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of Radio Com cation should be thoroughly grounded in the ordinary
laws of continuous and alternating-current circuits; he should also have
s clear physical conception of the transient conditions continally occurring
in such circuits. These elementary ideas are best obtained by consider-
ing the electric current from the electron view point, i.e., a8 a compara-
tively slow drift of innumerable minute negative electric charges, which,
it the same t. 1e they are drifting through the substance of the conductor,
wre executing haphazard motions with very high velocities, continually
colliding with each other and with the molecules of which the conductor
s composed.

Due to the extremely high frequencxes encountered in radio practice
I is necessary to expand somewhat one’s ideas of resistance, inductance,
and capacity, the so-called constants of the’ &lectric circuit. As a result
of the non-uniformity of current distribution the resistance of a conductor
it high frequency is generally much higher in a radio circuit than it is at
odinary engineering frequencies; due to non—penetra.tlon of ma.gnetlc
tux and pysteretic lag, the apparent permeability of an iron core is much
ks at radio frequencies than at the customary sixty cycles; due to imper-
fect polarization of dielectrics the apparent specific inductive capacity
o an insulator may be much decreased at radio frequencies and the heat-
ngdue to dielectric losses may be thousands of times as great as is the case
n ordinary engineering practice. Furthermore, due to the unavoidable
mternal capacity, the apparent inductance of even an air core coil may
te expected to vary at high frequencies; in fact, a piece of apparatus
which is physically a coil, when used at radio frequencies, may, by electric
measurement, be found a condenser.

All of the effects indicated above are treated in the early chapters of
the text, not in as comprehensive manner as is possible, to be sure, but
vith sufficient thoroughness to open the student’s eyes to the possible
peculiar behavior of circuits when excited by the very high frequencies
o radio practice.

Because of its importance to the radio art a considerable part of the
text i8 given over to the theory and behavior of the thermionic three-
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electrode tube; at the time this material was compiled there was no com-
prehensive treatment of the subject anywhere, but there has recently
appeared an excellent volume on Vacuum Tubes (by H. J. Van der Bijl)
which every student of radio should carefully peruse. It is hoped that
the subject matter presented in this text may supplement, rather than
duplicate, that given in the above mentioned volume; the actual behavior
of tubes in typical circuits is covered in this text in a more thorough
manner than has been attempted in other texts, and practically all the
‘theoretical deductions are substantiated by experimental data, much
of which has been obtained in the author’s laboratory.

A chapter has been devoted to each important phase of the radio art;
there is also incorporated a short course of elementary experiments which
may well be carried out by electrical engineering students especially inter-

ested in Radio. For those desiring to specialize in Radio, the materia}l

given in the body of the text will furnish ideas for unlimited further
experimentation.

On certain parts of the text very valuable assistance has been given
by the author’s former colleague, Mr. A. Pinto, and by Mr. W. A. Curry,

‘'who is at present associated with him in radio instruction; due credit
is given to them on the title page of the text.
J.H. M.

CoLuMBiA UNIVERSITY,
April, 1921,



CONTENTS

CHAPTER 1
FuNDAMENTAL IDEAS AND LaWs

Eectrons—Electric fields—Induced charges—Electric current—Conductors
and insulators—Continuous and alternating current—Wave shape—
Magnetic fields—Units—Induced e.m.f.—Self-induction—Coupling—

+ Capacity—Oscillograph—Current flow in inductive and condensive
dreuits—Time constant—Alternating-current flow in various circuits—
Eflect of frequency—Transients in inductive circuits—Resonance—
Decrement—Decrement from resonance curve—Parallel circuits—Various
types of coupling—Effect of neighboring circuits on resistance and re-
actance—Resonance in coupled circuits—Resonance in electrically long
BICHIE ... ... . ittt i 1-110

PAGES

CHAPTER 11
ResisTANCE—INDUCTANCE—CAPACITY

Geeral concept of resistance—Various factors affecting resistance—Skin
effect and its elimination—8Skin effect in coils—Eddy currents in iron
cores—Characterisitics of iron core coils—Resistance of arc and spark—
Resistance of an antenna. '

Ceficient of self-induction—Self-induction of single vertical wire—Single
borizontal wire—Single circular turn—Single layer solenoid—Flat spiral—
Toroid—Single layer square coil—Flat square coil—Multilayer coil—
Mutual induction of two single turns—Coaxial solenoids—Two-wire
llftelma—'hvo concentric coils—Two coaxial spirals.

Capacity in general—Capacity of an isolated sphere—Parallel circular plates—
Single vertical wire—Mutual capacity of two horizontal wires—Multi-
plate condenser—Forms of condensers—Specific inductive capacity—
Losses on condensers—Phase difference of a condenser—Internal capacity
colle—Natural period of COfB. . .........uuunnneerrrirniiaeeerennenes 111-178

CHAPTER II1
GENERAL ViEW oF RADI0 COMMUNICATION

Wave Iotion in water—Electro-magnetic waves—Velocity of propagation—
Different types of waves—Spark telegraphy—Continuous-wave teleg-
maphy—Radio telephony—Receiving station—Selectivity—Interference—
Simultaneous sending and receiving—Atmospheric disturbance—Elimi-

vii



viii CONTENTS

PAGES
nation of atmospheric disturbance—Attentuation of waves—Day and

night variation in signal strength—Seasonal variation—Amounts of power
required—* Freak” transmission .................ccooiiiiiiiiiain., 179-201

CHAPTER 1V
Laws or OsciLLATING CIRCUITS

Condenser discharge through inductance—Effect of condenser leakage—
Frequency—Wave-length—Voltage and current relations—Damping and
decrement—Decay of current, voltage and energy—Effect of spark gap—

. Number of waves in a train—Effective value of damped sine wave cur-
rent—Effect of neighboring circuits upon oscillatory discharge—Coupled
pendulums—Oscillations in coupled circuits—Phases and amplitudes of
currents—Vector diagram of currents in coupled circuits—Frequency of
beats—Quenching gap—Oscillatory circuit excited by continuous vol-
tage—Oscillatory circuit excited by application of alternating voltage—

Periodic disturbances in oscillatory circuit—Oscillatory circuit excited by
pulse—Impulse excitation of parallel resonant circuit—Oscillatory circuit
excited by damped sine wave and resonance curve for such a case...... 202-274

CHAPTER V
SPARK TELEGRAPHY

Normal transmission equipment—Battery and coil—Alternators for radio
transmitters—Transformers—Condensers—Resonance conditions in audio
frequency circuit—Different types of spark gaps—Oscillation trans-
former—Energy distribution curves of a transmitter and effect of
coupling—Adjustment of a spark transmitter—Elements of a receiving
set—Need of a rectifier—Types of coupling—The telephone receiver—

Crystal rectifiers—Vacuum tube detector—Adjustment of receiving set—
Waverlengths and ranges of transmission in spark telegraphy—Arrange-
ment of apparatus in typical transmitting stations.................... 275-363*

CHAPTER VI
Vacuusm Tuses AND THEIR OPERATION IN TypicAL CIrRcurrs

Possibility of electron emission—Theoretical prediction of electron evapora-
tion—Electron atmosphere—Power required to produce emission—Two-
electrode vacuum tube—Fleming valve—Space charge and its effects—
Three-electrode tube—Deforest audion—Potential distribution in three-
electrode tube—Uses of three-electrode tube—Operating limits of a
tube—Effect of gas—Ionization—Evacuation of a tube—Detection of
gas in a tube—Characteristic curves of typical three-electrode tubes—
Free grid potential—Equation of plate current—Resistance of tube
circuits—Capacity of input circuit—Three-electrode tube as detector—
Action of grid condenser—Triode as generator of alternating current
power—Output and efficiency—Heating of plates—Phase relations in a
triode—Possibility of self-excitation—Triode as detector of continuous



CONTENTS ix

PAGES
wave signals—Analysis of typical circuits used for self-excitation with
conditions necessary for oscillation—Starting and stopping oscillations—
Parasitic frequencies—Circuits used with triode as detector—Criterion
for oscillation in detector tube—Peculiar noises in autodyne circuits—
Regenerative circuits for spark signal reception—Triodes in parallel—
Alternating-current power supply for plate circuit—Special forms of
tubes—Detailed study of triode as power converter—Triode characteris-
tics when used asamplifier................. ... .., 364-577

CHAPTER VII
CoONTINUOUS-WAVE TELEGRAPHY

Advantages of continuous-wave telegraphy—High-frequency generators—
Poulsen arc—Elementary theory of oscillating arc—Types of oscillation
of arc—Commercial form of arc—High-frequency alternators—Alexan-
derson alternator—Goldschmidt alternator—Frequency transformers
using iron cores—Marconi multiple-gap generator—Methods of signalin~
used with different generators—Reception of continuous-wave signals—
Tone wheel—Heterodyne—Effect of upper harmonics on beat reception—
Arrangement of apparatus in continuous-wave tube transmitters. ....... 578-646

CHAPTER VIII
Rapio TELEPHONY

Field of use—The transmitter—The receiver—Modulation —The microphone
transmitter—Analysis of modulation—Percentage modulation—Schemes
for modulation—The vacuum tube in radio telephony—Heising scheme of
modulation and its analysis—Alexanderson scheme of. modulation—
Analysis of modulated wave—Oscillating tube as receiver—Effect of
decrements upon quality of speech—Multiplex radio telephony—Amounts
of power used and distances covered—Arrangement of apparatus in a
commercial set—Simultaneous transmission and reception.............. 646-693

CHAPTER IX
ANTENNE AND RADIATION

Radiation from simple antenna—Effects of moving electric and magnetic
fields—Open and closed electric systems—Fields involved in radiation—
Radiated field at a distance from the antenna—Radiation from a coil—
Excitation of the transmitting antenna—Various types of antennz and
their characteristics—Relation between simple antenna and coil antenna—
Antennz for air shipe—Underwater antenng—Ground antenn®—Law
of radiation from an antenna—Radiation resistance—Current in receiving
antenna—Merits of different types of antenne—Limitation of transmission
formulee—Counterpoises—Antenna resistance—Natural wave-length of
an antenna—Current and voltage distribution along an antenna and
effect of loading—Direction finders—Reliability of direction finders—
Transient effects inanantenna. . .................................. 694-780



CONTENTS

CHAPTER X

WAVEMETERS AND THEIR Use

Frequency and wave-length—Principle of wavemeter—Extending range of a

Amplifiers in general—Characteristics of triodes—Effect of plate circuit

wavemeter—Schemes for indicating resonance—Classification of resonance
indicators—Condenser for even scale—Autodyne wavemeter—Measuring
the wave-length of a transmitter—Energy distribution—Decrement
determination with spark transmitter—Determination of decrement of
wavemeter—Decremeter—Measurement of constants of an antenna—
Mutual induction and coefficient of coupling determination—An im-
Provised WAVe-IEter. ... ......cvuveneeenernneanenneeneennennss A

CHAPTER XI

AMPLIFIERS

resistance and reactance—Classification of amplifiers—Transformer-re-
peating amplifiers—Construction of transformers for audio-frequency—
Impedance of telephone receivers—Connections of transformer-repeating
amplifier — Transformer-repeating amplifiers for high frequencies—
Resistance amplifier—Proper resistances for repeating—Grid condenser
and leak—Inductance-repeating amplifier—Filters and their charac-
teristics—Stability of amplifiers—Tube noises—Arrangement of appa-
ratus in AmpPlifiers, .. ovoeeeoien ettt e e e

CHAPTER XII
RADp10 EXPERIMENTS

Resonance curves—Buszer-generator and crystal detector characteristics—

~ A thorough, scholarly and authoritative text

Study and use of wavemeter—Setting up and adjusting a spark trans-
mitter—Measurement of antenna constants—Continuous current charac-
teristics of three-electrode tube—Three-electrode tube as detector of
damped waves—Determination of tube oconstants—Triode as power
converter—Triode as source of power in self-exciting circuit—Resistance
measurements at high frequency—Oscillating triode as receiver of
continuous-wave signals—Study of the audnt»frequency amplifier—
Study of radio-telephone set...........o0viuiveenn, v

on the theory and
of radio communication with material that wi
perimentation.” “All curves used to illu
to scale so the student may check thgif

“furnish unlimited fur
formulae are carefully executed
racy.” Contents: Fundamental
) city—General view of radio com-
munciation—Laws of oscillating ciggfiits—Spark telegraphy—Vacuum tubes and’

PAGES

actice
er ex-

their operation in ical circuits—Continuous wave telegraphy—Radio tele-'
phony—Antennae and radiation—Wavemeters and their use—. plifiers—Radio]

experiments.



Books lost or damaged must be paid °
for by the person to whom they stand
charged.

PRINCIPLES

OF

RADIO COMMUNICATION

CHAPTER 1

FUNDAMENTAL IDEAS AND LAWS N

Nature of Electricity.—Everyone is more or less familiar with elemen-
tary experiments having to do with electrically charged bodies. Fur,
if rubbed on a dry day, crackles and gives off minute sparks; a glass rod
rubbed with a cloth becomes electrified and will attract small bits of
paper, cotton, etc.; due to wind friction, and other causes, clouds become
intensely electrified and are able to break down the insulating strength
of the air and produce sparks thousands of feet long.

In what way does an electrified body, or electrically charged body,
differ from one in the uncha.rged or neutral, state? A reasonable answer
to this questios, n foand iy thg !nodgr;n conceptxon of the constitution
of matter. . :

Electrong.—1It, has been ﬁrmly estabhshed tha.t every atom of matter
is charged w,th, miaute pa,rtlcles of regutue eiectricity, so-called electrons.
An electron, when' detached from ihe atom of matter with which it was
associated, shows none of the properties of ordinary matter. It does not
react chemically with other electrons to produce some new substance;
moreover, all electrons are similar, no matter from what type of atom
they have been extracted. Thus an electron from the hydrogen atom
acts precisely the same ag the electrons from atoms of oxygen, iron, chlorine,
or any other substance. It seems that the electron is nothing but electricity.

3 It may seem difficult at first to think of electricity as made up of separate, dis-
crete, quantities instead of a continuous distribution of electric charge, but it is pointed
out that according to modern concept energy itself is always present as a certain number
of unit quantities; that is, energy itself is to be “ counted "’ in terms of the smallest
possible quantity, called a “ quantum.”



2 FUNDAMENTAL IDEAS AND LAWS [Crar. 1

It is definite in amount, always being exactly the same, and is generally
believed to be the smallest possible quantity of electricity, i.e., electricity
cannot be subdivided into quantities smaller than the electron.

The constants of the electron are: Radius=2X10"13¢cm.; mass=8.8
X 10~28 grams; charge=1.59X10"1° coulomb.! The mass of the electron
depends upon the velocity with which it is moving; the value given
here holds good only if the electron is traveling at velocities considerably
less than the velocity of light, say less than 10%m./sec.

For many years it has been the custom for physicists to speak of
positive electricity and negative electricity; from this standpoint the
electron is negative electricity. All electrons are the same kind, or polarity,
hence it follows that the electron is the smallest possible quantity of negative
electricity.

Charged Body.—From the electron viewpoint a negatively charged
body is one having more than its normal number of electrons and a posi-
tively charged body is one having less than its normal number of electrons.
Let the circular shape in Fig. 1 represent an atom
of hydrogen;2 the small circles with thé minus sign
in them represent the electrons associated with the
normal hydrogen atom. The normal atom is not
charged; it does not exert any attractive or
repulsive force on the other atoms, due to its elec-
trical state. .
: The structure of the atom itself, whatever it
Fio. 1. — Conventional M8Y be, is always charged electrically positive; in

model of a simple, the normal atom there are enough electrons to just

neutral, atom. neutralize the positive charge of the atom itself.

The normal atom acts like an uncharged body,

therefore, not because it:hus no.elewtrical charge Assquted with it, but

because it has just as mjich negabive ¢harge as it-has pesitive charge, and

these two charges neutralize one angther in so, far as. a.ctum of the atom
on other bodies is conderned. - * : i 1: : ’:j: :

If one electron is removed from the atom by some means or other
(represented in Fig. 2) the balance between positive and negative charge
is destroyed; an excess of positive charge exists on the atom and the atom
is positively charged. The electron which has been removed from the
atom constitutes a negative charge. If the electron is allowed to go back

1 The student who is particularly interested in the theoretical and experimental
work from which these values are obtained is referred to ‘ Conduction of Electricity
through Gases,” by J. J. Thomson.

*In recent years much work has been done in investigation of the structure of
the atom; an interesting and elementary exposition of some of the modern views is
given in “ The Nature of Matter and Electricity,” by Comstock and Troland.



NATURE OF CHARGED BODIES 8

10 the atom the balance of charge is restored and the atom is again un-
charged, or neutral.

A positively charged body, therefore, is one which has been deprived
of some of its normal number of electrons; a negatively charged body is
one which has acquired more than its normal number of electrons. Thus

when a piece of sealing wax is rubbed with dry flannel the wax becomes
negatively charged and the flannel becomes positively charged. The
friction between the wax and the flannel must have rubbed some of the
electrons off the flannel molecules and left them on the surface of the wax.

The extra electrons on the wax are attracted by the deficient mole-
cules of the flannel (positive and negative charges attract each other) and
if the flannel and wax are left together after being rubbed they soon lose
their charges; the molecules of the flannel regain their proper number of
electrons.

Number of Electrons Removable from an Atom.—Although there may
be a great number of electrons associated with an atom or molecule it
is generally not possible to remove more than one; in a body which is
positively charged most of the atoms are
neutral, having their proper complement
of electrons; others have had one electron
removed. If but few of the atoms of a
body have had an electron removed the e
body has a small charge; the more highly Eree
the body is charged the more deficient
atoms there are on it.

From this viewpoint it seems that the p; 2 __Conventional model of a
amount of charge on a body should be simple atom charged positively,
counted; the charge consists of discrete one of its electrons being free.
things. Instead of saying that a body has
a certain amount of negative electricity on it, we might more reason-
ably say that a certain number of electrons have been deposited on it.

Electric Fields.—If a light substance, such as a pith ball, is touched
to a charged body, it becomes charged with electricity of the same polarity

- as that on the body itself; as like charges repel one another the pith ball
will be repelled from the charged body. By experimenting it may be
found that the repulsive force between the pith ball and the original charge
exists even when there is considerable distance between the two. The
space surrounding a charged body is evidently under some kind of strain
which enables it to act upon a charged body with a force, attractive or
repulsive, according to the relative polarities of the two charges. This
space surrounding a charged body, in which another charged body is
acted upon by a force tending to move it, constitutes an electric ﬁdd,
aometlmes called an electrostatic field.
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Such an electric field surrounds every charged body; it really extends
to infinity in all directions from the charged body, but as the force becomes
very small as the distance is increased it is generally considered that the
electric field due to a charge extends but a short distance from the charge.
For example, the field due to a piece of charged sealing wax is negligible
at a point a few feet distant from the wax, so we say that the field of this
charge extends but a few feet from the wax. On the other hand the
electric field produced by a large, highly charged, wireless antenna may
extend several thousand feet from the antenna.

Electric Fields Represented by Lines.—In diagrams the electric field
surrounding a charge is most easily depicted by drawing lines from the
charged body into the surrounding space. The direction of the lines,
properly drawn, gives the direction of the electric force and the relative

closeness of the lines in various parts of the

diagram shows the relative strengths of the field

at these points, the closer the lines the more

intense the field. A line of force originating

on a positive charge is properly shown end-

ing on an equal negative charge. In diagrams

it is not always convenient to represent them;

they may be shown as discontinuous. It must

not be supposed, however, that the electric

Jorce itself is discontinuous; it always con-

Fio. 3.—Electric field around tinues from a positive charge to a negative
a charged, isolated, sphere CDATEE.

represented by radial lines. Fig. 3 shows how lines may be used to

represent the electric field; it shows a posi-

tively charged metal ball supposedly far enough away from other bodies

to be considered as by itself. The lines of force originate on the surface

of the sphere and extend as radii in all directions. The arrow head on

.the lines indicates the direction in which a positive charge would be urged
if placed in that part of the field.

The lines are closest together at the surface of the sphere, indicating
that the force is greatest at this point, a fact easily proved experimentally.
Although the lines are shown as discontinuous, ending in uncharged space,
each line really extends in some direction until it encounters a negative
charge.” In the case of a metallic sphere, suspended in the air distant
from other bodies, the lines should all be shown as ending on the earth’s
surface as suggested in Fig. 4. Fig. 5 represents the electric field between
two parallel metallic plates, one of which has been charged positively
and the other negatively. Moreover, as all the lines originating on the
positive plate are shown as ending on the negative plate, it shows that
the two plates have been given equal charges, The field is properly
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shown as very intense between the two plates, weaker towards the edges,
and very weak in the space not directly included between the two plates.

Closed and Open Electric Systems.—In Fig. 5 most of the electric
field is shown directly between the plates on which the charges are situated;

rYYYYY Y 'Yy

/ A\

Fic. 4. Fia. 5.

Fia. 4—Charged body near the earth has its electric field radial near the body, all
lines of farce, bowever, bending over so that they end on the earth.

Fie. 5—~Two metallic plates, close to one another, one charged positively and the
other negatively, have an intense electric field between the plates, and weak field
elsewhere.

such distribution of lines indicates a nearly closed electric system. The
field illustrated in Fig. 4 is a comparatively open one; the distinction
between open and closed fields is not a very sharp one, but is nevertheless
a very important one for the radio engineer.

. 6.—The electric field around a charged vertical wire.

. , ts a vertical wire antenna, such as Marconi used in
his ea iments; the electric field when the antenna is charged has
" If the antenna is bent over in the form of an inverted
L, 2 s the form shown in Fig. 7. With the antenna in this form
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most of the electric field is evidently included directly between the earth’s
surface and the antenna wire, so the field is a closed one as contrasted °
with that of Fig. 6, which is regarded as an open field. The operating
characteristics of the two antenna shown are quite different, the difference
being due to the different distribution of the field in the two cases.

NS
N

F1g. 7.—The electric field around an ordinary antenna.

Induced Charges.—Suppose a charged metal ball is brought close to
another conducting body, as a metal rod, the rod being uncharged. Experi-
ment shows that as the rod is brought into proximity of the brass ball
the rod itself becomes charged in a peculiar way. If the ball is positively
charged that end of the rod nearer to it becomes charged negatively and
the farther end becomes positively charged as indicated in Fig. 8. As
a whole the rod is not charged, there being as much negative charge as

Fia. 8.—A charged body inducing charges on a metal rod.

there is positive charge. These charges which have been produced on
the rod through the action of the charged ball are called induced charges.
Charges induced on a body are always double in kind; as much pos-
itive charge appears as does negative. However, .f in Fig. 8 a wire having
one end connected to the earth is touched to the en. of the rod marked
C, the positive charge which has been induced at this énd of the rod will
run off to the earth, and when the wire is removed there WhJ\ be left of
the rod only the negative charge.
*  Bound and Free Charges.—In the.case considered above the.positive
charge runs off to the earth because there is no force tending to:hold it
on the rod, on the contrary it is being repelled by the positive ‘charge
on the ball. The negative charge at B is held from running off to‘earth
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by the attractive force of the positive charge on the ball. The negative
¢harge on the rod is called a bound charge and the positive charge which
runs away if given the opportunity is called a free charge.

An illustration of the way in which this method of producing charges
is useful in radio circuits is shown in Fig. 9. The charge on ball A is
to produce a charge of the opposite kind on the conductor F through
the two condensers BC and DE. When A comes in contact with B, this
becomes positively charged. A nega- A E

tive charge appears at C due to the @ _TT T'
2

inducing action of B. An equal
positive charge must appear at D

and this must mducte a negatgve Fic.9.—A charged body inducing charges
charge on E. But if a negative on conductor F, acting through two
charge appears at E there must be condensers.

an equal positive charge induced
on F. If now the conductor F is connected to the ground this positive
will run off to earth and there will be left on the conductor EF a
negative charge. This charge will, however, be bound by the positive
charge on D; if B is now grounded (connected to earth) its charge will
run off and so the negative charge on C becomes free. This free charge
on C will combine with the positive charge on D and neutralize it, thus
leaving on the conductor EF a free negative charge.

Induced Charges from the Electron Viewpoint.—As wili be explained
later, the electrons in a metallic conductor are more or less free to pass
from one atom of the substance to another; they are continually moving
around the complex molecular structure of atoms comprising the metal.
When the rod of Fig. 8 is brought into the neighborhood of the charged
ball the electric field due to the charge on the ball acts on the free elec-
trons of the rod, attracting them. Hence the free electrons of the rod
tend to congregate at that end of the rod which is nearest to the ball;
they constitute the negative charge at this end of the rod.

But if the rod was uncharged before coming into the influence of the
charged ball there must be just enough electrons on it to neutralize the
positive charges of the atoms. If more than a proper portion of the elec-
trons gather at one end of the rod there must necessarily be a shortage
of them at the other end. This shortage of electrons at the end C of the

rod constitutes the positive charge at this end.

When the end C is grounded, the positive atoms of the rod cannot
leave the rod and go into the earth, but electrons from the earth can run
up into the rod and they do so, being attracted by the deficient atoms at
C. These electrons from the earth appear in sufficient quantity to make
the atoms at C neutral. When the wire connecting the rod to the earth
is removed and the charged ball is also removed the rod has on it a free
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negative charge, the quantity of charge being equal to the number of
electrons which came from the earth into the rod.

An Essential Difference between Positive and Negative Charge.—As
before stated, the electrons from all substances are the same; the elec-
trons have none of these qualities by which we distinguish and classify
matter. It is possible to have electrons in space entirely devoid of matter;
‘a negative charge can exist in a perfect vacuum.

The question may be raised—How can it be a perfect vacuum if there
are electrons present? By a vacuum we mean a space -in which there is
.no material substance, solids which can be bodily removed, liquids which
can be poured out, or gases which can be pumped out. A glass vessel
which has been evacuated as perfectly as modern pumping methods can
accomplish may nevertheless be filled with millions of electrons.

From our conception of the positive charge, however, it is evident that a
positive charge must always be associated with matter, in fact the smallest
positive charge is an atom of matter from which an electron has been
removed. If in a glass bulb supposedly evacuated it can be shown that
under some circumstances positive charges exist the vacuum is only
partial; to the same extent that positive charges occur in the supposedly
vacuous space, must matter of some kind (generally gas) be present.

The Electric Current.—The electric current is more familiar to every-
one than the electric charge. The current manifests itself in various
ways, by generating heat and light, by producing mechanical forces such
as those required to ring a doorbell or pull a subway train, by producing
chemical changes such as occur in the production of aluminum, or electro-
plating, by producing death if it flows through a living organism with
sufficient intensity, etc.

Older conceptions of the electric current made it a peculiar fluid of
some kind, others made it consist of two fluids with different properties.
From the electron standpoint the conception of the electric current is
easy to comprehend and enables one to give a fairly logical explanation
of the various actions of the current.

Nature of the Electric Current. An Electron in Motion Constitutes
an Electric Current.—The amount of electricity on one electron is so small
that the current produced by one electron in motion would not be detect~
able by the finest current-measuring instrument, even the most sensitive.
To produce currents of the magnitude occurring in every-day experi-
ence requires the motion of electrons measured in billions of billions per
second.

An ordinary incandescent lamp requires a current of about one ampere;
such a current requires that about 10!° electrons flow past any point in
the circuit each second. This large number per second might be brought
about by a comparatively few electrons moving rapidly or by a great
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hany moving more slowly. Contrary to what one would naturally think
the progressive movement of the electrons is very slow. To produce
a current of one ampere in a copper wire one millimeter in diameter re-
quires that the average velocity of the electrons be only .01 em. per
second. :
Although the progressive motion of the electrons is very slow, as
indicated above, it must not be thought that the actual velocity of the

- electrons is small. If we assume the ‘‘ equi-partition of energy ”’ idea

of thermo-dynamics and thus calculate the average velocity of the electrons
in a copper wire, at ordinary temperature, we obtain a result of about -
6X10% em. per second. That is, even when no current is flowing in the
wire the electrons have a haphazard motion, due to the thermal agita-
tion of the atoms (or molecules), which give them, on the average, a velocity
of about 35 miles per second.

Now when current flows the required progressive velocity of the
electrons is only a fraction of a centimeter per second; with a current
80 large that the copper wire is heated to the melting-point the velocity
of drift of the electrons is less than 1 ecm. per second. Thus an accurate
concept of the electric current in a conductor shows it to be an inappreciable
““ drift ”’ of the electrons which have, due to temperature effects, hetero-
geneous velocities millions of times as great as the velooity of drift.

The reason for the slow progressive motion of the electrons is to be seen
in the tremendous number of collisions they have with the molecules of
the substance. A given electron, acted upon by the potential gradient
in the wire carrying current, accelerates very rapidly and would acquire
tremendous velocities if it did not continually collide with the more massive
molecules; the mean free path of the free electrons in a copper wire is
80 small that, between successive collisions, the electron falls through a
very small potential difference and hence gains a velocity (along the con-
ductor) due to the current, which is extremely small.

Suppose that we wanted to measure the rate of flow of people past a
given point in a large city; the unit of flow might ‘be 100,000 persons per
hour. At any time there will be people going in all directions, some
uptown, some downtown, and some crosstown. In the morning a million
people pass a certain point where the flow is to be ascertained. If 200,0000
move in the uptown direction and 800,000 move downtown, the net flow
is 600,000 people. If this number of people pass in one hour the flow is

6 units downtown. At noon time again a million people pass the same
place let us suppose; 400,000 move uptown 400,000 move downtown and
150,000 move crosstown west and 50,000 move crosstown east. The net
flow is now 100,000 people west and if this number pass in one hour the
flow is one unit west. Some of the people would be moving rapidly and

. others going more slowly and some might, at times, be standing still.
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The picture suggested by the above traffic analysis probably gives
one a reasonable idea of the motion of electrons in a conductor carrying
current; it is of course too simple, because of the immense number of
electrons in a conductor and the tremendous number of collisions occur-
ring between the electrons. When a conductor is carrying no current
the motion of the electrons resembles that of the individuals in a stationary
crowd; there is & deal of agitation among the electrons, but they, on’
the whole, show no progress along the conductor.

Electromotive Force.—Suppose a copper rod, having in itself the
heterogeneously moving electrons suggested above, is connected at its
two ends to a battery as shown in Fig. 10. The end A of the rod becomes
positive with respect to end B and the electrons, instead of moving back-
wards and forwards to the same extent, progress slowly towards A. When
they arrive at A they leave the copper rod, move down the connecting

A Conducting Rod B
(<] ° (<] (<] (=]
(=] (=] (=] ® ()

-
Direction of Electron Drift

+| 1=
|1
Battery

Fig. 10.—Electric current caused by flow of free electrons.

wire, through the battery, through the other connecting wire, and so
back to the rod. As long as the circuit remains closed as shown the elec-
trons will continue to move around the circuit, bounding backward,
forward, and across the conductor, but on the whole progressing grad-
ually around the circuit; this progression of the electrons constitutes the
electric current. The cause of the flow is the battery; it holds one end
of the rod positive with respect to the other and so maintains the flow
of electrons. The maintenance of this difference of electric pressure (or
difference of potential) across the rod is due to chemical changes going
on inside the battery.

A piece of apparatus which has the ability to maintain one of its ter-
minals at a higher potential than the other, even though current is allowed
to flow through it, is said to develop an electromotive force. As sources
of electromotive force for the production of currents on a commercial
scale we have only the ordinary battery and the electric generator. The
battery depends upon chemical action for maintaining its difference of
potential and the generator depends upon the-conductors of its armature
being driven through the magnetic field produced by its field poles.
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Electromotive Force and Difference of Potential.—It is well to dis-
tinguish between electromotive force and difference of potential. Thus
tv;vo brass balls, one charged positively and the other negatively, have a
difference of potential between them and they will, if connected by a wire,
cause a momentary flow of current through the connecting wire; when
sufficient electrons have passed from the negatively charged ball to neu-
.traliae the positive charge on the other the current will cease. There
is no action taking place which tends to maintain the difference of potential
between the two balls; such a combination does not generate an electro-
motive force (hereafter abbreviated e.m.f.).

' In the case of the battery or generator, however, when the two ter-
minals are connected by a wire a current flows and continues to flow until
the battery is worn out or the generator is stopped; such devices develop
or generate an e.m.f. These ideas are depicted in Fig. 11.

i ~>‘ Current Malntained,
Instantaneous .
O .

Battery

+ |

Fe. 11.—Nllustrating difference between electromotive force and potential difference.

Direction of Flow of Current.—It has been accepted as convention
that in a wire connecting the poles of a battery the current flow is from
the positive pole of the battery to the negative. But by reference to Fig.
10it is evident that in the connecting wire the electrons flow from the
Tegative pole of the battery to the positive. Hence it must be remembered
that although we shall talk of the current flowing from the positive terminal
to the negative terminal of a battery or generator the electrons (which
really are the current) are flowing in the opposite direction. In dealing
with currents through vacua the motion of the electrons themselves is
generally had in mind and we often say that the electron current flows
from the negative to the positive terminal of the vacuum tube. Although
this sounds anomalous it is a correct statement of the facts.

Conductors and Insulators.—Roughly speaking a conductor is a body
which readily permits the passage of an electric current and an insulator
i8a body which offers a very .high resistance to the passage of the current.
There is no sharp distinction between conductors and insulators, how-
ever; a material which for some cases would be regarded as an insulator
would, in other circumstances, be regarded as a conductar. Also a sub-
#tance which is a good insulator at low temperatures may be a fair con-
ductor at high temperatures.

Glass is the most striking illustration of this change of character with
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change of temperature; at ordinary temperature it ranks high with the
very best insulators, but if it is heated in some way to a red heat it becomes
a fair conductor and will permit the passage of enough current to melt
itself.

Difference between Conductors and Insulators from the Electron
‘Viewpoint.—When a conductor is carrying an electric current the elec-
trons throughout the substance of the conductor are moving gradually
along through the substance of the conductor. Now in a solid y
such as a metallic conductor, the atoms or molecules comprising the su
stance are practically fixed in position. They are not actually stationaty
in space at ordinary temperature of course; as a matter of fact the atoms
have an irregular to-and-fro motion similar to that of the electron. But
there cannot be a progressive motion of the atoms as there may be of the elec-
trons. The reason for this is more or less evident. Suppose a copper wire
is fastened to the terminals of a battery and that current is flowing as
indicated .in Fig. 10.* The electrons move all the way around the circuit
through the wire, connectians, solution in the battery, etc.

As the atoms of copper are charged positively after an electron has
left them it might seem that as the electrons move from B to A through
the wire the atoms would move from A to B, then into and through the
battery and so back to the wire. But the atoms are the real substance
of the wire, and hence if the atoms should progress one way or the other
it would result in the copper itself being carried from one end of the wire
to the other and then through the battery. This state of affairs is not
possible in solid bodies like metals, it would result in the mixing of metals
wherever a current left one metal and went into another.

In chemical solutions, e.g., copper sulphate in water, the salt mole-
cule breaks up into two parts, one of which has one electron more than
its proper number, the other part lacking one electron. The two parts
of the molecule are called ions; the metallic ion (in above case, copper)
lacks one electron and so is charged positively. If now a current is passed
through such a solution the metallic ion does move through the solution
and is carried from the solution to one of the wires by which the current
is lead into the solution. Here the copper itself is transported by the
current and we have the process of electro-plating.

From what has been said it follows that if the molecules of a body
cling to the electrons so tightly that none of them are free to move away
from the molecule there can be no current in such a substance. As long
as the molecule keeps all its electrons it remains electrically neutral, and
80 has no tendency to move when in an electric field. This is the essential
‘difference between insulators and conductors; in the one the electrons
cannot move from the atom or molecule and in the other the electrons
are perfectly free to leave the atom.
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Disruptive Strength of an Insulator.—With the above idea in mind
the possibility of break-down of an insulator, due to high voltage, becomes
apparent. For low voltage the force tending to move the electron is
not sufficient to break it loose from its atom. But it is reasonable to
believe that, if the voltage gradient is made sufficiently high, any atom
can be forced to let go of one electron, and such is the case. Such fine
insulators as glass and mica break down and carry current when a great
enough voltage is employed.

Effect of Temperature on the Disruptive Strength of an Insulator.—

Imagine a good insulator heated by some outside source of power. The
rise in temperature increases the to-and-fro motion of its molecules with
the result that the collisions between the various molecules become more
frequent and violent as the temperature is raised. As these collisions
occur the resulting disturbances in the molecular structure tend to weaken
the hold of the molecule on its electrons. Hence if an electric force is
immpressed and maintained as an insulator is heated the combination of
electric force and weaking of the molecular holding power will result in
some electrons leaving their molecules; the electric force then urges them
along through the substance of the insulator with the result that a small
current occurs. This would be interpreted by the man testing the insu-
lator as a weakening of the insulating power of the substance.

Generally the partial breakdown of an insulator as described above
i8 rapidly followed by the giving away of the insulator completely; as
current, even though small, flows through the insulator it generates more
heat thus still further decreasing the disruptive strength.

This effect of temperature upon the disruptive strength of an insulator
is very important to the radio engineer. A glass or micacondenser, prop-
erly designed to operate in a radio circuit at 15,000 volts may, by improper
use, be broken down when operating at only 5000 volts. Condensers
beat up, when being used, due to various causes; in normal operation
the condenser is excited only a small fraction of the time as the sending
key is opened and closed. In the intervals when the key is open the
cause of the heating is removed and the condenser has a chance to cool
off; this alfernate heating and cooling results in a certain mean temper-
ature at which temperature the condenser has sufficient disruptive strength
to withstand the voltage employed.

If now the normal operating voltage is put on the condenser and
maintained continuously, the heating action is much greater than when
the voltage is applied intermittently (normal operation) and in a short

. time the dielectric is likely to puncture. Condensers which are designed
for operation at a certain voltage with spark telegraphy (intermittent
excitation) will nearly always fail if operated at the same voltage for
undamped wave signaling (eontinuous excitation).
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Resistance.—In a conductor where the electrons are free to leave the
atom their progressive motion is hindered by collisions with the atoms
of the substance. This hindrance to their free progress constitutes the
electrical resistance of the conductor. It differs, as might well be expected,
in different metals, and it varies with the temperature. As the temper-
ature of a metal increases the agitation of its atoms or molecules increases
and this results in more hindrance to the progressive motion of the
electrons because of the more frequent collisions between the electrons
and the atoms.

The increase in number of collisions between the electrons and atoms
with increase in the flow of electrons (more current) gives the atoms
themselves an increased agitation, which really means a higher temper-
ature; this accounts for the well-known fact that when a conductor
carries current it always heats to some extent and heats more with large
than with small currents.

Continuous Current and Alternating Current.—If the electrons in a
conductor continually progress in the same direction the flow is called
& continuous current, or direct current. Such is the current supplied by
an ordinary battery.

If the battery is connected to the conductor first in one direction
and then in the reversed direction, by some sort of a commutator, Fig.
12, the progressive motion of the electrons will reverse with every reversal
of the battery connection. If this reversal of flow
takes place at regular, short, periods of time the
alternate ebb and flow of the electrons constitute
an alternating current. In ordinary power circuits
supplied with alternating current this reversal takes
place about 60 times per second; the alternating

Battery

Lamp

<>
Hlternasing ' ) Plates
neulated
Fia. 12.—A battery in o __l:—

combination with a

rotating commuta- .
tor may produce an  F1G. 13.—The lamp will burn even though there is a perfect

alternating current. insulator in series with the circuit.

currents used in radio circuits reverse much more rapidly, perhaps a
million times per second. :
Possibility of Alternating Current Flowing in a Circuit in Series with
which there is a Perfect Insulator.—Suppose a circuit connected as indi-
cated in Fig. 13; B is a source of alternating e.m.f. and A consists of two
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metal plates separated by paraffined paper or mica. The disruptive
strength of the insulator is such that for any voltage that B can give the
insulation is perfect. A small incandescent lamp is inserted in the cir-
cuit to detect the gurrent which may be flowing. The lamp will burn
as soon as machine B is excited. Now if the lamp and condenser (the
combination of two conducting plates and separating insulator) is con-
nected to a battery which gives about the same voltage as machine B
gives, the lamp will not burn, showing that there is no current in the
circuit. Hence this circuit which is open for continuous current (i.e.,
it will not pass current) does permit the flow of alternating current.

The alternating current is possible because of the number of electrons
required to charge the condenser. As the voltage of the alternator reverses
in direction the condenser charges first in one direction and then in the
other; this alternating charge and discharge requires the alternating flow
of electrons throughout the whole circuit.

A simple analogy is shown in Fig. 14. Suppose a cylindrical chamber
4, divided in the middle by a thin rubber diaphragm B, connected to a

c — A
" LRy
-« -

Fie. 14 —Hydraulic analogue of an alternating current circuit containing a condenser.

reciprocating action, valveless, pump C. As the pump works back and
forth, water will circulate back and forth in the connecting pipes, con-
tituting an alternating current flow of water. The diaphragm B will
bend first in one direction and then in the other as the water reverses
its flow.

Now suppose that a centrifugal action pump be substituted for the
reciprocating pump (Fig. 15). This type of pump tends to force water
always in the same direction. If the pump is so connected as to force
water into the bottom of A and suck it out of the top of A, the flow of
water will last long enough to stretch the diaphragm into somz such
position as B’, and then the flow will cease. At this position of the dia-
phragm the backward pressure of the stretched rubber will be just great
enough to balance the pressure generated by the pump. In this water
system the water would flow while the diaphragm was being displaced
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from 1ts normal central position to position B’, and then the flow would
cease because the pump would not be able to further displace the dia-
phragm.

The water system corresponds very closely to the electrical circuit
having a condenser in series with it and excited by a continuous e.m.f.;
in wch a circuit the current flows long enough to charge the condenser
to such an extent that its back pressure (pressure tending to discharge
the condenser) is just equal to the impressed e.m.f. and then the current
ceases. It is to be remembered, however, that if the pressure is alternat-
ing there will be a flow in the system all the time, the current being an
alternating one.

In electric circuits, therefore, it is possible to send an alternating

_current through a circuit in which continuous current cannot flow. Such

r
8
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Fia. 15.—Hydraulic analogue of a direct current circuit containing a condenser.

use of a condenser occurs frequently in radio; the condenser so used is
called a stopping or * blocking ”’ condenser.

The Electric Generator.—Except for very small sets and emergency
outfits the power for a radio set is obtained from a generator of either
the continuous or alternating-current type. The continuous-current gen-
erator is equipped with a commutator and supplies a continuous e.m.f.;
that is, the e.m.f. impressed on the connected circuit is always in the
same direction and practically constant in value. There are slight pul-
sations in the value of the voltage, perhaps a fraction of 1 per cent, at
the frequency of commutation; this frequency is in the neighborhood
of 1000 cycles per second. Although these pulsations are so small, they
have a deal of importance in certain radio sets using vacuum tubes for
the generation of high-frequency currents.

The alternating-current generator (or simply alternator) has no com-
mutator, but generally has slip rings on which its brushes make contact.
The e.m.f. furnished by such a machine alternates in direction many times
per second; for radio use the generators ordinarily employed give several
hundred complete reversals of voltage per second.
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The number of complete reversals per second is called the frequency of
the generator; thus a 500-cycle generator is one giving 500 complete
reversals of e.m.f. per second.

Wave Shape and Effective Values.—The form of voltage wave gen-
erated by a well-designed alternator is such that it can be closely repre-
sented by a sine curve as shown in Fig. 16. Expressed in the form of
an equation,

e=Ewsinwt . . . . . . . . (1)
where -
e=the value of voltage at any instant of time;
E»=the maximum value of the voltage generated;
w=2xf, f being the frequency of the voltage.

The same units are used for measuring alternating voltage and cur-
rent as are used for continuous voltage and current. But as the voltage

Form of alternating cmf.
F1c. 16.—Sine wave of e.m f.

and current of an alternating current circuit are continually changing
in value and reversing in direction, some value intermediate to the maxi-
mym and minimum value must be chosen as the unit. It is shown in
all elementary texts on alternating currents that when the current flows
according to the law of a sine curve the allernating current will produce
heat at the same rale as one ampere continuous current if the mazimum
value of the alternating current is 1.41 amperes.

To get the value of that continuous current which will give the same
heating effect as a certain alternating current, therefore, we take .707
of the maximum value of the alternating current. That value of con-
tinuous current which will produce the same heating effect as the alter-
nating current in question is called the effective value of the alternating
current. It is approximately .7 of the maximum value.

' In the same way the effective value of an alternating e.m.f. (sine
wave shape assumed) is .707 of its maximum value. Thus, if a sine wave
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of voltage has a maximum value of 141 volts its effective value (or equiva-
lent continuous voltage as far as producmg heating is concerned) is 100
volts.

Magnetic Field.—The action of the magnet is familiar to everyone.
If a piece of iron is placed in the vicinity of the magnet a force of attrac-
tion is set up between the two and the piece of iron will, if free to move,
be drawn to the magnet.

All the region surrounding a magnet, in which the magnet is able to
exert a force on pieces of magnetic material, is said to be filled with the .
field of the magnet. Thus the magnetic ﬁeld is exactly analogous to the
electric field surroundmg an electrically charged body.

The magnetic field is represented by lines in just the same way as
the electric field; the direction of the lines indicates the way in which
the north pole of a compass would be urged if placed at that point of
‘the field, and the proximity of the lines to each other serves to show the
relative intensity of the magnetic force at various points of the field.

Magnetic Field Set Up by an Electric Current.—The field of the per-
manent steel magnet is interesting historically, but it plays very little
part in the electrical engineering of to-day. When an electric current
flows through a conductor a magnetic field is set up around that con-
ductor; such a field is frequently called an eleciro-magnetic field. The
magnetic fields used in modern apparatus are practically all of this type.

The strength of a magnetic field set up by an electric current depends
upon the strength of the current, in general being directly proportional
to the current strength. The direct proportionality holds good for mag-
netic fields without iron; use of iron in the magnetic circuit makes the
relation between current and strength of field a complex one.

Ampere-Turns.—When the magnetic field is produced by a coil of
several turns its intensity is much greater than if only one turn were
used. The magnetizing effect of a current depends net only on the strength
of current, but also on the number of turns through which the current
flows. In fact the magnetizing effect of a coil is proportional to the prod-
uct of the current strength and the number of turns in the coil; this
product is called the ampere-turns of the coil. If a coil consists of one
turn and is carrying a current of one ampere it has one ampere-turn; a
coil of twenty turns carrying 2.7 amperes has fifty-four ampere-turns.

Direction of the Magnetic Field Produced by a Current.—The direc-
tion of magnetic field around a conductor carrying a current may be
easily determined by the application of the following rule. Imagine the
conductor grasped in the right hand, fingers around the conductor, with
the extended thumb pointing along the conductor in the direction in which
the current is flowing; the fingers then point in the direction of the mag-
netic field. This is illustrated in Fig. 17; it is to be remembered that
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this rule assumes the commonly accepted direction of flow of current; in
Fig. 17 the electrons are flowing in the opposite direction to that marked
current.

As follows at once from the rule given above the direction of mag-
petic field reverses when the current reverses. If an alternating current
is passed through a wire or coil the magnetic field produced will also be
an alternating one, having the same frequency as the current, and revers-

tng simultaneously with the current!

Direction
of current

Direction of
magnetic fleld

Motion
of electrons

F1g. 17.—Direction of the magnetic field produced by a current.

Iron in the Magnetic Field.—In most electrical apparatus depending
on the magnetic field for its operation the field is produced by currents
flowing in coils. But the coils are usually fitted with iron cores so that
the magnetic circuit consists partly of iron and partly of air. The reason
for the use of iron in magnetic fields of electrical devices lies in its high
permeability, i.e., the relatively high flux density produced by a given
coil in iron compared to what it would produce if only mr were used in
the magnetic circuit. :

The magnetic peimeablhty of 2 substance is the ratio of the flux den-
sity produced in this substandd'by a certain”inagrietomotive force (mag-
netizing force) m'np&med to the flux den&ty tke same magnetomotive
force would produce: in. sir. :* :

For most substances the permeablhty has a value of unity; nickel,
cobalt, and iron are the notable exceptions. Of these three iron is by
all means the most important, not alone because of its comparative cheap-
ess (and hence utility for electrical apparatus), but because of the high
value of the permeability. For good magnetic iron it may be as high as
several thousand; that is, if a given coil produces 500 lines of flux with
a magnetic path of air it will produce perhaps a m11hon lines of flux if
iron is used for the whole magnetic circuit.

1 This statement is strictly accurate only fo‘r the magnetic field in the immediate
neighborhood of the conductor; for more distant points the magnetic field reverses
somewhat later than the current. This idea is taken up more in detail on p. 700.
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When the magnetic circuit of a device is made up partly of air and
partly of iron, the flux produced by a given coil is intermediate to that
which would be produced in a complete iron path, and that which would
be produced in a complete air path. The shorter the part of the path
through air compared to that through iron the higher will be the flux
induced. The permeability of iron varies greatly with the treatment it
received during manufacture; also for a given specimen it varies greatly
with the magnetizing force used. This point will be taken up in more
detail in the next chapter, under the head of self induction and its vari-

~ ations.

Units of Current, E.M.F., Resistance, etc.—The unit of current is the
ampere; it is that flow of electrons which will deposit 1.118 milli-
grams of silver per second from a silver nitrate solution in a standard
voltameter.

The unit of e.m.f. is the volt; it is generally 'defined in terms of the
voltage of a standard Weston cell, which gives an e.m.f. of 1.0183 volts.
The volt is therefore defined as 1.0000/1.0183 of the voltage generated
by a standard Weston cell.

The unit of resistance is the ohm; it is really defined already ! when
the ampere and the volt have been defined because the three units are
directly connected by Ohm’s law. However, it is also defined as the
resistance of a column of pure mercury weighing 14.4521 grams at 0°
Centigrade and having a height of 106.3 cm., the crosssection being
uniform.

The unit of quantity is the coulomb; it is the quantity of electricity
transported by a current of one ampere flowing for one second. Another
way of defining it is in terms of electrons; it is the amount of electricity

ooﬂt%_iyd-u?gx 10'8 electrons.
he unit offvork is tnﬂ joulé:* it i3 the amoun:t of energy required to

transport one coulomb ‘of *elecfdclfy throagh dn opposing potential dif-
ference of one volt. . It is also_the amount: of work done in one second
by a current of one ‘aribcre Aowing against a pressure of one volt.

The unit of power is the watt; it is the rate at which work is done
by a current of one ampere flowing against a pressure of one volt. It
is therefore a rate of work equal to one joule per second.

Resistance of a Conductor.—The resistance of a circuit depends first
of all on the kind of material used in making up the circuit; it depends
upon the length of conductor used in making the circuit and upon the
cross-sectional area of the conductor. This relation may be expressed
by the equation,

=plfa, . . . . . . . .. (@
1The ohm and the ampere are really the two fundamental units of the practical
system. See American Handbook for Electrical Engineers, p. 1773.



RESISTANCE AND ITS VARIATIONS 21
where p=the specific resistance of the material used;

l=the length of the conductor;

=the cross-sectional area of the conductor.

When the length of the conductor is one ¢m. and the area is one sq.
cm. the value of R is the specific resistance per em.3, and when the con-
ductor has a length of one foot and an area of one circular mil the value
of R is the specific resistance per mil-foot. In engineering the latter
specification is more frequently used. '

The specific resistance of some of the more common conductors is
given in the accompanying table:

SPECIFIC RESISTANCE OF COMMON METALS, ALLOYS, AND SOLUTIONS

Substance. Composition. Miero.htm(; op&r Cm3. Te?upc‘a:rteuée ‘E%eomgont
Advance............. Copper-nickel 48.8 .000018
Alminum. .......... Pure 2.62 .00423
Bras................ 66 Cu+34Zn 6.29 .00158
Glido............... Ni+Cr+Fe 100. .00034
Carbon.............. Lamp filament 4000. —.0003
Constantan.......... 60Cu +40Ni 49. .00000
Copper. ............. Standard 1.5689 .00427
Copper. .. ........... Electrolytic 1.56 .00428
German Silver. ....... 18Ni+Cu+Zn 33.1 .00031
Inlasoft............ Cu+Ni . 47.1 . 00000
Ion................. Pure 8.85 .00625
Ia................. Hard steel 45. .00161

. : . 40. .00001
Manganin............ Cu+4Mn+Ni {70. {00004
Nickel............... Electrolytic 6.93 .00618
Siver................ Electrolytic 1.47 .00400
Tungsten............ Hard 5.42 .0051

Per Cent Bolution. Ohms per Cm.J?

BSOu.....cvvvennnn. 5 4.80 —.012
10 2.56 .013

20 1.53 .014

30 1.35 .016

50 1.85 .019

70 4.68 .028

KOH................ 20 2.01 —.020
BA......covvvennnn 20 1.31 -.015
HNOs..oovvuennennn. 20 1.41 —-.014
NaCl....ovvveennnnn. 2 37. -.023
5 14.9 .022

10 8.2 .021

20 5.1 .022

Practically all solutions have a minimum resistance with a density of solution between

20 and 30 per cent.



22 FUNDAMENTAL IDEAS AND' LAWS [CHaP. 1

The resistance of a metal varies with the temperature, in general being
directly proportional to the absolute temperature. This relation is
approximately expressed for all pure metals by the equation,

R=Ro(l14+a), . . . . . . . . 3
where
Ri=the resistance at ¢ degrees Centigrade;
Ro=the resistance at 0 degrees Centigrade;
t=the temperature at which the resistance is desired;
a=the temperature coefficient of resistance.

The value of a is very nearly .004 for all pure metals, for copper it
has been decided to take a as .00427, at 0° C.

A statement which gives the above rule in words is as follows—the
resistance of a pure metal increases approximately 1 per cent for each 2.5°
rise in temperature above 0° C.

The resistance of a field coil of a generator which has a resistance
of 25 ohms at ordinary temperature might have a resistance of 30 ohms
after the machine had been operating a few hours; the rise would be due
to the heating of the coil. A tungsten lamp has a resistance when hot
about twelve times as much as the resistance it has at room temperature.

In certain materials the resistance may show considerable departure
from the rule given above, thus in carbon an increase in temperature
brings about a decrease in resistance. In a certain alloy of nickel and
copper there is practically no change in resistance with ordinary temper-
ature changes.

There are very strange resistance changes in certain substances, e.g.,
a large change in resistance takes place in selenium, according to the amount
of illumination it receives; bismuth shows a large change in resistance,
as it is introduced into a magnetic field and is sometimes used to measure
the strength of magnetic field by the determination of its resistance.

The resistance of a salt or acid solution such as we have in primary
or secondary batteries depends among other things ufon the strength
of the solution. This variation does not follow a simple law; there is
a certain strength of solution which gives minimum resistance. For sul-
phuric acid solution such as is used in lead storage batteries the mixture
which gives minimum resistance is made up with 30 per cent (by weight)

The effect of temperature of the resistance of electrolytes is to give
a decrease of resistance with an increase of temperature. 'The resistance
decrease is about 2 per cent per degree Centigrade.

In case a circuit is carrying an alternating current the resistance may
show all sorts of variations; it may be changed by bringing a piece of iron,
or another circuit, into its magnetic field, by varying the frequency or
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strength of current. These changes of resistance in 8o far as they have
importance in radio work will be considered in the next chapter.

Induced Electromotive Force.—When current passes through a coil
of wire it sets up a magnetic field in the coil and the strength of this field
varies as the current varies. Now it is a fundamental law of the electric
circuit that when the strength of magnetic field through a coil is varied
an e.m.f. s tnduced in the coil; this law, which was discovered by Faraday,
is called the law of induced e.m.f. The application of this law underlies
the design and, operation of nearly all electrical machinery and circuits.

Magnitude of Induced E.M.F.—The magnitude of the induced voltage
depends upon the rapidity with which the magnetic field is changing and
upon the number of turns in the coil, it being dn‘ectly proportional to
each of these factors. It is written

d¢
——Nxdt N ()
in which
e=the voltage induced at any instant of time;
N =the number of turns in the coil;
& =the flux through the coil.

The minus sign is necessary because of the relation between the direction
of the induced e.m.f. and the change in magnetic field, i.e., increase or
decrease.

Direction of Induced E.M.F.—The change of flux is of course produced
by a change of current; if the flux is decreasing it must be that the cur-
rent in the coil is decreasing. The direction of the induced e.m.f. i3 always
such as to prevent the change of current which is producing the induced
vollage. Hence when the current (or
flux) is decreasing, the direction of

the induced e.m.f. is such as to pre- . o |
vent the decrease of current. +
_ L i+ " .

Suppose a circuit arranged as shown -
in Fig. 18; A is the battery, B is a
coll, C is a switch, across which is
connected a resistance D. With the
switch closed current will flow in the Fia. 18.—Opening “the switch will re-
direction of the arrow and will be fixed duce the current in the circuit.
in magnitude by the voltage of the .
battery and the resistance of the coil. The resistance D will play no
part in fixing the value of the current, because with the switch closed
this resistance is cut out of the circuit, or short-circuited.

A certain flux ¢, will be set up in the coil, the value of this flux being
fixed by the current. If now the switch is opened the current must change
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to some lower value because of the added resistance D. This lower cur
rent will produce a lower flux ¢2. While the flux is changing from ¢,
to ¢2 an e.m.f. will be set up in the coil B and the direction of the e.m.f.
will be the same as the battery e.m.f., i.e., it will assist the battery e.mf.
in tending to maintain the current at its original value.

In Fig. 19 the switch is supposed to be closed until time A and here
it is opened. The flux will decrease from the value AE to BF, the time
taken for the change being that shown on the diagram between A and B.
The decreasing flux generates a voltage in the coil shown by the curved
line AIB, and this is in the same direction as the battery voltage, hence
the total voltage acting in the circuit during the time A-B is shown by
the curved line GJH.

E r——
iy y
! Curve of flux
[ A 3 l
Total emf. acting
d F~  Lincircuit \ 5 Iy o
G H N
Battery emf.
—ZeroLiney A B C D
Induced emL due to K
ing flux

Induced emf. due to
increasing flux

Fia. 19.—Curves showing direction of induced e.m.f.'s when current is increasing and
when decreasing. ¢

When the switch is closed again at time C the flux increases from ¢2
to ¢1; the induced voltage is now in the opposite direction and is shown
by the curved line C KD; it results in a total circuit voltage less than
the battery voltage, as shown by the curved line MNO. (The shape
of the induced voltage will not be exactly that shown by the lines of
Fig. 19; these curves are only approximate indications of the actual form
of the induced voltage. The exact form will depend upon the sparking
taking place at the switch, etc.)

Summarizing the facts brought out by Fig. 19 and its explanation we
have the proposition that when the current in an inductive circuit is
decreasing the induced voltage acts to increase the total voltage of the
circuit, when the current is increasing the induced voltage is in such a
direction that the total voltage acting in the circuit is decreased.

Illustrating the above ideas there is a certain circuit used in radio
in which a continuous voltage of 1200 volts is applied through a coil to
the plate of a vacuum tube; as the current in this circuit pulsates, alter
nately increasing and decreasing from its normal value, the induced volt-
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age in the coil has a maximum value of 1100 volts. When the current
is increasing this induced voltage acts in the opposite direction to that
of the generator furnishing the 1200 volts, so that the total voltage effect-
ive in maintaining current through the resistance of the circuit is only
100 volts. When the current is decreasing the induced voltage assists
the generator voltage and the total effective voltage in the circuit is 2300
volts. The effect of induced voltage in this special circuit is to produce
a pulsating voltage, between 100 volts and 2300 volts, although there is
in the circuit a generator to supply the current which furnishes a contin-
uous voltage of 1200 volts.

This voltage set up in a coil by the changing flux in the coil (the flux
being caused by current in the coil itself) is called the e.m.f. of self-induc-
tion.

Coefficient of Self-induction.—Instead of expressing the magnitude
of the induced voltage in a coil in the form given by Eq. (4) we may write

L di

in which
2 =the current in the coil;
e=the instantaneous value of the induced voltage, due to

the changing current, 7,
L =the coefficient of self-induction.

The coefficient of self-induction of a coil varies with the square ! of
the number of turns in the coil and inversely as the reluctance of its mag-
netic circuit.

If a given air core coil has an L of two units and the number of turns
is doubled, the value of L is increased four times so it becomes eight units.
If the magnetic circuit is changed from air to iron, the permeability of
which is 1500, the L will be further increased 1500 times and so becomes
12,000 units. This increase is due to the iron decreasing the reluctance
of the magnetic circuit 1500 times. If the iron core does not completely
close the magnetic circuit, so that part of the magnetic path is still through
air, the value of L is not increased to the extent stated above. For example,
if the path through iron is 15 inches and the air part of the path is .01 inch
long, then the value of L is increased 750 times, instead of 1500 times as
stated.

The great increase in L produced by the use of iron for the magnetic
circuit explains the almost universal use of iron cores (completely closed

3 This law holds good for any shape of coil if the magnetic circuit is a closed iron
core, but for an air-core coil the law is approximate only, it is more nearly true as the
turns of the coil are placed closer together.
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when possible) in coils which perform their function owing to the value
of their self-induction.

The unit of self-induction is defined by Eq. (5); if a rate of current
change of one ampere per second gives an induced voltage of one volt, the
coil has a self-induction of one unit. This unit is called the henry; the
henry is, however, too large a unit for most of the coils used in radio
work, so that subdivisions of the henry are used. The milli-henry is one
thousandth of a henry and the micro-henry is the millionth part of a
henry. Sometimes a still smaller unit is used, the centimeter, which is
the billionth part of the henry. It may seem strange that the unit of
llengl;h is also the unit of self-induction, but such is the fact; the deriva-
tion of the dimensions of the various units is outside the scope of this
text. The coils used in “ tuning ”’ radio circuits vary from a few micro-
henries to several millihenries, according to the frequency of the current

Energy Stored in a Magnetic Field.—It requires work to set up a
magnetic field just the same as it requires work to set into motion a heavy
body. The greater the self-induction of a coil the greater is the work
required to start current flowing in the coil; similarly the greater the mass
of a body the greater is the work required to start it in motion.

The amount of work required to give a mass m, a velocity v, is measured
by 4mv2, as shown in all texts on mechanics.

The amount of work required to set up, in a coil of self-induction L,
the magnetic field caused by a current I is,

Energy,orwork=4LI2 . . . . . . . (6)

where L is measured in henries and I is measured in amperes and the
energy is measured in joules.

The field coil of a large generator may have many joules of energy
stored in its magnetic field; in radio circuits the amount of energy in
the coils of a transmitting set is variable because the current is variable.
The maximum value of the energy in the coils of the ordinary transmitter
is about one joule per kilowatt capacity of the set.

Mutual Induction.—When the flux through a coil varies an e.m.f.
is set up in it; if the flux is produced by current in the coil itself the e.m.f.
is spoken of as the e.m.f. of self-induction, but if the flux is due to some
other coil, in proximity to the one in which the voltage is being induced,
the e.mf. is spoken of as the e.m.f. of mutual induction. The voltage
induced in the second coil is proportional to the rate of current change
in the first coil (the one producing the flux) and the mutual induction
of the two coils. The relation is expressed in the form of an equation

e,_,=_M‘§',.:.......(6)
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where ez =voltage induced in the second coil;
23 =current in the first coil;
M =the coefficient of mutual induction of the two cotls.

If e and ¢ are measured in volts and amperes respectively, then M is
measured in henries, the same unit as is used for L. For smaller values
of M the same fractional parts of the henry are used as are used for L.
M depends for its value upon the number of turns in each of the coils
and upon their relative position; as the number of turns in either coil
is decreased the value of M is correspondingly decreased and as the dis-
tance between the two coils is increased the value of M is again decreased.
M may also be decreased by properly orienting the two coils with respect
to ome another. Imagine two cylindrical coils, shown in plan as rect-
angles in Fig. 20; M will have a relatively high value for the position

W 00

Position a Position b Position o
F1a. 20.—Variation of mutual inductance between two coils.

shown in a and will have a smaller value for either position b or position e¢.
The scheme of rotating one of the two coils to diminish M has the advan-
tage over the other method that it is compact and so permits the design
of a set to be kept to smaller dimensions, a very important point if the
sets are to be portable. '

Coefficient of Coupling.—If all the flux produced by one coil threads
with all the turns of the other, the coils are said to have 100 per cent
coupling; if but a small fraction of the flux produced by the first coil
threads the turns of the second, the coupling is weak. Also if all the
flux of the first coil links with but a few turns of the second, the coupling
is again weak.

The coefficient of coupling! between the two circuits is given by the
relation
_M_
VL.L;

where k =coefficient of coupling, always less than unity;
M =mutual induction between the two circuits;
L) =the total self-induction of the first circuit;
L2=the total self-induction of the second circuit.
1 A more detailed discussion of coefficient of coupling is given on p. 79.

k= )
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M, L,, and L; must all be expressed in the same units.

As examples of the proper use of Eq. (7) in determining k, Fig. 21
is given; it is to be especially noted that if there are two or more coils
in series and only one of them is used to couple the two circuits the total
L of the circuit must be used and not the L only of that coil used for the
coupling. Thus if two circuits are coupled to a certain extent by -two
coils in a certain position with respect to one another and another cofl
is added in series with one of these, leaming the two original coils exactly
as they were, the coefficient of coupling of the two circuits has been lessened.

Practical Uses of Mutual Induction.—Whenever energy is to be trans-
ferred from one circuit to another, insulated from the first, the transfer
must occur across a mutual electric or magnetic field, and generally this
transfer utilizes a mutual magnetic field. That is, the energy flows from
one circuit to the other-because of the mutual induction of the two circuits.
In a radio transmitting set mutual induction is used between the two coils
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Fig. 21.—Examples of coefficient of coupling.

of the power transformer where the coupling is about 90 per cent; in the
high-frequency oscillation transformer the coupling is about 20 per cent;
in the coupler of the receiving set the antenna is coupled to the local tuned
circuit with a coupling of perhaps 2 to 10 per cent.

Effect of a Short-circuited Coil on the Self-induction of a Neighbor-
ing Coil.—Suppose a coil A has a certain self-induction by itself; it will
be found that if another coil B is brought close to 4, and in such a position
that M is not zero, the effective L of coil A is decreased, if the second
coil is connected to form a closed circuit so that current can flow in it.
The amount of decrease in L depends upom the coupling between the
two coils, upon the frequency, and upon the resistance in the circuit of
the second coil.

This effect is likely to occur in certain variable coils used in radio
circuits; in the type of coil referred to the change in the self-induction
of the coil is accomplished by using more or less turns of the coil by means
of a sliding contact as indicated in Fig. 22. If the sliding contact B
happens to make contact with two adjacent turns at once (quite a nor-
mal occurrence), there is one turn of the coil short-circuited, and this short-
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circuited turn is quite closely coupled with that part of the coil which
is being used. The effect of this turn is to decrease very much the effect-
ive self-induction of the part of the coil A-B, which is being used. Now
as' the slider is being adjusted it will, with very little movement, make
contact with two turns or with only one turn; a signal may come in very
strong at a certain setting of the slider and the slightest movement of
the slider one way or the other will make the signal disappear. This is

. _A/Mmm
iSI.ldin‘ Contact
B N

Fig. 22.—Variable Inductance with sliding contact.

due to the large change in the self-induction of the coil as the slider makes
the short-circuited turn or does not make the double contact.

A short-circuited turn in a coil not only produces a decrease in the
L of the coil, but it also increases very materially the resistance of the
coil, and this is detrimental to the proper operation of the set; these two
points will be taken up more in detail on pp. 85, et seq.

Capacity—Charging a Condenser.—Suppose a battery is connected
through a switch to a condenser as indicated in Fig. 23. The condenser

+- A B c
L S
Fig. 23.—Charging a condenser.

C consists of two metal plates a and b, close together, but perfectly insu-
lated from one another by the layer of air between them. When the
switch B is closed the plate b is made negative with respect to @, by an
amount equal to the e.m.f. of the cell, perhaps 1.5 volts; that this must
be 80 follows from the fact that, when the switch is closed, b is connected
to the negative end of the cell and a is connected to the positive end of
the cell.

As the two plates a and b were at the same potential before the switch
was closed, and after the switch is closed b is 1.5 volts lower in potential
than a, the closing of the switch must have been followed by a flow of
electrons in the direction from a to b., This redistribution of the electrons
in the circuit, which serves to bring the condenser plates to the same dif-
ference of potential as are the terminals of the cell to which they are con-
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nected, is called charging the condenser. A current flows during the short
interval of time required for the redistribution of the electrons; this cur-
rent is called the charging current of the condenser.

It is more or less evident that the condenser will take sufficient charge
to bring its potential difference equal to that of the battery; as long as
the condenser is at a lower potential difference than the terminals of the
battery, the e.m.f. of the battery causes more electrons to flow; if, by
any chance, so many electrons accumulate on the b plate of the condenser
that potential difference of the condenser is greater than that of the battery,
the excess of potential difference would so act as to make the condenser
discharge itself until it was at the same potential difference as the ter-
minals of the battery.

Capacity of a Condenser.—Suppose the amount of electron flow neces-
sary to charge two different condensers to a certain potential difference
is measured by a ballistic galvanometer or similar device. It will be
found in general that the different condensers require a different amount
of charge to bring them to the same difference of potential. For example,
if two condensers are made of the same-sized metal plates, but in one the
plates are only half as far apart as in the other, it will be found that the
one with closer plates requires twice as much charge as the other; if two
condensers have the same spacing for the plates, but one has larger plates
than the other, again it will be found that one requires more charge than
the, other, in this case the one with the larger plates.

That characteristic of a condenser which determines how many elec-
trons it takes to bring the condenser plates to a certain potential dif-
ference is called its capacity. A condenser which requires one coulomb
of electricity to bring its plates to a potential difference of one volt, has
a capacity of one farad. Such a condenser would require immense plates
very close together; the unit is altogether too large to represent the ca-
pacity of ordinary condensers. In ordinary engineering practice, such as
telephone circuits, the microfarad is used as the unit of capacity. A con-
denser of one microfarad requires a charge of one millionth of a coulomb
to charge it to one volt. Stated in another way, a current of one ampere
would have to flow only one millionth of a second to charge the condenser
to one volt potential difference, or one microampere, flowing for one second
would charge it to the same extent.

In radio circuits the microfarad is too large a unit to be conveniently
used; a more suitable unit is the milli-microfarad, which is the thousandth
part of a microfarad. Another unit is the micro-microfarad, which is one
millionth of a microfarad. Still another unit is the centimeter; which
is one nine hundred thousandth of a microfarad. The micro-microfarad
and the centimeter are nearly the same-sized units, the centimeter being
about 1.1 of a micro-microfarad.
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The capacity of a standard Leyden jar used in radio sets is 2 milli-
microfarads. The variable condensers used for tuning a receiving set
have a maximum capacity of one milli-microfarad or less. Certain con-
densers used with vacuum-tube detectors have a capacity of 100 micro-
microfarads. Antenns, such as are used on small vessels, have a capacity
of about 0.5 milli-microfarad, while large land stations designed for trans-
oceanic communication may have antenne of as much as 10 milli-micro-
farads capacity.

Specific Inductive Capacity.—Suppose a condenser made of two metal
plates separated by §-in. of air and let the quantity required to charge
it to one volt be measured. Then let a 3-in. glass plate be slipped in
between the two plates of the condenser and let the quantity be again
measured; it will be found to be about six times as much as when air
was used to separate the plates. If various other materials are used as
dielectric it will be found that they all take more charge than the air con-
denser; in other words, when such insulators as glass, mica, rubber, etc.,
are used for the dielectric instead of air, the condenser has more capacity,
its dimensions being the same in each case. The ratio of the capacity
of a condenser in which some dielectric other than air is used, to that it
would have if air were used, is called the specific tnductive capacity of the
dielectric. The values of this constant for some of the more common
insulators are given in the table on page 167.

Energy Stored in a Charged Condenser.—It takes work, or energy,
to charge a condenser; the amount of this work depends upon the capacity
of the condenser and upon the voltage to which it is charged. The problem
is analogous vo the * pumping up ” of a tire; the amount of work done
in this case is evidently proportional to the size of the tire and depends
in some way upon the pressure to which the tire is pumped. Actually
the amount of work required increases with the square of the pressure
to which it is pumped; pumping a given tire to 100 lhs. pressure requires
four times as much work as is required to pump it to 50 lbs. pressure.

The energy used in charging a condenser, and stored in the electric
field between the plates of the condenser, is '

Work=3CE2, . . . . . . . . (8

where C =capacity of condenser in farads;
E =voltage to which condenser is charged, in volts, and the work
is given in joules.

A condenser of .002 microfarad, charged to 15,000 volts difference
of potential, has stored in its field .225 joule of energy. If the energy
stored in this condenser is discharged to produce the oscillatory currents
required in radio transmitter, it may be used to supply about 100 watts
of power, with a suitable charge and discharge frequency.
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Suppose sixteen such condensers are connected in parallel, so that each
is charged to the same voltage, 15,000 volts. There will be stored in this
battery of condensers 16X.225 joule, or 3.6 joules. If the condensers
discharge through a spark gap which operates 1000 times a second (a com-
mon spark frequency) there will be transformed into oscillatory current
3600 joules per second, that is, 3600 watts of power. Hence sixteen such
jars, good to operate at 15,000 volts, would be sufficient for generating
about 3} kilowatts of high-frequency power.

Current Flow in a Continuous Current Circuit Containing Resistance
Only.—If a continuous e.m.f., such as that from a battery, is impressed
upon a circuit containing resistance only, a continuous current will flow
and its value is given by Ohm’s law,

A
whére I=current in amperes;
E=emf. of the battery, in volts;
R =resistance, in ohms, of the entire circuit.

The current will have this value from the instant the switch is cloM
and will be as continuous (constant in magnitude) as is the e.m.f. of the
battery.

Current Flow in an Inductive Circuit.—If the circuit to which the
battery is connected contains inductance as well as resistance, the current
flowing will have the value given by Eq. (9) only after the switch has been .
closed for some instants; it does not rise to the value predicted by this
equation for quite some time after the switch has been closed. The fact
that there is inductance in the circuit as well as resistance does not affect
the final value of current, but it does affect the current for a short time
after closing the switch.

In an inductive circuit the current cannot at once rise to its steady
value; it takes an appreciable time to reach the final value predicted by
Ohm’s law. The length of time taken depends upon the ratio of the
inductance to the resistance of the circuit. The value of current is
expressed at any time after closing the switch by the equation

Rt
i=1-’§(1-e‘f),. R 7))

in which 7=the current in amperes at time ¢ after closing the switch;
E =the e.m.f. of the battery;
R=the total resistance in the circuit, including that of the
battery, in ohms.
L=the coefficient of self-induction of the circuit, in henries;
t=the number of seconds elapsing after the switch is closed;
e=the base of natural logarithms =2.718.
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This equation defines the expression ‘ logarithmic rise of current.”
If a circuit has a very large value of inductance compared to its resistance,
the rise of current may be so slow that it can actually be observed by
means of an ammeter in the circuit. This is very easy to observe, for
example, in the field circuit of a large generator, in which the current may
take several seconds before it approximates its final value.

Time Constant of an Inductive Circuit.—When the time elapsed after
the switch is closed iz equal to the L/ of the circuit the current has risen
‘to (1—1/¢) of its final value, or to about 63 per cent of its final value. The
time taken for the current to reach this fraction of its final value is called
the time constant of the circuit; in most inductive circuits it has a value
only a small fraction of a second, but it may, in special cases, be several
seconds.

The Oscillograph.—In investigating problems to-day the electrical
engineer uses very extensively an instrument called the oscillograph. It
receives its name from the fact that its essential part consists of a small
mirror mounted on some fine wires, through which wires a current may
be passed. The wires are mounted between the poles of a powerful mag-
net, and, due to the force acting between the magnetic field and the cur-
rent in the wires, the mirror is caused to oscillate back and forth as the
current in the wires changes its direction. This part of the instrument is
really a small galvanometer so constructed that it can move very quickly a
beam of light shining on the mirror and which, reflected therefrom, acts as
a pointer to indicate the motion of the mirror. By suitable devices the
motion of this beam of light may be either thrown on to a translucent
screen and so serve for visual work, or it may be thrown to a rapidly rotat-
ing film and so give a permanent record of the excursions of the mirror.
These films, showing how current varies with respect to time, are called
osctllograms; such records will be frequently used in this text to illus-
trate phenomena being analyzed.

Such records are extremely valuable, as there are many rapid changes
of current taking place in circuits which can be examined only in this
fashion. Changes of current which are so rapid that they occupy only
one-thousandth of a second are truthfully recorded by a properly used
oscillograph; currents which alternate many hundred times a second are
correctly shown by an oscillogram. Not only will the oscillogram show
the number of times a second the current alternates, but it will also show
how closely the current approaches a sine wave in form and similar effects.

In Fig. 24 is shown an oscillogram of the current rising in an inductive
circuit; it will be seen that the current rises rapidly at first and gradually

‘approaches its steady value. If the switch should be opened quickly in
such an inductive circuit a large arc will form at the point of the switch
where the circuit is opened. The energy stored in the magnetic field



H4 FUNDAMENTAL IDEAS AND LAWS [Cuap. T

has to disappear when the current dies to zero because there can be no
magnetic field without current.! The greater the self-induction of the
circuit the greater is the amount of energy (for a given current) and the
larger will be the arc when opening the circuit. The decay of current
in an inductive circuit cannot be well examined therefore by opening
the circuit, but it can be shown by short-circuiting the coil in which che

current is flowing. In such a case the current dies away on a logarithmic
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Fra. 24.—Oscillogram showing rise and fall of current in an inductive circuit.

curve quite similar to the curve of current rise. The equation of current
decay is quite similar to that of the current rise and is

Rt

i=g(e-f), R ¢ 1)

where the letters have the same meaning as'in Eq. (10).

Fig. 24 serves also to show this effect, the circuit having been arranged
as shown in Fig. 25. The battery D was connected to the inductance
C through a low resistance E and switch A. The oscillograph was con-
nected in the circuit at the point O. A second switch B served to short-
circuit the coil 80 that the decay of current in it could be shown as well
as the rise.

With B open, A was closed and so the oscillograph recorded the rise
of current; when the current had reached its steady state switch B was
closed, and the decay of current in the coil was recorded. The resistance

1 This statement of course neglects any residual field left in iron parts of the
magnetic circuit when the current has fallen to zero.
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E was used in the circuit to prevent the short-circuiting of the battery
when B was closed.

The curves of rise and decay are just as is predicted by Eqgs. (10) and
(11) ; the two curves show a slight difference in the rate of change of current,
but this is to be expected, because the resistance was somewhat greater
for the rise of current than it was for the decay, while the inductance
was the same for both. The time constant was greater for the decaying

AN \
A .",VEM/- [o)

Fig. 25.—Circuit used to obtain oscillograms of growth and decay of current.

current than for the rising current; the rising current had for its resistance
that of the coil, that of the battery, and that designated by E, while the
decaying current took place through the resistance of the coil only.

Effect of Rising and Decaying Currents on Neighboring Circuits.—As
the current in the coil increases and decreases it must induce electro-
motive forces in any neighboring circuits which are so placed that they
link with its magnetic field. If the neighboring circuit is closed current
will flow, in one direction when the current in the first circuit is rising
and in the opposite direction when the current in the first circuit is falling.
Hence when a circuit is closed and current starts to flow all neighboring

00000

FiG. 28.—Circuit used to obtain oscillogram of currents in coupled circuits.

circuits, if closed, will have currents in one direction and in the opposite
direction when the circuit is opened.

To bring out this fact a circuit was arranged as shown in Fig. 26; one
oscillograph vibrator was introduced at C and the other at D. The cur-
rents which flowed in each circuit during the opening and closing of switch
E is shown in the oscillogram given in Fig. 27. When the switch was
closed current in coil B flowed"in the opposite direction to that in coil 4;
when the switch was opened the current in B flowed in the reverse direc-
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CHARGING AND DISCHARGING A CONDENSER 37

tion. The rather irregularly-shaped curve of current at the time of
opening the switch was due to the fact that an arc formed at the point
of opening the circuit so that although the switch was open the circuit
"was not open, the arc serving to keep the circuit closed. As the resistance

of the arc was indefinite and variable the current naturally followed no
egular curve. : '

Current Flow on Connecting a Condenser to a Source of Continuous
EM.F.—When a condenser is connected to a source of continuous e.m.f.
the condenser takes sufficient charge to bring its plates to a difference of
potential equal to the e.m.f. of the source to which it is connected. This
charging would take place instantaneously if there were no resistance in
the circuit. But the generator or
battery to which the condenser is con- } }
nected always has. resistance and the K
condenser itself has a kind of resistance % '
due to the losses occurring in its die- 1 c
lectric, all of these resistance factors
act in such a way that the condenser R
takes an appreciable time to charge
el Fic. 28 —Ci d to obtain oscil

A circuit was arranged as shown I'¢- ircuit use o oscil-
in Fig. 28; A is a 100-volt battery, \ogam of charge and discharge of a

. . condenser.
B and D are switches, C is the con-
denser to be charged or discharged, O
is the oscillograph vibrator, and R is a resistance which represents the
total resistance of the circuit, battery, connections, condenser, etc.

The equation ;%fh flows in iuch a clrcult is given by

——-(6 R"),. e o ¢ o e o o o (12)

where E =the battery voltage in volts;
R=the total resistance of the circuit in ohms;
C =the capacity of the condenser in farads.

If now switch B is opened and switch D is closed the condenser will
discharge and the current will be given by

i=—ll—§(e'ﬁ), R )

where the letters have the same meaning as they have in Eq. (12). This
current is evidently of the same shape as that taken by the charging
Operation with the exception that there is a minus sign before it; this
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signifies that the discharge current is of the same form as the charging
current, but it flows in the opposite direction.

Time Constant of a Condenser Circuit.—The quantity RC is called
the time constant of the condenser circuit; it is evidently the time taken
for the current to fall from its maximum value to 37 per cent of this value;
another way of defining the time constant of a condenser circuit is in
terms of the charge on the condenser; the time constant is the time required
for the condenser to accquire 63 per cent of its final charge or, in the case
of the discharging condenser, it is the time required for the condenser
to lose 63 per cent of its charge.

Fig. 29 shows an oscillogram of charge and discharge which was
taken from the circuit shown in Fig. 28. Some extra resistance must
be necessarily added to the inherent resistance of the battery and con-
denser because the time constant of such a circuit is excessively small,
too short for the oscillograph to function. Thus a one microfarad
condenser in series with two ohms (a probable value for the battery)
would have a time constant of .000 002 second, that is, the current
would rise instantaneously upon closing the switch, to some value (de-
pending upon the voltage used in charging) and in .000 002 second
would have fallen to 37 per cent of this value, and in a correspondingly
short time would have dropped to practically zero. Such an instanta-
neous occurrence is too rapid even for the oscillograph, hence to increase
the time constant to a value suitable for the use of the oscillograph an
extra resistance had to be introduced in the circuit.

The effect of adding resistance in series with a condenser to be charged
is shown by the curves of Fig. 30; these were calculated from Eq. (12).
They show that the initial current is cut down as the resistance is increased,
in fact being equal to E/R, and that the duration of the current increases
with the increase of resistance. The area between the X axis and any
of the curves is the same; this area represents the quantity of electricity
on the condenser and so must be the same for all conditions, because the
quantity of electricity on the condenser after the charging process is com-
plete is the same no matter what the resistance of the circuit may be.

Power Expended in a Continuous-current Circuit.—If a current of I
amperes is caused to flow through a circuit by an e.m.f. of E volts the
rate of doing work in the circuit is

Watts=EI, . . . . . . . . . . (14
If the circuit has a resistance R we know that E=IR and so
' Watts=IRXI=I*R . . . . . . . (15

from which we get

Watt:
I ¢ )
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Eq. (16) is important; it is the broadest possible definition for the
resistance of a circuit. This formula gives the resistance for any kind of
current flow, whether continuous, pulsating, or alternating. In words it is
stated thus: the effective .resistance of a circuil is equal to the amount of
power consumed by the circuit divided by the square of the current required
to supply this power. .

In simple continuous current circuits Ohm’s law is sufficient to obtain
the resistance of the circuit, but there are many cases especially in alter-
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Fra. 30.—Condenser charging currents for different values of series resistance.

nating current work, where Eq. (16) affords the only feasible means of
determining the resistance of the circuit.

Power Consumed in a Circuit Excited by Pulsating Current.—In case
the voltage or current of a circuit, or both of them, are pulsating the power
consumed in the circuit cannot be obtained by using the product of the
average voltage by the average current, as might at first seem correct;
an error would be introduced making the power consumed too low, the
amount of this error depending upon the amount of fluctuation. The
greater the amount of fluctuation or pulsation of the current or voltage,
the greater is the error introduced.
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The power is accurately obtained only by taking the product of the
effective resistance of the circuit and the square of the effective value of
the current. The derivation of the effective value of the current may
be difficult; it can always be carried out graphically if the form of the
pulsating current is accurately given, but is not easily calculated by
ordinary arithmetic unless the form of the pulsation is very simple. Thus
suppose that a pulsating current is simple enough to be represented by
a continuous current, with a sine wave alternating current superimposed,
as shown in Fig. 31. The actual pulsating current A is sufficiently well
represented by the continuous current B, of amplitude I;, and a sine wave
current C, of maximum value I.. The effective value of such a current
is given by taking the square root of the sums of the squares of the effect-
ive values of the two components. The effective value of the continu-
ous current is the same as its actual value, I;; the effective value of the

\VA

LN SN
\/\/

Fia. 31.—Pulsating current equivalent to a continuous current with a.ltemat cunent
superimposed. &o
- t"T /‘ (el

sine wave of current m—oﬂe—ha-lf—the-sqwe—roe&-el—z‘*"? (ma)umu.m va.lue

Hence the effective value of the pulsating current is V1,231 12+13I2. The
power used when such a current flows through a circuit of resistance R is

Watts used=I,2R+31:2R

If the average value of the current were used in calculating the power
used, the power represented by the second term would be completely
neglected, and so an error would be incurred equal to $1:2R. The amount
of this error depends upon the amount of pulsation of the current. In
such a circuit as the primary circuit of spark-coil transmitting set excited
by storage battery the error would be very large, and the power used in
the circuit cannot be obtained at all accurately without knowing the form
of the current flowing in the primary winding of the coil.

The above statement is made with the idea in mind that in such a
circuit as this, excited by storage battery, a direct-current ammeter would
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be used in measuring the current. Now such an ammeter reads average
values and so would read, when excited by such a current as sketched
in Fig. 31, only the continuous-current component. Hence the error
pointed out would occur. If, however, an alternating current ammeter
were used for reading the current, the error would not occur, because such
an ammeter reads effective values, and not average values. If the power
used in a pulsating-current circuit is to be accurately determined, there-
fore, an alternating-current ammeter must be used to measure the current.

The above analysis of the power used in pulsating-current circuits
holds good only when the resistance is constant throughout the cycle
of current variation. In many circuits this is not so, the resistance being
a function of the current and so changing as the current changes. The
calculation of the power used in such a circuit is not easily measured by
ammeters and voltmeters; either a wattmeter or the oscillograph must be
used. The wattmeter is an instrument having two windings in the same
case, one corresponding to an ammeter and the other to a voltmeter.
An analysis of its action and the way in which it is used will be taken
up in a subsequent paragraph dealing with the power used in an alter-
nating-current circuit. The oscillograph, giving the form of voltage curve
and current curve, makes it possible to calculate the power by graphical
methods.

Current Flow in an Alternating-current Circuit Having Resistance
only. Phase.—If an alternating-current generator is connected to a circuit
having resistance only the relation between current, resistance, and volt-
age is given by Ohm’s law. It is, of course, impossible to construct a
circuit “ with resistance only ’’; a circuit must have some inductance and
capacity no matter how it is built, but if the amount of inductance and
capacity are so small that their influence upon the current is negligible
compared to the influence of the resistance, the circuit may be considered
to have nothing but resistance opposing the flow of current. The filament
of an incandescent lamp is such a circuit. A rheostat constructed of high-
resistance wire may be considered to have no inductance when being used
in ordinary alternating-current circuits, such as used for power and light-
ing, but such a rheostat would probably have such an amount of induc-
tance that when used in a circuit of radio frequency it would be by no
means negligible. It follows that a certain piece of apparatus might be
considered free from inductance for some uses, but for other circuits the
inductance might be of considerable importance.

In a circuit having resistance only the current and voltage have the
same phase and are similar in form. A current and voltage are said to
be in phase when they pass through their corresponding values simulta-
neously. The easiest point from which to judge the equality of phase is
the zero value; if the two curves pass through their zero values at the
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same instant they are in phase. In case the current passes through its
zero value after the voltage has passed through its zero value it is said
to be a lagging current; if it goes through the zero value before the voltage
it is said to be a leading current.

In Fig. 32 are shown curves of current and voltage with (a) current
and voltage in phase, (b) with current lagging behind the voltage by the
angle ¢, and (c) with the current leading the voltage by the angle ¢.

The magnitude of the angle of lag or lead may be easily approximated
when it is remembered that the time from one zero point to the next zero
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F1G. 32.—Phase difference of alternating current and voltage.

point of the same curve is 180°; in curve b the current lags by about 30°
and in curve ¢ the angle of lead is about 70°.

In case the circuit has 1esistance only the relation between voltage and
current is expressed by Ohm’s law, whether instantaneous, maximum, or
eflective values are considered. Thus the equation for current flow in
this circuit is

1=§, e e e oaD

Power Used in a Resistance Circuit.—The rate at which electrical
energy is changed into heat by a current ¢ flowing through a resistance
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R is i2R, as has been shown for continuous-current circuits. Or, as we
know that for the circuit e=1R we have, '

Rate of heat development=power used=e1

The power curve has the form shown in Fig. 33; it is at all times
positive, because although both e and ¢ go through negative values they
both reverse at the same instant; the product, therefore, is constantly
positive. The maximum value of this power curve occurs when both e
and ¢ pass through their maximum values and is therefore equal to Enlm.

Fia. 33.—Power curve for an alternating current circuit containing resistance only.

If the equation of current is 7= In sin wt and the equation of voltage
is e= En sin ot, the equation of the power curve must be

p=EmImsin2wt
=%EmIm(I-COS2wt) L P (18)

The average value of cos 2wt is zero, hence the average value of power
=P=%Em1m=EI . . . . . . . . (19)

It is seen therefore that the power (in watts) used in an alternating-
current circuit containing resistance only is the product of volts and
amperes, as read by alternating current voltmeter and ammeter.

Meters Used in Alternating-Current Circuits.—It must be remembered
that the ordinary continuous-current instrument, ammeter or voltmeter,
will not read at all if used in an alternating-current circuit. Such instru-
ments read the average value of voltage or current and, in an alternating-
current circuit the average values are zero. To read correctly on an
alternating-current circuit an instrument must give the same reading on
a continuous-current circuit, no matter which way the continuous current
is flowing through it; everyone familiar with the ordinary continuous-
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current instrument knows that if the connection of the meter to the cir-
cuit is reversed the reading will reverse. Such an instrument, if actuated
by an alternating current, would tend to oscillate between a certain direct
reading and the equal reversed reading, but, as the alternating current
reverses too rapidly for the needle of a meter to follow, it is evident that
the meter would read zero no matter how much current was flowing
through it.

Various types of meters are suitable for use on an alternating-current
circuit, the dynamometer type, the soft-iron vane type, the induction
type, the thermo-couple type and the hot wire type. The last two types
named are used almost exclusively for making measurements in radio
circuits, as it is practically impossible to make the other types function
properly at the very high frequencies used in radio work.

Transient Current on Switching a Resistance Circuit to an A.C. Line.—
If a resistance circuit is switched to an a.c. line the current rises instanta-

Time of closing switch
P Current rises at once
Va to ita proper value
AT (J
I”
‘s
‘s
/l/ i

Fig. 34.—Current on switching a resistance circuit to an a.c. line.

neously to the value it should have, depending upon the value of the volt-
age at the instant the switch is closed, as shown in Fig. 34. This condition
of affairs is expressed by stating that there is “ no transient current ”’ or
no transient condition, after closing the switch; the current rises at once
to the value it would have had (at the time of closing the switch) in case
the switch had been closed at some previous time.

Current Flow in an A.C. Circuit Having Inductance and Resistance.—
Suppose that an inductance (without resistance) and a resistance, con-
Dected in series, are connected to an a.c. line so that an alternating e.m.f.
is impressed, as indicated in Fig. 35. Although the inductance must
really have resistance, it is shown as resistanceless, all the resistance of
the circuit being supposed concentrated in R. The current flowing in
such a circuit depends upon four things, L, E, R, and the frequency of
the impressed e.m.f. Provided that L and R are constant throughout
the cycle (do not vary with the value of the current) it is a fundamental
law of electrical circuits that the current will have the same form as the
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impressed force. We may therefore assume that the current is a sine
‘wave and then find its magnitude and phase.

The impressed voltage must be equal to the sum of the drops in poten-
tial across L and R.

T
Drop=ao LI L
o
, =To Bupply of
alternating Emf.
Prop =1R
T R

Fia. 35.—Resistance and inductance in series connected to an a.c. line.

Suppose the current to be 1= In sin wt.
The drop across the resistance %ﬂl IR =L, P &hm WT
The drop across the inductance = Ldi/dt=wLIm cos wt.
The impressed voltage must be
=In(Rsin l+wLcoswt) . . . . . . (20

In Fig. 36 these two component voltages are shown as curves; the
impressed voltage ¢ must be equal at all times to the sum of the resistance

N Impressed Voltage
"

Ri_ Drop

Fia. 38.—Voltage components in an a.c. circuit containing inductance and resistance.
\

drop and the inductance drop, and is so shown by the curve marked e in
Fig. 36.
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A vector diagram representing the curves of Fig. 36 is given in Fig.
37; effective values, instead of maximum values, are shown. From this

diagram we have

L

E?=I?(R*+(wL)?)

or
E E
= = = e« e e o o 21
VR*4(wL)? Z @)
wll Qf;\}
0 RI >1

Fic. 37.—Vector diagram for an a.c. circuit containing inductance and resistance.

The quantity wL is called the reactance of the circuit and the quantity
Z is called the impedance of the circuit. The current lags behind the volt-
age by the angle ¢, which is determined by the relation

cos ¢=% or tan ¢=‘%L.

Energy taken

NN _~"by circuit

Energy given back
by circuit

Fi1g. 38.—Power curve for an a.c. circuit containing inductance and resistance.

Power Used in an Inductive Circuit.—The power used, at any instant,
in the circuit of Fig. 35 is obtained by multiplying the instantaneous value
of e by that of 7; it is shown by the power curve in Fig. 38. For this
circuit it is evident that the power is sometimes negative, i.e., the circuit,
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instead of drawing power from the line, is actually furnishing power to
the line. Energy which has been stored in the magnetic field of the induc-
tance, is flowing back into the source of power supply.

The expression for the power is,

p=Em Sin wthm Sin (wt—d))
= Emln sin wtXsin (wt—¢)

The average value of this expression is given by average value of the

expression
P (4= (2. 291

p=E;’"'cos¢(-1-|-eere-m> .. @

So average power
P=EIcoso. . . . . . . . . (23

The power in the circuit is equal to the product of the volts and amperes
in the circuit and the quantity cos ¢. For this reason cos ¢ is called the
power factor of the circuit; it may have any value between unity and
zero. In ordinary power circuits it has a value between about 0.7 and
0.95, very seldom being unity. In some parts of efficient radio circuits
the power factor may be as small as .005.

The power may be expressed ir terms of current and resistance by
changing the form of Eq. (23).

P=EI cos = El—— 2
R2+(wL)?
= 2 i B _p
IXIVR24 (wL) VT L) I2R. (24)
This equation for the power used 1n an a.c. circuit is really a definition
of the effective resistance of the circuit; the resistance of the circuit, for
alternating current, may be entirely different from the continuous-current
resistance of the circuit. There are many effects which combine to make
the a.c. resistance sometimes several times as great as the c.c. resistance
(or the a.c. resistance may be negative even, while the c.c. resistance is
positive) and the only way' of measuring this resistance is by use of Eq.
(24). The power used in the circuit is measured by a wattmeter, the
current by an ammeter, and the resistance found by the relation

watts .
_12-—0 . . -

11f the circuit is such that a measurement in an alternating current Wheatstone
bridge is feasible, of course such method also is available. Even in the bridge deter-
mination the idea expressed in Eq. (24) is, however, involved.

Effective resistance = (25)
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Wattmeter.—It is generally not possible to measure the power used
in an a.c. circuit by use of Eq. (23) because the phase difference of the volt-
age and current is not known and there is no easy method of measuring
it directly. To get the power used in an a.c. circuit it is nearly always
necessary to use a waltmeter. This is an indicating instrument, resembling
an ammeter or voltmeter externally, but differing from these instruments
in that it has two independent electrical circuits. Two coils inside the
instrument, one in shunt with the circuit, and one in series with it, react
on one another to produce the force which moves the indicating pointer.
The theory involved in its operation is explained in practically any text
on alternating-current measurements and will not be given here. The
scale of the meter is calibrated directly in watts and, with a properly
calibrated instrument, the reading of power is accurate no matter what
the power factor may be; for very small power factors, and for circuits of
frequency much higher than that for which the meter is intended, a cor-
rection may be necessary.!

The power factor of an a.c. circuit is then determined from the readings
of three instruments, ammeter, voltmeter, and wattmeter. The power
factor, cos ¢, is the quotient of the wattmeter reading by the product
of the readings of the other two instruments. If it is desired to know the
angle ¢ itself, it is only necessary to consult a table of natural cosines.

The effective resistance of the circuit is obtained by finding the quotient
of the wattmeter reading and the square of the ammeter reading. As
stated before, this resistance will generally be very different from the
resistance measured by a continuous-current test.

Variation of Current with Frequency in an Inductive Circuit.—The
magnitude of the current flowing in a circuit consisting of a resistance
and inductance in series evidently depends upon the frequency (see Eq. 21).

At zero frequency (continuous current) this equation reduces to I=
E/R. 'This relation holds good only after the switch has been closed long
enough for the transient condition to disappear (see Fig. 24).

At very high frequencies the resistance becomes negligible compared
to the reactance, and so the value of the current is given, very nearly,
by the equation I=E/wL. As the frequency varies between high and
low values, voltage being held constant, the current varies as shown in
Fig. 39; for frequencies sufficiently high that R is small compared to wL,
the curve approximates a hyperbola,

E
2zL’ )
Transient Current in a Circuit Having Inductance and Resistance.—

After the switch has been closed for some time there is always a definite
18ee Morecroft’s Laboratory Manual of Alternating Currents, p. 11.

IXf= (26)
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relation between the instantaneous values of the current and voltage;
for every cycle the two go through exactly corresponding values. Thus
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Fi1a. 39.—Current variation with frequency in an a.c. circuit containing inductance and
resistance in series.

F1a. 40.—Curves of ¢ and i in a circuit containing inductance and resistance, for steady
state.

in Fig. 40, when e has a maximum value AC, the current has the value
AB, and whenever the voltage has the value AC the current will have
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the value AB. Now suppose the switch to be closed when the voltage
has the value AC; the current should have the value A B, but in an induc-
tive circuit the current cannot rise instantaneously; this was shown by
the oscillograms in Figs. 24 and 25. The complete equation for the cur-
rent in an inductive circuit must therefore include a transient term as
well as the term for the steady state; it is properly written

E R
1:=—————Sin (wt_¢)+K€ Lo . .

VR Gy R

&R

The second part of the current, Ke L, is determined in magnitude
by the value of the current, in the steady state, at the time in the cycle
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F1G. 41 —Curves of e and 7 in a circuit containing inductance and resistance for transient
: state.

corresponding to the time in the cycle that the switch is closed. Thus

in Fig. 41, at the time of closing the switch the current should have the

value AB; this fixes the value of K in Eq. 27. In Fig. 41 is plotted
Rt

the steady value of the current 7, the transient current Ke L, and the
actual current for the first cycle after closing the switch; this actual cur-
rent is the sum of the other two.

In Figs. 42 and 43 are shown oscillograms of the current flowing in
an inductive circuit for the first few cycles after the switch had been closed;
in one the switch was closed at the peak of the voltage and in the other
it was closed when the voltage was very nearly zero. In Fig. 42 the effect
of the transient term is plain; the current (steady value) has_ been plotted
in dotted lines, as has also the transient term, the latter having been
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CIRCUITS HAVING IRON CORE INDUCTANCE 53

calculated from the value of the steady current at the time the switch
was closed and the L and R of the circuit. It may be seen that the actual
current is correctly given by Eq. (27). In Fig. 43 the switch was closed
at that part of the e.m.f. cycle which, in the steady state, is the proper
time for the current to be zero; it is seen that for this case the transient
term reduces to zero, and the actual current is represented completely
by only the first term of Eq. (27).

Circuits Having Resistance and Iron-core Inductance.—In case the
L of the circuit, Fig. 35, consists of an inductance having a closed iron
path for its magnetic circuit, the conclusions deduced will not be correct.
The value of L in this case is not constant, but varies throughout the

Sewiiih Closea art yvopoer e

7o Sicppress Transien 7 7erm

Fig. 43 —Oscillogram illustrating absence of transient current in an inductive circuit.

cycle, and for this reason the relation between the current and voltage
is a complex one; the current in this case requires an equation with an
infinite number of terms to express it accurately. The current, instead
of being sinusoidal, has a decided hump, as shown by Fig. 44, which shows
the magnetizing current of a closed-core transformer. |

Not only is the steady value of current in such a circuit irregular,
but the transient current may show even greater irregularities. This
irregularity may last for many cycles, depending upon the kind of iron
used in the core and upon its condition of magnetization at the time the
switch is closed, as well as upon the part of the cycle selected for the clos-
ing of the switch. Thus in Fig. 45 is shown the current in the primary
cireuit of a transformer for a few cycles after closing the switch; the tran-
sient current may be so large in this case that during the first cycle the
current never reverses its direction. _
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TRANSIENT CURRENT WITH IRON CORE INDUCTANCE 55

The rise of current in such an inductive circuit as this is not as simple
as that illustrated in Fig. 24; the analysis given in explaining this figure
assumed constant L so will not hold good if L varies during the rise of

-

}—’/ ie &

Fic. 45.—Oscillogram showing the transient current when switching an iron core
inductance to an a.c. line.

current. The actual form of rising current in such a circuit, when con-
nected to a c.c. line, is shown in Fig. 46; it is quite evidently different
from that shown in Fig. 24, which was for an air-core inductance.

Fie 46—Pecul.ia.r‘growf-h of current when an iron core inductance is-switched to a.
T source of continuous e.m f. . B o

Current Flow in a Condenser.—By the definition of a condenser no
electrons can actually pass from one plate to the other; they are insulated

from one another. -If; hewever, a condenser is connected to a source of
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alternating e.m f., current will flow in this circuit, as may be seen by the
reading of an a.c. ammeter placed in series with the condenser.

Suppose a condenser of capacity C farads is connected to a line the
e.n.f. of which is given by the equation e=E sin wt. The condenser will,
of course, take enough charge to bring the potential difference of its plates
continually equal to that of the line to which it is connected. As this
impressed e.m.f. continually varies in magnitude and direction, electrons
must be continually running in and out of the condenser to maintain its
plates at the proper potential difference. This continual charging and
discharging of the condenser constitutes the current read by the ammeter.
The electrons, the motion of which constitutes the current, do not actually
pass from one plate of the condenser to the other through the dielectric;

¢——00 >——»]

Fl_o: 47—Current and voltage for a perfect condenser connected to an a.c. line.

they merely flow in and out of the condenser. With this idea in mind
it is easy to see why the changing current of a condenser increases with
the capacity of the condenser, also with the frequency of the impressed
e.m.f. _

.The magnitude of the charging current is obtained as follows:

The charge ¢g=Ce and the current t=dg/dt.

Now ¢=CEn sin t,
80
i=wCEu008 wt- . . . . . . . . (%)

This current is then of the same form as the impressed e.m.f. (a cosine
curve is similar to a sine curve in form) but leads it by 90° as shown in
Fig. 47; its maximum value, in amperes, is equal to wCEm.

In effective values the relation between the impressed voltage and
the charging current is,

I=wCE=2xfCE . . . . . . . . (29)
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It is evident that, other things being equal, the charging current of a con-

denser is directly porportional to the frequency of the impressed e.m.f.

This should be contrasted to the inductive circuit in which the current

varies inversely as the frequency, if the resistance is small compared to

the reactance. ‘
“The relation between the current and voltage may be written

I=E—2 (30)

=C

The quantity o fC i called the reactance of the condenser, generally

specified as capacity reactance to distinguish it from inductance reactance
2xfL.

Condenser and Resistance in Series.—If a condenser and resistance
are connected in series and a sine wave of voltage is impressed, a sinu-
soidal current will flow; its magnitude and phase depend upon the R,
C, E, and f of the circuit. Suppose this current to be given by i= I'n sin wt.

The resistance drop=IxR sin wt.

The capacity reactence drop, in magnitude, is :—5 cos wi. But asshown
before, the current leads the voltage impressed on a condenser; the capacity
drop is therefore properly written,

Capacity drop= —wi-z, cos wt

The impressed voltage must be the sum of the drop over the resistance
and that over the condenser and is soshown in Fig. 48. The current leads
the impressed voltage by the angle ¢, the magnitude of which is fixed by
the relative magnitudes of the reactance and resistance drops.

The three curves of Fig. 48 are shown vectorially in Fig. 49, eﬁ'ect.xve
values being used instead of maximum values. From this vector diagram
“we have

E2=(IR)? (I)z
=( R)+ m )
or
I= El =§.......(31)
7+ (o)
and
1
_wC_ 1
tan¢—-ﬁ— Ro . . (32)
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The current in the circuit, as shown in Eq. 31, evidently depends upon
the frequency; its variation as the frequency is changed, is shown in Fig.
50.- At very high frequency the current approaches the value E/R, the

Y S TE

FIG 48 —Volta.ges and current curves for circuit containing R and C, in series.

\

ca.paclty reactance being negligible, while at zero frequency, the current

is zero, the condenser being equivalent to an open circuit.
Transient Current in a Circuit Consisting of Resistance and Condenser
in Series.—In general there will be a transient current when switching

10 v ‘- RI o
AR R o ,

coa N @

L

‘' wG

L o E=Z1

FlG. 49.—Vector . diagram of voltages and
current for circuit containing R and C

such a circuit to an a.c. line;
the duration of the transient
term is so short, however, on
all commercial circuits that an
oscillogram shows the current
rising immediately to its proper
value, this being fixed by the
time on the e.m.f. cycle that the
switch is closed.

Current Flow in a Circuit
Having Resistance, Inductance,
and Capacity in Series.—The
current flowing in the circuit
shown in Fig. 51 will require

three components of e.m.f., the resistance drop IR, the inductance

drop 2xfLI, and the capacity drop 215,0 The resistance drop is in
phake with the current, the inductance drop is 90° ahead of the current
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Fia. 50.—Variation of current with frequency in circuit containing R and C in seﬁes.
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Fig. 51 —Circuit containing R, L, and C in series.

Fia. 52 —Vector diagram of voltages and current for circuit contaming R, L a.nd Cin
series. s sa ad
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and the capacity drop is 90° behind the current. These three compo-
nents of the impressed e.m.f. are shown vectorially in Fig. 52. The two
reactance drops evidently tend to neutralize one another.

The total reactance drop

I
—%fLI—m. Y (<)
The resultant required impressed voltage is seen to be
=I.|R? - ._1_)’
E-I\|R +(2ffL LI
and the magnitude of the current may be written
I £ - (35)

_ E

B z
\/ R24 (wL - %) :

The phase difference between impressed voltage and current is fixed by

the equation

1

wL_—aZ'
R .

The reactance of the circuit may either be positive or negative, according
to which component of the reactance predominates. If 2xfL is greater
than 2’_—}0 the reactance is positive and the current lags, whereas if the
capacity reactance is the greater, that current leads the impressed e.m.f.
The magnitude of the current will evidently depend upon the frequency
and will have about the form shown in Fig. 53. At zero frequency the
condenser offers infinite reactance so the current is zero; at infinitely
high frequency the inductance reactance becomes so great that again the
current approaches zero; at some intermediate frequency the inductance
reactance just balances the capacity reactance so that the total reactance
18 zero. For this frequency the current has a maximum value, as shown
for frequency f, in Fig. 63. The form of this curve could have been pre-
dicted by considering the two curves given in Figs. 38 and 50.
Resonance.—For such a circuit as shown in Fig. 51 there will always
be one frequency which will give a total reactance zero; this will be true
no matter what values of L and C may be chosen. At this frequency
the current will be in phase with the e.nf. and its magnitude will be a
maximum, being limited only by the resistance of the circuit, I=E/R.
The frequency at which this occurs is called the resonant frequency
of the circuit; it is at this frequency that most radio circuits are operated.

cosq;'>=-lzB or tan ¢= (36)
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Unless care is exercised when performing experiments on resonance
the condensers used in the circuit will be spoiled by the puncturing of
the dielectric at the resonant frequency. For any frequency whatever
the drop across the condenser is fixed by the relation,

1
Eg—z—'f—C.

1 e O

Calculated resonance curve

-
1

o
Sl e ) 1P R .
-y

4 |
5
g | \
< }
i [] 1] RS
/ I E=100 L=0,10
j | R=12 C=23x10"°
3 }
J/ N
2 i 4 ! N
! N
H —
5 7
e b
( 20 40 60 80 100 120 140 160 180 200 220
Frequenocy

Fia. 53.—Variation of current with frequency in circuit containing R, L, and C in series.

If we substitute in this equation the value of the current, in terms of
impressed voltage and resistance we get, at resonance,

E¢=E 1

m.........(37)

As the value of —= o fCR may be much greater than unity so the voltage

across the condenser may be many times as great as the impressed voltage;
in a certain laboratory circuit used in preforming low-frequency resonance
tests the drop across the condenser at resonant frequency is eighteen times
as great as the impressed voltage. At this frequency the drop across the in-
ductance is equal to that across the condenser, but this excessive voltage
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"across the inductance coil will generally do no harm. In radio circuits
it is possible to have the drop across the inductance and condenser as
“much as 400 times gredter than the impressed voltage.
Resonant Frequency.—A circuit is said to be resonant when the react-
ance is zero. Therefore we have for the resonant frequency,

1
: 21rfL - 2xfC’
fLox'n which we get the value of the resonant frequency

- , 4 1
I . o =—— . . ... .. (38
{ . b oL i f o \/_C : ( )
In thm equation L must be i m 'henrles, C in farads, and f will be i m cycles
perisecond. As theé microfarad is the usual unit of capacity a more con-
Yentient form is ; \
i A o ; 1000 -
l b I avic e G0

é’ being in mxcrofa.rads In determining this frequency the sepambe values
Qf L and C do not matter; the product LC is the quantity Whlch fixes
el criitical frequency. This is a circuit having L=.24 henry and C=
{(; mic¢rofarads will be resonant at the same frequency as one which has
=.06 henry and C=40 microfarads.
| The sharpness of the resonance curve is determined by the resistance
¢f the circuit, the less the resistance the more sharply defined is the resonant
ﬁrequency and the larger is the current at the resonant frequency. In
Fig. 54 are shown the resonance curves obtained for a circuit having L=
.15 henry and C=28.5 microfarads. The one curve shows the variation
of current with a! circuit resistance of 5.8 ohms and the other shows the
_same thing after the resistance had been increased to 17.2 ohms.
In a low resistance circuit the resonance is said to be sharp and i in
a hlgh resistance circuit it is said to be flat or dull.
Series Resonance with Varying Capacity — Decrement.—If the fre-
{quency impressed on the circuit of Fig. 51 is held constant and the capac-
ity or inductance varied, resonance curves similar to those in Fig. 53
.will- be obtained except-the variables will be different. Suppose such a
curve has been obtained, as shown in Fig. 55. We shall now show how
:thé shape ‘of the curve depends upon the resistance and how to actually
sp4letilate the value of this resistance from the shape of the curve, prov1ded
"hut the value of L is'known.
-ni “Phe quantity which is actually determined from the resonance curve
darthe riitio Ry2fL; f being the resonance frequency of the circuit. This
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ratio is called the decrement of the circuit, for reasons which will be
apparent when the subject of oscillations is discussed.

Referring to Fig. 55, let C, be the capacity which gives resonance, the
current for this value of capacity being I,, Let C; and C; be the two
values of capacity, one greater than C, and the other less than C,, which
serve to reduce the current to I, V2 or .707 I,.  When the capacity has
the value C, there is no effective reactance in the circuit, so we have,

E
For C=C,," I'=§'
For C=Cy, T=—b =071,
Vv R+ X2
1.3
4
I N
L [
; 4 EXPERIMENTAL
| c I \1 RESONANCE OURVES
8 fl A
o B 22| volts l \
:i L = 150 henry
52 k C= ”-51166 fardds \
/ \
/] \
Cuarye 1| R =5,80 ol / 2 \\
1 Curte 2 [ R=17.2/ohmj // //’ \\ \\
/ ~
A e W
A By
—
@ 50 60 70 80 90 100
Frequency

- . Fia. 54.—Effect of resistance on resonance curve.
which can be true only on condition that Xo=R, or

1
21rj L—m = R. e e s e e e e e (40)

E
=-m=.707 Ir

For C=0(,,

which can be true only if

Xi=Ror —(anL+#Cl>=R. T
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‘The capacity reactance is greater than the inductance reactance for Cy
and less than the inductance reactance for Cz, hence the reversal of the
signs in front of the reactance terms in Eqs. (40) and (41).

Adding (40) and (41) we g(;t

2701-—2702-=2R. Y . e o o o (42)
Multiplying through by g}f we get,
1 "1 2R

@xN2LC: (2x))?LC; 2xfL

1 _(C—Ci\_ 2R
(?rrf)’L<'Czcl )‘2fo' e e e @

or

i
.-
-
-

Sl
.

Current

|
Cy Cr Cg
Capacity

Fia. 55.—Variation of current with capacity in a resonant circuit.

Now if C2 and C; do not differ from C, very much (say 10 per cent) we
may put without appreciable error
C:Ch=C2 . . . . . . ... &

This is, of course, an approximation, and is more nearly true the sharper
the resonance curve. We may now put,

1 Co—C) 2R
Cm e ) = )
But (21[)2=L—2; as may be seen by writing the equation for resonance,
_ 1
=7

C, being the walue of the capacity which gives resonance.
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So (45) becomes,
C:—C1_ 2R

C. 2L

R _1G=0y
2L 2 C,

As an illustration of the application of this formula suppose that the
resonant capacity for a certain circuit is 32 microfarads and that the values
of C2 and C; are 34 microfarads and 30.2 microfarads respectively. Then

for this circuit the decrement, generally designated by the Greek letter
3 is

. (46)

R _T 34-30.2
L 2 32
The decrement may also be calculated from a resonance curve plotted
with frequencies as abcisse as given in Fig. 56; we have derived the
formula when capaci-
tyisused for abscisse
because such is gen-
erally the case in ra-
dio measurements. If
however, frequency, 1| [ '
is used as abscissw, 2
the frequency having
been varied in getting
the resonance curve,
L and C having been
maintained constant,
the derivation of &

B

Current

I N —

from the half energy 7
points of theresonance Frequency
curve is as follows: Fig. 56.—Variation of current with frequency in a resonant
circuit.
2xfilL— 2'1. = —R
2xfaL— 7 f Il =R

To eliminate C from these two equations, multiply them by 2x/1C and
2f2C respectively and get the two equations

(2xf1)2LC—1= — R2xf,C
(2xf2)2LC — 1= R2xf>C
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Put these in the forms

C{(2xf1)2L+2xfiR} =
C{(2xf2)2L—2xf2R} =1.
‘Combining
(2xf1)2L42xfi R = (2xf2)2L —2xf2R,
S R(2xfi+2nf2) = L{(2xf2)*— (2xf1)?}.

oL =570 =T

Dividing by f,, the resonant frequency,
27—_5 ﬂf”‘f‘ C .. .@n

Jo—nN . 1C:—C; - .

7, 30 - This
follows from the relation between frequency and capacity; to pro-
duce a certain small percentage change in the natural frequency of a cir-
cuit it is necessary to change the capacity of the circuit by twice this
amount, the frequency varying not with the ca,pacxty, but with the square
root of the capacity.

Flow of Current in Parallel Circuits and Relation of Line Current to
Branch Currents.—When a circuit consists of two or more branches in
parallel the line current cannot be obtained by calculating the branch
currents and adding them arithmetically as is done in continuous current
circuits, because of the difference in phase of the various branch currents.
The line current, instead of being equal to the arithmetical sum of the
branch currents, may be even smaller than either of the branch currents

and, in fact, is so in

S T I, - many radio circuits. It
I, is necessary to calculate

J) Ry S .67 ohms not only the magnitude

For a given circuit

of the different branch
— R, = 11 ohms currents, but also their
— phase; these branch
Q ¢  |@#microfarads  oyrrents are then added
vectorially to give the
line current.
. Suppose a circuit
Fig. 57.—Parallel circuits. made up as shown in
Fig. 57, the current I,
being 10 amperes, in phase w1th the line voltage and the current I being 15
amperes, leading the line voltage by 60°; the line current will be the
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vector sum of 10 and 15 as shown in Fig. 58. It proves to be 21.8 amperes.
The angle of the lead is found by the relation of the reactive and active
components of the line current (the active component of a current is that
component which is in phase with the voltage and the reactive component
is that which is 90° out of phase with the voltage). I has no reactive
component and so contributes 10 amperes to the active component of the
line current only; I, has a reactive component equal to 15 sin 60° or
13 amperes, and an active component of 15 cos 60° or 7.5 amperes. The
total active line current is therefore 17.5 amperes and the reactive com-
ponent is 13 amperes. The angle of lead of the line current is then
tan-113/17.5 or 36.6°.

13 amp.

e

——————————————————=
I48in 60

ey
(=3

N

0 1,=10 amp, 4N

Igcos eo“; 7.6 amp,
FiG. 58.—Vector diagram of currents in the parallel circuit shown in Fig. 57.

If the impressed voltage is :110 volts the impedance of the
branched circuit is'equal to 110/21.8 or 5.95 ohms.
The equivalent resistance is Z cos ¢=5.05 cos 36.6°=3.02 ohms.
The equivalent reactance is Z sin ¢.=5.05 sin 36.6°=4.06 ohms.
The equivalent series condenser of the combined circuit is found by

putting the reactance equal to ﬂ,lf?" If the frequency of the supply is
60 cycles this gives ( ' E

ﬁlﬁﬁl.ﬂﬁ qhms, or ¢’/ =65.4 microfarads. |

Hence the branched cireuit shown in Fig. 57 is exactly equivalent to
the single circuit shown in Fig. 59, for the frequency assumed; for a dif-
ferent frequency other values of equivalent resistance and equivalent
capacity would be obtained. A more detailed analysis of a branched
circuit, using complex quantities, is given elsewhere.
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In case the branched circuit is more complex than that given in Fig.
57, such as that given in Fig. 60, the branched part must first be replaced
by its equivalent single circuit, calculated as shown for Fig. 57; the resist-
ance and reactance of this equivalent
circuit must then be added to the
resistance and reactance of R; and
L,. By vectorially combining this
total resistance and reactance the im-

pedance of the simple eqmva.lent cir-

s cuit is obtained.
Fia. 50.—Simple series circuit equivalent  Lopedance of a Circuit Made Up
to parallel circuit of Fig. 57. of L, R, and C, in Series.—The
reactance of this circuit is calculated
by finding the sum of the inductance
and capacity reactances at all the frequencies necessary; the equivalent
resistance of this circuit is independent of frequency and equal at all
frequencies to the actual resistance, . The several quantities are shown

. — 1
in the form of curves in Fig. 61. The reactance, ‘277,, is shown negative;

the total reactance, X, is negative at frequencies lower than the resonant

value and positive above this value. The impedance is positive for all
values of frequency, having its

minimum value when the total
reactance X, is zero, then being
equal to R. d

The current leads the volt-
age for frequencies lower than o
the resonant value and lags
behind the voltage for higher
frequencies.

Impedance of a Branched
Circuit, Having L and R in
One Branch and C and R in Fio. 60.—Series-Multiple cirouit.
the Other.—The simplest way
of comprehending the impedance of this complex path, Fig. 62, is to calcu-
late for each value of frequency, the magnitude and phase of the current
in each branch. The active and reactive components of the two branch
currents are then calculated. The active component of line current is
found by adding the two active branch currents and the reactive com-
ponent of the line current is found by adding the reactive branch
currents. These additions are to be algebraic; in the case of the active
current the algebraic sum is the arithmetic sum but the reactive current
in the line is the difference of the reactive currents of the branches.

d Re 3.02 ohms




REACTANCE AND IMPEDANCE FOR SERIES CIRCUIT 69

In Fig. 63 is shown the vector diagram for frequency above the reso-
nant frequency of the circuit; the line current in this case leads the voltage

Reactance Retistance Impedance

Fra. 61.—Variation of reactance, resistance and impedance with frequency in a circuit
containing L, R, and C in series.

%0 the equivalent simple circuit would consist of a condenser in series with
a resistance, the two having such values that when the simple circuit was
connected to a line voltage E, the
current flowing would be equal, in . 1, I,
magnitude and phase, to I of Fig. 63.
In Fig. 64 is shown the condition L Ry Ry
when impressed frequency is 50 ad- eaE sinwt
justed that the reactive currents in ¢
each branch neutralize each other; in == t
this case the simple circuit would con-
sist of a resistance only. The resistance g, ) pronned circuit, having L
of the simple circuit would, in general, ;14 g in one branch and C and R in
be many times as great as the resist-  the other. ‘
ance in the actual branched circuit.
In Fig. 65 the frequency is supposed lower than the resonant frequency,
the current taken by the inductive branch being greater than that taken
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by the capacity branch; the equivalent simple circuit for this case would
consist of a resistance in series with an inductance.

The above simple analysis ehows that the branched circuit of Fig. 62
may be represented by a single circuit, but the constants of this simple
circuit must be made to vary as the frequency is varied.

The equivalent R may be obtained by calculating the I2R loss in each
branch and adding to give the total loss in the circuit; this total loss,

\ \
I \\
oy
\
/ 1, \
/ In \\
/ \
// S A SR o \ >
(o] I' a3 /' E } \
/
s
I’ /I / ! \
I ‘ . \
/ . /
/ Is
/
!
/
/
Fia. 63. ’ Fia. 64. Fia. 65.

F1a. 63.—Vector diagram for circuit of Fig. 62, line current leading.

Fia. 64.—Vector diagram for circuit of Fig. 62, line current in phase with impressed
e.m.f. ’

F16. 65.—Vector diagram for circuit of Fig. 62, line current lagging.

divided by the square of the line current (obtained vectorially as
shown in Figs. 63-65), gives the equivalent resistance of the com-
bination.

The equivalent inductance or capacity is obtained by calculating the
reactive component of the impressed e.m.f.; this equals E sin ¢ where E is
the value of the impressed voltage and ¢ is the angle between the impressed
voltage and the line current. This value of e.m.f., E sin ¢, is put equal to
2nfL’'I, where L’ is the equivalent inductance and I is the line
current.
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In case the line current is leading sin ¢ is negative and the equivalent
inductance would be negative. In this case the reactive component of

1
the impressed voltage, E sin ¢, is put equal to ﬁ—,, where C’ is the

equivalent series capacity of the circuit.

The circuit is analyzed exactly most easily by the use of complex alge-
bra, a method of treatment explained in all standard texts on alternating
currents.

Let Z; =1mpedance of branch 1=R,.+jwL;

Z>=impedance of branch 2= Rc—j %;

Z =impedance of the joint path.

- (Rc—jw—lé')+(RL+ij)

(Re+jol)(Re—izg)

i (RL+ij)<Rc—j‘£—IC-*)

_(R,.+Rc)+j(wL—$)'

Hence Z

Rationalize by multiplying numerator and denominator by
. 1
(R4 Rc)—j (“-’L - ;ﬁ) .

Collecting terms we have

1=
Rch,(RH-RL)+Ru(wL)2+RL(—“%)2+]'[Rc2wL—RL2;}5—-€—,(wL—'w—lC>]

. 2
(RL+RU)2+<QL—“,—16-,)

Of this complex impedance the real part is the effective resistance of
the branched circuit and the imaginary part is the reactance, or wlL’,
where L’ is the effective inductance.
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So
RcRi(Rc+ Ry)+ Re(wL)2+ Rl.l_-‘»
R= (wC) (“8)
(Rt R+ (al-Z)
L C (DC

1 L 1
L'—Rch—RLzm_E(L_W) (49)

- 2

(Rt R+ (wL— %)

In case the resistance of the inductance is large compared to that of
the condenser, Eqgs. (48) and (49) may be simplified to the approximately

correct forms
R

R=—Fp : (50)
m2R2Z+(m2_ 1)2
R2%+(m2— 1)2
L'=-L (51)

m2R2%+ (m2_ 1)2

where R’ =equivalent series resistance;

L’ =equivalent series inductance;

R =total actual resistance in the circuit, that is, resistance
of the inductive branch plus that of the capacity
branch;

C =actual capacity of the capacity branch;

L=actual inductance of the inductive branch;

m=ratio of the impressed frequency to the resonant fre-
quency of the circuit=2xfVLC.

In case L’ comes out a negative quantity it is converted to its equiv-
alent series capacity by the relation ’

C'=1/@r)3(-L"). . . . . . . . (52

An interesting condition obtains in a circuit having parallel resonance.
Thus suppose that the values of L and C and the frequency of supply for
the circuit of Fig. 66 have been so adjusted that for a voltage impressed
across A-B the circuit shows no reactance; the power factor is unity and
the circuit shows resistance only.

If the supply voltage is impressed across any other two points in the
circuit, the circuit will be in resonance for these points also; if, for example,
the voltage is impressed across points C-D. the circuit will show resistance
only.
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The resistance will not be the same when measured between points
C-D as it is for the points A-B. It may be proved that the resistance
between any two points in the circuit is nearly proportional to the square
of the reactance included between the two points, in either branch. The
reactance in each branch of the parallel circuit will be the same, no matter
where the two points are taken, but the reactance will be inductive in one
branch and capacitive in the other.

Fig. 67 illustrates another combination of inductance and condensers;
such a circuit is used in one of the common forms of radio telephone appa-
ratus. The frequency of current in the closed circuit is fixed by the reso-

C\C:
Ci+Co The
alternating current supply for the circuit is furnished across the condenser

. 1
nant i is circuit, that =———wh C=
ant period of this circuit, that is f %r\/LCw ere

|

o TTTETITITI0 >
|

Fia. 67.

g
2

Firu. 66.—Resonant multiple circuit.
F1G. 67.—Resonant multiple circuit used in a radio-telephone set.

C1, and the power factor of this circuit (i.e., between points A and B)
i8 unity; the impedance offered to the supply circuit is resistance only. If
the point B is moved around the circuit so as to include part of the induct-
ance L in either path, as shown at B’, the impedance between the two
points A and B’ would still be resistance only.

It is often desired in radio circuits to alter the impedance of the cir-
cuit to which the power is supplied. Thus in certain vacuum-tube cir-
cuits a resonant circuit (as shown in Fig. 67) is used as load for the tube
output and, to get the maximum output from the tube, the circuit must
offer resistance only (no reactance), and this resistance must have a proper
value. Evidently such a circuit as that shown in Fig. 67 offers such pos-
sibility; by properly adjusting the position of B’ the desired resistance will

be obtained. % w?/&f//
L‘(ké(,\_,L. B(
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Varying the value of C), however, has the disadvantage of changing
also the frequency of the circuit. If C) is held constant and the point B
is moved along the inductance, the effective resistance between points
A and B will vary while the frequency is maintained practically constant.
Such a connection scheme is generally used in practice.

To illustrate this idea with experimental data a simple test was per-
formed. An inductance coil, having a tap near its center, was connected

A to a condenser as shown in Fig.

68 and resonant frequency was

impressed across A-C. The

7 values of inductance and capac-

ity were about as shown in the
T diagram, the resistance of the
~ 20 microfarags coil being about 10.8 ohms. A
watt-meter, voltmeter, and am-
meter were used to measure the
input; the frequency was held
constant at 45 cycles, which is

628 henry

c the frequency to give resonance
Fic. 68.—Experimental resonant multiple for L=.628 henry and C=20
circuit similar to that of Fig. 67. microfarads. The. effective re-

sistance was calculated by divid-
ing the wattmeter reading by the square of the ammeter reading. The
results obtained are tabulated below:

Volts. Amperes, Watts. Reui?ts:oo:i,v(ghm.
Terminals C-4 .... 105 .050 5 2000
Terminals C-B..... 105 .145 14.8 705
Terminals B-A.. ... 100 .170 16.6 575

These values of resistance are nearly proportional to the square of the
value of reactance between the respective terminals; better results can-
not be obtained by this method, because the current taken by a condenser
exaggerates the non-sinusoidal form of the impressed voltage and so may
differ quite appreciably from the true sine form. In parallel resonance
the very small minimum line current obtained is a result of the inductive
and capacitive currents of the two branches neutralizing each other; if,
however, the two currents are not of the same form, it is evident that the
neutralization cannot be very complete and the line current at resonance
will not be as small as it should normally be.

A case of this kind is shown clearly in the oscilligram of Fig. 69; the
generator supplying the power was of an ordinary commercial type, having
however, a rather smaller air gap than is usual. The inductance and ca-
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pacity were connected in parallel and the impressed frequency was varied
until the line current showed a minimum value. The form and phase of
the currents in the two branches of the circuit are shown well on the film,
and it is at once evident that the great difference in form of the two cur-
rents would prevent the resonance phenomena being very marked. Prob-
ably 50 per cent of the current flowing in the condenser circuit is of some
frequency much higher than that for which the circuit was resonant and
at least this much current would persist in the supply line no matter how
carefully the circuit was adjusted for resonance.

320 T
300 | t
280 l[ {
\
260
” 50 |Volts —l—
240 Je 2w 2
/ —
20 ll=i.206 enry ‘E s
/ R =6.01 Ohrhs 5 e
2 - t C ='90 | microfarad s 2
‘58180 |\ Resistance 18 .9
'E—‘H‘_n ‘/ ‘
9 160 { 16 .8
1] Inductance
E‘guo ; i - B 14 g
8E 100 . 12 8
klmv\ V / H \ Capacity
100 4 0§
- \\ 2 -
so| | 4 \ = 8 4
/ \
60 B N 1 Line|Current 6.3
40 4.2
T~
204 [ Sw 21
H
45 50 55 60 66 70 % 80 - 85 %0 %
Frequency
Fi1e. 70.—Reactance and resistance curves for a parallel resonant circuit having low
registance.

This question of upper harmonics is often of much importance in the
operation of radio apparatus; more specific mention of the occurrences
will be made when discussing certain types of radio generators.

It is possible to move points A and B’ (Fig. 67) to such a position that
there is no reactance in either path. In this case we have a maximum
possible line current (for a given impressed voltage) and the resistance of
the combination is a minimum. It is equal to the resistance of one path
divided by two, if the two paths have equal resistances; if not it is equal
to the reciprocal of the sum of the reciprocals of the resistances in the
separate paths. In Figs. 70 and 71 are some experimental curves showing
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the characteristics of parallel resonance; they were obtained by ammeter,
voltmeter, and wattmeter readings, frequency being varied and impressed
voltage being held constant. The equivalent resistance was obtained
directly by dividing the wattmeter reading by the squared value of the
line ammeter reading; the equivalent inductance or capacity was found
after calculating the reactive component of the inpressed voltage and
knowing the line current from the ammeter reading. The alternator
used had a very pure sine wave of e.m.f. compared to that given by the
average machine.

| | T
( 1
1%
—1 3
| -
| I -'a
= I — ©
» Ry R“: il ;
2 50 [Volts i B
: Tc L T
Al : ’
AN | U2 fedry] | o
200 |— / N \3 (; =30| mjcrofarads L 1ao
Ry =210.2 [obimd T §
y, Ro= 6.0 Ohms
oy / = (1111 = m
S0 / - ‘ 1 A =
E§ /1 i 1 AN 7 @G 416 8
| Capacity] 8
gao / N0 "= | F 142
H <)
b 1y
f‘gm Resjstance 12 .6
L / U] -
=<l — —10 .6
5 ] [ 5 b
luctanc —
80 > nductance * 8 .‘
- | 1
1 . ] e T u 6.8
© > \\‘N \ L+"TLine Curren S N
1.
4
— — —4 'l
45 50 55 60 65 7% 80 85 0 95 .

70

Frequency

Fia. 71.—Effect of increasing the resistance in a parallel resonant circuit; compare
with curves of Fig. 70.

A rather extraordinary effect is seen in these curves; the equivalent
series resistance at resonance is higher the lower the actual resistance of
the circuit. Thus in the first case where the actual resistance was 6 ohms
the equivalent resistance has a maximum value of 320 ohms; in the second
case where the actual resistance has been increased to 16 ohms the maxi-
mum value of R is only 240 ohms. In neither case is the equivalent
resistance nearly as great as calculation by Egs. (48) and (49) would indi-
cate; the reason for this discrepancy lies in the method of measurement
which involves an error depending upon the non-sinusoidal form of the
voltage impressed on the circuit as outlined above.
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It will be noticed from the curves given in Figs. 70 and 71 that the
effective inductance of a coil may be increased by putting a condenser
in parallel with the coil; the equivalent resistance of the coil also increases
and this increase rapidly grows larger as the amount of capacity shunting
the coil is increased.

For the frequencies far removed from the resonant frequency of the
circuit (so that (m2—1) is large compared to m2R2—%> we get rather simple

formula for the equivalent inductance and resistance of the coil. Formulese
(50) and (51) in this case reduce to the forms

R

R’=WT)2. L (52)
,__ L
L =’;7—l‘z—_l. E R (53)

Inspection of these equations shows that the effective resistance of
the circuit rises more rapidly than does the effective inductance, especially
as the resonant frequency is approached.

A Peculiar Case of Parallel Resonance.—A very interesting case of
resonance occurs if, with an inductance and condenser in parallel, the
resistances in each path are properly adjusted. Thus suppose that the
resistance in the two paths are equal and also equal to

N
Cl
L

RL=R0= 6
By inserting this condition in Eqs. (48) and (49) it will be found that the
reactance of the circuit is zero for all frequencies and that the resistance s
constant for all frequencies and equal to the resistance of each path.

Resonant Frequency of Parallel Circuits.—If we define the resonant
frequency of a parallel circuit as that frequency which makes the reactance
of the circuit zero, thus making the power factor of the circuit unity, we
find the resonant frequency by using Eq. (49), putting the numerator
equal to zero. This gives the equation

Re?L—Ry2-L L(L——l—) =0

that is,

w?C C w?C
o L R L2
1 Ly _L°_

#(e- %) -F-rL,

from which we get,

/ L—R.2C
w= Z&mszc—zlj PR S T S S S (54)
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In case the resistance of the condenser arm is negligible a simpler form

i obtained,
,l R?
w= L—C—'—L—z LI T R Y (55)

It is to be noted that in parallel circuits the resistances in the circuit
affect to some extent the resonant frequency of the circuit, whereas in
the series circuit the resonant frequency is independent of the resistance.

The condition for resonance in parallel circuits (unity power factor)
will in general not be the frequency which gives minimum line current.
In case we had defined resonance as that condition which gave minimum
line current, formulse somewhat different from Eqs. (54) and (55) would
have been obtained.

Coupling of Various Kinds—Coefficient of Coupling.—When two cir-
cuits are so placed or interconnected that energy may be transferred from
one to the other they are said to be coupled. There are three types of

la La
L, Le benn—
<,
M
_| |
I
C
Fig. 72.—Direct coupling. F1a. 73.—Inductive coupling.

coupling, resistance, inductance, or condenser coupling. In the first (prac-
tically never used) that part of the network which is common to the two
circuits is a resistance; in the second, part of the magnetic field generated
by currents in the network is common to both circuits; in the third, a
part of the electro-static field set up in the network is common to both
circuits. The coupling which uses the magnetic field is called inductive
or magnetic coupling, and that which uses the electric field is called capac-
itive or static coupling. The magnetic coupling may be through an
inductance common to both circuits called direct, or it may be through
a mutual inductance in which case it is generally called inductive coupling.

The three principal types of coupling are shown in Figs. 72, 73, and
74, that of Fig. 72 being direct, that of Fig. 73 being inductive, and that
of Fig. 74 being capacitive.

The extent to which circuits are coupled is given quantitatively by
the coupling coefficient or coefficient of coupling. This is defined as the
ratio of the common reactance of the two circuits to the square root of the react-
ances (of similar kind to that giving the coupling) of the two circuits.
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Thus if X, =reactance common to both circuits;
X =reactance of circuit 1;
X, =reactance of circuit 2; -
k= coupling coefficient.
Xn
X1 Xz

In Fig. 72 the total reactance of circuit 1 is w(Ly+M), that of circuit
is w(Lz+M), and the common reactance is wM. Therefore

k= wM _ M
Vo(Li+M)w(Le+M) V(Li+M)(L+M)

In Fig. 73 the total inductance of
circuit 1 is indicated by L.+ L,; part
of this is in inductive relation to
circuit 2 and part is not. Similarly
the inductance of the second circuit
consists of two parts L. and L4 one
part magnetically coupled to circuit 1
and the other part not so coupled.

k=

(56)

(657

Fig. 74.—Capacitive coupling. The common reactance is wM. Hence
' for this case we have,
oM M

(58)

k= =
Vw(Le+Lo)w(Lc+La) V' (La+ L) (Le+La)

The inductively coupled circuit of Fig. 73 can always be considered
as a direct-coupled circuit after the proper transformations have been
made. The inductance of circuit 2 must be decreased in the ratio L,/L.
and the capacity of circuit 2 must be increased in the ratio L./L,. This
transformation of the in-
ductance and capacity of 0.1 henry

5 henrys

circuit 2 leaves the oscilla- l 0000 &

tion constant (LC) the same 3

as it was with the original 0.1 henry &) 8 —

values of L and C. g 08nf
The M of the equivalent ] [

circuit is obtained by multi- |

plying the actual value of M 1opf

by the ratio VL./L,. Let Fia. 75.—Inductively coupled circuits.

us call these new values M’,

L'c, L's, and C’s. The inductively coupled circuit is now replaced by the
direct-coupled circuit similar to that of Fig. 72. For the L,of Fig. 72
we use (Ls+L»)— M’ and for the Ls of Fig. 72 we use (L'c4L's)—M’.
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An actual inductively coupled circuit is shown in Fig. 75; the coefficient
of coupling of the two coils of the transformer is 80 per cent, or

M=0.8v1x0.1=0.253 henry.

In Fig. 76 the inductances of the second circuit have been decreased
in the ratio 0.1/1 and the
capacity has been increased
in the ratio 1/0.1. The
coefficient of coupling must
remain as it was for Fig. 75,
so we decrease M in theratio

,f—ﬁil , giving it a value of

80 % coupling

-

0.08 henry. 1.] ,! 7
_The direct-coupled cir- @ 76 _Cirouit of Fig. 75 reduced to an equivalent
cuit, which is the exact 1:1 ratio circuit.

equivalent of the induc-
tively coupled.cireuit of Fig. 76, is now given in Fig. 77. The total L of
circuit 1 is the same as that of Fig. 76, 0.08 henry being coupled 100 per
cent to circuit 2; similarly the total inductance of circuit 2 is the same as
it is in Fig. 76.
The coefficient of coupling of the circuit of Fig. 77 is
__ 008 -0
V0.2X06

and for the actual inductively coupled circuit of Fig. 75 it is

0253 _
v0.2X6.0

which is just the same as for the substituted direct coupled circuit.

It is possible to replace
an inductively coupled cir-
cuit by one directly coupled
without making the trans-
formations explainedabove.
Calling the total inductance
in priinary and secondary
of the inductively coupled
circuit L3 and L4 respect-
Fia. 77.—Direct-coupled circuit equivalent to in- ively, and the mutual in-

ductively coupled circuit of Fig. 76. ductance M, then the direct-
coupled circuit is written
down at once as shown in Fig. 72 by making L= L3—M and Ly = Ly— M.

0.232,
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The same values of M, C; and C; are used in the direct-coupled circuit
as in the inductively coupled circuit.! The justification for making the
change from one type of circuit to the other may be seen upon writing
the equations for the reactive voltages of the two circuits of Figs. 72 and
73. For Fig. 72 we have,

wL;I;—%+wM(I;—Iz)=O, ... (59
and
wlolo— 4t oM(I—L=0. . . . . . (60)
wC2

For the circuit shown in Fig. 73 we may put L.+ Ly= L3 and L.+ Ls= Ls;
the reactive voltages for these circuits then become,

' wLaIl—%—lez=0, B (3 9]
and

ngz—wI—gz—wMIFo. N )
Put Ls=L1+M and Ly= Lo -Ii'M and these equations become

w(L1+M)Il—;%l—lez=0, ... (83)
and

ol AL~ uMb=0. . . . . . (64)

wC?
By collecting terms these may be changed into the forms,

wL.Il—%l+wM(1.—12)=o, ... . (65
and .

szIz—wié;+wM(Iz—I|)=0. ... (68)

But these equations, which are for an inductively coupled circuit, are
identical with Eqgs. (59) and (60), which are for the directly ocupled
circuit.

The author does not believe that this method is as satisfactory a one
as that using transformed L and C in the secondary because of certain
ambiguities which may arise. As an illustration of the cases in .which
the method works out all right we take Fig. 78. For the L, of Fig. 72
we must put 0.2—0.1=0.1 henry and for L2 of Fig. 72 we put 0.4—0.1=
0.3 henry. M, C1 and C2 remain as in Fig. 78. The equivalent directly
coupled circuit is given in Fig. 79; it is electrically equivalent to Fig. 78.

1See Bulletin 74 of the Bureau of Standards, p. 50.
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Now suppose the circuit of Fig. 75 to be treated in this manner; for
L, we obtained 0.2—0.253= —0.053 henry. This means that instead of
putting in an inductance for the L, of Fig. 72 we must put a condenser,
the capacity of which is such that its reactance is equal, in magnitude,
to that given by 0.053 henry of inductance.

1 04h 01h 03 h
0.2h i —1
3 s i
z I
[our , ouf Suf
Fig. 78 Fig. 79.

Fia. 78.—Inductively coupled circuit.
Fia. 79.—Directpooupled circuit equivalent to circuit of Fig. 78.

For the circuit shown in Fig. 74, we get the coupling coefficient from
Eq. (56) in the following manner.!

Mutual capacity reactance= —1—-
Capacity reactance of circuit 1=—1—+—1—=—1—
. v WC1 " wCr aCa’
I which
1
Ca-_‘l——+ T
Cl Cm
Capacity reactance of circuit 2=l+_1-=_1_
. pacity ’ "’02 ow wa,
in which
_ 1
Co—_l—-——+ T
C2 Cm
Hence Eq. (56) becomes for this case,
1
wCm _VCCy

k= (67)

[1 1 ~ Cm
de wCa
! For more complete analysis of capacitively coupled circuits and comparison of

capacitive and inductive coupling see Cohen, “Electrostatically coupled circuits,”
Proc. 1. R.E,, Vol. 8, No. 5, Oct., 1920.
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A rather more complicated case of static coupling is given in Fig. 80;
‘ in this case the application of Eq.

|| (56) results in the formula !

[T )
' k= G , .. (68
G C, L, V/(C1+C3)(C2+Cs)
in which

i || =

I Icu . C’ +Cl,
F1a. 80.—Complex capacitive coupling. In certain radio receiving sets

combined capacitive and inductive
couplings are used, a8 indicated in Fig. 81, in this case the coefficient of
magnetic coupling and that of static coupling are calculated separately,
and the actual coeffi-
cient of coupling is 00000
the sum or difference |- La
of these two, accord- . Ly L,
ing as the emf.’s M
induced in circuit 2 ¢
through the two types
of coupling are in phase I == )

000000

or 180° out of phase 3 G

with each other.
In another coupling c”

scheme (shown in Fig. Fic. 81.—Combined capacitive and inductive coupling.

82) a so-called link cir-

cuit, untuned, is used to connect the other two circuits. In this case the

coupling between circuits 1 and 2 is obtained by calculating the coupling

of circuits 1 and 3 and then that of 3 and 2.

kl-a=—MlL
V L(L2+ L3)’

g Mat
VLi(La+Ls)

Then

My o XMz

_=’C- k—=——=_.
ky—2=Fk1-3Xks-2 RS ALY P #

(69)

1 In case it is not evident just what the mutual reactance of the two circuits is it
may be obtained by calculating the voltage generated in circuit 2 when a current of
one ampere is flowing in circuit 1, or vice versa. This voltage is equal to the mut.u,gl
reactance, in ohms.
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Resonance in a Circuit to which Another Circuit is Magnetically
Coupled.—In discussing this question we shall calculate the effect of cir-
cuit 2 on the resistance and reactance of circuit 1. The method of analysis
is somewhat more elementary than that ordinarily given (which depends

- M M,.

l cl 13 3
% Link Circuit

T L) Lg L

Circuit 1 Cirouit 3
F1g. 82.—* Link-circuit "’ coupling.

upon the solution of simultaneous differential equations), and perhaps
leads to a clearer insight into the mutual reactions of the two circuits.
We shall assume unit current flowing in the primary (circuit 1), and get
the voltage E: induced in the second circuit by this current. This volt-
age will produce current in the second circuit, which current will be divided
into its active and reactive components (in phase with E; and 90° out
of phase with Ez). The active component will be 90° behind the pri-
mary current and will produce a voltage back in the primary circuit
which will be 180° out of phase with L AAMA

the primary current; from this Ry
voltage we calculate the effect of
the second circuit on the resistance L M
of the first.
The resistance of a circuit may T
be defined as the counter voltage set >, 1,
up in the circuit by a current of one F1a. 83.—Inductively coupled circuits,
ampere flowing, this counter vollage neither circuit having a condenser.
lo be 180° out of phase with the cur-
rend; in the same way the reactance of a circuit may be considered as the
counler vollage set up in the circuit by a current of one ampere, the counter
rollage to be 90° out of phase with the current.
In Fig. 83 suppose the current Iy, is one ampere at frequency w/2x.
Voltage induced in the secondary

Ec=woMLi=cM.. . . . . . . . (70
Current in circuit 2,

Iz=72=—zz—,.........(71)
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and this current lags behind E: by an angle 6, defined by the equation
tan 6=wL2/Rz. The active component of I is in phase with E2 so we put

oM _R:
=7 7
The voltage induced in circuit 1 by this current is

IzoosanM_ﬂR%M--(ZM)R, ..M

As this voltage lags 90° behind the inducing current I> cos 8 and as I> cos 8
2 ,
lags 90° behind I; this voltage (%I‘!) R is 180° behind I, and so is an IR

Izcos

reaction. As we assumed unit current in circuit 1 this voltage ( M) R,

is really the increase in resistance of circuit 2, in ohms, due to the current
in circuit 2. Hence the apparent resistance of circuit 1 is evidently

. .
R'1=Rl+(‘£Z7M) Rz‘. F N (&)

Now the reactive current in circuit 2 is I sin 6, and this current lags
90° behind E2, which itself lags 90° behind I;. The voltage induced in
circuit 1 by this current I» sin 8 will be equal to wM1I; sin 6, and this
will lag 90° behind the inducing current I> sin 6, and hence will lag 270°
behind I, that is it leads I; by 90°.

Now the reactive voltage in circuit 1 due to L; is 90° behind the cur-
rent I1. This may seem incorrect at first glance, because it makes the
current Iy lead the reactive voltage by 90°, whereas we know that an
inductive circuit draws a lagging current. It must be remembered that
the component of the impressed voltage which overcomes the reacting
voltage of the circuit must be 180° ahead of the reacting voltage itself;
this makes the current in an inductive circuit lag behind the impressed
voltage, as it should.

It appears then that the voltage induced in circuit 1 by the current
I sin 6 is 180° out of phase with the reactive voltage in circuit 1 due to
L, of circuit 1, hence the total reactive voltage of circuit 1 will be less
when circuit 2 is present than when it is not present.

‘The amount of voltage induced in circuit 1 by I sin 8 is wM I sin 6

2
and this is equal to (Qz%l) wLy.

So the total reactive voltage in circuit 1 when a current of one ampere

is flowing is
w. 2 . wM\?2
le—(——Zg> wL2=w(L1—(72> L2>,
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and from this we get the equivalent sclf induction of circuit 1,

Lh=L— (“’}’) L. . . . . ..

It is therefore seen that the effect of the current in circuit 2 is to increase

the resistance of circuit 1 by the amount < [‘tl> R2 and to decrease its self-

induction by an amount ("gg) L,.

In such a circuit as that shown in Fig. 84 we can at once write the
characteristics of circuit 1 by using Egs.

[ (73) and (74).
b
LS Le Rs 1\2
i 8‘.. R,_R.+<“id---) R:
IIC‘
Fia. 84 —Inductively coupled cir- L1=L,—- <‘ﬁ].‘{> Lo
cuf'ts with a condenser in the Z
primary.
L= _E .. ()
\/ R + R + Li— w]W L) — l
L-E2_ , “’ME_ e (16)

Zz\/[m(“””) oo (2T

These two equations may be written in a somewhat more convenient form
by combining terms, -

I=
. ———-.
\/ (wM)2+R1 Rn—sz(mL:-%)_ T+ LszRx+Rz<le—w:—,l) | ]

b=

— _____Eiﬁ.’_-,;_ I . (1)
\‘(wM')2+R|R2—wL2(wL1—TI>-2+ wL2R1+R;<wL2 c)

In case the impressed frequency is adjusted to give resonance in the
primary circuit (without the presence of the secondary) these equatlons
reduce to the forms

. i (79)
V(M2 R\ R2)* + 0 L2 R ? (
 EwM @

\/(wz M2 + ll 1 It':)z-f—w"'lm"lﬂ
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If M is varied a maximum current will occur in the secondary when

wM?=R\VR2+(wLl2)?=RiZz. . . . . . (81)
For this value of M the values of the two currents become
EZ,
L= - . . . (82
RiV2(Z22+ RoZs) (
EuoM
b= (83)
R1V'2(Z22+ RoZo)
[ | | | 1] —Ij R
4.0 L [ | | B I T 1
| ! I
B— =l
30| Ly =206 TN T N
LE Ch=|2 L N |
3 R, = 74 ™~ ] |
I [ || Uy=F2od ~ 0 ‘
5 é F;[ﬁ =IT.2 tor curve 1 v?x w 1
Rﬁ;=‘29. for curvk 2 ‘\ \\
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Fia. 85.—Variation of current with M in circuit of Fig. 84, for two values of secondary
resistance.

Fig. 85 shows a set of experimental curves to illustrate the relations given
above; the circuits were arranged as shown in Fig. 84 and the frequency
adjusted for the value which gave resonance in the primary alone; the
coupling was then varied and the two currents went through variations
as appear from the curves.

With the same value of frequency as used for the curves of Fig. 85
and that coupling which gave maximum secondary current (which value
of coupling does not vary greatly as the secondary resistance is varied,
so long as the secondary resistance is small compared to the secondary
reactance) a series of readings was taken to show the effect of the secondary
resistance on secondary current and so on the amount of power trans-
mitted to the secondary circuit. The results are shown in Fig. 86; it
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is seen that the adjustments for maximum power of this circuit are not
very critical.

The resonance curve for such a circuit as that shown in Fig. 84 differs
from the curve of the primary alone in that the critical frequency is higher
and the resonance curve is not so sharp. The resistance of circuit 1 is in-
creased by the amount given in Eq. (73) and the inductance is decreased by
the amount shown in Eq. (74). Fig. 87 shows the resonance curve of a cir-
cuit arranged like that of Fig. 84; in dotted lines is shown the resonance
curve of the primary without the presence of the secondary. The same

Ampeares
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B 5 1 e 0 O 0 LgM Pol | [0
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Fic. 88.—Clurrent vs. frequency in circuit of Fig. 84 with added secondary resistance.

voltage was applied to the primary circuit in getting the two sets of curves,
hence the magnitudes of current for the two curves give an exact measure
of the effect of the sccondary circuit upon the first. The calculated R’
and L’ of the primary, using first the experimental data on the curve sheet
of Fig. 87 and then Egs. (73) and (74) agree within the precision of the
experimental work.

The resistance of the secondary circuit was then increased by 12 ohms
and another resonance curve taken; the results are shown in Fig. 88;
the curves of Fig. 87 are shown in dotted lines for comparison. It is seen
that the addition of resistance to the secondary circuit makes the sharp-
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ness of resonance less and the cffect of the secondary in determining the
resonant frequency of the primary is somewhat less than for the lower
resistance secondary circuit.

We will next consider the circuit shown in Fig. 89; the condenser is now
in the secondary circuit instead of the prunary

In this circuit the resistance of the primary is always increased by
the presence of the secondary, but the effect upon the inductance depends
upon the frequency impressed on the primary circuit. If the fre-
quency is such as to satisfy the condition for resonance in the secondary

1
(f=2r\/ chz)’ the apparent inductance of circuit 1 will be the same as

the actual inductance, that is, the presence of circuit 2 does not affect the
inductance of circuit 1. With higher
than resonant frequency the appar- R,
ent inductance of circuit 1 is decreased
by circuit 2 and with lower fre-
quency the inductance of circuit 1 is i
increased. In other words, if I» lags ]
behind Ez, the effect on circuit 1 is Fiq. 89.—Inductively coupled circuit
to reduce the apparent inductance, with condenser in secondary.
whereas if the current in circuit 2
leads the generated voltage in this circuit, the effect on circuit 1 is to
cause an increase in the apparent inductance.

Applying Eqgs. (73) and(74) to the circuit of Fig. 89 we get,

;-R,+<"’M) Re. . . . . . . . . (8%

Ll—Ll—(ZA’><L‘2——_" e . . . . (8D)

\ 2

Zz—\/l?z +(wLo wc;_,) .

in which

It is seen that if —~- is greater than Lo, L,’ is greater than L;; if

IC
14=le(,—, L'y = Ly; if L; is greater than - 21(, then L'y is less than L.

‘2
Using the constants given in Eqgs. (84) and (85) we can write at once
L= TN E . (80)

(\h [OR
J[re () m] o e () ()
A
I= L — i < - (87)
\/[R.+( ) sz Fa? [Ll— “’ ) ( )J
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which may be somewhat simplified to the forms

Li=— EZ (88)
\/sz(Mz LiL2)++- +R1R2] +w? [Lsz+L2R1 2C]
L= EuM s (89)
\/ w?(M2— L1L2)+C +R1R2] +w? lL1R2+Lsz é]
| aARER
| | | |
| f ﬁ
‘ [ Re=72 |Ry[=65 | Li=U=201 [ Ch=286x10"
o | | "\_7 el (_-meh Con;’vlm[g = 3307
REW [ ] FBIEERDNINESCE
2.0 | | | lafl/l l . 2! 3 - .0l73
- | [ s el s El “ = 000
\ 1
1.8 '\\\ if 7 ‘7' — 7\\ 1
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Fi1a. 90.—Current versus frequency in circuit of Fig. 89.

In Fig. 90 are shown curves of primary current in such a circuit as
given in Fig. 89; the voltage impressed on the primary circuit was held
constant at 100 volts, and the frequency varied through a suitable range
and current readings taken for three values of coupling between the two
circuits. The value of primary current was also taken with secondary
circuit open, and is shown in dotted line. From these curves it is seen
that the effect of the secondary circuit may be either an increase or decrease
in the primary current, depending upon the frequency used. In Fig. 91
are shown the values of change in primary resistance and reactance brought
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about by the action of the current in circuit 2; they were determined by
subtracting from the apparent resistance and reactance of circuit 1 the
values of these quantities when the secondary circuit was open.

Ly
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Po. 91 —Change in primary resistance and reactance due to presence of secondary
circuit, for various frequencies.

A closer study of these curves will be worth while when analyzing the
action of certain oscillating tube circuits. An oscillating tube may refuse
to function if the resistance of the circuit to which it is connected is too
high and it will be found that a tube may be made to stop oscillating by
tuning to its circuit another circuit coupled to it. The reason is to be
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found in the extra. value of the resistance added to the oscillating circuit
AAAA- by the second circuit when

Ry this second circuit is brought
inlo resonance with the tube
circuit.

We next consider the more
general case of two coupled
circuits, each of which has
inductance, capacity, and
resistance, as indicated in
Fig. 92. The resistance and
mductance of circuit 1 are obtained from Egs. (73) and (74), as before.

o,

F16. 92.—General case of inductively coupled
circuits.

Rl—Rl‘f‘(wAI) Re . o o o v i 0
L’:=(Ll—a—,210—l)—(%)2(z,2-;}@). N
Then we have,
L= oM\2_ |2 2 oM\ 2 1 ]2° (92)
\/[R‘+(2_2) &) +o| (1-5) - (%) (=)
fa= wM\2 2 = 1\_ (oM Y G
, whw\h/[’*‘*( ) B] +| (1-2,) - (B) (=)

3
Zy= \/ Ra2+ (sz - _CQ)

In Eq. (92) the resistance term of the impedance is nearly constant as
the frequency is varied. The fraction wM /Z, is evidently nearly constant
as w is varied until w approaches such a value that (wLz—1/wC2) is nearly
equal to zero. In this region of frequency variation the resistance R'i
varies greatly as frequency is varied and any solution which we may reach
on the basis of R’1 remaining constant, therefore, will not be accurate for
frequencies in the vicinity of the natural frequency of the secondary circuit.
. Resonant Frequencies in Coupled Circuits.—On the assumption that
R’y is constant it is evident that I; will be a maximum for any frequency
that makes the reactance term of the impedance equal to zero. Hence we
write as the condition for resonance

1 wM\? 1
L“Zﬁﬁ‘('zz) (Be=gie)=0- - - o oo
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If now we again neglect R: in comparison with (sz-—) thus making

it possible to replace Z. by (sz—wC—l-z), we have

wzlc‘< le )2<
1 Lz——-

w?C2

Lz—l

L— wc,)

=0. . . . (95

Now Eq. (95) can be written,

_L_‘_£2_+ 1
@?C? w2C; ' waCiCz

4
which can be changed, by multiplying through by fwfz’ to the form

LiLz— —-M2=0,

A w? _ w? + 1 wiM? -0
L0z LiCi ' LiCiL:Cz LiLe
If we now put
w1=—l— we= L and k=—¥—
VLG V' LaCe vV L Ly’

we get
wt(1—k2) — (0?4 we?) 4 wi2w?2=0. . . . . (96)

The solution of this equation is obtained by dividing through by (1—%2),
properly completing the square of the left-hand member and extractng
the square root, whieh gives .

2_®1 " w24V (w124 w2?)2—4(1 —k2) w) 2we?
@ 2(1—k2) .

By combining terms under the radical this becomes

2_w12+¢022:!:\/(w12 w22)2+4k2w;2 wzz
o= 2(1—k2)

The two solutions for w, which we call v’ and ", are

o' = \/w12+w22 — V(012 — w22) 2+ 4k2w; 2w

2(1=£?) o 97
and
o= \/w12+w22+\/é?11 —,c;’)zz)z+4k2wx we? 98)

When % is large (approximately unity) the values of »’ and v’ are nearly

' /_wlz_wzi
=\ e (99)

w_ far® w2
w—\/l_kz. ... (100)

and
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When k is small the values of «’ and «’’ approach the limits

o= (101)
and
w"=\/1“’l_k2.........(102)

In Fig. 93 are shown the relations between «’ and '’ and k; for small
values of k Egs. (101) and (102) determine the values and for the large
values of k£ Eqs. (99) and (100) are used.

In radio operation it is the practice to tune the primary and secondary
circuits, that is, adjustments are made to make w; equal to we. In this
case Eqs. (97) and (98) reduce to the very simple forms

w
= . . . . . . . . . (103
and
w_ W
w\/ITk,........(104)

in which w=w; = w,.

) Value of 1.0 ) Value of k 1.0
Fia. 93. Fia. 94.
Fia. 93.—Variation of ' and w” with k in coupled circuits, primary and secondary no%
tuned.
Fig. 94 —Variation of «’ and «”’ with k in tuned coupled circuits.

The curves of variation in «’ and «" as the coupling is varied for this
case of tuned circuits are shown in Fig. 94. It is seen that for weak cou-
pling both «’ and " approach w, the natural frequency of each circuit; how-
ever, it has been pointed out that the neglect of R in obtaining the solu-
tions of the resonant frequencies that the values of ' and »” do not hold
good when they have values in the vicinity of the natural frequency of
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the secondary circuit. Hence we can now see that for weak couplings the
solutions for ' and '’ do not hold good.

Referring to Eq. (93) it is seen that Iz=IlaiZt£, and hence in so far as

wlf

the factor Z, is independent of the frequency changes, I w:ll have maxi-

mum values at the same frequencies as give mazima for I,. However, the

M . . .. .
factor "’72— is not independent of the frequency, and this is especially so

in the region of frequency fixed by the relation (“’L"w'lc“;> =0; for fre-

Current
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F1a. 95.—Resonance curves for circuit of Fig. 92.

quencies less than this the value of %g increases with the frequency and

for values of frequency higher, the value of "’7];[— decreases with an increase

of frequency.
We can then conclude that, for frequencies in the region of
wg= 1
VILCy'

Egs. (103) and (104), while incorrect for primary current maxima, are
still more incorrect for the maxima of secondary current. In consequence

of the changes in the value of % noted above, we may predict that when

«’ and w”’ are not in the region of w. the calculated values of w’ and ”
will be more accurate for the primary than for the secondary circuit, and
that the actual value of «’ of the secondary circuit will be somewhat



98 FUNDAMENTAL IDEAS AND LAWS [Caap. 1

higher than that for the primary and that the actual value of ' for the
secondary will be somewhat lower than o’ for the primary current.

The general form of the resonance curve of the circuit shown in Fig.
92 is indicated in Fig. 95; the dotted curve shows the resonance for one
circuit by itself.

The value of the coefficient of coupling can be calculated from the

spacing of the resonance peaks of the current curves; thus from Egs.
(103) and (104) we get the relation

w? _1-k
01,2’_1+k’
from which there is obtained
W2 — 2
k=m. o e . (105)
A O T O O ) O
I ! % % 1 ,‘J; T
| | | b he] | | I
A | 1 0 ) e O %
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8 Il) \ ] il
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|2 BE EF=20 Volts B
E 1 L{=140 hénry {0
2.5 / \ Cr= 28.9 microfarnd _,,,J
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Fi1a. 96.—Experimental resonance curve for single circuit.

In case the resonance frequency of one circuit by itself is known, and
assuming tuned circuits, the equation for coupling value becomes more
simple in form, giving the closely approximate value

N ¢ 11

wll_wl
k=0

w being the frequency of one circuit by itself.
In the foregoing discussion of resonant frequencies formule have been
derived using w for frequency; it is of course to be remembered that w is
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not frequency, but 2r times the frequency. The value of w has been used
rather than frequency itself to save the repeated writing of the quantity
2r throughout all the derivations. '

In Figs. 96 to 103 are shown some experimental curves of resonance
in coupled circuits for different conditions as regards coupling, resistances,
tuning, etc.; Fig. 96 shows the resonance curve for a single circuit having
L=0.140 henry, C =28.9 microfarads, and R=4.50 ohms.

Fig. 97 shows the resonance curves for two coupled circuits, each cir-
cuit had the same constants as those given for Fig. 96; the coefficient of
coupling was 0.36. The curve of primary current is shown by the full
line and that for the secondary circuit by the dotted line. The two reso-
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Fic. 97.—Resonance curve for coupled circuits; each circuit having constants as in

Fig. 96.

nant frequencies check with those calculated from Eqgs. (103) and (104)
within the precision of the test.

In Figs. 98 and 99 are shown curves of current for the same two cir-
cuits as those used in Fig. 97 but with different values of coupling, this
being 0.18 for Fig. 98 and 0.07 for Fig. 99. It may be seen that with
small values of coupling the two frequencies merge into one another and
Egs. (103) and (104) do not predict accurately the resonant frequencies
of the primary circuit and for reasons noted in the derivation of the formulz;
the predicted values of ' and «” for the secondary circuit differ from the
actual values more than do those of the primary circuit.

A peculiarity of all these resonance curves is seen in the relative values
of the primary and secondary currents; between the two resonant fre-
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quencies the secondary circuit carries a greater current than the primary
but for all other frequencies the primary carries a greater current. If
a weaker coupling than that used in the adjustments for Fig. 99 had been
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" Fio. 98.—Resonance curves for circuit as shown in Fig. 97, k=0.18.
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Fic. 99.—Resonance curves for circuit as shown in Fig. 97, k =0.07.

used it would have been found that the primary current was greater than
the secondary current for all values of frequency.

In Fig. 100 is shown the result of increasing the resistance of the
secondary circuit from 4.5 to 9.7 ohms; with this exception the circuits ,
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were exactly the same as those used for Fig. 97. By comparison of the
two sets of curves it will be seen that the two resonant frequencies are,
within the precision of measurements, the same for the two conditions;
the value of the current at resonance is, however, decreased in nearly the
proportion predicted from the value of resistance, calculated from Eq.
(90). The decrease in current, it will be noted, takes place in both cir-
cuits although the resistance of the secondary circuit only was increased.
The resonance is much less marked than for the lower resistance used
in Fig. 97.

Form of Resonance Curve.—The form of the resonance peaks is deter-
mined by the combined decrements of both circuits. For the simplest
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Fic. 100.—Resonance curves for circuit shown in Fig.97 with added secondary resistance.

case, that of tuned circuits, it will be found that the decrements will be
nearly given by the approxlmabe formule:
For the frequency «’
o1+ 52
V=—— . . . . . . . . o7
2V1+k : (107)
and for the frequency «” ‘
61+ &2
=—== . . . . . . . . (108
2V1-4k’ (108)
in which 8, and 82 are the decrements of circuits 1 and 2 when not affected
by other circuits.
The decrements & and &, calculated from the shape of the curves of
Figs. 97 and 98 by use of Eq. (47) check with the values given by Eqs.
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(107) and (108) fairly well; it is noticeable that in all the curves given
the width of the resonance curve is greater for the higher frequency than
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Fia. 101.—Resonance curves for coupled untuned circuits.
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Fia. 102.—Resonance curves for coupled untuned circuits.
for the lower, indicating thereby a greater decrement. With weak cou-

pling the form of the curves does not permit the calculation of & and §”,
because the two peaks merge into one.
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Circuits not Tuned.—In Figs. 101 and 102 are shown the resonance
curves for two circuits which are not tuned, that is, w1 is not equal
to w2. For this condition the curves are not as symmetrical as for
the tuned condition, and the currents in the two circuits are no longer
nearly equal to each other at the two resonant frequencies. At one
resonant frequency the primary circuit carries more current than the
secondary and at the other frequency the reverse is true. The dif-
ference in the two currents is greater the greater the difference in the
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Fia. 103.—Secondary current vs. coefficient of coupling in tuned coupled circuits.

natural peroids of the two circuits. For Fig. 101 the natural fre-
quency of circuit 2 is 15 per cent lower than that of circuit 1, and for
Fg. 102 circuit 2 has a natural frequency 29 per cent lower than that
of circuit 1.

Variation of Coupling with Tuned Circuits.—In Fig. 103 is shown
the effect of varying the coupling between circuits 1 and 2, they being
tuned alike. A constant e.m.f. was impressed on circuit 1 and the
coupling of the two circuits was gradually increased from zero to the
maximum obtainable. It might seem at first sight that the secondary
current would be greater the greater the coupling, as would occur in
ordinary transformer tests, but with tuned circuits as used in radio
this is not the case. For a given resistance of circuits there will be
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a certain coupling which gives the greatest secondary current and the
lower the resistance of the circuits the less this critical value of coupling
will be.

This might be predicted from Eq. (33) by differentiating I> with
respect to M; it will be found that with tuned circuits having impressed
on the primary a voltage of the same frequency as that for which the cir-
cuits are tuned, a certain value of M will produce a maximum secondary
current and this value of M will depend upon the resistances in the two
circuits. This condition for maximum secondary current proves to be
fixed by the relation,
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Fic. 104.—Current vs. mutual inductance in tuned coupled circuits, with different
values of secondary resistance.

The curves of Fig. 104 were taken with the idea of proving this relation
and also to show the effect of the secondary resistance on the sensitive-
ness of the adjustment for maximum secondary current. If the two cir-
cuits are tuned alike and the frequency of the e.m.f. impressed on the pri-
mary is the same as the natural frequency of either circuit the values of
the primary and secondary current may be obtained by simplifying Eds
(92) and (93) and are found to be

ER>

h=g Rt

(110)
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EoM
‘ 12 }e_er'-—sz . . . 0 . . . (111)

The experimental curves given in Fig. 104 follow the values predicted
from Eqgs. (110) and (111) within the precision of measurement, that is,
within less than 1 per cent.

Resonance in Circuits with Capacitive Coupling.—The equations for
I, and I» are obtained for this case in a fashion exactly the same as that
used for the magnetic coupling, and the conclusions reached are nearly
the same. Using w1, w2 and k in the same sense as for the magnetically
coupled circuits we get for the two resonant frequencies of the combi-
nation

o' = \/w12+w22+ V (n? — w3?) 2 +-4k%w 2uwn?

> (112)

= \/w12+ wzz—\/(w122—w22)2+4k2w12w22. (113)
In applying these formulz the values of w; and w2 must be calculated in
a somewhat different manner than was used for the magnetically coupled
creuits. It will be remembered that for magnetic coupling these two
frequencies were fixed by the L and C of the circuit in question and were
independent of the constants of the other circuit and of the coupling used.
Such is not the case for "

capacitive coupling, how-
ever. The frequencies L Lr
« and w2 depend upon I !

the capacity used in the

other circuit and upon . o1 T L
the coupling in the fol-
lowing manner. I
In Fig. 105 the fre-
quency « is fixed by Ly F1a. 105.—Capacitively coupled circuits.

and by the capacity Ci

in parallel with C3 and C: in series. Thus w1 may be varied by changing
either the coupling condenser C3, or the capacity of the second cxrcmt Ce.
Hence we have the formule

o= ! - 1 .. (118)

\/Ll(Cl"‘l‘ 1) \/ (CI+Csz'3)

GG
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and

N ¢ § 1)

o +ccf2~)

For the value k, we have

C3

VGGt Gy (o)

In Fig. 106 are shown the resonance curves for a combination of cir-
cuits nearly like that shown in Fig. 105, the coupling condenser was in
two parts as shown in the sketch on the curve sheet.
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Fia. 106.—Resonance curves for capacitively coupled circuits.
Using the values of L and C indicated on the curve sheet we have
102

wl= =
455X 183
\/ '206<18'3+4.55+18.3)

or fi="74.8 cycles and the same value for f2.
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From the curve sheet f' =82.5 and f’ =67.0, so we find k from the curve
sheet to be 0.208, by Eq. (106). By using the known values of L and C,
C2, and C3, and Eq. (116), we find k to be 0.207.

The value of k could have been calculated without knowing the con-
stants of the circuits, by using Eq. (105).

We have
_82.52—67.0%2 _

k= 82.52+67.02 °

207.

When L,Cy= L2C>, Egs. (114) and (115) reduce to the simple forms

o=wVi+k, . . . . . . . .. (117
w'=wV1-k, B ¢ § £.)
and if further C; =C3 then when Cs is varied, thus varying the coupling, o’
1
stays constant and equal to .
ys O €q 7L.C,

Characteristics of Circuits having Distributed Inductance and Capac-
ity.—The analyses of circuits given so far apply to those in which the
inductance and capacity are concentrated; another way of specifying the
circuits with which we have been dealing is to state that the current, at
any given instant, is exactly the same at every point in the circuit. This
condition holds for the majority of radio circuits, but there are cases where
it evidently does not obtain, thus every antenna has zero current at its
farther end, whereas the current entering it at the base may be many
amperes. This is the most striking case of a circuit which has a current
varying along its length, but there are others in which the same effect
exists to a lesser degree. A coil, for example, may have an internal dis-
tributed capacity which appreciably affects its behavior.

The change in current at successive points along an antenna is due
entirely to the distributed capacity; each unit length contributes its share
to the total capacity and of course requires its proportion of the total
charging current. The current flowing in at the base of the antenna
must be sufficient to charge the whole length, while that flowing past the
middle point of the antenna must be sufficient to charge merely the upper
half of the antenna, and so will be considerably less than the current at
the base of the antenna.

Every coil has more or less distributed capacity, every piece of the
winding acting as one plate of a condenser for every other part because
the various parts are at different potentials and so will have electric fields
set up between them when the coil is excited. But, if when a coil is used,
it sets up an electric field as well as a magnetic field, it must be considered ‘
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as a combination of coil and condenser. This internal capacity varies
in magnitude appreciably as the frequency, at which the coil is used, is
varied and so cannot be treated correctly as a concentrated capacity. As
ordinarily used a coil does not show much effect from this internal capacity
because the condenser to which the coil is attached has so much more
eapacity that the internal capacity is completely masked; if, however,
the coil is used for tuning a circuit and the tuning condenser used has a
small capacity then the internal capacity may produce an appreciable
effect on the tuning qualities of the circuit. The calculation of this
internal capacity and its effect on the apparent inductance of & coil will
be taken up in the next chapter.

Now the resistance and reactance of such a cn'cult (having distributed
capacity and inductance) vary with the frequency through a very large
range of values; the resistance (as measured at the base of the antenna)

1 L R LR LR LR LR L R LR LR LR P

o T o T c.'l' T c.‘l' T T T &I c,:l—

L=.0415 henry R=.702ohms C=8a8 microfarad
Cy=C,o=18.3 microfarad

F1o. 107.—A circuit having distributed inductance and capacity, similar to an antenna.

goes from very small to very large values, while the reactance changes
from a large inductive reactance to an equally large capacitive reactance.
Moreover, these changes occur periodically as the impressed frequency is
continually changed.

To demonstrate experimentally the peculiar characteristics of a cir-
cuit having distributed constants, the author built an artificial line having
inductance, capacity, and resistance, as shown in Fig. 107; this line
resembles somewhat a long antenna, having inductances and capacities,
however, several times as large as those of an actual antenna.!

A variable frequency was impressed on this artificial line and, by means
of a wattmeter, ammeter, and voltmeter its resonance ¢haracteristics were
determined. The impressed voltage was kept constant at 20 volts and
the frequency varied in small steps, from 12 to 152 cycles per second.
Fig. 108 shows the current which flowed from the generator into the line
at the various frequencies, the line being open at its distant end. The
line showed six frequencies in the range used, at which we can say the line

18ce “Some Experiments with Long Electrical Conductors,” by John H. Morecroft,
Proc. I.LR.E., Vol. 5, No. 6, Dec., 1917.
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was in resonance, meaning by the term resonance a frequency at which
the power factor was unity, the line offering resistance reaction only.
Three of the frequencies correspond to what we have called parallel reso-
nance, the current being a minimum and the other three to series reso-
nance giving large values of current.

The resistance and reactance of the line were calculated from the meter
readings and are shown in Fig. 109. The resistance varies periodically
from a low value, corresponding to series resonance, to a high value, cor-
responding to parallel resonance.

The reactance of the line varies periodically from inductive to capaci-
tive reactance and takes all values between 165 ohms positive and 165
ohms negative. From the results shown in Fig. 109 it may be judged
how indefinite are the so-called constants of such a circuit.



CHAPTER II

RESISTANCE—INDUCTANCE—CAPACITY

. .

General Concept of Resistance.—The elementary idea of resistance, .

obtained by a student analyzing continuous current circuits, must be
very greatly enlarged and generalized when studying high frequency cir-
cuits. In the continuous-current circuit, Ohm’s law is in general a sufficient
definition for the term resistance, that is, R=E/I. This definition pre-
supposes that all of the voltage E is used up in overcoming the resistance
reaction of the circuit; there must be no reaction such as the c.e.m.f. of
a motor, or c.e.m.f. such as exists in a circuit in which storage batteries
are being charged, or else the definition is ordinarily changed to the form

— Elnw_ Ec
R= S
where ;
Emy=the impressed voltage;

E.=the counter voltage of motar, batteries, etc.

This restated definition must be still more generalized when the ordi-
nary alternating current circuit is considered, in fact, a new concept of
resistance must be obtained. It might seem that Joule’s law would serve
sufficiently to define resistance; this law states that the electrical power
liberated as heat in a circuit is given by the equation

Heat generated = I2Rt.

Certainly this law is a more general definition of resistance than Ohm’s
law because it automatically excludes the effects of counter e.m.f.’s., etc.;
thus a storage battery, being charged, might (if suitable precautions were
taken) be immersed in a calorimeter while being charged and the heat
produced be measured by the rise in temperature of the calorimeter
water. This amount of heat, properly substituted in Joule’s law, will
determine the resistance of the circuit in so far as this resistance manifests
itgelf in producing heat.

However, electric energy may be dissipated in forms other than heat;
thus radiation of electro-magnetic waves from an antenna dissipates energy
from the circuit as truly as does the ordinary heating of the circuit.

111



112

RESISTANCE—INDUCTANCE—CAPACITY

[Crar. I1I

These elementary considerations force us to adopt a new concept of
resistance, it being based on the idea that any transfer of energy from

(or to) that part of the circuit, the

resistance of which is desired, must

be considered in determining the resistance. Thus the resistance between
two points in a circuit a-b, Fig. 1, is defined by the equation,

p=bower transferred

between points a and b

7 m

This “ power transferred "’ between a and b may be leaving the electrical

circuit between these two points

or it may be entering the circuit

between these points. If power is leaving the circuit between these points,
as heat or otherwise, the resistance is positive; if power is entering the cir-
cuit between these two points the resistance is negative, and if power is en-
tering the circuit at the same rate as it is leaving then the resistance is zero.

1

P
>

a

Direction of
energy flow

R is positive

Part of
circuit under

siderati
consideration Direction of

energy flow
R is negative

Fia. 1.—If power is leaving the circuit the
resistance is positive so that if power is
entering the circuit its resistance must

" be considered negative.

From this standpoint any electrical
circuit carrying current, after reach-
ing the steady state (no change in
the amplitude of the current) has
on the whole, zero resistance. Of
course we know that the circuit
does actually have resistance, but
we may consider the source of power
supply as having as much negative
resistance as the rest of the circuit
has positive resistance. At the
generator (or other source of power
supply) energy is entering the
circuit as fast as it is dissipated
in other parts of the circuit. If
the circuit, as a whole, has positive

resistance the current must be decreasing in amplitude; this state of
affairs occurs in the ordinary damped oscillatory discharge of a con-
denser, whereas a circuit which takes an appreciable time to build up
to its steady state has, during the time required to reach the steady state,
on the whole a negative resistance because, considering the circuit as a
whole, energy is entering at a rate faster than that at which energy is

leaving.

Various Factors Affecting the Resistance of a Circuit.—Among the
factors contributing to the resistance of a radio circuit are to be con-
sidered (1) resistance of the conductor itself; (2) resistance of neighbor-
ing closed ciruits and their proximity; (3) magnetic material close enough
to the circuit to be magnetized by it; (4) losses in the dielectric of any
condenser in the circuit; (5) corona losses from parts of the circuit; (6)
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radiation of electric-magnetic energy. All of these factors vary with the
frequency of the current in the circuit, some of them with the magnetic
gradient set up by the circuit and some with the electric gradient set up
by the circuit. Each will be taken up in turn and analyzed as much as
seems suitable for a text of this kind.

Conductor Resistance.—The resistance of a conductor, in the form of
a wire, to the flow of continuous current is given by the formula

e
R ¢

in which p is the specific resistance of the material composing the con-
ductor. : C

l is the length of the conductor;

a is the cross-sectional area of the conductor.

This formula assumes that all parts of the cross-section of the con-
ductor carry the same proportion of the total current; in other words
that the current density is uniform throughout the section of the con-
ductor. This assumption is true for continuous current or for alternating
current of very low frequency. If the conductor is large in cross-section
or the frequency is high, the inner sections of the conductor carry a rela-
tively small part of the total current, the density of current being greatest
at the surface of the conductor; in fact for very high frequencies a com-
paratively thin skin on the surface of the conductor carries practically
all the current, so much so that if the center part of the conductor were
removed, leaving nothing but a thin walled tube of the same diameter
as the original wire, the resistance would be practically the samme. This
tendency of the current to concentrate on the outer surface of the wire at
high frequencies is called the skin effect, the reason for the name being
obvious. If there are no other conductors carrying current in the vicinity
of the one in question this distribution of current will be symmetrical
about the axis of the wire, but if there are other current-carrying con-
ductors in the neighborhood the distribution of current through the cross-
section of the wire may be irregular, perhaps only the surface part of
the conductor on one side carrying an appreciable current.

Any distribution of current other than the regular distribution of
equal current density throughout the section of the conductor will result
in an increase in the resistance of the conductor; this increase may be
so great that the resistance for a high frequency alternating current may
be many times as much as the resistance of the same wire for continuous
current.

A simple illustration of this effect is given in Fig. 2, showing three
10-ohm resistances in parallel. Suppose the resistance of this combi-
nation is determined by the power loss instead of by the ordinary law for
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‘resistances in parallel. Let 3 amperes flow through each resistance, giving
a line current of 9 amperes and a power loss of 3X (32X 10) =270 watts.
Then the total resistance will be obtained by the equation R=P/I? or
'270/9 =3.33 ohms, the same as we should get by the law.for resistances
in parallel.

Now suppose that for some reason or other the current redistributes
itself so that the two outside paths carry 4 amperes each and the center
one carries 1 ampere. (Such
a redistribution might well
occur if the combination were
used in a high frequency
circuit.) The line current
Fia. 2.—A solid conductor of 3.33 ohms resista will again be 9 amperes and

a. £~/ BOUC 00 - N the loss will be (2X(42Xx10))
may be considered as three separate filaments +1x (12X 10))=330 watts,

each of 10 ohms resistance. N o
: which, divided by the square
-of the line current, gives a resistance of 4.08 ohms, a considerable increase
over the value for a uniform distribution of current between the different
paths.

The paths shown in F\& 2 might represent three of the imaginary
filaments into which a wire may be supposed divided, and the calculation
shows that any distribution of current between the filaments other than
uniform distribution results in an increase in the resistance of the con-
ductor; moreover, the greater the non-uniformity of current density the
greater will be the corresponding increase in resistance.

Skin Effect in Straight Wires.—The non-uniformity of current dis-
tribution referred to above occurs in every conductor carrying alternating
‘current, the current density being greater at the surface than at the center
‘of the wire, but this non-uniformity is not appreciable unless the wire is
large in diameter, or the frequency is high; the increase in resistance due
to skin effect depends upon the product of the cross-section and the fre-
quency and for copper wires the general idea given by the following table
is useful.

A
9 amperes

N
)

10 ohms

Frequency multiplied by the Ratio of a.c. to c.c.

Croes-section in circular mils. resistance.
10,000,000 1.003
20,000,000 1.012

100,000,000 1.30

As an example No. 10 wire has a cross-section of 10,000 circular mils;
at a frequency of 2000 cycles its a.c. resistance is 1.2 per cent greater than
‘its c.c resistance, while at 10,000 cycles its resistance would have increased
‘over its.c.c. value by 30 per cent.



SKIN EFFECT IN STRAIGHT WIRES 115,

An exact analysis shows that the ratio of a.c. resistance to c.c. resist-
ance may be expressed in terms of diameter, permeability, frequency, and
resistivity; a correct expression involves an infinite series of terms, but
these series have been summed so that accurate data are available for
calculating the resistance of any round wire, the permeability and resis-
tivity of which are known. For copper wire, in which the permeability
is unity, tables have been compiled which present the data in convenient
form. In the curves of Figs. 3 and 4 is shown the factor, m, by which
the c.c. resistance must be multiplied to give the resistance for alternating
current. Plotted as abciss® are values of rV/f, where r is the radius of
the wire in cm. and f is the frequency of the current being used.

It is sometimes useful to know how a large wire can be used without
having its a.c. resistance exceed its c.c. resistance by more than a specified
amount. The data given in the accompanying table, compiled by L. W.
Austen, may be useful for this purpose:

TABLE 1
Wire DiaMETERS
Largest wire (straight) which can be used without the high freq y resist. exceeding the o.c.
resistance by more than 1 per cent o
DrameTERS GIVEN IN MILLIMETERS.
Wave length
in meters.
Advance. M Plat Copper.
100 0.30 0.29 0.13 0.006
200 0.46 0.40 0.20 0.045
300 0.57 0.50 0.27 0.09
400 0.66 0.60 0.30 0.10
600 0.83 0.75 0.37 0.15
800 0.98 0.88 0.42 0.20
1000 1.10 0.99 0.50 0.21
1200 1.20 1.10 0.57 0.22
1500 1.30 1.21 0.63 0.28
2000 1.52 1.38 0.73 0.30
3000 1.82 1.62 0.80 0.33

Frequency =3 X 10% +wave length

In the case of a wide flat, conductor, such as the earth’s surface, the
currents which are set up in the surface penetrate into the substance of
the conductor according to the specific resistance of the material, perme-
ability, and frequency. The relation between the density of current at
the surface and the density at a point distant z below the surface is given

i=Toe” (VE) ryain (m (\/2—”‘)_”——")35) L@
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in which
Iy=current density at surface; -
i=current density a distance z cm. below the surface;
w=2xf, where f is the frequency of current;
w»=permeability of the substance;
p=specific resistance of the substance, abohms per cm3.

)

" Not only doés the density of current decrease as the distance below
the surface is increased but, as indicated by Eq. (3), it reaches its corre-
sponding values at later time than at the surface, this amount of time lag
increasing as the depth below the surface is increased. ~ This really means
that the current penetrates into the substance with a wave motion; the
attenuation is, however, very high, so that probably only a fractiqn of
s wave length is actually set up in the oonductor with an app iable
amplitude.

A Simple Analysis of Skin Effect.—Although an exact i§ of
effect in a conductor requires the theory of wave propagation, d special
mathematical series for a solution, a very good idea of its cause (and
what is much more important, its remedy) may be had from the ordinary
laws of current flow in inductive circuits. The first thing to notice about
the problem is the effect of frequency upon the division of current between
two paths in parallel, as shown in Fig. 5, the two paths having equal

At low frequency i;:—'—

At high rreqnency J Y |
Is LL‘ .
Fie. 5—~For branched circuits the resistance controls the dxv:slon of current at low fre-
quency whereas the reactance controls the division at high frequency.

resistance but unequal inductance. The formula for the current flow in
each path is .
E

==

At very low frequency the wL term is negligible, and so we have the
currents dividing between the two paths inversely as the two resistances,
that is, the two currents will be alike. At very high frequency, however,
the resistance term becomes relatively negligible and the current divides
inversely proportional to the induetance in the two branches. The same
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voltage is applied to both paths, so the sum of the resistance reaction
and the inductance reaction (added vectorially) in each path must be the
same. It is from this standpoint that we will investigate the skin effect
in wires.

Imagine a round copper wire carrying current uniformly throughout
its cross-section, Fig 6. The density of magnetic flux at a point A on
the surface of the wire is given by the formula

41rI 21

BA 2”’0— a ) . . . . . . . . . (4)

where I =total current in amperes;
~ a=radius of the conductor in cm.

At a point B inside the conductor,
the amount of current producing flux
(for of course there is magnetic flux inside
the conductor) is only that part of the
total current which flows inside the circle
inscribed through the point B. This
amount of current is, for uniform cur-
rent density, equal to IXr2/a2. The
magnetic flux density at B is, therefore,
- Fia; 8.—Cross-section of wire of by Eq. (4)

! radius a; magnetic field density

to be calculated at points 4, B, Bp= 2In2 2In )

and C. a2 'ry a2
For a point-C outside the wire, distant r; from the axis of the wire, the
flux density is given by the equation

Bc='§2£-'.......(6)

. From Eqs. (4) and (6), the flux density throughout th ecross-section of

" the wire and in the region surrounding the wire may be calculated; Fig.

7 shows the result of such a calculation. In the upper part of the figure

the flux is shown in the form of circles concentric with the axis of the wire,

the closeness of the circles representing the flux density, and in the lower

part of the figure is shown a plot of the flux densities, ordinates being
values of flux density and abscisse being distance from center of wire.

~ The total flux surrounding any point is obtained by adding the flux

* from a point infinitely distant from the wire, up to the point in question;

- a curve showing the value of this flux for different points inside and out-

« side the wire is shown in Fig. 8. The ordinates of the curve are obtained

- by integrating the density curves of Fig. 7. The flux ¢y, is the total flux

* produced by the current in the wire, outside of the wire itself, whereas
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surrounding any point outside the wire as, e.g., C of Fig. 6, there is a
flux equal to ¢3. There is a certain amount of flux inside the wire
iself and the flux surrounding the innermost filament is obtained by
slding to ¢, this internal flux; it is shown by ¢2 in Fig. 8.

Now let us consider the wire made up of a bundle of separate parallel
flaments, such a wire as would be obtained by using a cylindrical
bundle of very fine wires, each insulated from its neighbor, except at the

.
b e e i - - ——

Fia. 7.—Closeness of circular lines show the density of magnetic field around a non-
magnetic wire; in lower part of figure magnetic field density is shown by distance
from reference line to curve marked B.

ends of the wire in question, where they are all electrically connected
together. Let the resistance of each of these filaments be R. If an
emf, E sin wt, is impressed across the ends of this composite wire,
al filaments will have the same impressed e.m.f., and it is therefore
evident that the sum of the reactions in each ﬁla.ment must add up
(vectorially) to equal this impressed force.

The resistance drop in each filament is IR and the inductance drop

is:%=w¢ where ¢ is the maximum amount of flux surrounding the
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filament in question. Hence for two filaments, one at O and the other at
A (Fig. 6) we must have
E?2=(I,R)?+ (w¢1)?

E?=(I2R)*+(w¢2)?,

where I and I are the currents in the two filaments considered.

In these equations E, I, and ¢, must have corresponding values,
i.e., either effective values or maximum values.

At very high frequencies the resistance drop is negligible compared
to the flux reaction drop, and so we must conclude that, for frequencies
which make IR negligible compared to w¢, the flux surreunding all fila-
ments of the wire must be the same. Referring to Fig. 8 this statement
means that ¢2— ¢ =0, that is, there is no flux inside the wire itself. If

and

]
L

Axis of wire

-
L

! 7, (of Fig. 6)

Fia. 8.—Curve showing total fluz outside any point considered in Fig. 7.

there is no internal flux the flux density everywhere inside the wire must
be zero, and as the flux density at any point in the wire distant r from the
axis is equal to .2I/r, where I now signifies the current flounng in the wire
inside of a circle through the point in quesiion, we must conclude that there
is no current anywhere inside the wire.

At ordinary frequencies the resistance drop is not negligible in com-
parison with the reactance drop, so that the sweeping conclusion of the
previous paragraph (no current anywhere inside the conductor)isnot true,
but it is evident that, as the frequency increases more and more the dif-
ference between ¢2 and ¢; of Fig. 8 must continually decrease.

If instead of a copper wire an iron wire had been assumed, the internal
flux density would have been very much increased so that Figs. 7 and 8
would have more nearly the appearance of Figs. 9 and 10. The value
of the internal flux (¢2— ¢1) would be very much increased, so that the
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frequency at which the IR drop becomes negligible compared to the w¢
drop is much less than for copper wire.

Offsetting this effect to some extent, however, is the fact that the
resistance of the iron is greater than that of copper; the result is that
iron, while it has a greater skin effect than copper, does not have as much
greater effect as the increased value of u would indicate.

The change in current density throughout the cross-section of wire
due to the effect of the internal flux, is indicated (for a certain wire) in

Magnetic conductor

Fic. 9—Strength of magnetic field in and around a wire of magnetic material.

Fig. 11, the three curves showing how, as the frequency is increased,
the current shifts more and more to the outer skin of the conductor. The
current density at the surface of the conductors has been assumed the
ume for the three frequencies.

It is evident from the foregoing discussion that a substance having
bigh specific resistance and low permeability will have the least skin effect;
this is shown in Table I on p. 115. The wires used for resistance in making
tests and measurements in high-frequency circuits should be made of
small wires of the high-resistance alloys, practically all of which have unity
permeability.
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Elimination of Skin Effect.—One obvious remedy for skin effect is
to so construct the conductor that there is no internal flux, or rather that
the internal flux is negligible compared to the external flux, which of course
produces no skin effect, as it affects all filaments of the wire equally. A

Axis of wire

Py

)
:
-

|

/

F1a. 10.—Total flux outside any point considered in Fig. 9.

conductor with no internal flux is impossible, but such a condition may
be approximated by using a tubular conductor; such a construction is
used for high-frequency ammeters designed to carry comparatively large
currents (say 25 amperes or more). The current to be measured is carried

r' wa\

FATASA

\g

Axis of wire

Current density

|
Fia. 11.—Current density in a solid, round, conductor at three different frequencies.
from the connectors of the ammeter to two circular disks, and these disks
are connected by a set of very thin high-resistance strips, the whole arrange-
ment having the appearance of a barrel, the thin strips taking the place
of the barrel staves. Such a construction is shown in Fig. 12, this showing
the construction of a 40-ampere, so-called ‘‘ hot-wire ”’ meter. As the
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radial thickness of these strips is only about .004 cm., there is practically
no internal cross-section to the conductor; it is all * skin.”

In the scheme ordinarily employed for reducing skin effect the required
cross-section of conductor (which depends upon the amount of current to
be carried), is made up of a great many small wires, each completely
insulated from all the rest; a common form of this cable used for winding
radio coils consists of 48 No. 38 enameled wires properly woven together.
In eliminating skin effect by this construction it is not sufficient to merely

Fi6. 12—A hot wire ammeter showing how the skin effect is minimized by special
arrangement of very thin strips of high-resistance metal.

sibdivide the conductor into small well-insulated strands; these strands
must be so woven or twisted together that each strand is as much on the
wler surface of the cable as every other one.

If 48 No. 38 insulated wires are laid loosely together, parallel to one
another, it will be found that the increase in resistance due to skin effect
is nearly as much as though a solid wire (of the same cross-section as that
of the cable) were used. (The stranded cable would be somewhat better
than the solid wire, because of its somewhat greater useful outer surface.)
It is therefore important in getting the stranded wire (sometimes called
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litzendraht) to see that not only is it made up of a great number of well-
insulated strands, but also that these strands are properly interwoven.
A real braiding process will accomplish the result but a suitably twisted
cable is nearly as good. A properly twisted cable must be made up of
several component twisted cables to be free from marked skin effect. For
48 No. 38 cable, e.g., three separately twisted cables, each of 16 wires, may
be twisted together and the resulting cable will be nearly as good as braided
cable.

It is important to note just what effect is to be obtained in making
these high-frequency radio cables; the cable must be so constructed that
each strand has, per unit length (say per meter) the same flux surrounding
it, when each strand is carrying the same current. When the strand is in
the center of the cable it has more flux surrounding it than when it is on
the periphery, hence each strand must occupy corresponding positions in
the cross-gection of the cable for equal distances, in order that it may have
the same surrounding flux per unit length as all the other strands.

Even in suitably woven cable there is still some skin effect due to the
finite size of the strands themselves, each strand in itself having an appreci-
able skin effect at very high frequencies.

It is important in purchasing radio cable of the kind just described to
make tests for the continuous-current resistance. In making this test the
enamel must be removed carefully from each strand, at both ends of the
piece to be tested, and the strands be well soldered together. The c.c.
resistance should be calculated from the total cross-section of copper in
the cable and the measured value should approach this very closely. In
making cable a strand may break and the operator insert another and con-
tinue the process of weaving the cable. But such a broken strand is
evidently of no use in carrying current, because one break opens that
strand completely, the strand being insulated from its neighbors.

Specifications for radio cable should therefore state not only the size
and number of wires to be used, quality of enamel, method of twisting,
etc., but should also call for a c.c. resistance within a certain percentage
of the theoretical value. The longer the pieces of cable called for, the
more likely are breaks to occur, for this reason the cable is generally
obtained in lengths of a few hundred feet only. If two pieces of radio
cable are to be joined, the greatest of care must be exercised in making
the joint; if only half the strands are soldered together (quite likely unless
each individual wire is separated from the rest and properly cleaned before
attempting to solder the joint) then the resistance of the whole cable is
twice as much as it should be.

Skin Effect in Coils.—With the foregoing analysis of skin effect in
mind it is at once evident that the redistribution of current throughout
the cross-section of a conductor will be greater if the conductor is used
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in making a coil than if it is used in the form of a straight wire. The dis-
tribution of magnetic flux inside a single layer solenoid is somewhat as
shown on Fig. 13; the flux density is high just inside the solenoid and
practically zero at the outer surface of the coil. Assuming that this density
decreases-to zero from the inner surface of the winding to the outer (nearly

Flux density=8
Fic 13.—Approximate flux distribution inside a short solenoid.

the case for ordinary coils) it is evident that the outer filaments of
the wire are linked with much more flux, than are the inner filaments.
Thus an imaginary filament on the outside of the wire as at b, Fig. 13,
will be linked with a flux in excess of that linked with filament a by an
amount equal to B/2Xd (where B is the flux density at the inner surface
of the winding and d is the
radial depth of the wind-
ing) per unit length of the
wire. It is apparent that
the current will tend to
crowd into that part of the
wire which is on the tnside
of the coil, the inductance
reaction being less for the
flaments on the inner side
of the winding than for

thosl;e on tht?douterhs.lde- Fia. 14.—Distribution of current in the conductors of
ut besides this ten- solenoid; density of shading corresponds to
dency of the current to current density.

redistribute itself, there
is also the tendency to redistribution about the axis of the wire, and also
each conductor exerts a certain effect on its neighbor—these all combine
to produce a current distribution about as indicated in Fig. 14, the density
of current being indicated by the proximity of the dots.

In constructing variable resistances for use in making radio measure-
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ments, skin effect must be carefully considered. The most convenient form
of variable rheostat is a cylindrical one with a sliding contact, the almost
universal form of laboratory rheostat for ordinary c.c. and a.c. measure-
ments. But this type of winding is not satisfactory for high-frequency
currents because of the extra skin effect caused by solenoidal winding and
also because the amount of self-induction in such a rheostat is too great to
be neglected in radio circuits. Radio cable cannot be used with sliding
contact rheostats for evident reasons: solid wire must therefore be used
and still the skin effect and self-induction be reduced to a minimum. This
is done by winding on a porcelain tube a bifilar high-resistance solid wire;
the two wires making the bifilar construction are wound around the cylinder
in opposite directions, the two wires crossing each other twice per turn.
Such a winding has a self-induction practically zero, and hence has a
minimum skin effect.

The increase in resistance of coils, due to skin effect, is a very difficult
problem to analyze mathematically; only the simplest cases have been
considered, and even then assumptions have been made which make the
validity of the equations obtained doubtful.

An experimental investigation of the skin effect in coils was carried
out by the author, measurements being made on a Wheatstone bridge, and
the results are given herewith; they serve to indicate how much increase
in resistance from skin effect may be expected with coils similar in form.
The single layer coils were wound on dry wood reels with double cotton-
covered wire, the wires being laid as closely together as possible. The
length of the winding was 10 cm. and the approximate diameter (the cross-
section was actually octagonal) was 10.5 em. The datum is given in the
accompanying table, both self-induction and resistance being given, the
results being probably accurate to within 1 per cent unless otherwise stated.

There are two effects which must be kept in mind when interpreting
these results; there is an actual increase in resistance due to redistribution
of current in the conductor of which the coil is made, and there is an
increase in the measured value of resistance due to the effect of internal
capacity, explained in the previous chapter when analyzing resonance in
parallel circuits. ,

Every coil has internal capacity due to one part of the winding being
equivalent to one plate of the condenser, acting with every other part to
form a condenser. It was shown that the apparent resistance of an induc-
tance, shunted with a condenser, increases as the frequency is increased,
in accordance with Eq. (48). Although this equation is not directly
applicable to these coils (the capacity of which changes with frequency
changes) it indicates that the measured value of resistance may be expected
to increase entirely aside from any skin effect which may be present. But
this effect of capacity which gives an apparent increase in resistance pro-
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duces at the same time an increase in the apparent inductance of the coil,
so that in the results of the table any increase resistance which occurs
without a corresponding increase in inductance, is due to redistribution
of current in the conductor of the coil (i.e., real skin effect); for frequencies
high enough to produce an increase in the apparent inductance the skin
effect is not alone in producing the increase in resistance, the inter-
nal capacity contributing its effect also in increasing the apparent
resistance.

It will be noticed that for the larger wires the inductance actually
decreases as the frequency increases, for the lower values of frequency.

Illustrating this effect we take the data for coil No. 1 made of No.
11 wire. In the range of frequencies used the inductance decreased with
increase of frequency, whereas the resistance increased from .050 ohm
to .803 ohm. The radius of this wire is .114 cm. and so the factor, rv/f
for 2XX 105 cycles, is 51. Referring to Fig. 3 the factor m is found to be
4.2. If, therefore, the wire had been used in the form of a straight con-
ductor, we might have expected an increase in resistance from .050 ohm,
the c.c. resistance to 4.2X.05=.21 ohm. Actually it changes from .05
ohm to .80 ohm, thus showing how the skin effect is augmented when the
wire is used in the form of a coil. The superiority of the radio cable,
either 42/36s or 48/38s is at once evident from the results given in the
table.

If the coil used has more than one layer, the magnetic field density is
much greater than it is for a single layer coil, hence we should expect a
much greater skin effect for multi-layer coils than for single-layer coils and
the experimental results of Table III which were obtained with ten layer
coils, prove the point. Thus the single layer coil of No. 18 wire showed an
increase in resistance of g—’611§=3.6 times as the frequency varied from zero
to 100,000 cycles. This same wire wound in a 10-layer coil showed an
increase through the same range of frequency of 18%1=48 times o that the
resistance increase is 13 times greater when used in a 10-layer coil than
when used in a single-layer coil.

It must be noticed also that this great increase in resistance is not
due to the internal capacity of the coil. These multilayer coils were
built on wooden reels in a special way first described by the author; the
construction was such that a considerable air space (in this case .16 ecm.)
was used between consecutive layers, this construction giving such a low
internal capacity that, up to the highest frequency used the inductance
of the coil showed but slight increase. These multilayer coils were octag-
onal in form and had 10 layers each, wound back and forth. Each layer
was 2.6 cm., long separated from the next layer by .16 cm. air. The



SKIN EFFECT IN MULTILAYER COILS

129

inner diameter was appro