow’s formula appears to give anode currents somewhat too high.

From (2a) and (3) the corresponding transconductances are ob-
tained. Again, as will be seen later, an approximation is involved in
taking @, or x to be constant during the differentiation of I, with
respect to V,. However, such change will be ignored for the present
and transconductances ealculated from the formulas

2.34 X 107%4 3 / Vo \"2 B
gm = — 4 > (V,, + -# ) (planes) (2b)
14.70 X 10~°L 3 / V,\ V2
Jm = — (V,, + ) (eylinders).  (3a)
Bv‘zl‘,v' 2 K

For the purposes of comparison with experiment it is more con-
venient to work with transconductances since anode currents vary so
rapidly with grid piteh. On Fig. 1(¢) will be found the theoretical
curves corresponding to van der Bijl’s and King's formulas for cylin-
ders, together with that obtained from (3a). It must be emphasized
that the form of the ¢,—u curve varies with geometry, the actual
structure on which the curves are based being shown. These curves are
not based on any formula for g, but give ¢.. as a function of u using
(3a). In Section 1l it is shown that measured p is at least two
stages removed from the electrostatic uo. The experimental points
(measured ¢. and measured p), also obtained from tubes having this
geometry, are corrected for contact potentials and initial velocities,
while 15 per cent has been added to allow for the effect of the grid
support. The points correspond to averages over a number of tubes.
The agreement is, on the whole, best with Benham’s formula, though
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the high u values lie nearly on King’s curve. On the other hand, these
points could be expected to suffer, for while the effect of emission veloc-
ities have been taken care of experimentally by measuring at the grid
bias at which grid current starts (I, =1 microampere), the theoretical
curves (corresponding to V,=0, VV,=100) were based on initial veloei-
ties of zero. On Langmuir’s theory® the correction required to the exper-
imental g,, values is roughly (V,/(V,— Vo))V where V.=V ,+(V,/u)
snd V, represents the cffect of emission velocities expressed in volts.
Taking V,=0.2 volt the correction factor is 1.085 in the case where
#=175 and [.14 in the case where u=118. The points X arc therefore
shifted to the points 0. In other cases the corrections would be very
much less and have not been shown.

It should be mentioned that such good agreement with theory could
not have been obtained had precautions not been taken to avoid
mechanieal variations® in the tubes. These particular samples were
construeted with the sole purpose of establishing agreement between
taeory and experiment in the case of tubes with small cathode-grid
c earance. These designs were available in England in the year 1930
and the tubes known to be particularly free irom losses on ultra-short
waves. The choice of a rather small anode-grid clearance was governed
partly by the consideration that low u values could thereby bhe ob-
tained without grating effect (Inselbildung) being serious.? Thus, for
u=4 the number of turns of 0.003-inch-diameter wire was no less than
4) turns per inch. It does appear that this effect is tending to upset
the theory at low values of y, but the shift in the optimum value of g,,
to the right of the theoretical curve is just what would be expected
from a rough ealeulation of grating cffect hased on simplitied electron-
optical considerations. Thus electron optics plays an important part
ir the cathode-grid space, for open grids, in determining the value of
g, but in the present case, as already indicated, the value of u for
which these effects begin to come in is very much reduced. As is well
known the grid-wire diameter affects the value of u (see (4)) and if
a reduction of grid-wire diameter, rather than of n or of plate diam-
cter, is used in order to effect a decrease in u, better results both on
g» and on the shape of the anode characteristic are obtained, in general.
I-om the point of view of variable-u tubes, however, the considerations
which apply are special and it seems that the usual practice of removing

¢ . Langmuir, “The eflect of space charge and initial velocities on the po-
teatial distribution and thermionic currents between parallel plane electrodes,”
Prys. Rev., vol. 21, p. 419; April, (1923).

¢ M. Benjamin, C. W. Cosgrove, and G. W. Warren, “Modern receiving
valves, design and manufacture, J./.E.E. (London), vol. 804, 84, pp. 401-439;
April, (1937). See p. 410.
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a turn or of using variable grid pitch, though rather unsatisfactory
from the manufacturing standpoint produces a close approximation to
the circuit requirements. However, manufacturing problems are out-
side the scope of the present paper, except that the attention paid to
fundamentals may in some small measure help in devising means for
improved designs.

11. TueE DIFFERENCE BETWEEN g, fo, AND ko

For the cold triode the following relations are exact

e ()
= — 5
Mo C,
_— 1 + Cl
Y C,
whence,
Mo Clcz .
= (6)
uo + v Z C.C,
where,

> 00y = CoCr + CCy + 5Co.
(', = cathode-anode capacitance, €. = cathode-grid eapacitance,
(', = grid-anode capacitance.

In order to investigate the effects of space charge, we may proceed
by defining the “hot shielding ratio,” as follows:

< (50)
fo = — * 5a
Mo Co
Likewise, we define _
B C
T=1+=
2
while,
a C C;:
B _#0(: _ _-‘1—‘ Lo (ﬁﬁ)
Bty GG

Now in our application to the space-current formula (2) the differ-
ence between the values of d’ as caleulated using (6) and (6a) may be
disregarded as a first approximation, sinece the factor @o/(@o+7) re-
mains in the neighborhood of unity except for low values of go.

We must, however, use the relation (5a) in the bracketed factor
of (2) so that when changes are made in V, and V,, keeping I, con-
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stant, changes in C, and C, must be taken into account. In this way
we obtain for the amplieation factor u(= —dV,/dV,|I,)

G Vv, aC Vv, aC 3 i
et o S s Va0 =
G G av, Co aV, B av, He s
. Vp aCl V!‘ 66‘0 . i) 2o
— —_—- i 1 Vy——log —
¢, av, C, avV, av, Mo

where u, is the value of @, when conditions are such as to permit satis-
faction of the equation u=jy;i.e., uois the electrostatie-shielding ratio
given by (4) if C is not too large compared with 1/n. Actually, of
course, the condition u= g, would be met wherever

< g a)l oo (7a)
— o = 0. a
av, "av,) % .

Fquation (7a) may readily be checked experimentally and it will be
found not to hold in general. But in this case go#u and we have to fall
back on a knowledge of the various interelectrode capacitances and
the changes of these with the electrode voltages or space currents.
FEquation (7a) holds at ecutoff, so that it may be said that u=go=uo
at cutoff, and only at eutoff.

The above analysis suflices to indicate that the measured amplifica-
tion factor u is two stages removed from the Maxwell shielding con-
sftant uo, so that until further information is obtained, particularly in
regard to the small eapacitance C,, it is unreasonable to look for good
agreement between experiment and the electrostatie formulas for wo.
In some experiments carried out many years ago the writer found by
a low-frequency-bridge method that both C. and C, were increased?
by the presence of space charge, but although an attempt was made
tc detect changes in Cy, the cold value C; was too small to enable
conclusions to be drawn. By Fig. 10 of reference 9 we should expect
tle effective ecapacitance between cathode and plate to be less than
the cold value due to the presence of the inductance L in series with
tle resistance K. Now at low frequencies & is equal to the plate resist-

7 Since this paper was written a grid-anode eapacitance less than the cold
velue (anode-circuit impedance zero) has been claimed by T. Iorwerth Jones,
“Inter-electrode capacitances of valves,” Jour. I.E.E. (London), vol. 81, pp.
658-666; November, (1937). In my discussion to Jones’ paper, Jour. [.E.E.
(London), vol. 82, pp. 220-222; February, (1938), I showed that this may have
been due to a method of measurement in which the grid electrode was at radio-
frequency earth potential. On page 222 1 mentioned the possibility of a negative
value of 6C,; (in our present notation this means Co <C,). By reference to equa-

ticn (7b) this would appear unlikely, but it must be remembered that this equa-
ticn is subject to inaccuracy arising out of the difference between u and .
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ance r,. If Ry denotes the resistance of the diode corresponding with
the cathode and grid of the triode, (2) may be used to give

- / I 2
Ro = ”( : >
p\Y t+
in which the difference between p and g is ignored. The inductance L
then has the value

Lom Iy 4 Dy g 2 [1 . ]
P 9= = ; Ty p—r— T
T Tt L el

where 7, is the transit time between grid and plate. The eapacitance
existing between cathode and plate may then be estimated as follows:
Neglecting electron inertia, the eathode appears to he only three
quarters its real distance from the first grid in the ideal Langmuir
case,’ or, more strictly, three quarters its real distance from the diode
equivalent plane; ie., [1— (y+4u)/4x] times its real distance d from
the first grid. The “true” capacitance between the first grid and the
cathode is then 4uC,/(3u—~) and the “true” capacitance® between
anode and cathode is given by 4C,/(3u—%), bearing in mind (5a).
The “effective” capacitunce® hetween cathode and anode is then

—~ 4 114 !
co=[ N _“,}g— 7[1— . } (7h)
3u—v 15+ ) s (v + 1)

For u large and 7g/7, small the above corresponds very nearly to
Co=(4/3)C,, in agreement with Llewellyn’s calculations,'® but it must
be mentioned here that 1 have been unable to adhere to Llewellyn’s
results'®:t for C.. Some vears ago I conducted a series of experiments
on triode capacitances and found the grid-anode capacitance always
greater than the cold value. Moreover, the calculations of Jarvis,
Bakker and de Vries, and of North all give a grid-anode eapacitance
greater than the cold value, in the case of zero anode load. The pos-
sibility of a capacitance less than the cold value appears to me to be

8 Balth, van der Pol, Jr., “Uber Elektronenbahnen in Trioden,” Jahr. T. T.
(Zeil. fiir Hochfrequenz.), vol. 25, pp. 121-131; May, (1923). Also “Uber Elec-
tronenheweginen in Trioden,” Physica, vol. 3, pp. 233-275; September, (1923).
For negative-grid triodes (space-charge limited) the calculation may be made
without reference to electron-transit time.

9\, E. Benham, “Theory of the internal action of thermionic systems,”
Phil. Mag., vol. 11, p. 457; February, (1931). Part 11 of reference 24.

10 F,'B. Llewellyn, “Equivalent networks of negative-grid vacuum tubes at
l(lltrﬂ-;ligll frequencies,” Bell Sys. Tech. Jour., vol. 15, pp. 575-586; October,

1936).

W F. B. Liewellyn, “Operation of ultra-high-frequency vacuum tubes.”

Bell. Sys. Tech. Jour., vol. 14, pp. 632-665; October, (1935).
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restricted to cases where an anode circuit impedance is present. The
capacitance and resistance of the grid-anode space appear to be func-
tions of the load impedance in general, and it is difficult to acecept the
grid-anode part of Llewellvn’s delta network!® for this reason alone.
It may be that I have misunderstood llewellvn’s choice of internal
generators.

III. THE K¥FECT OF VARIABLE u ON AMPLIFIER OUTPUT

In cases where u variation is of importance it naturally makes a
cifference if we alter the form of the anode-current equation from

. Vp . n
Ip L] [\(-_— + Vq) (8)
Mo
to
I, = K'(V, + mVo)" (8a)

where K, K’ are constants. Reasons have already been given in
Section 1 for preferring form (8) rather than form (8a). The fae-
tor K is still slightly dependent on i, since it contains the factor
1/d" =g/ (® (¥4 o)), but for most cases of practical interest the
variations of Fo/(y+4io) with u are unimportant compared with the
variations of ((V,/@o)+ V, )" with o, and will be neglected in the
sequel. While n would generally be taken as 3/2 there is no need
to impose this restriction and the sequel will apply for any posi-
tive value of n and for grid swings ranging from zero up to the value
(V,4+(V,/d0)), being the lumped voltage acting at the diode equiva-
lent plane. Actually, we are not restricted to a plane or cylindrical
grometry, so that the word “plane” may be replaced by “surface.”

We shall begin by considering the effect of making direct-current
changes in the values of V,, V,, allowing for g, variations. It is
desirable to regard the load in the anode circuit as presenting imped-
ance z,» to the n'th harmonie,'? so that z, will he the direct-current re-
sistance r. Then in the direct-current condition

/v, » fE, — 1l —
I = I\( - 4 Va> = I\( + /’J'u> : 9)
Ho i

o

If we adopt the definition “r, is the tube vesistance measured
w thout » in circuit but at the reduced anode voltage £,/ =E,—rl,”,
w2 obtain from (%)

12 In Sections III and 1V n’ denotes the order of the harmonie, » having

been used tor the index of the power law. Strictly speaking 2. is the impedance
to n’th-order currents. This will be clear from Section 1V, equation (15a).
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1 E, i1 By 9
— = nK<T+Eg) <—— — ——,) (10)
Tp Mo Ho ,‘702 aEp

while, in a similar fashion to (7),

_ T s o
Ho — 4lp 7

6190 Mo
B = — ——— (11)

| — E,' —— log fo

61’1,, Mo

we obtain under all circumstances
3 MYy (1 ))
=" 2
r, + 2

Thus, in the sequel, all further reference to u variations will be rendered
unnecessary if we adopt the definitions (10) and (11) for r, and g,
respectively. What this amounts to is, that in the event of direct-
current resistance r being present in the plate circuit of the tube, we
refer all caleulations to the reduced plate voltage (E,—rl;), and also
that, when this is done, we may regard all u variations as included in
our equations if we proceed without taking these into consideration,
but in our final answer these may be included explicitly, if desired, by
means of (11).

Since (12) now gives the output of fundamental eurrent, we find
that for r=0 maximum power output is obtained when r,=z,, since
in this case no change takes place in r, when z, is varied. In the case
where z, = for all values of n’ (pure resistance load), the condition
r,=7 no longer holds as the condition for maximum output; we can
no longer make changes in the load without affecting rp. Thus if
P’=power output

2t 4 2 dr,
2z 4
4P &y T,
P = 2!112; = 1% 4 202, - =gt L = —
dz, dz, (rp + 21)®

which is zero when r, =2z,422z(dr,/dz,). When the resistive component
of z, is zero dr,/dz; =0, otherwise r, >z for maximum power output.t®

13 It will be understood here that these conclusions refer to the maximum
fundamental output obtainable assuming a given plate-supply voltage. This is
sonetimes of greater practical interest than the case where the plate potential
is supposed to be maintained by raising the plate-supply voltage by an amount
sufficient to compensate for the drop in r. In this last case the condition rp =2,
is always found.
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While it is believed that these last results are known in informed
circles, I have never seen them clearly expressed; moreover they have
rot, to my knowledge, previously been established in the case of u
variable.

IV. Ourpur oN SECOND AND Thirp HarMONIC

The above considerations referred, of course, to the optimum out-
rut of fundamental regardless of harmonie distortion. The following
analysis will be restricted to fundamental, second, and third har-
monics, as all essential features necessary to a proper understanding of
cross modulation, intermodulation, and side-tone distortion may be
abtained if the third harmonic is included, and higher harmonies than
the third will usually not be of importance in properly designed tubes.
While it is here tacitly assumed that feedback (anode to first grid)
is negligible, the contents of this section are intended to apply in case
the load possesses any desired frequency characteristic. In other words,
the frequency may be of any desired value such that the internal im-
redance of the tube may be taken as purely resistive to a good approxi-
mation.

In most treatments of harmonic production the dynamie char-
acteristic of the tube is used as a starting point, i.e,

i =a¢+ aw+ ax? + az® + - - - (13)

where a’s may be obtained from dynamie tube characteristies, v being
the grid swing measured from the operating point, as usual. Now
while this procedure leads to simpler formulas than the one which will
ke adopted here, it is thought worth while to relate the analysis more
intimately to the tube by working from (8). This procedure has also
the advantage that estimates may be made without reference to
dynamic characteristics. Before proceeding, however, it 1s worth while
ta draw attention to the fact that if a method of measuring dynamie
transconductance is available it is preferable to start, not with (13),
Iut with the equation obtained by differentiation with respect to v,

di/dv = a1 + 2a0 + 3a® + - - -

and to make a series of “dynamic g,.” eurves. From these it is a simple
matter to obtain the second and third harmonic, the former being
proportional to the slope of the ¢, curve and the latter to the rate of
change of slope (rough estimates may be made by drawing chords on
tae g, curves, the third harmonie being proportional to the maximum
distance between chord and curve).

A point that arises if we start from (%) is that this equation does not
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represent the pentode characteristic, which normally suffers from an
upper bend starting at small values of grid bias and hecoming more
pronounced at V,=0. This objectionable feature may, however, be
removed by designing the tube in a certain way, and the characteristic
then closely resembles that of a triode while retaining all the ad-
vantages of a pentode. The following analysis is thus not to be regarded
as restricted to triodes, but merely to tubes whose anode-current grid-
volts characteristic resembles those of triodes. If, however, the actual
tubes are not triodes the effect of the anode acting through the screen
may be regarded as reflecting the load impedance z,. to the screen
plane, where it will appear to have the reduced value z,./us where U2
is the amplification factor of the sercen under the given conditions,
while V, will be equal to (sereen voltage+1/u;Xanode voltage) and
will act not exactly at the screen but at a point between screen and
anode given by
as + d

dopz
where, d, = distance of screen measured from first grid
a;= distance between sereen and anode.
Likewise, I, will now include any current flowing to the screen. The
above remarks enable us to proceed with the triode analysis bearing

in mind the replacement of symbols necessary to convert to a tetrode
or pentode analysis. Writing go=u; V,=E,+v; I,=io+i+i:+13

+ - Ve=E,—rig—zii—2s:—253— - - - equation (8) becomes
E, — rig (210 + 2205 + 2583) )"
zo+¢|+zg+zs=/\'[ ‘B 4o— :
" M

We now abbreviate further by writing the zero-order quantity

E, —ri .
BV, (14)
u

where V', represents the lumped voltage at the diode equivalent surface
corresponding to the grid-bias voltage E, and to the reduced anode
voltage E ,—riy,. We then have

(v - z:'1> B (z;ig> B (z;i3>' "

i0+1:1+1:2+i3=l\—V1" ]+ v
!



Benham: Tube and Amplifier Theory 1109

—1 n n(uy — 211) g
uVi
II"Jl — ]) (uv - 212.1)2 nZQig n23i3
= KV/ = ==
’ 2! (uV)? WVi v
nn—1(n—2) (w—20) nn—1) 2(u—z1,)
L 3! (V)2 2! (ML

to the degree of aceuracy aimed at. The various orders may then be
selected as follows (remembering (10) and the fact that u variation
need not be included explicitly)

io = KV{H -— I, ]
) uy nl, 7o >i', ’
L = = ( ~ cos wt
'n + 2 1! Tp + 4} "1
~ na(n — 1) ,r,? cos? wl( 5,)2 | (15)
g = —— = ——— —
20rp + 22)(rp + 21)2\V,

) a(n — DI (1 — 2n)z + (n — 2)r, | cos? wt( v1>3 }
13 = ——— ———— -

310, + 23)(rp + 22)(rp + 21)° Vi
in which we have replaced v by 7 cos wt in order to emphasize the fact
that it is according to orders rather than to harmonies that the selec-
tion is made. There are, for example, contributions from the second-

order to zero-order terms, third-order to first-order, and so forth, so
that, to the third-order our actual harmonies are as follows (1= peak

value of 17):
12
i) = I, + [2 ]n_

) 3t
i) = (il - 3 cos wf

e 15a
i(he) = - cos 2wt e
2
: (] .
i(hs) = " cos Jwl |

Particular emphasis is laid upon these considerations in order to assist
the understanding of the later parts of the paper.

From (15) and (15a) the ratio of second- and third-harmonie eur-
rent to fundamental may be obtajned for any load impedance, real or
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complex. It is desirable next to examine the magnitudes of the har-
monics in the important case where z,. is substantially independent of
n', as, for example, a loud speaker designed to present substantially
constant impedance over the range of audio frequencies. Then

—_— 1 I . t Y 2
i(he) = e’ _)_,.( > ) <fl> cos 2t .
4 Tp +z V1

Assuming z=r, (maximum output on fundamental), then (h,) is given
by

) n(n — DI, /6\? X
i(he) = ————( ) cos 2wt (16)
32 I
and the mean power output in watts is, if I, is in amperes and z in
ohms,

n(n — 12,2 /9 \*
IV(’Ig) - —ﬁ's' '<V> Z. (17)
1

Now, in the case of #;=V;, 2=5000 ohms, I,=30 milliamperes, the
power outputs are as follows, n=3/2:

W(hi) = 1293 milliwatts
W(he) = 1.235 milliwatts (18)
W(hs) = 0.0134 milliwatts

from which the following conclusions may be drawn: (a) third-
harmonic distortion is per se too small to affect quality and (b) that
as little as 3.2 per cent total harmonic distortion on voltage output is
obtained in the case z=r,, v, = V,. But it will now be seen that these
criteria are of little value in determining actual distortion in most
cases.

V. DISTORTION BY INTERMODULATION

This phenomenon has until quite recently been much neglected in
the design of audio-frequency amplifiers. The writer is indebted to
A. C. Bartlett" for the following very clear distinction between the
well-known phenomenon of eross modulation® and that of intermodu-
lation. Bartlett takes cross modulation to be as follows: Suppose a

" A. C. Bartlett, “The calculation of modulation products,” Phil. Mag.,
ser. 7, vol. 16, p. 845; October, (1933); part 11, I’hil. Mag., ser. 7, vol. 17, p
628; March, (1934). See also D. C. Esplev, “Harmonie production and cross
modulation in thermionic valves with resistive loads,” Proc. 1.R.E., vol. 22,
pp. 781-790; June, (1934).

1t 8. Ballantine and [1. A. Snow, “Reduction of distortion and cross talk in
radio receivers by means of variable-mu tetrodes,” Proc. I.R.E., vol. 18, pp.
2102-2127; December, (1930).
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carrier w; modulated by an audio-frequency @, i.e., (144 cos ) cos wit,
is acting on a tube at the same time as another carrier w,, then cross
modulation occurs if the output from the tube contains a term of the
form (1+44&' cos Q) cos wo!, i.e., if the audio-frequency modulation of
is impressed on we. 1t is easily shown that this will only oceur if the
characteristic of the tube exhibits third-order curvature. Intermodula-
tion, on the other hand, is taken to denote the production of differ-
ence frequencies of any order; a parabolic curve produces only first-
order differences, of the general form nf, +mf, where n, m are integers;
if there are three frequencies present, the differences pf. +qfs, 7f1 + sfs
are obtained in addition, but no second-order differences of the form
nfy + mfe+ pfs. Cross modulation is thus a particular case of the more
general phenomenon of intermodulation. If the dynamic characteristic
of the tube is parabolie, cross modulation will not arise. The differences
produced by intermodulation in audio-frequency amplifiers have been
termed side fones.'s These have recently been the subject of an experi-
mental study by J. Owen-Harries.'” In this case the carrier frequency
does not have to be considered, so that m and n are both unity for the
first side tones and either 1 or 2 for the second side tones, and so on.

Now Bartlett’s classical treatment of the mathematics of modula-
tion products® covers all cases where a resistive load is employed, but
does not appear to lend itself to n more general treatment where, for
example, both tube and load may not be purely resistive. \Moreover,
the mathematies is probably too difficult for the average engineer. In
the sequel a greatly simplified treatment will be given in which only
the first and second side tones (arising from seeond- and third-order
sharacteristic curvature) are caleulated for a pair of input frequencies.
Bartlett'® and Harries'” have pointed out that for the purposes of a
simple distortion eriterion, two frequencies are sufficient. The reader is
referred to these nonmathemautical treatments, which render it en-
irely unnecessary to add anything further in the way of verbal ex-
planations.

In the following analysis we shall content ourselves with the dy-
1amic tube characteristic, as extension to the static tube charae-
eristic may be readily effected by means of the analysis in Section IV,
Thus, in the dynamie characteristic,

1= ay+ aw + aw® + ax® + - . (13a)

16 [Little likelihood of confusion with ‘“side tone” in telephony is expected,
owing to the difference in context.

17 J. Owen-Harries, “Amplitude distortion,” Wireless Eng., vol. 14, p. 63;
Tebruary, (1937).

18 A (. Bartlett, “Intermodulation in audio frequency amplifiers,” Wire-
ess Eng. and Exp. Wireless, vol. 12, pp. 70-74; February, (1935).
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Let us replace v by the composite signal
.‘18”’"’ + Ife,’n!- ¢) ‘

where, ) ) .
eimt = cos mt, i=9) = cog (nt — ¢) |

(19)

In the present connection little confusion should arise from the use
of exponential notation, but if any dificulty arises, Section VI, dealing
with the conventions to be observed, will be found helpful. The posi-
tion is that the exponential notation saves considerable time and its use
may be described as “almost essential” for the treatment given in
Sections VII to XII. For this reason no apology is made for its intro-
duction here, which might otherwise have been regarded as premature.
There is, however, the important point that, for the simpler modula-
tion products at any rate, the difficulty with multiple angles, so success-
fully met by Bartlett!® in another way, may also be met by means of
the technique given in Section VI. Furthermore this technique is de-
vised to cover cases where the load and/or tube have a frequeney
characteristic.

Equations (19) and (13a) give (writing t,=t—¢/n)

1= ao+al(Ae,'mt+Bejut,)+a2 [A'z(e,'mt)2+2A B(e,’mtc;int,) +B?(e,'nt,)2]
+a, [As(e,'m:).z +3A23(e,'m¢)2(efnl|)+3A Igz(e,‘mc)(ejm,)z_*_Bs(einc.)x] .

If 4 is a strong signal und B a weak one, the important side tones are
(compare (46) and (48))

a:24B(e™! - eimt) =ay- AB[cos {(m—+n)t’ —¢} +cos {m—n)t'+¢}]
a3 - 3AB(eimt)2eint
=as-342B[} cos nt! +1 cos {(2m+n)t' —o}
+1cos {Zm—n)t'+o}] (20)

where ¢’ in this case is equal to ¢ for a purely resistive load and for low
frequencies (coeflicients a all purely real); t,"=t"—¢/r.

While the phase angles of the separate side tones may, as Harries!”
points out, be important, it is worth calling attention to the fact that
the ratio of the side-tone pairs to the fundamental (a,Bei*4) is inde-
pendent of ¢ at all values of ¢. Thus, for the first side tones the ratio is
2(as/a;)Ae’™, and for the second side tones the ratio is (3as/2a,) A%,
Although it is difficult to see what may be the physical significance of
this ratio, the “pair” comprising two or more discrete frequencies, it is
convenient to use it as a criterion of distortion in the same way as
previously the ratio of harmonic to fundamental was employed. Now,
while it is, of course, an approximation to take the coeflicients a, to be



Benham: Tube and Amplifier Theory 1113

equal to those obtained from the 3/2-power law without anode load,
this procedure will here be adopted simply in order to indicate the
o-der of events.
Then,
3ay 3a, ap

do = . as =
! ’ 16V

) = ’
2V, 8V,?2

so that the ratios of first and second side tones to fundamental be-
come

Aelml e A2e21'mt

' and _ . (21)

2V 16V 2
Ve note that these ratios are independent of B, the amplitude of the
waak signal, as would, however, be expected. It should be noted that
(21) includes the effect of both the side tones inherent in each of the
expressions (20). If we try to take the ratio of the separate side tones
(2)m+n and (2)m—n to the signal we do not obtain simple expres-
sions and the phase angles of these ratios will be different for each
side tone. If however both (2)m+n and (2)m—n occur in the audible
range of frequencies the criterion adopted is probably the best; in
other cases it might be too severe.

In order to see the magnitude of distortion that can occur, let us
suppose 4 =V, (equation (14)). Then the percentage distortion of the
weaker signal is from (21) no less than 50 per cent due to the first side
toaes m+n and 6] per cent due to the second side tones 2m+n. This
means, for instance, that if an orchestra is being reproduced the weaker
members will come through badly distorted on loud solo puassages un-
less (a) the grid-bias allowance of the last-stage tube is prohibitively
large or (b) unless class B amplification is used. Even here, while the
first side tones are substantially eliminated with matched tubes, the
second side-tone distortion remains at around 6.3 per cent. The need
for a design of tube to minimize both first and second side tones is
thus only too apparent. It should however, be mentioned that from
Harries’ experimental results'” the second side tones in some cases
ceese to increase rapidly with peak grid volts above about half full
drive, an effect which is not explained by the above analysis and may
be attributable to some feature of the anode-cireuit load. In some
cases the second side tone is apparently nearly constant as the grid
swing is increased, while in others it appears to increase according to
theory. It would take too long to discuss the many aspects of this
prcblem, and the reader is referred to Harries’ article. There is little
doubt about the fundamentals of the case, which may be summed up as
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follows. Harmonies per se contribute a total harmonie distortion in the
neighborhood of 5 per eent on full drive, while the side tones arising out
of harmonic production can produce (in the case of the first side tone)
up to about 50 per cent distortion in the plate current of a tube having
negligible anode load; for z=r, it is probable that this figure is around
25 per cent, which figure is attained in Harries’ Fig. 6¢ for the side
tones (m+n).

VI. ConvENTIONS IN REGARD TO THE USE OF EXPONENTIAL
NoraTtioN

In the sequel where transit time of electrons is a complicating factor
the tube impedances are complex, and, while the first-order impedance
may be evaluated without undue labor in circular functions, the labor
involved in the case of the second and third orders is prohibitive un-
less complex notation is employed. Actually, the use of complex nota-
tion does greatly simplify the first-order analysis also, and once cer-
tain elementary principles are mastered all difficulties disappear.

While many aspects of complex algebra may be regarded as beyond
the scope of the average engineer, it is only with the complex exponen-
tial function that we are here concerned, and this is at once the most
important, the most fundamental, and the most simple of naturally
occurring functions. The cireular functions sin z and cos = are merely
elements of which the exponential €= is composed. In consequence,
it is cumbersome to employ them in eomplicated problems, but it will
probably be some time before the use of complex notation becomes uni-
versal. It is to be hoped that this section, which, however, aims at no
completeness, will be of assistance in all classes of problems involving
complex impedances, as it is by no means restricted to the particular
field dealt with in the sequel. Before proceeding it may be as well to
point out that, “modulus” and “argument” are synonymous with the
more familiar “peak value” (or “amplitude”) and “phase.” The word
“amplitude” is sometimes used instead of “argument” in mathematical
works. In description “phase angle” will be used, but in symbols this is
“arg z.” Mod z will be written |z|

The series p g

4
TR

st 2"

==} s e S (22)
3! n!

is absolutely convergent for all values of z and therefore defines a one-
valued funection for all values of z. This function is ealled the exponen-
tial function and will be written e whether z is real, imaginary, or
complex. The exponential funetion is possessed of the important prop-
erty, for any constant X, real or complex
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diz(e”) = \e’. (23)
Now suppose r to be any real variable and let us choose z, so that
zz=cosz +isinz  where i=+v—1, (24)
Then,
dz,

= —sinz + 7 cos x = ¢(cos z + 1 sin z) = z;.
T

Hence, in virtue of (23),
2 = Aet® (25)

wkere A is a constant whose value is found to be unity by comparison
of (24) and (25) in the case z=0. Thus we have

cos z + isinxr = et
changing z to —r gives
cosxr —isinz = ¢ 'z
whence,
1
cos T = (e + e i=)

1 - (26)

21.'(

sin z

Now in physical and engineering problems some labor can be saved
by replacing cos wt by i(e™‘+e*!) but it is far more convenient to
adopt the convention

cos wl = e« — sin wt = jer«t @n

which saves covering two sheets of paper instead of one and which
also has other unique advantages, provided, and only provided, certain
precautions are observed. The use of j rather than 7 may conveniently
remind us that we are now outside the scope of ordinary textbooks on
coraplex algebra in that the e®’ of (27) no longer obeys the simple
laws of multiplieation and division of quantities raised to the power of
an index; thus (e )2 must be left in this form until the final stages of
the analysis, and must not be written e2*. A further reason for the use
of # is in order to insure absence of confusion with the symbol ¢ used
for current,
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The simplest application of (27) is to linear equations and here all
we require to know is the answer to the question: if our final solution
is of the form zei“t = (a+jb)e’“* how must this be interpreted in eircular
functions? The answer is immediately provided by (27). Thus

(a + jb)ewt = aeit + b-je’*! = a cos wt — b sin wt. (28)

The ease of nonlinear equations is more diffieult, but some simple
cases will first be considered. These particular eases will prove valuable
guides to general procedure. Let our final solution contain terms of the
type (a+jb)(ei")?, and let this term be expressible as a perfect square:

(a + jb)(eier)? = |(a’ + jb")ei!]? (29)
= (a’ cos wt — b’ sin wt)?
(@’ + b'2)

e & = 0"
h" sin 2wl + 3 cos 2wt.

While by comparison of the two sides of (29) we may determine
a> — b =a
2a'b = b
a? + b’ = (a® + Y)YV
so that, finally, the following interpretation is obtained
(a + jb)(e/o)? = L[(a® 4+ b*)"/2 — b sin 2wt + a cos 2wt] (30)

w hich may also be written

2 12 1/2 l
(a + jb)(eie)? = (@ +)—)) [l + cos <2wl + tan™! )>] (31)
a

showing that the second harmonic contains a phase angle in general, or
alternatively that second-order solutions exist in a dimension for which
time is measured from a new zero, {= —jw tan'(b/a). If we differ-
entiate (30) to time,

2jw(a + jb)(e)? = — w(b cos 2wt + a sin 2wt) (30a)

it will be noticed that the constant (a2+b?)'/2 has disappeared but that
the left-hand side may be written

— 2u(b — ja)(eit)? (32)

which is of the form (c4jd)(e*)2; i.e., of the same form as that with
which we started. Thus some restriction is necessary upon the relation
(30) and this may be expressed as follows; namely, that a must be
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expressible in the form a,+a,(w) where the part a, does not depend on
@. In this ease we see that (32) possesses a real part dependent entirely
¢n w (apart from the remote possibility that b contains a part propor-
tional to 1/w) and cannot therefore be regarded as of the form neces-
sary for the relationship (30). Looked at in another way, we must
inspeet to determine whether our final solution is of the form
(2+7b)(e*)?, in which case (30) must be used, or whether it is of the
form (¢+jd)e’*!jwe’** in which case jw may be regarded as an operator
differentiating the expression with respect to time. A little practice
malkes stich inspection possible at a glance.

Let us now inspect the case where we are dealing with the third-
order solution. We shall obtain terms of the type (a+jb)(e’)* and
a 8o other terms. Dealing with this one first, let us take the term to
have arisen from a cubing process:

(a + jb)(e“)? = [(a’ + jb")e“t]* = (a’ cos wt — b’ sin wl)®
a’? cos® wt — 3a’?h’ cos? wt sin wl + 3a’h’? cos wl sin? wt — b3 sin® wt
cos 3wl 3 coswl
_+_

| 4

sin 3 wf 3 sin wt
: -4

—4 L

+ 3a’h’? cos wt — 3a’?h’ sin wf . (33)

]

]

a’* — 3a’'h’? (

+ (3a’2h’ — b’ <

By means of the relations

a — 3a’h’? = ¢ \

34
3a’%h’ — b3 =p | (34)
tle answer can be expressed most neatly in the form
(@ + jb)(e’“)* = (a? + b2)V2[! cos 3wt’ + 2 cos wt’
were
1 b (35)
U =t 4+ — tan!
3w a

also (a + jb)j(e’«!)* = (a® + b)'2[ — }sin 3w’ — !sin wt’] (35a)

from which it will be noticed that, as in the previous examples, there
is now a phase displacement, or alternatively, each of the components
exists in a new dimension in which time is measured from a new zero,
in this case ¢=(—1/3w) tan'(b/a). While the analysis leading to the
akove has been given but sparsely a geometrical interpretation is given
with the example to follow. The third-harmonic component may, if
desired, be expressed in the form
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a b
— cos 3wt — — sin 3wt. (36)
4 4

For the determination of modulus and argument it is frequently con-
venient to use (36) in cases where a and b are themselves functions of
w (compare Fig. 4) when the modulus can be obtained as the envelope
of the individual components at values of w where one of these passes
through zero. This procedure saves considerable arithmetic. In a simi-
lar way the zeros of the curves give information as to the argument
which changes by steps of =/2 between successive zeros.- The phase
angle of the (third-order) fundamental contribution need not be evalu-
ated but may be taken from curves for the argument of the triple-
frequency term, dividing such arguments by 3.

(o)

Fig. 2
(a) Construction for determining phase angles |AsOP:(= tan’ 1h,/a;) and
A,0P.(= tan—b,/q;) from data given in (37) and (38).

(b) Positions of rotating vectors OA(= |a;+jb: |e“!) and OA,(= |az by | €2ivt)
after rotating from the initial line OF for a time t= 1/2w tan~'bs/a,
=1/w tan~'h;/a.. In general the vectors would not lie on the same circle,
but in all cases we must have tan! ’;A./OP,=2tan"! ’,4,/0P.. Thus
(b) is obtained from (a) by moving 4;, A, round the circle to the positions
shown in (b), when A’ will automatically coincide with A..

We have next to consider a third-order contribution of the type

(a + jb)eist-etivt = (ar + jhi)ei (s + jbaJe¥™  (say)

= (a; cos wl — by sin wt)(as cos 2wl — bz sin 2wt)

cos wl sin wl
e, (0102 + "1”2) > - ("1"2 - (12’)1)
B L 37)
cos 3wl sin 3wl |
+ (ayap — iby) N (b + asbn) -
In this case we have
a = (ayaz — biby) )
1 102 } (38)
b= (a'zbl + aibs)
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but now there are only two equations and four unknowns. It may,
however, be readily shown from the above data that the modulus of
fundamental and of triple-frequency terms are equal, while (38) de-
termines the phase angle of the triple-frequency term;i.e., tan=(b/a).
In order to find the phase angle of the fundamental component we
take advantage of the fact that the modulus is the same for both com-
ponents. Referring to Fig. 2 (a) let OP represent a, as given above, and
let PA be drawn of length b at right angles to OP to meet the circle
of radius (a2+b2)2 at the point A. Now from (37) and (38), if ¢ denotes
the desired phase angle
G ¢ e et S b Fab (39)
a1dsq + l)lbz + )1)21)1
We thus proceed along OF and make PP’ =2byb, and erect the ordi-
nate ’’A’ to meet the circle in A’. Then since DA’ is the modulus of
the fundamental component, IA’()I” 1s the phase angle of this com-
ponent. Hence, making A’Q meet PA at right angles in Q, the point
A’ may be regarded as having moved around the circle from A4, the
ordinate being diminished by the amount AQ, i.e., from b to b— 2a.b,
(see (39)). We now complete the small triangle AQA’ and make OA,
perpendicular to A4’ meeting the circle in A,. The triangle OP.4, is
seen to be similar to the small triangle AQA’ so that

l’zAz Q“l ! 2()21)1 l)z

-~ - = (40)
()Pz QA 2(12[)1 [{7)
With the help of the first line of (37) we find
b b b
tan—! = tan~!— + tan™! (41)
a a as

and since tan~!(b/a) is the angle |A()l’l, (40) and (41) determine tan—!
(t1/a)) as the angle |A0A2 We may then construet | 4,0P, = !_A()Am

when I’14,, OP, will represent the values of b, ay, respectn ely. But,
since OA, cuts the line 4A’ at right angles [A ()A = Az()A, and

| 404’ =2| | 4:04 =2 tan™* (bi/a)). Hence

b b
lA’()Pl = tan! — 2 tan! = (42)
a a)

We have now obtained the utmost possible information from (37) and
(38) but since we require lA’()l’, in terms of b/a alone, and since (41)

and (42) fail to provide this information, we must seek some restric-
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tion on the relative values of ai, as, b, and bs. Such a restriction is
readily obtained by reference to Fig 2(b), in which it is seen that what-
ever the length of the rotors of the rotating vectors [a; 43t | et
r1,2+jh2| er*t the following relationship always holds good:
b

b
tan~!— = 2 tan™' : (43)
asy ay

Eliminating b./a. between (41) to (43), we obtain

| ,)1 1 ,)
(40P, = tan!' — = tan—! : (44)
a 3 a
The points A’, 4, on Fig. 2(a) should then be moved around the circle
to meet at the position shown in Fig 2(b), and likewise for the point A..
Now, as before, the answer may be expressed in terms of the new
time t'(=t41/3w tan~! (h/a)) so that (37) becomes

] ) (a2 4 b2)V2 , ,
(a + jb)eet e¥ivt = 3 - (cos 3wt + cos wt’). (45)

also (a + jb)jeist - etiot = (a? + )2 — }sin 3ot’ — § sin wt']  (45a)

Equation (28) together with (30a), (31), (35), (35a), (45), and (45a)
provide the necessary basis for the successful handling of problems in-
volving the formation of double- and triple-frequency components by
nonlinear apparatus possessing a frequency characteristic. 1t will be
realized that the examples so far cited are simple cases of more general
expressions. The six particular cases are nevertheless important guides,
in that more general expressions may be formed with their assistance
and tested by letting the phase angle tend either to zevo or 7/2, and/or
writing @i = wa( = w3), or w2=2w,, and so forth.

In cases where the frequencies of the constituent vectors are equal,
the restriction that these vectors are also cophasal ean be shown to be
without effect on the higher-frequency component of the resultant, but
the lower frequency (or, in the second order, the direct current) com-
ponent must be multiplied by cos 6, where 8 is the phase angle between
the constituent vectors. As, however, the quantity (a+jb) is in general
not resolvable into factors at all, other methods are resorted to for
finding the component of lower frequency. Such methods are indicated
in Appendix 111

It would take too long to extend the above treatment fully to in-
termodulation and cross modulation, and only some of the more im-
portant cases will be mentioned. First, let us consider the simultaneous
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application of two arbitrarily phased signals to a device in which third-
order curvature is unimportant. Intermodulation then produces only
first side tones, the required transformation for these being

(@ + jb)eiwit=¢)giwst

(a2 h2yu2
S +., ) [cos {(w: + w))t’ — ¢} + cos { (w2 — wi)t’ + 6} ] (46)

where now

n 1 ¢ ‘ b (47)
an- .

(w2 + 1) a

=1

We cannot fail to notice the essential similarity of the form of the
above expressions to the third-order harmonic expressions, vet the
above side tones arise only out of second-order curvature and are
termed the first side tones. The form (46) is not, however, dissimilar to
the second-order solution (31); the modulus is the same, for the same
a and b, and if into the derivation of (31) we write 2w=w,+w,, then,
instead of the constant term we should obtain the difference term in
(w2—w), and, in short, we should be enabled to arrive at (46) from a
knowledge of (31). Then, also, we should be able to arrive at the term
giving rise to the second side tone from our knowledge of (35), replacing
(e7%)3 by e(71=%) (e72%)2, which gives

(a + jb)eiteit=o)(giw:t)?
= (a® + b3)'2[} cos {(wi + 2we)t’ — &} + Fcos { (w1 — 2w’ — ¢} ].
This answer cannot, however, be correct since we have seen that

(ef¢")? contains a term independent of ¢, in which case we expect terms
independent of wyf. The correct expression is then found to be

(@ + jberte=#)(erwa)? = (a* + b?)V2[} cos (wit’ — )
+ 5 cos { (0 + 2w)t’ — 6] + 1 cos {(2w — w)t' +6}] (48)
where

1 b
' =t+ tan!

w; + 2we a
ard it will be observed that the side tones are of equal magnitude, in
accordance with experiment.'” Equation (48) will be found on inspec-
tion to reduce to (31) in the case w, =0; w:=w; ¢ =0, as well as vielding
(35) in the case w,=ws=w; ¢=0. The second side tone is of major im-
pcrtance in commercial pentodes and may exceed the first side tone by
many times. The third and higher side tones may also be sufficiently
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strong to affect reception but as pointed out by Harries a measure of
second-side-tone distortion will tell us whether or not this is the case.
In the ease of cross modulation, if the signal is of the type

v = cos wl(l + k cos U) + q cos wyt

so that, due to third-order curvature of the characteristic we obtain
products of powers of the cosines of each of the three frequencies
present, it can be shown that the only important third-order terms for
obtaining the frequencies w,+ ! are those in cos wi! cos QU cos wot. We
therefore have to consider the complex expression.

£ = (a+ jbler“iteiortesn
which will now be written
£ = (a + jbi)errerss](ar + jbr)ers
which gives with the help of (46) and (28)
(@it

“)" [COS (wg +w1)[1’+COS (wg—wl)tl'](az""—}—bg"")”"" ({0 Qt?’ (40)
where
[ 1 I)] 1 bg]
L =t+ tan~! —; & ={ 4+ — tan!
Wi+ wy a {1 az -

(a:? + 0D (@ + b2) = (a2 + b?)

Equation (49) gives rise to the frequency differences w.+w, + Q@ and
with the help of first-order terms in w, w. the desired set w.—,
w2, w2+ Q2 may be obtained. The only information so far lacking
concerns the values of b)/a;, bs/a.. We know, however, that
tan~'(b/a) =tan~'(b,/a;) +tan—'(ho/as) and since Q is an audio fre-
quency it is permissible in most cases to regard b. as zero.
Summarizing the remarks of this section, it may be said that the

use of the convention
eMvt = cos Nnwt

in problems where the input wave is distorted by a nonlinear device
possessing in general a frequency characteristic, is perfectly permissi-
ble, and in complex problems the labor saving is considerable. Ex-
pressions have been developed giving (e"*)"(a+jb) in real notation,
where n is any integer and m has values 1, 2, 3. It should also be men-
tioned that femi«t. gnividt=gmivt. gnivt/(m+n)jw, with reservations when
m=n. When m=n a term proportional to { would be involved, in cases
where we are concerned with expressions of the type (a+jb)(e™*)?, but
not in thecase of (a4 jb)j(em“*)2 which may be written (a+jb) (je?™it/2).
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VII. THE NONLINEAR THEORY OF VacuuM TUBEs
AT Hicu FrREQUENCIES

INTRODUCTION

The sequel extends the electronics of vacuum tubes at high fre-
quencies so 4s to include the formation of multiple frequencies, arising
e ther solely from finite electron-transit time (temperature-limited case)
or from characteristic curvature, including modifications due to elec-
tron-transit time (space-charge-limited case). Following the procedure
of Sections IV, V, and VI the first, second, and third harmonics will be
treated in detail, fourth- and higher-order terms being considered be-
yond the scope of the present paper. Many applications of the remarks
of Section VI will be found, which it is hoped will be of service to those
interested in the use of these conventions in other branches of radio.

At the risk of appearing to amplify unduly one phase of a paper not
dzvoted exclusively to transit-time effects, a very brief summary of
this field is attempted below. Setting aside the well-remembered work
of Hollman® and others?®? on positive-grid tubes, the papers that
have appeared are few in comparison. It is to those investigators of
fundamentals as affecting tubes used in circuits with the normal con-
naction that space restricts the sequel.

Ilarly workers who failed to publish their results were B. D. H.
Tellegen, R. I. J. Jarvis, and possibly also O. Emersleben. The latter
dealt in a remarkable paper? with the answer to the question. The
nclectrodes E,, E;, - - -, E, are at constant potentials V,, V,, - - -, V,.
At the N points I’, I’, - - -, P, we have the stationary charges
—e, —e, - - -, —e,. What is the potential ¢(Q) at any given point
of the space R between the electrodes? In Section II of his paper
lxmersleben had referred to the “microscopic” aspect. “All the internal
actions which are visible by mieroscopie examination will be sketched
in a series of papers.” Meanwhile I had made a preliminary announce-
ment of a result of “microscopic” examination in the case of the moving

¥ H. E. Hollman, “The generation and application of the shortest un-
dsmped electrieal waves,” Hochfrequenztech. und Elektroakustik, vol. 44, pp. 37—
60; August, (1934).

2 Hannes Alfveén, Zeut. fur Phys., vol. 83, p. 222; June, (1933); Inaugural
D ssertation (in English) to the University of Uppsala, Uppsala Universitets
Arsskrift, 1934, Matematik och Naturvetinskap. 2., “Investigations on the Ultra-
Skort Electromagnetic Waves.”

2 R. Cockburn, “Investigations of the fundamental types of electron oscil-
lations in a triode valve,” Proc. Phys. Soc., vol. 49, p. 38; January, (1937), and
forthcoming paper.

22 0. Emersleben, “Das Elektrostatischer Feld einer Raumladung-1,” Ann.
de- Phys., vol. 82, p. 713; April, (1927).
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charges,® and in due course published my analysis in improved form,*
unaware that 1 was possibly trespassing on IEmersleben’s preserves.
When in 1928 I came across Emersleben’s work it seemed to me that
the electrostatic effects, all included antomatically?-2% in my method of
approach, need not form a subject of separate investigation. My paper
was primarily concerned with the explanation of some experiments I
had conducted in 1926 on the frequency characteristic of diode rectifi-
cation? hut also gave the first-order solution for the electron velocity
in terms of electron-transit time, in closed form (circular functions)
and from this all currents, potentials etc., at any part of the diode were
readily obtained though not published in full. In 1929 B. D. H. Telle-
gen pointed out a second-order correction, which I accepted. This
authority was the first to convey confirmation of the main features of
my 1928 paper (Part 11 was not published until 1931)? 1n a letter dated
December 31, 1931, in which he also gave my results in complex nota-
tion. Tellegen also found the result C =(3/5)Cy, which I had not men-
tioned in Part I, though this ean be obtained from equations (2%) and
(29) of Part 1.

In September, 1928, J