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PREFACE 

The authors present herewith a textbook for use in a beginning course in 
electronics for electrical-engineering students. Most of the material 
used was first published in planograph form and has been used as a text 
at Purdue University for the past two years. It has been revised and 
brought up to date as use in the classroom and the advice of critics have 
indicated that improvements could be made. 

The usual course in technical schools consists of two or three class 
periods and one laboratory period each week throughout the school year. 
Sufficient material is included for such a program. It has been the 
authors' experience that the average student enrolling in such a course has 
the following status: He is a junior and has already had courses in general 
physics, mathematics through calculus, and direct-current circuits. He is 
starting courses in alternating-current circuits, electrical measurements, 
and possibly differential equations, as well as electronics. The student 
plans to enter one of various fields-communications, electronic control, 
servomechanisms, power machinery, power transmission, business, 
graduate study. What he will actually do after graduation is often 
something else. In any event electronics will be useful knowledge for one 
engaged in nearly any branch of electrical engineering and in many 
allied fields. The material in this book presents the fundamental ideas 
of electronics in both a theoretical and a practical fashion to provide a good 
foundation for further study, as well as useful knowledge for a terminal 
course. 

The first four chapters provide material for a brief study of the physics 
of vacuum tubes, not covered in the usual previous physics courses. 
They also serve to delay the study of circuits until the student has gained 
some knowledge of a-c circuits elsewhere. Chapter 5 presents a very 
elementary description of the circuits and actions of certain very common 
electronic devices. It also acquaints the student with some common 
electronic nomenclature. The authors have found it fills a very real need 
-to provide a background for those students who have not picked it up in 
their experience. Even with very rapid coverage it should be valuable. 

Chapter 6 presents the usual methods employed in electronic-circuit 
analyses, analytic and graphical. Great stress is laid on the use of the 
linear-equivalent-circuit theorem. Also considerable attention is paid to 
graphical methods with nonlinear circuits. Only elementary aspects of 
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this fascinating subject are presented because of the limitations of time 
and space. 

Although in theory a student should have well in hand all the tools he 
has studied, as a practical matter the authors feel that a brief restate­
ment or treatment of certain ideas often helps enough to pay for its 
inclusion in a volume designed principally as a textbook. Hence the 
short treatments of such subjects as network theorems and Fourier 
analysis are included. The practical use of this material begins at once 
in the following chapter, although for some of it the delay is great enough, 
as in the case of power-series expansion of plate current, so that the stu­
dent will wish to refer back to the discussion again. At any rate he 
knows where to find the material. 

The chapters following the sixth present a selection of the various 
aspects of electronics which can reasonably be included in a beginning 
course. No claim is made that all the interesting and useful developments 
in the field are discussed or even mentioned. 

In the numerous cases in which a mathematical development is 
attempted, the authors have endeavored to provide, first, a facile word 
explanation for the behavior. Then follows the sensing of current and 
voltage symbols, the writing of circuit equations, the solution of these, 
the simplifying assumptions and rearrangement needed to place the 
solution in a usable form (which often involves the drawing of a simplified 
equivalent circuit), and the final interpretation of the results. Numerous 
worked-out examples are provided to help in understanding. The 
authors feel that much practice is needed in these matters for students 
who plan to continue in fields allied to electronics. 

The authors have freely consulted periodicals and engineering texts by 
many writers. They wish to acknowledge the valuable criticism and 
encouragement given by their colleagues. Especially do they appreciate 
the assistance of their former colleague, Dr. K J. Hammerle. In addi­
tion, thanks are due the unknown critics engaged by the publisher. 
They have made many valuable suggestions. 

George E. Happell 
Wilfred M. Hesselberth 
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CHAPTER 1 

ELECTRON BALLISTICS 

1-1. Introduction. The science of electronics can be considered as 
beginning with the discovery of the" Edison effect." In 1883 Thomas A. 
Edison was endeavoring to determine why his incandescent lamps were 
burning out at the positive end of the filament. (Only direct current was 
used at the time, as alternating current did not come into common use 
until a much later date.) In the course of his experiments he sealed a 
second electrode into some of his experimental lamps and found that, if 
this second electrode was connected through a galvanometer to the pos­
itive end of the filament, current would flow. When the electrode was 
connected to the negative end of the filament, no current would flow. 
This effect was the first actual proof that current was the flow of negative 
charge. Edison, however, was unable to explain it, and since he had more 
urgent work at hand, he did not continue the investigation. 

In 1897 Sir J. J. Thomson of the Cavendish Laboratories definitely 
established the existence of the electron and explained the Edison effect 
on this basis. He proved that the electron was a negatively charged par­
ticle and that it was the motion of this particle under the influence of elec­
tric fields that constituted current flow. He also established the fact that 
the ratio of charge to mass of the electron was constant for all electrons. 

In 1910 Dr. Robert Millikan measured the electrostatic charge on the 
electron and found it to be constant for all electrons. This result, com­
bined with Thomson's determination of the charge-to-mass ratio, allowed 
the mass of the electron to be calculated. It also proved that all electrons 
are identical. 

Sir J. A. Fleming, another Englishman, was the first to put the Edison 
effect to work. In 1904 he patented the first electronic tube, which was 
called the Fleming valve. This was a simple diode used as a rectifier. 
However, since alternating current was not in common use at that time, 
the tube was of little practical value. 

Probably the greatest early contribution to the electronic art was made 
in 1906 by Dr. Lee De Forest, who added a third element, which he called 
a grid, to the diode. By use of this grid he was able to control relatively 
large electron currents in the anode circuit by means of varying potentials 
applied to the grid and with the expenditure of very little power in the 
grid circuit. Since that time many improvements have been made, so that 
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2 ENGINEERING ELECTRONICS 

today we have not only diodes and triodes, but also tetrodes, pentodes, 
heptodes, and others, each type being named in accordance with the total 
number of electrodes it possesses. The electronic tube is no longer a lab­
oratory plaything but has advanced to the stage where it is the basis of an 
entire industry which is rapidly increasing in magnitude. 

New and very promising additions to the electronic art have recently 
become prominent with the development of such devices as improved 
crystal diodes, thermistors, transistors, and magnetic amplifiers. These 
devices may some day become as important to the engineer as the vacuum 
tube is today. 

1-2. The Electron. In the late nineteenth century the atom was 
thought to be the smallest indivisible particle of matter. Today it is 
known that the atom is made up of a relatively large mass, called the 
nucleus, about which electrons are revolving in orbits. The electrons 
have negative charges, and the nucleus has a positive charge. The total 
positive charge on the nucleus is equal to the sum of the negative charges 
of all the electrons revolving about that nucleus. 

Millikan's experiments proved that the electron is the smallest indivis­
ible unit of electric charge. It exhibits the properties of a particle or 
corpuscle as well as those of a wave motion. In some instances it is neces­
sary to use the wave properties to explain experimental results. At other 
times it acts as if it were a charged particle. 

In considering the electron as a particle it is usually imagined to be 
spherical in shape. This concept may not be true, since as yet no experi­
ment has been devised which will give us a picture of the electron. The 
charge of the electron has been measured as 1.60 X 10-19 coulomb. The 
charge-to-mass ratio for an electron at rest has been determined as 1. 76 X 
1011 coulombs per kg. From these two figures the rest mass can be cal­
culated and is found to be 9.11 X 10-31 kg. When in motion the mass of 
the electron increases with increase in velocity. It has been shown that 
m. = m,/v'l - (v2/c2), where m, is the rest mass of the electron, vis the 
velocity of the electron, and c is the speed of light. However, for a veloc­
ity as great as one-fifth the speed of light, the error in using the rest mass 
is only 2 per cent. For most applications in this book, this error is 
negligible. The diameter nf the electron has been computed as about 
3.8 X 10-15 m. 

1-3. Other Charged Particles. 1* The nucleus of the atom is made up 
of one or more protons and in some cases one or more neutrons and pos­
itrons. The proton has a charge numerically equal to that of the electron 
but is positive in polarity. The mass of the proton is 1849 times the mass 
of the electron. An atom of hydrogen, which is the simplest atom found, 

* Superior numbers are used to refer to supplementary reference material listed at 
the end of the chapter. 
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is made up of one proton for a nucleus and one electron revolving in an 
orbit about it. The neutron has a mass about 0.08 per cent larger than 
that of the proton but has no electrical charge. The positron, or "pos­
itive electron," has a positive charge numerically equal to the charge of 
the electron, and it also has the same mass as the electron. It occurs very 
rarely in the free state and then only as the result of atomic disintegration. 

Particles having the mass of a molecule but a charge numerically equal 
to a multiple of that of the electron are known as ions. If an atom in a 
molecule has lost one or more electrons, the net charge is positive and the 
particle is known as a positive ion. If the molecule has an extra electron 
attached to it, it is known as a negative ion. In electronics these par­
ticles are usually encountered in gaseous conduction although they do 
occur in high-vacuum tubes since it is impossible to remove all molecules 
of gas from a tube. Ions are usually formed by collisions between elec­
trons and molecules-a collision may remove an electron from its orbit 
about the nucleus to form a positive ion and a free electron. 

1-4. Units. 2 The rationalized mks system has become fairly common 
in the engineering field, and since it has some distinct advantages, it will 
be used in this book. This, of course, means that all electrical quantities 
will be expressed in the common or practical units-amperes, volts, cou­
lombs, watts, ohms, and so forth. In the case of the mechanical units the 
use of mass in kilograms and distance in meters results in a new unit of 
force. It has been named the newton and is equal to 105 dynes. It was 
necessary to invent this new unit in order to be able to use Newton's sec­
ond law, f = ma, and have mass in kilograms and acceleration in meters 
per second per second. Energy is measured in joules, which again is the 
practical unit. 

1-5. Properties of Charged Bodies. Electrons obey the same phys­
ical laws as do any other bodies. For instance, Newton's second law 
states that the rate of change of momentum of a body is proportional to 
the applied force and occurs in the same direction as the force acts. 
Mathematically this can be stated as 

f = d(mv) 
dt 

but if the mass is constant, this becomes 

dv 
f=m-=ma 

dt 

(1-1) 

(1-2) 

Gravitational force acts on the electron just as it does on larger bodies. 
In this case the acceleration will be the same as it is for all bodies falling in 
free space close to the earth, 32 ft per sec2, which is equal to 9.8 m per 
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sec2• This is not a very high rate of acceleration. The force acting on 
the electron can be calculated and is found to be 

Jg = ma 9.11 X 10-31 kg X 9.8 m per sec2 = 89.3 X 10-31 newton (1-3) 

In addition to being acted upon by gravity the electron is affected by 
neighboring charged bodies. Like charges repel, and unlike charges 
attract. Coulomb's law states that the force between two charged bodies 
varies as the product of their charges and inversely as the square of the 
distance between them, i.e., 

Q1Q2 
f = 4-irE=od2 (1-4) 

where E=o is the permittivity of free space. In the cgs system 47r€o is equal 
to unity, but in the mks system 47r€o is equal to 1/(9 X 109

) farads perm. 
If the force between two electrons spaced 1 cm apart in a vacuum is 

calculated from Coulomb's law, it is found to be 

(1.6 X 10-19)2 
f. = [l/(9 X l09)] X (0.0l) 2 = 2.3 X 10-24 newton (1-5) 

This is a very small force when compared with forces with which we 
commonly work. But when compared with that due to gravity, it is 
seen that it is a very large force, the ratio being 

2.3 X 10-24 

89.3 X 10-31 2.57 X 105 (1-6) 

In other words, the force between two electrons 1 cm apart, which is an 
extremely large distance when working with electrons, is 257,000 times 
as great as the force due to gravity. Therefore the effects of gravity will 
be neglected in the remainder of this book. 

1-6. The Electric Field. 3•4 In order to understand the action of elec­
trons in electronic tubes it is necessary to have some concept of an elec­
tric field. The presence of an electric field in space can be detected by 
bringing a charged body into that region and noting whether there is any 
force exerted on the body. If a field is present, it is due to other charged 
bodies and hence a force is exerted on the test body. All definitions are 
set up on the idea of using a test charge which is positive in polarity. 
Therefore, if the positive test charge has a force exerted on it, it seems 
logical that the strength of the field be specified as having the same 
direction as the force. However, this method of measuring the field 
strength has one objection-the force exerted on the test charge is depend­
ent upon the magnitude of the test charge. Hence field strength, or field 
intensity, is defined as a vector equal in magnitude to the force per unit 
test charge (positive) and having the same direction as the force. Unit 
charge in the mks system may be defined as that amount of charge which, 
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if placed 1 m from a like charge in free space, repels it with a force of 
9 X 109 newtons. This unit of charge is called a coulomb. E is used as a 
symbol* for field intensity, and 

(1-7) 

A complete knowledge of an electric field involves the determination of 
the magnitude and direction of the field-intensity vector for all points in 
the space. If one supposes a small positive test charge to be placed at 
an infinite number of points in an electric field and a small arrow drawn 
indicating the direction of the force at each point, it may be noted that 
these arrows tend to line up and form continuous curves. This is the 
same process that one would use in drawing flux lines in a magnetic field 
using a small compass. Thus the direction of the field-intensity vector 
can be mapped, and it remains only to specify the magnitude of the field 
at all points. A special but important type of field is one in which the 
force, or field-intensity, lines are all parallel straight lines and in which the 
force is constant at all points. Such a field is called uniform and can 
exist in only a limited region of space. Generally the lines are curved, 
and the magnitude of the field intensity varies from point to point. If 
charge is measured in coulombs and force in newtons, the field intensity 
is in newtons per coulomb. Later it will be shown that field intensity 
can be expressed also as volts per meter. 

1-7. Potential. Since an electric field is due to electric charges, the 
lines of force representing electric flux must begin on a charge of one 
polarity and terminate on a charge of the opposite polarity. If a test 
charge is moved around a closed loop in an electric field, the total work 
done in moving the charge is zero. When the charged body is moved 
against the force of the field, work is done on the body by the external 
force and it gains potential energy. When the body is moved in the same 
direction as the force due to the field, the body loses potential energy. 
The movement of a charged body perpendicular to the field direction 
involves no work. If a charged body moves from a position of high 
potential energy to one of lower potential energy, the work done, if com­
puted in terms of the field force, will take a positive sign and hence is 
often alluded to as the work done by the field. Conversely, the work 
done in raising the potential energy of a charged body in the field, when 
computed from the force of the field, takes a negative sign. The work 
that must be done in moving a test charge from one point to a point of 
higher potential energy can all be regained by allowing the body to return 
to the first point. 

• In this text the boldface letter has either of two meanings. As in the present 
case, it indicates that such a letter represents a vector quantity. Later, it will be 
used to designate that the letter represents a complex number. 
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The difference in electric potential between two points is defined as the 
negative of the work done by the field in moving a unit positive test charge 
from one point to the other. Therefore, if the unit positive test charge is 
moved between two points, against the force of the field, and unit work is 
done, there is a unit potential difference between the two points, with the 
second one being at a higher potential than the first. In the mks system 
this potential difference is called 1 volt. 

1-8. Equipotential Surfaces. In order better to understand what 
happens to charged bodies in an electric field, the field between two 
infinitely long parallel cylinders will be studied. The two cylinders will 
be given charges by means of a battery as shown by Fig. 1-1, which also 
shows a cross section of the two cylinders taken at right angles to their 
axes. 

. 
I A

E D 

A E _____ --

Eb 

'----------1!1 I I I I I I I I l I I I I--+ ____ __, 

Fm. 1-1. Plotting equipotential lines between two parallel cylinders. 

If a unit positive test charge is moved from the surface of cylinder A 
toward cylinder B, a point C can be found where unit work has been done 
on the test charge against the force of the field. But since the potential 
difference is defined as the negative of the work done by the field on a unit 
positive test charge, point C is at a higher potential than the surface of 
cylinder A. In the mks system point C has a potential of + 1 volt with 
respect to A. If the test charge is moved along any other path, a point 
D can also be found which has a potential of + 1 volt with respect to A .. 
In fact, by following different paths an infinite number of points can be 
found which have a potential of volt with respect to A. If all of these 
points are joined by a line, the result is an equipotential line, the cross 
section of an equipotential surface. The potential difference between 
any two points on an equipotential surface is zero; therefore, if a test 
charge is moved along an equipotential surface, no work is done. The 
same process can be followed to plot the 2-volt, the 3-volt, and other 
equipotentials for the two cylinders. The zero equipotential is the 
surface of cylinder A, and the 10-volt equipotential is the surface of 
cylinder B. 
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It has been found that if two electrodes are immersed in a slightly 
conducting solution, the equipotential lines due to the conduction of 
current through the solution are the same as those in free space where 
no current is flowing. Figure 1-2 shows the schematic diagram of the 
apparatus for making such a plot. A 1000-cps voltage is used instead 
of a direct voltage to avoid polarizing the solution and also to allow 
a pair of headphones to be used to indicate balance. The electrodes are 
made of metal and placed in a nonconducting tray filled with a thin layer 
of conducting solution. If the electrodes are made of copper, then 
the solution can he a dilute solution of copper sulfate; thus battery action 
will be avoided. The bottom of the tray has coordinate lines marked 

/000-cyc/e generator 

on it, or if it is made of glass, the 
tray can be placed on a piece of 
coordinate paper. The 1000-cps 
signal is applied to the two elec­
trodes and to a potentiometer as 
shown. The slider of the potenti­
ometer is moved until the voltmeter 
reads the potential of the equipo­
tential line that is to be plotted. 
The probe is then immersed in the 
solution and moved around until a 
point is found where no 1000-cps 
tone is heard in the headphones. 
The potential of the probe is then 

F10. 1-2. Diagram of a potential-plot­
the same as the potential of the ting tank. 
slider on the potentiometer, which in 
turn has the potential (with respect to A) indicated by the voltmeter. 
The coordinates of the point are then recorded. This same procedure 
is repeated as many times as necessary to draw the equipotential line. 
The slider on the potentiometer is then changed to the potential of the 
next line and the procedure repeated until all equipotentials are plotted. 
Figure 1-3 shows the plot of the equipotential lines between two parallel 
cylinders, taken by means of an electrolytic tank. 

1-9. Potential Gradient. When a unit positive charge is moved 
between two points in an electric field, the negative of the work done by 
that field is a measure of the potential difference between these points. 
Hence in Fig. 1-4 if the unit charge is moved a distance As, the work done 
by the field is given by 

AW f, As (1-8) 

where f. is the average value of the force in the space interval As. Since 
we are using a unit charge, we may rewrite Eq. (1-7) as 
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J. = 8. (1-9) 

If we represent potential by the symbol E, then for a unit charge 

b.E = -MV (1-10) 

and we may combine Eqs. {1-8) to (1-10) to obtain 

t.E = -8. As (1-11) 
or 

(1-12) 

04E 0.6E 

Fm. 1-3. The potential field between two parallel cylinders. 

B 

Frn. 1-4, 
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where 8, is the average field intensity along the increment of path 6.s. In 
order to find the field intensity at a point, L!.s should be made to approach 
zero. Equation (1-12) then yields 

s. = lim ( 
a ....... o 

dE 
(1-13) 

Thus from the definitions it has been shown that field intensity is equal to 
the negative of the rate of change of potential with position. 

The space derivative in Eq. (1-13) is known as a directional derivative 
since its value depends upon the direction of ds. If ds is taken along an 
equipotential, the value of dE/ds equals zero since dE is zero. However, 
if ds is taken in any other direction, dE/ds is not zero. The direction 
along which it is a maximum is that of the shortest path which joins two 
equipotential lines. This is the value of dE/ds known as the gradient 
of E, abbreviated as grad E, and it is a vector quantity. 

From the above discussion it can be seen that the field intensity at a 
point is a vector equal in magnitude to the potential gradient at that 
point and having a direction the same as the direction of the shortest 
path. This may be expressed as 

6 = - grad E (1-14) 

Since the field-intensity vector is always along the direction of the 
gradient and since the gradient is along the shortest path between two 
equipotential lines, the flux lines must be at right angles to the equi­
potential lines. 

1-10. Experimental Determination of Flux Pattern.• A picture of 
the electric field between two cylinders can be obtained by using a rather 
deep glass jar, such as a large battery jar, and placing in it two metallic 
cylinders standing on end. Kerosene is then poured in to a depth of 
about 2 in. By means of a long-stemmed funnel carbon tetrachloride 
is poured into the bottom of the jar under the kerosene. If care is taken, 
the kerosene, having a lower specific gravity than the carbon tetra­
chloride, will float on top. There will be a sharp surface of separation 
between the two liquids. Enough carbon tetrachloride is poured into 
the jar so that this surface is at least 1 in. off the bottom of the jar. Next 
silk fibers are cut into about ½a-in. lengths and dropped into the jar. 
The silk fibers have a density such that they sink to the surface of 
separation and remain there, pointing in random directions. The two 
cylinders are then connected through a switch to a transformer furnishing 
several thousand volts. The setup is then left undisturbed for several 
minutes in order that the small fibers may come to rest. The switch is 
then closed. The fibers, which carry electric flux with greater ease than 
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do the solutions, tend to line up along the flux lines. The flux pattern 
can then be noted or photographed if a record is desired. The pattern 
stays for only a short period of time since the fibers soon become charged 
and are pulled over to one electrode or the other. Figure 1-5 shows a 

Fm. 1-5. Flux pattern between two parallel cylinders. 

photograph of such a flux pattern, while Fig. 1-6 shows the same field with 
the equipotential lines of Fig. 1-3 drawn to the same scale and super­
imposed on the flux pattern. Here it may be noted that the two families 
of curves cross each other at right angles, except at the right edge where 
the field is somewhat distorted by the walls of the container. 

Fm. 1-6. Flux and potential field between two parallel cylinders. 

1-11. The Behavior of an Electron in an Electric Field. With this 
elementary background a study of the motion of charged particles in an 
electric field may be begun. Newton's second law was expressed mathe­
matically in Eq. (1-2) asf = m dv/dt = ma. If it is desired to study the 
motion of an electron in an electric field, m becomes equal to the mass 



ELECTRON BALLISTICS 11 

of an electron, m. = 9.11 X 10-31 kg, while f is the force due to the 
electric field a.nd Q is the charge on an electron, Q. = -1.60 X 10-19 

coulomb (the charge on the electron is negative). Thus 

d2s f Qe6 - Q. 
a=-=-=-=-gradE 

dt2 m m. m. (1-15) 

If the electric field is due to two infinitely large parallel plates con­
nected to a battery, the field between 
the plates is uniform. This means 
that the flux lines are straight parallel 
lines perpendicular to the plates and 
that the equipotential surfaces are 
planes parallel to the plates and 
equally spaced. Therefore the poten­
tial gradient is constant at all points 
in the field and is equal to Eb/ d, where 

is the emf of the battery and d is 
the distance between the plates. Fig­
ure 1-7 shows the circuit and a plot 
of the potential of all points as a 
function of the perpendicular distance 
between the two plates. 
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Equation (1-15) involves no coordi­
nate system. If axes are chosen so 
that the origin is at the negative plate 
and the X axis is as shown, then the 
force and hence the motion are along 
the flux lines (unless the electron had 
an initial velocity due to some other 
force). The forces parallel to the Y 
and Z axes equal zero since they are 
parallel to the equipotential planes. Fro. 1-7. Potential distribution be-

tween parallel plane plates. 
Equation (1-15) may be rewritten as 

Q,Eb 
m.d 

(1-16) 

If an electron is released with zero velocity at the surface of the negative 
plate when t 0, then its instantaneous velocity can be calculated by 
integrating Eq. (1-16), 

dx 
dt 

(1-17) 
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but since the initial velocity is zero, C1 = 0 and therefore 

dx _ Qe Eb t 
dt = v,, = me d 

If this is integrated, it becomes 

X = - ! Qe Eb [2 + C2 
2 med 

(1-18) 

(1-19) 

The electron was released at the negative plate at time t = 0, and there­
fore C2 = 0. Hence 

(1-20) 

If it is desired to calculate the velocity of an electron after it has 
traveled a distance x, this can be done by solving Eq. (1-18) for t and 
substituting this expression into Eq. (1-20). Then solving for v,, yields 

(1-21) 

If the curve of Fig. 1-7 is examined, it is seen that the potential of any 
point can be expressed in terms of the battery voltage and the distance 
x; thus 

(1-22) 

which is the same as the part of Eq. (1-21) enclosed in parentheses. Thus 
the velocity at any point is seen to be proportional to the square root 
of the potential difference through which the electron falls. 

If the transit time of the electron is desired, then x is set equal to d and 
Eq. (1-20) yields 

(1-23) 

If x is set equal to d, Eq. (1-21) gives the velocity of the electron 
when it reaches the positive plate: 

(1-24) 

It is shown in Prob. 1-4b that the result in (1-24) can be derived from 
energy relations which do not involve a knowledge of the character of the 
electric field. Hence, whether the field is uniform or not, the gain in 
velocity of an electron depends only on the total change in potential. 
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1-12. An Electron with an Initial Velocity in a Uniform Electric Field. 
In Fig. 1-8, if an electron is released at a distance Xo from the negative 
plate, with a velocity v0, 

dx 
dt -

Q. Eb - -t + !Jo m,d 

and Bq. (1-19) takes the form 

X 
l Q. Eb 2 + -- -t Vot + Xo 
2m. d 

(1-25) 

(1-26) 

In all the previous discussions the voltage between the plates was 
supplied by a battery and hence was held constant. The question now 
arises as to what is the effect of a variable voltage on the motion of an 

:,:0 

-Uo 

l E d 

E1, 

I I I 
+ 

FIG. 1-8. Action of a uniform electric field on an electron with an initial velocity. 

electron. Let us represent this voltage by eb, using lower case to indicate 
that it varies with time. Since the instantaneous value of the potential 
gradient changes, the acceleration likewise changes with time. Expressed 
mathematically, this becomes 

(1-27) 

Since eb is dependent upon t, the integral of the right member of Eq. (1-27) 
is different from that found for constant E 11• As an example, assume that 
e0 is zero when t = 0 and rises uniformly from Oto 100 volts in 1 X 10-6 

sec. Then the equation for eb becomes 

(1-28) 

Substituting e0 from Eq. (1-28) into Eq. (1-27) yields 

(1-29) 
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and hence 

However, if dx/dt v0 when t = 0, then Eq. (1-30) becomes 

and 

dx 
dt 

Vo 

But if in addition x x0 when t = 0, then Eq. (1-32) becomes 

X - ! Q, lOs t3 vot + Xo 
6m, d 

(1-30) 

(1-31) 

(1-32) 

(1-33) 

We should always remember that Q. is a negative quantity since the 
charge on the electron is negative; hence Eqs. (1-31) and (1-33) render 
positive quantities if the potential gradient is positive. 

The equations derived in Arts. 1-11 and 1-12 for the behavior of an 
electron in an electric field can be extended to the case of any charged 
particle by appropriate substitutions of charge and mass values. 

1-13. Moving Electrons in a Magnetic Field. 7 A current-carrying 
conductor in a magnetic field has a force exerted on it if the directions of 
current flow and of the magnetic flux are not parallel. This is because of 
the interaction between the external magnetic field and the magnetic field 
set up by the current. 

If the conductor is at right angles to the magnetic-flux lines, then the 
force on the conductor can be written as 

f = Bil (1-34) 

where l is the length, in meters, of the conductor in the magnetic field, 
B is the flux density in webers per square meter, i is the current, in 
amperes, flowing in the conductor, and f is the force in newtons. How­
ever, if the directions of current flow and of the flux lines make an angle 
fJ with each other as shown in Fig. 1-9, the flux-density vector can be 
resolved into two components, B., in the same direction as the current 
flow and Bu at right angles to the direction of current flow. There is no 
interaction between B., and the flux due to the current flow. But By pro­
duces a force on the conductor. This force is at right angles to the plane 
of Band the conductor. It is up out of the plane of the paper, and its 
magnitude is equal to 

(1-35) 
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But since Bu = B sin O, Eq. (1-35) can be written 

l, = Bil sin 0 

The force per unit length of conductor is then 

1; = Bi sin O 

15 

(1-36) 

(1-37) 

Since current flow is actually the motion of electrons, the force on the 
conductor is really a force on the electrons in it, which are moving in a 
direction opposite to that conventionally assigned to current flow. 

If the electrons in a conductor are moving with a velocity v, then in 1 sec 
all the electrons in a length of conductor equal to v m pass a certain refer­
ence point. If the conductor has n charged particles (or n electrons) per 

!I 

-------------------------- B By I 

Fm. 1-9. 
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unit length of path, then in 1 sec nv electrons pass the reference point. 
Since the charge on the electron is Q. coulombs and current is the rate of 
flow of charge, the current can be expressed as 

i = Q.nv 

and therefore Eq. (1-37) may take a form 

1; = BQ.nv sin 0 

and the force per electron is 

r. = BQ.v sin 0 

(1-38) 

(1-39) 

(1-40) 

If an electron with constant velocity is projected into a magnetic field, 
with the direction of motion at right angles to the flux lines, the value of 
(J is 90° and Eq. (1-40) becomes 

l. BQev (1-41) 

This force is always at right angles to the direction of motion and hence 
will not change the speed of the electron. The path which results will be 
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curved. The acceleration caused by the force is, from kinematics, equal 
to v2/r, where r is the radius of curvature of the path. From Newton's 
second law, f = ma, 

BQ.v = 
m.v2 

(1-42) 
r 

or 
m.v (1-43) r=-
BQ. 

From this it can be seen that the path of an electron moving in a uniform 
magnetic field which is at right angles to the direction of motion must be 
circular since the radius is constant. 

+ + + + + + + 
+ + + + 

+ + 
+ + + 

+ + + 
+ + + 

+ + + + 
+ + + + 

+ + + + + + 

Fm. 1-10. Tube for measuring the charge-to-mass ratio for electrons. 

The above discussion suggests one method of measuring the charge-to­
mass ratio of an electron by means of a moving electron in a magnetic 
field. A beam of electrons is projected at a known velocity into a uniform 
magnetic field in a special semitoroidal tube as shown in Fig. 1-10. The 
velocity of the electrons can be calculated from the relationship 

v = '-2 Q. Eb '\J m. 
(1-44) 

which is the velocity of the electrons as they leave the electron gun. In 
the drawing their direction of motion would normally be toward the top 
of the page, but because of the action of the magnetic field, which is shown 
as flux lines into the plane of the paper, the path will be curved. By 
proper adjustment of the voltage Eb and of the strength of the magnetic 
field, which is produced by means of large electromagnets, the electrons 
can be made to follow a circular path such that they strike the electrode 
A, Thie will be indicated by a current in the galvD;nometer G. The dis-
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tance between the center of the gun and the pickup electrode determines 
the radius of curvature. The flux density B can be determined by means 
of a fluxmeter or by calculations. From Eqs. (1-43) and (i-44) 

Q. 
m, (1-45) 

1-14. Magnetic Focusing of an Electron Berun. If an electron with 
an initial velocity Vo is projected into a magnetic field so that the direction 
of its motion is not at right angles to 
the flux lines, then the force on the 
electron is given by 

Je = BQ,vo sin 0 (1-46) 

where 0 is the angle between the direc­
tions of motion and of the magnetic­
flux lines. The velocity vector can 
then be resolved into two components, 
one of which is parallel to the flux 
and the other at right angles to the 

'!I 

VX 

Fm. 1-11. 

B 

flux as shown in Fig. 1-11. The magnitude 
parallel to the flux is given by 

of the velocity vector 

V,, = Vo COS 0 (1-47) 

and results in zero force on the electron. The magnitude of the velocity 
vector at right angles to the flux is given by 

Vy Vo sin 0 (1-48) 

and results in a force on the electron such that the electron travels in a 
circular path having a radius 

m,vo sin 0 
r = 

BQ. 
(1-49) 

But at the same time that the electron is moving in a circular path per­
pendicular to the flux, it is also moving parallel to the flux at a constant 
velocity given by Eq. (l-47). The result of these two motions is a helical 
path with constant pitch. The peripheral velocity for the circular motion 
is given by Eq. (1-48); therefore the angular velocity is 

Vo sin 0 
w r 

Substituting r from Eq. (1-49) into Eq. (1-50) yields 

Q,B 
w=­

m. 

(1-50) 

(1-51) 
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The time T for one complete revolution of the circular motion is available 
from 

Tv 0 sin O 21rr (1-52) 

or 

T (1-53) 

hence upon substituting r from Eq. (1-49) into Eq. (1-53) we obtain 

T = 2 1rm, 
BQ. 

(1-54) 

If Lis the pitch of the helix, 
21r m. 

L Tv, = Tvo cos O = Vo cos 0 (1-55) 

A magnetic field is sometimes used to focus an electron beam in a 
cathode-ray tube. Such a field is known as a magnetostatic electron 

(a,) 

Long lens 

Focusing coil 

(c} 
Short lens 

® 
(b) 

FIG. 1-12. Focusing action of magnetic fields. 

lens and takes the form of either a long lens or a short lens. The magnetic 
field in the long lens extends over the whole length of the electron path. 
Figure 1-12a shows how a divergent beam of electrons, produced by an 
electron gun, is focused by a long lens. The electrons in the divergent 
beam follow helical paths because of the magnetic field along the axis of 
the tube. The projections of the paths of the electrons, on a plane per­
pendicular to the direction of motion, are circles which pass through the 
axis of the tube shown in Fig. 1-12b. The time of revolution for each 
electron is independent of the angle of divergence of the beam. This is 
shown by Eq. (1-54). If the angle of divergence is small, then eos 8 is 
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essentially equal to unity and Eq. (1-47) indicates that all electrons will 
have approximately the same translational velocity. Therefore at the 
end of one revolution they .. ill all be in the same relative positions as 
when they entered the magnetic field. By adjusting the magnitude of 
the magnetic field, which is produced by a long solenoid, the electrons can 
be made to go through one or more complete revolutions during their 
flight down the tube, thus focusing the aperture of the gun on the end of 
the tube or on another electrode, as shown in the figure. 

In the short form of the magnetostatic lens the focusing field may be 
produced by a short coil (or a permanent magnet) surrounding the tube. 
The axis of the coil is concentric with the axis of the tube as shown in 
Fig. 1-12c. The magnetic field produced by the coil, which is short com­
pared with the length of the electron path, causes the electrons to follow 
helical paths while passing through it. The strength of the magnetic 
field is adjusted so that the electrons leave the field with radial compo­
nents of velocity of such magnitude that they are focused into a small 
spot at the terminus of the paths. This is the form of lens most com­
monly used to focus television-picture tubes. 

1-15. The Cathode-ray Tube 6--Electrostatic Focusing. One of the 
simplest applications of electron ballistics to electronic tubes is found in 
the cathode-ray tube. Here low-velocity electrons are accelerated by 
means of an electric field. While they are being accelerated, they are also 
being focused into a very narrow beam. They may then pass between 
electrodes called deflecting plates, where their direction of motion is 
changed by a voltage applied between the plates. The electrons then are 
allowed to travel the length of the tube. When they strike the end of the 
tube and are stopped suddenly, they give up their kinetic energy. The 
end of the tube is coated with a substance called a phosphor. This mate­
rial has the property of being able to convert the energy of the electron 
into light energy. Where the electrons strike the end of the tube, a 
bright spot of light appears. 

Thus it can be seen that the most important parts of the cathode-ray 
tube are those which produce, accelerate, and focus the electron beam, the 
deflection system, and the phosphor or screen. The elements which pro­
duce, accelerate, and focus the electrons constitute the electron gun. 
Figure 1-13 is a sketch of the cross section of a very simple cathode-ray 
tube. The electron gun has a cathode K which when heated produces or 
emits electrons. These electrons are emitted in a direction normal to the 
surface of the cathode, but because of the force of repulsion between elec­
trons they have a tendency to spread, or fan out. The grid G is a cylinder 
with a cap over one end. In the center of the cap is a very small hole, or 
aperture. This aperture permits passage of only that portion of the beam 
which is moving approximately parallel to the axis of the tube. The 
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potential of G can be made more or less negative, and thus it controls the 
rate of flow of electrons passing through the grid. While passing bet,ween 
the grid and the first anode A 1, the electrons are accelerated and also 
focused into a convergent beam. After passing through a crossover, or 
focal, point, the beam again becomes divergent but soon after enters the 
space between the first anode A1 and the second anode A2. Here again it 
experiences a force, an acceleration, and a focusing action. But by this 
time the velocity of the electrons has become so great that they do not 
go through another crossover point until they reach the screen. Hence 
the spot of light on the screen should be very small. Figure 1-13 shows 
the focusing action of the cylindrical electrodes used in this simple gun. 

Fl11orescf;nf 

Conducting 

Fm. 1-13. Construction of a cathode-ray tube having electrostatic focusing and 
deflection. 

The reason why an electric field can be used to focus an electron beam 
will be better understood if Fig. 1-14 is studied. This sketch shows three 
equipotential lines between the first and the second anodes. They are 
symmetrical about the x axis. If an electron traveling along the x axis 
arrives at point P with a velocity v1, it has a force 

f1 = -Q. grad E (1-56) 

exerted on it by the electric field. grad E in this case has a direction 
along the x axis, and its magnitude may be variable between P and Q. 
The result is that the electron is accelerated and arrives at point Q with a 
velocity which is greater in magnitude but still directed along the x axis. 

However, if an electron arrives at the equipotential E 1 and is not travel­
ing in a direction which is normal to the equipotential, then the direction 
of motion of the electron will be changed. If the electron reaches point 
R with a velocity v2, it has a force exerted on it by the field equal to 

f2 = -Qe grad E (1-57) 



ELECTRON BALLISTICS 21 

Since grad E always has a direction normal to the equipotential, at R it 
has a direction shown in the figure. The resultant motion of the electron 
is due to the force h in Eq. (1-57) and to the initial velocity v2 of the 
electron. The path therefore is somewhere between the direction of h 
and that of v2 and is bent in toward the axis of the tube. The amount of 

Fm. 1-14. Focusing action of the electric field in an electron lens. 

FIG. 1-15. Potential field of a two-cylinder electrostatic lens. 

bending depends upon the magnitude and direction of both the field inten­
sity at each point on the path and the velocity of the electron. 

Making the proper choice of electrodes for an electron gun depends 
largely upon experience gained in laboratory experimentation. The field 
for any symmetrical electrode configuration can be determined by plot­
ting the equipotential lines using an electrolytic tank in a manner similar 
to that explained in Art. 1-8. Figure 1-15 shows such a plot. Here it 
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may be noted that the equipotentials are shaped to cause a convergent 
beam until the electrons reach the plane between the two cylinders. 
There they enter a portion of the field that tends to cause the beam to 
diverge. However, because of the larger radii of curvature of the equi­
potential surfaces together with the higher velocities of the electrons in 
their convergent paths, the divergent effect of the new portion of the field 
is relatively weak. With proper adjustment of electrode potentials the 
paths of the electrons can be made somewhat divergent, approximately 
parallel, or convergent, as desired. 

FIG. 1-16. 

1-16. The Deflection of the Electron Beam in a Cathode-ray Tube. 
As an electron beam passes through the field of the electron gun, it is 
accelerated and leaves the gun with a velocity 

(1-58) 

where Ea is the potential of the second anode relative to the cathode. 
The electrons then travel along the x axis with this constant velocity until 
they strike the end of the tube at point Pin Fig. 1-16, unless they enter 
another field which causes further acceleration. 

If the latter field is due to two flat plates parallel to the axis of the tube 
· and with a voltage Ed between them, then the acceleration is at right 

angles to the x axis and the beam of electrons travels in a curved path 
as shown in Fig. 1-16. The acceleration of the beam is given by its 
components 

d2y 
au = dtii. 

az = 0 

(1-59) 

(1-60) 
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Equation (1-60) holds since there is no field parallel to the x axis in this 
region. Integrating Eq. (1-59) gives 

ddyt v = - Q. Ed t + Vo 
y m. d (1-61) 

but Vo = 0 since the electrons have no component of velocity parallel to 
the y axis when they enter the space between the plates. Omitting v0 

and integrating (1-61) yields 

y Q. Ea. t2 + 
2m, d Yo (1-62) 

But Yo = 0 when the electron enters the field since it is traveling along the 
x axis. 

Integrating Eq. (1-58), the equation for the motion in the x direction 
can be written as 

✓ 2 Q,Ea X =- --t + Xo m, (1-63) 

If the origin is set so that x = 0 when the electron just enters the field 
between the plates, then x0 = 0 when t = 0. It follows that 

Combining Eqs. (1-62) and (1-63) to eliminate t yields 

1 Ed 2 y =--x 
4dE,. 

(1-64) 

(1-65) 

and since d, Ed, and Ea all are constant, (1-65) is the equation of a parab­
ola, which holds only as long as the electrons are between the two plates 
and are being accelerated by the field between them. As the electrons 
leave the field between the plates, they continue in straight lines. The 
angle their direction makes with respect to the horizontal is given by 

tan fJ = Vua., 
v,, 

(l-66) 

where Vyd is the y velocity of the electrons at the instant they leave 
the field. In order to calculate this velocity, the time required for the 
electrons to travel the length of the plates must be known, and this can 
be calculated from Eq. (1-64) by letting x Ld, 

t - Ld 
d - y-2Q.Ea/m. 

(1-67) 
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Substituting ta into Eq. (1-61) results in 

Q.Ea L,1 
Vyd = - m. d v-2Q.Ealme 

Substituting from Eq. (l-58) and (l-68) into Eq. (1-66) gives 

1 EdLd 
tan 8 = 2 Ea d 

(1-68) 

(1-69) 

If the path of the electrons after leaving the plates is extended back as a 
straight line until it intersects the x axis, it does so at the point Q where 
x = Ld/2. This can be proved as follows. 

From Eq. (1-62) 
1 Q. Ed 2 

Yd= - -- - td 
2m. d 

Substituting ta from Eq. (1-67) into Eq. (l-71) yields 

Ed Li 
Yd= 

(1-70) 

(1-71) 

(1-72) 

Substituting from Eq. (l-72) into Eq. (1-70) and equating the result to 
tan 8 given by Eq. (1-69), 

Ea La,2 
tan 8 = 

gives, when solved for xQ, 

1 l EaLa 
La - XQ = 2 d 

Ld 
XQ = 2 

(1-73) 

(l-74) 

Thus the projection of the straight-line portion of the path of the electrons 
always intersects the x axis at the center of the region between the plates. 
Since this is true, it is no longer necessary to use the expression for the 
parabolic path, Eq. (1-65), in order to calculate the deflection of the 
electrons. Instead, the path is taken to be along the axis of the tube 
until the electrons reach the point Q, where they make a sharp turn at an 
angle (J with the tube axis. They then travel along a straight line until 
they strike the screen. 

The deflection sensitivity of a cathode-ray tube is the ratio of the deflec­
tion D of the beam at the screen to the voltage causing that deflection. 
From similar triangles we may write 

D Vyd 
tan0=-=­

L8 v. 
(1-75) 
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and from this and Eq. (1-69), 
D _ EaLa 
£ 8 - 2Ead 

Solving for the deflection sensitivity, 

D L,La, 
Ea,= 2Ead 
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(1-76) 

(1-77) 

Thus we see that the deflection sensitivity is a function of the tube geom­
etry and of the accelerating voltage. In order to have a high sensitivity 
the plates should be as long and as close together as possible. Since the 
beam should not strike the plates, the length and the spacing between 
them are limited by the maximum angle 0 required for the beam to reach 
the of the screen. Also for high sensitivity the length of the tube 
from the center of the deflecting plates to the screen should be as long as 
practicable. 

It should be noted that all the discussion up to this point has been for a 
constant voltage on the deflecting plates. However, if the voltage is 
approximately constant for the time that it takes an electron to travel the 
length of the plates, then these same relationships hold for each electron. 
Therefore, a varying voltage may be applied to the deflecting plates, and 
if the variation in voltage is small during the time the electron is between 
the plates, then that instantaneous value of voltage determines the 
amount of deflection at the screen. Equation (1-77) then gives 

D 
L.La 

= 2Ead ea, (1-78) 

If ea Edm. sin wt and if the time of 1 cycle of the sinusoidal voltage is 
large compared with the time it takes an electron to pass between the 
plates, then the deflection at the screen is proportional to the instantane­
ous values of the deflecting voltage and hence is sinusoidal. 

The important fact that the electric field extends, or fringes, beyond the 
edges of the deflecting plates has been neglected in the derivation. Actu­
ally the deflection sensitivity is greater than the above equations predict. 
Empirical relationships have been developed to account for this effect of 
fringing. For the case of the parallel plates it is found that the length of 
the plates should be considered as the actual length plus an amount equal 
to the distance between the plates, or 

L~ = Ld d (1-79) 

Equation (1-78) then becomes 

D L.L~ 
= 2E,.ded (1-80) 
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Actually a cathode-ray tube with electrostatic deflection has two sets 
of deflecting plates, one in front of the other and with their planes at right 
angles as shown in Fig. 1-13. Thus one set of plates deflects the beam in 
one direction, while the other set deflects it in a perpendicular direction. 
If the tube is oriented so that one set of plates deflects along the horizon­

+ 

tal, or x, axis, then the other set 
deflects along the y, or vertical, 
axis. Now if the first set, or hori­

~ w l zontal plates, can be made to move 
~1-------,1----1----i-----.- the spot across the screen at a con-

1 stant rate and the second set to 
move it vertically at a sinusoidal 
rate, the spot should trace a sine 
wave on the face or screen of the 
tube. This can be effected by 

+ 
~ wt causing the horizontal-plate poten-
~t---""--?"-------1--~'------1- tial to vary linearly with time by 

means of a saw-tooth wave such as 
shown in Fig. 1-17. At the same 

Frn.1-17. Sinusoidal and saw-tooth wave- time the voltage applied to the ver­
tical deflecting plates is sinusoidal. forms. 
If the time for 1 cycle of the saw­

tooth is the same as the time for 1 cycle of the sinusoidal wave, then 1 
cycle of the sine wave will appear on the screen of the tube. If the time 
of 1 cycle of the saw-tooth is equal to the time of 2 cycles of the sine wave, 
2 cycles will appear on the screen. 

The saw-tooth waveshape necessary for the linear-time axis can be 
generated by means of an electronic circuit known as a sweep, or saw­
tooth, generator. The voltage output of this circuit is usually so small 
that the saw-tooth wave must be amplified before it is applied to the 
deflecting plates. Likewise the voltage which is applied to the vertical 
plates may also be amplified if it is not large enough to deflect sufficiently 
the beam in the cathode-ray tube. 

Thus it can be seen that the cathode-ray tube \\'1th its necessary 
circuits, such as rectifiers, sweep generators, and amplifiers, can be used 
for studying or examining the operation of a-c circuits. Such a device 
is known as a cathode-ray oscilloscope. 
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PROBLEMS AND QUESTIONS 

1. A uniform tungsten wire is sealed in vacuo and a direct voltage applied as shown 
in Fig. 1-18. (a) Sufficient current is passed through the wire to warm it but not to 
cause electrons to be emitted. Is one end of the wire warmer than the other, and if so, 
why? (b) The battery voltage is raised until the tungsten wire emits electrons. 
Should the switch be in position 1 or 2 to cause a deflection of the milliammeter? 
(c) Should the positive terminal of the milliammeter be down or up in the diagram? 

ra~ 
"' .s-t ->.>,... ..... ;.,c,... L -~~ 

b C 
f,,E----4 mefers 

Fm. 1-18. FIG. 1-19. 

2. Three particles, each with a negative charge of 1 microcoulomb, are located at 
points a, b, and c (Fig. 1-19). (a) Determine the magnitude of the resultant force on 
the particle at (c). (b) Determine the direction of this force, using a horizontal 
reference. 

3. A free electron is in a uniform electric field whose strength is 10,000 newtons 
per coulomb. If the electron is initially at rest, what is its velocity at the end of 
0.002 µsec? 

4. In Fig. 1-20 an electron traveling from left to right reaches hole A (very small) 
with a velocity v0 = 7 X 106 m per sec. Determine its velocity v when it passes 
through hole B (also very small) by two methods: (a) Begin with the relation/= ma, 
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and write all steps to a final formula for II in terms of vo; Eb, and the charge-to-mass 
ratio. (b) Use the first and third members of the equality (KE)» (KE)A = 
-(U B - U A) = -Q(E» EA), where KE is kinetic energy and U is potential 
energy, to obtain an expression for II at position B. 

~2cm 

A B 

E0 :/OOOv 
'----l-1i1,..,.+ ___ -

Frn. 1-20. 

5. Two parallel plane plates, A and B, are I cm apart. An electron is at rest very 
close to pfate A. At ·time t = 0, the voltage on plate B is made 1 volt positive rela­
tive to plate A by means of a square-wave generator. The 100-Mc-voltagc wave­
form thereafter is shown in Fig. 1-21. (a) Determine the velocity and the distance 
traveled at the end of % cycle. (b) Repeat for 1 cycle. (c) Does the electron ever 
reach plate B? 

e e 

lv1------, 10 V ------- -----------------

01-------1----1-----+--
Ix 10-e sec t 

Ix 10-8 sec t 
-Iv 

FIG. 1-21. FIG. 1-22. 

6. The square-wave generator in Prob. 5 is replaced by a pulse generator which 
supplies to plate B the waveform of voltage shown in Fig. 1-22. (a) How far has 
the electron traveled at the end of 1 X 10-a sec? (b) What is its velocity? (c) How 
long will it take the electron to reach plate B? 

7. The generator in Prob. 5 is replaced by a sine-wave generator for which eb = Ebm 

sin wt. Derive expressions for the velocity of and the distance traveled by the 
electron. 

8. An electron initially at rest is first accelerated by an electric field caused by a 
potential difference of 1000 volts between two parallel plates 0.1 m apart. The 
second plate has a small hole through which the electron passes into a space free of 
electric field. This space does have, however, a uniform magnetic field of 0.5 weber 
per m 2 perpendicular to the direction of motion of the electron at the instant of enter­
ing this space. (a) Determine the speed of the electron while in the magnetic field. 
(b) Determine the radius of the circular path traveled by the electron. (c) Calculate 
the time required for the electron to complete a semicircle. 

9. Why does a beam of electrons have a tendency t-0 spread? 
10. At a given time two electrons are very close together and have the same speed. 

One has a velocity parallel to a uniform magnetic field1 while the other makes a small 
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angle with the field. Both electrons will eventually hit a screen in the tube. (a) Can 
a screen distance be computed so the electrons will hit the same spot? (b) Will the 
electrons hit at the same time? Explain. 

11. Refer to Fig. 1-16. If the distance from the center of the deflecting plates t-0 
the screen is 30 cm, the length of the deflecting plates is 2.5 cm, the distance between 
them is 0. 7 cm, and the second-anode voltage is 2000 volts, calculate (a) the velocity 
of the electron along the axis of the tube, (b) the time required for the electron to pass 
between the deflecting plates, (c) the deflection sensitivity of the tube, (d) the magni­
tude of the deflection at the screen (the deflection voltage being constant and equal t-0 
100 volts), and (e) the corrected deflection for this tube if fringing of the field about 
the deflecting plates is to be considered. 

12. An electron with energy of 1000 electron volts enters the field between the two 
large parallel plates shown in Fig. 1-23. The motion is initially perpendicular to the 
field, and the point of entrance is halfway between the plates. Determine the distance 
A at which the electron strikes the upper plate (neglect field fringing). 

T""" 
!cm 
!,_"---'-----~ 

FIG. 1-23. 
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FIG. 1-24. 

13. In Prob. 12 what direction and strength of magnetic field are required to pre­
vent deflection of the electron while between the plates? 

14. In order t-0 distinguish between two isotopes of helium having atomic weights 
3 and 4, respectively, ions of each are introduced through hole X (Fig. 1-24) and 
accelerated to pass through hole Y. At Y they enter a magnetic field which is parallel 
to the plates. B = 0.1 weber per m 2• Determine the distanced between the marks 
produced on a photographic film lying on the right-hand plate. 

16. The anode of an X-ray tube is at 100,000 volts relative to the cathode. (a) 
What energy in joules will an electron have which starts from rest at the cathode and 
travels to the anode? (b) If the anode current is 5 ma, what power must be dissipated 
by the anode? Neglect the energy possessed by the X rays. 



CHAPTER 2 

EMISSION 

2-1. Introduction. In the previous chapter the effects of electric and 
magnetic fields on the motions of electrons were discussed in some detail. 
These constitute a very important phase of electronics, but free electrons 
in space must be produced by one or more of the following processes: 

1. Thermionic emission 
2. High-field emission 
3. Secondary emission 
4. Photoelectric emission 
5. Ionization of gases 
6. Radioactivity 

The first five of these will be studied in turn, but this chapter deals only 
v;,ith the first three in detail and photoelectric emission very briefly. 
Ionization of gases will be discussed in Chap. 13, Conduction through 
Gases. Radioactivity does not assume great importance in our study. 

2-2. Structure of the Atom.1 If a periodic chart of the atoms is 
examined, it will be noted that there are over 90 different elements 
appearing in nature. Each element has a different atomic weight and its 
own chemical properties. If the atoms of the various elements could be 
magnified until they become visible, it would be seen that all atoms of any 
element are almost identical. Each would resemble a miniature solar 
system consisting of a large central body called a nucleus and one or more 
electrons revolving in elliptical paths, or orbits, about it. Furthermore, 
it would be noted that the electrons travel in certain distinct orbits at 
definite but different energy levels. The more energy an electron has, 
the larger the radius of its orbit. Also an electron never goes from one 
energy level to another without either absorbing or giving up energy. 
In the lowest level, which is closest to the nucleus, there is room for 2 
electrons; in the next higher level there is room for 8 electrons, for 18 in 
the next, etc. Each level is able to accommodate a certain maximum 
number and no more. In a normal atom each level is filled to capacity 
before any electrons appear in the next higher level. Thus in the normal 
atom all electrons are revolving in orbits as close to the nucleus as they 
can get, with the low-energy, or tightly bound, electrons close to the 

30 
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nucleus and the high-energy, or loosely bound, electrons farther from the 
nucleus. These loosely bound, or high-energy, electrons are the ones in 
which we are interested since they are the ones which will become the free 
electrons necessary for the flow of current in a conductor or for the 
emission of electrons in a vacuum tube. 

2-3. The Nucleus. A few facts concerning the nucleus might well be 
reviewed at this time. The nucleus, as stated in Chap. 1, is a very heavy 
body when compared with an electron. The mass of the hydrogen 
nucleus is 1849 times that of an electron. The nucleus includes one 
or more protons and in some cases one or more neutrons and positrons. 
The net charge on the nucleus is positive and equal in magnitude to the 
total charge on the electrons associated with it. This results in forces 
of attraction between the nucleus and the electrons. These are part of 
the forces which hold the electrons in their orbits about the nucleus. 

2-4. Free Electrons in a Metal. When the structure of any metal is 
studied, it is found to be an aggregate of crystals of various sizes. A 
crystal in turn is found to consist of an orderly or geometrical arrangement 
of atoms in three-dimensional space, these atoms being held in position 
by interatomic forces. Each atom is composed of a positive nucleus 
surrounded by orbital electrons, as explained in the previous article. 
Thus when the atoms are brought into some sort of regular pattern, as 
they are in a crystal, the outermost electrons in any atom will be acted 
upon not only by their parent nucleus but by neighboring nuclei as well. 
In fact some of the orbits may actually overlap, and the forces on the 
electron due to the two positive nuclei cancel each other. The electron 
is then no longer bound to a nucleus and hence is free to be acted upon 
by any other force or field which may be present. If now a voltage sets 
up an electric field in the metal, the electrons will move or drift toward 
the point of more positive potential. It is this motion or drift of electrons 
which constitutes current flow in a metal. 

\Vhen an electron becomes free, it has a certain amount of energy asso­
ciated with it. In fact, if the energies of all free electrons in a certain 
metal at zero degrees Kelvin (0°K = -273°C) could be measured, it 
would be found that they possess kinetic energies ranging from very 
small values up to a definite maximum value which would depend upon 
the properties of the metal. There would be no electrons possessing 
energies greater than this amount no matter how many samples of the 
metal were examined. If the metal were heated, it would be found that 
the energies of the free electrons would be increased. At ordinary room 
temperatures these free electrons could move about in the metal but 
very few would be able to escape from the body of the metal. 

2-5. Electron Escape from a Metal. The reasons why an electron has 
difficulty in escaping from the surface of a metal can probably best be 
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shown by investigating the forces between a positive nucleus and an 
electron as the electron is moved farther and farther away from the 
nucleus. 

Consider a single electron in the field of an isolated nucleus. The 
nucleus has a positive charge and the electron a negative one; hence there 
is a force of attraction between them in accordance with Coulomb's law,* 

f = (ZQ.)Q. 
41rEor2 (2-1) 

where f = force of attraction 
Z = atomic number of the atom, which equals the number of 

electrons surrounding the nucleus 
Q. charge on the electron 

-Q.Z = positive charge on the nucleus 
r = distance between the electron and the nucleus 

Eo = permittivity of free space, 1/(367r X 109
) in the mks system 

Figure 2-1 shows the force on the electron as a function of the distance 
r from the nucleus. From this figure and from Eq. (2-1) it can be seen 

i 
Q) 

0 
'-
0 

IJ.. 

that the force attracting the electron 
to the nucleus does not equal zero until 
the distance r is equal to infinity. 
Therefore, if an electron is to escape 
the attractive force of a positive nu­
cleus, it must be given enough kinetic 
energy to carry it to infinity. 

Now let us assume that, on account 
Distonce from nucleus r of the energy it already possesses, an 

Fm. 2-1. Force on an electron in the electron arrives with zero velocity at a 
vicinity of an isolated nucleus. point located a distance r from a nu-

cleus. It is desired to calculate the 
added energy required by this electron in order to free it. This can be 
done by calculating the amount of work done against the force, given by 
Eq. (2-1), while moving the electron to infinity. 

f "' f"' ZQ.2 ZQ.2 W = fdr = ---.dr = --
r 41rEor· 4irEor 

This relationship is shown in graphical form in Fig. 2-2. 
later. 

(2-2) 

It ,vill be useful 

When electrons escape from their orbits within a metal, they can do so 
because the attractive forces of adjacent nuclei cancel the forces holding 

* Coulomb's law holds only for values of r which are many times greater than 
atomic radii. Hence the discussion following Eq. (2-1) is valid only for relatively 
large dietancee between nucleue and electron. 
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them in their orbits. However, in the case of electrons trying to escape 
from the surface of the metal, there are no adjacent nuclei on the outside 
of the metal to cancel the forces of attraction between the electrons and 
the nuclei of the metal. Therefore, if an electron arrives at the surface 
of a metal with a given amount of energy, it will try to leave the surface 
but will be pulled back in unless it has enough kinetic energy to carry 
it to infinity. This is analogous to throwing a ball up into the air. It 
will always return unless you can give it enough energy to carry it out 
past the gravitational field, which would mean out to infinity unless other 
heavenly bodies interfere. At room temperature few electrons possess 
sufficient energy to escape from the binding forces at the surface of a 
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0 r1 Distance from nucleus r 
Fm. 2-2. Energy required by an electron to escape the force attracting it to an iso­
lated nucleus. 

metal. But as the metal is heated the energies of the free electrons are 
increased, until finally at a very high temperature many of the electrons 
will have enough energy to escape from the surface. We then have what 
is known as thermionic emission. 

2-6. The Work Function. An analysis of the energies involved in the 
escape of electrons from the surface of a metal is considerably more 
complicated than that discussed in the preceding article for the escape 
of one electron from an isolated nucleus. For a simplified qualitative 
explanation, however, let us assume that the graph of Fig. 2-2 is applicable 
to the problem of electron escape from the surface of a metal. 

Let us denote by W B the energy required for the escape of an electron 
which arrives with zero velocity at the surface of a metal. Also let us 
indicate by W,,. the maximum energy, at 0°K, possessed by any electron 
arriving at the surface of a metal and moving in a direction normal to it. 
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The added energy required for the escape of the latter is called the work 
function W.,, of the metal. Thus 

(2-3) 

W w is therefore the minimum energy that must be supplied to the elec­
trons in a material at 0°K in order to give them enough energy to over­
come the boundary forces trying to hold them ·within the surface of the 
material. Note that this definition specifies the minimum energy. 
This means the energy which must be supplied to the highest-energy 
electrons which exist in the material at 0°K. 

2-7. The Electron-volt as a Unit of Energy. The ordinary unit of 
energy in the mks system is the joule, but the work function is usually 
expressed in electron-volts. If an electron falls through a potential 
difference of 1 volt, it acquires an energy given by 

-Q.E 1.6 X 10-19 X 1 = 1.6 X 10-19 joule (2-4) 

The energy gained is proportional to the voltage through which an elec­
tron falls. Therefore energy can be expressed in terms of voltage. If an 
electron has fallen through a potential difference of 1 volt, we say that it 
has 1 electron-volt of energy instead of saying that it has 1.6 X 10-19 

joule of energy. 
If the minimum energy W w required for the escape of an electron is 

equivalent to that acquired by the electron in falling through <f>, volts, 
then 

lVw = -<1>.Q. joules (2-5) 

where <Pe is the work function expressed in electron-volts. 
2-8. Contact Difference in Potential. When two dissimilar metals are 

put in good electrical contact, a potential difference will be found to exist 
between them. This potential difference is known as the contact 
potential difference and is numerically equal to the difference between 
the work functions of the two metals when expressed in electron-volts. 
It is due to the fact that electrons can pass from the material of low 
work function to that of the high work function more easily than in the 
reverse direction. The high-work-function material then becomes 
negatively charged, and electrons find it increasingly difficult to pass from 
the low- to the high-work-function material. The charge builds up until 
the net transfer of charge is zero, and at this point the high-work-function 
material has a negative potential relative to the other material. As a 
rule the contact potential difference is not large enough to cause serious 
trouble in electronic tubes, but occasionally the effect must be considered 
in explaining their action, particularly when the element is sensitive to 
small changes of voltage as is the grid in a triode. 
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2-9. Thermionic Emission. When any solid is heated, an increase in 
the random motion of free electrons is one of the results. These electrons 
are moving in all directions in the material, and therefore some of them 
arrive at the surface with components of velocity normal to it. As the 
temperature is increased, they arrive "\\,ith higher and higher velocities 
until a temperature may finally be reached where they have enough 
energy to free themselves from the boundary forces. This phenomenon 
is known as thermionic emission. 

An equation relating the temperature of a solid to the emission current 
has been derived both theoretically and experimentally. It is 

(2-6) 

and is known as Richardson's equation.* J. is the emission-current 
density and is determined by the rate of escape of the electrons. A is a 
constant that is determined by the physical characteristics of the material 
and is most easily determined by experimental means. On the other 
hand, b, which is also a constant, can be determined theoretically and 
is found to be 

b 
Ww 
T 

-q:,,Q, -r (2-7) 

where k is Boltzmann's constant and is equal to 1.38 X 10-23 joule per °K. 
"\,Vhen numerical values are substituted for the constant quantities in 
Eq. (2-7), 

b = Il,605</:,, (2-8) 

where ef,, is the work function expressed in electron volts. Thus we see 
that the emission current obtainable from a given material is partially 
determined by the work function. The best emitters have low work 
functions. 

Of equal and often greater importance than a low work function is the 
ability of a material to be heated to a high temperature without damage. 
Temperature, expressed in degrees Kelvin, appears both as T 2 and in the 
exponent off in Eq. (2-6). Thus a high enough value of Twill offset the 
disadvantage of a high value of ef,.. Unfortunately all metals have 
melting points, some being so low that melting occurs before an efficient 
emission point is reached. Even though a material has a high melting 
point, it cannot be operated at a temperature anywhere near that value 
or it will begin to evaporate. The melting point of tungsten is 3643°K; 
yet a tungsten filament is operated at only about 2600°K. At tem­
peratures above this the rate of evaporation becomes so high that the 
life of the filament is very short. 

* Also known as Dushman's equation. Richardson and Dushman independently 
derived this form of the equation. 
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Another important characteristic of an emitter is that it must be 
mechanically strong at the temperature necessary for efficient operation. 
Otherwise it will break when the tube is subjected to mechanical shock 
or sustained vibrations. 

2-10. Measurement of Thermionic Emission. To determine the 
emission constants for any particular metal, a tube with special con­

A Is --
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struction is necessary. Figure 2-3 
shows such a tube in which F is a 
filament along the axis of the 
cylindrical plate, or anode A. All 
filaments are cooled at the ends 
because of the lead wires, which 
are of large diameter in order that 
they will remain cool. Since the 
emission constants must be deter­
mined for a filament of uniform 
temperature, the emission from the 
cooled ends of the filament should 
not be measured. Therefore two 
guard rings are connected as shown. Fm. 2-3. Tube for determining the 

emission characteristics of a filament. Emission from only that part of the 
filament with uniform temperature 

is measured, and any end effects due to variation in temperature or 
electric field are eliminated. The entire structure is mounted on a stem, 
sealed into a bulb, and evacuated. The temperature of the filament can 
be measured by means of an optical pyrometer sighted on it through 
the hole H. The emitted electrons are drawn to the anode by the field 
set up by the voltage Eb, which is made large enough to attract all 
those emitted. The emitted current I. is measured by the milliammeter 
and is called the saturation current. From the measured values of I. 
and the dimensions of the filament, the current density J. may be found 
for any particular value of temperature T. In order to find the values 
of A and b from these data, it is most convenient first to write Richard­
son's equation in the following form: 

J. 
r2 

Then write Eq. (2-9) in logarithmic form, 

log ~~ = -0.434b ~ + log A 

(2-9) 

(2-10) 

the logarithms being to base 10. When the data are plotted on rec­
tangular-coordinate paper using log (J,/T2

) as the ordinate and 1/T 
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as the abscissa, the result is a straight line with a slope of -0.434b and an 
intercept on the axis of the ordinates equal to log A. Such a graph is 
shown in Fig. 2-4, where the constants for three very common types of 
emitters have been determined. 
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Frn. 2-4. Determination of constants in Richardson's equation. 

Another method of depicting the emitting properties of thermionic 
cathodes is based on the Stefan-Boltzmann law of radiated power, 
which is 

(2-11) 

where P = power per unit area radiated by the body 
T temperature, °K 
e1 radiation emissivity, which depends upon the material and to 

some extent on the operating temperature 
K = Stefan-Boltzmann constant, (5.673 ± 0.004) X 10-s watt per 

m2 per 0 IP 
If Richardson's equation and the Stefan-Boltzmann law of radiated 

power are combined, we can obtain an expression for the logarithm of 
current density in terms of the power radiated. This was done by 
Davisson, who devised a cross-section paper* in which he used a curvi­
linear axis in such a way that, when J. is plotted as a function of P, the 
result is a straight line for any given emitter. Figure 2-5 shows such 
a plot for the same emitters used in Fig. 2-4. 

* Manufa()tured and sold by the Keuffel and Eeser Company. 
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Frn. 2-5. Emission-current density as a function of the heating power for three types 
of emitters. The curves are plotted on "power-emission" paper. 

This type of plot has the advantage that measurements of emission 
at a few low values of power may be made when the emission current 
from the cathode and the heating of the anode are small. The curves 
may then be extrapolated to give the emission at higher values of power 
where such prolonged operation might be injurious to the tube. 

In telling how well an automobile performs we usually express the 
efficiency, not in per cent, but in miles per gallon of gasoline, Likewise in 



EMISSION 39 

electronics we express the emission efficiency in terms of emission current 
per watt input to the filament. Thus to get emission efficiency from the 
power-emission chart, we have merely to divide the ordinate by the 
abscissa at any point. 

2-11. Thermionic Emission from Tungsten. 2 Tungsten is about the 
only pure metal used as an emitter. Its melting point is given as 3643°K, 
and the emission current can be calculated for any temperature by means 
of Richardson's equation, where A is equal to 60.2 amp per cm2 per °K2 

and b is equal to 52,400°K. The curves in Figs. 2-4 and 2-5 give the 
emission characteristics in different ways. In practice, when tungsten 
is used as a cathode, it takes the form of a wire bent in the shape of a 
hairpin or a spiral, and it is heated by passing a current through it. The 
practical life of a tungsten filament has been found to end when the cross­
sectional area has decreased by 10 per cent, because burnouts occur soon 
thereafter. The higher the temperature of the filament, the greater the 
emission efficiency and the shorter the life. A study which includes 
economic considerations indicates that the temperature of the filament 
should be such that the cross-sectional area decreases 10 per cent in 1000 
to 2000 hr. 

Operating temperatures for tungsten filaments range from 2400 to 
2600°K, with a corresponding range of emission efficiencies of 2 to 10 ma 
per watt. Compared with other commercial emitters tungsten has a very 
low emission efficiency. But it does have the advantage of being elec­
trically rugged and will withstand positive-ion bombardment when 
extremely high voltages are applied to the tube. Mechanically it is 
fragile because it is very brittle. It is used chiefly in tubes where the 
plate voltages are to be above about 2500 volts, finding its greatest use in 
high-voltage rectifiers, power tubes, and X-ray tubes. 

2-12. Thoriated-tungsten Filaments. 3 If during the manufacturing 
process about 1 per cent thorium oxide is added to the tungsten ,,ire, then 
by proper heat-treatment we can form a thoriated-tungsten filament. 
This type of filament seems to be simply a tungsten wire on the surface of 
which has been formed a monatomic layer of pure thorium. However, 
the melting point of thorium is 2118°K, while that of tungsten is 3643°K. 
Since the layer of thorium must be maintained1 this type of filament can 
be operated at only 1900°K compared with 2500°K for pure tungsten. 
Even so, because of its lower work function, the emission efficiency is very 
much higher than that for tungsten. 

To form an activated thoriated-tungsten filament, the "ire containing 
thorium oxide is formed or bent into the desired shape and mounted in 
the tube. Then during the evacuation process the filament is first heated 
to 2800°K for about 1 min. This reduces part of the thorium oxide to 
metallic thorium and oxygen, the latter being removed by means of the 
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pumps exhausting the tube. The thorium thus formed is distributed 
through the entire cross section of the tungsten. ~ ext the filament is 
operated at about 2100°K for approximately 15 min. At this tempera­
ture the thorium will diffuse from the interior of the filament toward the 
surface, where some of it will be evaporated and deposited on other 
elements or the walls of the tube. This evaporation is not desirable but 
is necessary in order to drive the thorium out to the surface. The evap­
oration occurs at a lower rate than the diffusion of the thorium to the sur­
face, and as a result the filament gradually attains a thin and perhaps 
monatomic layer of thorium. The filament temperature is then reduced 
to about 1900°K, which is the operating temperature. It has been found 
that a layer of tungsten carbide on the surface of the filament lowers the 
rate of evaporation of thorium and makes possible operation at higher 
temperature with resultant increase in emission efficiency. Because of 
many variables the emission efficiency may range all the way from 50 to 
100 ma per watt. 

This type of emitter, like tungsten, is brittle. But unlike tungsten it 
cannot withstand much positive-ion bombardment. No matter how well 
a tube is exhausted, there is always some gas remaining. Hence there 
are some positive ions (molecules which have lost one or more electrons) 
present. These being positive in polarity, are attracted to the fil­
ament. If the potential difference between plate or anode and filament 
is high enough, the positive ions will arrive at the filament with enough 
velocity to bombard and physically knock the thorium off the surface of 
the wire. Thoriated-tungsten filaments are used only in tubes where the 
plate voltage never exceeds 3000 to 4000 volts. Since they have emission 
efficiencies of 50 to 100 ma per watt, which is about 10 times that of pure 
tungsten, they are preferred in low-voltage transmitting tubes. 

The life of the thoriated-tungsten filament depends on the amount of 
free thorium present in the filament. At the operating temperature there 
is a gradual evaporation of thorium from the surface and also a gradual 
diffusion of thorium from the interior to the surface. When all the free 
thorium has been driven out of the tungsten and evaporated off the sur­
face, it will then act as a pure-tungsten-filament with its characteristic low 
emission efficiency, which at the operating temperature of a thoriated 
filament is extremely low. 

2-13. Oxide-coated Emitters.4 The Wehnelt, or oxide-coated, cathode 
was discovered in 1904 when W ehnelt found that if a platinum ribbon was 
coated with the oxides of certain rare earths a very efficient emitter was 
the result. However, no commercial use was made of this emitter until 
battery tubes came into common use in the early twenties. 

The present-day oxide-coated cathode consists of a layer of rare-earth 
oxides coated on a core metal which may be nickel, konel, or a platinum 
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alloy. The oxides are usually rather unstable in air; so the coatings are 
sprayed on in the form of finely ground barium and strontium carbonates 
in a thin collodion lacquer. After drying, the cathodes are mounted in 
the tube, which is then put on the vacuum system and evacuated. Dur­
ing the pumping process the cathode is usually heated to about 1500°K 
for a short time. At this high temperature the carbonates break down 
into the oxides plus carbon dioxide, which is removed by the pumps. 
Because of the very low work function these cathodes can be operated at 
about 1000°K, at which temperature they have very high emission effi­
ciencies and long lives. The emission efficiency is on the order of 100 to 
1000 ma per watt of heating power. 

The greatest advantage of the oxide-coated cathode over other emitters 
is that it can be either a filament type or an indirectly heated cathode. 
In the filamentary type of cathode a ribbon or wire of the core metal is 
coated with the emitting material. Then a current is passed through it, 
which heats the oxide coating up to emitting temperature. 

In the indirectly heated cathode the emitting material is usually 
sprayed onto a cylinder made of the core metal, usually nickel. Into this 
cylinder is inserted a heater, which may be made of tungsten wire coated 
with a porcelainlike cement insulating the heater from the cathode sleeve. 
We thus have an indirectly heated cathode in which the emitting surface 
is equipotential and which also isolates the emitter from the cyclic poten­
tial variations if alternating heating current is used. Figure 2-6 shows 
photographs of several types of directly and indirectly heated cathodes 
used in high-vacuum receiving tubes. 

Principal disadvantages of the oxide-coated cathodes include the fact 
that the tubes cannot be evacuated to such a high degree as can tubes 
using other types of emitters. This is probably due to the incomplete 
breakdown of the carbonates into oxides. Therefore during use there is 
a further gradual breakdown of these materials. Also the oxide-coated 
cathodes are susceptible to positive-ion bombardment and hence are not 
ordinarily used in tubes in which the plate voltage exceeds 500 to 1000 
volts. These two facts limit the uses of the oxide-coated cathodes chiefly 
to radio receiving tubes and, as we shall find later, gas-filled tubes. 
However, this is not a hard and fast rule. Cathode-ray tubes have oxide­
coated indirectly heated cathodes, and here the anode voltage is of the 
order of 1500 to 2000 volts and in some cases may be as high as 27,000 
volts. Oxide-coated cathodes may also be used in larger sizes of audio­
frequency (a-f) power-amplifier tubes, but here the plate voltage does not 
usually exceed 1000 volts. 

2-14. Schottky Effect. According to the discussion thus far, the total 
emission current from any emitter is given by Richardson's equation 

(2-6) 
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FIG, 2-6. Indirectly and directly heated cathodes used in high-vacuum receiving 
tubes. 
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which indicates that the emission current from any filament is independ­
ent of the anode voltage. In other words, no matter what voltage is 
applied to the anode, the total emission current should be constant at any 
given temperature. However, if tests are made on actual filaments, for 
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FIG. 2-7. A typical volt-ampere characteristic for a diode, showing the Schottky effect. 

instance pure tungsten, a curve such as shown in Fig. 2-7 will be the 
result. The current for voltages between O and A is limited by space 
charge, which will be discussed in the next chapter. In the region beyond 
A the current should be a constant, given by Richardson's equation. 
Instead, we have a current which 
gradually increases with plate volt­
age. This phenomenon is known 
as the Schottky effect and is caused 
by additional energy which is sup­
plied to the electrons from some 
source other than that used to heat 
the emitter. The potential differ­
ence between plate and cathode 
sets up an electric field which exerts 
a force on the cathode surface. 
This force is in such a direction as 
to help free electrons that other­
wise would never escape from the 
boundary forces. Figure 2-8 shows 
the various forces acting on an elec­
tron as a function of the distance 
from the surface. The net force at 
point Bis zero. To the left of point 
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FIG. 2-8. Forces on an electron near an 
emitting surface which is in an electric 
field. 

Bit is in such a direction as to oppose the escape of an electron, and to the 
right it aids in the removal. Thus in order to be free an electron needs to 
have only enough energy to carry it beyond point B instead of to infinity. 
Since this force depends upon the magnitude of the plate voltage Eb, the 
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position of point B also depends upon Eb. As the value of Eh increases, 
point B approaches the surface; hence lower-energy electrons can escape, 
and J, increases. 

2-15. High-field Emission. If the potential difference between two 
electrodes in a high-vacuum tube is made increasingly larger, a point will 
finally be reached where electrons are emitted from the negative electrode 
even though it may be at 0°K. The field intensity required is of the 
order of magnitude of 1010 volts per m. This effect is known as high-field 
emission, and it differs from thermionic emission only in the way in which 
electrons are given the energy to escape the boundary forces. In therm­
ionic emission they are given this energy by heating, while in high-field 
emission they are given the energy by the attractive force due to the 
external field. 

High-field emission is found to be independent of t,he temperature of 
the emitter and follows the law 

(2-12) 

where J, = current density 
a = a constant 
e = field intensity at the surface of the negative electrode 
B = a constant determined mainly by the work function of the 

material 
Note that the current is independent of the temperature and depends only 
on the constants of the material and on the field intensity. 

The field between a point and a plate or between a cylinder and a fine 
concentric wire may reach extremely high values with the application of 
a high voltage, particularly if the spacing is small. Thus in the design of 
high-voltage tubes, the shapes of the electrodes as well as the spacing 
must be considered in order to keep the potential gradient below a value 
at which field emission may result. 

This type of emission is sometimes employed in certain kinds of cold­
cathode devices and possibly may be the source of electrons in mercury 
arcs. Currents due to high-field emission may reach values of the order 
of thousands of amperes per square centimeter. These high currents 
undoubtedly would damage a tube unless it were designed to pass them. 

2-16. Secondary Emission. It has been shown earlier in this chapter 
that when an electron acquires a certain amount of energy with velocity 
normal to and outward from the surface of the material, it will be emitted. 
Energy can be given to the electron by heating the material-this is 
thermionic emission. Energy given to the electron by an external field 
exerting a force on it may lead to high-field emission. Or energy may be 
given to the electron by the impact of another body, and this may cause 
secondary emission. 



EMISSION 45 

In traversing the interelectrode space in a vacuum tube, electrons may 
acquire a considerable amount of kinetic energy. Eventually they must 
strike an electrode or the walls of the tube and give up their energies. 
This may cause heating of the bombarded material; or if the impacts are 
with other electrons within the surface of the material, secondary emission 
may occur. Now, if there is an electrode within the tube which is at a 
higher potential than the bombarded material, the secondary electrons 
will be attracted to it and a current will flow. 

Figure 2-9 shows a tube where the secondary-emission current can be 
measured. The electron gun, which is the source of the bombarding, or 
primary, electrons, gives them a velocity in such a direction that they 
strike the anode A2. Upon impact, a primary electron may give up its 
energy to one or more electrons within the surface of A 2, causing them to 
be emitted. They are then attracted to acollectoranodeA 3, which is30to 

Secondary 
Primary electrons 

H _ electrons ______ IcI2 

A, +-y;- .;;Y,4-----+--~ Ma +-

Fro. 2-9. Tube for measuring secondary-emission effects. 

50 volts positive with respect to A 2. The meters shown in the circuit indi­
cate the magnitudes and directions of the various currents which flow. 
The primary current can be obtained from a reading of the milliammeter in 
the cathode circuit. The secondary current can be read from the meter in 
the collector-anode (As) circuit. The current flowing in the second-anode 
circuit is the difference between the primary and the secondary currents. 
Since it is customary to signify as positive a current which flows from the 
external circuit to the electrode and thence across the vacuum, the pri­
mary current in the second-anode circuit is positive and the secondary 
current is negative. Thus the second-anode current may be positive, 
negative, or zero depending upon the relative number of primary and 
secondary electrons. If the number of primaries exceeds the number of 
secondaries, the current is positive, while if the secondaries exceed the 
primaries, it is negative. Note that the secondary-emission current is 
positive in the collector-anode (As) circuit. 

If several such tubes are constructed which are identical in all respects 
except that each uses a different material for the surface of A2, it is found 
that the ratio of secondary to primary current increases with decreasing 
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work function of the material. It is also found that the ratio is dependent 
upon the potential of A 2• In fact this ratio may reach a value as high as 
10 upon using very low work-function materials and the proper voltages. 

Figure 2-10 shows how the secondary-emission ratio varies with the 
value of the voltage applied to A2, which is also known as the accelerating 
voltage. From these curves we see that, when the accelerating voltage 
is low, the current to the second anode is positive since the ratio Id I 1 is 
less than unity. As the voltage is increased the secondary-to-primary 
ratio increases and may reach a value greater than unity. This means 
that there are more secondaries than primaries, and hence the current to 

4 8 12 16 20 X 100 
Accelerating voltage 

Fm. 2-10. Secondary-emission characteristics for three common materials used in 
vacuum tubes. [From J. H. 0. Harries, Secondary Electron Radiation, Electronics, 
17, 100-108, 180 (September, 1944), by permission.] 

the second anode reverses and becomes negative. At low accelerating 
voltages the bombarding electrons have very little energy and hence can 
knock out only a few of the higher-energy electrons in the surface. As 
the accelerating voltage is increased, the bombarding electrons arrive at 
the surface .. ith more energy and hence remove more electrons. Finally 
a point is reached where the bombarding electrons arrive with such high 
velocity that they simply bury themselves deep in the material of the 
anode. Hence the secondary-emission ratio begins to fall off. 

Secondary emission can occur, not only from conducting materials, but 
from insulators as well. It can take place if a stream of electrons strikes 
the wall of a glass tube with high enough velocity, It may even cause 
physical damage to the tube due to the heating of the bombarded surface. 
If the electrons arrive at the glass .. ith sufficient energy to cause a 
secondary-to-primary ratio greater than unity, the wall is left with a net 
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positive charge. The secondary electrons are attracted to the anode 
since it is the point of highest potential. The positive charge on the glass 
accelerates the primary electrons, which means that they arrive at the 
glass with still higher velocity. This in turn means that the secondary­
to-primary ratio becomes larger, and hence more secondaries are emitted 
and the glass becomes even more positive. The effect is accumulative 
and may build up until the glass becomes so hot that it melts, allmving air 
to rush in and destroy the vacuum. In commercial tubes the electrodes 
are usually designed so that they shield the glass from the electron stream 
and thus prevent this type of damage. 

2-17. Photoelectric Emission. The fourth process for obtaining free 
electrons from a solid body is known as photoelectric emission. As the 
name implies, light is used to give electrons enough added energy to free 
themselves from the boundary forces. 

The law of conservation of energy states that energy cannot be de­
stroyed. Therefore when light, which is a form of energy, falls on the 
surface of a solid, it is either absorbed by the surface or reflected by it. A 
portion of the energy absorbed will be supplied to some of the electrons 
which are free within the body but unable to escape without external 
assistance. If the work function of the surface is low enough, the elec­
trons now have sufficient energy to free themselves from these boundary 
forces and photoelectric emission occurs. If an external electric field i, 
present, a current flows which is proportional to the amount of light fall­
ing on the surface. 

A more complete discussion of photoelectric emission will be found in a 
later chapter. 
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PROBLEMS AND QUESTIONS 

1. Of the processes which can produce free electrons in the space of an electronic 
tube, which supply these electrons directly from the emitter? 

2. Are the higher-energy electrons in an atom close to or far away from the nucleus? 
3. Explain why there are free electron!! in a metal. 
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4. A pure-tungsten wire 5 cm long and 0.0127 cm in diameter is operated at 
2500°K temperature. A is 60.2 amp per cm2 per °K2, and bis 52,400°K. Find the 
total saturation current for the wire. 

5. (a) An electron moves from a point of zero potential to one having a potential 
of + 100 volts. How much kinetic energy, expressed in electron-volts, does it gain? 
(b) A double-charged positive ion replaces the electron in part a. How many elec­
tron-volts of potential energy are now gained? 

6. With Eqs. (2-6) and (2-11) known, find an expression for saturation-current 
density for a tube in terms of filament power per unit area and filament and other con­
stants [the constants in Eqs. (2-6) and (2-11) are assumed known]. 

7. Can a large-diameter filament be operated at a higher temperature than one 
with a smaller diameter and yet have the same length of life? Explain. 

8. State the approximate emission efficiencies and the chief applications of each 
of the three types of emitters. 

9. Explain the difference between the Schottky effect and high-field emission. 
10. In a diode what happens to the secondary electrons driven off the plate? 



CHAPTER 3 

THE HIGH-VACUUM DIODE 

3-1. Space Charge. Chapter 1 dealt v-rith the effects of uniform elec­
tric fields on the motion of single electrons. This method is applicable 
to situations in which there are relatively few electrons present, such as 
in a cathode-ray tube. But in the great majority of electronic tubes we 
seldom have electrons in such small numbers that we can ignore the effects 
of neighboring electrons. For instance, if a tube is passing a current of 
1 ma, there are approximately 6.25 X 1015 electrons traveling from the 
cathode to the anode each second. This means that at any instant 
there must be billions of electrons present in the interelectrode space, 
each carrying a charge of 1.60 X 10-19 coulomb and each exerting a force 
on neighboring electrons. Thus we see that the field through which an 
electron must pass in its flight from cathode to anode is due not only to 
the potential difference between the electrodes but also to the charges car­
ried by all the electrons in the interelectrode space. The field can no 
longer be considered uniform, and hence the forces on and the accelera­
tion of an electron depend upon its position in the field. 

The only reason why it is possible for the plate voltage to control the 
magnitude of the current flowing through a tube is this effect of the space 
charge. Without space charge the saturation current of the filament 
would always flow. This current depends only on the material and the 
temperature of the emitter and not upon the plate voltage of the tube. 
Thus the only way in which we could control the current would be by 
changing the temperature of the cathode. 

3-2. The Diode. The thermionic diode is the simplest electronic tube 
which can be constructed, and its action is the easiest to understand. It 
consists of either a filamentary or an indirectly heated cathode, and an 
anode or plate, which usually surrounds the cathode. Figure 3-1 shows 
two radio-receiver-type diodes. On the right is a type 80 tube which 
is really two diodes in a single envelope. The two filaments are con­
nected in series, and the two plate leads, or connections, are brought out 
separately. In this figure one of the plates has been removed and is 
lying beside the tube, in order to show the filament. On the left is a 
type 5V 4, which is also a double diode. Here again the plate has been 
removed in order to show the indirectly heated cathode. 

49 
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All of the smaller diodes, such as those used in radios, have oxide-coated 
cathodes. This is simply because of the desirable high emission efficiency 
of the oxide-coated cathode and because the positive-ion bombardment is 

F10. 3-1. Radio-receiver-type diodes. 

not serious at the low applied voltages. Large rectifiers, such as are used 
in transmitters, may use thoriated-tungsten or pure-tungsten filaments, 
the choice depending on the voltages applied to the plates. 

3-3. Experimental Determination of the Current in a Diode. If a 
diode with a pure-tungsten fila­
ment is connected as shown in Fig. 
3-2 and data are taken for curves 
of plate current vs. plate voltage, 
for various filament temperatures, 
curvei. such as those shown in Fig. 
3-3 will be the result. Here it can 
be seen that at low voltages the 
plate current is independent of the 
temperature of the filament but is 
dependent on the plate voltage. 
At higher voltages the plate current 

Fm. 3-2. Circuit for determining the becomes independent of the plate 
characteristics of a diode. voltage but does become dependent 
on the temperature of the emitter. Each curve may be divided 
into three regions. From A to B current flows even though the plate 
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is at a negative or zero potential. This is because some of the elec­
trons are emitted with enough energy to carry them over to the plate 
even though the field is in such a direction as to oppose this motion. 
From B to C the plate current increases with plate voltage but is less than 
the total emission current for the filament as calculated from Richardson's 
equation. The region from A to C is known as the space-charge-limited 
region and is the portion which we shall study in this chapter. From C 
to D all the electrons emitted are pulled over to the plate as fast as they 
are emitted. This means that there is very little space charge present 
between the electrodes, and hence the current can be approximated from 
Richardson's equation. 

Actually, when the voltage is increased above the values at C required 
for saturation, the current increases very slowly. This is the Schottky 

Plate voltage E0 

Fro. 3-3. Characteristics for a high-vacuum diode. 

effect and is due to the external field helping lower-energy electrons to free 
themselves from the forces tending to hold them in the cathode. Pure 
tungsten shows this Schottky effect very nicely, but thoriated-tungsten 
and oxide-coated cathodes show too much increase in plate current, with 
increasing plate voltage, after saturation supposedly has been reached. 
In fact these two materials show very little tendency to saturate. 

3-4. Potential Distribution in a Diode with Parallel Plane Electrodes. 
For the sake of simplicity all of our derivation and most of our discussion 
in this section will be on a diode with parallel, plane, infinitely large elec­
trodes. This eliminates the effects of fringing at the edges of the elec­
trodes and also allows us to work with an electric field which is relatively 
simple to describe mathematically. 

If a tube were built with large parallel plane electrodes and with the 
negative electrode arranged so that it could be heated to such a tempera­
ture that it would emit large numbers of electrons, some very interesting 
data could be obtained. Suppose we pretend that such a tube has been 
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constructed and theorize on its properties. A schematic diagram for the 
tube and circuit is shown in Fig. 3-4, where the means of heating the 
cathode has been omitted. Now if the plate potential is held constant 
at some value, say 100 volts, and the temperature of the cathode is 
increased, a point finally is reached where we have a measurable plate 
current flowing. If, with this small current flowing, we vary the value 
of E00 , we find that it has very little effect on the plate current as long as 
the voltage is greater than a certain value. This simply means that there 
are so few electrons in the interelectrode space near the cathode that the 
plate current is determined solely by the emission of the cathode. If 

~ --.,_ ___ _ 

Eo 
....___ ___ __,- J1!i11J1J1J1l1r-+ ___ ___. 

FIG. 3-4. Diode with parallel plane 
electrodes. 

E 

Frn. 3-5. Potential-distribution curves for 
a high-vacuum diode with parallel plane 
electrodes. 

under these conditions the potentials of all points on a line normal to and 
between the two electrodes are plotted as a function of the distance of the 
point from the cathode, an approximately straight line, such as shown by 
curve a in Fig. 3-5, is the result. This shows that the potential gradient 
or slope is constant at all points and hence there is a uniform field. 

If the temperature of the cathode is now increased to a value T2, we 
may notice that the plate current increases but also that the plate voltage 
has some effect on the magnitude of the plate current. If once more the 
potentials of all points on the line normal to the electrodes are plotted on 
the same set of axes as before, curve b of Fig. 3-5 is the result. Here we 
see that the potential for any given point, except for the end points, is less 
than it was when the temperature of the cathode was lower. The reason 
for this is that at the lower temperature T 1 there are so few electrons in 
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the interelectrode space that they have very little effect on the field con­
figuration. :Now at the higher temperature there are many more elec­
trons in the space, and since the plates set up a field such as to attract the 
electrons toward the plate, while all the electrons carry a charge of such 
polarity as to repel other electrons as they are emitted, the net result is a 
lower potential at all intermediate points. At this time it might be well 
to recall that the force on an electron is equal to the charge on the electron 
multiplied by the negative of the potential gradient. If we once more 
examine curve b of Fig. 3-5, we see that the potential gradient near the 
cathode is less than for the condition of no space charge (curve a). How­
ever, close to the anode the gradient of curve bis greater than the gradient 
of curve a, which means that the force on an electron is greater than with 
no space charge present. This seems logical because there are more elec­
trons between a given electron (close to the plate) and the cathode than 
there are between the electron and the plate. Therefore the net force of 
repulsion near the plate is in such a direction as to assist the field set up 
by the electrodes. 

If the temperature of the cathode is raised to a value Ta, we find that 
the potential distribution is similar to that shown in curve c of Fig. 3-5. 
Here we note that the potential gradient is zero at the surface of the 
cathode. This means that the force of attraction to the plate on an 
electron at the cathode surface is just canceled by the forces of repulsion 
of the electrons in the interelectrode space. Therefore, an electron 
emitted with zero velocity arrives at the surface of the emitter with zero 
force exerted on it and probably returns to the cathode. When an 
electron in the interelectrode space arrives at the plate, the potential 
distribution shifts to a position somewhat like that of curve b. The 
resulting gradient near the cathode surface now allows another electron to 
escape to the interelectrode space. This now shifts the distribution 
temporarily back to curve c. We then have what is known as space­
charge-limited conditions. 

If the potential distribution in an actual diode could be plotted, it 
probably would be found to be more like curve d of Fig. 3-5. Here the 
potential actually becomes negative and goes through a minimum a short 
distance from the cathode. This is because of the initial velocity with 
which electrons are emitted. Referring to curve c, suppose an electron 
is emitted with a finite velocity from the surface of the cathode. Initially 
there would be no force on it, since the gradient is zero; but it would pass 
out into interelectrode space, where the force on it would be in a direction 
to pull it toward the plate. Another electron emitted just behind the 
first, however, would find a small force of repulsion trying to make it 
return to the cathode. This is because that extra electron in the inter'." 
electrode space makes the space charge large enough so that it more than 
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cancels the field due to the electrodes. Therefore, the field at the surface 
of the cathode is slightly negative, and the potential minimum moves 
a short distance out. Since millions of electrons are actually emitted 
simultaneously, this effect is vastly magnified and the minimum-potential 
point takes a position as shown in curved. Unless emitted electrons have 
enough velocity to carry them out past this minimum, they will be 
returned to the cathode. Thus only the higher-velocity electrons can get 
across the space. The current will be less than the saturation value 
since it is limited by space charge. As the potential of the plate is 
changed, the number of electrons in the interelectrode space will vary. 
Curve e shows the possible potential distribution if Eb is increased. The 
point of zero gradient moves to the left, and the negative gradient near 
the cathode is decreased. Hence more electrons escape into the inter­
electrode space. Thus different values of space-charge-limited currents 
result. It is this effect which we shall now study and for which we shall 
derive mathematical relationships. But first it might be well to review 
some of the fundamentals of electric fields. 

3-6. Gauss' Theorem.1 In the mks system we write Coulomb's law 
for two point charges in a vacuum as 

(3-1) 

where f is the force (in newtons) between the two charges q1 and q2 

(in coulombs), r is the distance between them (in meters), and e0 is the 
permittivity of free space. 

The region in the neighborhood of a electric charge is said to contain an 
electric field, and in order to measure the intensity of that field at a point, 
we measure the force per unit charge on a small positive test charge 
placed at the point. Hence from Eq. (3-1), the field intensity at a point 
a distance r from a charge q is given by 

(3-2) 

When more than one charged body is present, the intensity can be 
found by determining the vector sum of the intensities due to each indi­
vidual charge; thus 

6total = \" 
4 

q,. 
2 1-t 1re0r,, 

n 

(3-3) 

Plotting an electric field was discussed in Art. 1-6. If we let one line 
of flux per unit area represent one unit of field intensity, a flux pattern will 
indicate the strength as well as the direction of the field at any point. 
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Referring to Eq. (3-2), we see that the field intensity varies as the 
reciprocal of the square of the distance from a charge q. If now we 
enclose this charge by any surface, all the flux emanating from the charge 
passes through the surface. Therefore, if we circumscribe a sphere of 
radius r about the charge, the total flux emanating from the charge can be 
calculated by multiplying the field intensity, which is numerically equal 
to the flux density, by the area of the sphere. Thus from Eq. (3-2) ,ve get 

q Total flux = 847rr2 

Eo 
(3-4) 

This is a mathematical expression of Gauss' theorem, which states that 
the total flux emanating from an electric charge in a medium is equal to 
the magnitude of that charge divided by the permittivity of the medium. 

3-G. The Space-charge Equation. 2 A mathematical expression which 
gives the relationship between space-charge-limited current and the plate 
voltage of a diode was derived independently by Child in 1911 and by 
Langmuir in 1913. This relationship is now known as the Child-Lang­
muir equation or the three-halves-power law. 

In order to derive this relationship for the simplest possible electrode 
configuration, the following assumptions are made: 

1. The electrodes are infinite, parallel, plane, equipotential surfaces. 
2. The zero-potential electrode, or cathode, is heated to a high enough 

temperature so that the supply of emitted electrons is greater than the 
demand. 

3. The electrons start from rest at the surface of the cathode. 
4. The anode is maintained at a constant positive potential Eb, 
5. Only electrons are present in the space between electrodes. 

If the two electrodes' are placed so that the x axis of the coordinate 
system is normal to the two surfaces as shown in Fig. 3-6, the field can 
be represented by a vector whose direction is from right to left as shown. 
If no charge is present in the interelectrode space, the field is uniform. 
However, if there is a cloud of electrons between the plates, the field will 
be due not only to the potential difference between the electrodes but also 
to the charges on all the electrons. The field is no longer uniform but is 
still from right to left. The y and z components of the field equal zero 
since the electrodes are assumed to be infinite in extent. Assume a small 
element of volume Ll.X, Ll.Y, Ll.Z. The field-intensity vector varies in mag­
nitude at different points between the electrodes. 

According to the definition of flux density, the total flux entering the 
small volume through the right face equals the field intensity multiplied 
by the area of the face. Hence 

Flux entering = 8 Ll.y Ll.Z (3-5) 
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The flux leaving the left face is given by 

Flux leaving = ( 8 +::Ax) AY AZ (3-6) 

where d8/dx is the rate of change of field intensity with distance. The 
difference in flux entering and leaving the small volume is found by sub­
tracting Eq. (3-5) from Eq. (3-6). 

D'ff . fl d8 A 
1 erence m ux = dx AX AY ,..z (3-7) 

This diflerence must be due to flux emanating from the charge enclosed 
by the surface of the small element of volume. 

y 

t 

.dx 

z 

Et, 
'------i-J11t11Ji1111f--'-+ ___ __, 

Frn. 3-6. Electrode configuration and the element of volume used in the development 
of Poisson's equation. 

Since Gauss' theorem states that the total flux emanating from an 
enclosed charge is equal to the magnitude of the total charge divided by 
the permittivity of the medium, we may write 

Flux from enclosed charge (3-8) 

where p AX Ay AZ is the total enclosed charge, p being the charge density. 
Now since the difference in flux given by Eq. (3-7) is due to the 

enclosed charge, we may equate the right members of Eqs. (3-7) and (3-8), 
obtaining the relation 

(3-9) 
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It was previously proven that the field intensity is equal to the negative 
of the potential gradient, or 

e 

and hence 
de 
dx = 

dE 
dx 

Substituting this into Eq. (3-9) yields 

d2E p = --

This is known as Poisson's equation in one dimension. 

(3-10) 

(3-11) 

(3-12) 

What we are trying to do is to find a relationship between anode voltage 
and the space current in the tube. Therefore, if we can find a relationship 
between charge density and current, Eq. (3-12) should lead to the desired 
result. 

If the velocity of the electrons is designated by v, the density Jb of the 
current flowing between two electrodes can be written as 

(3-13) 

The negative sign is used because the direction of positive current flow 
is taken from anode to cathode and p is negative, while v is positive since 
it is from left to right in the direction of the positive x axis. 

If we solve Eq. (3-13) for p and substitute the result in Eq. (3-12), we 
have 

(3-14) 

N" ow, since the velocity of an electron in the electric field is given by 

V = ✓-2 Qe E 
m. 

(3-15) 

we may substitute into Eq. (3-14) and obtain the relation 

(3-16) 

A first integration is achieved by multiplying both members of Eq. (3-16) 
by 2(dE/dx) dx and then integrating. 

2 f dE d2E dx 
dx dx2 

2 {_I> (-m•J E-H, 11!!__ dx 
Eo '\J-2Q. dx 

(3-17) 
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The current density Jb appears outside the integral because it is constant 
for all values of x. If it were variable, the rate of flow of charge would 
be different at different points in the tube; this would mean a building up 

. d (dE)
2 

dE d
2
E dE of charge. Now 1f we note that ~ - = 2 - - and - dx = dE 

dx dx dx dx 2 dx ' 
then we can write Eq. (3-17) in the form 

J _<l,__ (dE)
2 

dx = 2 ,!..!: Fm. f E-¼ dE 
dx dx Eo '\JW, (3-18) 

or 

(3-19) 

The boundary conditions are such that when x is zero the potential E 
is likewise zero, and since for space-charge-limited current the electrons 
at the surface of the cathode must have zero force exerted on them, the 
potential gradient at the surface is likewise zero. Thus C 1 is found to 
be zero. Hence 

dE = 2 /,!..!: (-m•)¾ E¾ 
dx '\J Eo 2Q. 

(3-20) 

In Eq. (3-20) the variables may be separated and the result integrated, 

J E-HdE = 2$:(;;;:Y' J dx (3-21) 

whence 

4 ✓Jb(-m•)¾ - E¾ = 2 - -- X + C2 
3 Eo 2Q. 

(3-22) 

But since Eis zero when x equals zero, C2 is also zero. Solving Eq. (3-22) 
for J b yields 

Jb = 4eo E½ 
9 v-m./2Q. x

2 amp per unit area (3-23) 

Substituting numerical values for the constants, 

amp per unit area (3-24) 

Since this equation holds for all values of x, it holds for x equal to d, the 
distance between cathode and plate, where E is equal to Eb. Therefore, 

J = 2.33 X 10-s E % 
• d2 b 

amp per unit area (3-25) 
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For a given area A of the plate we may write 

2.33 X 10-6 AE ~~ 
d2 ,'1. b amp 

59 

(3-26) 

In this equation all quantities are constant except the plate voltage and 
the plate current. In other words the plate current is proportional to 
the three-halves power of the plate voltage, or 

(3-27) 

where k = [(2.33 X 10-6)/d2]A. This is the Child-Langmuir law for 
parallel plane electrodes. 

A similar relationship may be derived for the case where the anode and 
cathode are concentric cylinders. The result of such a derivation* is 

L Eb% 
I. = 14.68 X 10-5 

- -fJ2 · 
ra 

amp (3-28) 

where Io is the plate current, Eb is the plate potential in volts, ra is the 
radius of the anode, L is the length of the cathode or of the anode, which­
ever is the shorter, 13 2 is a number depending on the ratio ro,/rk, and rk is 
the radius of the cathode. Table 3-1 gives the values of {J 2 for various 
values of ra/rk, If ra is large compared with rk, it may be seen that 13 2 may 
often be taken equal to unity without introducing appreciable error. 

TABLE 3-1 
VALUES* OF fJ2 FOR VARIOUS VALl:JES OF ra/r. 

I fJ2 ra/Tk fl' ra/r. 
I 

fJ' ra/r. I 
---

I 
1.0 i 0.000 

i 
3.0 0.517 7.0 

I 
0.887 

1.5 i 0.119 4.0 0.667 8.0 0.925 
2.0 0.279 I 5.0 

I 
0.767 

I 
9.0 ! 0.955 

2.5 I 0.412 
I 

6 0 0.836 10.0 
I 

0.978 
' 

* Data are from I. Langmuir, Currents Limited by Space Charge between Coaxial 
Cylinders, Phys. Rev., 22, 353 (1923), Table III, with permission. 

Equation (3-28) shows that in this case, also, the plate current is pro­
portional to the three-halves power of the plate voltage. In fact it can 
be shown that no matter what the shape of the electrodes, the three­
halves power holds, the only difference being the constant of proportional­
ity, which is determined by the geometry of the electrodes. 

3-7. Experimental Proof of the Child-Langmuir Equation. In the 
above proof it was assumed that the cathode is an equipotential surface 

* I. Langmuir and K. T. Compton: Electrical Discharges in Gases, Part II, Funda­
mental Phenomena in Electrical Discharges, Rev. Mod. Phys., 3, 245-248 (1931). 
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and that the electrons have zero velocity at the surface of the cathode. 
In actual practice these conditions are seldom fulfilled. The cathode can­
not be an equipotential surface unless it is the indirectly heated type, 
while most rectifiers are of the filamentary type. Neither are the elec­
trons emitted with zero velocity. 

If the assumption is made that a diode follows a power law, but not 
necessarily with the three-halves exponent, we can write 

If this is ·written in logarithmic form, we have 

log h log k + n log Eb 

(3-29) 

(3-30) 

This is the equation for a straight line if log lb is plotted as the ordinate 
and log Eb as the abscissa in a rectangular-coordinate system. 

The constants k and n for an actual tube may be evaluated as follows: 
The circuit of Fig. 3-7 is used, and values of h as a function of Eb are 
obtained while Elf is held constant. Note that the negative end of the 

plate battery is connected to a 
center tap on the filament battery. 
This is done in order to counteract 
or minimize the effects of the po­
tential gradient along the filament. 
The data thus taken are plotted, as 
shown in Fig. 3-8, and a straight 
line is obtained. If the locus is 
extrapolated to the point where 
log Eb = 0, this value of lb is equal 
to k. The slope of the line equals 

Fro. 3-7. Circuit used to evaluate the the constant n, and its value will be 
constants of the Child-Langmuir equa- in the neighborhood of 1.5. If, 
tion. while taking the above-mentioned 

data, Eb is set equal to zero, it 
will be noted that an appreciable current still flows in the plate circuit. 
This current is due to the initial velocity of the electrons, contact poten­
tial, and the effects of the potential gradient along the filament. This, 
of course, introduces factors which we have not accounted for in our 
derivation. If an indirectly heated cathode is used, then these factors 
are reduced to two in number. 

3-8. Power Loss in the Diode. Each electron arriving at the plate in 
a diode has an energy which, neglecting the initial or emission velocity, 
is given by 

joules (3-31) 
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"\v'hen this electron is stopped by impact with the plate, its kinetic energy 
is converted into heat. If n electrons arrive at the plate in a time t, then 
the power delivered to the plate is given by 
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(3-32) 

Fro. 3-8. Curve used to determine the coefficients in the Child-Langmuir equation. 

The term ( -Qen) /tis the rate of flow of charge and therefore is the cu1 
rent lb flowing; hence Eq. (3-32) may be written 

watts (3-33) 

Thus in any tube part of the power which the plate must be able to 
dissipate can be calculated by Eq. (3-33). In addition the anode absorbs 
some of the heat radiated from the filament. All this power must be 
removed largely by radiation; hence the anode or plate material should 
be a good radiator. In a receiving tube the plate is usually made of 
nickel, and in order to improve the heat-radiating ability it is sometimes 
coated with carbon black. This plate roust be held to temperatures 
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below the point where it shows any color, othen•rise it may release some 
occluded gas and thus spoil the vacuum. In low-power radiation­
cooled transmitting tubes the plates may be made of tantalum, molyb­
denum, or graphite. Tantalum has the distinct advantage of being able 
to absorb gases when heated to a red heat; in other words, it acts as a 
getter. Although it is a relatively poor radiator, it does have a very 
high melting point and can be operated safely at a red heat; thus it acts 
as a getter without evaporation of the plate material. Molybdenum 
can be operated at a high temperature and is a better radiator than 

FIG. 3-9. Large transmitting tubes. (Courtesy of RCA.) 

tantalum, but it does not absorb gas. Graphite is the best radiator and 
can likewise be operated at a high temperature, but it does have a 
tendency to have considerable amounts of occluded gas, which must 
be removed by high-temperature treatment while the tube is being 
exhausted. 

High-power transmitting tubes are cooled either by forced air or by 
circulating water. The plate is made of copper, which also serves as part 
of the envelope of the tube. These tubes have ratings of 5 to 1000 kw. 
If air-cooled, the copper anode has cooling fins through which air is 
blown. If water-cooled, the anode is immersed in a water jacket through 
which the cooling water is circulated. Figure 3-9 shows a photograph 
of an air-cooled tube and a water-cooled tube with the water jacket 
removed. 
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3-9. Diode Ratings. As just explained, a diode is limited in its plate­
current and voltage ratings by the ability of the plate to dissipate heat. 
This energy radiated from the plate must pass through the glass bulb, 
where a certain portion is absorbed, thus heating the glass. So our 
envelope also limits the ratings and must have a large enough area to be 
able to reradiate this heat without the temperature reaching the point 
where gases are driven off. Because of this, tubes with ratings above 
1 kw are never enclosed in glass envelopes but are made with either 
forced-air or water cooling. 

When used to rectify high voltages, the maximum plate voltage may be 
limited by flashover across the surface of the glass. For this reason the 
plate and filament leads are brought out at opposite ends of the envelope. 
These tubes can be made to withstand thousands of volts, while a receiv­
ing type of rectifier with all leads brought out the same end will withstand 
a maximum of only 500 to 1000 volts. 

When used in rectifier circuits, the polarity of the plate voltage reverses 
each cycle and the tube must be able to withstand an inverse peak volt­
age (a voltage which makes the plate negative with respect to the fila­
ment) of one to two times the crest value of the alternating voltage it is 
rectifying. Therefore tubes are usually given a peak-inverse-voltage 
rating. 

To summarize, the current and voltage ratings of diodes are deter­
mined by the following: 

1. The plate current, limited by the emission ability of the filament 
with rated filament voltage applied. 

2. The heat-dissipating ability of the plate. 
3. The heat-dissipating properties of the envelope. 
4. The peak inverse voltage the tube will withstand. 
5. Flashover voltage between lead wires. 
3-10. Characteristic Curves for a Diode. If the values of plate cur­

rent vs. plate voltage are plotted for a diode with rated filament voltage, 
a curve similar to Fig. 3-10 is the result. This is known as a static plate 
characteristic. The resistance of the diode for direct current varies from 
point to point on the curve. It is the reciprocal of the slope of the 
straight line drawn from the origin to the point and is given by 

R = Eb 
p lb (3-34) 

The slope of the static characteristic itself is given by 

Slope 
,dh 
dEb = gp (3-35) 

which has the dimensions of a conductance and is knmvn as the plate 
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conductance. The reciprocal of gp is known as the dynamic plate 
resistance and is denoted by the symbol r p• 

dEb 
Tp = dJ; (3-36) 

It should be noted that this factor also is different for different points 
on the curve. The dynamic plate resistance is useful for expressing 
approximate relationships between small voltage and current changes. 
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FIG. 3-10. Plate characteristic of a type 6H6 diode. 

If a diode is connected in the series circuit of Fig. 3-11 with a load 
resistor RL and an alternating-voltage source, d-c power can be obtained 
from the alternating source. The sinusoidal voltage Vp does not appear 
across the tube. Rather it is this voltage minus the IR drop in the 
load which appears across the tube. 

To study the action in this circuit, it is desirable to draw another curve 
showing the relationship between the values of voltage applied to the 
circuit and the current through the circuit. This curve is known as a 
dynamic characteristic and is obtained by adding to the abscissa values 
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]11} 

Fm. 3-11. A diode with a resistance load in an a-c circuit. 
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FIG. 3-12. D1:namic plate characteristics for a type 6H6 diode with various load 
resistors. 
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of the static curve an amount that is equal to the l,,RL drop in the load 
at each value of lb, A family of dynamic characteristics is drawn in 
Fig. 3-12 for various values of the load resistance RL. The variable 
supply voltage is Ebb. Note that the slope of any dynamic curve is less 
than that of the static one and this difference is more pronounced with 
increasing load resistance. Likewise the curve becomes straighter with 
increased load resistance. This is because we are adding a linear element 

0 TT 2rt 3rr 

E66 or vp ond wt 

wt 
t • 

Frn. 3-13. Graphical method of determining the plate current in a diode when an 
alternating voltage is applied. 

to the circuit containing a nonlinear one, and the larger RL is, the more 
it influences the shape of the characteristic. 

Assume that the dynamic characteristic of a tube connected as in 
Fig. 3-11 is given by the curve in Fig. 3-13. If an alternating voltage vp 
is applied, the resulting waveform of the current through the diode and 
the load RL can be found graphically from the dynamic characteristic. 
The alternating-voltage wave is plotted on the curve by using the same 
voltage scale but adding an axis for time, which is increasing in the 
negative-y direction. A time scale is also added to the horizontal axis. 
Thus the instantaneous values of plate current can be found for any 
value of wt. Note that the plate current does not consist of exact half 
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sinusoids since the dynamic characteristic is not a straight line. How­
ever, if it is almost straight, the plate current can then be assumed to 
have the shape of a half sinusoid without appreciable error. Further 
study of this rectifying operation will be made in later chapters. 
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PROBLEMS AND QUESTIONS 

1. The anode of a diode with parallel plane electrodes has a potential of B0 volts 
above that of the cathode. Sketch the potential distribution for each of the following 
cases: (a) The plate current is zero. (b) There are few electrons in the interelectrode 
space. (c) The plate current is space-charge-limited, and electrons are emitted from 
the cathode with zero velocity. (d) The plate current is space-charge-limited, and 
the electrons are emitted from the cathode with appreciable velocity. In each of the 
foregoing cases does an electron just emitted from the cathode have a net force 
exerted on it if the potential distribution is as described? 

2. Two charges Q, and Q, are enclosed by a glass sphere of 1 m diameter. Q, is 
+3 X 10-3 coulomb, and Q2 is -2 X 10-3 coulomb. (a) Calculate the total flux 
emanating from the sphere. (b) Calculate the average flux density at the surface of 
the sphere. 

3. One mathematical step in the derivation of the Child-Langmuir law is the solu­
tion of an equation of the form d•y/dx• = y-~~. If bothy and dy/dx are zero when x 
is zero, find x as a function of y. 

4. A diode is operated at such a cathode temperature that the plate currents for 
the voltages considered in the problem are determined by the Child-Langmuir law. 
At a plate voltage of 50 volts the current is 20 ma. Find the plate current if the plate 
voltage is raised to 125 volts. 

6. The plate current of a certain diode is known to obey the relation Io = KEbn. 
It is found that when E0 = 100 volts, Io = 10 ma. Also when Bb = 10 volts, Io = 0.3 
ma. Find the coefficient K and the exponent n. 

6. Suppose the space between the plates of Fig. 3-6 contains no charges of any 
kind. If the voltage Bb is 1000 volts and the separation is 0.1 m, find the following: 
(a) the potential gradient, (b) the field strength, (c) d2E/dx 2• Does the value in (c) 
satisfy Poisson's equation? 

7. (a) Use Eqs. (3-24) and (3-25) for the ca_se of the parallel plane electrodes, and 
determine the equation for the potential at any point in the interelectrode space. (b) 
Ford 1 cm and Bb 100 volts, plot the potential distribution curve, and compute 
J 0• (c) Repeat (b) if Eb is made 150 volts. 

8. A free electron, just off the surface of the cathode in a thermionic diode, has 
zero velocity. (a) Calculate the energy, in joules, of the electron when it strikes the 
plate, which has a potential of +250 volts with respect to the cathode. (b) If the 
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-plate current is 250 ma, calculate the number of electrons striking the plate each 
second. (c) Calculate the power supplied to the plate by the bombarding electrons. 

9. State the merits and demerits of tantalum, of molybdenum, and of carbon as 
anode materials. 

10. Name five factors which determine the current and voltage ratings of a diode. 
11. Use Fig. 3-10 to determine the value of Rv for a 6H6 type tube when Eb = 12 

volts and I, = 15 ma. 
12. Calculate the dynamic plate resistance of a 6H6 tube at the operating point of 

Prob. 11. 
lS. State the meanings of the terms "static characteristic" and "dynamic charac­

teristic." 
14. A 200-ohm resistor is inserted in series with a plate lead of a 6H6 tube. If the 

cathode is normally heated and Ebb = 20 volts, determine l&, 
15. Draw the dynamic characteristic for a 6H6 diode which has a 400-ohm resistor 

in the plate lead. 
16. A certain diode has a pure-tungsten filament in a straight piece 5 cm long and 

0.0127 cm in diameter. The operating temperature is 2500°K. The anode is a 
cylinder 1 cm in diameter, 6 cm long, and concentric with the filament. What plate 
current flows if the anode is 100 volts positive relative to the filament? 



CHAPTER 4 

THE VACUUM TRIODE AND OTHER 
MULTIELEMENT TUBES 

4-1. De Forest's Triode. The triode was first developed by Lee De 
Forest in 1906. His first tube, which was quite different from present­
day tubes, consisted of two plane parallel plates between which was 
located an incandescent filament. By making one of the plane electrodes 
(which we shall call the plate, or anode) positive with respect to the 
filament, he had what amounted to a space-charge-limited diode. How­
ever, when he made the other plane electrode (which we shall call a grid) 
negative with respect to the filament, the emitted electrons were repelled 
toward, as well as attracted to, the anode. By varying the magnitude 
of the potential on the grid he could increase or decrease the amount of 
repulsion and thus control the anode current. Since the grid had nega­
tive polarity, no current flowed in its circuit and control of anode current 
was obtained with the expenditure of no power in the grid circuit. This 
control, however, was very limited, and in order to improve it, he soon 
tried the control electrode in the form of a ladderlike arrangement, or 
grid, between the filament and the plate. By changing the negative 
potential applied to this grid he found that he had much better control 
over the plate current, with the expenditure of little or no power in the 
grid circuit. This is the tube that has developed into our present-day 
triode. 

4-2. Triode Construction. Today's triode usually consists of a fila­
mentary or an indirectly heated cathode surrounded by a helical grid 
wound with fine nickel wire. This grid in turn is surrounded by a plate, 
which may be cylindrical in shape. In some cases the plate, instead of 
being circular in cross section, may be elliptical or rectangular. 

Figure 4-1 shows photographs of the parts going into the construction 
of two present-day triodes. Note that while both filamentary and 
indirectly heated cathodes are shown, most tubes now are the indirectly 
heated type. The envelope may be either glass or metal. Some types 
of tubes are made in both the glass and metal versions, while others are 
made only in glass or in metal. The electrical properties of a glass tube 
are approximately the same as those for a metal tube of the same type. 
There are some differences in the capacitances between electrodes and in 
the shielding from external fields. 
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Fro. 4-1. Photographs showing the construction of two types of triodes. 

4-3. The Function of the Grid. In the preceding chapter it was shown 
that the plate current in a diode is dependent on the potential distribu­
tion, which in turn is determined by the amount and distribution of the 
space charge in the interelectrode space. If the initial velocity of the 
emitted electrons is aeeumed to be zero, the spacin~ between ,parallel 
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plane electrodes to be d, and the plate voltage to be E~, the potential 
distribution will be as shown by curve (I) in Fig. 4-2. The value of 
cathode current (equal to the plate current in this case) may be called I~. 
If the plate voltage is increased to E~, the potential distribution will be 
as shown by curve (2) and the cathode current will increase to a new 
value I~. 

Now suppose it to be possible to insert a third parallel plane electrode 
at a distance d' from the cathode. If its potential is made E:, the poten­
tial distribution between it and the cathode is the same as in curve (I) 
and Eq. (3-24) shows that the cath- E 
ode current will again be I~. In 
order to increase the cathode current 
to 1;, the third-electrode voltage 
need be raised to only E:' as shown. 
Note that less change is needed for 
third-electrodevoltagethanforplate 
voltage to obtain the same change 
in cathode current. 

If the third electrode is perforated, 
we call it a grid. Now, many of the 
electrons will pass through the holes 
and eventually arrive at the plate. 
This follows because the potential 
gradient between the grid and 
the plate is everywhere positive. 
Although the potential distribu­

r 

E:' 
-r- -----

AEc E~ 
-"'- ----

% 

d' d 
FIG. •1-2. Potential distribution in a 
diode for two values of plate voltage. 
Electrons have zero initial velocity. 

tion now depends upon both grid and plate potentials, a change in value 
of cathode current is still more dependent upon changes in grid potential 
than upon changes in plate potential. 

To avoid grid current, it is usually advisable to operate the grid at a 
negative potential, in which case the plate current is the same as the 
cathode current. The potential distribution in a triode is shown in 
Fig. 4-3. Because of the distortion of the field caused by the irregular 
geometry of the grid, it is impossible to show the potential distribution 
by means of a single curve. Let us assume the grid structure to consist 
of parallel bars. Then the upper curve represents the distribution along 
a line midway between two grid wires, while the lower curve represents 
the distribution along a line through the center of a grid wire. These 
are the two extremes of potential distribution, and all others must lie 
between them. Note that the field close to the cathode is quite similar 
to the field close to the cathode in a diode. If the plate voltage of the 
triode is decreased, the potential-distribution curve will be lowered and 
the plate current will decre1;1,se. The dotted curves in Fig. 4-3a show this 
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condition. The solid curves of Fig. 4-3b are for the same conditions as 
are the solid curves of Fig. 4-3a. The dotted curves of Fig. 4-3b show 
the effect of a more negative grid on the potential distribution; The grid 
potential has been so adjusted that the potential distribution in the 
vicinity of the cathode is the same as for the dotted curves of Fig. 4-3a. 
Hence approximately the same plate current will flow. Note that in 
Fig. 4-3a a change of A.Eb volts was necessary to cause a given plate­
current change. In Fig. 4-3b a change of only A.Ee volts was needed to 
cause the same change in plate current. Hence the grid is more effective 
in controlling plate current, and at the same time, since it is negative 
with respect to all other electrodes, it draws no current. 
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Fm. 4-3. Potential distributions in a triode with a negative grid. 

In an actual tube the electrons are not emitted with zero velocity, and 
hence a potential minimum is established as it is in the diode. The 
potential distribution will then be more as shown in Fig. 4-3c. Only 
those electrons with sufficient energy to carry them out past the point of 
minimum potential will make up the plate current. Hence our theory 
would have to be slightly modified to account for this effect. 

Let us call the relative effectiveness of changes in the grid and plate 
potentials on the plate current the amplification factor and designate it 
by the symbolµ. If a change of AEc volts on the grid causes a certain 
change in the plate current, then a change A.Eb = µ AEc volts on the 
plate would be necessary to cause the same change in current. The 
plate current depends on both voltages and may be expressed by the 
functional relation 

(4-1) 
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Since for the purposes of this discussion the grid is assumed to be nega­
tive, one might expect to find no current flowing in the grid circuit. 
However, the grid does have an appreciable physical size, and some 
electrons will have high enough velocities so that they will penetrate the 
negative field of the grid and cause a small current to flow. For most 
applications this current is so small that it can be neglected. There may 
be positive ions present in the actual tube, which will also cause grid­
current flow. Some tubes are so designed that they operate with positive 
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F1G. 01-4. Plate characteristics of a 6J5 triode. 

grids and hence draw considerable grid current. However, at the 
present time our interests lie with the tubes with negative grids and 
having no appreciable grid current. 

4-4. Triode Characteristics. Since in general a vacuum tube is a non­
linear device, the most convenient method of expressing its operating 
characteristics is by means of a number of graphs. The plate current lb 
for a vacuum triode is a function of two independent variables, the plate 
voltage Eb and the grid voltage Ee. Therefore the function cannot be 
plotted as a single curve but must be represented either by a space model 
or by families of curves called static characteristics. 

One of these families is shown in Fig. 4-4 and is known as the plate­
current plate-voltage characteristics, or simply the plate characteristics. 
Here the grid voltage is a parameter. Note that the curve shapes are 
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all similar, but each curve is spaced from its neighbor by approximately 
equal horizontal distances. This is the family which is usually drawn 
in the tube manuals, and from it the plate current can be determined for 
any combination of electrode voltages. 

A second family of curves is known as the transfer, or mutual, charac­
teristics, and a typical set is shown in Fig. 4-5. It is named transfer, or 
mutual, characteristics because it gives the relationship between plate 
current and grid voltage for constant plate voltage. This family may 
appear at first glance to be more useful than the plate family in predicting 

TYPE 6J5 

the operation of a particular tube. 
This is not necessarily the case since 
it does not lend itself so readily to 
the study of the tube in an actual 
circuit. Again all the curves are of 

10-;; about the same shape but spaced 
E from their neighbors by an approxi­

H--+--H-1--++-1-H s~ mately constant horizontal distance. 
~ They are not straight lines over 

1--14---1---+4----,.-!-j'----1--1
6 
~ their entire length but are nearly 
.e so over a limited region. If, in the 
0 use of this tube, we so adjust our 

l---+--+--tt-J'--ll---l--¼-------¾--14~ voltages that we never go beyond 

-25 -20 -15 -10 -5 0 
Grid volts Ee 

FIG. 4-5. Transfer characteristics of a 
6J5 triode. 

this straight portion, we can treat 
the tube as a linear device and make 
a simple analytical analysis of the 
operation of the circuit. For this 
type of analysis we need to know 
the tube coefficients, which will be 
discussed later. If in our operation 
of the tube we do go beyond the 

linear region, the plate current is no longer related to the grid voltage by 
a constant of proportionality and the device usually is no longer treated 
analytically but is analyzed graphically. 

The third family of curves may be obtained if the plate current is held 
constant by the simultaneous variations of the grid and plate voltages. 
Such a family is plotted in Fig. 4-6 and is known as the constant-current 
characteristics. This family does not give us any additional information 
over that shown by the other two families. It may, however, occa­
sionally be used for the analysis of transmitting-tube operation. 

4-5. Triode Coefficients. In order thoroughly to understand the 
actions of thermionic triodes, we must consider two conditions of opera­
tion. The first is the static condition and involves only constant voltages 
and currents. The second, and probably the more important, is the 
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dynamic condition. Here the currents and voltages are varying about a 
certain reference point which we shall call the operating point. The 
chief use of the static condition is to locate this operating point and thus 
allow calculations for the dynamic condition. 

Up to this point the properties of vacuum tubes have been considered 
under conditions of constant applied voltages and currents, i.e., the first 
condition named above. Following customary procedure, upper-case 
letters have been employed as symbols for these quantities, both in 
graphs and in equations. Now it is time to begin the study of tube 
action under the second-named condition, which allows some of these 
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FIG. 4-6. Constant-current curves for a 6J5 triode. 

quantities to be variable with time. Following the same standards of 
practice, lower-case letters should be used. However, the graphs and 
equations obtained under the former condition are useful in this new 
study and hence some confusion in usage of symbols is likely to prevail. 

Equation (4-1) stated a relationship between plate current, plate 
voltage, and grid voltage. Since it is not essential that the quantities 
involved be constants, we may rewrite the relation in the form 

(4-2) 

This equation has a very limited usefulness, when in this form, and hence 
it would be desirable to find some expression which would give the actual 
relationship among these three variables. This can be done by means 
of a rather difficult mathematical derivation, which is beyond the scope 
of this book, the result being 

(4-3) 
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where k is a constant determined by the geometry of the tube, µ is the 
amplification factor, and n has a value of approximately 1.5. Note the 
similarity between this and the statement of the Child-Langmuir law 
for a diode [Eq. (3-27)]. 

Figure 4-4 is the plate family of characteristics for a 6J5 tube. Since 
the data for each of these curves were taken for a constant value of Cc and 
since µ remains approximately constant for all curves (see Fig. 4-8), the 
shape of each curve is determined only by k and n. An examination of 
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Frn. 4-7. Determination of the constants in the Child-Langmuir equation, which has 
been modified for the triode. 

the family shows that all have almost identical shapes, which indicates 
that k and n must be constant for that particular tube. 

Experimental evidence to prove that Eq. (4-3) gives the relationship 
between the three variables is not difficult to obtain. If we first write 
Eq. (4-3) in logarithmic form, we have 

log ib = log k + n log (cb + µcc) (4-4) 

which is a straight-line graph when plotted with log ib as the ordinate and 
log (cb + µcc) as the abscissa. If we now take values of cb, cc, and ib from 
the curves of Fig. 4-4 and plot log ib vs. log (cb + µcc), a single straight 
line is obtained as shown in Fig. 4-7. In order to do this, it was necessary 
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to know the value ofµ, which for this particular tube is approximately 20. 
The calculation of this amplification factor µ, will be taken up in a later 
section. We can now determine the values of n and k for the triode, just 
as we did in the case of the diode. For this particular tube they are 
found to be n = 1.44 and k = 0.015. Having evaluated these two 
factors, we may write 

(4-5) 

which is the formula that gives the approximate relationship between 
the three variables in a 6J5 triode. Of course this relation also applies 
for the case of constant voltages and current. 

Equation (4-3) gives us the general expression for the plate current in 
any triode. But even this rather simple mathematical expression 
becomes too complicated to use in predicting the operation of a particular 
tube under a given set of operating conditions. It is therefore desirable 
to express the properties of triodes in the form of three coefficients which 
give the rate of change of one variable with respect to a second variable 
while the third is held constant. These are known as the tube coefficients 
and are closely related to the slopes of the three families of characteristics. 

The amplification factor has already been mentioned and may be 
defined mathematically as 

deb I 
ib constant 

(4-6) 

the partial derivative being used to imply that the plate current i0 is held 
constant. In this definition it would also be proper to use upper-case 
symbols. The coefficient may be interpreted as being the negative of 
the slope of the constant-current characteristics (Fig. 4-6). Since the 
slope of any of these curves is negative, a negative sign is used before the 
derivative to give a more desirable positive value to the coefficient. 

The dynamic plate resistance rp( = 1/gp) has already been discussed 
for the diode, and everything said about it in that discussion holds for the 
triode. It is the reciprocal of the slope of the plate characteristic at a 
given operating point and can be expressed mathematically as 

de" 1 

I ec constant 
(4-7) 

From an examination of the plate-family characteristics shown in Fig. 
4-4, it can be seen that the slope, and hence the plate resistance, will vary 
over a considerable range of values depending on where the operating 
point is chosen. 

The third tube coefficient is the mutual conductance, or the transcon­
ductance, either name being acceptable. As the mtme implies, it is a 
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coefficient which is mutual to, or determined by, two electrodes in the 
tube. There are other mutual conductances which could be defined, but 
to us, unless other electrodes are specified, the term will always mean the 
plate-current grid-voltage mutual conductance. Its symbol is gm, and it 
is defined by 

di., 
dee eL constant 

(4-8) 

It is equal to the slope of the transfer characteristic at the operating point, 
and its value is usually given in micromhos. 

The relationship between these three coefficients can be shown by 
taking the total differential of i. [Eq. (4-2)]; thus 

d . _ ai. d + ai. d 
io - ~ eo e,, 

ueo 
(4-9) 

An examination of this equation shows that Eqs. (4-7) and (4-8) furnish 
substitutions for the partial derivatives; thus 

( 4-10) 

Now if we take the special case where the plate current is held constant, 
di0 becomes equal to zero and Eq. (4-10) yields 

(4-11) 

Here the left term is, from Eq. (4-6), the amplification factorµ.. Hence 
Eq. (4-11) becomes 

JJ. = g,,.rp (4-12) 

The three tube coefficients, amplification factorµ., dynamic plate resist­
ance rn and mutual conductance gm determine the tube's operation at a 
given operating point. Since the slopes of the plate characteristics and 
of the transfer characteristics vary considerably, the coefficients rp and 
gm likewise vary over quite a range of values. On the other hand the 
slope of the constant-current curves is almost the same for the whole 
family, and therefore µ. is practically constant for all operating points. 
Figure 4-8 shows the variations in the three tube coefficients for various 
operating points for a 6J5 triode. 

4-6. Calculation of Tube Coefficients. The three tube coefficients 
may be easily calculated from any one of the three families of character­
istics. The results will be only approximate, but accurate enough for 
most calculations in which we wish to use them. Since the plate family 
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is the one most commonly available, we shall use this in our discussion. 
Figure 4-9 gives the plate family for a type 6J5 medium-,u triode. 

Amplification Factor. If we were using the constant-current char­
acteristics, the definition of ,u could be used directly to determine its value. 
However, in this case it is not possible to apply the definition exactly . 
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An approximate determination can be made by using the relation 

iJe. . Ae• 1 Ae. i 
,u = - iJec = A~~o - t.ec ~ - ~e~ Ii• constant 

A«-+0 ib constant Ae,,, Ae, small 

(4-13) 

Let us now choose an operating point. If the values of any two of the 
three variables are specified, then the value of the third can be obtained 
from the plate family. For instance, if we choose the point E1,c = 250 
volts and Eco = -8 volts, then from the curves we find that I,,,, = 9 ma. 
The additional subscript o has been appended to indicate an operating­
point value (also called a bias value). Now if the plate voltage is kept 
constant and the grid voltage changed to -10 volts, the plate current 
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will drop to 4.2 ma. In order to bring the plate current back to 9 ma, the 
plate voltage must be increased to 290 volts. Likewise, if the grid volt­
age is reduced to -6 volts, the plate voltage must be decreased to 210 
volts to maintain the plate current constant. Thus when the grid voltage 
is changed from -6 volts to -10 volts, or Ae0 = -4 volts, the plate 
voltage must change from 210 volts to 290 volts, or Aeb = 80 volts, if no 
Jhange in plate current is allowed. From Eq. (4-13) we may writeµ, = 
-(290 - 210)/(-4) = 20. The advantage of straddling the operating 
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Frn. 4-9. Curves showing the graphical determination of the tube coefficients at a 
given operating point for a 6J5 tube. 

point in this determination is that a better average value is obtained. 
The value obtained by this method may be checked by referring to that 
tabulated in a tube manual for the same operating point. 

Dynamic Plate Resistance. The dynamic plate resistance can be deter­
mined directly from the definition as the reciprocal of the slope of the 
plate characteristic at the operating point. Drawing a tangent line in 
Fig. 4-9, we obtain data which yield 

rp = a~b = A~b I = 3~0 - 200 - = 7750 ohms 
i:!Zb Aib ,tangent-line values 0.01,>4 - 0.002,> 

The tube-manual value for this coefficient is 7700 ohms, which is a satis­
factory check. 
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The Mutual Condtictance. Here again we may refer back to the 
definition in order to write an approximate expression for the mutual 
conductance. 

g,n (4-14) 

From the plate family we see that, with the plate voltage held constant 
at 250 volts, a change in the grid voltage from -10 volts to -6 volts 
results in a plate-current increase from 4.2 ma to 14.5 ma. Hence 
gm = (0.0145 - 0.0042)/4 = 2575 micromhos. This is an average value 
obtained in the region of the operating point. In order to check the 
values of the coefficients, let us use the relationµ = gmrp; 2575 X 10-6 X 
7750 20, which checks the value of µ which was obtained before. 

4-7. Dynamic Transfer Charac­
teristics. Up to now we have dis­
cussed transfer characteristics from 
the viewpoint of variable grid volt­
age and constant plate voltage. 
This means that, unless Ebb is 
varied, there cannot be a load 
impedance in the plate circuit of 
the tube. In order to use a tube 
as an amplifier, it is necessary to 
have a voltage output, which can be 
obtained by placing a load resi8tor 
in the plate circuit. The voltage 
drop across this resistor is the volt­

FIG. 4-10. Circuit used to determine the 
dynamic transfer characteristics of a 
triode. 

age output. As a result the plate voltage will not be constant, since it is 
equal to the battery voltage Eob minus the drop across the load resistor. 
It is then seen that it might be desirable to have a transfer characteristic 
for the tube with a load RL in the plate circuit and with a fixed value of Ebb, 

If a load resistor is put in the plate circuit of the tube as shown in Fig. 
4-10 and data are taken to plot a transfer characteristic with Ebb held 
constant, the resulting curve differs considerably from the static curve. 
The new curve is known as the dynamic transfer characteristic. It 
actually is the characteristic of the tube and its load resistor together, 
while the static curve is the characteristic of the tube alone. 

Figure 4-11 shows a static transfer characteristic (RL 0) for a 6J5 
tube. It also shows dynamic characteristics for Ebb equal to 250 volts 
and load resistors of 10,000, 50,000, and 100,000 ohms. Note that as 
the magnitude of the load resistor increases the characteristic tends to 
become more linear. This seems reasonable because we have effectively 
a linear and a nonlinear element in the same series circuit, and the larger 
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the linear element becomes, the more the circuit should have over-all 
linearity. 

Use of the dynamic transfer characteristic allows one to make a graph­
ical determination of the waveform of the plate current in a triode for a 
given waveform of the grid-signal voltage v0 • From the circuit diagram 

16 
I 

14 
TYPE 6J5 

I 

-
E1,1,: 250 volts j 

12 
0 
E 

I V 
I I 

.!: 10 

.. ~ 
+-
C 8 (I) .. .. 
::, 
Q 6 
(I) 
+-
0 

Q.. 4 

2 

I J 
~"'! V 

~ l" ,I 

() J 
~/ 

.·; &° 
~'vi \oy 

• 
I ~v/ 

I/ V I -1/ / , 50~-

/ .,,V ~' -- IlJJ , 100 K 
/ ·,,,;: -~ -- -~ 

/I-

O -15 -10 -5 0 
G_ri d. VO I toge ec: 

Frn. 4-11. Dynamic transfer cha~acteristics for a 6J5 tube. 

of Fig. 4-12a we can write 
( 4-15) 

If v0 is sinusoidal and V0m is used to designate the maximum value of the 
signal voltage, we can also write 

Vg = Yum sin wt 
and 

ec Ecc V0m sin wt 

(4-16) 

(4-17) 

Referring to Fig. 4-12b, we see that v0 can be plotted on the ec axis with 
the time axis running vertically at ec = Ecc• By projection on a dynamic 
characteristic drawn for particular E1m and RL values, the waveform of the 
plate current can be plotted along a time axis running horizontally at 
ib ho, (The dynamic curve in the figure is for a 6J5 tube with Ebb 250 
volts and RL 50,000 ohms.) This waveform may or may not be similar 
,o the waveform of the signal voltage vg, depending on whether the operat-
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ing portion of the dynamic curve is linear or not. If E00 in the example 
had been chosen more negative, it is possible that the lower portion of the 
current waveform would have been a poor reproduction of the signal­
voltage waveform. 

The dynamic curve predicts the performance of a tube for particular 
values of Ebb and RL, If either of the latter is changed, a new dynamic 

TYPE 6J5 

~ characteristic must be plotted. 

FIG. 4-12. 

This is a rather laborious process if 
many such curves have to be 
drawn. As a result, although the 
dynamic characteristic can be used 
in an explanation or as a starting 
point in an analysis of a vacuum­
tube problem, it is seldom used for 
the design and calculation of practi­
cal amplifier circuits. 

p 

g 

k 
Fra. 4-13. Interelectrode capacitances 
in a triode. 

4-8. Shortcomings of the Triode. In the evolution of the triode from 
its first crude beginning to its present-day form, it soon became apparent 
that this type of tube was handicapped by its relatively low amplification 
factor. Triodes are commonly used in voltage amplifiers, and, as will be 
shown later, the maximum theoretical gain of an amplifier is given by the 
amplification factor of the tube. Thus it can be readily understood why 
tubes with high value ofµ might be desirable. It has usually been found 
impractical to use triodes with µ greater than 100. They can be built, 
but their operation in the usual amplifier circuits is far from satisfactory. 

If we examine the schematic diagram of a triode as pictured in Fig. 4-13, 
we see that three interelectrode capacitances are shown. These capac-
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itances are actually within the tube itself and are determined by the 
physical sizes and spacings of the electrodes, lead wires, and base pins. 
While they may all be important at times, the only one of interest to us at 
present is the grid-to-plate capacitance C0 P, which acts as a link or cou­
pling between the grid and the plate circuits. If the tube is used as an 
alternating-voltage amplifier, the varying voltages in the grid and plate 
circuits cause an alternating current to flow through C0 P into the grid cir­
cuit. The magnitude of this current is proportional to the size of Cap• 
This feeding of energy from the plate circuit of the tube to the grid circuit 
is called feedback. Under some circumstances it can cause the circuit to 
oscillate. The frequency of the oscillations is largely determined by the 
inductance and capacitance of the circuit. Obviously we should not 
allow a circuit to act as a generator of an alternating voltage while trying 
to use it as an amplifier. 

Triodes with a high value of µ show much more tendency to oscillate 
than do those with low values of µ. This can be readily understood. If 

C 

k 

Fm. 4-14. 

an amplifier has a high gain, a 
small alternating voltage in the 
grid circuit causes a large alternat-

+ ing voltage in the plate circuit. 
Ecc2 2 This in turn causes a relatively large 

current to be fed back to the grid. 
On the other hand an amplifier with 
low gain has a smaller alternating 

voltage in the plate circuit, and hence a smaller current flows back to the 
grid. 

Thus we see that in order to prevent oscillations in amplifiers, we have 
our choice of several alternatives. We can use tubes with low values ofµ,, 
or we can find some means of reducing the interelectrode capacitance Cap• 
A third method would be purposely to feed current back to the grid circuit 
in such a manner as to be 180° out of phase with that fed back through C0 P 

and sufficient to cancel its effect. This is known as neutralization, and it 
is often resorted to when triodes are used at ra,dio frequencies. 

4-9. The Tetrode. About twenty years after De Forest invented the 
triode, Dr. A. W. Hull decided to try to reduce the undesirable interelec­
trode capacitance Cap by introducing a fourth element, which he called a 
screen grid, between the control grid and the plate. He found that, if this 
grid was held at a positive fixed potential with respect to the cathode but 
at cathode potential for alternating voltages, the effective capacitance 
between the control grid and plate was greatly reduced and the tube char­
acteristics changed. In order to have the screen grid with the correct 
potentials, this electrode can be connected as shown in Fig. 4-14, where 
C is a large bypass capacitor connecting the screen grid to the cathode, 
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This capacitor is large enough so that it has negligible reactance at the 
frequency of any voltage that is to be applied to the control grid of the 
tube. Since the screen grid is at zero alternating potential with respect 
to the cathode, it acts somewhat as a 
grounded plane between the plate and 
the control grid, thus reducing their mu­
tual capacitance. If the screen grid had 
been a solid sheet of metal completely 
surrounding the plate, the capacitance 
between the control grid and plate would 
have been zero. Obviously this could 
not be used since it would stop the flow 
of electrons to the plate. Actually the 

Cglk 
screen grid is in the form of a helix 
surrounding the control grid, and it 

Fm. 4-15. Interelectrode capaci­
reduces C0 1p to a very small value. tances in a tetrode. 
Figure 4-15 shows some of the inter-
electrode capacitances in a tetrode, and while the screen grid causes more 
interelectrode capacitances to exist, it has reduced the value of C01P. 

Frn. 4-16. Photograph showing the construction of a type 32 tetrode. 

In addition to a second grid some tetrodes have a shield which sur­
rounds the plate and is connected to the screen grid. The purpose of this 
shield is to reduce the capacitance between the anode and other parts of 
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the circuit external to the tube. Figure 4-16 shows the elements of a 
type 32 tube. Note that the control-grid lead is brought out the top of 
the envelope. This is done to reduce the capacitance between the grid 
lead and the other leads and elements in the tube. Receiving-type 
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Frn. 4-17. Plate characteristics of a type 6SJ7, tetrode connected. 

tetrodes are seldom used in present-day circuits, and hence the 32 is a dis­
continued type. 

4-10. Tetrode Characteristics. Since the plate current in a tetrode is 
dependent on three electrode voltages Ec1, Ec2, and Eb, a four-dimensional 

0 -C 

le: p 

E1, >Ec2 

model would be necessary com­
pletely to represent its characteris­
tics. Or, as an alternative, several 
two-dimensional families of curves 
may be plotted, each family having 
one of the variables held constant 

QJ .... 
0 

Cl. 

E
6 

< Ec2 and another used as a parameter . 
The most common diagram of this 
type is the plate family with Ec2held 
constant and E 01 the parameter. 
Such a family is shown in Fig. 4-17. 

In order to explain the shapes of 

Distance x--­
Frn. 4-18. Potential distribution in a 
tetrode with various plate voltages. 

these curves, let us first examine the 
potential distribution in a tetrode as pictured in Fig. 4-18. Here it is seen 
that, in the region between the cathode and the screen grid, the potential 
distribution is almost identical to that in a triode and that the magnitude 
of the plate voltage has practically no effect on the Bhape of th~ elootrio 
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field in this region. This is a logical conclusion since, in shielding the 
control grid from the plate by means of the screen grid, the cathode region 
is also shielded from the action of the plate. If the screen grid is main­
tained at a constant positive potential, the relationship between Ec1 and 
the cathode current (I,,, = Ic2 + lo) will be similar to that for a triode. 
This can be shown by plotting a transfer characteristic of cathode current 
vs. control-grid voltage for a tetrode. This has been done in Fig. 4-19 
for various values of Ec2• When the electrons making up the cathode or 
total space current arrive at the 
plane of the screen grid, a portion 
of them strike this grid, resulting 
in Ic2• However, the structure of 
the screen grid is such that the 
wires are of small diameter and 
the spacing between them rather 
large, which results in most of the 
electrons passing through into the 
space between the screen grid and 
the plate. \\'hat happens to them 
there is determined by the rela­
tive potentials of the plate and the 
screen. 

Once more referring to Fig. 4-17, 
the family of plate characteristics for 
a tetrode, we shall now discuss the 
shapes of the various portions of the 
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current is very small. Any current 
tetrode-cathode current vs. grid voltage. 

which flows under these conditions is caused by initial velocity of the elec­
trons and by contact potential difference. If the electrons had started 
out with zero velocity at the cathode, they would have been accelerated 
by the positive potential on g2. When they arrived at the plane of g2, 
they would have reached a maximum velocity depending on the mag­
nitude of Bez. If they missed the grid wires and passed into the space 
between gz and p, they would have been decelerated by the field, which 
has a negative-potential gradient, represented by curve 1 in Fig. 4-18. 
These electrons would arrive at the surface of the plate with zero velocity 
and would then reverse direction and be accelerated back toward the 
screen grid. They might once more miss the wires of the screen grid, pass 
through, come to a stop, and then again reverse direction of motion. In 
fact, they might oscillate about this grid a few times before striking it and 
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causing screen-grid current. Electrons, however, do not all leave the 
cathode with zero initial velocity. Therefore some of them will arrive at 
the plate with enough energy so that they will penetrate the surface, 
causing plate current to flow. As the plate voltage is increased, the 
deceleration of the electrons in the region between the second grid and the 
plate becomes less. Hence more of them will strike the plate, causing an 
increased plate current. A value of plate voltage finally 'Will be reached 
where electrons arrive at the plate with sufficient energy to cause second­
ary emission. 

According to convention, the plate current due to the secondary elec­
trons is a negative current. The net plate current is the algebraic sum 
of the primary and secondary currents. As the potential of the plate 
is increased, the primary electrons bombard the plate with higher veloc­
ities and hence cause more secondary current, while the primary current 
remains approximately constant. As a result the plate current decreases 
with increasing plate voltage as shown in the region ab of Fig. 4-17. The 
slope of this portion of the curve is negative, which means that the 
dynamic plate resistance is likevvise negative. Tetrodes usually are not 
operated on this part of the curve, which is known as the dynatron region. 
There are, however, a few special circuits where this negative-resistance 
characteristic is desirable. One such circuit is the dynatron oscillator. 

As the plate voltage is further increased, until it approaches Ec2, fewer 
electrons are attracted to the screen grid. This results in an increased 
plate current (see region be of Fig. 4-17). When the plate voltage 
becomes greater than that of the screen grid, as shown by curve 4 of Fig. 
4-18, all the secondary electrons return to the plate. Since, as explained 
earlier, the plate voltage has very little control over the plate current and 
since, at these higher plate voltages, the secondary current neither adds 
to nor subtracts from the plate current, the plate characteristic should be 
flat or slowly rising with increasing Eb. This proves to be the case, as is 
shown by the portion of the curve to the right of c in Fig. 4-17. 

When examining the plate characteristic of a tetrode, the student 
often comes to the conclusion that the flat portion of the characteristic is 
due to the limitation of emission current from the cathode. This is not 
the case. The cathode in a tetrode is capable of emitting much more cur­
rent than the plate and screen grid are able to take care of without over­
heating. This can be proved by increasing the screen-grid voltage, which 
will result in an increased space current. The emission current is inde­
pendent of the electrode voltages and is determined only by the tempera­
ture of the cathode [Richardson's equation (2-6)]. In this discussion the 
temperature of the cathode is held constant; yet the space current 
increases with screen-grid voltage. This is shown by the transfer char-
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acteristics in Fig. 4-19. Therefore, we cannot have reached saturation 
current for the emitter, and the flat part of the plate characteristic must 
represent the effect of control of plate current by the plate voltage. This 
is the usual useful operating region for the tube. 

4-11. Tube Coefficients for the Tetrode. From an examination of the 
plate family we can reach the conclusion that, since the slope of the char­
acteristics is very small in the operating region, the dynamic plate resist­
ance is very high. Measurements of this parameter for small tetrodes 
show that it has values of a few hundred thousand ohms to more than a 
megohm. This is much higher than values of rp for a triode, which in 
most cases is less than 100,000 ohms. Like,vise, we can conclude that, 
since the control-grid voltage has considerable effect on the plate current 
while the plate voltage has very little effect, theµ. of the tube is quite high. 
:Measurements show that it may be as high as 1000. Since the action of 
the control grid is similar to the action of the control grid of a triode, the 
mutual conductances of both types should be of the same order of magni­
tude. Measurements on tetrodes yield a value on the order of 2000 
micromhos. 

4-12. Shortcomings of the Tetrode. The tetrode has one distinct 
shortcoming, and that is that the operating region is limited at the low­
plate-voltage end by secondary-emission effect. The first attempt to 
eliminate this difficulty was to use carbonized plates (a graphite coating 
on nickel). Carbon, having a higher work function than nickel, had the 
effect of reducing the secondary emission. Although some improvement 
resulted from this treatment, other methods gave better results. The 
most successful of these involved the addition of a third grid, called a 
suppressor grid. This development was made about 1930. 

4-13. The Pentode. Because of their more desirable characteristics, 
pentodes and beam power tubes have almost completely superseded 
tetrodes in present-day low-power circuits. This is because of the elim­
ination of the secondary-emission effects which occur when the plate volt­
age is less than the screen-grid voltage. 

The pentode has three grids. The first, or control, grid, which is 
closest to the cathode, serves the same purpose as the control grid in a 
triode or tetrode. The second, or screen, grid is the same as the screen 
grid in a tetrode. The third, or suppressor, grid is usually connected to 
the cathode and thus sets up a field between itself and the plate such that 
secondary electrons return to the plate. This action can probably best 
be seen by referring to Fig. 4-20, which shows the potential distributions 
in a pentode when the three grid voltages are held constantand the plate 
voltage is varied. The suppressor grid is connected to the cathode and is 
therefore at zero potential. Note that, in the region between the sup-
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pressor grid and the plate, the potential gradient is always positive, even 
for small values of Eb. This means that all electrons in this region will 
be acted upon by forces which move them toward the plate. 

A question which is often raised is how and why do the electrons get 
into the space between the plate and suppressor grid if the latter is a cath­
ode potential. This is easily ansered by assuming that electrons are 
emitted from the cathode with zero or a small initial velocity and then 
examining the effects of the various parts of the field between the cathode 
and the plate. 

The portion of the field between the cathode and the screen grid is 
almost the same as the field between the cathode and the plate in a triode. 

Cl -C 

~ 
0 
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+ 
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lc--,~L/---L----=------"--Ez,=O ..--

Fm. 4-20. Potential distribution in a pentode. 

Therefore the control-grid voltage is able to influence the space current 
just as it does in a triode. On arrival at the plane of g2 most of the elec­
trons pass between the grid wires and enter the field between g2 and (13. 

The potential gradient of this field is negative, which means that the 
electrons are slowed down. They arrive at the point of zero-potential 
gradient with a velocity at least as great as the velocity with which they 
left the cathode. This velocity carries them into the space between the 
suppressor grid and the plate. They are then accelerated toward the 
plate if Eb has a value greater than zero. If the plate voltage is high 
enough, secondary electrons will be emitted from the plate but the poten­
tial gradient of the field is such as to force them back from whence they 
came. Thus the secondary-emission effect is eliminated. 

Figure 4-21 shows the plate characteristic of a 6SJ7 tube (normally a 
pentode) operated as a tetrode by connecting the screen grid and the sup­
pressor grid together. Note that this results in a typical tetrode char­
acteristic. When the tube is connected normally (as a pentode), the dip 
is eliminated and the flat portion extends down to lower values of Eo. 
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4-14. The Static Characteristics of a Pentode. A family of static 
plate characteristics can be plotted for a pentode by using a procedure 
somewhat similar to that used for a triode. The only difference is that 
the screen grid and the suppressor grid must be maintained at constant 
potentials with respect to the cathode. Such a family for a 6SJ7 tube is 
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shown in Fig. 4-22. The screen voltage in this instance was held con­
stant at a value of 100 volts, and the suppressor grid was connected to the 
cathode. Note that, as in the tetrode, the plate voltage has very little 
effect on the plate current in the operating region of the tube. In fact, 
the plate voltage has even less effect than in a tetrode. This is because 
of the additional shielding by the suppressor grid. If we plot a family of 
static transfer characteristics for a pentode, using values of Eb in the 
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operating range as a parameter and with Ec2 held constant, it will be seen 
that the family consists practically of a single curve. Such a family is 
shown in Fig. 4-23. 

4-16. Dynamic Transfer Characteristics for a Pentode. If a given 
load is inserted in the plate circuit of a pentode, as shown in Fig. 4-24, an 
infinite number of transfer characteristics can be plotted. This is 
because of the two parameters, screen-grid voltage and suppressor-grid 
voltage. However, since the suppressor grid is usually connected to the 
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FIG. 4-23. Transfer characteristics for 
a 6SJ7 pentode. 

cathode in most circuits, we shall not 
consider it as a parameter during the 
remainder of this discussion. 

Let us first examine the effects of 
varying the load resistor RL, while 
holding E 0 2 and Ebb constant. Such 
a family is pictured in Fig. 4-25. 

Eccl 

FIG. 4-24. Circuit for obtaining dynamic 
transfer characteristics. 

Note how the straight portion of the curves decreases in length with 
increasing values of RL. This seems to indicate that as the load resist­
ance in a pentode amplifier is increased, the magnitude of the grid swing 
(peak-to-peak value of grid signal) must be decreased if we wish to keep 
the distortion of the plate-current waveshape down to a reasonable value . 
.For example, the swing for the b curve might be from -2.5 to -4.5 volts, 
while for the c curve the limits might be from -3.5 to -4.5 volts. 

A second set of dynamic transfer characteristics for the 6SJ7 pentode 
appears in Fig. 4-26. In this instance the load resistance is held constant, 
and the screen-grid voltage is the parameter. Two load-resistance values 
are used. For the lower resistance value (RL = 25,000 ohms) the curves 
are somewhat similar to the static characteristics in general appearance. 
Note that in the negative control-grid region a much higher range of plate-



THE VACUUM TRIODE 93 

current values can be obtained if the screen voltage is made high. This 
shows the importance of high screen voltage for power-amplifier opera­
tion. For the higher load-resistance value (RL 100,000 ohms) the 
character of the curves is quite different. The curves all have similar 
shapes, and they flatten out at the same value of plate current. These 
latter curves are useful for voltage-amplifier operation. Curves for lower 
screen voltages have somewhat longer straight portions, but the mag­
nitude of screen voltage used is not 
very critical. 

4-16. Tube Coefficients for a 
Pentode. Referring to the family of 
plate characteristics for a 6SJ7 tube, 
shmvn in Fig. 4-22, we see that the 
slope of the curves in the operating 
region is very small. Therefore the 
dynamic plate resistance must be very 
high. It is even higher than for a 
tetrode. For most pentodes it is of 
the order of 1 to 2 megohms. 

Since the control grid in a pentode 
has about the same effect on space 
current that it has in a triode, ,ve 
would expect the mutual conductances 
to be of about the same order of 
magnitude. By referring to a tube 
manual we can easily check that this 
is true. The value of Ym is usually 
found to be in the range of 1500 to 
3000 micromhos. 
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FIG. 4-25. Dynamic transfer charac­
teristics for a 6SJ7 pentode. 

The amplification factor for a pentode is not given in a tube manual. 
However, by means of a vacuum-tube bridge this tube coefficient can be 
measured and may be found to be as high as 2000 or more. One should 
not be misled by this large value of µ. It was previously stated that the 
gain of an amplifier could approach the value of µ as a limit. Theoret­
ically this is true, but practically it is impossible to attain gains much 
greater than 250, even though the tube may have a µ of 2000. One 
reason for this is that as soon as we use larger load impedances in order to 
increase the gain, the power-supply voltage becomes so large as to be 
impractical. We must therefore be satisfied with less gain than the tube 
is capable of giving. 

It might be well to mention in passing that there are other tube coeffi­
cients, besides those mentioned above, which are sometimes useful. For 
instance, the screen grid and plate have a mutual conductance, which is 
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defined as Uu2p = fJib/ ae.2. Likewise the screen grid has an amplification 
factor, which may be defined as µ. 211 -fJeb/fJe02. There are other coeffi­
cients, but since they are seldom used, no more will be said about them 
here. 

4-17. Remote-cutoff Tubes. So far the only pentode discussed has 
been the type similar to the 6SJ7, which is a sharp-cutoff tube. It has 
been named this because there is a rather definite low value of grid voltage 
which makes the tube cut off. This characteristic is shown in Fig. 4-27, 
where curve a is a static transfer characteristic for a 6SJ7. Curve b is 
for a 6SK7, a remote-cutoff type. Note that for the latter the curve 

·7 ·6 ·5 -4 -3 ·2 -I O I 2 3 
Eci (volts) 

FIG. 4-26. Dynamic transfer characterist,ics of a 6SJ7 pentode for various screen 
voltages. 

becomes almost asymptotic to the zero-current axis and that the cutoff 
voltage is at some indefinite remote point. This type is also called var­
iable-µ because of the variation of the amplification factor at various 
operating points on the characteristic curve. 

The remote-cutoff, or variable-µ, characteristic is obtained by designing 
the tube with a variable-pitch grid winding. In the 6SK7 the grid wires 
are fairly close together at the top and bottom of the grid but are spaced 
farther apart near the center. Such a construction allows the grid to stop 
the flow of current through the upper and lower portions at a certain low 
negative voltage while current still flows through the center portion. At 
some higher negative grid voltage the center portion will cut off. The 
result is a transfer characteristic like that shown in the figure. 

4-18. Tube Classification by Use. Tubes may be classified according 
to the type of service they are to perform. One such method of grouping 
them is either as voltage amplifiers or as power amplifiers. 
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Voltage amplifiers are intended for use with high impedance loads in the 
plate circuit and hence are designed for small values of plate current. 
They are therefore constructed with small cathodes, grids, and plates. 
They may be in either glass or metal envelopes and can sometimes be 
obtained in both versions. The metal tube has the advantage of better 
shielding from external fields and of slightly lower interelectrode capac-

(a) 6SJ7- SHARP- CUT-OFF PENTODE 
Eb : 250 volts 
Ec2: 100 volts 
E,,3 : 0 volts 
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Fm. 4-27. Transfer characteristics for a sharp-cutoff pentode and a remote-cutoff 
pentode. 

itances. Voltage-amplifier tetrodes and pentodes have been made in 
both sharp- and remote-cutoff types. 

Power tubes, on the other hand, are necessarily high-current tubes. 
They are usually used after one or more stages of voltage amplifica­
tion and supply relatively large amounts of power to low-impedance 
loads. They must have large cathodes capable of supplying the currents 
demanded of them. The currents to the plate and to the screen grid are 
therefore large, compared with the currents in a voltage-amplifier tube, 
and hence these elements must be designed with large physical size to 
dissipate considerable power. 

Figure 4-28 is a photograph of the elements from various types of tubes. 
The control grids from the 6SJ7 and 6SK7 have been enlarged in order to 
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show the difference in the winding of the wires. The heavier construction 
of the types 6F6 and 6K6, which are power tubes, may be noted. 

4-19. Beam Power Tubes. The beam power tube is sometimes called 
a tetrode although it has the characteristics of a pentode. The difference 
between it and a true pentode is in the manner in which suppression of 
secondary electrons is accomplished. 

The principal limitation of the power output of the pentode tube is due 
to the curvature of the lower end of the h vs. Eb curves at low plate volt-

6SJ7 6SK7 61(6-G 

PLATE-· 

Frn. 4-28. Elements of voltage and of power pentodes. 

ages. This curvature causes distortion of the output signal. In order 
to keep these curves straight over a greater length, the beam power tube 
was developed. This type of tube accomplished the suppression of sec­
ondary electrons by causing the formation of a dense cloud of electrons 
between the screen grid and the plate, this space charge establishing a field 
such that it counteracts the action of the screen grid on the secondary 
electrons. 

In order to produce this effect, the cathode must be physically large so 
that it is capable of emitting copious numbers of electrons. It is also 
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flattened so that it is somewhat oval in shape instead of circular. This 
causes the electrons to be emitted in a somewhat broad beam. In addi­
tion, beam-forming plates, which are shown in Fig. 4-29, a;e outside of the 
screen grid and connected to the cathode. These further focus the beam 
into one of high charge density. This cloud of electrons is so dense that 
a powerful space charge is set up in the g2p interelectrode region and acts 
in such a manner as to repel secondary electrons back to the plate. 

Since the space current passed by a beam power tube must necessarily 
be high in order to accomplish suppressor action, the screen would inter-

Fm. 4-29. Internal structure of a beam power tube. (Courtesy RCA.) 

cept large numbers of electrons if precautions were not taken to prevent 
this by winding the screen grid with the same pitch as the control grid. 
When the tube is assembled, care is taken to see that the screen-grid wires 
are in line with the control-grid wires. Thus when plate current is 
flffwing, the screen-grid wires lie in the shadow of the control-grid wires, 
and they therefore intercept few electrons, and so the screen-grid current 
is low. 

The plate family of characteristics for a type 6L6 beam power tube is 
shown in Fig. 4-30. Here it can be seen that the curves are fairly straight 
until they come to the knee, where they fall off very rapidly. 

4-20. Miscellaneous Types of High-vacuum Tubes. There are many 
other types of high-vacuum tubes, some of which are somewhat similar 
to those already described and others quite different. 

A combination of diodes, triodes, and pentodes may be enclosed by a 
single envelope, and while it may be considered as a single tube, it acts as 



98 ENGINEERING ELECTRONICS 

several tubes. The different plates may all use a common cathode, or 
each may have a separate cathode. An example of a duodiode triode is 
the 6SQ7. This tube has a single cathode with two small anodes for the 
diodes mounted below the triode section. Naturally this tube can be 
used only in circuits where it is possible to have the cathodes for the three 
sections common. There are also duodiode pentodes, twin triodes, twin 
pentodes, diode-triode pentodes, and many other combinations. Some 
of the triode sections are low-µ and some are high-µ. An examination of 
a tube manual will soon acquaint the student with these various types. 
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FIG. 4-30. Plate eharacteristics of a beam power tube. 

There are many other types of tubes such as acorn tubes, lighthouse 
tubes, magnetrons, klystrons, etc., which are used at very high frequen­
cies, but which we shall not describe or discuss, since they are beyond the 
scope of this book. There are also miniature and subminiature types, 
which are principally small versions of the ones we have already studied. 
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PROBLEMS AND QUESTIONS 

Characteristic curves for several types of tubes are contained in Appendix A. 
1. A hypothetical triode has parallel plane electrodes. The distance from cathode 

to grid is 1 cm, from grid to anode 2 cm. Relative to the cathode the grid voltage i~ 
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10 volts, the anode voltage + 100 volts. Sketch approximate graphs of the poten­
tial distributions in the interelectrode space (a) with normally hot cathode and along 
a line intersecting a grid wire, (b) with normally hot cathode and along a line passing 
midway between the grid wires. (c) Repeat (b) but with the plate potential raised to 
150 volts. (d) Repeat (a) but with the grid voltage changed to a value which makes 
the potential distribution near the cathode approximately the same as in (c). Com­
pare the plate currents in parts (c) and (d). 

2. Name three families of tube-characteristic curves which might be useful in the 
study of electronic circuits. 

3. Name and give the mathematical symbols and definitions for the three tube 
coeftlcients for a triode. Also write the mathematical relationship between these 
three coefficients. 

4. The plate current in a certain triode is 20 ma when Eb = 200 volts and Ee 
= -20 volts. If µ, is approximately constant and equal to 9, what should be the 
approximate plate current if Eb = 300 volts and Ee -30 volts? 

5. Determine the approximate values of k and n in Eq. (4-3) for a triode-con­
nected 6SJ7 so as to make this equation useful for performance calculations in the 
region near Eb 275 volts, E, -4 volts. Use h in milliamperes. 

6. Use the plate characteristics for a 6J5 to draw a static transfer characteristic 
for Ea = 125 volts. 

7. From the plate characteristics for a 6J5 tube graphically determine the approxi­
mate numerical values of µ,, rp, and Ym, independently of each other, for E, = -6 
volts, Eb = 160 volts. Use the relation µ, rpg,,. to check these answers. 

8. (a) Use Fig. 4-5 to determine the approximate value of µ, for Eb = 150 volts, 
h = 4 ma. (b) Repeat for Eo = 350 volts, h = 4 ma. (c) Repeat for Eb = 250 
volts, lb = 9 ma. 

9. Use Fig. 4-5 to determine the approximate value of Ym for Eb 250 volts, 
h 9ma. 

10. Use Fig. 4-5 to find the approximate values of µ,, g,,., and rv for Eb 200 volts, 
I.= 5 ma. 

11. Use Fig. 4-6 to determine the approximate values ofµ,, gm, and r,, for Eb = 200 
volts, h 5 ma. 

12. Draw the dynamic transfer characteristic for a 6J5 tube for E"" = 200 volts 
and RL = 10,000 ohms. The following procedure is suggested: First assume a plate­
current value. From this the voltage drop in RL can be calculated, and hence the 
voltage from cathode to plate can be found. The plate voltage and current deter­
mine a point on the plate characteristics, and hence Ee is determined. This procedure 
repeated several times gives the dynamic transfer characteristic. 

13. What are the two principal shortcomings of a triode? 
14. A certain tetrode has Ecc1 = -10 volts, Ecc2 150 volts. Sketch the approx-

imate potential-distribution curves for a straight-line path which intersects the 
wires of the control and of the screen grids, for the following conditions. Label 
each with identifying letters. (a) Ebb = 300 volts, (b) Eob = 150 volts, (c) Eob = 0 
volt. Is the potential distribution near the cathode greatly different in the three 
cases? 

15. Data for a tetrode type 24A can be found in a tube manual. (a) If the plate 
and screen voltages are held constant at 250 and 90 volt,;, respectively, by approxi­
mately how much will the plate current increase if the control-grid voltage is increased 
from -3.0 to -2.9 volts? (b) If the control-grid and screen-grid voltages are main• 
tained constant at -3.0 and 90 volts, respectively, by approximately how much will 
the plate current increase if the plate voltage is increased from 250 to 300 volts? 
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16. For a type 24A tube C01p 0.007 µµf, and C;n = C0 ,, + C,,,2 5.3 µµf. 

E0 = 2L,<l':. volts at 796 kc. Since the tube amplifies 100 times, Ea 200 /180° volts, 

where E, is the alternating output voltage. Calculate the current 10 (in micro­
amperes) which flows through the tube capacitances. See Fig. 4-31. 

Fm. 4-31. 

17. In a certain pentode with plane electrodes the values of the bias voltages are 
Ea = 200 volts, E 03 0 volt, Ec2 = 100 volts, Ec1 = -2 volts. The potential dis­
tribution along a certain path is shown in Fig. 4-32. Many electrons leave the cathode 
with zero velocity. Determine the speed of one of these when it reaches (a) the plane 
of g,, (b) the plane of u2, (c) the plane of Ya, (d) the plate. 
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FIG. 4-32. 

18. What three methods might be used to avoid oscillations in an amplifier? 
19. Use the plate characteristics for a 6SJ7 tube. E.2 = 100 volts, E., 0 volt. 

Draw the static transfer characteristics for Eo ,50 volts and for E. = 300 volts. 
20. Use Fig. 4-22 to determine the approximate value of Urn for Eb = 200 volts, 

E 01 = -3 volts. Can these curves be used to determine the values of r,, and µ? 

21. Draw the dynamic transfer characteristic for a 6SJ7 tube with Ebb 200 volts, 
E 002 100 volts, Ea, 0 volt, RL = 25,000 ohms. Use the procedure suggested in 
Prob. 12. Can you suggest a better method? 

22. In the manufacture of a type 6SJ7 tube some of the wires of the control grid are 
bent apart because of rough handling. What happens to the tube characteristics? 



CHAPTER 5 

SOJ\1E APPLICATIONS OF VACUUM TUBES 

5-1. Radio Communication. Now that we have some notion of how 
an electronic tube works, let us begin to find out how to make it use­
ful. Its usefulness depends upon its characteristics, and it must be 
incorporated into an electrical circuit which will properly exploit these 
properties. 

Let us begin with an application ·with which most readers have some 
acquaintance, communication by radio, for example. Since sound waves 
in air lose their energy rapidly as the distance from the source increases, 
and since noise is likely to be at an interfering energy level, direct vocal 
communication can be held over only short distances. If a microphone 
is used to convert sound energy at the source into electrical energy, wires 
may be employed to convey some of this energy to a distant receiver 
which reconverts to sound energy again. This transfer of electrical 
energy is attained by the electric and magnetic fields surrounding the 
telephone wires. It might be attempted to dispense with these wires and 
to create a widespread electromagnetic field at the transmitter, varying 
at the sound frequency. This could be done by using an antenna. A 
similar antenna at the receiver could be used to extract some energy from 
the varying field. However, it is found that this scheme works for very 
short distances only. Investigation shows that for the successful radia­
tion of energy, the antenna should have certain dimensions approaching 
a quarter wavelength of the electromagnetic radiation. For a reasonable 
antenna size this requires the frequency of the signal to be quite high, say 
50,000 cps or more. Since the human voice has far too low a frequency 
content to meet this requirement, some frequency-changing device is 
needed. Also another frequency changer (detector) is necessary at the 
receiver to get the audible voice frequency again. 

If the sinusoidal waveform for a current is examined, it is conceivable 
that two changes can be made in it. First, the amplitude can be varied, 
and, second, the spacing between waves can be changed. Figure 5-1 
shows a radio-frequency-current waveform before (a to b) and after (b to 
c) it has been amplitude-modulated at an audio frequency, while Fig. 5-2 
shows the same radio-frequency current when it is angle-modulated. It 
can be proved mathematically that either of these types of variation or 
modulation results in the formation of new frequencies which differ from 

101 
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both the original radio frequency ( carrier) and the audio frequency and 
lie in a band which includes the carrier. 

For the case of Fig. 5-1 notice that the audio-frequency (a-f) waveform 
(assumed sinusoidal here) may be plainly discerned in the envelope of the 
upper extremities of the modulated radio-frequency (r-f) waveform. If 
the amplitude of the audio signal is increased, the distance between peak 
and trough of the envelope increases further. Thus amplitude modula-

a l, 

Fm. 5-1. Amplitude-modulated wave. 

a l, C d 

Frn. 5-2. Angle-modulated wave. 

tion can convey in a high-frequency (h-f) waveform both pitch and inten­
sity of a signal to be transmitted. 

In Fig. 5-2 the unmodulated r-f-carrier waveform is sho,vn from a to b. 
From b to c the frequency is varying but is higher than that of the carrier, 
while from c to d the frequency is lower. The frequency thus varies 
higher and lower than the carrier at the rate of the audio signal. The 
audio amplitude determines the extent of the frequency variation. Thus 
this system too is capable of conveying both pitch and intensity of an 
audio signal. 

5-2. A-M Transmitter System. Figure 5-3 shows a so-called block 
diagram of one amplitude-modulation (a-m) transmitter system. The 
microphone produces electrical energy of frequency and amplitude corre-
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sponding to those of the sound-pressure waves. Many types of micro­
phones have been devised. A carbon microphone is simple, gives more 
a-c electrical energy than the energy contained in the intercepted portion 
of the sound wave, and is used in ordinary telephone work. Its reproduc­
tion lacks the faithfulness desirable in radio practice. Other types 
include condenser, moving coil, ribbon, and crystal. They do not employ 
electron tubes and need not be discussed here except to say that they pro­
duce an output voltage more or less closely corresponding to the sound­
pressure wave. The output voltage is never more than a fraction of a 
volt and always needs to be amplified by a voltage amplifier, often to a 
value as high as hundreds of volts. This latter voltage is applied to an 
amplifier designed to deliver a heavy current at a high voltage. This 

Sound wove 

))\\ A-f voltage Modulo tor -Microphone (A-I power R-f 
)) amplifier amplifier) energy 

115v D-c power Modulated 

60cps supplies r-f power 
amplifier 

R-f R-f voltage R-f power 
generator amplifier amplifier 

Fro. 5-3. An a-m transmitting system. 

amplifier is called a power amplifier. As the frequencies are still those of 
the audio signal, this power is fed into a frequency changer. 

The r-f generator usually is a vacuum-tube type of oscillator, a device 
which changes d-c energy into a-c energy at almost any frequency desired. 
The output voltage being rather small, an r-f voltage amplifier raises its 
value and at the same time serves as a buffer to prevent the action of the 
r-f power amplifier which follows from affecting the action of the oscilla­
tor, which might otherwise vary the frequency of its output. The r-f 
power amplifier is needed because the frequency-changing device used 
here requires r-f power input as well as a-f power input. The two fre­
quencies are mixed in the modulated r-f power amplifier, which must be 
nonlinear so that different frequencies will be produced. A large h-f cur­
rent having a waveform represented very simply in Fig. 5-lb to c now 
flows into the antenna, where a magnetic field and an accompanying 
electric field with corresponding varia~ions are formed. This electro­
magnetic energy is radiated in directions depending upon the antenna 
configuration, and we shall suppose that some of it is intercepted by the 
11,ntenna system of the receiver. 
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5-3. An A-M Receiver System. The voltage induced in the receiving 
antenna by the desired electromagnetic wave is often extremely small. 
If it considerably exceeds that induced from noise sources (atmospheric 
static, neon signs, automobile ignition, etc.) and from other transmitters 
in the same frequency range, it can be made to deliver satisfactorily the 
signal contained in its modulation. 

The receiver system shown in block-diagram form in Fig. 5-4 has the 
induced antenna voltage applied to the input of an r-f filter, which can be 
adjusted to reject to some extent all signals having their energies outside 
the desired frequency band. A tunable L-C circuit is commonly used for 
this. Next, an r-f amplifier raises the voltage to a higher level, more 
desirable for operating the mixer (frequency changer), and at the same 
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amplifier ) )) 
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Fw. 5-4. Block diagram of a radio receiver. 

time further filters out the undesired signals. The type of frequency 
changer used here mixes the modulated r-f signal ·with an r-f signal from a 
local oscillator to give a new modulated r-f (called intermediate-fre­
quency) signal lying in a different band, where it will be further amplified 
and filtered by the intermediate-frequency (i-f) amplifier. The advan­
tage of this system lies in the fact that all desired signals will be changed 
from their original r-f bands to the same i-f band, and it is possible to 
design the amplifier handling this fixed band of frequencies to do the 
amplifying and filtering much better than if it were to be an adjustable 
one. 

The modulated signal in the i-f band is now perhaps as great as 10 volts 
rms and under favorable conditions is almost wholly free of any interfer­
ence. Its waveform envelope may be imagined to be that of Fig. 5-1. 
Now we want to get a voltage having the waveform of the upper envelope, 
without the r-f variations. The demodulator, or detector, is used for this 
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purpose. Then an a-f voltage amplifier raises the voltage to a level suffi­
cient to operate the power amplifier, which in tum drives a loudspeaker. 

In both the transmitter system and in the receiver, batteries or power 
supplies are necessary for operating the tubes. Sometimes rotating 
machines are used to convert alternating current to direct current, but 
more often rectifiers and filters are employed. 

5-4. Background Material. Let us investigate a few devices, includ­
ing some introduced in connection with a-m systems. These devices 
have a great many applications, even outside the communications field. 
The study of vacuum-tube circuits is somewhat complicated because they 
contain d-c supplies and, in addition, generators which supply either 
periodic or nonperiodic variable vottages. Although the circuits external 
to the tube may be approximately linear, the tube itself has a nonlinear 
characteristic in general and the total currents which flow usually do not 
have the same waveforms as do the applied voltages. However, problems 
of design and analysis we are leaving for later chapters. Here we wish to 
get acquainted in a general way with some vacuum-tube circuits. Thus 
we hope to gain a desirable background for the discussions which follow. 

In all types of vacuum tubes the tube characteristics determine the 
applications to which the tube can be put. For example, the most useful 
property of a diode is its unilateral conductivity. Anode current flows 
when this element is positive relative to the cathode; no current flo,vs 
when the voltage is reversed. For a triode two properties are most 
important. First, if the operation is conducted in what is called a linear 
region, where the plate-current vs. grid-voltage characteristic curve is 
approximately straight, then alternating voltages applied between cath­
ode and grid produce an anode current with the variable component of 
approximately the same waveform as the alternating grid voltage. This 
property is useful in amplifiers. Second, if the operation is conducted in a 
nonlinear region, where the characteristic of plate current vs. grid voltage 
is sharply curved, the tube becomes a distorter. Distortion can prove 
quite useful: it makes possible detection, modulation, frequency changing, 
limiting, and many other processes. In the circuits which follow, the 
appearance of the circuit does not always indicate what it will do, as the 
region of tube operation is also quite important. 

No attempt is made in this chapter to give elaborate details of how a 
circuit works. In many cases waveforms are drawn to indicate what the 
circuit does. Arrangements for heating the cathodes are omitted from 
the diagrams in all cases. 

5-5. The Diode Rectifier. The diode is most often used as a rectifier 
or as a detector. Figure 5-5 shows a simple half-wave rectifier circuit. 
The anode- or plate-current waveform shown is representative if the load 
is a resistor. The usual load, however, would be a storage battery under 
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charge or some other electrochemical device where a current having a 
positive average value •is needed and a pulsating waveform is not objec­
tionable. For use as a supply of direct current from an a-c source, a 
filter is needed, ~nd Fig. 5-6 shows a rectifier with a filter. The inductor 
L permits direct current to pass freely, but it offers high impedance to the 

varying "ripple" components. 
The large capacitors C, on the 
other hand, offer low impedance 
to alternating current and tend 
to eliminate it from the load 
current. The load current thus 
becomes direct current equal to 
the average value of the tube 
anode current. The load in this 

rY· I\ I\ vv 
[\i [\ [\ case is often the tubes of a radio, 

which is thus enabled to operate 

Fw. 5-5. A half-wave rectifier. 
from an a-c power line without the 
use of batteries. 

5-6. The Diode Detector. The diode is much used as a detector of 
a-m radio signals. Figure 5-7 shows a circuit diagram for such a detector. 
The a-m r-f waveform is shown for ein, The envelope of the peaks of the 
r-f waves represents the a-f intelligence carried bythe wave. Note that 
the circuit is very similar to that of the rectifier of Fig. 5-6. However, 
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Fw. 5-6. A half-wave rectifier with a filter. 

in this case the transformer coil is part of a tuned circuit, ·which causes a 
comparatively high voltage to be built up between ground and the anode 
of the tube for signals corresponding to the tuned frequency and a low 
voltage for signals differing in frequency from the tuned frequency by 
more than a small amount. Thus it acts as a filter for high-frequency 
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voltages, allowing only the modulated signal of the desired frequency 
band to be acted upon by the detector circuit. When ein makes the anode 
positive relative to the cathode, the tube conducts with a comparatively 
low voltage drop and the capacitor C rapidly charges to nearly the peak 
value of the secondary voltage. When the voltage e;,. decreases from its 

Fm. 5-7. A diode detector. 
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Fm. 5-8. A current amplifier. 

peak value, the charge appears to be trapped on C, since the tube is now 
nonconducting, but C can discharge through R, which it does slowly, R 
being large in ohmic value. If R and C are properly chosen, the voltage 
across C rises and falls as the upper envelope of ei,. rises and falls; but R 
must not discharge C fast enough to allow the output voltage eo to follow 
the rapid r-f variations in the eiri waveform. Thus eo is a voltage of the 
same waveshape as that of the original audio signal used to obtain the 
modulakd wave e;n, 
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5-7. The Triode Current Amplifier. If a current is too feeble to 
actuate a certain indicating instrument, it is often expedient to amplify 
the current rather than to obtain a more sensitive instrument. Figure 
5-8 shows a form of current amplifier. The batteries furnish bias to the 
grid and to the plate in order to place operation of the tube in a desired 
linear region. The small current i1, which is to be measured, flows 
through Ru, producing a variable voltage which alternately increases and 
decreases the cathode-to-grid potential. The anode current therefore 
also rises and falls, but the variations are much larger than those of ·i1. If 
it is desirable that only the variable component of i2 pass through the 
load, a filter may be used. Its action should be clear from the explana­
tion, given in Art. 5-5, of the functions of the inductor and of the capacitor. 

6-8. The Triode Voltage Amplifier. The direct voltages Ecc and Ebb 
in Fig. 5-9 place the tube operation in the linear portion of the tube char-

acteristics. Signal voltage v" varies 
(! the cathode-to-grid potential about ,----------i7 the value set by Kc, thus raising 

and lowering the plate current from 
R,, its no-signal, or quiescent, value. 

eo This varying current causes a vari­
able voltage drop in Rb; as the grid 
potential rises, the plate potential 
falls. The direct component of the 
voltage between cathode and plate 
is prevented from reaching the out­
put by means of a blocking capaci-

Lscc 
l~~l1r--<1--50 __ 5 ___ -LJ--o 

wt e., wt 

-50 . 
Fm. 5-9. A triode voltage amplifier with tor C. The scales for Va and eo in 
fixed grid bias. Fig. 5-9 are not the same, since the 

magnitude of e. may be up to 50 or 
more times as great as that of v0 • This ratio is called the voltage gain, or 
the amplification. The gain usually increases as the value of Rb is made 
higher, but the practical size of Rb is limited by the voltage Ebb available. 

5-9. Two-stage Voltage Amplifier with Resistance-Capacitance Cou­
pling between Stages. The voltage gain of the resistance-capacitance­
coupled (R-C-coupled) amplifier diagramed in Fig. 5-10 is the product of 
the gains of the individual stages and therefore may be as high as 2500 or 
more. The capacitor C1 is called a blocking, or coupling, capacitor. It 
prevents the high direct plate potential of tube 1 from improperly biasing 
the grid of tube 2, while permitting the variable plat,e voltage to be 
impressed on the grid. In order properly to bias the latter grid, a d-c 
path between cathode and grid must exist, and hence Ru is inserted to 
provide this path. The ohmic value of R0 must be quite high since C1 and 
R0 form a voltage divider, and as large a portion of the output voltage of 
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tube 1 as practicable should be applied to the grid of tube 2. Note that 
a common Ebb supply for the two tubes is used, this being the general 
practice. 

5-10. Two-Stage A-F Voltage Amplifier with Transformer Coupling 
and Cathode Bias. In the circuit of Fig. 5-11 the interstage iron-core 

Fm. 5-10. A two-stage R-G-coupled amplifier. 

\J 
Fm. 5-11. A two-stage transformer-coupled amplifier with cathode bias. 

transformer apparently has three advantages over an R-C type of inter­
stage coupler. First, it provides a very high impedance load in the plate 
circuit of tube 1, which, as we shall see later, results in this tube having a 
gain almost equal to its µ. Second, it causes very little loss in direct 
voltage, and therefore a high value of Ebb is not needed. Third, the 
transformer may have a step-up turns ratio, which results in some addi­
tional voltage gain. However, these advantages over R-C coupling are 
offset to some extent by the following facts: The transformer is susceptible 
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to stray magnetic fields which may cause hum in the output. Also the 
transformer costs more, it is heavier, its frequency-gain characteristic is 
usually not so good, and it usually must be used with a low- or medium-µ 
tube, while the R-C-coupled stage may use a high-µ tube. In practice the 
R-C-coupled amplifier is much more common. 

In the circuit of Fig. 5-11, voltage for the grid bias is provided by the 
anode power supply. If the negative side of Ebb is grounded, as is usually 
the case, the fall in potential across Rk, due to direct plate-current flow, 
maintains the cathode at some desired positive voltage (bias) above 
ground. Thus the grid, which is at the same direct potential as is ground, 
is negative relative to the cathode when the signal is zero. The capacitor 

C 
Ck serves to bypass the alternating 
components of the plate current and 
prevents Rk from becoming an addi­
tional a-c load in the plate circuit of 
the tube. Cathode bias is a very 
common arrangement, which can be 

eo used instead of fixed bias in any of 

FrG. 5-12. A pentode voltage amplifier. 

the circuits of Figs. 5-8 to 5-10. 
6-11. The Pentode Voltage 

Amplifier with Resistance Load. 
The pentode amplifier of Fig. 5-12 
operates in a manner similar to that 
of the triode. The No. 3 grid usually 
operates with zero bias, i.e., it is tied 
to the cathode. The No. 2, or screen, 
grid usually has a positive bias of 

about 100 volts when the plate-supply voltage Ebb is as high as 300 volts. 
Rd is a voltage-dropping resistor used to allow Ebb to furnish the screen­
grid bias. To prevent Rd from becoming a screen-grid a-c load, it is 
bypassed to the cathode by a capacitor Cd. It will be recalled from Chap. 
4 that, when the screen grid is maintained at a suitable fixed positive 
potential relative to the cathode, µ and rp are high and also g"' is reason­
ably high. Thus the gain is high, values up to 250 being readily obtain­
able. The amplifier in this form is useful mostly for operation over a 
moderately wide band of frequencies, for example, the range of audible 
frequencies. 

6-12. The Pentode Voltage Amplifier with Tuned Load. For amplify­
ing r-f voltages the gain of circuits like that of Fig. 5-12 is too low. This 
is because unavoidable capacitance between circuit elements connected 
to the top of Rb and ground tends to short Rb at high frequencies. This 
effect can be compensated for to some extent. This is done when the 
wide band extends into the r-f range. However, it is often desirable to 
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amplify only a narrow band of radio frequencies. The arrangement of 
Fig. 5-13 then works very well. The input and output tuned circuits act 
to give high grid and output voltages at the tuned frequency and to dis­
criminate against signals of other frequencies. By properly designing the 
tuned circuits, very high voltage gain is obtainable. If a triode is sub-

FIG. 5--13. An r-f amplifier. 

stituted for the pentode, the circuit will probably oscillate because of the 
energy feedback from the plate to the grid. This may be avoided if 
neutralization of some kind is used. However, pentodes are nearly 
always employed. 

5-13. The Power Amplifier. The circuit shown in Fig. 5-14 resembles 
that of the first stage of the triode 
voltage amplifier of Fig. 5-11. How­
ever, the interests of the designer 
differ. In Fig. 5-11 high voltage out­
put is wanted, along with small dis- v9 

tortion, and both are obtained by using 
a high-impedance plate load. In 
this case, however, the interest is in FIG. 5--14. A triode power amplifier. 

power output, and the load arrangement of the voltage amplifier gives 
high voltage, little current, and little power. A properly chosen load of 
moderate size would give less voltage, more current, and more power. 
Since R is seldom the correct value of load for the tube, a transformer is 
used, making the load (NifN 2) 2R, whieh becomes the correct value if the 
transformer turns ratio is correct. ]'or large power output the grid must 
be driven with a high voltage and a tube chosen which has a large cathode 
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for ample emission and a large anode to dissipate safely considerable 
power. Distortion is a problem to be dealt with and has a bearing on the 
choice of load. 

Instead of the triode, a pentode or beam power tube may be used if 
desired. The load must then be very carefully chosen if high distortion 
is to be avoided. Also a screen-grid voltage supply must be provided. 
This is usually the same as the anode supply, since more power output can 
be obtained ,vith this arrangement. Hence usually no voltage-dropping 
resistor is used. Although the pentode power amplifier operates with 
less alternating grid voltage than does a triode and is more efficient, it 
possesses some drawbacks, which will be discussed later in more detail. 

The iron-core transformer, shown in Fig. 5-14, for a-f use, may be 
replaced by a tuned air-core transformer (see Fig. 5-13) if radio frequen­
cies are to be handled. As might be expected, the design and adjustment 
of this transformer are not the same for the power amplifier as for the 
voltage amplifier. 

6-14. Classes of Vacuum-tube Amplifier Operation. The plate-circuit 
efficiency of an amplifier is defined as the ratio of the a-c power delivered 
to the load to the d-c power furnished by the plate power supply. Any 
change in circuit adjustment or mode of operation which increases the 
a-c power or decreases the d-c power will tend to increase the efficiency. 
Increasing the alternating voltage applied to the grid has the effect of 
increasing the a-c power output, whereas it may increase the d-c power 
input only slightly. It seems desirable then to apply voltages of high 
amplitude to the grid of a power tube. In fact the alternating voltage 
applied to the grid may be made so great in amplitude that the grid 
becomes positive relative to the cathode during part of the cycle and pos­
sibly swings beyond plate-current cutoff during another part of the cycle. 
This sort of operation can result in very high efficiency, but the output­
current or -voltage waveform is often considerably misshapen compared 
with that of the grid voltage under smaller-drive conditions. For if the 
grid becomes positive, grid current flows and any impedance in the grid 
circuit causes a voltage drop; this results in a decrease in the voltage reach­
ing the grid of the tube. As this occurs only on the positive peaks, there 
is a tendency to flatten off this portion of the waveform of the grid volt­
age and hence of the corresponding portion of the output-current and 
-voltage waveforms. vYhen the grid voltage swings negatively beyond 
plate-current cutoff, the lower portion of the plate-current waveform is of 
course flattened. One sees then that high-efficiency operation often 
brings with it considerable distortion, and one must make a choice as to 
which is more important or take measures to eliminate the distortion. 

Since this matter often comes up for discussion, it is usual to classify the 
various modes of operation. If plate current flows during all of the cycle, 
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the operation is called class A. If it flows considerably more than half 
but less than all of the cycle, it is called class AB. Class B means that 
current flows for approximately a half cycle and class C for less than a 
half cycle. Under ordinary circumstances the efficiency increases with 
the classification in the order named, but so does the distortion. 

In addition to these classifications, subscripts 1 and 2 are often used. 
Class 1 means that during the cycle grid current never flows sufficiently to 
affect the waveform of the grid voltage. This limits the grid-voltage 
swing in the positive direction to a degree depending upon the amount of 
impedance in the grid circuit. With power amplifiers it is usually con­
sidered that zero is the limit of the grid-voltage swing. In the case of the 

Class A 1 Class AB2 

Frn . .5-15. Graphs of grid voltage and of plate current for two classes of operation. 
The broken-line curves are portions of sine waves drawn for comparison. 

first stage of a voltage amplifier a safe limit is about l volt less than that, 
i.e., a grid swing to -1 volt. Operation in which the grid voltage exceeds 
this limit is referred to by numeral 2. For example, class AB2 operation 
means that the grid draws current during part of the cycle and that the 
plate current flows less than all but more than half the cycle. Figure 5-15 
shows typical graphs of grid voltage and of plate current for class Al 
and for class AB2 operation. 

Most voltage amplifiers are intended to deliver a voltage much higher 
than the input voltage and of the same waveform. Efficiency is of no 
importance, and therefore class A1 operation is always employed. Audio­
frequency power amplifiers are class A1 if operated single-sided, i.e., with 
only one tube in each stage. However, when the operation is push-pull 
(see Art. 5-16) class A1, AB1, AB2, B1, or B2 may be employed since the 
double-tube arrangement patches up the waveform of the output current 
and voltage. For r-f operation over a narrow band, filters may be used tG 
eliminate some of the distortion-frequency components, and the classes 
giving higher efficiencies are sometimes usable. 
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5-15. A Phase Inverter. Using a single-voltage source a phase inverter 
is employed to furnish an output of two numerically equal voltages 180° 
out of phase (relative to ground). The second stage in the circuit of :Fig. 
5-11 can be changed to a phase inverter if a ground connection to the 
transformer secondary is made to mid-tap c. 

One R-C type of phase inverter is diagramed in Fig. 5-16. Tube 1 and 
its circuit constitute an ordinary amplifier. Suppose an alternating volt­
age of 1 volt peak is fed to its grid and that the gain is 15. Then e10 is 15 
volts peak value and 180° out of phase with v1u, as shown in the diagram. 
The tap at x is situated at one-fifteenth of the resistance value from the 
ground end of the resistor, and hence the voltage at x is 1 volt below 

FIG. 5-16. A phase inverter. 

ground when g1 is 1 volt above ground. This voltage at xis applied to the 
grid of tube 2, which likewise amplifies to produce e20 with 15 volts peak 
value and with 180° phase shift. Thus e1o and e20 are both 15 volts and 
180° out of phase with each other. Tube 2, which reversed the phase of 
e20 relative to e 1o, is called an inverter tube. Sometimes the whole circuit 
of two tubes is called a phase splitter. 

5-16. A Push-Pull Power Amplifier. A push-pull power amplifier 
such as that of Fig. 5-17a is a type of balanced amplifier which has two 
main features. (1) It needs to be preceded by a phase inverter or another 
balanced amplifier. (2) To obtain maximum benefit from the arrange­
ment, it always uses a transformer in the plate circuits. The principal 
advantages of the push-pull amplifier are twofold. (1) Each tube may be 
operated under conditions which result in high efficiency hut which would 
produce great distortion with a single-tube circuit. (2) The plate-circuit 
transformer combines the two tube currents in such a way that the sec­
ondary load receives a current or voltage with very little distortion (no 
even harmonics). 
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The sketches of Fig. 5-17b show first the waveforms of the voltages 
applied to the two grids. Next are the current waveforms, evincing very 
great second-harmonic distortion. However, the current i 2 flowing in the 
secondary has a waveform bearing an excellent resemblance to that 
of Viu• 

5-17. An Amplifier with a Cathode Load. If an impedance is placed 
between cathode and ground, it is in the cathode-to-grid circuit as well 
as the cathode-to-plate circuit. This placement is described as being in 

t 

(a) (b) 

Fm. 5-17. (a) A push-pull amplifier. (b) Waveforms. 

the cathode circuit. A variable plate current passing through the 
cathode-circuit impedance causes a voltage drop which becomes a part 
of the variable grid voltage. Because of this action, amplifiers with 
cathode-circuit impedances have rather special properties. An example 
of this type of circuit is one with its load in the cathode circuit. 

A commonly used type of amplifier with a cathode load is shown in 
Fig. 5-18. By using a power tube and a transformer-coupled load this 
could be used also as a power amplifier. The principal features of this 
type of amplifier are as follows: (1) The input impedance of the grid cir­
cuit is very high. (2) The output impedance (looking back from the out­
put terminals) is very low. (3) The distortion, even for large input sig-
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nals, is very low. (4) The gain is less than unity. (5) There is no phase 
shift between input and output. The circuit is known as a cathode fol­
lower because of the fact that the potential of the cathode follows that of 
the grid. 

5-18. A Feedback Oscillator. An oscillator is an electronic-tube cir­
cuit used for changing a direct voltage into an alternating one. Its 
mechanical analogue is the clock with its weights, pendulum, escapement, 
and gear train. A pendulum, once set in motion by being given a small 

Frn. 5-18. A cathode-follower voltage amplifier. 

displacement, swings in an approximately simple-harmonic manner, but 
the amplitude of swing decreases gradually because of friction and windage. 
The escapement applies a force to the pendulum in synchronized pulses, 
and thus the swing continues with constant amplitude. Figure 5-19 
shows an L-C parallel circuit which receives a pulse of unidirectional cur­
rent every time the switch is momentarily closed and opened again. 
]following each pulse, the current i1, which circulates through the coil 
and capacitor combination (tank), is alternating with a frequency depend­

Frn. 5-19. A parallel-resonant circuit. 

ing upon L, C, and the circuit resist­
ance, and this current diminishes in 
amplitude each cycle because of loss 
of energy. However, if the switch 
is closed in proper timing with the 
oscillations in the tank, an approxi­
mately sinusoidal current of con­
stant amplitude can be maintained. 

Figure 5-20 shows one form of feedback oscillator. L 1 and C 1 con­
stitute the tank circuit. Any random impulse in the tube causes a change 
in the plate current. This causes a small sinusoidal current to circulate 
in the tank, and a voltage is induced in L 2• The two coils are so ,vound 
and placed that when the upper end of L 1 is positive, the lower end of L 2 

is also positive (observe the two dots). Hence, the cathode-to-grid volt­
age is positive when the cathode-to-plate voltage is negative. This grid 
voltage results in a plate voltage which is amplified and rever8ed in phase. 
Hence, the original impulse, now strengthened in amplitude, excites a 
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larger tank current, which in turn induces a larger grid voltage, and so on, 
until a condition of equilibrium is finally reached. At this point, the tank 
current is sinusoidal and large, as is also the grid voltage. 

6-19. A Class C Amplifier. The idea expressed in the explanation of 
the feedback oscillator can be employed to make a very efficient con­
trolled power converter. Instead of deriving a grid signal from the out-

R 

FIG. 5-20. A feedback oscillator. 
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Fm. 5-21. A class C r-f power amplifier. 

put tank, it may be obtained as the output of another amplifier. Thus, in 
effect, the opening and closing of the switch in Fig. 5-19 is externally con­
trolled. The energy fed to the tank comes from the plate power supply. 
If the closing and opening of the switch occurs at a time in the cycle when 
the voltage across the tank is near its maximum, the voltage across the 
switch is a minimum and less energy is lost in arcing at the contacts. 
Turning from the analogue back to the tube, the efficiency of power con­
version is high if the plate current flows in short, heavy spurts, timed 
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when the plate voltage is low. To achieve this operation the plate-supply 
voltage is made high and the grid-bias voltage set far beyond cutoff. A 
very high grid drive is employed, which causes a large plate current to 
flow for perhaps one-third of a cycle. If the plate tank is tuned to agree 
with the frequency of the grid signal, the tank responds to the excitation 
with a very large circulating current of approximately sinusoidal wave­
form. A practical class C amplifier circuit and waveforms of voltages 
and currents important in its operation are shown in Fig. 5-21. The con­
nection from the lower end of the output transformer back to the grid is 
provided to give neutralization and thus to prevent the amplifier from 
acting as an oscillator. 

Since the class C amplifier needs a tuned-plate load in order to give a 
sinusoidal output from a sinusoidal input voltage, it is useless for audio 
frequencies. It is employed to amplify only unmodulated, key-inter­
rupted, or f-m r-f voltages. It can also be used in the production of a-m 
signals. 
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PROBLEMS AND QUESTIONS 

1. (a) Sketch an a-m wave where the audio signal is small and of constant ampli­
tude and frequency. (b) Repeat (a) for the same conditions except that the fre­
quency of the audio signal is doubled. (c) Repeat (a) for the same condition except 
that the amplitude of the audio signal is doubled. 

2. Which determines the extent of the frequency variation in an angle-modulated 
wave, the audio signal's amplitude or its frequency? 

3. Why is a system of filters or tunable L-C circuits needed in a radio receiver? 
4. Most broadcast (a-m) receivers use diodes to perform two functions. Name 

them. 
5. A diode detector circuit and its input-voltage waveform are shown in Fig. 5-7. 

(a) C and Rare proper sizes for correct detector action. Sketch one cycle of the volt­
age across R. (b) C and R are made much too small for proper detector action. 
Sketch the waveform of the voltage across R. (c) C and Rare made much too large 
for proper detector action. Sketch the waveform of voltage across R. 

6. A current amplifier uses the circuit of Fig. 5-8. R0 = 200,000 ohms, r/m = 2000 
micromhos. The resistance of the a-c milliammeter is negligible so that the plate volt­
age of the tube remains constant. If 11 = 5µa rms, determine the reading of the a-c 
milliammeter. Hint: See Art. 4-6. 

7. Instead of having no load resistor as in the case of Prob. 6, a plate load of 
100,000 ohms is used in series with the a-c milliammeter. (a) ,vhy does the method 
of that problem not give the meter reading in this case? (b) If the voltage amplifica­
tion is 15, what is the reading of the meter? 
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8. Which of the following tubes are quite suitable for use preceding an iron-core 
interstage transformer: 6J5, 6SF5, 6SJ7? 

9. (a) In Fig. 5-12 state the purpose of each of the following circuit elements: R., 
C., Ca, Rd, Rb, (b) ·why is the suppressor grid connected to the cathode instead of the 
screen grid? (c) What is the purpose of the capacitor C? 

10. Which of the blocks in Fig. 5-4 could utilize the device diagramed in Fig. 5-13? 
11. For Fig. 5-3, pick circuits from .. this chapter which could perform the function 

named in each box. The microphone and the modulated r-f amplifier may be omitted. 
12. In Fig. 5-14 the load on the secondary of the output transformer (ratio Ni/N2 

= 10) is 10 ohms. What a-c load does the tube see in its plate circuit? 
13. The dynamic characteristic for a certain triode power tube is shown in Fig. 5-22. 

The grid-current characteristic is also shown. The grid bias Eca is -30 volts. The 
load is RL = 2500 ohms. (a) The grid 
signal is sinusoidal and 20 volts peak 
value. Draw the grid-voltage and plate­
current waveforms. (b) Determine the 
average plate current Iba• (c) Deter­
mine the effective value IP of the si­
nusoidal alternating plate current as 
0.707 times its peak value. (d) Compute 
the power P,b furnished by the plate 
power supply as E&bl.a, (e) Compute 
the a-c power Pac supplied to the load as 
I ,/R L· (f) Compute the plate-circuit 
efficiency 'f/p as P .,/P;b, (g) Repeat the 
above com pu ta tions for a grid signal of 25 
volts peak value. (h) Does a larger value 

Ebb=300v 
RL_ 2500.n. 

ec(volts) -80 -60 -40 -20 

Fm. 5-22. 

50 

0 +20 

of grid signal result in higher efficiency in this example? (i) What class is the oper­
ation in each of the above cases? (J) The grid signal is changed to 40 volts peak 
value. E,o = -30 volts as before. What is now the class of operation? (k) 'fhe 
bias is changed to E,o = -80 volts, and a signal of 100 volts peak value is used. 
What is the class of operation? Why do you think the efficiency might be higher 
than in any of the above cases? 

14. In the cathode follower of Fig. 5-18, if the grid is made 1 volt more positive 

R 

FIG. 5-28. 

than normal relative to the cathode, a test 
A reveals that e. is 15 volts higher than before. 

What value of v, is required to cause this to 
e10 happen and what is the amplification e./v0? 

15. In Fig. 5-23 the operation is class 1. 
B (a) When e0 = 1 volt, a test reveals that 

the voltage from C to A is 16 volts. What 
e20 value of Va is being applied? (b) If v 0 is 

made 4.5 volts, what are the values of 
e1. and e20? (c) In case (b) what is the 
phase angle between e1• and e2.? What is 
meant by this phase angle? 

16. (a) For the circuit of Fig. 5-17 sketch the waveform of the current through the 
plate power supply. What is the frequency of this current in terms of that of v1/? 
(b) Graphically subtraet i,b from i1b. What waveform does the result resemble? 



CHAPTER 6 

CONCEPTS USEFUL IN 
VACUUM-TUBE-CIRCUIT ANALYSIS 

6-1. Introduction. Electronic apparatus already constructed may be 
tested in the laboratory for performance. The information obtained is 
useful in designing new equipment, but often insufficient data are taken 
to determine what the performance would be if some circuit details were 
changed. Hence, it is desirable that one be able to make on paper an 
analysis of the operation of a circuit, as this often most readily determines 
the approximate influence of any circuit component. Furthermore, a 

l 

- -Ecc Ebb 

Fw. 6-1. A triode with a plate load. 

simple mathematical or graphical 
analysis of a circuit is often 
cheaper and more quickly made 
than a laboratory test. 

Any mathematical method of 
analysis requires symbols for the 
quantities involved. Many sets 
of symbols are in current use, 
and some confusion results from 
this multiplicity. The symbols* 
of this book are based upon stand­

ards of the Institute of Radio Engineers (IRE). To facilitate under­
standing, not. all of them will be tabulated at once, but some will be 
introduced gradually as the study continues. 

6-2. The Triode with a Plate Load. A rather general representation 
for the circuit of this type is shown in Fig. 6-L Symbols for quantities 
of principal immediate interest are shown. The head end of the arrow, 
used in connection with an algebraic symbol for voltage, indicates its 
positive sense. As an example, if v0 = 5 sin wt, v0 is positive for values of 
wt between O and 1r. During this interval the voltage v0 makes the grid 
more positive than the bias value, Ecc• v0 is negative for values of 
wt between 1r and 21r, and the situation is now reversed from that indicated 
by the sense arrow. Without the sense arrow one would not know 
whether a positive value of v0 means the grid potential is above or below 
the bias value. Closed-head arrows are used to indicate positive 

* A table of symbols will be found in Appendix C. 
120 
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sense of current. If at some moment ic is negative, then the conventional 
current is flowing in a direction opposite to that of the arrow. Note that 
most of the voltage symbols mean rise in potential in a direction from the 
cathode to some other electrode. The symbol eL is an exception, as it 
should agree with the convention of Ohm's law, eL = ibRL, which states 
that the fall in potential in the direction of conventional current flow 
through a resistor is in phase with the current as well as being propor­
tional to its instantaneous magnitude. 
Definitions: 

Eu is the effective value of heater or filament supply voltage. 
Ebb is the direct voltage supplied to the plate circuit. 
Ecc is the direct voltage supplied to the grid circuit. 

Ebb and Ecc are commonly supplied by either batteries or electronic 
devices. In either case they may be represented by battery symbols. 
Usually the internal impedances are so small that they can be neglected. 

Va is the instantaneous value of signal voltage introduced into the 
grid circuit. 

In general v with a suitable subscript is used to represent an applied signal 
voltage. 

ec is the instantaneous total value of cathode-to-grid voltage rise. 
eb is the instantaneous total value of cathode-to-plate voltage rise. 
eL is the instantaneous total value of voltage drop across Z,, in the 

direction of positive sense of ib. 
ic is the instantaneous total grid current. 
ib is the instantaneous total plate current. 
ZL represents the series equivalent of all R, L, and C elements in the 

plate circuit external to the tube. 
Zc represents the series equivalent of all R, L, and C elements in the 

external grid circuit. 

From the circuit of Fig. 6-1 it is apparent that 

ec Ecc + Va 

eb = Ebb - eL 
(6-1) 
(6-2) 

6-3. Quiescent Operation of the Triode Circuit. When Eff, Ebb, and 
Ecc are active in the circuit of Fig. 6-1 but v0 is zero for a considerable 
length of time, the operation is said to be quiescent. 
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Definitions: 

Eco is the quiescent value of ec, 
E1,0 is the quiescent value of eb. 

ELo is the quiescent value of eL, 
Ibo is the quiescent value of ib. 
l 0 0 is the quiescent value of ic. 

The i0 vs. e0 curves for a typical triode are shown in Fig. 6-2. With no 
signal applied in the grid circuit, Vu is zero, and Ecc and Ebb together ,v:ith 

it, 
(ma) 

15 

10 
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Fm. 6-2. Plate diagram for a triode. 

400 ei, ( volts) 

Z0 and ZL determine the tube operation. The quiescent grid voltage may 
be obtained from the equation 

(6-3) 

In this case Re is the d-c resistance of Zc. For the usual case, Ecc is neg­
ative so that 100 is zero, and the quiescent grid voltage or bias Eco equals 
E00• The quiescent value of plate voltage is given by the equation 

(6-4) 

where Rae is the d-c resistance in the plate circuit of the tube. The locus 
of E •• , h,, is obtained by plotting Eq. (6-4), using the axes of e1, and l1, in 
Fig. 6-2. It is readily determined that this straight-line locus always 
crosses the e1, axis at Ebo, and this point together with any other point may 
be m:ied to fix the line. This locus is called the static- or <l-c-load line. 
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For any value of direct current through the tube and plate circuit, it 
shows the voltage furnished by Ebb, the part of this voltage used by the 
load Rdc, and the remaining part left as the drop across the tube. The 
quiescent operating point Q lies on the line, and if Eco is known, Q is fixed. 

6-4. Signal Voltages. In many industrial electronic circuits the wave­
shape of the voltage applied to the grid is sinusoidal. In some others it 
is unidirectional and slowly changing. In communications circuits a sig­
nal of steady character, such as a 
sinusoid or uniformly and regularly 
interrupted constant voltage, trans­
mits no intelligence; therefore the 
waveforms used are irregular and 
usually do not repeat in cycles. 
In radar and in television circuits 
the signal voltages are often in the 
form of pulses. 

These various waveforms require 
different techniques for making a 
study of circuit behavior. The 
commonest method, which works 
well for cyclic signals, is that of 
using a Fourier analysis (see Art. 
6-16) of the signal waveform and 
applying each sinusoidal frequency 
component to the circuit. This 
method will be used throughout 
most of this book. Usually a 
single-frequency signal is assumed, 
but it must be remembered that 

Eob 

-----l1l1!1l1!-'+ ___ _. 
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Frn. 6-3. Some common plate-load ar-
this is often but one of the many rangements. 
that are applied simultaneously. 

Signals are sometimes applied to the plate circuit or, in multielement 
tubes, to other grids besides the first. In such cases it is important to 
learn how to handle this aspect of the analysis. In most cases, however, 
it is assumed that the only signal applied is that to the first grid. 

In actual cases, rapidly varying signals usually have zero average value. 
Even if a d-c component is present, it is often blocked from reaching the 
grid by a series capacitor or by a transformer. In cases where it is not 
blocked from the grid circuit, the d-c component is often considered to be 
part of the grid bias for the tube, and only the remaining alternating part 
is considered as the signal. 

6-6. The Grid-bias Line and the Dynamic-load Line for Resistive 
Loads. Let us now consider some details about ZL, Figure 6-3 shows 



124 ENGINEERING ELECTRONICS 

some examples of common load arrangements. In Fig. 6-3a the d-c plate 
load is RL and the d-c-load line may be drawn in the manner described in 
Art. 6-2 and shcrwn in Fig. 6-2. The load for alternating current is RL, 
the same as for direct current. As the grid voltage changes, if the locus 
of points of instantaneous operation is plotted from the relation eb = Ebb 
- ibRL, it is easily seen that the a-c-load line is identical with the d-c-load 
line [see Eq. (6-4)]. 

In the circuit of Fig. 6-3b numerical values have been assigned in order 
to make the explanation clearer. Let us assume C and Ck to be so large 

ib 
(ma) 

15 
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Fm. 6-4. Plate diagram for the circuit of Fig. 6-3b. 

that their ohmic values to the sinusoidal current are negligibly small. 
The d-c plate load is therefore Rdc = Rb + Rk = 50,000 + 2000 = 52,000 
ohms. The static-load line is drawn in Fig. 6-4. To do this, two points 
are located, one at eb = 300 volts on the ib = 0 axis and another point, 
say for eb = 100 volts. This means that the voltage drop in Rdc, of 
300 - 100 = 200 volts, is caused by i. = 200/52,000 = 3.85 ma. The 
quiescent operation point Q is on this line, but since the cathode bias 
caused by plate-current flow through Rk is unknown, Q cannot be located 
immediately. 

Next, we may draw a grid-bias line showing how the bias varies v;ith 
plate current. For zero grid bias ib = 0 is required. For E,0 = -2 
volts, Ibo = 2/2000 = 1 ma. For Eco = -4 volts, h 0 = 2 ma, and so on. 
These points determine a locus (not usually straight) upon which Q, 
determined by Eco and Ib., must be situated. Q is therefore at the inter­
section as shown. 
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The varying part of the plate current follows a path for which R0 and 
R0 in parallel constitute virtually all the impedance, if C and Ck are very 
large. The a-c load is therefore 33,300 ohms. Little error is occasioned 
by assuming that the a-c-load line passes through Q, and a second point 
may be determined for drawing it. When ib Ibo = 2.9 ma, a voltage 
drop in the a-c load of 0.0029 X 33,300 = 96.5 volts results, which means 
that the line intersects the eb axis at eb = Eba + 96.5 = 150 96.5 
246.5 volts. 

In the circuit of Fig. 6-3c, Rae Rk if the output transformer has neg-
ligible primary d-c resistance. The d-c-load line and the bias line are 
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Frn. 6-5. Plate diagram for the circuit of Fig. 6-3c. 

shmvn in Fig. 6-5. The a-c load is (Ni/N2) 2 X 10 = 202 X 10 = 4000 
ohms because of the transformer and the 10-ohm secondary load, plus 
1000 ohms because the Rk resistor is not bypassed by a large capacitor. 
The load line for Rac = 5000 ohms is shown. Assuming that it passes 
through the Q point, its intersection on the eb axis may be computed as 
being 0.030 X 5000 150 volts greater than Eba• 

It should be noted that, whenever the a-c load exceeds the d-c load, the 
plate diagram will resemble Fig. 6-5; an a-c load smaller than the d-c load 
results in a diagram similar to that of Fig. 6-4. The grid-bias line is use­
ful only when Rk is known and the bias is not. The d-c-load line is useful 
when the Q point is not known. It usually serves no useful purpose after 
Q has been determined as the dynamic operation does not follow it. 



126 ENGINEERING ELECTRONICS 

6-6. The Case of a Reactive Load. The load in the plate circuit of a 
vacuum tube need not be a pure resistance and often is not. As an 
example, consider the triode of Fig. 6-6 'Aith an inductive load. With no 
signal applied, the plate current Tt,0 is steady, and the inductive reactance 

5000Jl 

has no effect. The d-c load exter­
nal to the tu be itself is therefore 5000 
ohms. A load line for this value is 
constructed and labeled "d-c-load 

5000Jl XL line" in Fig. 6-7. The quiescent l __ :rr 300v operating point is now located at Q. 
~1----~----1-!i11l1 + With a signal applied to the grid 

F'IG. 6-6. A triode with an inductive load. circuit the plate current varies, and 
Kirchhoff's equation for the plate circuit becomes 

(6-5) 

This relation between ib and eb, constrained by the load, when plotted will 
give the path of operation of the tube. The equation has a term involv­
ing the time rate of change of ib, and therefore this term is dependent upon 
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Fro. 6-7. Plate diagram for the circuit of Fig. 6-6. 

the rate of variation of the grid voltage. Thus the load line, or path of 
operation, has a shape dependent upo:n the grid signal and the shape and 
spacing of the plate characteristics of the tube and cannot readily be 
plotted. If, for the sake of completing the discussion, one is willing to 
approximate by considering the tube characteristics as parallel, straight, 
and equidistant lines, so that no distortion appears in the plate current, 
then a sinusoidal grid drive results in a sinusoidal current, 

i., = I;,m cos wt (6-6) 
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where ip is the variable part of i& (see definition 4 under Art. 6-7), and 

ib = Ibo+ [pm COS wt 

Therefore, upon substitution in Eq. (6-5), 

or 

where 
wL 

0 = arctan -­R1, 

(6-7) 

(6-8) 

(6-9) 

Equations (6-7) and (6-8) constitute the parametric equations of an 
ellipse, wt being the parameter. The locus may be drawn by assuming 
values of wt and plotting the points obtained. For this example let us 
assume the drive to be sufficient to make lpm = 16 ma and that Ibo= 24 
ma and Ebo = 180 volts, for the tube and circuit values used. Then 
wt= 0 yields eb = Ebo - Ip,,}1,L and ib = Ibo+ lpm, or eb = 180 - 0.016 
X 5000 = 100 volts and ib = 24 + 16 = 40 ma. In like manner, wt = 
90° yields eb = 260 volts, io = 24 ma; wt = 180° gives eo = 260 volts, and 
ib = 8 ma; wt = 270° corresponds to eb = 100 volts, i6 = 24 ma. The 
elliptical locus is drawn in Fig. 6-7. It can be shown that the points on 
the ellipse corresponding to maximum and minimum values of current 
(A and B) are the intersections with the ellipse of a load line correspond­
ing to the resistive part of the load. This is noticeably true in this case 
and is also generally true. 

There should now be a realization of the shape of the path of operation 
and of the direction of instantaneous-operating-point travel along the 
path for an inductive load, but little can be gained by using this method. 
Since no distortion was assumed, the circuit can be much more easily 
solved by application of the linear-equivalent-plate-circuit theorem to be 
developed later. If actual tube characteristics are used, the path is no 
longer elliptical nor is its shape readily determined. Hereafter, if the 
graphical method using load lines is attempted, the load must be at least 
approximately a pure resistance. 

6-7. Vii.riations of Plate Current and Plate Voltage Resulting from a 
Grid Signal. 
Definitions: 

e0 or Aec is the variable part of ec, 
ev or A.eb is the variable part of eb. 
e, or A.eL is the variable part of eL. 
iv or A.in is the variable part of io. 
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The positive sense of each of these quantities is assumed the same as that 
of the total quantity of which it is a part. Thus e0 is positive ·when it 
increases the potential of the grid above that of the cathode. 

When the grid is made more positive than t,he bias value, the plate 
current increases, resulting in greater voltage drop in the load. This 
causes the difference in potential between the plate and the cathode to 
decrease. The action is shown graphically in Fig. 6-8, using the plate 
diagram for a triode with a resistance load. In drawing this diagram it 
has been assumed that the ib vs. eb curves for different grid voltages are 
equally spaced in the region cut by the load line. If this is true, a sinus­
oidal grid voltage e0 will result in a sinusoidal waveshape for both ip and ep, 
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Fm. 6-8. Plate diagram for a triode amplifier with current and voltage w1wcforms. 

It is often desirabie to refer to sinusoidal voltages and currents by their 
effective (rms) values, which are expressed by the symbols V0 , E0 , EP) I Pi 

and E., each corresponding to the same lower-case letter. In expressing 
mathematical relationships between sinusoidal quantities the notation of 
complex numbers is convenient. For example, the complex algebraic 
symbol for V0 is V0 • This symbol carries its own magnitude and phase 
angle. Thus the polar expression for a sinusoidal v0 is V0 = V 0 /0, and 
similarly for the other quantities. -

lJnder the idealized conditions of Fig. 6--8, where no grid current flows 
and no distortion of waveform occurs, the following relations may be seen 
to hold: 

ec = Eco+ ea 
eb = Ebo+ ep 
eL = Ei. + e, 
ib = Ibo+ ip 

(6-10) 
(6-11) 
(6-12) 
(6-13) 
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6-8. The Dynamic Characteristic. Under most conditions of oper­
ation, application of a signal to the grid produces a plate current of dis­
torted waveshape and a new set of symbols is needed. 
Definitions: 

Eca (grid bias) is the average value of e0 vvith signal applied. 
Eba is the average value of eb with signal applied. 
ha is the average value of ib with signal applied. 

Average values may be read on a d'Arsonval type of instrument. 

I 
I 
I 
I 
I 
I 
I 

-----t-----
1 

Frn. 6-9. Dynamic transfer characteristics of a triode amplifier with waveforms of 
current and voltage. 

If corresponding values of ib and ec, occurring on the a-c-load line for a 
triode, are plotted on rectangular ib and ec axes, a so-called dynamic trans­
fer characteristic results (see also Art. 4-7). For example, the dynamic 
transfer characteristic corresponding to the plate diagram of Fig. 6-8 is 
shown in Fig. 6-9. If the points of intersection of the characteristic 
curves with the load line in Fig. 6-8 are equally spaced, the dynamic char­
acteristic is a straight line. Figure 6-9 also pictures clearly the steady 
and variable components of grid voltage and of plate current. 

If the spacing of the points on the load line mentioned in the preceding 
paragraph is not uniform, the plate diagram has the appearance as in 
Fig. 6-10 and the dynamic transfer characteristic resembles the example 
shown in Fig. 6-11. If a sinusoidal grid signal is applied, the waveform 
of ib is distorted and, because the load is resistive, that of eb suffers a 
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FIG. 6-10. Plate diagram of a triode with fixed grid bias and nonlinear operation 
(exaggerated). 
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Frn. 6-11. A dynamic transfer characteristic for a triode with fixed grid bias, for linear 
and for nonlinear operation. 
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similar distortion. As a consequence, the positions of the load line and 
of the dynamic characteristic shift. To show this, we need to study both 
figures. As a preliminary step, let it be assumed that a small sinusoidal 
grid voltage e: is applied (shown in Fig. 6-11 only). A small alternating 
plate current i~ flows, sinusoidal in form, so that the total plate current 
averages h.. The grid-voltage swings are still centered at Q. 

Now allow the grid swing to increase in size ( c;). The resulting plate­
current waveform (i~) is drawn, together with the average value Iba, 
which in this case exceeds Ibo• Since the d-c-load line is the locus of aver­
age values of cb and ib, the point A representing (Eba,lba) lies on the d-c­
load line (see Fig. 6-10). Also, since the load is resistive, i0 and cb have 
the same waveshapes (inverted), and whenever ib passes through its aver­
age value Iba, the plate voltage eb passes through its average value Eba at 
the same instant. Hence (Eba,lba) is a point on the dynamic-load, or a-c­
load, line also. In other words, as the grid drive is increased, the a-c-load 
line moves upward (in this case) so that it always passes through A. The 
new line is drawn broken in Fig. 6-10, as is the corresponding dynamic 
transfer characteristic in :Fig. 6-11. If the bias is fixed, the grid voltage 
still swings about Eco = -30 volts as an axis (called the time axis) and 
the variational values of ib ( or eb) should be measured from the correspond­
ing time-axis values obtaining at T, whenever it is desired to relate values 
of Cb, i,, and Cc at the same instant. 
Definitions: 

Ect is the time-axis value of Cc, 

Ebt is the time-axis value of Cb, 

I.1 is the time-axis value of ib, 

Strictly speaking then, 

Cp is the variable part of Cb measured from Ebt• 
ip is the variable part of i0 measured from ht. 

These values are related as follows: 

eb = Eot + cp 
io =ht+ ip 

(6-14) 
(6-15) 

Tis the point determined by Ect, E0t, 11,1. It is on the actual a-c-load line 
and the dynamic transfer characteristic. 

The dynamic operating point T does not usually coincide with the static 
operating point Q because of the nonsymmetrical waveforms of plate cur­
rent and voltage produced by nonlinear distortion. This is sometimes 
referred to as the effect of plate-circuit rectification. 

For triodes the nonlinear distortion is not very severe under single-tube 
class A operation, and the shift of operating point is usually small. It is 
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therefore common procedure to assume T to be Q, which makes ib = Iba + 
ip. Similar relations hold for ep and e,. 

For other classes of triode operation and for power pentodes in any 
class, the distortion is often rather severe, and for most accurate results 
the procedure for determining T outlined in Art. 6-18 or some other equiv­
alent one should be followed. 

6-9. Circuit Theorems. 1,2 In addition to the laboratory method for 
determining circuit behavior, numerous t,heorems have been developed 
which are helpful in determining the performance of a circuit or in design­
ing one. The student already has some familiarity with some of them; 
others are new. The topics list,ed here will be discussed in some detail in 
the articles which follow. These are (1) Ohm's law, (2) Thevenin's the-

+ 

Fw. 6-12. 

with Ohm's law. 
desirable. 

orem and Norton's theorem, (3) the equivalent-
1 i linear-plate-circuit theorem, (4) the harmonic 

R 
analysis of a periodic function, (5) graphical 
harmonic analysis of plate current, and (6) the 
series expansion for plate current. 

6-10. Ohm's Law. It is assumed that the 
student already has considerable familiarity 

However, a brief restatement of certain facts may be 

For a d-c circuit, E IR. Eis the voltage drop across the resistor in 
the direction of conventional current flow (see .Fig. 6-12). If the value 
of R is independent of the magnitudes of E and I, the resistor is said to be 
linear. (For linearity it is assumed that the effect is the same for either 
polarity of the applied voltage.) 

If the voltage and current vary with time, we may write e = iR. 
Since inductance or capacitance in the circuit also causes a difference in 
potential, it is desirable to incorporate the effects of L di/ dt and (1 / C) Ji dt 
into Ohm's law. This can be done if we assume Land C also to be linear 
elements (the value is independent of e or i) and the waveform of e to be 
sinusoidal. Recalling that E and I are complex numbers, in algebraic, 
polar, trigonometric, or exponential form, which represent the effective 
values and the phases of the voltage and the current,, respectively, we can 
write E = jIX L and E = -JlX c as satisfactory solutions to the problem 
of obtaining the more desirable forms. The student should remember 
that XL = 21rfL and X c = 1 /21rfC. 

If an alternating voltage is applied to a complex network of R, L, and C 
linear elements, the ratio E/I can be expressed as a complex number which 
is denoted by Z. The value of Z can be computed by using the R, jXL, 
and -jX c representations for the components and combining them in the 
same manner as for a similar network composed entirely of resistors. The 
angle of Z will be found never to exceed 90° in magnitude. Thus it can 
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be stated that the instantaneous potential drop across a linear network 
containing no generators is in the direction of the instantaneous current 
flow at least half the time. One result i's that although the instantaneous 
value of the power, fed from the source of applied voltage to a linear net­
work containing some resistance, may be sometimes positive and some­
times negative, yet its average value is positive. 

Although the chief applications for Ohm's law are in connection with 
networks containing linear elements R, L, and G only, it offers possibilities 
for investigating the character of any network between two terminals 
(see Fig. 6-13). A voltage Eis assumed 
to be applied to the box terminals -with arbitrary positive sense. Posi- Ei z 
tive sense for I is taken to agree with -
that for E, as though the box were ao-;:,----+o 

load. By writing Kirchhoff's circuit 
equations around various loops of FIG. 6-13. 
the network and using other available 
theorems, suppose we obtain Z from the relation Z E/1. For example, 
suppose Z = 3 + j4 ohms. Then the network is the equivalent of 3 
ohms resistance in series ~ith 4 ohms inductive reactance at the frequency 
of the voltage used. However, suppose Z is determined as - 3 + j4 
5L~27° ohms. Thus, in its original a-c meaning, Ohm's law has failed 
since () > go0

• However, a new interpretation may be gained by refer­
ence to Fig. 6-14 if one solves for the power delivered to the box. P EI 
cos () = EI cos 127° = -0.6EI. In words, power has been delivered 
from the box rather than to it. Thus the box must contain the equivalent 

E 

0 

Frn. 6-14. 

of a generator. 
With E and I properly sensed, if Ohm's 

law yields Z with an angle numerically less 
than go0 or with R positive, the network 
absorbs average power. If, on the other hand, 
the angle of Z numerically exceeds 90°, or if R 
is negative, the network contains the equiva­
lent of a generator. 

6-11. Thevenin's Theorem and Norton's Theorem. Thevenin's 
theorem is useful for converting any linear network with two terminals into 
an equivalent series circuit. Thevenin's theorem may be used as follows: 

1. Referring to Fig. 6-15a, remove the load, either actually in the lab­
oratory or on paper. 

2. Determine the open-circuit voltage Eoc between the terminals. 
3. Remove all generators from the network, replacing them by their 

internal impedances. .Measure the complex impedance between the net­
work trrminals. Call this Zoe• 
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4. Draw Thevenin's equivalent series circuit as in Fig. 6-15b. The gen­
erator voltage is Eoc, and the impedance in series with it is Zoe• 

5. Reconnect the load impedance. 
The current through the load and the power delivered to the load are the 
same as though the original circuit were used. 

The proof of Thevenin's theorem is easily obtained from Fig. 6-16, 
which is the same as Fig. 6-15a except that an additional series generator 

(a) 

(b) 

Fm. 6-15. (a) Linear bilateral net­
work. (b) Thevenin's equivalent cir­
cuit. 

with voltage Eoc has been inserted 
with sense as shown. The impedance 
elements in the circuit, being linear, 
are unaffected by the magnitude of 
the currents, and hence each genera­
tor produces a current independent of 

V\/1/' X 

~ 

-H---

6) 0x--~ 
Fw. 6-16. Diagram for proving Thevenin's 
theorem. 

the action of any other generator. (This independence of action is known 
as the s1tperposition theorem.) 

The current 11, produced by the newly introduced generator alone, is 

Eoc (6-16) 

If we tentatively assume that the total current 12 equals zero, then the 
voltage between network terminals xx is Eac, with the result that the total 
voltage drop around the loop through Z1oad is zero. This justifies the 
assumption that 12 = 0, since there can be only one value of total current. 
The current l, produced by the generator of the original network, is 
12 11, and hence 

l= (6-17) 

This is the same as the current l determined by the circuit of Fig. 6-15b. 
Hence we may use Fig. 6-15b to replace Fig. 6-15a. 

Norton's theorem is easily obtained from that of Thevenin. In Fig. 
6-15b consider a short circuit applied across the load impedance. 

(6-18) 
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With the short circuit removed 

I= Eoc 
Z.., + Z1ood 

Substituting to eliminate Eoe yields 

I - Zoe I 
- Zoe + Z1oad •e 

(6-19) 

(6-20) 

Equation (6-20) is indistinguishable from that obtained from Fig. 6-17, 
which features a constant-current generator delivering a current lac to 
Zoe in parallel with Z1oad• If Z1oad is varied, I,c remains constant but I 
varies. 

The concept of a generator which delivers the same current regardless 
of the magnitude of the load may worry us a little. Let us use Ohm's law 
to determine its emf and internal impedance Zint• Making Z1oad in Fig. 
6-17 equal to zero yields I,c = emf/Zint• With Z1oad infinite, I •• = 
emf/(Z.n, + Zoe), Hence emf/Zint = emf/(Zint + Zoe)- Since Zoe ;;,f 0, 
the only manner of satisfying these relations is to claim that Zint = oo and 
emf = oo. Therefore in drawing Norton's equivalent circuit, it is well 
to omit the drawing of the generator and to show only the arrow indicat­
ing the positive sense of I,c, 

Norton's equivalent circuit for any linear network may be obtained as 
follows: 

1. Short the load, and determine the magnitude and phase of the short­
circuit current. (Caution: This is 
safe procedure on paper but may be 
dangerous in the laboratory with low­
impedance circuits.) Label a current 
arrow with this magnitude. 

-lsc -I 
2. Remove the short and the Fw. 6-17. Norton's equivalent circuit. 

load, and determine the open-circuit 
impedance in the same manner as for Thevenin's 
impedance as a shunt as shown in Fig. 6-17. 

3. Reconnect the load. 

theorem. Use this 

Both Thevenin's and Norton's theorems give the same results when 
their application is legitimate. Many vacuum-tube circuits do not 
behave in a linear manner, and discretion must be exercised. 

'6-12. The Equivalent-plate-circuit Theorem. In Chap. 4 it was 
shown how µ, g,,., and rP for a triode may be determined from the ib vs. eb 
family of curves. If these curves in some region are approximately 
straight and parallel, then r P is almost constant. If they are also about 
equally spaced, then Ym and µ are almost constant. These conditions 
can usually be assumed to exist over at least a small region, and if the 
tube is constrained to operate in this region, the operation is said to be 
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linear. In other words, if ib = f(eb,ec) were sketched in three dimensions, 
an approximate plane surface in the operating region would result and the 
operation of the tube follows this plane relationship. 

In many cases of vacuum-tube-circuit analysis the variations in plate 
current and voltage caused by a grid signal are of greater importance than 
the steady or quiescent values. If the operation of the circuit is linear, 
these variational quantities can be readily computed by the use of the 
equivalent-plate-circuit theorem. This theorem states the effect in the 
plate circuit of a signal voltage applied in the grid circuit. We shall now 
develop this theorem. 

Allow eb and ec to vary independently, and from the total differential of 
the calculus obtain 

(6-21) 

or in the special symbols of this book (and dropping the approximation 
symbol) 

i' = 
1 

eP + gme0 (6-22) P rp 

or 
i:r,r P = ep + µ.e0 (6-23) 

Recalling that 
eb = Ebb - eL (6-2) 

and 
eb = Ebo+ ep (6-11) 
eL = ELo + e, (6-12) 

we obtain 
Ebo+ ep = Ebb - ELo - e. (6-24) 

Since 
Ebo = Ebb - ELo (6-4) 

it follows that 
ep = -e, (6-25) 

which is more or less obvious. Hence Eq. (6-23) may be changed to the 
form 

(6-26) 

Equation (6-26) represents the action in a vacuum-tube plate circuit, 
such as that shown in Fig. 6-18, because of the action of grid-circuit signal 
v0 • We note the following points: 

1. Only the part of v0 which reaches the grid, namely, e0 , is effective. 
e0 is µ. times as effective, per volt, in the plate circuit as is e •. 

2. Only varying components of current and voltage occur in the equa­
tion. Therefore the equation is useless for determining direct currents 
and voltages. 
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3. Any kind of passive load may be used; and e, is the voltage drop 
across it. 

,1. The ordinary nonelectronic circuit of Fig. 6-19 has the same loop 
equation. 

It follows that the circuit of Fig. 6-19 is useful as an approximate sub­
stitute for the actual tube circuit, and in so far asµ and rp remain con­
stant, it is a good substitute for computing variational quantities. 

Ecc Ebb 

Fm. G-18. A triode circuit. 

p 

k 
1"'m. 6-19. Linear equivalent circuit for 
the network of Fig. 6-18. 

If the load consists of linear elements equivalent to R, L, and C in 
series, then 

(6-27) 

If this be substituted into Eq. (6-26), then the value of ip can be deter­
mined if the other quantities are knmvn. If ea is sinusoidal, a great saving 
in labor results by the use of effec­
tive values of currents and voltages 
as shown in Fig. 6-20. Since 

E, (6-28) 

Eq. (6-26) changes to the form 

0 (6-29) 

P ___________ ~ 

le 
Fm. 6-20. Thevenin's equivalent circuit 

The complex-number symbols indi- for sinusoidal voltages. 

cate that each carries its own magni-
tude and phase angle. Since eP = -ez from Eq. (6-25), the symbol for 
ep may be shown in Fig. 6-19 and its effective-value counterpart in Fig. 
6-20. 

For many purposes it is convenient to think of certain points of these 
circuits as corresponding to actual elements in Fig. 6-18. Thus symbols 
k and p may be added to represent cathode and plate, respectively. The 
grid circuit may be added, if desired, as shown in Fig. 6-21. This series 

' 
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circuit is often called Thevenin's or the constant-voltage equivalent plate 
circuit. 

If the load in Fig. 6-21 is shorted, 

l,c ~ = UmEo 
rp 

(6-30) 

Since the open-circuit impedance is rp, it follows that Norton's equivalent 
circuit has the form shown in Fig. 6-22. In some applications it is more 

p 

fl p 

gmEg ------------' 
k k 

FIG. 6-21. Equivalent plate and grid 
circuits. 

Fm. 6-22. Norton's equivalent circuit. 

convenient than the constant-voltage-generator or Thevenin's circuit. 
Both circuits give the same answers in solving a problem. 

An amended form of the plate-circuit theorem, in which signals are 
applied in both the grid and the plate circuits, is given in Prob. 9 at the 
end of this chapter. 

6-13. The Equivalent Plate Circuit for the Pentode and Other Multi­
grid Tubes. Figure 6-23 shows a pentode connected in a simple circuit 

I--+---------;-l I l I_+------' 

Ecc1 Ebb 

FIG. 6-23. A pentode circuit. 

with a plate load. Most of the symbols adopted for triodes are useful 
here, with minor changes. Voltages applied to grid 1 may take a sub­
script 1 if necessary to avoid confusion. Those applied to other grids 
always take subscripts according to their numbers. As examples: 
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Ecc2 is the direct voltage applied between cathode and grid 2. 
ec3 is the total instantaneous voltage rise from cathode to grid 3 (in this 

case ec3 equals zero). 
v0 2 is the instantaneous voltage introduced into the grid 2 circuit from 

some other circuit. 
Other symbols which are formed in the same fashion should be readily 
recognized. 

For many applications of the pentode, Vg 2 is zero, Ecc2 is positive, and 
ec3 is zero. The impedance Zc2 can be made practically zero. A signal 
Va1 causes variation of currents ic2 and ib, but there being no impedance in 
the second-grid circuit, the value of ec2 does not vary. Thus, although 
the bias voltages Ec1, Ec2, Ec3, and Ev determine the operating point, the 
only elements with varying voltages relative to the cathode are the No. 1 
grid and the plate, the same as for a triode. Under these circumstances 
and when the operation is linear, the equivalent plate circuit for a pen­
tode is identical with that of the triode. If a signal is applied to another 
grid also, say the screen (and again 
only if the operation is linear), it is 
necessary only to insert in the 
series equivalent circuit another 
generator with voltage label µ 0 2pe0 2, 

where µg2p - aeb/ aec2• 
6-14. An Example of the Con-

struction of an Equivalent Plate FIG. 6-24. A pentode circuit. 
Circuit. A somewhat complex pen-
tode circuit is shown in Fig. 6-24. Assume in this circuit that C, Cd, 
and Ck are all very large, so that at the signal frequency their reactances 
are negligibly small. The quiescent operating point is determined by the 
characteristic@ of the tube, the voltage Ebb, and the values of the resistors 
Rk, Rd, and Rb. Assume that the values ofµ and rp have been determined 
at this operating point, which lies in a linear region. 

1. The part of the equivalent circuit which represents the tube between 
p and k can be made by drawing a resistor for r P and a generator for each 
alternating voltage applied to a grid. Each generator is labeled with its 
emf µE., with the positive-sense sign toward k. The sense signs are 
chosen in this way so that IP may be assumed with positive sense in the 
same direction as was ib in the actual tube circuit. The µ and E0 sub­
scripts are determined by the grid being used. 

2. If a signal voltage VP has been introduced into the plate circuit (none 
has in this example), insert in the series plate circuit a generator labeled 
and representing VP, with positive sense in the same direction in the cir­
cuit, as that of µE 0 • 

3. Omit all direct supply voltages and currents, and delete resistors 
used to regulate the d-c values if they are not part of an a-c path, 
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,i._ Complete the series plate circuit by inserting the load impedance. 
5. It is generally convenient to choose a point g to which the compo­

nents comprising the grid circuit can be connected. This includes V0 , 

which should have positive sense toward the grid g. Likewise draw con­
nections for other grids if signals are applied to them. 

6. Draw arrows, as convenient, to represent positive sense of currents. 
These directions are arbitrary except in the case of IP, which has been 
standardized in preceding articles. 

7. Rearrange the circuit in any convenient fashion. 

le 

8. Ea is the voltage rise from k to 
g. By any convenient path deter­
mine Ea in terms of other voltages, 
currents, and impedances. 

9. Write circuit-loop equations 
and node equations using Kirchhoff's 
laws. Sufficient equations should 
be obtained to solve for any quanti­

Frn. G-25. Thcvenin's equivalent for the ties desired. 
circuit of Fig. 6-24. 

Following these steps for the cir­
cuit of Fig. 6-2'1 results in the equivalent circuit shown in Fig. 6-25 and 
these equations: 
From step 8: 

From step 9: 
µE0 - I1Rb - IPrP = 0 

I1Rb - I2(R1 + R2) = 0 
I1 + I2 = Ip 

If V0 is known, then there are four equations in four unknowns I1, I 2, Ip, 
and E0 • Any of these may now be determined. 

6-16. Limitations on the Linear-equivalent-circuit Method of Analysis. 
The foregoing method of setting up an equivalent circuit for studying 
the performance of a vacuum-tube circuit is certainly one way of solving 
a problem which at first appeared to be quite involved, riz., the perform­
ance of a nonlinear device like a vacuum tube combined with linear­
impedance elements. But of course the truth is that the vacuum tube 
has been treated as though it were linear, which it often is not. How­
ever, if the tube's grid voltage varies only slightly, say a volt or so from the 
quiescent value, the equivalent-circuit device works very well. For some­
what greater grid drive the device still is valuable in making estimates. 
For large variations in grid potential a better method of analysis is needed. 

It will be found later that voltage amplifiers usually have low enough 
grid drive so that the equivalent-circuit method gives results which are 



CONCEPTS USEFUL IN V-T-CIRCUIT AN ALYS IS 141 

quite near those obtained in the laboratory, provided all effects are taken 
into account and the values of µ and r P are known. This latter require­
ment is somewhat of a catch, for, except for a few operating points, the 
values of these tube parameters are rarely found in a tube manual. Of 
course they may be measured on a vacuum-tube bridge if one is available, 
determined by some other laboratory device, or calculated from a set of 
characteristic curves. For power amplifiers the grid drive is usually too 
great for the linear-equivalent-circuit method to be used for any purpose 
other than an estimate of results. 

6-16. Fourier Analysis of a Periodic Function. 3 Voltages, currents, 
and other quantities for which the waveform repeats can be separated 
into sinusoidal components by the Fourier method. For example, if J(t) 
represents such a periodic quantity, we can write 

f(t) Bo+ B1 cos wt+ B2 cos 2wt + · · · + Bn cos nwt + 
+ A1 sin wt+ A2 sin 2wt + · · · + An sin nwt + · (6-31) 

This is an infinite series. If the B and A coefficients progressively 
decrease in value to a sufficient degree, the series may converge and repre­
sent f(t). This occurs in practical cases of voltages and currents. If the 
convergence is rapid enough, the first few cosine and sine terms may afford 
a satisfactory approximation to the function J(t). 

If the function is known, the values of the B's and A.'s can be deter­
mined. For example, we can find Bo by multiplying both members of 
Eq. (6-31) by dwt and integrating from Oto 27f'. Since the algebraic area 
under a sine or cosine wave over any number of complete cycles is zero, 
we obtain 

1 (2" 
Bo = 211' Jo f(t) dwt (6-32) 

In other words, Bo is the average value of f(t) over one cycle. 
Any coefficient Bn can be obtained by multiplying both members of 

Eq. (6-31) by cos nwt dwt and integrating between the limits 0 and 271"'. 
All integrals on the right equal zero except the one involving Bn, and thus 
we determine the value 

2 (2" 
En = 211' Jo f(t) cos nwt dwt (6-33) 

By multiplying both members of Eq. (6-31) by sin nwt dwt and proceeding 
as above, we obtain 

2 (2" 
A,. = 211' Jo f(t) sin nwt dwt (6-34) 

If the waveform of f(t) has symmetry about the t 0 axis, all A,. values 
will be zero. Hence in choosing the position of the origin, it often pays 
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to try to arrange this symmetry. A waveform with symmetry about the 
origin itself has all Bn values equal to zero. 

6-17. Graphical Harmonic Analysis of Plate Current.4 Figures 6-10 
and 6-11 show that when a sinusoidal waveform of voltage is applied to 
the grid, the waveform of the plate current or of the plate voltage may be 
nonsinusoidal. It is often desirable to make a graphical analysis of a 
nonsinusoidal waveform to determine its components. The analysis 
depends upon being able to pick numerical values from a drawing of the 

waveform or from a path of opera­
tion (load line) on the tube charac-

1 teristics. Since the path of opera-
I tion is easily drawn only in the case 
: of resistive loads, it will be assumed 
t in these analyses that the loads are 
12~---- of this character. Figure 6-26 

shows a current waveform similar 
to that of Fig. 6-11, along with the 
graph of grid voltage e0 = Eum cos 

wt wt, which will serve as a timing 
wave. An arbitrary scale of current 
has been adopted. The position of 

Fm. 6-26. Waveform of plate current the ib axis is arbitrary, and in this 
resulting in nonlinear distortion in a case it is chosen to give symmetry 
triode amplifier. 

about this axis. A Fourier analysis 
can then be made in terms of cosines only and will take the form of 

ib = Bo+ B1 cos wt+ B2 cos 2wt + Bs cos 3wt + · · · (6-35) 

where the B's are undetermined constants with current labels. Inspec­
tion of the waveform of Fig. 6-11 shows Bo, which is the average-current 
value, to be somewhat more than the T value. Since the waveform of io 
more or less resembles that of e0 , the value of B 1 relative to B2, Bs, etc., 
must be considerable. But because of the fact that the waveform is 
higher than its fundamental value on both the upper and lower lobes, the 
second-harmonic term is important. In general it will be found that the 
third-harmonic term is small for triode amplifiers operated class A1• As 
a convenient approximation therefore, this analysis will be made by 
assuming a simplified form: 

(6-36) 

This identity contains three undetermined current values, which can be 
evaluated by properly choosing three points on the path of operation or 
on the i0 waveform, the former being in general more convenient of 
application. For greatest accuracy these points should be taken at the 
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peak values of the component waves, and it seems fairly obvious that two 
of these occur at wt = 0 and 1r. As it is also of some advantage to choose 
points at equal grid-voltage intervals, wt = 1r /2 is taken as the third value. 
The following pairs of values are thus obtained: wt = 0, ib = ibmax; wt = 
1r /2, ib Ibt; wt = 1r, ib ibm;u· Substituting these in order into the 
identity (6-36) yields 

ibm,x =Iba+ Ip,m + Ip,m 
Ibt Iba - Ip,m 

ibmin = Iba I p 1m + I P,m 

These equations when solved give 

(6-37) 
(6-38) 
(6-39) 

(6-40) 

(6-41) 

The second form of Eq. (6-42) provides an easy graphical test for 
second-harmonic distortion. ibm,,x - Ibt and ht - ib,nin are vertically 
measured distances along an ib axis, but their ratio is the same as for 
corresponding distances measured along the load line. Thus, considering 
the two parts of the load line (Fig. 6-10) above and below the T point and 
extending to the limits of operation, it is the difference in their lengths 
which measures distortion. If they are equal, the second-harmonic dis­
tortion is zero. 

Subtracting Ibt from both members of Eq. (6-40) gives 

Ip,m (6-43) 

Since ha - ht is the d-c or zero-frequency component of the varying 
part of the plate current iP, it is often denoted as IP•· We may then state 
a convenient relation 

IP, = Ip,m (6-44) 

Equation (6-44) offers a laboratory method for approximately determin­
ing the second-harmonic component of the plate current for a triode. 
Since for a triode with fixed bias Ibt = Ib• approximately, the difference 
between the no-signal value and the signal value of direct plate current 
is I 1>-0· This is the peak value of the second-harmonic component of the 
plate current. 

Although the assumption of Eq. (6-36) led to formulas for current, it is 
possible to begin with a similar assumption for plate voltage and obtain 
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thereby formulas similar to (6-40) to (6-42) and (6-44) with current values 
changed to the corresponding voltage ones. 

As an example of the use of these formulas, values may be obtained 
from the drawing of Fig. 6-26. Here ibmax = 80 ma, ht = 30 ma, ibmin = 
2 ma. Then I p,m = (80 - 2) /2 = 39 ma, the peak value of ip11 and 
IP, = IP,"'= (80 + 2 - 2 X 30)/4 = 5.5 ma, the peak value of iP, and 
also the average value of ip. The percentage of second-harmonic distor­
tion is 100[ p,m/ I p,m = 100 X 5.5 /39 = 14.1 per cent. In Fig. f\-27 the 
components of ib have been sketched, and their sum yields approximately 
the same waveform as that of Fig. 6-26. If more harmonics had been 
calculated, the resemblance would have been closer, but the simple for­

80/ 
I 

I 
160 
I 
I 

/ 40 
I 11,; 

20 

0 

-20 

-40 

mulas of (6-40) to (6--42) are easily 
applied and are adequate for most 
cases of single-sided triode ampli­
fiers operated class A1. 

When triodes are used in ampli­
fiers in which, for the sake of higher. 
efficiency, the operation is of a class 
other than A1, or is push-pull, or in 
other circuits where nonlinear opera­
tion is deliberately chosen in order 
to cause some useful effect, the 
formulas developed above are gener­
ally inadequate. This is also true 
for pentode and beam-tube power 

Fm. 6-27. Composition of plate current amplifiers, even with class A.1 opera­
from its components. tion. Formulas have been devel-
oped in a similar manner to that above and using a considerable number of 
points. Properly chosen, these give an adequate determination of the 
components of any cyclic waveform occurring in a vacuum-tube 
circuit. 

The general development of these formulas is outside the scope of this 
book, but as there is need for a set of them for use with certain applica­
tions, one additional group will be developed. As the distortion in the 
cases of pentode and beam-tube class A1 amplifiers is small beyond the 
fourth harmonic, a useful set of formulas can be obtained by assuming 

ib = Iba + I p 1m COS wt + I p,m COS 2wt + I p,m COS 3wt + IP<"' COS 4wt 
(6-45) 

and a timing wave of grid voltage, e0 = Eum cos wt, as before. Since the 
points where the peaks of the harmonics occur are not generally known, 
it is simpler to choose points at equal grid-voltage separation, as these can 
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often be made to lie on characteristic curves. For the required five 
points let us use 

wt = 0, ib = ibmau corresponding to ea 

wt = ;, ib = iy,, corresponding to 

e0 = + ~ E 0 ,,, ore" 

wt = ;, ib = Ibt, corresponding to e0 = 0 or ec = Ect 

21r . . . 1 
wt = ;f' Zb = Z-½, correspondmg to e0 = 2 Eam or 

E 1 E' ec = cl - 2 0"' 

wt = 11", ib = ibmin) corresponding to ea = Eam or ec = Eci - Eam 

Substituting into Eq. (6-45) gives, respectively, 

ibmax =Iba+ Iv,m + Iv,m + fv,m + Iv,m 
i½ = ha+ 0.5Iv,m - 0.5Ip,m - Iv,m - 0.5Ip4m 
ht = ha - Iv,m + Iv,m 

i-}', = Iba - 0.5I p1m - 0.5I p,m, + I v,m - 0.SI p,m 
ibmin = Iba - I p1m + I p2m Iv,,,. + I p,m 

These equations when solved yield 

ibmax + 2iH + 2i_y, + ibmin 

6 

I = ibmax + ibmin - 2Iot 
p,m 4 

I = ibrnax - 2i}o + 2i_l/, .. -:_!!'~n 
p3m 6 

[ = ibmax - 4iH +_?!o~ -
p,m 12 

(6-46) 

(6-47) 
(6-48) 
(6-49) 
(G-50) 
(6-51) 

(6-52) 

(6-53) 

(6-54) 

(6-55) 

(6-56) 

The meaning of the symbols in these equations is given in (6-4S) and 
(6-46). As in the case of the simpler formulas (6-40) to (6-42), each of 
these formulas above has a voltage paraphrase. The method of har­
monic analysis by using a finite number of terms of a Fourier's series is 
limited in its application to specific problems, since it is essentially 
numerical in its nature. For investigation of the general behavior of a 
circuit it is quite useless. 
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6-18. Determination of the T Point. 6 While rules have been devised 
for graphically determining the T point, it is sufficient to offer the method 
of repeated approximations. This method is outlined by the following 
procedure: 

1. Use the plate characteristics for the tube. After drawing the d-c­
load line and the bias line, if needed, the Q point is determined. Using 
this as the first approximate T point, draw the a-c-load line. Using the 
known grid drive, calculate the average plate current ha [see formula 
(6-40) or (6-52)]. Plot this approximate A point on the d-c load line. 

2. If the tube operates with fixed bias, the new T point is on the ee = 
E 00 curve. If, however, cathode bias is used, draw a horizontal line 
through A to intersect the grid-bias line, thus determining the new bias 
value Ect• Sketch in the curve of i0 vs. eo for ee = Ect• The new T point 
is on this curve. 

3. Through A draw a line parallel to the original a-c-load line. This 
is the new a-c-load line, and its intersection with the characteristic curve 
for e0 = Eco (or Ect for cathode bias) is the second approximation to the 
T point. 

4. The value obtained for loo by the procedure of (1) is probably incor­
rect, as it was assumed that Q determined the time axis for this calcula­
tion. Therefore, using the new T point obtained in step 3, one should 
recalculate loo and determine improved values for A', Ect', and T'. This 
procedure may be repeated to obtain A", Ect'', and T", and so on, until 
two successive sets of values are practically alike. 

5.- The process can often be shortened by guessing the A value, graph­
ically finding T, and determining A'. If A and A' agree, the guess is 
correct. 

6-19. Series Expansion of Plate Current.8 For the determination of 
the general behavior of a circuit a method involving symbols for the cir­
cuit parameters is needed. The linear-equivalent-circuit theorem is one 
of these, but its application is limited to cases of linear operation, as was 
discussed in Art. 6-15. The student of calculus, familiar with infinite 
series, can probably readily perceive that the total differential of Eq. 
(6-21) used in the derivation of this theorem represents the results of 
using only the terms involving first derivatives in the Taylor-series expan­
sion of the plate current. Under conditions which make the linear­
equivalent-circuit theorem give very poor approximations it is possible 
to obtain much better results if a few more terms of the series expansion 
are used. Since the algebra involved in the derivation of a usable form 
of the series is rather complicated, it seems best to omit it from this book 
and to give only the beginning and the results of the process. 

We may begin by assuming ib = f(eb,ec) to be the equation of a family 
of characteristic curves for a vacuum tube operated with negative grid in 
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a circuit with a plate load. Also we may assume that the variable plate 
current can be expanded into an infinite series of the form 

where 
V 

e = e0 + --1! 
µ 

(6-57) 

(6-58) 

and the a's are unknown coefficients involving the tube and circuit param­
eters. Vp represents a signal voltage introduced into the plate circuit. 
For this simplified case it must furthermore be stated that the load is a 
pure resistance RL and thatµ is a constant; otherwise the a's depend upon 
frequency, and e has a more complicated form. After considerable 
manipulation the following values of the a's are determined: 

a1 = µ (6-59) 
rp + RL 

-µ 2r ar 
a2 = 2(rp + RL)3 ae: (6-60) 

a3 = 6(r/;PRL) 5 [ (2rP - RL) (~:.Y - rirp + RL) ~:i] (6-61) 
l 

In these formulas the values ofµ, rp, and the derivatives are to be deter­
mined at the operating point T. The value of ar11/aeb may be found by 
first plotting vs. eb the values of r11 obtained along the tube's plate­
characteristic curve through T, with ec held constant at the Ect value. 
Then arp/aeb is the slope of this curve at the T point. Similarly the sec­
ond derivative can be determined by plotting vs. eb values of ar11/aeb 
obtained at several points on the curve plotted above. The second 
derivative desired is the slope of this curve at the point corresponding to 
T. The accuracy obtainable by this process, of course, rapidly diminishes 
as the order of the derivative rises. The usefulness of the series expan­
sion appears in problems of general circuit analysis rather than in numer­
ical ones. 

A more general form of the series expansion in which the value of µ is 
not assumed to be constant, and in which the load may be reactive, has 
been made, but the discussion or inclusion of this form is outside the 
scope of this book. More complications resulting from grid-current flow 
through a grid-circuit impedance or from the application of varying volt­
ages to more elements than the control grid and the plate of a multigrid 
tube can be conceived, and some of these have been treated elsewhere. 5•

6 

In the case of the pentode, under ordinary conditions of operation, the 
screen and the suppressor are at constant direct potential, and therefore 
the series derived for the triode suffices. 



148 ENGINEERING ELECTRONICS 

6-20. Distortion in Vacuum-tube Circuits. It is usually, though not 
always, desirable that the waveform of output current or voltage from a 
vacuum-tube circuit be a faithful reproduction of that of the input volt­
age. In previous articles it is shown that the nonlinear behavior of a 
vacuum tube results in the formation of harmonics in the plate current 
which were not present in the grid voltage. This is called harmonic or 
nonlinear distortion and is a form of amplitude distortion because its 
amount depends upon the amplitude of the grid voltage. It occurs 
whenever the parameters of a circuit are not constant with changing 
electrode voltages. This effect occurs not only in vacuum tubes but also 
in a similar way in devices having magnetic cores, because of nonlinearity 
of the B-1/ characteristic, and also in arcs, in electric lamps, vari,,tors, 
and many other devices. Often the effect is useful; sometimes it is to be 
avoided. 

Other important types of distortion occur in circuits where inductors 
or capacitors are used, either deliberately or inadvertently as in the wiring 
or between elements of the tube. The first of these is called frequency 
distortion and is the variation in amplitude of the output current or volt­
age as the frequency only of the input voltage is varied. Since most sig­
nals applied to the grid of a tube contain many frequency components, 
there will be a change in waveform between input and output because of 
this type of distortion. The effect can be minimized by proper choice of 
circuit elements and almost eliminated by using only resistors as circuit 
components. At high frequencies the ever-present tube and residual wir­
ing capacitances still affect the circuit, of course, and at ultrahigh fre­
quencies transit time for electrons in the tube causes frequency distortion. 
Also at high frequencies even a short length of wire has considerable 
inductive reactance. 

·whenever the phase of the output voltage or current is shifted relative 
to the phase of the input voltage, there is said to be a time delay in the 
circuit. In order to keep the time delay independent of frequency, it is 
necessary that the phase shift be proportional to frequency (see Art. 7-18). 
If this is not so, then phase distortion results. This type of distortion, 
while not of great importance in ordinary a-f apparatus, is very undesir­
able in television circuits and in amplifiers of electronic switches and 
cathode-ray oscilloscopes. It usually occurs simultaneously with the 
amplitude-frequency distortion mentioned above. 

A fourth form of distortion is called intermodulation distortion. It is 
related to the harmonic-production process and results from the same 
cause, viz., the nonlinear character of the circuit or tube. It is the pro­
duction of frequencies in the output which are the sum and differences of 
the signal frequencies and their harmonics. This effect occurs whenever 
two or more frequencies are present in the input voltage and the tube 
obeys a nonlinear law. 



CONCEPTS USEFUL IN V-T-CIRCUIT AN AL YSIS 149 

An example will suffice to explain this action. Suppose a tube obeys a 
quadratic law so that iP may be expressed as the first two terms of the 
series expansion of Eq. (6-57): ip = a1e + a2e2. The tube is used in a 
simple amplifier circuit, and the voltage applied to the grid is e" = 4 
sin 100t + 6 sin 250t. Since vp = 0, e has the value e0 and therefore the 
variable plate current is ip = a1(4 sin 100t + 6 sin 250t) + a2 (4 sin lOOt 
+ 6 sin 2.50t) 2, where a1 and a2 are constants which depend upon tube and 
circuit parameters. We may expand to obtain 

ip = a1(4 sin lOOt + 6 sin 250t) + a2(l6 sin2 IOOt + ,18 sin 100t sin 250t 
36 sin2 250t) = a1( 4 sin lOOt + 6 sin 2.50t) + a2(8 - 8 cos 200t 

- 24 cos 350t + 24 cos 150t + 18 - 18 cos 500t) = 26a2 

+ ,fo1 sin lOOt + 6a1 sin 250t - 8a2 cos 200t - 18a2 cos 500t 
- 24a2 cos 350t + 24a2 cos 150t 

The term 26a2 represents IP,, the approximate increase in direct current 
caused by the application of the signal to the grid. 4a1 sin lOOt and 
6a1 sin 250t are the fundamental components, having the same frequen­
cies as the input voltage. 8a2 cos 200t and 18a2 cos 500t are the second­
harmonic-distortion terms in the output. 24a2 cos 3501 and 24a2 cos 150t 
are intermodulation products. It will be observed that their angular fre­
quencies are the sum and the difference, respectively, of the input fre­
quencies. Both the harmonic and the intermodulation products con­
tain the coefficient a2, which 1s given a meaning by Eq. (6-60): 

The coefficient a2 and the distortion products can be made small if iJrp/iJe6 

is small, i.e., if the characteristic curve for e0 = Ect is nearly straight near 
T. This can be controlled by choice of the operating point. Also it is 
seen that distortion is reduced if R1. is made large compared with rv. 

In the amplification of sound, harmonic distortion, while detracting 
from the fidelity of reproduction, does not result in the production of very 
objectionable sounds, whereas the intermodulation products may detract 
considerably from the pleasure of hearing. Since both types of 
distortion occur together, any measure taken to lessen one will also 
decrease the other. It should also be noted that since this intermodula­
tion process can produce frequencies nonharmonically related to those 
originally present in the signal, it will prove to be a very valuable one in 
some applications. 
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PROBLEMS AND QUESTIONS 

Characteristic curves for several types of tubes are contained in Appendix A. 
1. See Fig. 6-28. (a) Draw the d-c-load line. (b) Determine Ebe, Ibo, E 0 0. (c) 

Draw the a-c-load line. 

C large 
5000 turns 

6J5 6J5 
111~ 

611 Bv =250v 

o---i----------1>--U 0------, -------~ 

FIG. 6-28. Fm. 6-29. 

2. See Fig. 6-29. Assume the transformer winding resistances are zero. (a) 
Draw the d-c-load line, and locate Q. (b) Draw the a-c-load line. 

3. See Fig. 6-30. Draw the d-c-load line, the bias line, and the a-c-load line. 

= 20011 

FIG. 6-30. 

4. In Prob. 2 assume e0 = 8 sin wt and the T point is Q. Tabulate the values of ib 

and of e. for values of wt at 30° intervals, 0 to 360°. Plot the waveforms of e,, i0, anrl 
eb on the same set of coordinate axes. 
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5. Two boxes containing storage batteries and series resistors are connected as 
shown in Fig. 6-31. The d-c ammeter and voltmeter have their polarities indicated. 
Both meters read upscale. Which box supplies power, and which receives power? 

Fm. 6-31. 

6. One of the two boxes in Fig. 6-32a is an a-c generator. The other is a load. 
Risa very small resistance (compared with the load) used to obtain a voltage in phase 
with the current. The electronic switch is used to show simultaneously on the 
cathode-ray oscilloscope the waveforms and phase relations for the two voltages 
applied between the G and A and the G and B terminals of the switch. The picture 
on the cathode-ray oscilloscope screen is shown in Fig. 6-32b. Which of the boxes is 
the load? 

BoxX R BoxY 
. - . 

l -
A In :n 0 Switch 

()..Jt 
,_ ({ G: CRO 

(a) (b) 

Frn. 6-32. 

7. See Fig. 6-33, (a) Solve for t,he current I, using Thc-venin's theorem. (b) Use 
Norton's theorem to find I. 

6fl. 

+ 
-=:- 20v 

Fm. 6-33. 

+ 
-=-!Ov 

Fm. 6-34. 

8, Compute the galvanometer current in the \\''beatstone-bridge circuit of Fig. 
6-34. Hint: Consider A and B as terminals and the 200--0hin galvanometer as the 
load. Use Thevenin's theorem. 
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9. A certain vacuum-tube circuit is similar to thiit of Fig. 6-18 except that the 
plate circuit contains in addition a generator of voltage v,, with positive sense toward 
the plate. Determine (a) the revised form of Eq. (6-29), (b) the revised form of 
Eq. (6-30). 

10. For the tube of Fig. 6-35 µ = 20, r,, = 10,000 ohms. The grid signal is E, = 0. l 
+ j0 volts at a frequency of 1000 cps. (a) Draw Th6veniu's equivalent plate 

0---,1---+-----..... 

FIG. 6-35. 

th 

5000 
JL 

circuit labeled with ZL, r,,, E0, µE0 , I,,, E,, Epand applicable sense markings. (b) Com­
pute the values of I,,, E,, and Ep. 

11. Draw Norton's equivalent plate circuit for the amplifier of Prob. 10. Label 
with ZL, r,,, gmEu, E,, E,,, I,,, and applicable sense markings. Solve for E,, if E" = 0.1 
+ j0 volts. 

12. In Fig. 6-36, µ = 20, r,, = 10,000 ohms, R. = 5000 ohms, Rk = 1000 ohms. 
(a) Draw Thevenin's equivalent plate circuit. (b) Solve for I,, if¼" = 0.5 + j0 volts. 

(c) 

Fm. 6-36, FIG. 6-37. 
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13. For each circuit in Fig. 6-37, p. 20, rp = 10,000 ohms, V, = 2/0: volts, 
V = 1{()_~ volt, and operation is linear. For each circuit (a) draw and label Thevenin's 
equivalent plate circuit, (b) determine IP, (c) determine the impedance Z seen by the 
generator V (consider the generator V 0 shorted when computing this impedance). 

14. The plate current for a certain diode consists of a succession of half sinusoids, 
as shown in Fig. 6-38. Determine the first four terms of the Fourier series for this 
waveform (a) if the origin is at A, (b) if the origin is at B. Ilint: Replace wt by wt' 
-90° in the series for (a). 

I 

B ~:--l-n _j 0 rr 2n 

Frn. 6-38. Fm. 6-39. 

15. Figure 6-39 shows the waveform for the current from a full-wave rectifier as a 
succession of half sinusoids. Determine the first four terms of its Fourier-series 
expansion. 

16. Determine the numerical values of Iha, I Pu I,,,, and I Poi and the per cent of 
second-harmonic distortion for the 6J5 tube and circuit used in Probs. 2 and 4. 

17. Determine the per cent of third-harmonic distortion for the circuit and opera­
tion of Prob. 4. Compared with the second-harmonic distortion determined in 
Prob. 16, is the amount of third-harmonic distortion appreciable? 

18. Figure 6-40 shows the waveform for a certain plate current. Find the numerical 
values of ht, ha, I po, lpt, I Pa• and I 1>,· 

5 

)f-~-L--- " r 1/1 I'\.! 

I-- I '\ 

\ 
\. . 

""-
0 

FIG. 6-40. 

I 
I, 

I 
T-~ 

./ 

t 

C large 

vgj 8v 
o--Jt-------------~-o 

FIG. 6-41. 

19. In Fig. 6-41, v, = 8 sin wt. Find the dynamic operating point T. Does the 
7' point shift greatly from the Q point in this case? · 

20. ln the operating region for a certain triode the plate characteristics are straight, 
and µ is constant. Signals are applied to both grid and plate circuits. The plate 
load is a pure resistance. (a) Write the Taylor-series expansion for the plate current 
ip. (b) Draw an equivalent circuit using the results of (a). Label all elements. (c) 
p. = 20, r,, 10,000 ohms, and RL = 90,000 ohms. e, = 2 cos 21r X 10 6t, and 
Vp 80 cos 21r X 10001 (volts). Find the value of e, = ipRL, and determine the fre­
quencies present in e,. 

21. In the operating region for a certain triode the plate characteristics are prac­
tically parabolic so that ib = 2 X 10-6(eb + 20ec) 2 amp (eb and e, are in volts), 
Eb, 200 volts, Ee, = -8 volts, RL = !l3,750 ohms. (a) Find µ, rp, and arp/oeo at 
T. (b) vVrite the Taylor-series expansion (e and e2 terms) for ip. (c) If e, 2 cos 
21r X lO"t and v,,, 80 cos 2ir X lO00t (volts), what is the expression for e,? 'What 
frequencies are present in e,? 
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22. Two triodes are connected in cascade. Each tube operates in somewhat non­
linear fashion and produces distortion in its output. Suppose this action causes the 
grid voltage for the second tube to be e0 = 6 cos c,:,t - 0.2 cos 2c,:,t volts. For the 
second tube assume RL = 12,000 ohms, Eb, = 156 volts, Ec1 = -6 volts and the 
equation of the plate family to be ib = 1.39 X 10-5(% + 20e,) u amp (eb and e, in 
volts). Determine (a) the equation for ip in terms of ea, (b) the equation for ip in 
terms of c,:,t. (c) Isolate the terms representing generated second harmonic from those 
representing amplified second harmonic, and show that these tend to cancel. (d) 
Note the intermodulation-distortion terms. 

23. The circuit of Fig. 6-42 can be used for measuring µ, for a vacuum tube. R, 
is adjusted until the 1000--cps tone cannot be heard in the phones. (a) Draw the 
linear equivalent circuit. (b) Findµ, in terms of R1 and R 2• 

1000 cps 
Fm. 6-42. 



CHAPTER 7 

VOLT AGE AMPLIFIERS 

7-1. Classification of Voltage Amplifiers. The voltage produced by a 
pickup, an antenna, or one of many other devices is often so feeble that 
considerable amplification is necessary before it becomes great enough to 
drive the grid of a power tube or to operate some terminating device. 
Hence voltage amplifiers are of great importance. The tube used may 
be quite small, either a triode or a pentode, and usually its most important 
qualification should be a high value of µ. Since the purpose of a voltage 
amplifier is to reproduce the input waveform in magnified size and with 
no more distortion than necessary, class A1 operation is always used. 
This results in low harmonic distortion, and usually the linear equivalent 
circuit is quite satisfactory for determining the performance, although 
the method of Art. 6-16 may be employed if the amount of harmonic dis­
tortion must be found. Amplitude-frequency and phase-frequency dis­
tortion both become quite troublesome in many voltage-amplifier circuits. 
This distortion occurs because elements in the tube and circuit have 
impedance values which vary with frequency. 

Other further classification of voltage amplifiers is often desirable. A 
chemical-reaction-control process may produce a feeble direct voltage 
which varies very slowly with time. To amplify this voltage a direct­
coupled amplifier is useful. This amplifier often ·will perform also on 
low- as well as higher-frequency alternating signals. Audio-frequency 
amplifiers must perform for frequencies over a quite wide range, the 
extreme case being, say, from 20 to 20,000 cps. Such an amplifier, for 
which the bandwidth is about twice the mean frequency value, is called 
a broad-band amplifier. An amplifier may operate in this same range 
but over only a narrow band, say around 1000 cps; its operation would be 
classified as narrow band. In cathode-ray oscilloscopes amplifiers are 
needed which have a range of a few cycles per second to 100,000 cps or 
higher. These are called wide-band or video-frequency amplifiers, the 
latter name sometimes being used because the same general type is 
employed in television, where a range from about 30 cps upward to 
beyond 4 Mc is needed. For the amplification of radio frequencies, it is 
usually desirable to have selective action to cause high amplification of 
wanted signals and rejection of unwanted ones. This calls for some 
variety of filtering device, tuned loads generally being employed. These 

155 
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r-f amplifiers have high amplification over only a very narrow range and 
hence are narrow-hand amplifiers. For example, the r-f amplifier in a 
broadcast radio receiver may he adjusted to receive a station ,vith a car­
rier at 890 kc and sidebands extending from 885 to 8l15 kc. The ratio of 
bandwidth to mean frequency is only 1 %90, or 0.0112. Some amplifiers 
of this kind operate on a fixed hand and are called intermediate-frequency 
(i-f) amplifiers. The center of this hand may he placed as low as 75 kc 
or as high as several megacycles. For a-m broadcast use, the ordinary 
value is 456 kc. For f-m broadcast receivers, 4.3 and 10.7 Mc are in com­
mon use at the present time. 

7-2. A Simple Single-stage Amplifier with a Plate Load. A simple 
amplifier with the signal applied between the grid and ground and with a 

= 
Fm. 7-1. A grounded-cathode 
grid-driven plate-loaded ampli­
fier. 

load in the plate-to-ground circuit appears 
in diagram form in Fig. 7-1. The tube, of 
course, may he a pentode instead of the 
triode shown. The desirable output may 
he voltage, current, or power. In ampli­
fiers with a-c signals applied, usually only 
the alternating component of the output is 
of interest. In this case the output voltage 
Eo is considered to be EP rather than Eb, 
The positive sense of EP is preferable to 
that of E, because Eo so often serves as V0 

for a following stage, and the senses then 
agree without any change in sign. 

Before continuing it might be well to mention that the signal voltage 
can he applied to other circuits instead of between the No. 1 grid and 
ground, and also the useful output may be taken from the circuit of an 
element other than the plate. Some of these other possible arrangements 
,•rill he discussed later, as they have some interesting and desirable 
features. 

Returning to the discussion of the circuit of Fig. 7-1, an approximate 
analysis may he made, using the equivalent linear circuit. This method 
gives quite reliable results provided the quiescent operating point has 
been chosen in a linear region of the tube characteristics, so that if the 
grid-driving voltage is small, the tube parameters do not vary appreciably 
from their quiescent values. Figure 7-2 shows two forms of the equiv­
alent circuit for low frequencies. 

The voltage amplification A of an amplifier is defined as the ratio of the 
output voltage to the input voltage. For the circuit of Fig. 7-2a 

(7-1) 
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and 

(7-2) 

Hence 

(7-3) 

This can be written also as 

(7-4) 

where Y,. and Z,h in this case combine rp in parallel with ZL. Formula 
(7-4), which also follows directly from the circuit of Fig. 7-2b, is an impor­
tant one which is useful for many 
forms of amplifiers which are classi­
fied under the title of Fig. 7-1. 

7 -3. The Single-stage Amplifier 
at Higher Frequencies. As the fre­
quency of the signal Vg is increased, 
the amplification decreases from the 
value for low frequencies. This is 
because of the effect in the circuit 
of various capacitanees, whose 
reactances decrease with frequency. 
This effect will now be studied. 

Figure 7-3a shows the equivalent 
circuit for this amplifier at higher 
frequencies, not including those 
which are very high where lead 
inductances and the transit time of 

g 

the electron in the tube become 9m E9 • g mV9 

important. C0k, C0P, and Cp1, are 
interelectrode capacitances for a 

p ~-------o 

k 
(a) 

p 

l 

triode. For a given tube their FIG. 7-2. Low-frequency equivalent cir­
values may be ascertained from cuits. 

a tube manual. For a pentode, 
C0k should be replaced by C;n, which is the lumped value of C0 1k + 
C0102 + C0103 , since the screen and suppressor are at the same alternating 
potential as the cathode. Likewise Cpk must be replaced by C0u,; repre­
senting Cpk + C0 2p + C0 ap• Otherwise the circuits are alike for both 
triodes and pentod€s. Cw represents the capacitance to ground of the 
wiring and circuit elements which are at the alternating potential of the 
plate. For class A1 operation there is no appreciable grid conduction 
current through the tube, and therefore I0 is mostly displacement current 
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through C0k and Cop• Since Vu represents the voltage delivered by the 
source to the position shown, usually it is not necessary to concern our­
selves with the effect of l 0 and Zc, the impedance of the source.* This 
effect is mostly the concern of the device preceding our amplifier, which 
must furnish the voltage V0 • 

The circuit of Fig. 7-3a appears fairly complicated in this form, and so it 
may be changed to Norton's form. A short placed across xx gives a 

C: g gp p 

r 
,: 

1,i 
Vg Cpk c., ZL r~ ,~ 

X 
k 

- (a) 

p 

rp .,,ztJ<' 

(b) k 

{a) 

Fm. 7-3. (a) High-frequency equivalent circuit. (b) Open-circuit impedance to the 
left of xx. (c) :!\'orton's form of (a). 

short-circuit current of µV0/rp - Y0 PV0 , flowing with positive sense 
upward in the shorting wire. Y0 p'is the admittance of Cop• With short 
and load removed, the open-circuit impedance looking toward the input 
from xx is shown in Fig. 7-3b. If Zc has a high value (the output imped­
ance of a pentode is an example), the open-circuit impedance is rp in par-

* In some circuits self-generated oscillations may occur, dependent upon the char­
acters of Zc and of ZL, For an example refer to the tuned-plate tuned-grid oscillator 
described in Art. 11-4. 



VOLTAGE AMPLIFIERS 159 

allel with an impedance which is approximately that of a capacitor some­
,vhat smaller than Cop• If Zc has a low value (as in the case of the output 
impedance of a medium-µ triode), rp is practically shunted by Cop• To 
estimate the maximum effect, C0 P may be used as a shunt on rp as shown in 
Fig. 7-3c. In applications, some judgment should be employed as to 
whether this maximum or a lesser quantity is the correct value. , 

Let Z,h( = 1/Y,h) represent the entire impedance shunted across the 
output. Then 

and 
(7-5) 

(7-6) 

Some idea of the importance of the term Y0 P in the factor Um - Yop may 
be gained by computing values for a 6J5 tube at 10 Mc. Here, approx­
imate values are Um = 2600 micromhos, C0 P = 3.4 µµf. Hence Um - Y 0 P 

= 2600 X 10-5 - j21r X 107 X 3.4 X 10-12 = (2600 - j214) X 10-6 mho 
= 2610 X 10-6L-5_: mho .. For a pentode 6SJ7 under the usual condi­

tions, approximate values are g,,,, = 1650 micromhos, C0 P = 0.005 µµf; 

hence Um - Y 0 p = 1650 X 10-6 - j21r X 107 X 0.005 X 10-12 = (1650 
-j0.31)10-6 mho ~ 1650 ~I0-6/0°mho. Fromthisdiscussionitisseen 

that even for a triode the term Y0 p may often be omitted except perhaps 
for frequencies considerably exceeding lOMc. Thus formula (7-6) sim­
plifies to 

(7-7) 

which is the same form as for low frequencies. However, here Z,h for a 
triode includes ZL, rP, Cpk, C,.., and C0 P in parallel. In the case of pen­
todes z,h becomes Z1,, rp, Cout, and c,.. in parallel, since Cop is very small. 
As the frequency of the signal increases, the reactances of these capaci­
tances decrease, Z,h changes in value, .and hence A decreases in magnitude 
and shifts its phase angle. 

7-4. The Output Impedance of a Simple Amplifier. For various rea­
sons it is sometimes important to determine the output impedance of an 
amplifier. The output impedance of a voltage-producing device is 
defined here as the rate of change of output voltage with respect to output 
current. These changes are produced by a change in load. For the sim­
ple Thevenin's circuit of Fig. 7-4a we can write E + Eo - IZoc = 0, and 
if E and Zoe are constants, dEa/dI = Zoe• Thus the output impedance in 
this case is equal to the open-circuit impedance used vvith Thevenin's 
equivalent circuit. There are other ways by which it can be determined, 
but in many cases this method is the easiest. 
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For the simple amplifier of Fig. 7-1, a value of the output impedance 
can be readily obtained by finding Thevenin's equivalent of Fig. 7-3c. 
This is shown in Fig. 7-4b. It follows that Z001 is equal to Z,h• It should 
be noted that this value is not the only one which can be named. For 
example, if the terminals for viewing Zout are moved to the left of ZL, then 

(a) 

Zsh 

Zout 

(b) 

Fm. 7-4. Circuits for the determination 

Zout will not include ZL, Hence a 
knowledge of the terminal positio~ 
is necessary when one makes a 
computation of Z.,u,• 

7 -6. The Input Impedance to a 
Simple Amplifier. The impedance 
looking into the input of an ampli­
fier is not infinite. If the operation 
is class 2, there is conduction current 
between grid and cathode during 
part of the cycle of grid voltage, and 
even for a class 1 amplifier there is 
some displacement current through 
the interelectrode capacitances, 
particularly at high frequencies. 
The resulting input impedance will of the output impedance. 
be an additional shunt on any 

amplifier or other device used to furnish the input signal. Because it is a 
shunt load, it is usual to determine the input admittance Ya, defined as 
I 0 /V 0 (see Fig. 7-3a) rather than a value of Za. 

The input admittance Ya of the simple amplifier can be determined by 
referring to Fig. 7-3a. 

and 

Therefore 

and 

(7-8) 

(7-9) 

(7-10) 

(7-11) 

(7-12) 

For a pentode C0k is replaced by C;... For most pentodes C0 P is so small 
in value that (1 - A)Cup is negligible compared with C;n; hence for a 
pentode 

(7-13) 
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In Eq. (7-12), A is in general a complex number so that Y0 will have both 
real and imaginary components. Thus 

(7-14) 

Two examples may be helpful. 
1. Suppose A = A/Is~:, as for an amplifier with z.h a pure resistance. 

Then Y0 = jw[C0 k + (I + A)C0 p] andG0 = 0,Ba = -w[C0 1o +(I+ A)C'0 p]. 
The quantity C0 1o + (I + A)CuP is the input capacitance C0 • For a tri­
ode the contribution of C0 P is much more than that of C01o. 

2. Suppose A = A[225° = A( -0.707 - j0.707), as for an amplifier 
with inductive Z,-,,,. 'fhen 

Y0 = jw[Cuk +(I+ 0.707A + j0.707A)C0 p] -w0.707AC0 p 

+ jw[C0 ,. + (1 + 0.707A)C0 p] 

Hence Gu= -w0.707 AC0P and Cu = C0 k +(I+ 0.707A)CuP· 
It is seen that, for purely resistive Z.n, G0 is zero and, for inductive Z,1,, 

G0 may be negative. It may be determined by trial that if Z,h is capac­
itive, G0 is positive. From the explanation of Art. 6-10, a negative value 
of G0 means that energy is being fed into the grid circuit from the plate 
circuit. At high frequencies, G0 , which increases with frequency, may 
become quite large. In parallel with other resistors in the plate circuit of 
the preceding tube the total G may become negative. In that case the 
second tube will supply some of its own grid excitation and oscillations 
will occur for some values of Zc, 

7 -6. Amplification, Decibels, Gain. The voltage amplification A of 
an amplifier has been defined as the ratio of the output voltage to the 
input voltage. The amplification produced by a single stage is often not 
enough to raise the output voltage to the required level. In such a case 
the output of the first stage is fed into a second stage, and hence if neces­
sary to a third stage, and so on, until the output level is satisfactory. 
The result is a cascade, or multistage, amplifier. If the input to the first 
stage is called V 10, the output of this stage becomes the input V 20 for the 
second. Note that the numerical subscript preceding the letter subscript 
refers to the number of the stage and not to the number of the grid. Then 
for the first stage the definition for amplification becomes 

Y2a 

Via 
(7-15) 

V 10 and V20 are both complex quantities, and it follows that A1 is also a 
complex quantity. Its size A 1 is, of course, the magnitude of the amplifica­
tion; its angle 0u is the angle by which V 20 leads V 10 • This phase shift is 

* This definition of admittance is from ASA Definitions of Electrical Terms. 
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due partly to the action of elements in the circuit, but mostly to the choice 
of the sense of EP rather than that of E, as the sense for output voltage 
Eo. 

For two stages Eo = V2.A2, and V20 V10A1; therefore Eo = V10A1A·,, 
and A = E0 /V 10 = A1A2. Thus the amplification of a cascade amplifier 

Fm. 7-5. A four-terminal network. 

is the product of the amplifications 
of the individual stages. 

V.1ien several stages are used, it 
is often convenient to use a method 
based upon that employed with 
communication networks for com­

puting the loss or gain in power (see Fig. 7-5). For this purpose the 
decibel (db) is defined: 

No. db gain (7-16) 

the factor 10 being employed since the bel is too large a unit for convenient 
use. If the input and load impedances are R 1 and R 2, respectively, 

I2 2R2 E2 2/R2 No. db gain = 10 log 
112

R
1 

10 log ---1 - (7-17) 
E1 2

1 R1 

or if R1 = R2, as is sometimes the case, 

No. db gain (7-18) 

These formulas (7-16) to (7-18) all measure power gain or loss. 
In voltage amplifiers power gain is seldom discussed as the grid usually 

takes negligible power. Hence the definitions above sometimes are not 
strictly applied. Instead, the requirement that R1 = R2 is dropped, and 

No. db voltage gain = ~O log!: = 20 log A (7-19) 

is used as a definition, the word "voltage" being carefully inserted to 
avoid confusion. For a cascade amplifier this becomes 

No. db voltage gain = 20 log·A1A2Aa · · · = 20 log A1 + 20 log A2 
+ 20 log A.+ · · · (7-20) 

Hence the decibel voltage gain of a multistage amplifier is the sum of the 
decibel voltage gains of the separate stages. It should be noted that in 
the above formulas only scalar values are used, as the inclusion of the 
angles without further definition would be meaningless. 

As the amplification A of an amplifier varies because of changing fre­
quency, it is convenient to compare the amplification at one frequency 
with its value at another as a standard. This may he done by computing 
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the ratio A 1J A 1., where f 1 refers to the frequency under consideration 
and f o to the standard frequency. The comparison may also be made 
using decibels. Since the A's represent ratios of output voltage to input 
voltage, the definition involving voltages may be adapted to use. Thus 

No. db drop in voltage gain "" 20 log (7-21) 

The word" drop" rather than'' rise'' is used since the ratio of A's has been 
inverted from its first expression above in order to avoid the necessity of 
determining the logarithm of a number less than unity. If A1i exceeds 
4 1°' the ratio in expression (7-21) may be inverted and the result called 
decibel rise in voltage gain. 

As an example, if the value of A at 100 cps is 70.7 per cent of its value at 
1000 cps, the drop in voltage gain is 20 log (1/0.707) = 20 log 1.414 20 
X 0.1505 ~ 3 db. 

The voltage output of pickups and microphones is often expressed in 
decibels. Thus a manufacturer's catalogue may state that a certain 
microphone has an output of -54 db, where 0 db = 1 volt, the load is 5 
megohms, and the sound pressure is 1 dyne per cm2• The actual voltage 
output under these conditions can be calculated as follows: 54 20 
log (1/E) or log (1/E) = 2.7, 1/E = 500, and E 0.002 volt. 

The zero level is not always 1 volt for voltage decibels, nor is there a 
uniform standard for power use, 6 mw into a 500-ohm load being common 
but not universal in telephone practice. Unfortunately, many catalogues 
state the output of a device in 
decibels without any statement as 
to the standards used, and hence the A 

information given is meaningless. 
If the output is high enough perhaps 
to overdrive the grid of an amplifier, 
it is best to state the output 
directly in volts. - lil1 + B 

7-7. Methods of Coupling Multi- Fm. 7-6. A circuit like this will not work. 
stage Amplifiers. A current iv flows 
from plate to cathode in the first tube of, an amplifier, while no current 
flows from cathode to grid in the second tube. Hence, one cannot con­
nect the grid of the second tube directly to the plate of the first tube, in 
the manner shown in Fig. 7-6, to obtain satisfactory operation. Insertion 
of a suitable coupling network between the two tubes is necessary. One 
type sometimes employed is so-called direct coupling, produced by insert­
ing a resistor between A and Bin the circuit of Fig. 7-6. Other types are 
called resistance-capacitance coupling, untuned-transformer coupling, 
impedance coupling, and tuned-transformer coupling. The type of cou-
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pling used depends upon the requirements of the amplifier. A discussion 
of each of these follows. 

7 -8. Direct-coupled Amplifiers.1•2 The purpose of direct coupling is 
to eliminate the capacitors, inductors, and transformers used in other 
types. These cause a loss in amplification at low frequencies and fail to 
give any response at all to direct voltages. Many circuits employing 
direct coupling have been devised. Some use several batteries, but this 
practice is generally undesirable. 

The type of circuit shown in Fig. 7-7 was devised by Loftin and White. 
A rectifier type of power supply can be used instead of the battery, if 

D E 

..__ ______ ...,:-~1,1 111111-'-+ ___ _, 

Ebb 

FIG. 7-7. A Loftin-White direct-coupled amplifier. 

desired. The manner in which the resistor values are chosen, as well as 
the general action of the circuit, can be seen from the following example. 

In Fig. 7-7 suppose that the tubes are type 6J5 and that RIL is 100,000 
ohms and R2l, is 10,000 ohms. Assume that the values of E1x, = 90 volts, 
Eco = -3 volts determine a suitable operating point for each tube. 
Measurements taken on a vacuum-tube bridge with this operating point 
yield Ibo = 1 ma, rp = 16,000 ohms, and µ = 19.3. Point A may be 
labeled 0 volt, and under quiescent conditions point B will be at +3 volts 
potential and p1 will be at a potential of +93 volts. The voltage drop in 
Ru is 0.001 X 100,000 = 100 volts, making point Cat a potential 100 + 
93 = 193 volts above that at point A. The point (12 is at a potential of 
+93 volts; therefore D should be at 93 + 3 = +96 volts. pz has a 
potential of 96 + 90 = 186 volts, and the drop in R2L being 0.001 X 
10,000 = 10 volts, the potential at E should be 186 + 10 = 196 volts, 
the voltage required for Ebb. 

For this problem the load will be considered to be a relay with 10,000 
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ohms resistance. The power-circuit contacts of the relay v.ill be con­
sidered normally open and will close with a minimum current flow of 1.2 
ma through the relay coil. Thus under quiescent conditions the relay 
contacts are open. 

It is generally desirable to make the resistance of the bleeders R 1, R2, 

etc., low enough so that changes in current through the tubes and these 
resistors due to the applied signal will change the potentials at points A, 
B, C, etc., by only a small percentage. For this reason it is assumed that 
these resistors have no effect on the operation of this circuit. 

One may next draw Fig. 7-8, the linear equivalent circuit for the two­
stage amplifier. Recalling that iP = t:.,.ib, eg /:.;.e0 , and eP = /:.;.eb as def­
initions, one may replace the usual quantities and label the circuit with 

i rzp 
Llelb ~Lle2c R2L 

rv lpLlezc 
't' ' T 

FIG. 7-8. An equivalent circuit useful for a two-stage amplifier handling slow grid­
voltage changes. 

the incremental ones, giving an equivalent circuit useful for small changee 
in voltage and current. It follows that 

and 

Hence the value of Ads -19.3 X 100,000/(16,000 + 100,000) = -16.6. 
Likewise A2 -µR 2L/(rp + R 2L) 19.3 X 10,000/(16,000 + 10,000) 
= -7.4. Hence, A= A1A2 = -16.6 X -7.4 = +123. 

The least value of t:.,.izb required to cause the relay contacts to close is 
+0.2 ma, which requires a value of /:.;.e2b of -0.2 X 10-3 X 10,000 = -2 
volts. The necessary value of input voltage D..eic is -7123 = -0.016 volt 
or -16 mv. If this voltage is not available, a third stage may he added 
or perhaps tubes having a higherµ might he used. The negative value of 
D..e1c obtained means that the input device must he connected to give a 
polarity opposite to that marked for the sense of D..eic in Fig. 7-8 above. 

When direct-coupled amplifiers are used with 1-f alternating-voltage 
signals, their operation should he quite satisfactory. But if the input is 
a low direct voltage, many factors contribute to make them troublesome. 

1. The values of Ebb and Ecc must be maintained constant, either with 
batteries or with voltage-regulated power supplies. Otherwise the oper­
ating voltages and currents for the tubes will change. It is particularly 
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important to maintain the grid bias for the first tube constant, as any 
variation there is as potent as a signal of the same amount. 

2. The initial velocity of electrons leaving the cathode has the same 
effect as the insertion of a small battery in the cathode lead, with the 
initial velocity assumed to be zero. If the heater voltage varies even 
slightly, the equivalent battery voltage changes the grid-to-cathode bias 
and hence the plate current. Thus the heater voltage must be main:.. 
tained constant. In some amplifiers filament-type tubes are employed, 
and the current through the bleeder of the regulated plate-voltage supply 
also heats the filaments. 

3. Grid current flowing through the impedance of the external grid cir­
cuit of the first tube causes a voltage drop which masks the desired input 
signal. This grid current is caused by one or more of several factors. 
High-initial-velocity electrons may strike even a negatively biased grid. 
A hot grid may emit because of cathode-emitting material sputtered on it 
during manufacture. Since even the most thoroughly evacuated tube 
contains some residual gas, positive ions may be present, which are 
attracted to the grid and may even knock secondary electrons from that 
electrode. There are more or less effective preventatives for grid current. 
Operation with low heater voltage reduces the initial velocities of the 
electrons, and the use of low plate voltages reduces the danger of ioniza­
tion of residual gas. Careful manufacture to avoid sputtering of the grid 
and to reduce residual gas also helps. 

4. The emission of coated and thoriated cathodes is not uniform over 
the cathode surface and varies slowly with time at any one spot. Because 

the grid wires produce a nonuniform 
field at the cathode surface, there is 
a resultant small effect on the space 

eo current. For amplifiers with input 
voltage of very low level this is 
probably the most serious difficulty 
in direct-coupled amplifier design. 

Balanced circuits are used with 
some success to cancel the effects of 

Frn. 7-9. A balanced voltage amplifier. these random fluctuations. Figure 
7-9 shows one stage of such an ampli-

fier circuit. If an initial adjustment is made so that no voltage output 
is obtained with zero signal, then variations of cathode temperature or 
electrode-supply voltages have no effect providing the tubes behave iden­
tically. Practically, it is impossible perfectly to match the tubes so that 
their coefficients are identical, and hence complete cancellation of errors 
does not occur. Also the effect under item 4 is not helped by the method. 

lf possible it is probably better to avoid having to amplify a small direct 
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voltage. Sometimes a vibrator-type switch may be used to break up a 
direct voltage, and the pulsating voltage obtained may be amplified with 
an ordinary a-c amplifier, which is relatively trouble free. :Following this, 
the output may be rectified if desired. 

7-9. Resistance-capacitance-coupled Amplifiers. The circuit dia­
gram for two stages of an R-C-coupled amplifier using triodes is shown in 
Fig. 7-10, while one employing pentodes is shown in Fig. 7-11. Except 
for the voltage-dropping resistors and the bypass capacitors in the screen­
grid circuits, the arrangements are identical. 

C 

Fm. 7-10. An R-C-coupled triode amplifier. 

Fm. 7-11. An R-C-coupled pentode amplifier. 

The capacitor C serves to prevent the high direct potential on the plate 
from being applied to the following grid and helps to block slow variations 
of voltage across Rb from passing on through the amplifier; yet it allows 
the higher-frequency signal to be amplified by the next stage. 

R0 serves two or more purposes. It allows the grid to be at ground 
potential for direct currents (if the grid conduction current is negligible), 
while the cathode has a positive bias to ground because of current flow 
through Rk, Second, it permits C to charge as fast as slow variations in 
voltage across Rb change the potential of its left plate. This causes the 
total voltage drop across Rb, except the higher-frequency components due 
to the signal, to be established across C and none of it across R0 • This is 
an advantage for purposes of stability, a disadvantage if the signal itself 
is of low frequency. Third, Rk may be reduced in size or even omitted 



168 ENGINEERING ELECTRONICS 

and R0 used to make a grid bias due to grid-current flow. Usually there 
is no advantage in doing this for an R-C-coupled amplifier, but the method 
is occasionally used. Under some circumstances it may be actually 
unsafe, since if grid current flows because of grid emission, it may give a 
positive bias instead of the negative one desired. 

In the pentode circuit the bias for the screen grid in this case is obtained 
from the plate-voltage supply. For voltage-amplifier pentodes the screen 
voltage desired is often about 100 volts, while the plate-supply voltage is 
perhaps 250 volts. Although a screen-power supply could be employed, 
this is generally uneconomical. Or a voltage divider across Ebb could be 
tapped at 100 volts. The series dropping resistor used is the ordinary 
method, however. Since the plate current i1:1 approximately proportional 

g C'gp 
p C 

0" 
Y2g i 

Eo 

I 

FIG. 7-12. Equivalent eircuit for the entire frequency band. 

to the screen current, hut larger, if the direct screen current can be main­
tained constant, the direct plate current will remain approximately con­
stant too, thus tending to keep the operating point of the tube from shift­
ing. Any slow rise in screen current causes a corresponding drop in screen 
potential, which tends to prevent the current rise. Thus a series drop­
ping resistor is a stabilizing element. It must always be bypassed by a 
capacitor of sufficient size to prevent appreciable signal-frequency varia­
tion in the screen potential; otherwise the tube will perform somewhat 
like a triode. It is assumed in the amplifier circuit under discussion that 
Rd and Cd have been properly chosen, and hence the screen grid is essen­
tially at alternating ground potential. 

The bias for the control grid is usually obtained by using Rk as shown. 
Besides being simple and cheap, the device is desirable from the stability 
standpoint, its action being similar to that of the screen-grid resistor for 
the pentode. Likewise Ck needs to be of adequate size, or the potential 
of the cathode will vary relative to ground. While this variation is some­
times desired, for the present it will be assumed that the cathode is at 
alternating ground potential. 

7-10. The Linear Equivalent Circuit for the R-C-coupled Amplifier. 
In order to study the performance of this amplifier, the linear equivalent 
circuit is first drawn in Fig. 7-12. Unlike the direct-coupled amplifier of 
Art. 7-8, which is designed particularly for low- or imro-frequency use1 
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this one fails at very low frequencies. Above these it operates over a 
wide band, and the capacitances between tube electrodes and between 
wiring and ground become important in the higher regions of this band. 
Tube capacitances are represented by Gin, Ggp' and Guut• Gin includes all 
capacitances between the control grid and tube elements which are at 
cathode potential. For a triode this is Gok• For a pentode G, 0 = G01k + 
G0 10 2 + G0 1y3, if the circuit is arranged in the manner of Fig. 7-11. G00 t 

is G pk for a triode and G pk + G02p + Ga3p for a pentode. Sinusoidal 
waveshape of applied voltage is assumed. Note that in this circuit E0 is 
equal to V0 • 

The box labeled Y 20 in the equivalent circuit represents the input shunt 
admittance to the next stage, if any (see Art. 7-5.). It is equivalent to a 
capacitor and a resistor in parallel. With the frequencies ordinarily 
used with R-G-coupled amplifiers of this type, the resistance is very high 

g p ,-----------0 
Ip f 

R0 Rg 

I 
h 

Fm. 7-13. Thevenin's circuit for the mid- Fm. 7-14. Norton's equivalent circuit for 
frequency range. the mid-frequency range. 

compared with the grid leak R0, and it may be either neglected or con­
sidered to be combined with R 0 • 

·while an analysis of this circuit can be made which is valid for all fre­
quencies for which the circuit is useful, the labor is considerable and the 
results will be in a form not particularly simple. Rather, it is better to 
separate the frequency band formally into three ranges. The middle 
frequencies are those high enough so that there is no appreciable loss in 
voltage in G, but low enough so that the numerous shunt capacitances 
collectively have no appreciable effect. Such a range may not exist for a 
particular amplifier circuit, but it is quite possible to design amplifiers 
which have a ·wide mid-frequency range. The low range includes those 
frequencies for which the coupling capacitor G noticeably affects the cir­
cuit performance. In the high range the shunt capacitors have low 
enough impedance so that the gain is no longer the same as in the mid­
frequency range. 

7-11. Behavior of the Amplifier in the Mid-frequency Range. Omis­
sion of the capacitors which are unimportant in this range yields the sim­
plified drawing of Fig. 7-13. The grid circuit may be omitted if desired 
because the grid voltage equals V 10 , unaffected by any circuit components 
in this amplifier stage. Norton's form is shown in Fig. 7-14. 
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Norton's form will be used in this analysis, it being the simpler of the 
two. Ohm's law yields 

(7-22) 
or 

(7-23) 

where R,h is the equivalent of r P, Ro and Ru in parallel. Note that formula 
(7-4) applies here with Z,h = R,h, The frequency range over which this 
formula reliably represents the amplification is yet to be determined. 
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Frn. 7-15. Theoretical curves showing how amplification varies in the mid-frequency 
range with the a-c load. 

It is well to investigate the implications of the simple formula (7-23). 
It may be written in other forms, 

-µ (7-24) 

where RL is the total plate-circuit a-c load. For a given quiescent operat­
ing point, µ and r Pare determined, and it is assumed that they remain con­
stant as the grid voltage moves the instantaneous point of operation up 
and down the a-c-load line. This is essentially true as long as the grid 
signal voltage is small. The value of RL may be varied, and of course 
Am,d varies with it. Figure 7-15 shows graphically the interdependence. 
This graph is said to be normalized because RL is plotted in units of rp and 
Am,d in units ofµ; it applies, therefore, to any amplifier with a resistance 
plate load. As R1, increases, Amid approachesµ; thereforeµ is the upper 
limit to the amplification obtainable for this kind of circuit. 

Since RL is the parallel equivalent of R0 and Ru, it is always less than 
the smaller of these. R0 usually ranges between 250,000 ohms and 1 meg­
ohm, and Rb is smaller, for reasons to be given later. Hence, to increase 
RL requires that Rb be increased. Rb is the d-c plate load if Rk is neg-
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lected. In :Fig. 7-16, lines a, b, and c represent d-c loads for a medium-µ 
triode, with resistance values increasing in that order, and passing through 
the same Q point. Note that as the resistance Rb is increased, the value 
of Ebb required is increased. Therefore, for a fixed Q point it is not prac­
ticable to increase Rb greatly in an effort to obtain greater amplification. 
Lines a, d, and e represent increasing d-c load resistances, but the value of 
Ebb is held constant. Their intersections with the bias line f shifts, thus 
moving the operating point downward and to the left as Rb is made 
greater. Although formula (7-24) seems to show that A increases with 
RL, this is not necessarily true, as µ may decrease and r v may increase, 
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FIG. 7-16. Plate diagram of a triode with various loads. 

which is exactly what happens in this case. Also the operation is some­
what more nonlinear for the very low Q points; hence the practical limit 
to Rb for medium-µ triodes is about 20r v, and for reasons to appear later 
it is often better to use a smaller value. For high-µ triodes the upper 
limit to Rb is about lOrv, and for pentodes its value is usually not higher 
than 0.3r v· In the latter case it might seem that little advantage is being 
taken of the very high value of µ, but even ·with this limit on the load an 
amplification up to around 200 can be obtained, which far exceeds that 
possible with a triode. 

Nonlinear distortion for a triode is mostly second harmonic. .Formula 
(6-71) is sufficiently accurate for its determination, and the method 
explained in connection \\ith this formula may be used. If Ru is assumed 
to be very high, the lines of Fig. 7-16 become approximately the a-c-load 
lines. If drive to 0 volts is also assumed, although this is more than one 
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is likely to use, then the lengths of segments of the operating region of the 
load lines above and below the Qa point (shown solid) can be compared. 
It is fairly obvious by inspection that, for the tube represented in Fig. 
7-16, a higher load value gives less distortion. That this distortion is 
very small for very high loads is also attested by the quite constant value 
of µ over a wide region, since the graphical determination of µ involves 
horizontal measurements between the curves of the plate family. If a 
similar study is made for high-µ triodes, one arrives at the same conclu­
sion, viz., that higher loads give less nonlinear distortion (see also Art. 
6-19). 

The grid bias to be used for triode voltage amplifiers is quite readily 
determined. The dynamic transfer characteristic of Fig. 6-11, which is 
the operating curve on lb, E 0 axes, is quite typical of triodes. It is 
straighter near the upper end, and hence one should locate the quiescent 
operating point there for minimum nonlinear distortion. For a medium-µ 
triode, grid current becomes appreciable for grid voltages more positive 
than about -1 volt, and operation should be kept below this region. 
Thus, if a signal of 2 volts peak value is to be amplified, the bias should be 
about -3 volts. 

For pentode voltage amplifiers the upper end of the dynamic character­
istic bends downward, making it undesirable to locate the operating point 
so near zero grid voltage. As an example, Fig. 4-26 shows the dynamic 
characteristics of a 6SJ7 pentode for Ebb = 250 volts, Rb = 100,000 ohms, 
and various screen voltages. The curves for low screen voltages have 
somewhat longer straight portions, and hence it is usually advisable to 
use low screen-voltage operation. However, since control-grid current 
flows for voltages more positive than about - l volt, the curve for Ec2 = 
25 volts should ordinarily be avoided with this value of Rb. The curve 
for E02 = +50 volts has an inflection point near lb = 1.7 ma, and oper­
ation at this point (requiring Ec1 = -1.25 volts) will give higher gain 
with small signals than will operation at any neighboring point on the 
same curve. However, for large signals, it might be well to avoid the 
predominant third-harmonic distortion, which occurs with operation at 
an inflection point, and choose instead a somewhat lower value of Ibo, 
where the distortion is more second harmonic and less third. If the value 
of Rb were changed, a new set of curves would be obtained. Since in 
actual operation RY is in parallel with R0 as an a-c load, the curves of Fig. 
4-26, which are taken with direct applied voltages, cannot be used to 
determine exactly the allowable drive and the harmonic distortion. In 
general, the load for a pentode voltage tube is not critical and for low 
drive neither is the choice of operating point, as long as it lies in the 
straighter portion of the characteristic curve. For higher values of grid 
drive more care is needed correctly to place the operating point. · Th~ 
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screen bias is usually obtained from the plate supply through a well­
bypassed voltage-dropping resistor. 

In practice the curves of Fig. 4-26 are not given in tube manuals, and 
hence, unless laboratory facilities are available, the method just explained 
is not particularly adaptable. If the value of Ibo were stated in the man­
ual and either E,i or Ec2 were adjusted to obtain this value, successful 
operation for signals of moderate size could be obtained. Instead, how­
ever, most manuals present ready-made designs for amplifiers, and usually 
it is best to use the~. The same can be done for triodes if desired. 

g p C' 
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Fm. 7-17. Equivalent circuit for the 1-f range. 

7-12. Performance of an R-C-coupled Amplifier in the L-F Range. 
For low frequencies the equivalent circuit of Fig. 7-12 simplifies to that 
of Fig. 7-17. Because of the presence of C this circuit is somewhat 
more complicated to analyze than that for the middle frequencies. 
AJthough this is a Thevenin's form from the viewpoint of the whole 
load, if we consider the portion to the right of xx as the load, we 
obtain another Thevenin's form as shown in Fig. 7-18. 

To simplify the analysis, let us 
define 

R 
rpRu 

R1ow = a+ + R • 
Tp b 

(7-25) 

Then 

and 
Ra µRb 

Riow - jXc Tp + Ru 
(7-27) 

,. 
p 

~------x -----u 
Fm. 7-18. Another Thevenin's form of 
the equivalent circuit of Fig. 7-17. 

Note that if C were omitted from this circuit, one would again have a 
middle-frequency equivalent circuit. Hence, for middle frequencies 

E Ra Rb V 
.=--R +Rµ lg 

low Tp b 
(7-28) 
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Dividing Eq. (7-27) by Eq. (7-29) and rearranging, we obtain 

A1ow Riow 1 
A-:;~ = R1ow - jXc 

(7-29) 

(7-30) 

Rather than use the already relatively simple formula (7-30), it is more 
convenient to employ a marker frequency and normalize the formula in 
terms of this and Amid• For this purpose any frequency may be used at 
which known results occur. From a mathematical standpoint the fre­
quency at which Xc/R 10w becomes unity is convenient. This will be used 
and designated as Ji; that is, f1 is the frequency at which the number of 
ohms in C becomes equal to the number of ohms in the resistance part of 
the equivalent circuit of Fig. 7-18. Thus at the frequency Ji 

(7-31) 

which mathematically defines Ji. Solving, 

(7-32) 

Continuing the development of the formula for amplification, 

A1ow 1 
A~;d = 1 - j(Xc/R1ow) 

1 =---------1 - j(l/21rfC) X 27rfiC 
1 

1 - j(fi/f) 
(7-33) 

Formula (7-33) gives both the magnitude and the phase of the amplifica­
tion at any low frequency, relative to the value at mid-frequency. Since 
the phase angle at mid-frequency is 180°, as indicated by the negative 
sign in formula (7-23), all angles for A1ow lie in the third quadrant, assum­
ing V 10 as the reference. 

At any low-range frequency f, the drop in voltage gain below the mid­
frequency value may be expressed as follows: 

db drop in voltage gain = -20 log A1ow = -20 log 1 

Amid Vl + (Ji/f)2 

= 10 log [ I + ti )2] (7-34) 

For N similar stages 

db drop in voltage gain = ION log [ 1 + (9) 2] (7-35) 
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One may plot a graph of A1ow in two advantageous ways: A1ow and O A as 
functions of frequency, or A,ow as a function of BA using polar coordinates. 
Figure 7-19 shows A1ow as a function off in seminormalized form. The 
scale off is logarithmic, as this spreads out the curve for lower frequencies. 
When f = Ji, A1ow/Amid = 1/(1 - jl) = 0.707 l 45°. At this frequency 
the amplification is down to about 71 per cent of the mid-frequency value, 
and the angle is 225°. The gain is down 3 db, and if power were impor­
tant, the power would be reduced to (0.707) 2 = 0.5 of its mid-frequency 
value. Thus Ji is sometimes called the lower half-power frequency, but 
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Frn. 7-19. Gain vs. frequency in the 1-f Frn. 7-20. IIA vs. frequency in the l-f 
range. range. 

the other relations are more important for a voltage amplifier. At f = 
5fi, A1ow/Am,d = 0.98/11.3°, or the amplification is down 2 per cent. At 
f = lOf,, A1ow/Am1d =-0.995/5.7°, and the amplification is down one-half of 
1 per cent. At f = 0.lf,, A1ow/ Amid = 0.1/84.3°. Figure 7-20 shows how 
0A varies with frequency in this range. At 10f1 the angle is about 6° away 
from 180°, but the magnitude of the amplification is practically at its 
greatest value. Often lOfi is considered the upper end of the 1-f range 
and will be so taken in this book. 

Examination of Eq. (7-33) shows that 0A = 180° arctan (-Ji/!), 
where arctan (-Ji/!) is a fourth-quadrant angle. This equation can 
be solved to obtain 

Ji f = tan BA (7-36) 

The size of A10 w/Am,d obtained from Eq. (7-33) is 

A1ow 1 
A,,:; = y'l + (fi/!)2 

(7-37) 
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Eliminating fi/f between Eqs. (7-36) and (7-37) gives 

(7-38) 

This equation is plotted in polar coordinates with A1ow/ Amid as the radius 
vector and 0., as the other variable, yielding tb_e locus of Fig. 7-21. The 
student of analytic geometry should readily recognize that the locus is 
circular. Because of the restrictions that OA lies in only the third quad­

rant, only half of the mathematical locus 
is useful in this case. 

Frequency was not used in plotting this 
locus, and so it is not obvious just what 
frequency places the relative-amplification 
radius vector in a given position. The 

Frn. 7-21. Polar plot of A1ow/ Amid . • f f . h . L • d pos1t10n or 1 IS s own, It oemg eter­vs. (JA· 
mined from the known angle of 225°. 

7-13. H-F Performance of R-C-coupled Amplifiers. The h-f equiv­
alent circuit shown in Fig. 7-22 is obtained from that of Fig. 7-12 by 
omitting the coupling capacitor C. With proper interpretation, this is 
identical with the equivalent circuit of Fig. 7-3a for a single-stage ampli-

g Cc1p . p 
------1 

k 
Fw. 7-22. Equivalent circuit for high frequencies. 

fier, and hence Norton's form of Fig. 7-3c may be employed and is drawn 
in simplified form in Fig. 7-23. The resistor arrangement in Norton's 
form is the same as that in the equivalent circuit for mid-frequencies. 
Therefore we let 

Here 

t 
T 

c,h = Gout+ Cw+ cgp + Ca (7-40) Frn. 7-23. Norton's equivalent circuit for 

Cu being the input shunt capaci-
high frequencies. 

tance of the next stage (see Arts. 7-3 and 7-5). It follows from the circuit 
of Fig. 7-23 that 

(7-41) 
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where Xe,. represents the reactance of Cah• By formula (7-7) 

Ahigh = VEo = - gm = 
lg Y.,. 

gm -g,.R,,. 
(l/R.,.) + (j/Xc,.) = C+ j(R.1,./Xc,.) 

1 + j(R.,./Xc,,.) 
(7-42) 

As a marker frequeney h one may conveniently use a value which makes 
X c,,. = R,i.. Thus f 2 is defined by 

R,,. (7-43) 

Hence 

(7-44) 

Then 
Ahlgh 1 1 
x:: = 1 + j(21rfC,h/21rJl).J - 1 + j(f /fz) (7-45) 

This formula giving Ahi,h is similar to that expressing Aiow, except that in 
this case any value off renders 8A in the second quadrant. Note that 
f nf2 yields the same value of A as does f fi/n, where n is any real 
number. Thus A high/ Amid for f = O, lf 2, is the same as A1ow/ Amid for 
f = 10/i. Likewise f J2 gives AJ/Am1ct = 0.707 L_Ii3[', and so on. 
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Amid 0.4 
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0 'f 
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FIG. 7-24. Gain vs. frequency in the h-f FIG. 7-25. 0A vs. frequency in the h-f 
range. range. 

Graphs similar to those for low frequencies are drawn in Figs. 7-24 to 
7-26, the titles on each being sufficient identification. 

Sinee f 0.lf2 gives A Amid within one-half of 1 per cent, it is often 
considered the beginning of the h-f range. Thus the mid-frequency range 
extends from 10/1 to 0.1]2 provided lOfi is less than 0.lh and in this range 
A = Amid with magnitude within one-half of 1 per cent (0.04 db) and 
angle within 6°. 
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7-14. The Analysis of an R-C-coupled Amplifier Circuit. The study 
just made of an R-C-coupled amplifier is sufficient to form a basis for the 
analysis of this device. The complete performance is shown in Fig. 7-27 

f=/ mid 

as a composite of Figs. 7-19 and 7-24. 
It presumes that the performance 
of the amplifier can be broken up into 
three quite well defined ranges for which 
10ft and O.lf2 have been arbitrarily 
chosen as dividing points. If O.lf2 does 
not exceed l0f1, this presumption should 

.Fm. 7-26. Polar plot of Ahish/ Amid be abandoned and another analysis made. 
Vll. e .. for the h-f range. The results of such an analysis can be 
written in a form which combines those we have obtained for high and 
low frequencies. This form is 

A 1 1 
x--:i~ = 1 - j(fi/f) 1 + j(f /h) (7-46) 

In practice 0.1!2 usually exceeds lOfi, and hence the variation of gain 
with frequency indicated in Fig. 7-27 is a practical one. A composite 
drawing of Figs. 7-20 and 7-25 like,vise would show the variation of 0.t to 
be from near 270° for very low frequencies to 180° somewhere in the 

A 1.0 A­
mid 

0.5 

0-lf; 0.2_{ 0,5.{ .f ~ ~ IQ{ 0.Vz 02_{ 0.5_,f ,'2 21:; :if. IQ/. J 
2 2 

Fm. 7-27. Gain vs. frequency for an R-C-coupled amplifier. 

middle-frequency range and approaching 90° as the frequency increases. 
Both magnitude and angle of A are shown in a circular locus which may 
be made for Figs. 7-21 and 7-26 combined. 

As an example of the analysis of an R-C-coupled amplifier, assume the 
following: A 6.J5 stage feeds another 6J5. Ebb = 300 volts, Rk 2440 
ohms, Ck is very large, Rb = 100,000 ohms, Rg = 250,000 ohms, C = 0.01 
µf. From a tube manual Cgp = 3.4 µµf, Cpk = 3.6 µµf, and C0 1, = 3.4 µµf. 

Suppose the mid-frequency gain of the second stage has already been 
determined as 15/180°. The measured value of C,,, is 30 µµf. 
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1. On a sheet of ib vs. eb characteristics for a 6J5 draw a load line for 
Rdc = 102,440 ohms through eb = 300 volts on the ib 0 axis. Also 
draw the bias line for Rk = 2440 ohms (see Art. 6-4). The intersection 
of these two lines gives Q: Ebo = 112 volts, Eco = - 1.8 X 10-3 X 2440 
= -4.4 volts. For voltage triodes the T point practically coincides with 
the Q point. 

2. The values of µ, and r P can be determined by graphical construction 
on the plate characteristics, by using a vacuum-tube bridge, or by ref­
erence to a tube handbook where approximate values are given corre­
sponding to various values of Ebo and of Ibo or of Eco• In this case the 
bridge method is used, yieldingµ, = 18, rP = 16,000 ohms. 

3. Compute R,,.. 

1 1 I I I I + -- + --· = -- + ··- + - = 62.5 + 10 + 4 
rp Rb Ru 0.016 0.1 0.25 

R.,. 

4. Compute 

76.5 micromhos 
I 

76
.
5 

= 0.0131 megohm = 13,100 ohms 

1 I 
R1ow = Ru + (I/Rb) + (1/rp) = 0·25 + 10 + 62.5 

= 0.25 + 0.0138 0.264 megohm 

5. Compute 

Amid gmR,1,, = 
16

1<ioo X 13,100 = 14.7 

' 
6. Compute 

C,1. = Cpk + C0 p +Cw+ C0 

where Cu for the next stage equals Cok + (1 A)C0 P = 3.4 + (1 + 15)3.4 
58 µ,µ,f approximately. C0 varies in the h-f range, and 58 µ,µ,f represents 

its maximum value. C.,. = 3.6 + 3.4 + 30 + 58 = 95 µ,µ,f. 

7. Compute Ji. 

8. Compute h-

1 

1 
21r X 264,000 X 0.01 X 10-s = 60 cps 

1 
21rR,hC,1,, = 21r X 13,100 X 95 X 10-12 128,000 cps 

9. Insert numerical values for f1, h, and A.m,d on the axes of Fig. 7-27 to 
obtain the proper response curve. Not£: By assuming Ck to be very large 
the problem of feedback is avoided at this time. With a small value of 
Ck there would be an alternating-voltage drop across the Rk,Ck combina-
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tion which would be applied to the grid in series with V1u. The result 
would be a lower value of amplification, particularly at low frequencies. 

7-15. Design Considerations for an R-C-coupled Amplifier. The 1-f 
performance is determined by .fi. Since Ji 1/21rR10wC, to make ii low 
in value, R1 0 w must be made large. Therefore, a large value of C is desir­
able together with a large value of Riow• R1ow = Ru+ [rpRb/(rp + Rb)}. 
For a triode, r P is usually smaller than Rb. In the case of a medium-µ 
triode, r P is less than 20,000 ohms; for a high-µ triode, r P is usually less 
than 100,000 ohms. For a pentode, r P may exceed 1 megohm, and hence 
R10w is approximately the value of RY in series with Ilb. Rg can be made 
much higher than Rb, but because of difficulties should there be grid emis­
sion from the following tube, it is generally limited to 2 megohms or less. 
Hence R10w is mostly dependent upon Ru, and its ordinary practical upper 
limit is about 2 megohms. C is limited in size by the leakage inherent to 
physically large capacitors, which affects the next tube's bias, and by the 
large capacitance to ground, which tends to spoil the h-f response. 
Furthermore, too large a product RuC may result in blocking of the grid 
of the next tube. If a random pulse of voltage on the grid drives the grid 
positive, a flood of electrons charges C. Meanwhile, the causative pulse 
having receded, the grid is left highly negative, beyond cutoff, and the 
tube is inoperative until some of the charge on C has leaked off. If C's 
capacitance is high and Ru is high also, it takes considerable time for (J to 
discharge. Various experimenters have formulated practical limits for 
the product R 0C, their values ranging from 0.1 to 0.01. If 0.01 is tenta­
tively tried with R0 = 2 megohms, the maximum value of C will be 
0.005 µf and ii 16 cps is the lowest conservative value obtainable for a 
broad-band amplifier with simple R-C coupling. 

In the h-f range the performance is determined by h = I/21rRs1,.C,h. 
R,h, being the parallel combination of r P, Ilb, and Il 0 , is hence less than the 
smallest of these. For a medium-µ triode, rp limits R,h; for a high-µ triode, 
Rb is also an important factor. For a pentode, Rb usually limits Rsh• 
Since c,h = Gout + Cw + Cop+ Cu, it is helpful, in attempting to raise the 
value off 2, to keep these values small. By careful wiring and by the use 
of short connections and small components held away from the chassis, 
Cw can be made small. C0 depends upon the gain of the next stage and is 
quite large for triodes. For pentodes, Cu is approximately C'.n; it is small 
and is almost independent of the stage gain. Hence, it is usually advan­
tageous to feed into pentodes as a second stage if a very high value of fz 
is desired. Ordinarily nothing can be done to reduce C0 u, + Cup appre­
ciably beyond carefully choosing a tube, unless one changes the type of 
amplifier from that being studied at present. In the case of our circuit 
the lower limit on c,h is Gout + Cgp• To make !2 high a small value of 
RsnCsh is required. Since reducing Rsh also" reduces the mid-frequency 
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gain g,,,R,h, it is seen that very great bandwidth comes at the expense of 
lower stage gain. 

Consultation with a tube manual shows that, although the values of 
µ. and r P vary widely with various voltage-amplifier types of triodes and 
pentodes, the values of (Jm do not vary so much, usually being between 
1500 and 3000 micromhos, except for television types. Thus the mid­
frequency gain is mostly determined by the size of R,1i. Low-r P tubes will 
have low gain, and the higher-rP tubes will have higher gain unless R,, is 
made small. µ., which equals (Jmr P, is therefore an important factor when 
considering high-gain voltage amplifiers. 

7-16. The Design of an R-C-coupled Amplifier. Although the 
process employed in analyzing an amplifier as in Art. 7-14 can be reversed 
in a fashion to design an amplifier, it is usually not desirable to do so. 
Instead, a tube manual is often employed. In the manual a special 
R-C-coupled amplifier chart has been prepared, which tabulates many cir­
cuit combinations and their performance figures. lvlinor changes in char­
acteristics can be effected by slight changes in the circuit components. 
The procedure followed depends upon the tube manual used. 

As an example, suppose an amplifier is desired which will have an out­
put of 62 volts peak with an input of 10 mv peak. The output is to be 
constant within 3 db from 100 to 100,000 cps. The value of Ebb available 
is 250 volts. We shall use the charts contained in Appendix B. 

L The mid-frequency gain is 62/0.01 = 6200, and the required output 
voltage is 62 volts peak, or 62/ ,V2 44 volts rms. 

2. If we wish to use a type 6J5 medium-µ. triode, the available designs 
show that it is possible to get as high as 53 volts rms output with E,,,, = 
250 volts and with the proper circuit values. The distortion in the out­
put stage alone is 4.6 per cent with a grid drive of 3.3 volts rms. It is of 
interest to note in passing that the distortion would be only 1.3 per cent 
if the drive were reduced to LO volt. This indicates that, for a triode 
with a given load, the percentage distortion is roughly proportional to the 
amount of grid drive, as may be verified by reference to Eq. (6-57). The 
gain is given as 16.1. With this amplification, four stages ,vould be 
needed to achieve an over-all gain as high as 6200. 

3. If a high-µ. triode such as a 6SF5 is tried, there is no design listed 
which will deliver 44 volts rms at the output with Ebb 250 volts. With 
a gain of around 70 per stage, three stages would be needed. 

4. A typical pentode 6SJ7 may be used to deliver as high as 54 volts 
with 5 per·' cent nonlinear distortion, using Eb,, = 250 volts. The stage 
gain listed is 108, which makes two stages necessary. The value of Rb is 
0.1 megohm, which is the lowest listed, and hence gives the best h-f 
response. This tube and circuit arrangement will be tentatively chosen 
for this example. 
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5. The lower marker frequency Ji may be determined by using Eq. 
(7-35): 10 X 2 log (1 + (fi/100) 2] = 3, or Ji = 64 cps. 

6. Likewise !2 may be determined with Eq. (7-45) as a guide: 10 X 2 
log [1 + (100,000/b) 2] = 3, or h = 156,000 cps. 

7. From the R-C-coupled amplifier data for the 6SJ7 tube in Appendix 
B the following values are obtained: Rb = O.l megohm, R. = 0.47 meg­
ohm, Rd = 0.39 megohm, R1r, = 560 ohms, A = 108 for heavy drive, 115 
for light drive (0.1 volt rms). 

8. The coupling capacitance C may be calculated by the use of formula 
(7-32), Ji = 1/21rR10wC, where R1ow""' R 0 +Rb= 0.57 megohm. Hence 
C = l/ (21r X 64 X 0.57 X 106) = 0.0044 µf. 

9. The theory of the determination of Ck is discussed later under the 
subject of feedback (Art. 10-11). The value of C1r, needed to limit the 
degenerative loss caused by Rk to 1 per cent at 64 cps is 46 µf. This 
result is obtained by using formula (10-41) of Art. 10-11 (see also Prob. 12, 
Chap. 10). A rule of thumb commonly used makes Xa. = 0.lRk at the 
1-f end of the mid-frequency band. This rule makes Ck in this case only 
about one-tenth the size stated above, and hence the degenerative effect 
of Rk would be greater. 

10. Since Cd does not perfectly bypass Rd, there is an alternating volt­
age applied to the screen grid, which causes some loss in gain. The theory 
of this action is beyond the scope of this book. One ordinary rule for 
choice of Cd is to make X a, = 0.lRd. This rule is without rigorous foun­
dation, but in ordinary amplifier circuits the results of its use are often 
satisfactory. 

11. The h-f response of the amplifier is not stated in the chart. This 
is because some of the capacitances involved cannot be known until the 
amplifier is assembled and tested. If !2 = 156,000 cps is the required 
value, then from formula (7-44) we may solve for the necessary value of 
C,h, Assume r11 is approximately 1 megohm. l/R,h = l/r11 + l/Rb 
l/R0 = H + 1/0.1 + 1/0.47 ""' 1 + 10 + 2 = 13 micromhos, and hence 
R,,. = 77,000 ohms. Therefore C.,. = l/21rf2R,,. = 1/(2d56,000 X 77,000) 

13.2 µµf. Since for a 6SJ7, C0u, = 7 µµf and Gin = 6 µµf, there remains 
no allowance for wiring capacitance. Hence this design fails to meet the 
requirements of h-f response. Allowing 10 µµf as an approximate actual 
minimum wiring capacitance, C,,. = 23 µµf, and/2 for one stage has a value 
of 90,000 cps. Since the over-all gain is 115 X 108 = 12,400, which 
exceeds the gain requirement, it is possible to lower Rb in each stage and 
thus improve the h-f response. Other charts in tube manuals :rhay be con­
sulted and perhaps designs found which satisfy the frequency requirement. 
Or the 6SJ7 tube may be abandoned and the 6J5 or another tube tried. 

7-17. Video-frequency Amplifiers. 3•4 We have seen that there is no 
great difficulty in de&gning R-G-coupled amplifiers to give excellent per-
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formance over the a-f range of 40 cps to 20 kc and even higher. The 
amplitude-frequency response can be made essentially flat, and for sound 
reproduction the small phase shift which occurs is undetected in our hear­
ing process. 

vVhere amplifiers are to be used in the production of visual images on 
the screen of a cathode-ray oscilloscope, far better performance is often 
required. This can be seen if we study the ordinary way in which a tele­
vision image is formed on a kinescope screen. Figure 7-28 shows the 
path of the cathode-ray beam on the 
face during the production of one frame, 
or complete picture. Driven by the 
horizontal-deflection system using saw­
tooth voltages of high frequency and by 
the vertical-deflection system using saw­
tooth voltages of a much lower fre­
quency, it describes slightly slanting 
lines as shown. By interlacing lines (as 
shown starting with the line numbered 
8½) it is possible to operate with lower 
frame frequency and obtain a satisfac- face of a kinescope when scanning 
tory picture. The actual number oflines one frame of a television picture. 

in a frame greatly exceeds the 15 shown, the standard of the present time 
being 525 with a frame frequency of 30 per second. This makes the time 
for one line 1/(525 X 30) 63.5 µsec. A standard picture pattern has 
a width-to-height ratio of %, and hence there are 1.33 X 525 = 700 inter­
vals on any line, with interline spacing. The sweep time for one of these 
intervals is 63.5/700 = 0.09 µsec. Hence, for excellent picture sharpness 
the amplifiers controlling the beam intensity must be able to change the 
spot from full to zero brilliance in approximately 0.1 µsec. Since syn­
chronizing pulses for the vertical sweep occur 30 times each second, the 
amplifier must be able to handle this frequency. Practical television 

fv I 
0 

receivers contain video-frequency 
amplifiers which perform over a fre­
quency range of 30 cps to about 4 

t - Mc, the picture detail being somewhat 
Fm. 7-29. A unit-step function. inferior to that discussed above but 

nevertheless quite satisfactory. 
Let us consider the effect of applying to an amplifier a signal voltage 

which possesses the property of fast rise and long duration. One such 
waveform is shown in Fig. 7-29. This is called a unit step voltage. We 
shall apply this voltage to the grid of an R-C-coupled amplifier and deter­
mine the character of the output voltage. Since the waveform is not 
repetitive, one cannot make a Fourier-series analysis of it, and hence the 
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analyses previously made using sinusoidal waveforms are not directly 
applicable. 

Figure 7-30a shows the schematic diagram including the switch, which 
is closed at time t = 0. Following this time an increased plate current 

C 

flows through the tube. We can see 
·t· better by looking at Fig. 7-30b what 

then occurs. At t = 0 the capaci­
R eo 

9 1 tors C0 u, and Cw have their quiescent 
,____.;ji'~--...._ ___ ..__--ol charges, and some time will elapse 

(a,) before their voltages can fall to the 

l'ovt 

r: new value. C meanwhile has only 
t its quiescent charge, which can 
e0 change only slowly because of Ru, 

I 
and hence e0 decreases from zero 
practically at the same rate that the 

~----i>--fb-Jl>---.--4----o voltage across Cout and Cw falls. 

'\t =O 
l_ (/xi'} 
= volts 

t>O 
Thus for the events immediately 

t following t = 0, the coupling capaci-
eo 
1 tor is inactive, and the parallel com-

-=====~---(c_J_-l..--,----o bination c,h of Cout, Cw, and Cu delays 
Frn. 7-30. the fall of e.. See now Fig. 7-300, 

circuit in simplified form. 
which shows Norton's equivalent 

We can write for the time following t = O, 

(7-47) 

Separating variables, 

(7-48) 

Integrating, 
t = -R,hC,h ln (gmR,h + e.) + C1 (7-49) 

When t = 0, ea = 0 and hence C1 = +R.,.C,h ln gmR,h. Therefore 

(7-.50) 

Solving for ea, we obtain 
t 

e0 = -gmR,,.(1 - e-R,.C,•) (7-51) 

A normalized graph of e0 as a function of t, given by this equation, is 
shown in Fig. 7-31. The time for e0 to attain 63 per cent of its final value 
is t = R,11C,11 sec, Thus 1/R,,.C.,. is a measure of the ability of the circuit 
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to deliver a steep wave front of voltage. Note that this measure is the 
same as w2, obtained by the assumption of a sinusoidal grid voltage. 
Thus a high value of w2 for sinusoidal voltages implies a short rise time 
for step voltages. 

After a short period of time the voltage c,, practically attains its final 
value g,,.R,1t provided the coupling capacitor C did not change its charge. 
Since the latter occurrence usually is much slower than the events just 

eo 
g,,,Rs1i 

10 

08 

0.6 

04 

02 

2 3 4 t 
fls1iCs1, 

FIG. 7-31. The rise in output voltage 
with time in the circuit of Fig. 7-30. 

r,, 

t=~ 
~R R C1---..--~! 
-=-~ volts b 1° 
- rp+R0 

FIG. 7-32. 

discussed, we can neglect C,h and omit it from the circuit of Fig. 7-32 
while we study the persistence of the value -gmRsh• This circuit should 
have a familiar appearance. It is not difficult to show that Co in this case 
is given by 

(7-52) 

where R10., is defined in Eq. (7-25) (see Prob. 38, this chapter). 
A normalized graph of c0 is shown in Fig. 7-33. From it we see that 

when t RiowC the voltage has e,, 

reduced to 37 per cent of its greatest umRsh 

value. Thus 1 / R1owC is a measure 1.o 
of the ability of the circuit to main- o.a 
tain the voltage at the value -gmR,1,,. 
Note that this measure is the 1-f 
marker w1 obtainedinanearlierstudy. 

04 

0.2 

If 1/R,hC,h can be made high and 
l/R 10wC can be made small, the out­
put voltage can rise rapidly and fall 
only slowly from its top value. We 

4 _t_ 
RiowC 

FIG. 7-33. The fall in output voltage with 
time in the circuit of Fig. 7-30. 

2 3 

could just as well state that the amplifier should have a bandwidth extend­
ing from very low frequencies to very high frequencies. Figure 7-34 
shows a graph of c0 in which both rapid rise and long persistence are 
attained. 

The circuit element which limits the h-f response is the shunt capac­
itance in the plate circuit. By wise choice of tubes and by careful wiring 



186 ENGINEERING ELECTRONICS 

it is possible to reduce C.,. considerably below the value in the usual a-f 
amplifier. A criterion for this tube choice may be developed as follows: 
Over the range of constant amplification 

A= g,Jl.,. (7-23) 

If the upper limit of usefulness is taken as f2, having particularly in mind 
the possibility of improving by some means the performance between O.lh 

and f 2, then the maximum usable 
bandwidth is practically h, as given 
in Eq. (7-44). The product of gain 
aad bandwidth is 

cps (7-53) 

and is called the gain area, it repre­
senting approximately the area 

Fro. 7-34. Rise ar.d fall of output voltage under the usable portion of the 
with time. response curve. It shows that a 

t 

good tube for a video-frequency amplifier has a high transconductance and 
low input and output capacitances. 

The gain-area criteria for several tubes are tabulated in Table 7-1, it 
being assumed that two like tubes are used in cascade, the criterion 
applying to the first tube. For a triode, C0 depends upon the gain, and 
this has been assumed to he 10/180°. 

Tube 

6AC7 
6AK5 
6J5 
6SG7 
6SJ7 I 

TABLE 7-1 
GAIN-AREA CRITERIA 

I ! Um, Gout, I c., 
µmho µµf I µµf 

I 
9000 5 11 
5100 2.8 4.2 
2600 3.6 41 
4000 7 8.5 i 
1650 I 7 6 I 

Gain area, 
Mc 

··-

90 
116 

9 
41 
20 

The best tube for wide-band voltage-amplifier use, as listed in Table 
7-1, is the 6AK5. This is due to its relatively high transconductarn:e and 
low interelectrode capacitances. If a bandwidth of uniform response of 
4 Mc is desired with an ordinary R-C circuit, the value of h should be 
made 40 Mc and a gain of 11.¾o = 2.9 per stage is indicated. The 
results will be somewhat inferior to this as the stray capacitances of wiring 
will increa,i,e. the C811 .value above that due to the tabulated tube values. 
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It would be very desirable if the useful band could be made to extenu 
farther than 0.1/2, and then !2 could be lowered and more gain per stage 
obtained. 

7-18. H-F Compensation. Various plans have been tried for raising 
the gain and controlling the phase shift of an R-G-coupled amplifier in the 
h-f range. Two of the commonest circuits are indicated in Fig. 7-35, 
where only the tube loads are shown. It is not difficult to show that 
either plan gives some promise of remedy. 

In Fig. 7-35a, as the frequency rises, the action of Lis to increase the 
current passing through the parallel combination of Rb, R0 , and Gu above 
the value obtaining without L. This 
of course will increase the output volt­
age, and if the value of L is correctly 
chosen, it is probable that this action 
can compensate for the drop in voltage 
due to Ga and also .Gout and the stray 
capacitances. A careful mathemati­
cal analysis is needed to determine 
the details. 

In the circuit of Fig. 7-35b, the load 
on the tube increases as the frequency 
rises and hence the gain increases-we 
hope sufficiently to offset the effect of 
C.n. Let us concentrate on the details 
of this method. Since to achieve 
great bandwidth the gain per stage 

(a) 

L 

(b) 

' • l 

' ~Cg 
l 
I 
I 
I 
I 
I 
I 

Fro. 7-35. High-frequency compen­
sation methods; (a) using a series 
inductor, (b) using a shunt inductor. 

will be small, a low value of Rb must be used. It will be much lower 
than either rp or Ra. Hence 

R,h ~ Rb (7-54) 

:Norton's equivalent circuit is drawn in Fig. 7-36. Then 

(7-55) 

and 
E (L/G,h) j(Rb/wG,1,,) 

A = V~ = -g,,. R1; + j[wL - (1/wG,,.)] (7-56) 

Making the denominator real, we obtain 

(7-57) 
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It is desirable to graph A vs. f and OA vs. f, and some substitutions will 
help make this easier to do. Let J2 be the upper half-power frequency of 

L i 
the uncompensated amplifier, de­
fined by Eq. (7-43), which in this 
case becomes 

Eo 

I 
Fm. 7-36. Equivalent circuit for high 
frequencies. 

and hence 

Also, at this frequency f 2, let Q2 be defined as 

w.J., 
Q2 = --

Rb 

We can rewrite Eq. (7-57) in the form 

A= 

or by Eqs. (7-58) and (7-60), 

1 Ro=··~­
w2C.,. 

A= 
( ':!':. y Rb3 - jR0

3 
( :'!__ Q22 w Q2 +:;) 

-g. w R,' [1 (': Q, - :•)'] 

Multiply numerator and denominator by (w/w2) 2, and simplify. 

A= 

Therefore the simplified formula for the magnitude of A is 

and that for OA is 

9A = 180° - arctan}; [ (f)2Ql + 1 - Q2 J 

(7-58) 

(7-59) 

(7-60) 

(7-61) 

(7-62) 

(7-63) 

(7-64) 

(7-65) 
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With Q2 as a parameter, several normalized curves of A/gmRb vs. f /f2 

have been drawn in Fig. 7.!37. 
A 
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FIG. 7-37. Normalized curves of amplification vs. frequency. 

Figure 7-38 illustrates in a simple manner how the waveshape is pre-
served if the phase shift is pro­
portional to frequency. An ampli­
fier should give either a phase shift 
of zero or a multiple of 1r for all fre­
quencies in its useful band, or it 
should produce a shift angle propor-

t
. nal to the frequency, that is, 

= kw. The time taken for a 
gnal voltage to complete OA 

radians of its cycle is called the time 
delay between input and output. 
Thus the time delay in this case is 

f!/J. T = ID = 'I: k (7-66) 
~ ~ w 

e 

where T is the period of one cycle. 
The statement that the time delay 
is a constant independent of fre- Fro. 7-38. The effect of phase shift on 
quency is thus equivalent to saying waveform. (a) Input voltage and its 

components. (b) Output voltage and 
that the phase shift is proportional its components. Each component shifted 
to frequency. a constant angle of go0

• (c) Output 
In Fig. 7-39 several curves of voltage and its components. e1 shifted 

phase shift vs frequency have been goo; e2 shifted 2 X goo. 

drawn as f2J;;f vs. f//2. The phase shift¢ is f //2 times the ordinate. 
The time defu; is 1/ w2 times the ordinate. 
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We a.re now ready to judge the value of Qe desired. Examination of 
the normalized gain curves of Fig. 7-37 shows that if Q2 = 0.5, the gain at 
f = f 2 is equal to that in the middle-frequency range. At aboutf 0. 7fz 
the gain rises to a maximum above this value by only about 0.25 db, which 

tJ 
I 

60" 

50° 

40° 

30° 

I 

ur 
I 

I -r--t--.. ', .?,, 

I '~o 
flz = 0.3 ~ 

I I I 
I.,~ ~ Qz; o.41..--_y I,, 

Qi"'"o.5 

20· 

10• 

0.02 0.05 0.1 0.2 0.5 2 fl!; 
Fm. 7-39. Curves of phase shift vs. frequency. 

is not usually objectionable. For Q2 0.44 the response curve is flat 
over a greater range but is down 0.5 db at fz. The value Q2 = 0.5 is 
usually chosen when only amplitude of gain is important. The curves 
of Fig. 7-39 show that Q2 0.5 has constant time delay only up to 0.lfz. 
On the other hand Q2 = 0.3 gives a very good phase-shift characteristic 

up to 0.5J2 or higher. A value 
of Q2 near 0.3 is ordinarily used 
when phase shift is the item of 
principal interest. If both ampli­
tude and phase shift are important, 
Q2 = 0.44 is a compromise value. 
Then the value off 2 must be raised, 

Frn. 7-40. Ea is independent of the fre-
quency of I if R,C, = Rz<Jz. and the subsequent loss in gain 

per stage accepted. More stages 
may be needed, of course, to offset this loss. 

7-19. L-F Compensation. In the l-f range R-C-coupled amplifiers 
suffer loss in gain, and an accompanying phase shift occurs, because of the 
impedance of the coupling capacitor and also because the bypass capac-



VOLTAGE AMPLIFIERS 191 

itors Ck and Cd (see Figs. 7-10 and 7-11) do not function as well as for 
higher frequencies. For e:xample, as the frequency falls, C,.'s mounting 
impedance allows more voltage drop across Ck and Rk, This voltage is 
in such phase that it cancels part of the signal in the grid circuit and makes 
the resultant gain of the stage less. Circuits may be devised to com­
pensate for any of these effects. The one we shall study will be that 
involving the coupling capacitor. 

Examination of the circuit of Fig. 7-40 shows that 

If 

then 
E. 
T 

jwR2C2 
jw(C1 + C2) 

which is independent of frequency. 

jwR1C1 + 1 + jwR2C2 + 1 
jwC1 jwC2 

(7-67) 

(7-68) 

(7-69) 

To adapt this principle to the problem at hand, one may propose the 
circuit of Fig. 7-41. The tube may be either a triode or a pentode, and a 

C' 

Frn. 7-41. One practical adaptation of Frn. 7-42. A circuit using series feed. 
the idea of Fig. 7-40, using shunt feed. 

fixed bias is shown because we are compensating for the effect of C only, 
although cathode bias is more practical to use. R1 is added to the circuit 
to provide a d-c path. Its presence complicates matters somewhat, and 
it is impossible to obtain A entirely independent of frequency. The n;tost 
important objection to the circuit is the fact that Rr shunts RL (Rb in par­
allel with Ru) and the gain in the middle-frequency range is reduced. 
Since there is only a small gain at best, this is a serious objection. 

Figure 7-42 shows a series-feed adaptation of the same idea. In the 
middle-frequency range the load on the tube is RL, and hence the gain is 
higher than in the previous case. R1 and C1 really form a decoupling 
unit, often used when several stages of an amplifier are fed from a com-
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mon Ebb supply. A decoupler filters out the variable components of volt­
age caused by other stages and prevents feedback. 

An analysis of the action of the series form of circuit of Fig. 7-12 is 

C' 
quite easy, and the results are 
interesting. First we may dra,v 

t Norton's equivalent circuit in Fig. 
7-43. Since rp is much larger than 
Rb and R1 in series, it has been 
omitted. Considering that R0 is also 

Fw. 7-43. Norton's equivalent of the much larger than Rb and R1 in series, 
circuit of Fig. 7-42. most of the current Um V 0 will pass up 
the left branch. Without serious error, therefore, we may write 

(7-70) 

Hence 

A 

or 

(7-72) 

We may let Ji be the frequency at which l/o.,10 = R0 , or 

(7-73) 

which is almost identical with Eq. (7-32) if we note that R10w is practically 
R0 in this case. Ji is the lower half-power frequency of the amplifier 
·without the R1C1 compensation. It is interesting to observe that sub­
stitutions of this sort are often helpful whenever a term of the form o.,RC 
occurs. For example, we may also let fa and f4, respectively, be the fre­
quencies at which 

(7-74) 

and 
1 (7-75) 
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Making these substitutions in Eq. (7-72) and simplifying, 

A A d -~ 1 - j(f4/f) 
m, (1 - j(Ja/f)][l - j(fi/f)] 

193 

(7-76) 

Now f I is determined if the values of C and Ru have already been chosen, 
(see the example of Art. 7-20). Rb too has been determined if the upper 
half-power frequency has been specified. fa and f4 hence depend upon 
R1 and C1, both of which are arbitrary. Since f4 is arbitrary, one can 
choose for its value that of Ji. This is desirable because it makes the 
result so simple. The gain now reduces to 

A 
1 

Amid l _ j(Ja/f) (7-77) 

which shows that the lower half-power frequency has been moved from 
fi to f3 by this compensation method. As fa is arbitrary, this makes it 
possible to make the gain constant and the phase shift negligible down to 
any desired frequency value, lOfs. 

The design equations are as follows: Since f4 = Ji, 

(7-78) 

Since fa is arbitrary, 

(7-79) 

it may be any desired value. If R0 , C, Rb, and h are known, these equa­
tions are sufficient to determine R1 and C1• 

By making w, > w1 it is possible to have a rising curve of gain as the 
frequency becomes lower. This idea is sometimes used to give an ampli­
fier so-called bass boost. 

7-20. An Example of Video-frequency Amplifier Compensation. An 
amplifier uses 6AK5 tubes with quiescent operation at Ebo = 180 volts, 
E,20 = 120 volts, Ec10 = -2 volts, I,,,, = 7.7 ma, Ic2o 2.4 ma. Under 
these conditions gm = 5100 micromhos, and rp = 0.1 megohm. Suppose 
both uniform gain and phase shift proportional to frequency are impor­
tant over a bandwidth from 20 cps to 5 Mc. Limit the h-f attenuation 
per stage to 0.33 db. Assume the stray capacitance can be reduced to 
1 µµf. 

Since both gain and phase shift are important, it is well to use Q2 = 
0.44. If the upper end of the useful band is taken at f /h = 0.6, then f 2 

= 5/0.6 = 8.3 Mc. Then the curve of Fig. 7-37 shows no deviation 
in uniformity of gain, and that of Fig. 7-39 shows a maximum angu­
lar deviation given by (f2/J)8A 34.5°, or l/A/0.6 = 34.5°, ll.t 20.7° 
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per stage. At one-tenth this frequency, i.e., at f /!2 = 0.06, 0,./0.06 = 
32°, or fJA = 1.92° per stage. Since 10 X 1.92° = 19.2° and not 20.7°, we 
see that the phase shift is not exactly proportional to frequency. These 
angles are of course in addition to the usual 180° phase shift per stage. 
We shall assume this departure from the ideal to be acceptable. If it 
were not for increased phase shift, it would be allowable to work to a 
higher value of f //2. If Q2 = 0.3 is used, the phase-shift characteristic 
would be improved but we would be forced to use f//2 = 0.5 as the upper 
limit on account of the limit 0.33 db per stage attenuation of gain. 
Hence Q2 = 0.44 seems to be the better choice. 

From Table 7-1, Coqt = 2.8 µ,µ,f, Cg = 4.2 µ,µ,f. Hence C,,. = 2.8 + 
4.2 + 7 = 14 µ,µ,f. w2 = 1/RbC,,., and therefore Ro= l/w2C,1. = 1/(211"8.3 
X 106 X 14 X 10-12

) = 1360 ohms. Q2 = w2L/ Rb, and hence L = 
0.44 X 1360/(211" X 8.3 X 106

) = 11.5 µ,h. This completes the h-f 
compensation. 

We are now ready to choose C and Rg. A conservative value of R0 for 
most tubes is 0.5 megohm, and the time constant R0C usually should not 
greatly exceed 0.05 if grid blocking following an unusually high grid-signal 
pulse is to be avoided. In this problem let us use R0 C = 0.01. Hence 
C = 0.01/0.5 X 106 = 0.02 µ,f is a conservative value. 

The value of w1 by Eq. (7-73) is the reciprocal of the time constant 
R0C, and hence w1 = 1/0.01 = 100, makingfi = 100/211" = 16 cps. We 
wish to lower the half-power frequency to 2 cps, and hence w 3 = 211" X 2 
= 12.6. 

Equation (7-74) gives RrCr = 1/wa = 1/12.6 = 0.079. By Eq. (7-78), 
[R0RJ/(Ro + R1)]C1 = R0C = 0.01. Dividing the second of these equa­
tions by the first yields Rb/(Rb + Rr) = 0.126, or Rr = 6.93Rb = 6.93 X 
1360 = 9420 ohms. Cr = 0.079/9420 = 8.4 µ,f. The gain A = gmRb = 
5100 X 10-5 X 1360 "" 7. If Cr is an electrolytic capacitor, it should be 
paralleled by a small paper capacitor since many electrolytic capacitors 
are inductive at high frequencies. 

If the shunt-feed circuit of Fig. 7-41 is used, the values of R1 and C1 do 
not greatly differ from those obtained for this case but the gain is reduced 
to 5.4. 

In practice, the value of stray capacitance is usually determined experi­
mentally. The amplifier chassis is wired and a load of a few thousand 
ohms inserted for R0• By determining the frequency at which the gain 
drops to 71 per cent of its mid-frequency value, /2 is determined. From 
this C.1. is computed. The load is then changed to the proper value which 
gives the desired /2. 

7-21. Balanced Voltage Amplifiers. Under some circumstances the 
two alternating voltages on the conductors bearing a signal are balanced 
to ground, i.e., the potential of one wire is always as much above ground 
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as the potential of the other wire is below ground. This is true in some 
measurement circuits, on ordinary telephone lines, in the input to a push­
pull amplifier, and in the feed to the deflecting plates of a well-designed 
oscilloscope. Obviously an amplifier handling such a signal cannot be of 
the grounded-cathode single-ended variety. The two circuits of Fig. 7-44 
represent typical balanced amplifiers. The coupling device in the output 
may be of the R-C, the transformer, or even the direct variety. 

If an amplifier is used to step up the voltage, it can probably be 
~ranged with choice of tubes, quiescent operation, and load so that the 
performance is approximately linear. The treatment may be that of two 

- t IJp Ni 2 
RLor(p;;;lR2 Ela 

I 

I 
(al R Ni 2 

Lor (N) Rz 
Izp z -

8 20 

i 
(a) 

(bl (b) 

Fm. 7-44. Balanced amplifiers. Fm. 7-45. Equivalent circuits of Fig. 
7-44. 

separate equivalent circuits as in Fig. 7-45a, or they may be combined as 
follows, 

V1g = -V2g 

and since the operation is linear, 

(7-80) 

(7-81) 

Hence µV 20 can be replaced by µV1 0 with polarity signs reversed and l 2p 

by 11P with arrow reversed. It should be clear that no alternating current 
flows through the center connecting "'ire, and i?O it may be omitted. We 
now have the equivalent circuit shown in Fig. 7-45b. Thus the a-c 
operation is the same as that of a circuit with the same total load, fed by 
a tube with twice the amplification factor and twice the plate resistance. 

There is considerable advantage in the omission of Ck where balance is 
important. For example, if the No. 1 tube amplifies somewhat more than 
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does the No. 2 tube because of minor differences in tubes or circuit values, 
the alternating-voltage drop in Rk caused by the sum of the two plate 
currents (which are 180° out of phase) will be a small amount, in phase 
with the plate current of the No. 1 tube. This will cancel some of the 
signal to the No. 1 tube and increase slightly the signal to the No. 2 tube, 
thus making the output voltages more nearly equal. An approximate 
formula for the ratio of output voltages with this self-balancing feature 
is given by 

E10 A1 1 Z(Rk/ZL)A2 
E20 = - A2 l - Z(RdZL)A1 (7-82) 

where the A values are those ·with Rk well bypassed. 

,-, 
I \ 

I \ 
I \ 
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If balanced amplifiers are oper­
ated with large grid signals, dis­
tortion of the plate currents occurs. 
This distortion may or may not 
appear in the output. In Fig. 
7-44a a distorted plate current in 
tube 1 will cause a similar dis­
torted waveform in its output 
voltage, and like"\\<ise for the No. 
2 tube. However, if the output 
is taken between the top and bot­
tom wires, even-ordered harmonics 
in the waveforms will cancel and 
the output will be essentially un­
distorted. Figure 7-46 shows 
waveforms of v10, v20, i1p, i2p, e1p, 

FIG. 7-46. Waveforms for the balanced 
amplifiers of Fig. 7_44_ e2p, i1p - i2p, and e1p - e2n the 

latter being the voltage between 
top and bottom wires. Note its good waveform. 

The circuit of Fig. 7-44b acts in a somewhat different way, but the 
explanation can be made also by Fig. 7-46. As before, the plate currents 
are distorted, although in a slightly different manner. The flux in the 
transformer depends upon the mmf, which is proportional to the differ­
ence in the plate currents. Since i 1p - i2p has a good waveform, the flux 
and the voltages induced by it in all coils will also have a good waveform. 
In this case, not only the yoltage between outside wires but voltages from 
either transformer secondary coil will be low in distortion. This action 
of the transformer is often used in power amplifiers even when balance is 
not needed. We shall study it further under push-pull power amplifiers. 

7-22. Phase Inverters. 5 Devices which deliver two output voltages 
balanced to ground, but 1"ith only one input voltage, are called phase 
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inverters (or splitters). A transformer with a center-tapped secondary is 
often used for the purpose, especially in cases where a low output imped­
ance is necessary, as in the driver of a push-pull amplifier which is oper­
ated class 2, or in other cases where some voltage step-up is desirable. 
The phase-splitting transformer in the latter case comes under the inter­
stage classification, and if it is of good quality, its response characteristic 
will usually meet moderate bandwidth requirements. For many pur­
poses it is desirable to avoid the use of a transformer because of its 
restricted bandwidth and because it sometimes produces hum due to 
stray magnetic fields. Adaptations of the R-C-coupled amplifier supply 
other devices. 

In Fig. 7-47 is shown the circuit of one type of inverter. The No. 1 
tube and its load constitute an ordinary amplifier. Likewise the No. 2 
tube and its load make a similar 
amplifier. The grid voltage for the 
latter should be 180° out of phase j 
with that of the No. 1 tube, and Viu o--.-+------+--+-... 

hence the output voltage of the No. 
1 tube is a good source for it. By 
arranging tap b so that Rab is 1/ A. of 
Ra, the proper grid voltage will be 
available for the No. 2 tube. A. is Fm. 7-47. A two-tube type of phase 

inverter. 
the numerical amplification of the 
No. 2 amplifier. The output E20 is changed 180° in phase relative to the 
input to tube 2, and hence E1o and E 20 have the proper phase relation. The 
No. 2 tube in this circuit is often called the inverter tube. Unfortunately, 
in the 1-f and h-f ranges (}A is not the 180° stated above, and the output volt­
ages are not well balanced to ground. In ordinary a-f amplifiers this is 
not a troublesome matter, but for wider-band operation this is not a very 
good type of inverter. 

The signal to the No. 2 grid really consists of two parts-that furnished 
by Rab and that furnished by Rk. If the position of b is exactly correct 
and the a-c plate currents of the two tubes are equal, the signal voltage 
furnished by Rk will be zero. If some unbalance exists, Rk serves as a 
self-balancer. If position b is determined by experiment, Rk should 
be bypassed, during the adjustment, by a large capacitor to prevent the 
self-balancing action. After position b is found, removal of Ck will 
ensure an approximately balanced inverter even when old tubes are 
replaced by new ones. 

The idea of Rk supplying a signal to the No. 2 tube is used in one type 
of inverter which has a circuit identical with that of Fig. 7-47 except that 
the No. 2 grid is grounded and the connection to tap bis removed. It 
may be shown that if 
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R Tp + RL 
k» µ+l (7-83) 

satisfactory balance is achieved. Since such a value of R,. is likely to be 
too high to give satisfactory bias, the circuit is not particularly successful 
in its simplest form. 

Another inverter circuit is shown in Fig. 7-48. It resembles an ordi­
nary single-tube amplifier with its load split into halves. Ebb is placed in 
the middle to achieve a balance to ground. Since the output voltage E'w 
is in the grid-to-cathode circuit, there is considerable feedback and a loss 
in gain results. 

A simple explanation of the action of this inverter can be had if we 
design one of them. Suppose we want 21 volts rms on each side of the 

Fm. 7-48. A split-load type of phase inverter. 

output, Ebb = 225 volts, and Ji 50 cps. If we choose a 6J5-type tube 
and consult the R-C-coupled amplifier chart in a tube manual, we can get 
along quite well. The procedure to be followed depends upon the tube 
manual employed; we shall use the chart in Appendix B for this example. 

l.Tnder the type 6J5 we find several designs headed Ebb = 250 volts. 
Any of these designs is satisfactory for use with a plate-supply voltage 
within about ± 50 per cent of the tabular value. Our value of Ebb is 225 
volts, and the obtainable value of Eo will be only 22%so as much as the 
published value for maximum grid drive under class A1 conditions. This 
follows because the grid bias caused by the cathode resistor and hence the 
maximum allowable grid drive both change in approximately the same 
proportion as does Ebb if all circuit resistors remain unchanged. To allow 
for this lowered output voltage, we choose a design which lists E0 as 
25%2 5 X 2 X 21 = 47 volts, or greater. One column which meets this 
condition lists the following circuit values: Ebb = 250 volts, Rb 0.047 
megohm, R0 = 0.27 megohm, g,. = 2200 ohms, E 0 = 3.5 volts, E0 52.5 
volts, A = 15, distortion = 4.9 per cent. If we use the resistors as 
listed, the data will be the same except that Ebb = 225 volts, E0 = 22%50 

X 3.5 = 3.15 volts, and E0 = 22%50 X 52.5 = 47.2 volts. Since the 
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desired output voltage is only 42 volts, the drive "\-\ill be reduced to 
(42/47.2) X 3.15 2.8 volts and the distortion to (2.8/3.15) X 4.9 = 
4.4 per cent. Because of feedback the actual distortion in the output 
voltage is much less than this figure. 

In Ji'ig. 7-49 the values of Ro and R0 are shown split in half. To find 
the values of the coupling capacitor, we may use formula (7-31). Thus 
C = 1/2-irR1ow!1 ""' 1/2w-Ruf1 = 1/(2,r X 0.27 X 106 X 50) 0.012 µ.f. It 
should be noted that lOfi is the lower working limit chosen for the 
amplifier. Since the tube sees two coupling capacitors in series, each one 
should be made twice the size calculated above. Thus in Ji'ig. 7-49 each 
capacitor is labeled 0.025 µ,f. 

The total output voltage from both sides being 42 volts, and the gain 
from the chart being 15, the grid voltage for the tube is 4 715 = 2.8 volts, 

~ Q025 j µf 

hs • Q/3 
Ebh., meg 2/v 
225v J2. I 

0.5 23 Q/3 I 
Kl}. meg 2/v 

meg 
il t .n, 

Q025,uf 

FIG. 7-49. A tube-manual design for a phase inverter. 

as stated above. The voltages are shown in the figure "\\ith assumed 
polarity signs. Writing Kirchhoff's voltage equation for the grid-circuit 
loop yields V0 = 21 + 2.8 = 23.8 volts. The gain from the input of the 
amplifier to the output of one side is 21/23.8 = 0.88. 

Rk has been bypassed by a large capacitor C,., but since there is con­
siderable feedback anyway, the omission of C" would not greatly change 
the voltage gain. 

Vu drives a current into the grid lead, most of which flows down through 
the O.5-megohm resistor. In fact, the voltage drop across this resistor is 
about 2.8 volts, and hence the current is 2.8/0.5 X 106 = 5.6 µ.a. The 
impedance seen by Vu is therefore 23.8/5.6 4.3 megohms, or 8.6 times 
the R0 (input) value. This high input impedance is characteristic of cir­
cuits which have negative feedback. In this case the R10., for the preced­
ing stage is practically 4 megohms, and if Ji for it is to be 50 cps also, 
Ci = 1/21rR1ow!i = 1/(21r X 4 X 106 X 50) ""' 0.0008 µ,f. Hence C1 = 
0.001 µ,f will be adequate. 
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This inverter gives an excellently balanced output for high frequencies 
up to very high values. lVIost wiring capacitances normally are balanced 
on the two sides. However, the heater is ordinarily at ground potential, 
and, the capacitance between cathode and heater being high, some 
unbalance exists on this account unless additional capacitance from plate 
to ground is provided. This is not difficult to do. Because of a high 
internal impedance to Eio and a low internal impedance to E 20 (this is too 
advanced for us to see at the present time) the balance is somewhat upset 
in the very-high-frequency range. However, when circuit values like the 
ones in this example are used, the output voltages are still equal and the 
angle between them only a few degrees away from 180" at 1 :VIc. 

The principal fault of this inverter is the fact that the cathode is at a 
high a-c potential from ground and the heater is grounded. Because of 
capacitance between heater and cathode and some emission current 
between the two, a power-frequency current flows through Rk and RL for 
the lower-half load, causing hum in the output. Hence this inverter 
should not be used where the voltage is very low but should preferably 
be installed immediately before the device which uses its output. By 
careful design it will produce enough voltage to drive push-pull amplifiers 
using most receiver types of power tubes in class AB1• 

7-23. Current Amplifiers. There are a few applications in which cur­
rent output is a matter of interest. For example, it may be desired to 
actuate a moving-coil oscilloscope from a low-voltage high-impedance 
source. The coil usually has only a few ohms impedance, and around 
100 ma may be needed for full-scale deflection. If alternating quantities 
are to be involved, one solution is an output transformer matching the 
coil to an amplifier tube in such a way that sufficient current flows with 
low distortion. This is essentially a power-amplifier design. 

On the other hand suppose the current from a phototube is to operate 
a 100-ohm relay. The relay closes with 10 ma current flow and opens 
when the current falls to 8 ma. With peak illumination the tube current 
is 5 µa with no load in series with the tube. With no illumination the 
tube current is zero. The 5-µa current from the phototube is obviously 
quite insufficient to operate a directly connected relay. What is needed 
is current amplification of, say, 3 X 10-3 /5 X 10-6 = 600 times to ensure 
reliable operation. 

Continuing, the 100-ohm load on the output tube is so small it may be 
neglected. The quiescent operating point of the tube can be adjusted to 
make I,,,, = 7.5 ma, so that normally the relay is open. The voltage gain 
A of the tube has no application in this case, but the transconductance 
g,,, is quite useful, since g,,. iJib/iJec, Thus if Ym = 1.500 micromhos, the 
required change in grid voltage for the output tube is 3 X 10-3/1500 X 
10-0 = 2 volts. This input voltage can be obtained by using an Ru resis-
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tor in series with the phototube and in the grid circuit of the output tube. 
Its value should be 2/(5 X 10-6

) = 400,000 ohms. This resistor would 
change the current from the phototube only slightly because of the latter's 
very high plate resistance. 

If a current is to be delivered to a small impedance load at the output 
of an amplifier and controlled by a voltage at the amplifier input several 
stages ahead, each stage except the last should be a voltage amplifier, the 
last one being a current amplifier. The ratio of lout! E;n may be called Ye, 
the over-all-circuit transconductance. It may be expressed in formula 
form as 

(7-84) 

Ymn is the transconductance of the tube in the nth, or output, stage. 
Current amplifiers operating 

with zero-impedance load give quite 
high distortion, and it is often advis­
able to use some load to reduce this 
distortion. In this case the com-
putations can be made in the same 
manner as for a multistage voltage 
amplifier. 

Fm. 7-50. A simple cathode follower. 

7-24. The Cathode Follower. 6 It is not necessary that the input signal 
always be applied between cathode and grid or that the load be in the 
plate circuit. An interesting and useful example of other arrangements 
is the cathode follower, shown in its simplest form in Fig. 7-50. A rough 
picture of its performance can be gained as follows: Suppose µ = 18, 
rp 10,000 ohms, and Rk = 50,000 ohms. Figured from a grid-cathode 
input to the output, the amplifier is conventional, and the gain is µRk/(rp 
+ Rk) = 18 X 50,000/60,000 = 15. Let us assume 1 volt rms applied 
between grid and cathode and that the operation is linear. Then E0 is 
15 volts, and by Kirchhoff's voltage equation V0 is 16 volts. These volt­
ages are shown on the circuit diagram. The over-all gain from input to 
output is only l~-fo = 0.94/0°, the angle being zero because of the choice 
of positive sense for E0 , it being generally convenient to regard ground as 
being at zero potential. 

An "amplifier" which produces a loss in voltage might occasionally be 
useful for that reason alone, but the cathode follower has other very val­
uable properties besides, which often make it an object of use in spite of 
the lack of gain. To investigate these, let us assume that the operating 
point has been adjusted to a region of linear operation by taking the bias 
voltage from a proper point on Rk or by some other means and that the 
grid swing is small enough to keep operation in this region. If the out­
put voltage is fed to another amplifier, a coupling capacitor C and a grid 
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leak Ru may be needed. Practical circuits are shown in Fig. 7-51, using 
a triode and a pentode. 

For low and middle frequencies the equivalent circuit of Fig. 7-52 
applies to either triode or pentode if it is assumed that Cd is very large. 

C 

(a) 

(b) 

The analysis for frequencies high 
enough so that the voltage drop in 
C is negligible is as follows: 

E. (7-85) 

where RL is the value of the parallel 
combination of R,. and R0 • Also 

E0 = V0 E. (7-86) 
Hence 

or 
E _ µ,RLVo/(rp + RL) 

0 
- 1 + [µ,RL/(rp + RL)] 

µ,RLVa [µ,/(1 + µ,)]RLVo 
Fm. 7-51. Practical cathode-follower cir­
cuits. 

rp + (1 + µ,)RL [rp/(1 + µ,)] + RL 
(7-88) 

The gain is 
A "d = E. = [µ,/(1 + µ,)]RL 

m, [rp/(1 + µ,)] + RL 
(7-89) 

It is easy to show that Amid can never exceed µ,/(1 + µ). It may also be 
shown that the position of the R 1u tap on R,. has little effect on the ampli­
fication with ordinary circuit values. 

g k C 

p = 
Fm. 7-52. The equivalent circuit for low frequencies. 

Equation (7-88) suggests another equivalent circuit, valid in the mid­
frequency range. It is shown in Fig. 7-53 (if we omit C), and it is easily 
verified that, as far as gain is concerned1 it gives the result (7-89). In 
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words, the cathode follower gives the same gain as would another tube, 
with plate resistance rv/(1 + µ,} and amplification factor µ,/(1 µ,}, 
placed in the same circuit, but with the signal voltage applied directly 
between grid amd cathode, that is, E0 = Vu. 

To test whether the equivalence holds further than for gain, one may 
find the internal impedance from the output end by applying E volts to 
the output of each of these circuits and determining the current I which 

,t 

C i 
' Zout 

Eo --
R1c Rg I 

I 
g 

Fm. 7-53. A more useful equivalent circuit for a cathode follower. 

flows. Since the current must be due to the application of E alone, let us 
make Vu equal to zero. In Fig. 7-,53 the current I is 

I=~+ E 
RL rv/(1 + µ,) 

(7-90) 

and 

Yout !=_!_+ 1 
E RL rv/(1 + µ,) 

(7-91) 

In the circuit of Fig. 7-52, if we let Vu equal zero, E0 is not zero, 

(7-92) 

and hence 

(7-93) 

and hence 

(7-94) 

as before. Zout, not including RL, is 

rp 1 z, =--~-
"'' 1 + µ, Um 

ifµ,»l (7-95) 

In Fig. 7-52 this fact cannot be determined readily by inspection because 
application of a voltage at the output produces a grid voltage, which does 
not occur in the simpler equivalent circuit. 
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The analysis for low frequencies is quite lengthy although the general 
procedure is the same as that above, except that the impedance of C must 
be included. The result obtained using the circuit of Fig. 7-52 is 

A 
Amid 

low = 1 + (1/jwCR~w) 
(7-96) 

where 
R' = R + [rp/(1 + µ)]Rk 

low (1 [rp/(1 + µ)] + Rk 
(7-97) 

If f1 is the lower half-power frequency, given in formula form 

1 (7-98) 

we may write 

A Amid 

low = 1 _ j(f i/f) (7-99) 

as in the case of an R-C-coupled grid-driven plate-loaded amplifier. 

!I le 

Rg 

p ~ 
RL 

FIG. 7-54. The h-f equivalent circuit for a cathode follower. 

Examination of the circuit of Fig. 7-53 shows that R;
0

w can be obtained 
directly from it by a simple conversion to a Thevenin's form. It follows 
that the equivalent circuit of Fig. 7-53 is valid for the 1-f range. 

For high frequencies the tube and circuit capacitances cause amplifica­
tion loss and phase shift. The complete equivalent circuit for this fre­
quency range is shown in Fig. 7-54. The capacitances involved may be 
lumped into C,h, where 

(7-100) 

in which the first three belong to the cathode-follower tube. The degree 
of effectiveness of C0k depends upon the value of Z 0• Chk is the heater­
cathode capacitance, and it is important because the cathode is at con­
siderable alternating voltage from the grounded heater. Cw is the wiring 
capacitance and C0 is the input capacitance to the following tube. The 
development is somewhat involved, and only the results are given here. 

Ah,gh (gi ! YoiZ,h (7-101) 
· gm •k 
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where Yuk is the admittance of Cuk and Z,h is the impedance of the parallel 
combination of C,h, rP, Rk, and Ru. For circuit values commonly used and 
for frequencies in the useful range (less than h) the quantity Yuk can he 
neglected ,vith small error. After considerable manipulation the expres­
sion for Ah,gh simplifies to 

(7-102) 

as in the case of an ordinary amplifier. The value of Amid is stated in 
Eqs. (7-89) and (7-106). his the upper half-power frequency, defined as 

1 
(7-103) 

where 

(7-104) 

Figure 7-55 shows a Norton's equivalent circuit useful for high frequen­
cies. It is interchangeable with that of Fig. 7-53 if the proper quantities 
are present for the frequency being used. From Fig. 7-55 one may deter­
mine R:,. as with an ordinary amplifier circuit. For middle frequencies 
c,h may be neglected so that ----------------,-i 

I flm Vg 
Eo = gm VuR•h (7-105) r.P 

Rk R P 

)+_µ g T or 
(7-106) 

It can be shown that this is identical Frn. 7-55. Another h-f equivalent cir-
to formula (7-89). cuit for a cathode follower. 

The input admittance to a cathode follower may be obtained by deter­
mining the current flowing into the input because of the applied voltage 
V0 • Its value depends upon the circuit parameters, the signal frequency, 
and the position of the bias tap on Rk. For the case of the simple 
cathode-follower circuit of Fig. 7-50, it can be readily proved that 

(7-107) 

which resembles the formula applying to an ordinary amplifier. Note, 
however, the differences. 

7-25. Graphical Treatment of Cathode Followers. 7 The treatment of 
cathode followers by means of an equivalent circuit leaves some matters 
in the realm of the unknown. For example, what operating point is 
best, what is the best load to use, how much drive may be applied for 
class A1 operation, and what will be the distortion? 

A graphical method serves very well in these matters and will be 
explained for a triode case. Figure 7-56 repeats the circuit, and Fig. 
7-57 presents the plate characteristics of the 6J5 which is used. 
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The d-c load is Rk, and assuming Ebb = 300 volts, we draw sample d-c­
load lines, say for 10,000 ohms and for 100,000 ohms. In most cases RI] 
is much larger than Rk, and these lines are the first approximation to the 
a-c-load lines also. The first item for investigation is the proper operat­
ing point. If the grid signal is small, almost any operating point not too 

F 
+ 
300v 

C 

FIG. 7-56. A cathode follower. 
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Fm. 7-57. Graphical analysis of a cathode follower. 

near cutoff and which does not cause excessive plate dissipation will serve 
fairly well, but if it is desired to get the maximum output voltage from the 
amplifier, more care is required. Let us proceed graphically as follows: 

1. Label ck units on the cb axis, using the relation 

(7-108) 

where ck is the total voltage of the cathode above ground. 
2. Determine the relation between co, Vg, and cu. This is best done by 

writing the alternating-voltage drop around the grid circuit, thus a void-
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ing the determination of the direct-voltage drop across the input-coupling 
capacitor. If we n.eglect the alternating-voltage drop in C, 

V0 = 60 + Cg (7-109) 

3. Relate Co and e0 to their total and quiescent values, and substitute 
these in Eq. (7-109). 

v0 has zero quiescent value. 

eo = ek - Eko 
Cg = ec - Eco 

(7-110) 
(7-111) 

(7-112) 

4. The proper operating point for greatest class A1 output makes 
ek = ekma,x on the peak positive swing of Vg (vo+m•x) and Ck = Ckmin on the 
peak negative swing of v0 (v0_m.,). For ck.,.x we shall use a value that 
makes ec = 0 and for Ckmin, the value corresponding to c"min, any arbitrary 
value, usually at or near the cutoff value of c0 • We may substitute into 
Eq. (7-112) to obtain two equations 

Vo+m•x = ekmax - Eko + 0 - Eco 
Vo-max = ekmin - Eka + eCmin Eco 

Since 

we get, upon adding (7-113) and (7-114) and solving for Eko, 

Eko = ekmax t Ckmin _ (Eco _ Cct) 

(7-113) 
(7-114) 

(7-115) 

(7-116) 

The quantity in parentheses is rather small compared with the first term, 
and hence 

(7-117) 

5. For the 10,000-ohm-load line ekmax = 163 volts; ekm,n = 0, if we drive 
to cutoff; Ccm,u = -18 volts. Hence Eko = 16% = 81.5 volts, and from 
Fig. 7-57, Eco -6.8 volts. Note that Eco is not one-half of eCmin• For 
the 100,000-ohm-load line ekmax = 266 volts, ekmin = 22 volts, if we limit 
the drive to e. 16 volts. Hence Eko = (266 + 22) /2 144 volts, 
and Eco = -7 volt8. 

6. For the 10,000-ohm-load line R1 = (Eco/Eko)Rk = (6.8/81.5) X 
10,000 835 ohms. For the 100,000-ohm-load line R1 = Y:144 X 
100,000 = 4850 ohms. 

This is one method for finding the best operating point. In case the 
a-c load differs greatly from the d-c load, a cut-and-try adjustment may 
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be made after finding the tentative Q point, in order to operate between 
the proper limits. 

We may now continue with a more specific example. Suppose Rk = 
100,000 ohms and Rg = 200,000 ohms. Then R1, = 67,000 ohms, which 
differs considerably from the d-c load of 100,000 ohms. If the a-c-load 
line were drawn (it is not shown in the figure) through the tentative Q 
point obtained in procedure 5, the value of ekmax = 260 volts and ekmin 

50 volts would make Eko = (260 + 50) /2 = 155 volts, which is to the 
left of the tentative Q point. Hence, whenever the a-c load is less than 
the d-c load, we shift to the left, in this case to, say, Eke = 162 volts as a 
trial value. The a-c-load line through this operating point is shown in 
the figure. For it, ekmax = 262 volts, and we can make ekm,n = 62 volts, 
or somewhat more if desired. For the 62-volt value, Eko becomes 162.0 
volts, which is a sufficient check on the trial value. Therefore Eke 162 
volts, Eco = -6 volts, and R1 = 3700 ohms are satisfactory circuit values. 

Equation (7-112) may now be used to relabel the curves of Fig. 7-57 
with input-voltage values corresponding to the various grid voltages. 

For ec 0, Vg = 262 -162 + 0 + 6 106 volts. 
For e0 = -2 volts, Va = 228 - 162 - 2 + 6 = 70 volts. 
For ec = -4, -6, -8, -10, -12, -14, respectively, the values of Vg 

are 34, 0, -31, -60, -84, and -104 volts. 
If a sinusoidal input signal of 104 volts peak value is used, the funda­

mental peak-voltage output will be (260 - 66)/2 97 volts [see Eq. 
(6-41)}. The second-harmonic peak-voltage output is (260 + 66 2 X 
162)/4 ~ 0.5 volt, and the harmonic distortion is approximately 0.5 per 
cent of the fundamental. 

If the same resistors had been used as a plate load in the amplifier with 
an input signal of 6 volts peak value applied directly to the grid, the fun­
damental peak output voltage would have been (260 - 83)/2 88 volts. 
The second-harmonic peak voltage would have been (260 + 83 2 X 
162)/4 = 5 volts. The distortion would then have been approximately 
5. 7 per cent of the fundamental. 

Had the a-c load of 10,000 ohms been used in the cathode follower the 
distortion for maximum allowable drive would have been approximately 
2 per cent. Hence, as in the case of ordinary amplifiers, moderately high 
load values are advantageous from the point of ,riew of freedom from dis­
tortion as well as of allowable output voltage. But in any case the dis­
tortion for the cathode follower has been found to be low. 

At the operating point for the 67,000-ohm load the value of f/m for the 
tube is 1000 micromhos, which makes the output impedance approxi­
mately 1000 ohms, while, for the 10,000-ohm load, f/m is 2600 micromhos 
and the output impedance is about 380 ohms. Thus for low output 
impedance lower loads are required. 
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The simple cathode-follower circuit of Fig. 7-50 is useful for only very 
restricted loads. If the load is too low (less than 1200 ohms for a 6J5 
with Ebb = 300 volts), the allowable plate dissipation is likely to be 
exceeded. For loads which are too high the Q point is very near the cut­
off point, which restricts the input voltage. However, for small input 
voltages this simple circuit will serve very nicely. 

7-26. The Grounded-grid Amplifier. 8 Another circuit variation from 
the ordinary amplifier and one which has considerable usefulness is the 
grounded-grid or cathode-driven amplifier. A simple circuit arrange­
ment is shown in Fig. 7-58a, in which 
a d-c path from cathode to grid is 
assumed to exist. If the operation 
is assumed to be linear, Fig. 7-58b is 
the equivalent circuit. 

It is readily shown that the mid­
frequency gain between input and A! Vg 

output is _______ _.,_ ___ _.. __ 
A . - + (l + µ)ZL (7-118) 

m,d - Tp + ZL 

For low and middle frequencies the 
input impedance for this amplifier is 

z = vg = rp + zL (7-119) 
0 -Ip 1 + µ 

which is very low. This low input 

(a) 

g p 

-impedance often makes the gain of the (b) 

preceding stage lower than ordinary Frn. 7_58. A grounded-grid amplifier. 
unless that stage itself has a very 
low internal impedance. The output impedance of the grounded-grid 
amplifier on the other hand is 

(7-120) 

which is relatively high. Note that these characteristics are the opposite 
of those for a cathode follower, which operates with a grounded plate. 

In this circuit the grounded grid acts as a shield between the input and 
output circuits, and most of the current through the interelectrode capac­
itances, caused by Eo, flows to ground via the grid rather than to ground 
via the cathode and input circuit. This eliminates much of the danger of 
oscillation which exists in most triode r-f circuits. 

The commonest application of this circuit is to r-f use, where the effect 
just discussed makes it unnecessary (or at least easier) to neutralize the 
effect of feedback from the load circuit to the input circuit. 
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7-27. Transformers with Iron Cores,9 Transformers are useful in 
many ways in electronic circuits. As power transformers they change 
the power-line voltage to other values suitable for plate-, grid-, and heater­
supply systems. An output transformer makes the load or line 
impedance appear as a suitable value for the plate circuit of the 
power tube. An input transformer is useful with a low-impedance 
voltage source to raise its voltage to a higher level to apply to the grid of 
the first amplifier tube. This results in greater output voltage and also 
reduces the relative noise output caused by the first tube. Interstage 
transformers were once popular because they permitted quite high gain 
with low plate-supply voltage and a low-µ tube. As mentioned in Art. 
5-15, a transformer with a center-tapped secondary can be used as a phase 
splitter. This is particularly useful with push-pull power amplifiers 

which draw grid current, as the apparent impedance 

11 reducing the voltage loss on grid-current peaks. E 
of the source of grid signal may be kept low, thereby 

N; 1· N2 A two-winding iron-core transformer is a four-
terminal device, which may be represented by the 
symbol shown in Fig. 7-59. The winding connected 

Frn. 7-59. A sym- to the energy supply is called the primary, the other 
bol for a trans- winding the secondary. Either coil may be used 
former. as the primary, but let us suppose in this case that the 

coil with N 1 turns is the primary. 
If a well-designed power transformer of known turns ratio is tested in 

the laboratory, several important observations may be made. (1) With 
a direct voltage applied to the primary, the resistance of the primary wind­
ing may be determined. (2) With the secondary open-circuited and with 
the primary applied voltage E 1 of rated frequency and of magnitude no 
greater than rated, measurements with ammeter and wattmeter indicate 
that the primary current is very small and lags the applied voltage almost 
90°. This indicates the effect of very high inductance and some resist­
ance, calculations showing the latter to be greater than the winding resist­
ance determined in test 1. A secondary terminal voltage E2 may be 
measured, and it will be found that the relation Ei/E2 Ni/N2 approx­
imately holds. (3) If a variable load impedance Z2 is connected across 
the secondary terminals, a secondary current 12 flows, its magnitude being 
very closely proportional to the magnitude of the load admittance. Also 
this current lags E2 by approximately the power-factor angle of the imped­
ance. The primary current will be found to be larger now, and it may be 
determined that the size of the increase 11 in primary current is related 
to the secondary current by the approximate relation Ii/12 = NdN1• 

This additional primary current, due to the load, lags the applied primary 
voltage by approximately the phase angle of the load. 
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Now if we neglect the small no-load current determined in test 2 and 
declare the two approximate relations obtained in the laboratory to be 
exact, we have the performance of an ideal transformer. Its working 
rules may be recapitulated as the voltage rule 

(7-121) 

the E's being terminal voltages, and the current rule 

the l's being the primary and secondary currents. Dividing Eq. (7-121) 
by Eq. (7-122) yields a form 

where Z1 is the impedance seen by the generator and Z 2 is the load 
impedance. 

It should be noted that an ideal transformer draws no primary current 
when the secondary is open. This means that the primary self-induct­
ance is infinite, and because of the definite ratio of turns, the secondary 
self-inductance is infinite also. There can be no core losses, which would 
require no-load primary current. The currents 11 and 12 depend only on 
the applied primary voltage, the ratio of turns, 
and the load impedance. Hence there are no 
winding resistances or any capacitance or in­
ductance effects due to the transformer itself, 
except one, and that is determined by the mutual 
inductance between windings, which causes the 

- I :a 

or 

N,_: N2 

action expressed by the above equations. It is Fw. 7-60. An alternate 
sometimes thought better to represent an ideal symbol for an ideal trans-

former. 
transformer by the symbol shown in Fig. 7-60 
rather than by the more generally used symbol of Fig. 7-59. The letter a 
represents the ratio N 2/ N 1. This alternate symbol emphasizes that the 
ideal transformer is another kind of circuit element in addition to resistors, 
inductors, and capacitors, this one being a ratio changer for voltages, 
currents, and impedances. 

An actual transformer never possesses the perfect qualities of the ideal. 
The no-load current, required to supply core losses and to produce an mmf 
to force flux through the core, often is an important part of the total 
primary current, especially when the load impedance is high. The flux 
which produces the counter emf in the primary does not all link with the 
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secondary. The nonlinking flux causes inductance effects which are not 
mutual, and these, together with the winding resistances, cause voltage 
losses. 

Figure 7-61 shows one equivalent circuit for a transformer, neglecting 
capacitances and core losses. L1 and L2 are the self-inductances and RP 

·-Iz 
Rs 

and R, the winding resistances of the 
primary and secondary, respectively. 
The two polarity dots indicate that 
these two coil ends are simultaneously 
of like polarity. The condition with 
both dots at the same coil ends is 
sometimes called subtractive polarity. 
That with the dots at opposite coil 

Fm. 7-61. An equivalent circuit for a 
transformer. ends is called additive polarity. To 

study a transformer it is often desir­
able to obtain a different form, which may be evolved in the follmving 
manner: 

If we assume sinusoidal applied voltage and currents, we may -write loop 
equations 

E1 I1(Rp + jwL1) - I2jwM 
E2 = IJwJf - I2(R. + jwL2) 

L - 11,f 
I a -aI2 

M 
a 

Fm. 7-62. Another equivalent circuit for a transformer. 

These may be rewritten as 

E1 11 ( Rp + jwL1 - jw 
1!) IJwl1f + :1 

jwM 

E2 = I1jwM - I2jwlvfa - I2(Rs + jwL2 - jw"~la) 
or as 

E I R + I . (L 1tf) (I1 I ) . Jf 
1 l p 1JW l - (l a 2 JW a 

E2 = (I1 - al2)jw Ma - I2[R. + jw(L2 akl)] 
a 

(7-124) 
(7-125) 

(7-126) 

(7-127) 

(7-128) 

(7-129) 

Figure 7-62 shows a circuit which yields the same loop equations (7-128) 
and (7-129) and hence will serve as another equivalent circuit for the 
transformer, The inducta,nce £ 1 is sometimes known as the m:;i,gnctizing 
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inductance, while L1 - (M/a) and L 2 - aM are named the leakage 
inductances LP and L, of the primary and secondary, respectively. 

The core losses in a transformer at any fixed frequency are roughly pro­
portional to the second power of the maximum flux density in the iron 
and hence to the square of the voltage induced by the mutual flux. A 
resistor Re of the proper size con­
nected as a shunt in the position 
shown in Fig. 7-64 will be subjected 
to this primary induced voltage and 
hence will dissipate power equal to 
the core losses. The proper size 
for Re may be determined very 
closely by an open-circuit test as 

R _ E1r2 

c - Poe (7-130) 

where E 1, is the rated primary volt­
age (approximately equal to the 
mutual induced voltage) and Poe is 

(a) 

(b I 

Fw. 7-63. Distributed capacitances in a 
the power consumed by the primary transformer. 
with the secondary circuit open. 
The value of Re so obtained is reliable only for the frequency used in 
obtaining it. 

The effect of interturn or distributed capacitances on the transformer 
performance can be approximated. As measured externally the capac­
itances seem to be between terminals, and as shown in Fig. 7-63a, six 

Frn. i-64. The effects of distributed capacitances and core loss shown in the equivalent 
circuit. 

quant,ities may be determined. Usually one end of the primary and one 
end of the secondary are at the same a-c potential, because of grounding 
requirements, and the six values can be lumped into three, which are 
designated in Fig. 7-63b as C P, C P•, and C ,. These capacitances are 
shown in the equivalent circuit of Fig. 7-64. At power frequencies the 
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effect of the capacitances is generally slight, and they are often neglected 
in power-transformer analyses. For supplied voltages of higher audio 
frequencies, however, the ratio of output voltage to input voltage is con­
siderably dependent upon these capacitances, and their effect should be 
considered in any study of performance at higher frequencies. 

7-28. The Transformer with Load. Transformers which couple a 
power tube to its load, drive class B amplifiers, or serve for ordinary power 
purposes involve secondary load currents which dwarf any current 

(a) 

(b) 

Fm. 7-65. Equivalent circuits for a power transformer. 

through the transformer capacitances. Hence the capacitances of Fig. 
7-64 are omitted from this study of power transformers. 

In Fig. 7-65a suppose a generator supplies a sinusoidal voltage E1 to the 
transformer's primary terminals. Let us consider that E1 has three com­
ponents, one to supply the drop in RP, a second to supply the reactance 
drop in LP, and a third, denoted by EP, the voltage across M / a or Re. 

Assume a load ZL = RL + jXL to be connected to the secondary ter­
minals, the load vohage being E2• The ratio of N 2 to N 1 is designated by 
a, and the polarity, as shown by the position of the two dots, is in this 
case such that both top terminals are positive at the same moment. A 
procedure, which is often convenient in coupled circuits such as this, is to 
change the transformer ratio to unity. This can be done without any 
effect upon the primary circuit if the secondary current is increased a 
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times, brought about by changing the secondary impedance by a factor 
1/a2, 1/a times because the voltage has dropped 1/a times, and again 1/a 
times because the current must be raised to ah Since the primary cur­
rent of the ideal transformer exactly equals al2, and the polarities are cor­
rect, there is no need to show the ideal transformer in the circuit. Figure 
7-65b shows the new form. 

11 has three components: al2, which supplies the load, a core-loss current 
I. in phase with Ei,, and a nonsinusoidal magnetizing current I.,., the 
fundamental component of which lags Ei, by somewhat less than 90°. 
The latter two currents combined are called the exciting current, and with 
no load on the secondary they are the only currents fl.owing if we neglect 
capacitance currents. The small exciting current causes very little volt­
age drop in Ri, and LP, which are usually quite small themselves, and 
hence EP is practically the same as E1 at no load. As the load impedance 
is decreased from a very high value, an increasing load current flows, 
causing voltage drops in the primary and secondary impedances and 
making Eda lower (if the load is resistive or inductive) than E 1• Hence 
the voltage regulation of a transformer from no load to full load is caused 
by the primary and secondary resistances and leakage reactances, and for 
good regulation these should be kept as small as practicable. 

Because the contributions of I. and I.,. to I 1 are small, it is generally 
justifiable under full-load conditions to omit R. and "M / a from the equiv­
alent circuit. Since, for coils wound on the same iron core, the induct­
ances are proportional to the square of the number of turns, L./a2 = Lp. 
In the case particularly of a large transformer, it is desirable for high effi­
ciency to have R./a2 = Ri,, although this is not usually done in electronic 
applications. But if these conditions do hold, the circuit of Fig. 7-65b 
allows an approximate relation to be written as 

(7-131) 

and if the values of RP and LP are small enough, it may be justifiable to 
state that Eif a = E1, or 

E2 N2 
-=a=-
E1 N1 

(7-121) 

Hence Eqs. (7-121) to (7-1,23) can be applied to a power transformer, but 
with good approximation only when the winding resistances and leakage 
reactances are small and when ZL/a 2 is very small compared with the 
value of wM /a; otherwise the effect of the magnetizing current cannot be 
neglected. 

An output transformer is a power type of transformer which has an effi­
ciency usually ranging between 70 and 90 per cent; under these circum-
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stances the relation of (7-121) is not very reliable. A somewhat better 
expression can be derived from power relations. Let us assume the trans­
former to be of good design, with the copper losses (half the total) dis­
tributed equally between the primary and the secondary, and the core 
losses the other half of the total. Neglect the voltage drops due to leak­
age reactances. Then it can be shown that for the usual range of values 
of efficiency, 

(7-132) 

The proof of this statement is left as an exercise for the student (see Prob. 
37 at the end of this chapter). 

In order to avoid excessive magnetizing current, as well as very large 

l) 

b 

a.-...-.. 7 

I I 

I I 
I 

I 
I I 

I I 
I I 

/ I 
/ I /_,,.,,. 

,? .... 

H 
Maqnefic farce 
supplied by direct 
current in primary 

odd-harmonic components in it, the 
maximum flux density in the iron 
core reached during a cycle should 
be limited to the lower region of the 
knee of the curve of B vs. H, 
approximately as shown in Fig. 
7-66. The allowable maximum 
flux-density value depends upon 
the grade of iron employed. A 
typical path of operation for an 
applied primary alternating voltage 
is shown by the broken-line loop a. 

Fm. 7-66. Magnetic operation of a trans- In some applications the primary 
former. carries a direct current as well as 

an alternating one, and care must 
be exercised in the design to keep the path of operation in a position 
not greatly higher than that shown by loop b. To do this, it may be 
necessary to have an air gap in the core. 

7 -29. The Transformer-coupled Amplifier . 12 If a transformer is used 
for coupling two stages of an amplifier, it effectively isolates the grid of 
the second tube from the direct plate voltage of the first and may also 
cause some voltage amplification because of a step-up turns ratio. If the 
second stage is operated class Ai, its grid draws no conduction current 
and the only load on the secondary is that due to currents flowing through 
the various capacitances. The grid current of the next tube may be said 
to flow through an admittance Yu, which may be calculated using either 
formula (7-12) or formula (7-13), and in any case Y 0 is practically all 
capacitive for frequencies in the transformer's useful range. The effect 
is represented by C0 in Fig. 7-67. 

Since this circuit is quite complicated1 it is difficult to make an exact 
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analysis. However, one may simplify the circuit to yield readily some 
approximate results. First, with subtractive polarity as marked, the 
secondary current will be almost unchanged and the primary current but 
slightly changed if CP• is replaced by a capacitance Cp,[(a 1)/a] in par­
allel with C.. (If the transformer has additive polarity, the replacement 
value is Cp.,[(a + 1)/a], which is larger, and hence additive polarity is 
undesirable.) This follows because the voltage drop across CP• is E 2 -

E1, which is approximately (a - l)E 1, whereas that across C. is E2, or 
approximately aE1• In the same manner as in the previous article the 

A: 
FIG. 7-67. An equivalent circuit for a transformer-coupled amplifier. 

t 
Ez 
a 
I 

FIG. 7-68. Another equivalent circuit for a transformer-coupled amplifier. 

transformer turns ratio may be changed to 1 :1, yielding the simplified 
equivalent circuit of Fig. 7-68. In this circuit 

C.q = a2 (c. +Cu+ Cw.+ Cp, a: 
1
) (7-133) 

where C,,,. is the stray and wiring capacitance to ground in the grid 
lead. 

At this point it is best to subdivide the analysis as in the case of R-C­
coupled amplifiers. The 1-f range is that in which the shunting effect of 
M/a is enough to affect appreciably the output voltage. The h-f range 
covers those frequencies for which the capacitances and the leakage 
inductances have important effects. For well-designed transformers 
there is a middle range of frequencies for which the amplification remains 
essentially constant, because of negligible shunting by either 1vf /a or the 



218 ENGINEERING ELECTRONICS 

capacitances alone or because of an antiresonant condition of their 
combination. 

In the middle range there is no current flow beyond a usually negligible 
core-loss current, and therefore no voltage is lost. Hence, approximately, 

or 
E2 

Amid= V = -µa 
g 

(7-134) 

(7-135) 

The result given by (7-135) was to be expected since the tube is operating 
with infinite a-c load impedance, giving an amplification of µ, and the 

R transformer multiplies this by the turns 
P ratio. 

Fm. 7-69. Low-frequencye quiv­
alent circuit for a transformer­
coupled amplifier. 

In the low range also, it is well to 
omit quantities having only secondary 
importance, such as LP, which is small 
compared with M/a. We can also omit 
R., which is very high for well-designed 
transformers having adequate cores of 
good-quality steel. It is convenient 
also to replace M / a by the almost equal 

value L1, * It follows from Fig. 7-69 that 

(7-136) 

or that 

(7-1:37) 

An 1-f marker f 1, which makes w 1L1 = Tp + RP, can be used in helping to 
simplify this formula to 

A1ow 1 
Amid = 1 - j(fi/f) 

(7-138) 

where 

(7-139) 

• Proof that M /a ""' L1: M = k v'f;J;2, where k, the coefficient of coupling, can be 
defined for our purpose as the fraction of the primary flux which cuts the secondary 
winding. L2 == a2L1, since the inductanct:s of coils on an iron core are proportional 
to the square of the number of turns. Hence a = yL2/L1 and M /a = kL1. For 
k near unity, as in this case, M /a ""Li. 
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Equation (7-138) is identical in form to Eq. (7--33) for the R-C-coupled 
amplifier. 

The simplified circuit for high frequencies appears in :Fig. 7-70, where 
CP and the primary wiring capacitance have been neglected to make the 
analysis somewhat simpler without altering the validity significantly. 
New symbols R,q and L,q are defined in the diagram to aid in the simpli­
fication. Since L.q and C.q are in series, a resonant point will be reached 
at some frequency Jo and the resulting current flow will tend to be high, 
being limited by Req only. The output voltage, being the drop across 
C ,q, will likewise tend to be somewhat high although not so much so as for 
frequencies somewhat below reso­
nance where the reactance of C.q is 
greater. Thus if Req is very low, we 
may expect the curve of gain to show 
a high peak at a frequency somewhat 
below the resonant point. If R,q 
is greater, this peak should be less 
pronounced and for a large R,q value 
the effect may be merely to keep the 
curve from falling so rapidly. 

FIG. 7-70. High-frequency equivalent 
circuit for a transformer-coupled am­
plifier. 

A more exact analysis may now be made. The circuit of "Fig. 7-70 
yields the relation 

E2 1/jwC,q V (7-140) 
a R,q + j(wLeq - (1/wC,q)) µ a 

or 

Ahigh 
E2 -µa 

(7-141) -= 
wC.q[(l/wC,q) - wL,q) + jwC,qR,q Va 

This complicated expression is considerably simplified by using a marker 
frequency Jo defined by woLeq = 1/woC,q, or 

Jo 
1 

and a parameter Q0 defined as 

Then 

Ah;gh = C [ ( / C ) 
W eq WO Wow eq 

Amid 

(wowL.q/wo)] + j(wowC,qR,q/wo) 
Amid 

Cf If o)[ Cfo/f) (f/fo)) + j(f/fo)(l/Qo) 

(7-142) 

(7-143) 

(7-144) 
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We may now calculate the response of the amplifier at several fre­
quencies: 

Atf=fo: 
A = QoAmid/90° 

At f = 0.lfo: 
A = Amid ~ Amid 

0.1(10 - 0.1) + j(0.1/Qo) 1 + j(l/lOQo) 

Atf = 0.5fo: 
A~ 2Amid 

~ 1.5 + (j/Qo) 

Atf = 0.7fo: 
A~ A~,id 

0.51 +J(0.7 /Qo) 

At f lOfo: 
A ~ 0.lAmid 

~ -10 + j(l/Qo) 

The numerical value of gain in a normalized form is plotted against fre­
quency in Fig. 7-71. Also the angle 8,1 (for Q0 = 1) is plotted as a func­
tion of frequency in Fig. 7-72. 

~ 
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~ . 
'Z 
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0.4 

0.2 

0.1/j Ii 10/1 O.lfo lo 
FIG. 7-71. Gain vs. frequency for a transformer-coupled amplifier. 

I 

Examination of the curve of gain in the h-f region shows that the gen­
eral performance is not very uniform. It is usually satisfactory to assume 
that the range of constant gain extends from 10f1 to 0.lf0, except in cases 
where Qo is near 0.8, when f = 0.7fo may be used as the approximate 
upper limit. For Qo = 0.8 and f 0.7fo one may readily show that 
:1 = 0.98Amid• 
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The magnitudes and corresponding phase angles associated with the 
gain for various frequencies may be plotted in a polar system as was done 
in Arts. 7-12 and 7-13 in the case of R-C-coupled amplifiers. The result 

0A 

3ir 
2 

eo = 1.0 

'It' 

2 

Fm. 7-72. Phase shift vs. frequency for a transformer-coupled amplifier. 

in the case of Qo = 1 is drawn in Fig. 7-73. Such polar diagrams are use­
ful in studies of feedback. 

7-30. Parameters in Interstage-transformer Design. \\nilethedesign 
of an interstage transformer is beyond the scope of this book, we can 
readily pick out what is needed for good performance. For high gain in 
the mid-frequency range, the formula 
A. = µa makes it appear that µ for 
the tube should be high and that the 
step-up turns ratio be high. But 
there are other important considera­
tions. The mid-frequency bandwidth 
should generally be as wide as practi­
cable, making it desirable to have Ji 
quite low in value and fo high in 
value. Sincefi = (rp + Rp)/21rL1, rp 

d R h ld b h b l • l Fm. 7-73. Polar diagram for a trans-
an P s ou ot e ow m va ue. former-coupled amplifier. Qo 1. 
Examination of the curves of Fig. 
7-71 shows that, for uniform gain over an extended range, a value of Q0 

near 0.8 is desirable. Now Qo = waLeq/Req waLeq/[rp + RP + (R,/a2
)]. 

Unless the designer uses especial care, Qo is likely to exceed 0.8, and hence 
it must be kept in mind to try to make Leq small and the denominator 
large. As rp and RP should be low in value in the interests of 1-f response, 
R, should be made large. 
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Returning to µ and a, it now appears that only a medium value of µ, 

can be used since rp must be low. Let us see about the turns ratio a. A 
high value of L 1 usually means a large number of primary turns and, if a 
is large, many more secondary turns. Hence C,q tends to be large, which 
is undesirable. Compromi3e is necessary, and a value between 3 and 4 
for a is the general practice. The secondary is wound with small-gauge 
copper wire, which makes R, high. 

An important element in C,q is C,,.. This capacitance can be reduced 
by shielding the primary from the secondary. To do this, a grounded 
copper or aluminum shield is placed between the primary and the sec­
ondary windings, taking care that the sheet is insulated in such a way 
that a shorted turn of winding is not formed by it. 

A/Am,d 
db 
0 

-1.0 

/ ~ 

I 
50 100 200 500 I Kc 2 Kc 5 Kc 10 Kc 20Kc I 

Frequency 30Kc 

FIG. 7-74. Gain vs. frequency for a good-quality audio transformer. 

The performance of a typical good-quality transformer is shown by the 
curve of A vs. f given in Fig. 7-74. With care in choice of core size and 
quality, coil turns and turns ratio, coil resistances and winding scheme, 
transformers may be made to perform with very uniform gain over a 
wide a-f band, when used with the proper tube. However, the cost of 
such a device is high compared with an R-C coupler, which can give equal 
or better results, especially when used with a pentode. Therefore, except 
for special purposes, interstage transformers are not often used. 

7-31. Narrow-band Amplifiers. 15 The electromagnetic energy radi­
ated by a radio transmitting antenna lies in a relatively narrow band of 
frequencies. For an a-m broadcast transmitter with a carrier of, say, 
around 1000 kc, the bandwidth is approximately 15 kc, and for an f-m 
transmitter with a carrier of, say, around 100 Mc, the bandwidth is 
approximately 150 kc. At the receiver there must be a separation of the 
desired from the undesired signals, and therefore it is an advantage to 
have ap amplifier which amplifies over only a relatively narrow frequency 
band. 

The ideal response curve desired is shown in Fig. 7-75. No amplifier 
previously studied in detail performs anything like this. In fact, the 
ordinary R-C-ooupled amplifier haB alrnoBt no output at frequencieB 
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greater than a few hundred kil0<;ycles per second, because of the shunting 
effect of the tube and the wiring capacitances. 

7-32. The Single-tuned-circuit R-F Amplifier. In considering an 
R-C-coupled amplifier the idea naturally occurs that it is possible to cancel 
the effect of the shunting capacitance by adding an inductor in parallel. 
Figure 7-76 shows a circuit based on this idea, in which Rb has been 
replaced by L. This gives the advantage of a lower d-c load as well as of 
canceling the effect of C at some 
certain high frequency. C may be A 
increased above the stray circuit and 
tube values to help in the tuning, 
or, for very high frequencies, the in-
ductor may be varied and only the 
stray and tube capacitances used. 
The amplification will be high at this 1 I 1 .f.--BW ,t+-BW 
antiresonant frequency / 0 of L and C e 2 ./-" c 

2 

"c 
and will decrease for either higher or Fm. 7_75. The response of an r-f am-
lower frequencies. The coupling ca- plifier should be like this. 
pacitor serves only to isolate the fol-
lowing grid from the high direct plate voltage and has no effect on the 
a-c action of the circuit. Norton's equivalent circuit for this amplifier is 
shown in Fig. 7-77. rp, R0 , and Rpar (the coil's a-c resistance) have been 
combined into R,k. L and C represent pure reactance elements. 

Equation (7-7) (A -g,,.Z,1,) may be used to compute the gain of this 
amplifier, and hence it is necessary only to determine the variation of z.,. 
with frequency to find the amplifier's response. The admittance of the 

Fm. 7-76. An amplifier with a single­
tuned load. 

i 
C Eo 

I 
Fm. 7-77. Norton's equivalent circuit for 
the single-tuned amplifier. 

load on the constant-current generator at the frequency /o is 1/R.,., and at 
any other frequency it may be stated as 

(7-145) 

This equation may be put into a more useful form. by factoring out 1/R,,., 
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introducing w0/wo, and using the relation that 1/woL woC. Hence 

Y.h = _!_ [i + j (R,i.wwoC woRsh)] 
R,,. wo wwoL 

where 

and 

1 [ . (w wo)] 1 [i 'Q'(f fo)] R,,. 1 +JR,,.woC wo - :;- = R,,. · +J o \Jo - f 

1 
wo = y'LC 

(7-146) 

(7-147) 

(7-148) 

is a convenient parameter. (An explanation of Q0 appears later in this 
article.) If Ii is a real number, we 
may express any frequency in terms 
of the resonant frequency as 

A 
Amax 

A I 
I 

I 
I I 
IE-BW-,,.; 
I I 
I I 
I I 

1 I 0 tl,· s <lo - 2(l0' 
I I i° 

.fo 1o- Qo' fa 
f'o 

J+Qo' j' 

FIG. 7-78. Frequency response of 
a single-tuned amplifier. 

f fo + ofo (7-149) 

from which it follows that Ii = (f - f o) /fo, 
f /f o = 1 + Ii, and (f /fo) (fo/f) = 
(2 + o)/(1 + o). Substituting into Eq. 
(7-146), we obtain 

Y,h = ;,,. [ 1 + jQ~o ~ ! n (7-150) 

or, since (2 + o)/(1 + Ii) = 2 o + o2 - o3 + ~ 2, with an error 
less than Ii if Ii < 1, 

Y,,. = Rl (1 + j2Q~o) ,,. (7-151) 

and 

Z.,h 
1 R.,. =--~-

Y,,. 1 + j2Q~o 
y' R,,.. /-arctan 2Q~o (7-152) 

1 + 4Q~21)2 

It now follows that 
-g,,;R.,. 

A= 1 + '2Q'o J 0 1 + j2Q~o 
(7-153) 

where Amax = -gmR,,,, is the value of A for o = 0, that is, at f = f 0• 

We may now plot the frequency-response curve for the single-tuned 
amplifier. This is done in Fig. 7-78. As in the case of the R-C-coupled 
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amplifier, the half-power frequencies may be called Ji and f 2• Since 
obviously there is no extended region of uniform response, it is generally 
convenient to consider the bandwidth in this case to extend from f1 to h, 

1 1 1 1 
BW = 2 X 2Q, f o = Q' fo = R-C f o = 2 R C 

o · o shWo 7r sh 
(7-154) 

It is not possible to obtain an inductance by using a coil without resist­
ance, and it is hence necessary to consider this resistance to be included 
in R,,.. The resistance accounting for 
copper loss in a coil is actually a series 
quantity, but for high frequencies much 
of the resistance is due to losses caused by 
induced voltages in shields, dielectrics, 
and cores. This may be considered as a 
parallel resistor. As a measurement 

li!tJer 

Ji! par 

usually determines the impedance of a Fm. 7_79_ Seriesandparallelequiv­
coil on a series basis, we may transform alents. 
as follows, using symbols shown in Fig. 
7-79: At any frequency the admittances of the two circuits are equal. 

Hence 

y _ 1 R .. , - jwL.er 1 j 
- R,er + jwLaer = R_.,2 + w2L • .,2 = Rpar - wLP., 

R .. ,2 + w2L.e,2 
wL •• , 

(7-155) 

(7-156) 

(7-157) 

If an alternating voltage is applied to either of the circuits of Fig. 7-79, 
the total current which flows differs in phase from the voltage by an angle 
fJ. The cosine of this angle, called the power factor, is a useful parameter. 
The tangent of 0 is also often useful and is symbolized by (J. In the par­
allel-tuned circuit, an applied voltage E causes a current E/Rpa,, in phase 
with the voltage, in the R branch and a current E/wLpa,, lagging the volt­
age by 90°, in the L branch. The value of Q = tan 0 would be (E / wLp.,) / 
(E/R.,.,) = Rpar/wLp••· The same voltage applied to the series circuit 
would make Q = tan 0 = wL .. ,/R..,. By substituting Eqs. (7-156) and 
(7-157) into the definition of the Q of a parallel circuit, we may verify the 
relation 

(7-158) 

Thus the value of Q obtained from either representation is the same. 
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If R.e, « wL,e,, that is, if Q has a large value, 

Rpar ~ (w~ •• ,)
2 

= Q2R.,,, = QwL •• , .. , (7-159) 

and 
(7-160) 

The percentage error in saying Lvar = L •• , is only 100/Q2 for ordinary 
values of Q. Of the above relations probably the most useful one is 

(7-161) 

for this gives the impedance of a parallel-tuned circuit at the resonant 
frequency. 

Returning to the discussion of the single-tuned amplifier, the value of 
Q~ may be expressed in a different form by using the resonant condition 
and equating admittances, 

or, from Eq. (7-148), 

l 
R.,. 

l 1 1 1 -,-=-+-+-­QowoL Tp R0 QowoL 

(7-162) 

(7-163) 

It should be noted that Qo belongs to the coil alone, while Q~ belongs to 
the whole circuit. We may solve for Q~. 

Q~= (1 1 1 ) 
woL -+- +--

rp R 0 QowoL 

l l (7-164) 

This formula is not particularly needed to calculate the value of Q~ (see 
Example 1 of Art. 7-33), but it is useful in the following consideration: 
If, with a fixed / 0 value, either L or Qo of the coil is raised, Rpar is thereby 
increased as shown by Eq. (7-161). Hence R,,. is increased, and the 
amplification Am.,. is made greater. If this is done by raising the value of 
Land keeping Q0 fixed, formula (7-164) shows that Q~ decreases and hence 
the bandwidth increases. But if L is fixed in value and Qo is increased, 
(7-164) shows that Q~ increases and the tuning is sharpened by the 
decreased bandwidth. Hence in designing an amplifier it is seen that 
bandwidth as well as gain can be planned for. 

7-33. Examples of Single-tuned Amplifiers 

1. Let us use a 6SK7 tube in the circuit of Fig. 7-76. Using values 
recommended by a tube manual, assume Ebb = 250 volts, Ec1a 3 
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volts, Ec20 = 100 volts, Ec3o = 0 volt. Use R0 = 0.5 megohm. The 
coupling capacitor can be 0.001 µ.f. For this academic problem assume 
Jo to be 796 kc, since w 0 then equals 5 X 106 radians per sec, which makes 
the arithmetic easy. A coil having L = 200 µ.hand Q0 = 150 is available. 
The required capacitance C, as given by 1/ w0

2L, is 200 µµf, which is easily 
obtained by adjusting a 360-µ.µ.f (maximum) variable capacitor. A tube 
manual yields the information that rp 0.8 megohm, gm = 2000 
micromhos, Ibo = 9.2 ma, Ic20 = 2.6 ma. The required Rk resistor is 
3/11.8 X 10-3 = 254 ohms. A value of R., = (250 - 100)/(2.6 X 10-3) 

~ 58,000 ohms is required. The bypass capacitors C,. and C., should 
have small impedances compared with Rk and Ra, respectively. For Ck a 
value of 0.01 µ.f having X. = 20 ohms is adequate, while, for Cd, 0.001 µf 
with 200 ohms is ample. The Qo for the coil being 150, the equivalent 
shunting resistor for the idealized coil may be computed as RP"' QowJ., 

150 X 5 X 105 X 200 X 10-e 150 X 1000 150,000 ohms, and 
this is the impedance of the parallel combination of coil and capacitor at 
the antiresonant frequency. R,1r, of Fig. 7-77 being Rpar in parallel with 
rp and R0 , it may be computed as (1/0.150) + (1/0.8) + (1/0.5) 6.67 

1.25 + 2.0 = 9.92 micromhos, or R,1,, = 1/9.92 0.101 megohm = 
101,000 ohms. Hence A1nax gmR,,. = 2000 X 10-s X 101,000 = 202. 
The value of Q~ for the circuit determines the bandwidth (the prime has 
been appended to avoid confusion with the Q0 of the coil alone), and it 
may be determined as Q~ = R,1r,/wJ., = 101,000/1000 101. Note that 
this value is lower than that of the coil alone because of the energy­
absorbing qualities of rp and Ru. The bandvridth BW = (1/Q~)fo Ho1 
X 796 = 7.88 kc. The response curve is that of Fig. 7-78 with proper 
numerical values inserted. 

2. For a 6SK7 tube with the operating voltages, resistors, and fre­
quency of Example I, what value of L should be used to give a bandwidth 
of 10 kc and what gain can be obtained? Coils with Q0 = 150 are 
available. 

Solution. At 796 kc, 

I 

Therefore 

or 

and Q' = R,1r, 
o wJ., 

R I (Q~/Qo) 
111,, = (1/rp) + (I/Ru) 

Since BW = f 0/Q~, Q~ = (796 X 103
) /10,000 = 79.6. Therefore 

I (79.6/150) I - 0.531 
R,,. -----~ = ---~ 0.144 megohm 

(1/0.8) + (1/0.5) 1.25 + 2.0 
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The gain obtainable is A = g,Jl,.,. = 2000 X 10-s X 0.144 X 106 288. 
woL = R,i./Q~ = 0.144 X 106 /79.6 1810 ohms, and L 1810/ (5 X 106) 

= 362 µh. 
7-34. Other Types of R-F Voltage Amplifiers. The type of amplifier 

atudied in Arts. 7-32 and 7-33 has the disadvantage in practice that, if C 
is made variable to adjust the tuning, 
both sets of plates must be isolated 
from ground and they are at high d-c 
potential above ground, making it 
dangerous to use in exposed posi­
tions. While the latter disadvantage 

Frn. 7-80. Transformer coupling may may be circumvented, other types of 
be used. 

circuits are usually favored, it being 
easier to maintain high effective Q0 values with them. 

We may use the idea of transformer coupling, and Fig. 7-80 shows an 
elementary circuit of this type. Because of core losses it is often imprac­
tical to use an iron core for the transformer, and air is ordinarily used for 
the greater part of the flux path, although powdered-iron slugs are some­
times employed to give high induct­
ance with fewer turns. Because of 
the small inductance of the coils, the 
load on the first tube is too low to 
give much voltage output if no tun­
ing is employed. Either the primary 
or the secondary or both may be 
tuned. The tuned-secondary type is 
widely used. If both coils are tuned, 
the tuning process is so complicated 
and critical that the capacitor adjust­
ments are usually semipermanent and 
the amplifier is used for a fixed r-f 
band only. 

7-35. Tuned-secondary Type of 
R-F Amplifier. The circuit is shown 
in both schematic and equivalent 
forms in Fig. 7-81. Inordertosimplify 

I al 

!bl 

FIG. 7-81. (a) Tuned-secondary r-f 
amplifier. (b) Equivalent circuit of 
(a). 

the analysis, the stray capacitance in the primary and also the capacitance 
between primary and secondary have been neglected. At very high fre­
quencies this would result in serious error. The transformer polarity is 
not important, but in order to make our analysis definite, it is assumed to 
be as shown by the dots. We can compute the secondary current, and 
it is obvious that the voltage drop in C2 will yield the output voltage. 
Hence we shall first compute 12. 
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As a preliminary step let us consider the simple coupled circuit repre­
sented in Fig. 7-82. The ratio E1/l1, called the driving-point impedance, 

Fm. 7-82. Equivalent circuit of a simple coupled circuit. 

can be shown to be 

The ratio Ei/12, called the transfer impedance, is 

Z1Z2 - Zm2 
Z12 = ----

Zm 

From the equivalent circuit of Fig. 7-81 

Z1 = rp + R1 + jwL1 

Z2 = R2 +j(wL2 - w~) 
Zm = jwM 

Also 

and 

Hence 

where 

(7-165) 

(7-166) 

(7-167) 

(7-168) 

(7-169) 

(7-170) 

(7-171) 

(7-172) 

z
12 

= (rp + R1 + jwL1)[R2 + j(wL2 - l/wC2)] + w2M 2 (7_173) 
jwM 

Substituting, 

A = -µM/C 2 (7 174) 
(rp + R1 + jwL1)[R2 + j(wL2 - l/wC2)] + w2M 2 -

We would like to have a graph of A vs. ffor f near Jo. Equation (7-174) 
looks formidable. It would be desirable to think of some simplifying 
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approximations, since great accuracy is not a consideration in an affair 
like this. Also a few simplifying substitutions often help in understand­
ing what is going on. 

or 

Let us list our assumptions as we progress: 
1. rp » !R1 + jwL1I, Hence 

A 

2. Let R~ = R 2 (w2M 2/rr,) as a convenient substitution. 
3. Also introduce w0, defined by woL2 = l/woC2. Then 

A 
1 + jQmJ!Jo) - (Jo/!)] 

(7-175) 

(7-176) 

(7-177) 

(7-178) 

5. Letf = Jo ofo, as was done in Eq. (7-149). Then (f/fo) (Jo/!) 
reduces to o[(2 + o)/(1 o)l, which is approximately 2o if o « 1. Hence 

A 
-gmwo_..lIQ; 
1 + jQ;20 

6. When f Jo, o 0. For this frequency 

(7-179) 

(7-180) 

Thus we have for the amplification for any frequency near the resonant 
value 

A A,...x 
= 1 + j2Q;o 

(7-181) 

This equation is identical in form to Eq. (7-153) for the previous case. 
The bandwidth is given by 

BW = Jo 
Q~ 

(7-182) 

Note also the close similarity between the formulas for Am,x and for BW 
and those of the former case of Art. 7-32. The curve of A vs. f may now 
be drawn, it being identical with that of Fig. 7-78 if proper numerical 
values are attached. 
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The value of Am.xis dependent upon M, which is a function of the coeffi­
cient of coupling. We shall now investigate this fact to discover what 
coupling is best to use to obtain high gain. Since the value of Q; depends 
upon M, we may write 

KM 
(7-183) 

where K is independent of M. If we set dAmax/dM = 0, we may be able 
to find the value of M which will make Amax the greatest. Doing this, it 
follows that 

(7-184) 

or the optimum value of mutual inductance is 

(7-185) 

The coefficient of coupling k, which equals M / ~. has an optimum 
value 

rp R2 1 
-;,;o1.,1 wol.,2 = ~ (7-186) 

where Q1 is the Q0 of the primary circuit and Q2 is that of the isolated sec­
ondary circuit. Under optimum coupling conditions the load seen by the 
tube is, by Eq. (7-165), w2M 2/R2 w0

2R2rv/R2wo2 rv, which means 
that the conditions for maximum power transfer are satisfied. 

For pentodes Q1 (""" wol.,i/rv) is usually so small that it is impossible to 
obtain the optimum value of coupling. This is not a matter of great 
importance, however, since the gain is quite satisfactorily high anyway, 
and too high gain per stage makes the problem of stray feedback trouble­
some. For triodes, which were formerly used in the ante-pentode days, 
and still are in high-power amplifiers, Q1 is higher, and the meager gain is 
enhanced by careful adjustment of k. The bandwidth is somewhat 
dependent upon k, but for pentodes to only a slight extent. These points 
are perhaps made clearer by the following example. 

7-36. An Example of a Tuned-secondary R-F Amplifier. For the cir­
cuit of Fig. 7-81a let the tube be a type 6SK7 with the same operating 
conditions as in Example 1 of Art. 7-33. For L1 assume 50 µh with a Qo 
of 150 and for the secondary coil £ 2 = 200 µh, Q0 = 150, tuned by a 
capacitance C 2 to f O = 796 kc. Recall that r P = 0.8 megohm, g,,, 2000 
micrornhos.' 
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Q 1 woLi/rp 5 X 106 X 50 X I0-6/0.8 X 106 = 312 X 10-6
; Q2 = 

150. Hence kopt 1/~ = 4.6. Since it is impossible to obtain 
this value and difficult even to approach unity for air-cored coils, let us 
assume that k = 0.6 is attainable. Then M = k-,/L1L2 0.6y'50 X 200 

R' 2 

60 µh. 

R
2 
+ wo2M 2 = woL2 + wo2M 2 5 X 106 X 200 X 10-5 

rp Q2 rp 150 
(5 X 106 X 60 X 10-6)

2 

+ 
0

_
8 

X 106 = 6.67 + 0.11 = 6.78 ohms 

which is practically the same as R2. Hence Q; = woL2/R~ = 150 approx­
imately. Amax = gmQ~woM = 2000 X 10-6 X 150 X 5 X 106 X 60 X 
10-s 90. BW = / 0/Q~ 791/iso 5.3 kc. As this bandwidth is 
likely to be too narrow, a secondary coil having a lower Qo should be 
chosen. As a result the gain -will be lower. Changing k is futile, for 
even if k could be made unity, the bandwidth would be widened very 
little, as may be seen by recomputing Q;. Making the L2/C2 ratio higher 
does not have the effect of making the bandwidth greater as it did in the 
case of the amplifier of Art. 7-32. 

7-37. Double-tuned Transformer-coupled R-F Amplifiers. In :Fig. 
7-80 if both the primary and the secondary are tuned, the frequency 
response of the amplifier may be quite different from that of the two cir­
cuits previously studied. It is not difficult to see that this is probably 
the case. Suppose the primary and secondary to be initially far apart 
and each tuned to a frequency fc- The coils are then moved closer 
together so that a small degree of coupling exists between them. With 
the circuit in operation there will appear a voltage at the output. As the 
frequency of the signal is varied through the value f 0 , the primary current, 
the secondary induced voltage, the secondary current, and the output 
voltage all pass through a peak at f,. With the coils moved much closer 
together, impedance from the secondary considerably alters the equiv­
alent primary impedance. For some frequency higher than f 0 , the sec­
ondary circuit is inductive and hence the impedance coupled into the 
primary is capacitive [see formula (7-165)]. This alters the primary 
impedance to make it less inductive, thus raising the frequency for max­
imum response. The same explanation can be made for the action at 
some frequency lower than fc• Thus two peaks in the frequency-response 
curve appear, there being a dip between them. Figure 7-85 shows three 
performance curves. For a = 0.5 the coupling is loose. For a = 2 the 
coupling is close, and two humps appear. 

Thorough theoretical and design treatments of this type of amplifier 
are available in the literature, but an elementary study is not particularly 
difficult and will be made here. Referring to Fig. 7-80 we shall assume 
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that the only coupling between primary and secondary is inductive (i.e., 
there is no capacitive coupling between the coils) and that the two coils 
are identical. It is also assumed that 
no current is drawn by the following 
stage. 

As a preliminary step let us find the 
equivalent II for the two coupled coils (see 
Fig. 7-83). Most students find it easier 
to find the T first. As these are fairly ~ 
familiar operations only the results are 
given here. Norton's equivalent circuit 
for this version of the amplifier of Fig. 7-80 
is shown in Fig. 7-84a, and its new form 
after replacing the simple coupled circuit 
by a Il is shown in Fig. 7-84b. This again 
is shown in a simplified form in Fig. 7-84c. 

_L_+_M_~-......,F~2 -,-L-+M-

A pentode tube is being used, and its rp Frn. 7-83. Two coupled coils and 
is assumed to be infinite. This gives their T aud II equivalents. 

the circuit an advantage of symmetry and makes R = Rpar = Q0woL. 
M The impedance of the parallel 

R C C' 

R C 

!lmvu. -- (b) 

Z2 

Z1 ) Z1 
gmYg - (cl 

]'rn. 7-84. Double-tuned r-f amplifiers. 
(a) Norton's equivalent circuit, (b) the 
circuit in IT form, (c) a simplified-version 

combination of R, C, and L + M 
is labeled Z1. That of the arch 
value (£2 - M 2

) / M is called Z2. 
It should be easy to see that 

I V Z1 
2 Ym a 2z1 

+ z
2 

(7-187) 

and that 

Here Z 1 is the impedance of R, C, 
and L + M in parallel. At the 
antiresonant frequency Jo of C and 
L + M, its value is R, while for 
nearby frequencies the value is 
given by adapting Eq. (7-152); thus 

R 
Z1 = 1 + j 2Q00 (7-189) 

of the II form. where o is the fractional deviation 
in frequency from fo. It should be noted that Jo is not the resonant 
frequency of the isolated primary, as the mutual coupling increases the 
effective self-inductance by an amount M. 
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We may express Z2 as 

. L2 _ M2 . L2 _ M2 = j_J"i 
Z2 = JW M = JRw MR a (7-190) 

.. ,here a is a useful parameter, 

MR kLR k k 
a = w(L2 - 11,[2) = wL2(l - k 2) = Q 1=-k2 s,j Qo (7-191) 

For frequencies near / 0, Q is approximately constant at Qo, and hence Z2 
is also approximately constant. 

Substituting these formulas for Z1 and Z2 into Eq. (7-188) yields 

V C +~2Qooy 
-g,,,. u 2R .R 

1 +J2Qoo +Ja: 

Ra 
-gm Va (1 + j2Qoo)(2a + j - 2Qoo) 

(7-192) 
and 

A = Ea = g,,JRa 
Va (1 + j2Qoo)[l + j(2Qoo - 2a)] 

(7-193) 

The locus of this equation has symmetry about an axis whose location 
depends upon the value of the parameter a. In order to change this 
equation to a better form for plotting, obvious symmetry is desirable. 
The symmetry is made more apparent if one lets 

2Qoo = y + a 
Then 

A= Ym}Ra 
[l + j(y + a)][l + j(y - a)] 

and 

1 = g,,.Ra 
· y'[I + (y + a) 2][1 + (y - a)2] 

gmRa 
=---;=============~= y'y4 + (2 - 2a2)y2 + a4 + 2a2 + 1 

(7-194) 

(7-195) 

(7-196) 

Note that y occurs in even powers only, and hence the graph of A from 
(7-196) has symmetry about the value where y = 0, that is, where o = 
a/2Qo. Because of this symmetry A must have a maximum or minimum 
value at y = O, and there may be other zero-slope values besides. To 
investigate this, let dD 2/dy = 0, where D is the denominator in Eq. 
(7-196). Then 

4y3 + 2(2 - 2a2)y = 0 (7-197) 
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or 
y = 0, ± -0i2=1 (7-198) 

If a = 1, the zero-slope value is given by a triple root y = 0, which 
shows the curve of A vs. I to be very flat near this point. The coefficient 
of coupling k may be evaluated by solving Eq. (7-191) fork, 

k = -Qo + -.../Qo2 + 4a~ 
2a 

which becomes, for a 1, 

k = -Qo + -.../Qo~ + 4 ""' _1:_ 
2 Qo 

This is very loose coupling for the usual Q0 value. 
y 0 is given by substitution into Eq. (7-196) as 

A= Amax= g2R 

(7-199) 

(7-200) 

The value of A for 

(7-201) 

a = 1 and k = 1/Qo are called transitional values since a < 1 gives one 
maximum value, while a > 1 gives two maximum values, as will be seen. 
They are also called critical values as they are the lowest values which 
make the amplification the greatest obtainable. 

For the case when a = 1, the bandwidth may be obtained by setting 

the expression for A in (7-196) equal to gmR _~and solving for y, yield-
2 v2 

ing the value y = ± -.../2. Then for y = + -.../2, o = (1 + -.../2)/2Q 0 , 

while for y = - -.../2, o = (1 - y'2)/2Qo. Hence ft= lo+ [(1 - -.../2)/ 
2Qo]fo, and fz = lo + [(1 + -.../2)/2Qo]fo, We may now solve for the 
band width as fz - Ji. 

(7-202) 

Since the bandwidth for the isolated Z1 circuit is fo/Qo, it follows that for 
these conditions, 

BW = y'2BW,1 

For a < 1 the only real zero-slope value is y 
yields 

A 
gmRa 

mu= a2 + 1 

(7-203) 

0, and Eq. (7-196) then 

(7-204) 

For a > 1, y = ± -0i2=1 are also real values, and for these points 

(7-205) 
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which is independent of a. At y = 0 formula (7-204) is again 
obtained, but here it is a minimum value; 

-4-3-2-1 0 I 2 3 4y 

FrG. 7-85. Frequency response of a 
double-tuned amplifier. 

(7-206) 

The half-power points occur at 
y = ± ya2 + 2a - 1, and hence the 
bandwidth is 

BW = ya2 + 2a - 1 B"Wz, (7-207) 

Typical graphs of A vs. y are shown 
in Fig. 7-85. The amplification is 
normalized relative to the value g,,R /2. 

The center frequency Jc occurs 
where y = 0 and hence, by Eq. 
(7-194) 1 where o = a/2Q0• Hence 

Jc= Jo(l + o) = Jo ( 1 + 2~) (7-208) 

This expression may be simplified. If we use Eq. (7-191) and assume 
k « I, 

Jc = 271" V (£
1 
+ lvI) G [ l + 2 ( 1 ~ k2)] 

= 271" yLG .)1 + (M/L) [ l + 2(1 ~ k2)] 

= 1 [ 1 + k ] ,:,;; 1 (l + ~) 
271" yLC yl + k 2(1 - k2

) 271" yLC [1 + (k/2)] 2 
1 

=--= 
271" yLC 

(7-209) 

Thus Jc equals the resonant frequency of the isolated primary or sec­
ondary. This approximation is very good for coupling near the critical 
value and with ordinary coils. 

Amplifiers of the double-tuned type are almost universally used in the 
i-f stages of superheterodyne receivers, where by careful adjustment a 
response curve of suitable height and width and ·with steep sides may be 
obtained. The value of a is usually chosen slightly greater than unity, 
and the curve is then a fair approximation to the ideal of Fig. 7-75. For 
most i-f transformers the manufacturer p~rmanently adjusts the two coils 
to this condition. The tuning of the coils, performed by adjusting the 
capacitors or the inductors, allows the technician to obtain the correct 
center frequency. With less than critical coupling it may he shown that 
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stagger tuning, meaning the tuning of the primary to a frequency some­
what below center and the secondary to a frequency slightly above center, 
yields a characteristic somewhat resembling that of the more than crit­
ically coupled case, and hence the tuning adjustments allow a certain 
amount of bandwidth adjustment. 

7-38. An Example of a Double-tuned Amplifier. A type 6SK7 tube 
is used in a double-tuned r-f amplifier. At the selected operating point 
Ym = 2000 micromhos, rp = 0.8 megohm. The transformer has identical 
primary and secondary coils with L = 200 µh, Qo = 100. The mutual 
inductance 11,f is 4 µh. The tuning capacitors are equal, and C = 200 µµf. 

The secondary load impedance may be considered infinite. (Usually the 
output i-f transformer in a receiver feeds into a diode which draws some 
current. The foregoing analysis is then somewhat in error.) 

Since r P is very high, its effect will be ignored. We shall find the band­
width and the gain. The computations are 

1t[ 4 
k = \/LL = 200 = 0·

02 

_ Q0k _ 100 X 0.02 ~ 2 a - I - /c2 - 1 - 0.0004 ~ 
1 1 

f. = 21r '\/LC = 21r '\/200 X 10-6 X 200 X 10:_12 = 795 
kc 

1 1 
Jo= 2;~(L0 +~M)C = 21r '\/204 X 10-6 X 200 X 10-12 = 

787 
kc 

The half-power points occur where y = ± ,Va2 + 2a - 1 = ± y7 = 
± 2.65 or where o (a + y) /2Qo = (2 ± 2.65) /200 = 0.0232, or -0.0032. 
Thus 

/ 1 = 787(1 - 0.0032) = 784 kc and /2 = 787 (1 + 0.0232) = 
805 kc. 

BW = h - ii = 805 - 784 = 21 kc 
YmR,h gmQowoL 

Amax - - 2- = --2-
= 2000 X 10-6 X 100 X 21r787 X 103 X 200 X 10-6 = 

99 
2 

4 = gmR,ha = ~max2a = 99 X ,1 = 79 
~ 1, a2 + l a,2 + 1 
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PROBLEMS AND QTJESTIONS 

1. The triode section of a 6AT6 tube is used in the circuit of Fig. 7-86. RL = 100,-
000 ohms. E •• = 250 volts, and E,0 = -3 volts. (a) Use a tube manual to determine 

Eo 

FIG. 7-86. 

values of loo, E •• , Rk, c.P, c.k, c,,k, µ., Tp, and Ym• (b) Draw Thevenin's equivalent cir­
cuit for low frequencies. Assume C. is very large. (c) Find A10 w. (d) Draw Nor­
ton's equivalent circuit of high frequencies. Assume C.,, = 15 µ.µ.f. Determine the 
total shunt capacitance from plate to cathode, assuming a low-impedance source for 
V,. (e) Determine the gain at 100 kc. (f) "\\''bat modification should be made in 
Norton's circuit if the signal frequency is 100 Mc? 

2. The gain of an amplifier using a 6.AT6 triode is 40.7 /157° at 100 kc. The input 
voltage V0 is 2/0°. Find the grid current 10 if the operation is class 1. 

3. A type 6AU6 pentode is used in a voltage-amplifier circuit. The gain is found 
to be A = 150/120° at 100 kc. If V0 = 0.2/0° volts, find 10 at this frequency. 

4. The gain of a certain amplifier is 150/182° at 1000 cps and 89/230° at 60 cps. 
Calculate the decrease in voltage gain in decioois. --

6. A certain crystal microphone under test conditions gives an open-cirouit output 
voltage 50 db below 1 volt.· How much amplification in decibels is needed to furnish 
12.5 volts drive for the grid of a 6V6 power tube? 
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6. Figure 7-87 shows a T-type attenuator. Its insertion between the generator and 
the 500-ohm load decreases the power delivered to the load but s'hould not change the 

r-----------7 
45312 I 

son. I 
I 
I 

L---------..l 
FIG. 7-87. 

500J. 

impedance presented to the generator. Check the design by proving R 1n "" 500 
ohms, and compute the decibels loss caused by the insertion. 

7. A two-stage direct-coupled amplifier of the Loftin-White variety is to be designed 
(see Fig. 7-88). For the first stage Eb. = 52 volts, E •• = -2 volts, I •• = 1 ma. For 
the second stage Ebo = 202 volts, E •• = -10 volts, I.. 1 ma. (a) Connect the 
various leads to the voltage divider, and label the potential (relative to the tube 1 

Tube I 
6J5 

r::::::;=i 
E1.,;, 

FIG. 7-88. 

l50Kfl. 

grid) at each connection. (b) Draw Thevenin's equivalent circuit for each stage. 
(c) If the grid of the first tube is made 0.5 volt more positive, what change in voltage 
appears across the 100,000-ohm resistor; across the 150,000-ohm resistor? Neglect 
the effect of the voltage divider. For tube 1, µ = 19, rp = 14,300 ohms. For tube 2, 
µ = 18, rp = 22,800 ohms. 

8, Review problem. (a) Draw Thevenin's equivalent circuit for the amplifier of 
Fig. 7-89. The portion of the cathode resistor which furnishes bias is well bypassed, 
but R1 is not. (b) Write the four equations needed for solving for E •. 

Fro. 7-89. 
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9. See Fig. 7-90. (a) Find A for middle frequencies. (b) The gain may be increased 
by increasing Ro, If this is done and the Q point is kept fixed, what practical difficulty 
arises'? {c) If an attempt is made to increase the gain by increasing Rb and keeping 
E,0 fixed, what practical difficulty may arise? (d) In case (b) if R. is large, what 

rp =5000Jl 
µ =20 

C=O.Olµf 

0.5Mll Ea Rg= 1 
i Vg 

o---=tl1t-+ ______________ --o 

FIG. 7-90. 

numerical value does the gain approach as R; is made very large? (e) _Find the lower 
half-power frequency. (!) If V0 1/0° volts, find E. at frequency f,. (g) Although 
the load on the tube increases as the frequency decreases, the gain falls off. State in 
your own words why the gain of an R-C-coupled amplifier falls off at low frequencies. 
(h) To improve the 1-f response, should C be increased or decreased; should Ru be 
increased or decreased? 

10. Two of the three identical stages of an R-C-coupled amplifier are shown in 
Fig. 7-91. R 0 = 0.5 megohm, R0 = 0.25 megohm, C = 0.02 µf, Cw = 15 µµf, Ca and 
Ck are very large. Ebb 250 volts, Rk = 1200 ohms, Rd = 1 megohm. For this Q 

FIG. 7-91. 

point r,, = 1.5 megohm, gm = 700 micromhos. (a) For the first stage only determine 
R,., R1ow, C •• , Ji, f 2, Am,d• (b) Sketch the graph of A vs. f for the two identical stages. 
(c) At what frequencies is the gain of the two stages down 3 db from the mid-frequency 
value? 

11. Determine the input admittance to the first tube of Fig. 7-91 at the frequency 
of 100 kc. 

12. An R-C-coupled amplifier consists of three identical stages using 6J5 tubes. 
For each stage Ebb = 250 volts, Rb = 100 kilohms, Ra = 500 kilohms; Rk = 3900 
ohms and is well bypassed. The coupling capacitor is 0.01 µf. C,,, 12 µµf. (a) 
Sketch the graph of gain vs. frequency for one stage. (b) Determine the input admit­
tance at the upper half-power frequency. 

13. A eertain amplifier has f 1 = 60 cps and fz = 500,000 cps. A step voltage is 
applied to the grid. (a) What time is required for the output voltage to rise from 
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10 to 90 per cent of its greatest value? This time is often called the "rise time." (b) 
What time is required for the output to fall 10 per cent from its greatest value? 

14. A type 6SH7 tube has the following characteristics: C, = 8.5 µ,µf, Cout = 7 µ,µ,f, 

rp = 0.9 megohm, g,. = 4900 micromhos. Assume that two of these tubes are used 
in cascade with a coupling capacitor of 0.2 µ,f and that Cw is 14.5 µ,µ,f. (a) What is the 
gain-area criterion for the first tube? (b) It is desired that the above tube be used in 
an amplifier which has a nearly uniform amplification from very low frequencies up to 
1.5 Mc. This may require a different value of coupling capacitor but does not appreci­
ably change Cw, Approximately what value of amplification per stage may be 
expected? 

15. Compare 7G7, 7AG7, and 6BH6 type tubes as to suitability for use in a video­
frequency voltage amplifier. 

16. A compensated broad-band amplifier has been constructed with a plate load 
as shown in Fig. 7-35b. The quantity Q2 as defined in Eq. (7-60) has been selected as 
0.44. The upper half-power frequency of this amplifier before compensation is 2 Mc. 
For the tube used, g,. = 5000 micromhos, and rp 0.7 megohm. (a) Determine the 
value of R,, if the maximum gain per stage after compensation is 10. (b) If this value 
of Rb is used, at what frequency is the upper end of the mid-frequency band for this 
compensated amplifier? (c) What is the upper half-power frequency of the amplifier 
after compensation? 

17. A wide-band amplifier is to have a flat gain characteristic and a phase shift 
proportional to frequency up to 4 Mc. What value of f 2 should be used for the design 
of the uncompensated amplifier? 

18. (a) By inspection you should be able to express Eo in terms of I and the circuit 
constants for the circuit of Fig. 7-40 when R1 = R2 = Rand C, = C2 = C. (This is 
a special case.) (b) Now by an extension of the reasoning of (a) you should be able 
to express, by inspection, E. in terms of I and the circuit constants when R1/Xa, 

R 2/Xc,. (This is a more general case.) 
19. Figure 7-92 is the same as Fig. 7-42 except that the C-Ru coupling is deleted. 

Find the gain at zero frequency and at a high frequency. (The results of this problem 
should help you to understand how 1-f compensation comes about in the circuit of 
Fig. 7-42.) 

µ :20 

0-
lorge 

FIG. 7-92. Fm. 7-93. 

Rt,• 
IOKJ2 

(2) 

20. (a) In the balanced amplifier of Fig. 7-93, what is the potential of point 1 
relative to point 2, with no applied signal? (b) A signal 5 sin wt volts with polarity 
as shown is applied between the grids of the amplifier. Find the voltage at point 1 
relative to point 2 as a function of time. 

21. Refer to the circuit of Fig. 7-47. Rb 50 kilohms, R0 = 100 kilohms, Rk 
= 1000 ohms. E,,& is the proper value to make µ, = 20, Ym 1500 micromhos. 
C, = C, 0.01 µf. (a) Determine the mid-frequency gain of each tube and the 
value of Rab• (b) What is the ratio of E 20/E10 at the lower half-power frequency if Rk 
is well bypassed? (c) Repeat (b) with Rk not bypassed. 
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22. Determine the circuit values for a two-tube type of phase inverter employing a 
6SN7 double triode. Each output voltage is to be 50 volts rms for middle frequencies. 
The lower half-power frequency is 20 cps. Assume Rk is well bypassed to avoid a 
determination of the feedback effect. What value of input voltage is needed? 

23. Draw the circuit and determine the circuit values for a split-load type of phase 
inverter using a 6J5 tube. Each output is to be 25 volts rms. The lower half-power 
frequency is 20 cps. Assume this to be unaffected by feedback. Will the outputs be 
balanc'ed at 20 cps? What value of input voltage is needed? 

24. A current amplifier eonsista of three 6J5 stages. For the first and second stages 
Rb 100,000 ohms, R, = 300,000 ohms, µ. = 20, r 11 = 15,000 ohms. The load on 
the third stage is practically O ohms and the tube operates with µ. = 20, g,. 1200 
micromhos. If the alternating grid signal for the first tube is 0.01 volt, what alter­
nating current flows in the plate circuit of the third tube? 

25. A current amplifier is to be designed to deliver 1 amp of current to operate a 
heavy-duty relay, with an amplifier input of 0.01 volt. The relay resistance is 
negligible. The output tube is a large power triode with g,. = 10,000 microml:v:>s. 
How many stages of voltage gain will be required before the output tube if each stage 
has a gain of 10? 

26. A 6C5 tube is used as a cathode follower. It is fed by another 6C5 used as a 
conventional amplifier with Zout 10,000 ohms. The follower feeds, in turn, 
another conventional amplifier (6C5) having a gain of 14. We are interested in the 
cathode follower. µ. = 20, rp = 10,500ohms, R. = 20,000ohms, R, = 500,000ohms, 
C = 0.01 µ.f, c.k 3.0 µ.µ.f, Cup = 2.0 µ.µ.f, c,,. = 11 µ.µ.f, chk = 12 µ.µ.f, C., = 14 µ.µ.f, 

Ebb = 200 volts. Determine Amid, /1, ft, Cu at /mid, Zout at /mid, See Fig. 7-94. 

Frn. 7-94. 

27. A 6J5 is to be used in a cathode-follower circuit similar to that shown in Fig. 
7-56. Rk is to be 30,000 ohms. Assume R, » Rk, Assume the limits on the grid 
drive to be 0 and -16 volts. Ebb = 300 'Volts. (a) Label ek units on the eb axis, and 
draw the load line on a sheet of 6J5 plate characteristics. (b) Determine values of 
E •• , E •• , and Ri. (c) Relabel the curves with input-voltage values corresponding to 
the va1'ious grid voltages. (d) An input signal sufficient to drive the grid to O volts is 
used. Determine E.,,,., E.,,,. and the percentage of seoond-harmonic distortion. 
What value of grid drive is needed? 

28. In Fig. 7-95 the desired operating point for tube 2 is E,0 = -6 volts, Ibo = I 
ma. (a) Determine the operating point for tube 1 and the value of R.. (b) Use the 

FIG. 7-95. 

50 
Kfl 
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plate characteristics, and determine I" and rp for each tube. (c) Assume linear oper­
ation, and draw the equivalent circuit. Determine the value of E 0 if V 10 = 1 volt. 

29. For an iron-core transformer prove that LP = (1 - k)L, and L, = a•Lp, 
30. A transformer-coupled amplifier has the following circuit values: Tube 6J5: 

rp = 7600 ohms, µ = 20, C0p = 3 µµf, C0, = 3 µµf, Cvk = 4 µµf. Transformer: 
Rv = 400 ohms, R, = 4500 ohms, L1 = 15 henrys, Cp, = 300 µµf, Cp = 10 µµf, C, 
= 50 µµf, k = 99.8 per cent, N./N1 = 3. Both polarity dots are at the top. The 

following stage is a 6J5 with a resistance load and a gain of 15/180°. The stray and 
wiring capacitance on the secondary side of the transformer is 49 µµf. Compute all 
values necessary to determine A vs. I, and plot the curve. 

31. \Vhy should an a-f voltage amplifier not use transformer coupling following a 
pentode? 

32. A 200-µh inductor has an equivalent-series r-f resistance of 10 ohms at 796 kc. 
Determine (a) Qo on a series basis, (b) the equivalent shunt resistance at I = lo, (c) 
the equivalent shunt inductance at I = lo, (d) Q0 on a shunt basis. 

33. For a single-tuned-circuit r-f amplifier, rp = I megohm, Um = 1800 micromhos, 
L = 300 µh, Ru = 0.75 megohm, lo = 796 kc. If Qo = 125, determine R,h, Amax, 
bandwidth, and the gain at 800 kc. 

34. An amplifier of the type of Fig. 7-76 has rp = 1 megohm, Um = 1500 micromhos, 
R 0 = 1 megohm, lo = 796 kc. Wbat values of L and of Qo should be used if BW 
= 20 kc and Amax = 150? 

36. An air-core r-f transformer has L1 = 200 µh, L2 = 3200 µh, R, = 50 ohms, 
R 2 = 100 ohms. The secondary is capacitor-tuned to a frequency of 796 kc. The 
primary is in the plate circuit of a triode for which µ = 20 and rp = 8000 ohms. (a) 
Determine the optimum coefficient of coupling. (b) What is the gain at 796 kc for 
this coupling? (c) \Vhat is the bandwidth with this coupling? (d) Repeat (b) and 
(c) if k = 0.707 is used instead. 

36. A double-tuned transformer-coupled r-f amplifier is to be designed to have a 
frequency-response curve which is centered at I = 1 Mc. The bandwidth of the 
amplifier is to be 14.14 kc. The coupling is to be adjusted to the transitional value. 
(a) What should be the resonant frequency of the two tuned circuits? (Hint: Con­
sider the center frequency to be the arithmetic mean of I, and f..) (b) Assume 
the resonant frequency of the tuned circuit to be very near 1000 kc. Find the 
approximate Q0 of the tuned circuit if the bandwidth is to be as stated. (c) If the 
coils used have inductances of 200 µh and Qo's of 150, how much resistance must be 
added in parallel with each to bring their Qo values down to 100? (Assume lo = 1000 
kc.) (d) What will be the gain at the center frequency if the tube used has a Um of 
1800 micromhos? (Assume effective Qo = 100, L = 200 µh, lo = 1000 kc.) (e) 
Calculate the capacitance of the tuning capacitors if lo = 1000 kc and L 200 µh. 

37. Prove the statement of Eq. (7-132). To do this, assume the losses for primary 
copper, secondary copper, and core to be, respectively, P /4, P /4, and P /2. Assume 
a power efficiency '1 and input and output voltages E, and E./a, respectively. Start­
ing with E,, compute the currents and voltages for the equivalent circuit in terms of 
P, '1, and E,; in this way determine an expression for E./a. From this determine a 
relation between E 2 and E 1 in terms of a and '1· Hence obtain Eq. (7-132) as an 
approximation. 

38. Derive Eq. (7-52) for the fall in output voltage in a video-frequency amplilku: 
caused by charging of the coupling capacitor. 



CHAPTER 8 

AUDIO-FREQUENCY POWER AMPLIFIERS 

8-1. Introduction. In this chapter we shall study vacuum-tube 
amplifier circuits which give a large output voltage of substantially the 
same waveform as that of the input voltage, accompanied by a large cur­
rent of like waveform, so that there is considerable power delivered to the 
load. The operation really is a power-conversion process, as in most 
cases all of the output power derives from the plate d-c source, under the 
control of the signal voltage applied to the grid. In general the treatment 
can often be made similar to that used for voltage amplifiers, except that 
usually the operation is not linear and therefore graphical or experimental 
procedures give most accurate results. 

Except for details, a power tube resembles a voltage-amplifier tube. 
Power tubes vary in size depending upon the amount of output power 
desired and the efficiency of operation. For a small amount of output 
power a voltage tube may be used. The tubes with the higher power 
ratings need larger anodes to dissipate by radiation the heat derived from 
the energy of the impinging electrons, without making too high a tem­
perature necessary. For tubes of very high power rating the heat may be 
carried away by convection by an air or a water stream. A second 
requirement for a power tube is a sufficiently large cathode to furnish the 
necessary electron emission. This also means that a relatively large 
amount of heating power will be needed. Small power tubes use oxide­
coated cathodes, while those of medium power employ thoriated tungsten, 
which will withstand somewhat more ionic bombardment. High-power 
tubes with their very high voltage drops use pure-tungsten filamentary 
cathodes. Tubes of small and moderate ratings may be triodes, tetrodes, 
or pentodes, but for the very high power ratings there is a problem of cool­
ing the screen grid of the latter two kinds, which makes the triode usually 
preferred. 

In making a choice of tube, the class of operation, which is related to 
the efficiency, must be taken into account. If the very best quality of 
output is required, as in some measurements circuits, it. is well to use 
class A1 operation as this renders the output most free of distortion. In 
this connection it may also be advisable to choose a tube of higher power 
rating than actually required, so that the grid drive may be made small 
compared with the maximum allowable and thus decrease the distortion. 

244 
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If the distortion requirements are not so stringent, class A1 operation with 
maximum allowable drive applied may be quite satisfactory. For sound­
reproduction purposes there is usually no need for very low distortion, 
and a more efficient class of operation such as AB1 or AB 2 may be good 
enough, when used with a balanced amplifier of the push-pull type. 
When the a-c power requirement is great enough so that large costly tubes 
are needed, it may be important to operate with the high efficiency of 
class B. Class C operation does not in general render an output wave­
form which is a replica of the input-voltage waveform and hence is use­
less for the purposes dealt with here. 

The tube and class of operation having been decided upon, the operat­
ing point and the load must be chosen. Practically all power tubes 
require quite specific loads for proper operation, and these usually are not 
the ones available. Hence transformer coupling between tube and load 
is almost universal, for lower-frequency operation anyway, although other 
impedance-matching devices are available, particularly at higher frequen­
cies. An extra advantage of transformer coupling is the low d-c load for 
the tube, making the plate-supply-voltage requirement but little more 
than the tube's operating voltage. The operating point is usually chosen 
together with the load since they are mutually dependent. The class of 
operation, the allowable distortion, and the plate operating voltage all 
have importance here. 

8-2. Circuit Type and Efficiency Using Class A Operation. If one 
neglects important features for the sake of simplifying an analysis to a 
point where it may be completed with only moderate difficulty, the 
results are bound to be incomplete. They can also be misleading unless 
one realizes that simplifications have been made and that adjustments are 
required in interpreting the results for practical application. This must 
be kept in mind in the idealized analyses which follow. 

For the ordinary power amplifier there is a choice between only two 
basic circuits, one with directly connected load and the other with 
inductively coupled load, ordinarily using a transformer. It has already 
been stated that the latter is the almost universal arrangement, but let 
us give the matter a bit of study, using idealized class A operation in the 
example. 

The plate-circuit efficiency is defined as 

(8-1) 

Its value depends upon the type of circuit, the class of operation, the load, 
the operating point, and the amount of grid drive applied. For the 
amplifier of Fig. 8-la .. ith its direct-connected load, the load line is 
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drawn in Fig. 8-lb. If no signal is applied, Pac = 0, Plib Ebblbo, and 
r,p 0. If a grid signal is applied sufficient to make the operation 

-. between points A and B and no dis-
10 i tortion is assumed, the formulas of 

t RLl Art. 6-16 may be used to obtain 

lly Zee Ebb-=- p E' J 6bmin ibmax - ibmin 
ac = p p ~------~ 20 20 

(a) 

(f>) 

(8-2) 
and 

pbb = EbbJ,,-0 Ebb ibmax t ibmin (8-3) 

[::.rote that I,,,, = ( ibmax ib,.;n) /2 only 
in the distortionless case.] Hence 

(8-4) 
FIG. 8-1. (a) A power amplifier with 
direct-connected load. (b) The load 
line for this amplifier. 

The greatest theoretical grid signal 
which could be applied for class A 

operation would move A and B to positions on the axes. Under these 
extreme conditions 

(8-5) 

Since the grid drive used would swing the grid to a high positive value, it 
greatly exceeds practical limits, so that 25 per cent is the upper limit to 
the efficiency of this type of circuit. 

Let us now consider the circuit with inductively coupled load as in 
either of the diagrams of Fig. 8-2. The load line for RL is shown in Fig. 
8-2c. For these circuits suppose Rdc = 0 and hence Ebo = Ebb. 

The formula for Pa, is the same as that given by Eq. (8-2), but the 
input power is 

p _ E J _ E ib,...,_ + ibmin 
bb- bbb-0- b-0 2 (8-6) 

and hence the efficiency is 

% (8-7) 

If a large grid signal is applied which puts both A and B on the axes, 
then ibmu = 2Ibo and ebmax = 2Ebb and the theoretical upper limit to the 
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efficiency becomes 

_ lOO (2Eoo - 0)(2lbo - 0) 
1/p - 4E1x,(2ho + 0) 50% (8-8) 

Thus higher efficiencies are obtainable by using inductively coupled 
loads, though in practice class A efficiencies are not nearly 50 per cent 
because the load required may not give enough power and low enough 
distortion. With pentodes and beam power tubes, the characteristic 
curve for ec = 0 is closer to the 
vertical axis than in the case of 
triodes, and hence these tubes sur­
pass triodes in practical plate-circuit 
efficiency. 

For any of the circuits of Fig. 8-1 
or 8-2 suppose Ebb and Ecc to be 
adjusted to make the quiescent plate 
dissipation of the tube not exceed 
the allowable limit. If an a-c signal 
e0 is now applied, power will be 
delivered to the load. If there is no 
distortion, the average current will 
be unchanged so that the power 
Pbb from the plate supply will be 
unchanged. Since RL is receiving 
more power than before by the 
amount of Pac, it is obvious that the 
tube must be dissipating just that 
much less power. Hence the plate 
dissipation decreases upon the appli­
cation of a grid signal, its value 
with signal being 

(8-9) 

In practice this theoretical rela­
tion is somewhat in error since the 

eg 

o-;i----------__, 
{a) 

!lo 
0--1--------' 

I 
I 

I 

{bJ 

(l-c-/ood line 

E,,b 
(C) 

D-c-lood 
---line 

FIG. 8-2. (a) Shunt feed is used; XL» 
RL. (b) The effect is the same with a 
transformer. (c) Their load line. 

average current usually differs somewhat from Ibo because of distortion. 
And of course it applies only to class A operation. 

8-3. Efficiency with Other Classes of Operation. If the circuit of 
:Fig. 8-2b is operated with Ecc high enough to just cut off the plate current 
with no signal applied, the operation is class B (see Fig. 8-3). With 
sinusoidal signal applied, the grid-voltage, plate-current, and plate­
voltage waveforms are shown in Fig. 8-4; the latter two are assumed to 
be half sinusoids. To be practical, a balanced-amplifier arrangement is 
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needed to supply the other half cycle, or a tuned load might be used. 
For the purpose of this discussion let us consider only the power related 

t 

Ebo e0 
FIG. 8-3. Class B operation. FIG. 8-4. Waveforms for class B oper­

ation. 

to one tube of the balanced amplifier. 

Pbb = Ebbha = Ebbibmnx ! 
'If" 

'l'/p = 100 :11: (Ebb - ~bmiJibmax = lO0 ~ Ebb -

4 Ebb'/,bmax 4 

(8-10) 

(8-11) 

(8-12) 

If ebmi• is made to approach zero, the upper limit to the theoretical effi­
ciency of a class B amplifier is obtained. 

'If" 
1/p = 4 X 100 = 78.5% (8-13) 

This is most easily approached by using a very high load impedance, in 
which case ibm•x will be small and the power output small. Hence in 
practice it is not desirable to obtain this high efficiency by using a high 
load impedance. Rather, it is usual to drive the grid highly positive to 
the limit of the allowable dissipation of the grid or of the plate or the limit 
of the power of the driver (the signal supply), whichever is least, and thus 
obtain satisfactory power output and high efficiency. 
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From the discussion of this article it is seen that class A operation 
involves low efficiency which cannot exceed 50 per cent and usually is 
much less. Class B operation cannot give efficiencies exceeding about 
78 per cent and can be made to exceed 50 per cent in practice. The 
efficiency in class AB operation is intermediate between these values. 

8-4. Optimum Load and Bias for a Class A1 Amplifier. The load 
impedance which yields the most power output depends upon the condi­
tions imposed upon the operation. Under light grid-drive conditions, 
when a high-impedance load is not needed to limit the distortion, one may 
determine one answer; when heavy grid drive makes it necessary to watch 
distortion, one obtains perhaps another answer. If Ebb is one of the 
parameters, still another result can be 
obtained. We shall discuss what appears 
to be the more important possible 
circumstances. 

We shall first suppose that the operating 
point and the available grid-signal voltage 
are fixed and that there is no appreciable 
distortion. Then the linear-equivalent­
circuit theorem may be used, and the 
results are easy to obtain. There is even 
some practical use for these results. For 
perfectly linear performance r P and µ 

must be constant throughout the cycle 
of operation. This implies straight, 
parallel, and equispaced characteristic 
curves in the plate diagram. In a small 

{a) 

{b) 

a:1 

IIU 
T 

Fm. 8-5. (a) A power amplifier. 
enough region of the diagram this can (b) Its linear equivalent circuit. 
usually be assumed to be the situation, 
and hence, if the grid-signal voltage is small, the results obtained by 
this method will be fairly reliable. 

:Figure 8-5 shows a power amplifier and its linear equivalent circuit. 
ZL is the load looking into the primary, and if the transformer is con­
sidered to be ideal, this will be a2Z. 

rp + ZL cos (} + jZL sin (} 
since 

Hence 

(8-14) 

(8-15) 

(8-16) 

(8-17) 
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P,.0 will be a mathematical maximum only if 

aP !!3. = O and aP ac = O 
azL ao (8-18) 

The first of these conditions yields 

(8-19) 
and the second condition gives 

8 = 0 (8-20) 

Hence ZL should be a pure resistance equal to rp. This, of courne, is no 
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FIG. 8-6. Operation of a power amplifier with various loads, bias, and drive. 

surprise as it is the usual condition for maximum power delivery for a 
fixed-voltage generator ,vith purely resistive internal impedance. 

Under the conditions of (8-19) and (8-20) the power delivered to ZL 
rp becomes, upon substituting into Eq. (8-17), 

Pacm•x ;~:
2 

= µ.gmru2 (8-21) 

which indicates that the power is proportional to the square of the grid­
signal voltage and to the product µgm. Thus fJ.(Jm may serve as a figure of 
merit for power tubes. 

The conditions imposed in the analysis just completed are usually not 
very practical oneB, In general it is desirable to design a power amplifier 
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to give the largest possible power output within the set limitations of 
allowable plate dissipation, permissible harmonic distortion, and the 
available plate-supply voltage. The approximate rule yielded by Eq. 
(8-21) shows that high grid drive is important and hence the resulting 
harmonic distortion must become an essential element in the de&ign. 
Distortion due to the flow of grid current through the impedance of the 
grid-voltage source can be obviated by using class 1 operation. Drive 
to zero grid voltage is usually considered to be the limit in this connection, 
and although a small amount of grid current flows for somewhat negative 
values of the grid voltage, there is only a small error made in not limiting 
slightly the grid drive. 

Let us first consider the specific problem of a triode amplifier with Ebo 

held at 200 volts while the load resistance, grid bias, and drive are 
changed. In Fig. 8-6 five different bias values are used, and, with grid­
signal voltage always sufficient to drive to zero, the load in each case is 
adjusted to give 5 per cent harmonic distortion. Table 8-1 shows the load 

TABLE 8-1 

' 
Load line E •• RL Pac, watts Distortion, per cent 

u -5.0 0.9r,, 1.64 5 
V -6.0 1.4rp 2.03 5 
w -6.5 l.95r,, 2.03 5 
X 

I 
-7.0 2.6r,, 2.01 5 

y -8.0 4.2r,, 1.53 5 

in terms of rp and the full-drive power output. It can be seen that the 
load giving maximum power output is apparently somewhat less than 2rp, 

Evidently under these conditions the load should not be rp, 

It is desirable to obtain a general rule for determining the best load for • the amplifier. Since the problem is quite complicated, we again resort 
to some idealization of the tube characteristics and hence the solution 
obtained will be only approximate. 

Let us write down our assumptions: 
1. The tube is a triode. 
2. Ebo is fixed in value. 
3. It is noticeable in Fig. 8-6 that, although the maximum values of 

plate current vary widely, the minimum value is not greatly different 
from 20 ma. Therefore, to limit the distortion to a certain amount, the 
value of ibm,n will be considered fixed. 

4. Grid bias, grid drive, and RL are variable. 
5. To simplify the analysis, we shall make a further assumption that 

the characteristic curves are straight, parallel, and equispaced in the 
region above ibmla· 
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Figure 8-7 gives us a geometric construction to work with. EA is the 
plate voltage corresponding to i,,m,n and ec = 0. Recognizing that 

and 

ab 
rp = .be cot fJ 

bd 
RL = = cot <f, 

(8-22) 

(8-23) 

we have the geometrical relation 

EA Ef>o eb 

FIG. 8-7. Slightly idealized character­
istic curves are used. 

or 

= ab + be 211,,,,rp + 
J pmRL (8-24) 

(8-25) 

If dPac/dRL is set equal to zero, the 
condition for maximum power is obtained. This process yields 

(8-27) 
The corresponding power is 

p - (Ebo - EA)~ 
aC,ru,x - l 6r p 

(8-28) 

The optimum grid bias may be estimated by using a formula derived as 
follows: An approximate formula for the amplification factor is 

Aeb 
µ,= for constant ib, and with small incremental values (8-29) 

Hence 

µ, = ebmax - EA 
2Eca 

(Ebo E.1)3rp 
4rpEco 

from which 

21pm(RL + rp) 
2E"" 

3 Ebo - EA 
4 Eco 

(Eoo - EA)(RL + rp) 
(RL + 2rp)Eca 

(8-30) 

(8-31) 

The value of EA is not generally known. Trials with a 2A3 tube show its 
approximate value to be between ½ 1 and 7B Ebo for 5 per cent distortion. 
Use of the value O.lEbo for EA gives a formula which is approximately 

(8-32) 
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It is perhaps important to repeat that these formulas are for a triode, they 
are not very accurate, and they should not be used at all if the plate dis­
sipation exceeds the allowable limit thereby. For more reliable results a 
laboratory or even a graphical determination is to be preferred. 

8-6. Graphical Determination of the Best Operation for a Class A1 

Triode Amplifier. Reference to a tube manual will usually determine 
the allowable plate dissipation for a given triode. For quiescent operation 

(8-33) 

If the locus is plotted on eb, ib axes, it is a rectangular hyperbola. If 
the Q point for the tube is located above this hyperbola, the plate will 
overheat. 

Let us suppose Ebo is specified, as it is usually possible to estimate its 
value. If use of formula (8-32) locates Q below the plate-dissipation 
curve, the operating point obtained can be safely used and the results 
obtained by using a load equal to 2rp should be fairly satisfactory, except 
that the amount of distortion produced may exceed the desired value. 
If, on the other hand, the rule places Q above the curve, it should be 
lowered to a position on the curve, keeping E00 the same value. Trial 
load lines may now be drawn through Q and determinations of harmonic 
dih'tortion made using formulas (6-42) and (6-41), pursuing a trial-and­
error method until a satisfactory line is obtained. 

An alternate and generally more satisfactory method of drawing the 
load line for a given amount of distortion is to use a so-called distortion 
rule. The theory supporting this method, which is valid for class A 1 

triode circuits only, depends upon the statement that the allowable 
second-harmonic current can be a certain percentage H of the fundamen­
tal current. Hence, again using formulas (6-42) and (6-41), we obtain 

iomax + ibm;n 2[b! H (8-34) • 
2 ( iomax ibmin) - 100 ti, 

One can clear this of fractions and group 
terms to obtain the relation 

(1 0.02H) (ioraax - ht) 
= (1 +0.02H)(Ibt - ibmin) (8-35) 

or 
ibmax - lot 
lbt - ibmin 

1 + 0.02H (8-36) • 
1 0.02H 

In Fig. 8-8, if AT /TB = (1 + 0.02H)/ 
(1 0.02H), relation (8-36) is satisfied 

et, 

Fm. 8-8. Distortion occurs if A 'T is 
not equal to 'TB. 

and full-drive operation of the amplifier will produce H per cent 
of second-harmonic distortion in the plate current. Specifically, if H = 
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5 per cent, the ratio AT/TB = 1.1/0.9 = 1,!,g. To recognize easily this 
relation between segments of the load line, as the load line is turned on the 
T point as an axis, one may make a rule as shown in Fig. 8-9, called a 
9-11 rule or a 5 per cent distortion rule. From a point labeled 0, mark 
off to the right and label successive 1/i 6 in. (or any other convenient unit). 
To the left mark off and label successive 1 H 6 in. 

jllll jll 111I11111111 I' 11q1111p I llj lllljl lll jll I 1p111p1 l ljlll ljl l l~lllllllljlllljlllljlllljlllljlllljllllllllljlll lllllljlll llllllllllll 
7 6 5 4 3 2 IO I 2 3 4 5 6 7 

Fm. 8-9. A 5 per cent distortion rule. 

If this rule is used as a straightedge for drawing a load line, with the 0 
placed on T and the larger spaced end of the rule toward higher plate 
currents, the rule can be rotated until the number falling on the ec 0 
curve is the same as the number falling on the ec = 2Ect curve. When 
this occurs, the ratio of lengths will be 11: 9, which makes the distortion 
5 per cent. 

Upon applying a signal the operating point for a triode rises to a new 
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T point (Arts. 6-7, 6-17), which may 
be above the plate-dissipation curve. 
However, the plate dissipation actu­
ally decreases upon application of 

· the grid signal (Art. 8-2), and so no 
trouble ensues, and unless one 
wishes in the interest of greater 
accuracy to reevaluate the distortion 
using the new T point, its deter­
mination may be omitted. After 
all it must be remembered that the 
characteristic curves used do not 
very accurately represent any indi-V i 0.1 

0
_
4 

vidual tube, and there is no use in 
0.6 0.8 I 1.5 2.0 2.5 b . . l h . f 

'/ emg particu ar to t e pomt o Ratio Et,
0 

lll00 
absurdity. 

FIG. 8-10. A conversion chart for power 
tubes. (Adapted from RCA. Receiving­
tube 1lf anual, by permission.) 

After the load line is drawn, the 
values of IP, and EP, may be calcu­
lated, using formula (6-41) and its 

voltage paraphrase. From these the a-c load resistance and the power 
output may be computed. By calculating I0a with the use of Eq. (6-40), 
the input power may be computed and, from that and Pac, the plate­
circuit efficiency obtained. 

8-6. Designing a Class A1 Triode Power Amplifier Using a Tube 
Manual. For power tubes in common use, a tube manual may be con­
sulted for advice on proper operating conditions. If it is convenient to 
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obtain the exact value of plate voltage, the required circuit values can be 
easily computed. If, however, the value of Ebo must differ somewhat 
from the published value, the manual may have a conversion chart which 
gives the new operating values. A typical chart is shown in Fig. 8-10. 

The theory underlying this chart is not too rigorous, and hence the 
results are only approximate. By Art. 4-5 the plate current for a triode 
follows an approximate three-halves-power law, 

ib = k(eb + µe,)% (8-37) 
At any point 

and since 

(8-38) 

(8-39) 

(8-40) 

If we use Eq. (8-32) as an approximation to the proper bias Eco, then as 
Ebo is changed, Eco also changes so that, at the operating point Q, 

(8-011) 

or the values of rp under the new and the published conditions, respec­
tively, are related, 

(8-42) 

The load resistance bears an approximate linear relation to r ,,, and hence 

(8-43) 

The relation for Ibo is obtained from Eq. (8-37) as 

(8-44) 

Since gm µ/rp andµ is approximately constant, 

g:,. = (E~o)};\ 
gm E1x, 

(8-45) 

The relation for grid bias is obtained from (8-32), 

E' E' 
____"!! = ___J,£ 
E,,, E1x, 

(8-46) 
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The output power is given approximately from Eq. (8-28) by neglecting 
EA, 

(8-4 7) 

Let us continue with Pac as an example. 

P' 5 E' log-~ = - log-~ 
Pac 2 Eba 

(8-48) 

With the vertical axis uniformly calibrated in terins of log (P:JP ac) and 
the horiwntal axis likewise calibrated in terms of log (E'oo/ Ebo) (but 
labeled in terms of P:cf Pac and E'i.,/Eba, respectively), the locus will be a 

80 

40 

100 200 300 400 

straight line through the origin (log 1, 
log 1),and with slope%. To check the 
P:c!P ac ratio for E~/ Ebo = 2.5, we 
evaluate % log 2.5 ~ 0.995, ·which 
then yields 9.9 as the value of the ratio 
P:JP ac• In a similar fashion the other 
graphs of Fig. 8-10 may be justified. 

8-7. Class A1 Amplifiers Using 
Pentode and Beam Power Tubes. 

eb (volts l Figure 8-11 shows hypothetical char­
Fm. 8-11. There are better tubes than acteristic curves for a tetrode power 
a tetrode for power amplifiers with an 
untuned load. tube. To avoid serious plate-current 

distortion, operation in the region 
of the "dip" should be avoided. A low screen voltage gives too low cur­
rent to yield much power output. A high screen voltage forces operation 
for low distortion to be conducted with very high plate voltages, limiting 
the efficiency severely. This makes it appear that tetrodes of this type 
should not be used for power purposes unless the load is tuned to filter 
out distortion components, though v.rith low screen voltages they might 
be fairly satisfactory as voltage amplifiers. 

Tubes of the pentode type (including suppressorless beam tubes) with 
low screen voltages are likewise unsuitable for power use because of the 
low plate current. The characteristics of a type 6F6 with a high screen 
voltage appear in Fig. 8-12. High power output is now possible with a 
moderate plate-supply voltage. Superimposed on this graph are the 
e0 = 0 curves for a 2A3 triode and a 6V6 beam tube. Since the theoret­
ical 50 per cent efficiency is approached more nearly as ebrn;n approaches 
zero, the 6V6 is best in this regard and the 2A3 poorest. A pentode-type 
tube has a higher amplification factor than has a triode of the same g"' 
rating because the plate is shielded from the cathode while the control grid 
iis not. Hence the pentode-type tubes require less grid drive to change the 
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plate current from maximum to zero than does a triode working between 
the same limits. This quality is included in the expression called the 

ib 
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Frn. 8-12. Comparison of characteristics for tube types 6F6, 6V6, and 2A3. 

power sensitivity, its definition being 

S 
_ ['ac 

p - Ei 

The optimum load for a pentode-type tube is somewhat more difficult 
to determine than that for a triode. The idealized plate characteristics 
may be drawn as in Fig. 8-13. The 
most power will be obtained if load i1, 

line Bis used. For this line 

Rr_, = ~Eoo 
ioma.x 

This rough approximation is gener­
ally unsatisfactory and a laboratory 
determination or a graphical pro- Ebo eb 

cedure using tube characteristics is Fw. 8-13. Idealized curves for a 
preferable. pentode. 

To determine the proper load to use, let us suppose the operating values 
Ebo and Eco are known. A possible Q point has been marked in Fig. 8-12 
for the 6F6 tube. We may now draw several load lines through the Q 

point and for each compute the values of IP,, IP., Ip., EPi, R1,, and Pac, 
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using the formulas of the (6-52) to (6-56) group and their voltage para­
phrases. Figure 8-14 gives in graphical form the variation of Pac, per­
centage second harmonic, percentage third harmonic, and percentage 
total harmonic distortion, vs. RL. For low load resistance values the 
second-harmonic distortion is high because of the crowding together of the 
characteristic curves at the bottom. As the load is made higher, the seg­
ments at the two ends of the load line become more nearly equal, indicat­
ing less distortion. A handy criterion for the line position to give zero 

"' .... .... 
., C: 0 
O>o ~ 
O·-+-.... C: 
C '- ·­
Cl> 0 " ~-:;; ~ 
8:'.'o R; 

20 5 

16 4 

12 3 

8 2 

4 

0 
0 2000 4000 6000 8000 10,000 

Plate load in ohms 
FIG. 8-14. How Pac and distortion vary with load for a 6F6 pentode. 

second harmonic is obtained by setting the expression for IP, [Eq. (6-54)] 
equal to zero, i.e., 

0 (8-51) 

or 
(8-52) 

As a first approximation / 61 can be taken equal to l1x,. Then when the 
two segments of the load line on opposite sides of Q are equal, the second 
harmonic approximately vanishes. Lines corresponding to higher load 
values cross crowded characteristics at their upper ends, and formula 
(6-54) will yield a negative answer. A negative coefficient in a Fourier 
series indicates 180° phase shift relative to terms having positive coeffi­
cients. If these numbers are plotted above the axis, the second-harmonic 
distortion curve takes on the appearance shown in Fig. 8-14. The other 
desired curves are also shown in the figure. It should be noted that to 
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obtain a power output very near the maximum the total distortion is 
quite high. It is often judged better to sacrifice power in order to get 
more moderate distortion. In fact, the usual practice is to operate near 
the load value which gives minimum total distortion. Fortunately the 
sacrifice in power is not severe in the case of the tube whose characteristics 
are shown. To recognize the proper load to use without the labor just 
involved in this case is not too easy. However, it should be noted that 
the point of zero second harmonic is nearby, the total distortion for this 
load value being but slightly more and the power output being greater. 
Hence the load line which yields the relation (8-51) is commonly used in 
the absence of specific information. 

If the value of Ec10 is not known, one may proceed as follows. In prac­
tice ibmin is very close to zero, and ibmax does not differ greatly from the 
value on the ec1 = 0 curve at the lower part of the knee (point A in Fig. 
8-12). Hence Ibo is approximately ibm.,/2. With the allowable plate 
dissipation known, Ebo may be chosen as any desired value up to the 
maximum limit imposed by this dissipation. With the Q point approx­
imately located, one proceeds as above to find a suitable load line. 

With the signal applied, the average plate current is given by Eq. 
(6-52). If this is not equal to Ibo, the T point moves away from Qin a 
manner determined by the method of obtaining grid bias. Should the 
change in current be considerable, the new T point should be determined 
(see Art. 6-17) and a retrial for proper load line made. 

After the load has been determined, it is well to check the screen dis­
sipation against the allowable value. The dissipation is given by a for­
mula similar to that for plate dissipation. 

P _ ic2m&Jt + ic2min + 2/ c2t E 
g2 - 4 c2o (8-53) 

The method given above for determining the proper load is laborious, 
and often the recommendations of the tube manual can be followed with 
satisfactory results. The conversion chart of Art. 8-6 is based upon 
triode theory, but the plate current for a pentode also follows an approx­
imate three-halves power of the screen voltage; hence if the plate voltage, 
the screen voltage, and the control-grid voltage [see Eq. (8-46)] vary pro­
portionally, the relative distribution of electrode currents in the tube is 
unchanged and the plate current follows the rule of Eq. (8-44). Hence 
the triode conversion chart is approximately applicable to pentode-type 
power tubes. To the formulas (8-42) to (8-47) must be added one giving 
the new required screen voltage. 

(8-54) 
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Thus if one satisfactory set of operating conditions is found in a tube man­
ual, another satisfactory set with a somewhat changed value of Ebo can 
be determined. Note: A check on the plate dissipation should always be 
made if Ebo is raised. 

Besides the foregoing difficulties in determining the correct load to use, 
more troubles beset the user of a pentode-type power tube. One is caused 
by the fact that the load may not be constant at all frequencies, this being 
especially the case for loudspeaker loads. For a typical speaker the var­
iation of impedance with frequency is shown in the graph of Fig. 8-15. 
This variation is largely due to the fact that a speaker is an electro­
mechanical system which has electrical qualities of resistance, inductance, 
Ohms and a small amount of capacitance, 

so in addition to dissipative, inertia, 

60 

40 

20 

and spring actions, which to the 
electrical driver appear as more 
of the same electrical qualities, 
respectively. Resonances occur 
near the top left peak and near the 
bottom dip, these being the only 

ioo 4oo 1000 io,ooo cps points at which the equivalent 
Fro. 8--15. Variation of impedance with 

10 

f f t · 11 d k impedance is entirely resistive. requency or a yp1ca ou spea er. 
The output-transformer turns ratio 

is usually chosen to make the 400-cps (dip) value of speaker resistance 
appear to be the correct load to the tube. Thus throughout much of the 
frequency range the tube has a load impedance higher than the optimum 
value. For a triode this causes some loss in power (about 11 per cent for 
a twice normal load), but the distortion actually decreases below the nor­
mal value. However, for a pentode the distortion increases greatly, first 
because of greater nonlinear distortion, and second because different fre­
quency components of the signal are not amplified the same amount, the 
high frequencies and those around 90 cps being favored the most. This 
means that low frequencies which have their harmonics near 90 cps will 
have an apparent increase in harmonic distortion and also h-f overtones 
in the output will be overemphasized, giving an unnatural sound to the 
output. 

One treatment which tends to cure this effect of changing load is to 
shunt the output transformer primary by a network, usually R-C, whose 
impedance varies with frequency in a manner somewhat to offset the 
changes in speaker impedance. A second treatment is the use of nega­
tive feedback. As we shall see in a later chapter, this can cancel to a 
considerable degree the distortion produced in the tube by the nonmatch­
ing load along with distortion due to other causes. 

For a speaker to give good reproduction of transients it needs consider-
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able damping, i.e., a way quickly to dissipate stored energy. In addition 
to that naturally possessed by a speaker there is the beneficial effect of 
the plate resistance of the power tube as seen by the speaker coil through 
the output transformer. The vibrating coil moves in a magnetic field 
and thereby becomes a generator which drives current through any 
impedance shunted across it. The flow of this current dampens the 
movement of the vibrating coil. Naturally, the lower the shunting 
impedance, the greater the damping effect. Figure 8-16 illustrates the 
effective impedance shunting the voice coil of a dynamic loudspeaker for 
a 2A3 triode and for a 6V6 beam tube in typical cases. The output 
impedance for a pentode--type tube is quite high, and the damping effect 
less satisfactory. However, the 
nominal loudspeaker impedance of 
10 ohms, shown in the diagrams of 
Fig. 8-16, rises to many times this 
value at some frequencies, and this 
increases the relative damping. 
The use of negative voltage feed­
back reduces the equivalent output 
impedance of the tube and offers a 
satisfactory method of increasing 
the damping as well as giving other 
benefits. 

8-8. Parallel Operation of Tubes 
for Greater Output Power. If the 
power output obtained from one tube 
is satisfactory in quality but insuffi­
cient in quantity, the latter may be 
doubled with a minimum outlay of 

250012 

80012 -
2A3, rp= B00fl, RL = 250012 

6V6, rp 52,000fl, RL = 500012 

.Fm. 8-16. A loudspeaker is damped by 
the power tube if the tube's output im­
pedance is low. 

expense and trouble by using parallel operation. If another power tube 
of approximately identical characteristics is added to the circuit and corre­
sponding electrodes of the two tubes are connected together, the operation 
may be made satisfactory by changing the bias resistor, if cathode bias is 
used, and by changing the output transformer to a different turns ratio. 
For the same bias with double the cathode current, the value of Rk should 
be halved. The plate characteristics for the combination of the two 
tubes may be made by changing the values on the current axis for one 
tube to double their former amount. Thus the equivalent plate resistance 
will be halved, and the required matching load becomes half its former 
value; a new transformer turns ratio should be used to give this. The 
required grid drive is not changed, nor is the harmonic distortion reduced. 

8-9. Push-pull Operation.1 Under certain conditions more than 
twice the power output may be obtained with no increase in distortion, 
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if push-pull operation is used. The circuit for a push-pull amplifier using 
triodes with fixed bias is shown in Fig. 8-17. The two grid signals are 
180" out of phase and are usually furnished by a balanced amplifier or by 
a phase inverter of one of the types discussed in Art. 7-22. In all the 
discussion that follows the two tubes are considered to be identical. 

The circuit being almost the same as that of a balanced amplifier 
studied in Art. 7-21, the equivalent-circuit method used there can be 
applied if the grid drive is small enough to assure approximately linear 
operation. This equivalent circuit is shown in Fig. 7-45a and is simplified 
to a more convenient arrangement in Fig. 7-45b, in which an equivalent 
tube with plate resistance 2rp and amplification factor 2µ operates in a 

1v19 

o-----j ....-...__~I ii I 1---~ 

ll.l2g Ecc B 

series circuit with the entire load 
for both tubes. 

Since the purpose of a power 
amplifier is to obtain a large power 
output, the grids are usually sup­
plied with large signals which render 
the operation far from linear. The 
equivalent-circuit method is then 
not very good for computing the 
power output and of course useless r!:d t;:_· A push-pull amplifier using for determining the distortion, even 
if the proper load were known. A 

graphical method is needed. We already have studied successful graphi­
cal methods for single-sided (one tube or two parallel tubes) amplifiers. 
Let us see what we can do with this push-pull amplifier to convert it to an 
equivalent single-sided one. 

The first thing to do with the amplifier circuit drawn in Fig. 8-17 is 
figuratively to pull both tubes from their sockets. Then we replace, say, 
the No. 1 tube by a new type of tube. If the new tube delivers the same 
power with the same current waveform to the load Ras did the two orig­
inal tubes, then we have successfully reduced the problem to a single­
sided basis. It then remains to determine the characteristics of the new 
tube, or composite tube as it is called, and go about the familiar part of 
the problem-finding the correct load, the a-c power, the distortion, etc. 
Calculations pertaining to d-c quantities must be made from the char­
acteristics of the real tubes since the composite-tube equivalence is for 
alternating quantities only. 

In order to find the required characteristics for the composite tube, 
let us start with the output transformer, diagramed in Fig. 8-18. If it is 
of good quality, it may be considered as approximately ideal, and among 
other things the mmf drop due to the reluctance of the iron core may be 
neglected when the full-load currents are flowing. If we do this, the mmf 
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drop (measured in ampere turns) around the magnetic path abcda is 

(8-55) 
or 

(8-56) 

where 
(8-57) 

i~ is the current required to flow through half the primary turns N 1 in 
order to make i2 flow from N2 secondary turns through the load R. Since 
the composite tube feeds into the upper half of the primary turns and no 

d 

FIG. 8-18. The output transformer. FIG. 8-19. Circuit with composite tube. 

current flows into the lower half, i; is the required plate current for the 
composite tube. 

The circuit for the composite tube is shown in Fig. 8-19, it being iden­
tical with that of Fig. 8-17 except that tube 2 is removed and tube 1 is 
replaced by the composite tube. The circuit is not like the linear equiv­
alent ones, with which we are familiar, in that the d-c supplies are still in 
the circuit and the currents and voltages are total ones, not just alternat­
ing components. 

Let us determine the operating conditions for the composite tube in 
terms of those of the original tubes, using primes to indicate composite-­
tube quantities and subscripts 1 and 2 to refer to the respective real-tube 
quantities. Comparing circuits, E:c = E 1cc, and v: = V1g; therefore 

(8-58) 

If the waveform and amount of voltage applied to R are to be the same 
with the composite tube as with the original tubes, the flux in the winding 
of the secondary also must be the same as before. Hence the voltage 
induced in N 1 must be the same. This was e1p originally and is now e~. 
Hence we may write E:W E1ob, e~ = e1p, and therefore 

(8-59) 
But it will be remembered that 

(8-57) 
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which completes the determination of the operating conditions for the 
composite tube. 

The three relations of (8-57), (8-58), and (8-59) are sufficient to deter­
mine the characteristics of the composite tube, but it is helpful to develop 
better working relations. The operation of tube 1 at any moment is 
related to the operation of tube 2 at the same moment. It is possible to 
change the procedure of determining the characteristics to make the volt­
ages on tube 1 alone, or on the composite tube alone, since these are the 
rsame, be a guide in choosing the currents to be subtracted according to 
Eq. (8-57). Since the plate current of a triode, or of a pentode-type tube 
with fixed screen voltage, depends upon the grid and the plate voltages, 
one may write 

and 
where 

and 

or since the flux in both halves of the primary is the same, 

and therefore 

Adding e1b of (8-61) to e2b of (8-63) and transposing yields 

(8-60) 

(8-61) 

(8-62) 

(8-63) 

(8-64) 

which may be used to change the plate voltage of tube 2 to terms of tube 1. 
Also we may write 

But 

and hence 

and (8-65) 

(8-66) 

(8-67) 

Adding e 1c of (8-65) to e2c of (8-67) yields 

(8-68) 

which is a handy relation between the instantaneous total grid voltages. 
Let us now substitute e1c from (8-65) into i 1b of (8-60) and also substitute 
e20 of (8-64) and e20 of (8-67) into i2o of (8-60). 

fo f(e1b, Eco + V10) 

Then 

and i'Jb = f(2Ebo - C1b, Eco - V1g) (8-69) 

(8-70) 
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is the formula which may be used to determine the characteristics of the 
composite tube. To do this, only the characteristics of one of the two 
identical tubes are needed. However, if two curve sheets are available, 
the work is somewhat simplified, particularly in determining the average 
current and the d-c power requirements. 

Since formula (8-70) contains both Ebo and Eco, it is necessary to know 
these values before the characteristic curves for the compositfl tube can 
be drawn and of course a new set of curves is needed if the operating point 
is changed. In drawing a characteristic curve for a fixed e: value, several 
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points are needed unless the curve is straight, which is in general not true. 
Such a curve shows composite-tube current i~ for many values of e~, and 
the current at each point on the curve is obtained by subtracting the cur­
rent flowing in the No. 2 tube from that flowing in the No. 1 tube. The 
principal difficulty is in following Eq. (8-70) in matching values correctly. 
The procedure is best illustrated by examples. 

'Gsing 2A3 tubes, let us first carry out the process with but one sheet of 
characteristic curves (see Fig. 8-20). If we assume a value of Ebo equal to 
250 volts, the highest safe value of Ibo is 60 ma, since the allowable plate 
dissipation is 15 watts. If we use a-c heating of the filaments, this oper­
ating point corresponds to a bias of about -44 volts. (The curves on the 
sheet are for d-c heating, in which case the grid already has 1.25 volts 
more bias than is labeled on the curves because the grid return is to the 
negative side of the filament battery.) In order to simplify our problem 
somewhat, we shall use 50 volts bias and neglect the error in curve label­
ing. We may first construct the curve for e; = -50 volts. The grid 
signal v~ ( = v10) required to drive to this value is zero, and hence by rela-
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tion (8-70) the currents of the curve for e2c = -50 - 0 = -50 volts are 
subtracted from the currents of the curve for e10 -50 + 0 -50 
volts. The No. 1 tube current may be taken at any plate voltage e1b, and 
the No. 2 tube current to be subtracted from it must then be taken at a 
plate voltage 2Ebo e1b = 500 - e1b volts. For e1b = 250 volts as the 
first value, ilb = 31 ma. The corresponding value of e2b is also 250 volts 
with i2b = 31 ma, making i; = 0, which we plot against e; = 250 volts on 
the same sheet. Moving now to e1b = 275 volts where ilb = 60 ma, and 
to e21, = 500 - 275 = 225 volts where i2b = 13 ma, we obtain i~ 47 ma, 
which is plotted vs. e~ = 275 volts. If e1b 300 volts, ilb 93 ma, e2b 

200 volts, i21, = 2ma, and i; = 91 ma at e' = 300 volts. For elb = 325 
volts, e21, = 175 volts, and i21, = 0; hence the value of i~ is the same as i10 
and in the same position on the curve for e1c = -50 volts. A smooth 
curve may now be drawn through the points obtained and continued 
exactly on the curve for e1c -50 volts after this curve is once reached. 
The new curve is now labeled e: = -50. 

To draw the curve fore: = ~40 volts, we take current values from the 
curves for eic = -50 10 = -40 volts and e2c = -50 - 10 = -60 
volts. For e; = 250 volts, elb = 250 volts, i 10 = 76 ma, and e2b 250 
volts, i21, = 7 ma, making i~ = 69 ma. For e21, 235 = 250 - 15 volts, 
i21, cuts off, and elb = 250 15 = 265 volts, i1b = 100 ma. Thus e~ = 
265 volts, i; 100 ma. In like manner, taking one plate voltage any 
amount less than 250 volts and the other plate voltage the same amount 
more than 250 volts, the currents may be rapidly determined and the 
curve for the composite tube dravn1. Several of these curves are sho~"'Il 
in the figure. 

8-10. The Analysis of the Performance of a Push-pull Amplifier. As 
a second example let us draw in Fig. 8-21 the curves for a composite tube 
replacing two 2A3 tubes operating with E00 = 300 volts and a fixed bias 
of Eco -60 volts. Since the curve sheet for the No. 2 tube has been 
inverted and placed below that for the No. 1 tube with the axis markings 
for 300 volts matched, the values of eb which are used together are always 
found together in a vertical line. For example, when elb = 300 50 = 
250 volts, e20 should be 300 50 = 350 volts, and these values will be 
found to match so that it is necessary only to read current values above 
and below the value e~ = 250 and subtract them to obtain i~. The 
arrangement also makes it easy to extend the characteristic curves for the 
composite tube to negative values of i~. We may now rapidly complete 
the drawing of the curves. 

Examination of these characteristic curves for the composite tube in 
Fig. 8-21 shows the characteristics to be fairly straight and parallel, and 
the spacing is also much more uniform than for any real tube. Digressing 
a bit, if values of grid bias progressively more negative than -60 volts 
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are used, the characteristics become both increasingly bent and not so 
uniformly spaced. For a value of Eco -80 volts, which is the bias for 
exact class B operation, the composite-tube characteristics are almost 
identically those of the two real tubes as shown, for example, by the orig­
inal curves of Fig. 8-21. 

Returning to our example, for amplifier operation with composite char­
acteristics so nearly ideal as these, the distortion even for full class 1 drive 
is of course quite small. Since the curves are almost parallel, any load 
line drawn through the operating point, E~ 300 volts, E:0 = - 60 volts, 
will be cut in the same proportions by the characteristic curves and the 
distortion is almost the same for all loads. Furthermore, if the load line 
corresponding to a certain load crosses the curve for e: 0 anywhere near 
its upper extremity, the position of this intersection is unchanged by 
moderate changes in bias. This is true because, if a new value of E;0 is 
adopted, not greatly different from -60 volts, new characteristic curves 
may be drawn but the one for e; = 0 will have the same position in its 
upper part. With i~max and i;,,,.10 ( -i~m .. J remaining the same and the 
load unchanged, the power output remains constant. Hence it appears 
that changing the bias (and corresponding drive) a moderate amount 
does not affect the power output, nor does changing the load affect the 
distortion greatly. An approximate rule for choice of load under these 
conditions is to let R~ = r~ [Eq. (8-19)]. This means that the trans­
former turns ratio may be chosen to make the impedance looking into the 
upper half of the transformer appear to be equal to r~. A tentative load 
line corresponding to this amount has been drawn in Fig. 8-21. 

This rule for choice of load line may be challenged, for it is important 
to check the plate dissipation with full drive applied against the allowable 
amount. In this case the first step is to obtain the a-c power output of 
the amplifier, which is that of the composite tube. From the graph of 
Fig. 8-21 we obtain i~max = 260 ma, i;,,,.in -260 ma, e~max 423 volts, 
e~min = 177 volts. Since the distortion is small,the simpler formula (6-41) 
and its voltage paraphrase suffice for this approximate determination. 

p _ 423 - 177 0.260 + 0.260 
ac - 2 y'2 2 ,V2 16 watts (8-71) 

The path of operation of the composite tube is of course the load line. 
That for the No. 1 tube may be obtained by plotting points showing 
corresponding values of e1c and e10, remembering that e1c e: and e1b e~. 
This path of operation is shown in Fig. 8-21. 

The approximate value of the average current through tube 1 may be 
obtained by using formula (6-52). Here ibm.n 260 ma, iy; = 132 ma, 
i_¼ 6 ma, ibmin = 0, and hence 

I lba = 260 + 2 X 132 + 2 X 6 ±_~ = 89 ma 
6 

(8-72) 
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The power furnished by the plate supply to tube 1 and its load is 

Ab Ebbllba = 300 X 0.089 = 26.7 watts (8-73) 

This makes the plate dissipation of tube 1 

P 1p = 26.7 - 1% = 18.7 watts (8-74) 

which exceeds the allowable value of 15 watts. 
In push-pull amplifiers with fixed bias the average current is often con­

siderably more than the quiescent value, and an early step in a design 
should be a check on the plate dissipation V>'ith full grid drive applied. 
This applies to class A amplifiers as well as to the more efficient classes. 
As a consequence of this great variation in average current with ampli­
tude of grid signal, power supplies with good regulation characteristics 
are required in all cases of fixed-bias operation. 

"\Ve may now continue our example and choose a more suitable load. 
This is a trial-and-error process, and the results of using a load of 7 50 
ohms for the composite tube are worked out here. The load line is drawn 
and labeled in Fig. 8-21. The corresponding path of operation of the No. 
1 tube is also drawn. For the composite tube i~m•• = 200 ma, e~ma .. = 450 
volts, e~m,n 150 volts. Hence 

P 450 150 0.200 + 0.200 1"' tt 
ac = 2 0 2 v2 = () wa s (8-75) 

For the No. 1 tube ibmu 200 ma, i~. = 108 ma, = 17 ma, ibmin = 3 
ma. Hence 

J lba = 200 + 2 X 108 2 X 17 + 3 
6 

75.5 ma (8-76) 

and the power furnished the No. 1 tube and load by the plate supply is 

½Pbb 300 X 0.0755 = 22.6 watts (8-77) 

The plate dissipation of tube 1 is therefore 

P 1p 22.6 - 1 % = 15.1 watts (8-78) 

Accepting this as a satisfactory value, the composite-tube load of 750 
ohms is retained. The plate efficiency is 

Pac 15 
T/p = pbb = 2 X 22.6 33% (8-79) 

The second-harmonic distortion is zero, since by Eq. (6-42) 

I' =200-200 2X0=O 
Pz 4 

(8-80) 
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A formula for the percentage of third-harmonic distortion is obtained by 
dividing Eq. (6-55) by (6-53). Upon substituting values we obtain 

. 200 - 2 X 97 - 2 X 97 + 200 
3d harmomc = 2(200 + 97 + 97 + 200) X 100 = 1.0% (8-81) 

This value will be increased somewhat in practice if the regulation of the 
volts t plate power supply is imperfect. 

O Figure 8-22 shows waveforms of 
-20 quantities associated with this example. 
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The 750-ohm load for the composite 
tube results in an effective plate-to-plate 
impedance looking into the whole trans­
former primary (with tubes removed 
from their sockets) of 4 X 750 = 3000 
ohms. If one consults a tube manual 
for recommended operating values, the 
loading is usually given in plate-to-plate 
form. Sufficient turns ratio in the out­
put transformer should then be used to 
give this impedance value. The actual 
impedance load on each individual tube 
varies widely during the cycle as can be 
seen by noting the variation in the slope 
of the operating curve. At the positive 
extreme of grid swing the load is 
approximately 750 ohms, when Cc = 
-60 volts the load is 1500 ohms, while 
when Cc = -120 volts the load is very 
high. The actual distortion in each 
individual tube is very high, but this 
fact is of no great importance. 

8-11. Bias Values and Loads for Fw. 8-22. Waveforms associated 
with the example of Art. 8-10. Various Classes of Operation in Push­
pull. In the example of Art. 8-10 the operation with the first load chosen, 
R~ = r~, is class AB1 since the plate current of each tube is cut off for a 
part of the cycle. This load value causes tube overheating, and a new 
load of greater ohmic value is chosen which gives satisfactory operation. 
Examination of the path of operation of the No. 1 tube in the latter case 
shows the operation to be class A1• As far as distortion in the output is 
concerned, it makes little difference whether the operation is class A1 or 
slightly AB1 and the designer ordinarily needs to give the matter no great 
attention. 
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In cases where the rule R'L = r~ can be safely used it is sometimes 
desirable to choose a bias value which results in a particular class of oper­
ation. The limiting bias value for class A1 operation may be readily 
approximated. Assume the composite characteristics are straight and 
parallel and that the line for e: = 0 follows the curve for e10 = 0 in the 
region where the load line crosses it. For e1c O it is approximately true 
that 

(8-82) 
and therefore 

(8-83) 

which gives the value of r~ if we let elb = ebmin• 

r' = ~ e- -H 
p 3k umin (8-84) 

It is also true that 

(8-85) 

or 

(8-86) 

whence 

(8-87) 
It follows that 

(8-88) 

This rebition holds quite well for class A1 push-pull amplifiers and even 
for class AB1 as long as the characteristics are approximately ideal. It 
does not hold if R~, = r~ is not the load used. 

Under the restriction stated, the bias for class A1 operation may be 
any value between that suitable for single-tube operation (see Arts. 8-4 
and 8-5) and half the value bf grid voltage which cuts off the plate current 
of the No. 1 tube at ebmax = 1.4Ebo given by Eq. (8-88). Full grid drive 
will then never cause the plate current of either tube to be zero over any 
portion of the operating cycle. In the example of Art. 8-10 the highest 
bias for class A1 operation is about -58 volts. Between this value and 
-80 volts, the value which cuts off the plate current at Ebo, the operation 
is class AB. Operation with bias higher than -80 volts is unsatisfactory 
because of the very high distortion produced, unless a filter such as a 
tuned load is used to eliminate the harmonics. 
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8-12. Push-pull Operation Using Cathode Bias. Cathode bias may 
be employed in push-pull operation as shown in Fig. 8-23. The advan­
tages are threefold: the difficulty of arranging for a fixed-bias supply is 
avoided, and the need for a plate power supply of very good regulation is 
eliminated since the plate current does not vary greatly with signal ampli­
tude. It is safer for the tube since the average current cannot rise 
greatly. 

In order to operate with the same quiescent values as in the example of 
Art. 8-10, the value of cathode resistor needs to be 

R -Eco 60 750 h 
k = ~2I 1;o = 2 X 0.040 = 0 ms (8-89) 

If a plate-to-plate load of 3000 ohms is used as before and it is first 
assumed that the average current is 75.5 ma with full grid drive applied, 

the bias rises to (75.5/40) X -60 
113 volts. With only 60 volts 

peak grid drive applied, the tube is 
cut off considerably more than half 
the time, showing that the average 
current cannot be 75.5 ma. One 
might guess that with full grid excita­
tion it rises from the quiescent value 
of 40 ma to 45 ma. Then the bias 

Frn. 8-23. A push-pull amplifier em- rises from -60 volts to 4 ;5,;i'.o X - 60 
ploying cathode bias. = -67.5 volts. With this new trial 

bias one may construct an entire 
new set of composite characteristics, calculate the average current, and 
check against the assumed value of 45 ma. Then one needs to check the 
plate dissipatic!n and the harmonic distortion, probably discard the load 
for another more suitable one, and do all the work over again. To make 
a long story short, the process of graphically analyzing the performance 
for cathode bias is not easy, and it is perhaps better to determine the best 
load by laboratory methods. Generally speaking, the distortion becomes 
considerably higher, and to reduce it, a higher load should be used than 
for fixed bias. The amount of power output is usually reduced with the 
new load. If desired, a tube manual may be consulted for recommenda­
tions for cathode-bias operation, but unfortunately no data are given for 
many of the popular varieties of tubes despite the fact that cathode bias 
is the usual condition of operation. 

8-13. Class B Amplifiers. When a large amount of power at audio 
frequencies is needed, as, for example, in modulating the output of a radio 
transmitter, class B operation is used. A properly designed amplifier of 
this class can deliver kilowatts of a-f power at efficiencies approaching the 
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optimum of 78.5 per cent and with distortion as low as with ordinary class 
A amplifiers. 

While any power tube useful in class A or class AB can be operated in 
class B, the tubes which perform best in this service are high-µ triodes. 
Some of these are designed to operate with zero bias, and while this opera­
tion is actually class AB2, the quiescent plate current is so small that it 
is often labeled class B. Most larger class B amplifier tubes use negative 
grid bias sufficient to reduce the quiescent plate current to almost zero. 

In general the procedure for class B design parallels that f9r any other 
push-pull a-f power amplifier, the principal difference being the necessity 
for furnishing grid power. Also there is no reliable rule for choosing a 
proper load except to use a trial-and-error method. Even though the 
distortion is low, the rule of Art. 8-4 for using R: = r~ does not apply. 
That rule was for the case of negligible distortion, a fixed operating point, 

Frn. 8-24. A cla;;s B amplifier and its driver. 

and a fixed drive. In this case, however, the operating point is fixed but 
the drive is limited by the relation of ebmin to ecmax (ebmi.l ecma,r; is called P, 
and this matter is further discussed in item 5 below). An analysis can he 
made, using idealized plate characteristics, which shows that the load 
should be 

R' ~ __ p__ r'. 
L p+µP (8-90) 

for maximum power output. Use of this formula, however, generally 
gives values of plate dissipation which are too high. Since there is no 
simple relation for correcting the load to lower the plate dissipation to 
just the allowable amount, it is necessary to proceed by trial and error. 
In general, a load resistance greater than that given by formula (8-90) 
gives lower power output but less plate dissipation and higher plate 
efficiency. 

The class B case will be further explained by means of an example. 
J.'igure 8-24 shows a circuit diagram for the class B output stage and its 
driver. 
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1. For the output stage let us use a pair of RCA type 830-B power 
triodes. For each tube E11 = 10 volts, In = 2 amp, µ. ~ 25. Maxi­
mum E,,0 = 1000 volts, maximum ha 150 ma, maximum PP = 60 
watts. 

2. Let E00 = 1000 volts. 
3. Figure 8-25 shows the plate characteristics for a type 830-B tube. 

The composite-tube plate characteristic which passes through its operat­
ing point is not yet drawn. However, it will be approximately parallel 
to those for somewhat less negative grid voltages, which are identical for 
both the composite and the No. 1 tubes. Hence we can determine an 
approximate average plate resistance of the composite tube by determin-
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FIG. 8-25. Class B operation with an 830-B tube. 

ing the reciprocal of the slope of, say, the Cc = 0 volt curve. This is 
approximately 6500 ohms in this case. By Eq. (8-90) the theoretical 

optimum load is R; L2 : 25)] X 6500 = 480 ohms. We have 

assumed p = 2 for reasons explained in item 5. 
4. We may now draw a load line (a) for R; = 480 ohms, through the 

point determined by Cb = 1000 volts, i,, = 0. This is half the operating 
curve for the composite tube. It is also the operating curve for the No. 
1 tube during the active part of its cycle if the operation is exactly class B. 

5. We now choose a value for the maximum drive point P. On the 
left side of the plate characteristics is drawn the locus of Cb = Cc, called the 
diode line. To the left of this line the grid voltage exceeds the plate volt­
age, and operation here is unsatisfactory. Even somewhat to the right 
of the diode line the spacing of the plate characteristics and the high grid 
current are likely to result in excessive distortion and grid heating. It is 
not uncommon to limit the drive to a condition where c,, equals two or 
more times Cc, The locus for cb = 2ec (p = 2) is shown as the right-hand 
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limiting curve. We shall use this condition for this example, and the 
maximum drive point P then yields ibm•x = 1.3 amp, ebmin = 375 volts, 
and ecm,x = 187 volts. Since the plate current is approximately a half 
sinusoid, we can compute for Plate 

the No. 1 tube: Pbo = E.Jba = amperes 

Ebb(ibmaxj,,r) = 1000(1.3/ir) 414 Y:0.4 
watts. Pac = lp,2Rr, = (ibma,/2) 2 o.3 

RL = (1.3/2) 2 X 480 203 watts. 0.2 

PP 414 - 203 211 watts, 0.1 

which greatly exceeds the allow- ~·-~• -~-~-~~-~-
able value of 60 watts. -75 -50 ·25 o 25 50 75 Grid 

6. As a second trial load let us 
use R~, = 2800 ohms, which is 
0.43r~. 

volts 
Frn. 8-26. Dynamic transfer characteristic 
for a type 830-B tube with Ebo = 1000 
volts, RL = 1950 ohms. 

7. A load line (b) for R~, 2800 ohms has been drawn in Fig. 8-25. 
Again using p = 2, we obtain ibrn•x 0.3 amp, ebmin 160 volts, ecmax = 
80 volts. For the No. 1 tube, Pab 1000(0.3/ir) = 95.4 watts, Pac = 

(a) 

((,) 

.,, 
{! 

;/ g 

Fm. 8-27. The dynamic transfer char­
acteristic for the composite tube (a) if 
exact cutoff bias is used, (b) if ex­
tended cutoff bias is used. 

(0.3/2) 2 X 2800 = 63.0 watts, and 
PP= 95.4 - 63.0 = 32 .4 watts, 
which is less than 60 watts. Hence 
we shall continue the computations 
for operation with this load. 

8. We can pick values from this 
operating path of the No. 1 tube and 
plot a dynamic transfer characteris­
tic as in Fig. 8-26. The value of grid 
bias required to cut off the plate 
current is approximately -37 volts, 
and operation with E00 equal to this 
value gives exact class B. Figure 
8-27a shows the shape of the resulting 
dynamic transfer characteristic for the 
composite tube. It is readily seen 
that the distortion produced by such 
operation will be severe. On the other 
hand, if the grid bias is made 
somewhat less negative, the linearity 
of the dynamic transfer character­

istic is improved. For Ecc = -25 volts, the value obtained by projecting 
the linear portion of the characteristic upon the grid-voltage axis (called 
the projected cutoff value), the shape of the dynamic transfer character­
istic for the composite tube is shown in Fig. 8-27b. Note its excellent 
linearity. While operation with projected cutoff value of bias is actually 
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class AB, when high-µ tubes are employed it is near class B and is gen­
erally so called. ,ve shall use Eco = -25 volts. 

9. We obtain the following values for the operation of the composite 
tube: ib~,x = 0.30 amp, ib'.nin -0.30 amp, i{:, (occurring at e: +27.5 
volts) = 0.16 amp, i~i;, = -0.16 amp. Hence by using formulas (6-55) 
and (6-53) we obtain 

P f 3d ha 
. 100(0.30 0.32 + 0.30) 2 17 

ercentage o rmomc = 2(0_30 + O.Hi + 0.16 + 0.30) = · 

Reduced grid drive may result in less distortion although this is not a gen-
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Frn. 8-28. Grid-current plate-voltage curves for type 830-B tube. (Courtesy 
of RCA.) 

eral rule. However, in this case let us assume the value obtained is 
satisfactory. 

10. Since the distort.ion is low, the assumption, used in item 7, that the 
plate-current waveform is sinusoidal is valid. Hence 

Pac = 2 X 63.0 126 watts for two tubes 
PM = 2 X 95.4 = 190.8 watts for two tubes 
P 11 = 32.4 watts for one tube 

126 ('601 
1)p 190.8 = } /O 

This efficiency is quite good but P 11 is low and probably a lower load resist­
ance should be tried. 
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1 L We next determine values of ec corresponding to values of wt during 
the cycle, assuming e10 = 105 cos wt volts. Figure 8-28 shows the grid­
current plate-voltage family of curves for this tube. From it we can 
determine values of ic corresponding to the same values of wt. These 
values are tabulated in Table 8-2. 

TABLE 8-2 

wt i 0° 15° 30° i 45° ,, 60° 1

1

15°190° 105° 120° 135°! 150° I 165° i 1so0 

---~

1

------------
1------!--i--l--

eg,YOlts i 105 102 91 741 53 27 0-27-53-741 -911-1021-105 
ec,volts i 80 77 66I 491 28 2-25-52-78-99J-t161-I27j-130 
eb, volts I 160 180 262 380 570 700 1000 ! I 
ic, amp I0.0600.0550.0350.0250.020 0 0 01 01 0 01 01 0 

0 e.i:c, watts I 6.3 s.6 s.2 1.s 1.1 o o ot oJ o o[ 01 
e,/i0 , ohms: 1750 1850 2600 2960 2650 "'\ oc ao[ "°I oo °"! ooj co 

The average of e0ic over a half cycle is (by the trapezoidal rule) 

6.3 + 2 X 5.6 + 2 X 3.2 + 2 X 1.8 + 2 X 1.1 + 0 _ 2 5 
, tt 

12 
- . wa s 

Some of this power is used to heat the grid of the No. 1 tube; some of it is 
wasted in the bias supply. The following half cycle the No. 1 tube draws 
no grid power, but the No. 2 tube driver power averages 2.5 watts. 
Therefore the driver must furnish an average power of 2.5 watts over the 
complete cycle. 

The driver of our output stage must be capable of delivering a peak 
power of 6.3 watts to a load which is quite variable over the cycle (Table 
8-2). The average power over the cycle is 2.5 watts, but if the amplifier 
in this case is capable of delivering an average power of 6.3 watts, the 
performance is generally more satisfactory. 

It is generally desirable to have the load on the driver several times its 
r1, value throughout the cycle, and in order to obtain this high impedance, 
the driver-to-grid transformer usually needs a step-down ratio. This 
must be carefully chosen since this ratio makes it more difficult to deliver 
the high secondary voltage required. 

Because the nominal driver load line is not the actual operating curve, 
the latter depending upon the instantaneous incremental resistance of the 
output-stage grid, the distortion is considerably increased over that 
obtaining for the nominal load line. While operation with a higher than 
normal nominal load lessens this distortion, it is sometimes quite severe 
and measures must often be taken further to decrease it. These meas­
ures often include the use of negative feedback around the driver stage, 
operation in push-pull parallel, and resistance loading of the driver trans­
former secondaries. The actual design of the driver stage is beyond the 
scope of this book. 
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PROBLEMS AND QUESTIONS 

1. A triode-connected 6L6GA is used in a power-amplifier circuit of the type shown 
in Fig. 8-1. The input voltage is sinusoidal with a peak value of 30 volts. Ebo = 340 
volts, Eco = -30 volts, RL 3200 ohms. Compute Ppo, Pbb, Pa,, PP, and '1/p, 

2. Repeat Prob. 1 for the circuit of Fig. 8-2a. Assume the reactance of the choke 
to be very large and its resistance negligible. Also assume the reactance of the 
coupling capacitor to be very small. 

3. A class B amplifier uses Ebb = 300 volts, Eco = -80 volts. On the positive 
peak of the grid drive, ibmax = 50 ma, ebmin 25 volts. Determine the approximate 
power delivered to the load and the plate efficiency. 

4. A 6B4 triode is used in a power amplifier of the type shown in Fig. 8--5a. The 
transformer primary has negligible d-e resistance. If Ebo = 200 volts, Eco = -30 
volts, and the grid signal is 10 volts peak, determine (a) the values of Rk and Ebb 
needed, (b) the value of tube load which will absorb the greatest a-c power, and the 
transformer turns ratio needed if the secondary load is 10 ohms, (c) the power delivered 
to the transformer primary. 

6. A 6B4 is operated with Ebo = 200 volts. It is desired to make a graphical 
determination of the best operating conditions for class A, if heavy grid drive is 
planned. (a) Using expression (8-32), determine the approximate grid bias to be 
used (round off to nearest multiple of 5). Is this a safe operating point? (b) Deter­
mine the theoretical ''best" load for this tube. (c) If the grid is driven to O volts, 
what is the a-c power output? (d) What is the percentage distortion developed? 

6. A 6B4 triode is used in a power amplifier with transformer coupling to the load. 
Ebo = 240 volts. (a) If the numerically least safe grid bias is used, determine Eco 
and h.. (b) In one application of this amplifier a small grid drive of E. = 7.07 volts 
is used. What ohmic value of load on the tube should be used in order to obtain 
greatest power output? Show the construction on a plate-characteristic sheet. (c) 
In another application it is desired to obtain the greatest power possible with class 
A1 operation and a limit of 5 per cent on the distortion. Use a 9-11 rule, and draw 
the optimum load line. Determine the power output and the percentage of harmonic 
distortion. (d) Twice the power output with the same distortion can be obtained by 
using tubes in parallel. Determine E. and the load Rae, 

7. A 6B4 triode is used in a power-amplifier circuit of the type shown in Fig. 8-5a. 
Ebb = 250 volts, Rk = 400 ohms; Ck is very large. The transformer-primary winding 
resistance is 162 ohms. The total resistance in the secondary circuit is 11 ohms. The 
transformer ratio N,/N2 = 10. The grid is driven to O volts. (a) Draw the bias line 
and the d-c-load line. Determine Ibo, Ebo, and Eco. (b) Determine the tube's a-c 
load, draw the a-c-load line, and determine IP,. lp,, Iba, P.0 , and Pp, 

8. A 6B4 triode is used in a circuit like Fig. 8-5a. Ebb = 300 volts, Rk = 727 
ohms. Ck is very large. The transformer-primary winding resistance is 490 ohms; 
secondary-circuit resistance is 10 ohms. Transformer ratio N,/N2 is 14. Determine 
the power output, the plate dissipation, and the percentage of harmonic distortion. 

9. A linear class A amplifier has rp == 1000 ohms and p. = 10. The load is an 
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impedance RL + jlOOO ohms. Determine the value of RL needed in order that maxi. 
mum power may be delivered to the load. 

10. Design a rule (similar to the 9-11 rule) that can be used to determine the proper 
load for 4 per cent harmonic distortion for a triode in class Ai. 

11. (a) Use a tube manual to obtain a satisfactory design for a power amplifier using 
a 6B4 triode with Ebo = 250 volts. Determine Pa, and P,-.o. (b) Use the method of 
Art. 8-6 to determine a new design for use with Ebo = 200 volts. Determine E,0 , RL, 
R., Pa,, Ppo for the new conditions. 

12. A 6V6 beam power tube (connected as a pentode) is used in a power amplifier 
with transformer coupling to the load. If Ebo = 250 volts, E,z. = 250 volts, Ec1 0 

10 volts, and the grid is driven to O volts, use a sheet of plate characteristics and 
determine the approximate best load for high power output with minimum total dis­
tortion. Also determine Pac, P ,,, and the percentage of third-harmonic distortion. 

13. Repeat Prob. 12 without the restriction that Ec10 = -10 volts. Choose E,1 0 

to obtain high power with minimum total distortion. Neglect any change in the 
T point. 

14. (a) Consult a tube manual to obtain a satisfactory design for a 6V6 pentode 
power amplifier, with Ebo = 250 volts. Specify all important circuit values. (b) 
Use the method of Art. 8--6 and Eq. (8-54) to determine a new design for use with 
E •• = 275 volts. Determine Ee10, E,20, RL, Rk, P.,, Ppo for the new conditions. 

16. Prove that a lightly driven triode with a load resistance double the optimum 
value delivers 11 per cent below maximum power, with some decrease in distortion. 

16. A type 7C5 tube is to be used in a class A1 pentode power amplifier. The 
grid drive is sufficient to make e,max = 0. The Q point is Ebo 300 volts, E.20 = 250 
volts, E,1o = -12.5 volts. Determine the load line for zero second-harmonic dis­
tortion and the values of RL, P .,, P po, Estimate iy,,, i-¾, 

17. Starting with one sheet of plate-characteristic curves for a 6B4 tube, draw the 
curves for a composite tube representing push-pull operation, Ebo = 200 volts, 
Eco = -40 volts. 

18. Two 6B4 tubes are operated push-pull with fixed bias of -70 volts and Ebo 
300 volts. (a) Draw the composite characteristics. (b) Assume a composite-tube 

load of 1000 ohms, and draw the load line. (c) Plot the path of operation of tube 1. 
(d) If the grid swing is between -10 and -130 volts, what is the a-c power output? 
(e) What is the plate dissipation per tube? (!) Determine the plate efficiency. (g) 
Determine the percentage of third-harmonic distortion. 

19. Two 6B4 tubes are operated push-pull with Eco = -60 volts, Ebo = 300 volts. 
Draw the composite-tube curves, and determine the approximate optimum load line. 
Determine P po, P "' P .,, and the percentage of third-harmonic distortion. 

20. Two 6V6 tubes are used in a push-pull amplifier with Ebo = 250 volts, fixed 
grid bias of -15 volts. Refer to a tube manual for other recommended circuit values. 
Use a sheet of plate characteristics, and check the performance against that stated in 
the manual. 

21. Replace the source of fixed bias in Prob. 20 by cathode bius, using Rk = 200 
ohms and a very large Ck value. Use the same plate load, and determine the operation 
(a) with drive to 0 volts, (b) with drive sufficient to limit the distortion to 5 per cent. 

22. Two type 830-B tubes are used in a clasi;, B a-f power amplifier. E11 = 10 
volts, Eba = 1000 volts. As a trial load for the composite tube use 1900 ohms. 
Draw the dynamic characteristic for the No. 1 tube, and determine the projected cut­
off grid voltage. Use this as the grid bias. Use as the maxiJ:num drive point P that 
given by Cb = 2e,. Determine values of ibrnax, i¼, ebrnim e1,""'"' i,,.ax, and e,,.u for the 
composite tube. Compute P.,, P1,o, 11,., P,,., and percentage of third harmonic. Esti­
mate the grid dissipation to determine the driver power required. 



CHAPTER 9 

POWER AMPLIFIERS USING TUNED LOADS 

9-1. Operation for High Efficiency. In most cases the power supplied 
a radio-transmitter antenna or used in an industrial r-f heating process 
is obtained as the output of a power amplifier. Usually only a narrow 
band of frequencies is involved and a tuned load can be used as in the 
case of an r-f voltage amplifier. This makes it possible to use the other­
wise troublesome tube and circuit capacitances to help tune the load. 
In addition, the plate-current waveform need not be sinusoidal since the 

Fm. 9-1. Basic circuit for a tuned power amplifier. (Neutralization not shown.) 

tuned circuit acts as a filter to attenuate the harmonics in the power out­
put. This latter fact is important since it allows operation to be carried 
out in a more efficient manner than class A. 

One simplified circuit for class B or class C operation is shown in Fig. 
9-1. The load RL in this case is inductively coupled to the coil of the 
tank circuit, and the capacitor C2 may be adjusted to make the secondary 
circuit resonant at the frequency of operation. Hence, in effect, at the 
resonant frequency the plate load for the tube is a capacitor C1 in parallel 
with a coil L1 having a lower effective Q than its unloaded value. 

For class B operation the value of E« is approximately that necessary 
to cut off the plate current. Hence, when a grid signal is applied, the 
plate current flows during only the positive half of the grid swing and it 
has a waveshape approximating a half sinusoid. The grid bias for a 
class C amplifier exceeds that for class B, usually being 1.5 to 3 times the 
cutoff value. Accordingly, the required grid-signal voltage must be high 
in order to drive the tube into conduction. With limitations, the plate­
circuit efficiency increases as the grid drive is made larger, and hence both 
class B and class C amplifiers are nearly always class 2, drawing a con-

::iso 
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siderable amount of grid current. For a class C amplifier the plate cur­
rent flows in pulses, each pulse lasting less than a half cycle. Figure 9-2 
shows approximate waveforms of eb, ec, i;,, and ic for a class B amplifier, 
,vhile Fig. 9-3 shows those for the class C case. In both of these it is sig-

FIG. 9-2. Approximate waveforms for class B operation. 

Fm. 9-3. Approximate waveforms for class C operation. 

nificant that the plate current flows only during a period of low p1ate volt­
age and therefore the plate dissipation is small compared with that for 
class A operation. This is the reason for the high plate efficiencies for 
class B and class C operation. 

9-2. The Plate-load Circuit. The plate load for a tuned power ampli­
fier is usually not as simple as those employed with tuned r-f voltage 
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amplifiers. In general the plate load for an r-f power amplifier must serve 
several purposes. First, it should present to the tube a proper impedance 
to render high power output with good efficiency at the signal frequency. 
(In some cases a harmonic of this frequency is chosen instead.) Second, 
the load should have a low impedance at harmonic frequencies to give 
good filtering action. Third, it must have a wide enough pass band to 
accommodate any modulation-frequency components. Fourth, the cou­
pling network between the tank and the device which usefully consumes 

I 
r 

energy must often further filter the output 
of the tube to remove vestiges of harmonic 
components. Fifth, the efficiency of the 

C 
RL coupling network, between its input and 
L its output, must be high. 

The simplest type of load is that shown 
in Fig. 9-4, where the energy-consuming 

Frn. 9-4. A simple type of load. RL is directly in series with the inductor 
L. In this case the impedance of the 

parallel-tuned circuit can be obtained from Eqs. (7-150) and (7-148) as 

z 
1 + jQL[(2 + 8)/(1 + 8)]8 

(9-1) 

for QL » 1. 
The plate-voltage waveforms in Figs. 9-2 and 9-3 are both very nearly 

sinusoidal because of the filtering action of the plate-tank circuit. The 
plate current in either case is nonsinusoidal but periodic and hence may 
be represented by a Fourier series consisting of average current plus a 
fundamental-frequency component and harmonics. For example, in the 
case of the class B amplifier the current waveform approximates a half 
sinusoid of peak value Ibm, for which the Fourier representation is (see 
Prob. 14, Chap. 6) 

, lam fbm 2lr,m 2/bm 
ib = - + - cos wt + --- cos 2wt - - cos 4wt + (9-2) 

1r 2 31r 151r 

For the fundamental frequency, 8 0, and 

Zr, = R,, QLwoL 

For the second harmonic, 8 = 1, 

2210 
= QLwoL 

1 + jl.5QL 
and 

(9-3) 

(9-4) 

(9-5) 

where R1, and R210 are the resistance components of the impedances Z10 

and Zzto• The power deliyered to the tank circuit may be computed as 
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I 2R. For the fundamental frequency 

P10 = lp/R10 = (/;;2y QLwoL (9-6) 

For the second harmonic the power is 

p - I 2R - ( 2hm )2 QLwoL 
2/o - P, 2/o - 3'11'" -y'2 1 + 2.25QL2 (9-7) 

The ratio of these powers is 

P,. (1 
P21, = (9-8) 

Should QL be 10 or more, this ratio would equal or exceed (1 + 2.25 X 
102)5.6 = 1266. In the case of the class C amplifier the second harmonic 

' R1 A 

'O I R1 E'p Woli woL1 
Ep Ci L1 1 

w2M2 

! 
_o_·_ 
R2+RL 

Fm. 9-5. Elements of a tank circuit. Fm. 9-6. The equivalent circuit for Fig. 
9-5. 

is relatively larger than for class B, but even so, the second-harmonic 
power developed in the load will be small if the value of QL as great as 10 
is employed. 

If the r-f energy from the plate tank is to be radiated, further filtering 
is usually necessary to meet FCC requirements. The filter, which serves 
also as a coupler between tank and load, becomes a part of the plate load. 
In this or any other ordinary case the simple tank representation of Fig. 
9-4 seldom exactly applies, and the frequency characteristics of the plate 
load are usually no longer expressible by the simple equations just derived. 
The circuit of Fig. 9-5 shows one possible load configuration, but it too is 
somewhat too simple for representing very accurately the effect of a com­
plex coupling circuit. Although the process of analysis in this case is 
similar to that for the double-tuned amplifier of Art. 7-37, the results are 
quite different because of the unsymmetrical circuit and the low value of 
Q for the secondary circuit. Upon analysis, it may be shown that the 
frequency-response curve somewhat resembles that of the simple parallel­
tuned load considered earlier in this article, but the tuning is somewhat 
broader. 

While a high value of Q for the tank circuit is desirable for suppressing 
harmonics, its value must be limited if power is to be delivered to a load. 



284 ENGINEERING ELECTRONICS 

To investigate the desirable conditions, we shall assume the load con­
figuration to be that of Fig. 9-5. Assume L2 and C2 have equal reactances 
and that the whole tank is tuned to resonance. Then at the resonant 
frequency the simplified equivalent circuit of Fig. 9-6 can be used. The 
power delivered to the tank is absorbed by R1and wllt12/(R2 RL). The 
impedance represented by the latter term alone absorbs the power 
delivered to the secondary, of which only a part is load power. The ratio 
of load power PL delivered to RL to the total power Pi delivered to the 
tank by the tube is therefore 

PL U[wo 2.i}f2/(R2 RL)][Rd(R2 + RL)1 
Pt = U[R1 + wlM2/(R2 + RL)] 

This equation can be rewritten as 

(
. w0

2Jf2 
) RL 

PL _ Ri + R2 + RL - Ri R2 + RL 
Pt - R + wo2M2 

l R2 + RL 

= (1 -R1 + R:02~11,12 ) R21:; R 
R2 +RL 

If we let Qr, represent the loaded Q of the tank, 

woL1 
QL = R1 + [wlM2/(R2 + RL)1 

and QP the Q of the primary alone, 

Qp = woL1 

then 
QL R1 
Q'P = R1 + [wo 2J:f2/(R2 + RL)1 

and 

PL_ (l QL) RL 
Pt - - Qp R2 + RL 

(9-9) 

(9-10) 

(9-11) 

(9-12) 

(9-13) 

(9-14) 

Thus we see that, if QP can be made very large compared with QL and if 
R2 can be made small compared with RL, the efficiency of transfer of power 
from tank to load can be made high. Since the value of QP can be made 
100 or more for small coils and considerably greater than this for large 
transmitting coils, a value of QL near 12 would satisfy this requirement 
for high transfer efficiency. 
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Class C amplifiers may be used for producing a modulated wave, in 
which case the bandwidth for the tank must be great enough to handle 
the sideband frequencies. A very high value of QL must then be avoided. 

If the plate-tank circuit is tuned to a harmonic of the grid-signal fre­
quency, a class C amplifier may be used as a frequency multiplier. The 
waveforms for grid voltage, plate current, and plate voltage in the case of 
a frequency q.oubler are shown in Fig. 9-7. 

It will be noticed that the plate-voltage wave loses amplitude between 
plate-current pulses because of loss in energy in the tank circuit. The 
same tendency exists in an ordinary class C amplifier. To show how the 

Cut-} 
off 

ec 

FIG. 9-7. Waveforms for a frequency doubler. 

voltage amplitude falls for a class C amplifier, we may proceed as follows: 
At the beginning of the cycle when the value of EP, is a maximum, the 
energy stored in the tank is all in the capacitor and 

(9-15) 

If the drop in voltage is not great, then the approximate change in energy 
in one cycle is (power multiplied by time) 

aw _ _ . EP12 1 __ 1 E 2 21rc 
QLwoL Jo 2 p,m QL 

(9-16) 

The energy in the capacitor at the end of one cycle is (unless it is replen­
ished) 

w UT - 1 CE 2 1 E 2 27rC - 1 CE 2 (1 271") 
Arr - 2 · p1m - 2 ~p,m ([; - 2 p,m - QL (9-17) 

or, in terms of the new peak voltage E~ 1,,., 

TV+ aw = J§.CE~;,,. (9-18) 
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Therefore, 

(9-19) 

and 

(9-20) 

The ratio of total stored energy to energy dissipated per cycle is 

W ½CEp 1m
2 QL 

AW= ½Ep
1
w.2(2-irC/QL) = 21r 

(9-21) 

Hence, to keep a good waveform, a high value of QL is desirable. The 
effect of the tank circuit in maintaining a good sinusoidal waveform 
depends upon keeping QL/2-ir high, or in having a high ratio of total stored 
energy to energy dissipated per cycle. This is often called the flywheel 
effect. 

9-3. An Algebraic Analysis of Class B Amplifier Operation. By 
means of a graphical analysis it is possible to determine closely the per­
formance of any given class B or class C amplifier circuit. However, this 
supposes that all values of supply voltage, load, and drive are already 
chosen, in other words, that the circuit has already been designed. While 
such an analysis is important and will be treated in a later article, our con­
cern at present is with the methods by which the correct load, operating 
voltages, and drive may be determined in order to obtain the usual objec­
tive: large output power with satisfactory efficiency and safe plate and 
grid dissipations. Such a problem is difficult for the class C case, and it 
is usually handled by a cut-and-try process. However, in the case of 
class B an approximate solution is not particularly difficult to obtain, and 
the results may serve as convenient guides in design although they do lack 
a high degree of accuracy. 

To begin the algebraic analysis of a class B amplifier, it is necessary 
to make some assumptions, some of which are approximations. First, 
we shall consider the plate-characteristic curves for the tube to be straight 
lines, equally spaced. This amounts to stating that the exponent n in 
Eq. (4-3) is unity, so that 

(9-22) 

whereµ and k are constants. If we differentiate in respect to ec, ilib/ae0 = 
gm = kµ or k = g,,./µ = 1/rp. Therefore 

ib = l (eo + µec) 
rp 

(9-23) 

provided, of course, that i~ > 0. 
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Second, we shall consider the tube to be biased to cutoff, so that when 
eb = Ebb and ec Ecc, then ib = 0. Then 

(9-24) 

and the cutoff bias is given by 

Ecc = (9-25) 

Third, we assume the tank is tuned to resonance for the fundamental 
frequency. Let its impedance for this frequency be R1, = QLwoL, where 
QL is the loaded value of Q. Furthermore, let us assume the impedance 
to the harmonics is zero. Since it is desirable to have ib a maximum at 
the moment that 1q, is a minimum, which calls for a resistance load, this 
resonant condition is actually the desired one. 

Fourth, we shall assume the grid signal to be sinusoidal. The plate 
voltage will also be sinusoidal (because of the action of the tank) and 
180° out of phase with the grid voltage. 

ec = Ecc + Eum COS wot 
eb = Ebb - Epm cos wot 

(9-26) 
(9-27) 

We may now write ib as a function of time, using Eqs. (9-23), (9-26), and 
(9-27), 

(9-28) 

which reduces [using Eq. (9-24)] to 

(9-29) 

for values of w0t in the fourth and first quadrants only, when the grid 
swing is positive. On the other hand 

(9-30) 

for values of w0t in the second and third quadrants (when the grid swing is 
negative). Thus the waveshape of i& is a half sinusoid, for which we may 
write the Fourier series 

ib Iba + I p1m COS wot + I p,m COS 2wot + · · · (9-31) 

The coefficients in this series can be determined as follows, 

1 f 3.-/2 . 1 f,r/2 
Iba -2 ib dwot = 9 Ibm COS wot dwot 

1r -.-/2 ~1r -.-/2 
(9-32) 
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and 
2 f&rr12 I f .. 12 

I p,m = ~
2 

i, cos wot dwot = ~ cos2 wot dwot 
r -.-~ r -r~ 

(9-33) 

Hence, from Eqs. (9-29) and (9-33), 

I - µEgm Epm 
Pim 2rp (9-34) 

or since 
(9-35) 

(not a vector relationship and hence no minus sign is used) 

I 
µEum 

p,m = 2 + R rp fo 

(9-36) 

and 

(9-37) 

since I,,, is in phase with E0 by Eqs. (9-26) and (9-31). 
As far as the fundamental-frequency quantities are concerned, we see 

that Eq. (9-37) may lead to an 
equivalent circuit, such as that shown 
in Fig. 9-8. We may write the 

Js-0 voltage across the tank as 

(9-38) 

Frn. 9-8. An equivalent circuit useful 
for fundamental-frequency components. This equation shows that, in so far 

as the conditions of operation agree 
with our assumptions, the output voltage E:v is proportional to the signal 
voltage E 0 • This makes the amplifier a class B linear one, useful for 
amplifying modulated signals, since their waveforms are preserved. In 
practice it is possible to adjust a class B amplifier so that this linear rela­
tionship holds very closely. 

The power delivered to the tank is 
- - µ2Ea2Rr. 

Pac - E:;,lp, - (2rp + R1,P (9-39) 

The power furnished by the plate supply is [from Eqs. (9-32), (9-33), and 
(9-36)] 

Eoo I,,,. = Ebb ZIP,":_ = ~ Eoo µEom 
r r r 2rp + R1, 

(9-40) 

and that dissipated by the tube (assume no d-c losses in the tank) is 

P P P 2 E µE0,,. 

p= bb- ac=- bbz +R 
r rp fa 

µ2Eom2Rt, 
2(2rv + R 1.) 2 

(9-41) 
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The plate-circuit efficiency is 

78 
~ Epm 

.D Ebb % (9-42) 

Equation (9-39) shows that the power output increases as the square 
of E,, making it important to use a large value of grid drive. However, 
for drive heavy enough to make e<max exceed ebm;u in value, the relationship 
of (9-39) no longer closely holds. This is because, with the potential of 
the grid higher than that of the plate, the grid draws a large current of 
both primary electrons from the cathode and secondary electrons from 
the plate, with a dip in the plate current resulting at times when the plate 
voltage is a minimum. Peaks of plate current now occur at positions 
where the plate voltage is no longer very low, with the result that the plate 
dissipation increases rapidly, while that of the grid also rises together with 
the power required of the grid driver. We see therefore that grid drive 
should not exceed some value near that which makes e<ruax = ebmiu• 

Having in mind the limitation in grid drive just discussed above, let us 
continue our development under the condition 

(9-43) 

where pis a constant (usually ranging between 1 and 3 in value). From 
this we may write 

Ebb - Epm = p(Ecc + Eum) (9-44) 

and using Eqs. (9-25), (9-35), and (9-36), we obtain 

µEumRt, = p (- Ebb + Eam) 
2rp + Rr, µ 

(9-45) 

Ebb[l + (p/µ)] 
Eam p + [µRro/(2rp + R,

0
)] 

(9-46) 

This equation shows that a large value of grid drive Evm (require<l for high 
power output) can be used if Ebb is made large. 

Ebb should be near the maximum allowable direct plate voltage for the 
tube, as stated by the manufacturer. This matter of E1x, now settled, let 
us notice [by Eq. (9-46)] that E0 depends also upon the value of Rt, used. 
Since R10 also determines the plate dissipation according to Eq. (9-41), 
we may eliminate Eom [between Eqs. (9-41) and (9-46)] to give R10 in 
terms of Ebb and PP, the allowable plate dissipation. If this is done, we 
obtain 

R = JE0b
2
(4 - 1r~ _ 2p~ + {lEbb2

(4 - 7r)j2 + _E!pEb~- (9_47) 
t, 41T"Pp p+µ "\I 411.Pp (p+µ)Pp 
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The design procedure is to first use Eq. (9-47) to determine R1, from 
known values of allowable plate dissipation and Ebb and an assumed value 
of p. This value of R1, may be substituted into Eq. (9-46) to obtain Eum, 
and then Pac may be determined from Eq. (9-39). The plate efficiency 
may be checked by the use of Eq. (9-42). Making p = 1 will yield the 
highest but most unreliable answers for Pae and 1/p• For p > 1 the results 
are more conservative and more reliable. After the preliminary design 
is made by this approximate analytical method, it may be well to 
follow a graphical analysis to obtain further information about the 
amplifier. 

9-4. Graphical Analysis of Class B and Class C Amplifiers. In princi­
ple, the graphical analysis of these tuned amplifiers is the same as that of 
the untuned resistance-loaded amplifiers of Chap. 8. On a sheet of tube 
characteristics an operating point is chosen, the path of operation drawn, 
the limits of grid swing indicated. Then values of current and/ or voltage 
are read at convenient points on the path of operation, and these values 
are substituted into suitable formulas for approximating the quantities 
desired. 

For the untuned amplifier the plate current and the plate voltage have 
identical waveforms as long as the load is constant for all frequency com­
ponents. Thus i. = Ibt + iP and e,, = Ebt - RLip. Upon eliminating iP 
between these equations we obtain a linear equation in ib and eb, which on 
ib, eb orthogonal axes plots into a straight load line. 

Now for an amplifier with a tuned load and of the classes studied in this 
chapter, the grid voltage is sinusoidal, the plate voltage is very closely 
sinusoidal, while the plate current is far from being so. Hence on ib, eb 
axes the path of operation is not a straight line. However, since ec = Ect 
+ E0m cos wot and eb = Ebt - Epm cos wot, elimination of w0t yields a linear 
equation in ec and eb, proving that the path of operation is a straight line 
on ec, e0 orthogonal axes. Hence we need tube characteristics drawn on 
these axes. Since ib is the parameter used in drawing these curves, they 
are often called constant-current characteristics. 

If the operating conditions E001 Eco, E 0m1 and Epm are known) there 
should be no difficulty in constructing the path of operation. We can 
then locate, on the path of operation, points which are spaced at equal 
time intervals. If desired, the values of plate current at these points may 
be used to draw a curve of time variation of plate current, although usu­
ally this step is unnecessary. Application of formulas to be stated later 
can then be made and values of I0a and IP, computed. The curve sheet 
for constant-current characteristics usually has curves of constant grid 
current superimposed, and hence computations of lea and / 01 can also be 
made. 

]:' or the class C case, if the operating conditions are not known, a cut-
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and-try process may be used to determine satisfactory values. In cal­
culating the performance the considerations which determine these oper­
ating values are the power output required, the plate efficiency, the 
maximum allowable plate and grid dissipations, and the maximum allow­
able plate voltage and current. Also, the grid driving power is of con­
siderable importance. The choice of values depends on both the tube 
employed and the service in which it is placed. 

The power output depends upon the needs of the load and the efficien­
cies of the tank and the coupling network. High plate-circuit efficiency 
is desirable because this makes the plate dissipation and the d-c power 
less. However, high plate-circuit efficiency usually demands high plate­
voltage operation and calls for considerable grid-driving power, and a 
lower efficiency may be more practical. 

Since a blind cut-and-try process is extremely tedious, it is well to 
develop some guides to limit the necessary labor. The value of Ebb may 
be chosen at any value up to the safe value of Ebo stated in the tube man­
ual. For high plate-circuit efficiency it is necessary to limit the plate­
current flow to periods of low plate voltage, which means that a sharp, 
high pulse of plate current is preferred. Thus it is important to bias the 
grid well beyond plate-current cutoff, say 1.5 or more times this value. 
To obtain much a-c power output the short pulse of plate current must be 
very high, requiring grid drive to high positive values. This action 
requires considerable grid-circuit power, both to supply the grid losses and 
to charge the Ecc battery (the grid current enters the Ecc battery at its 
positive terminal). 

The value of the plate load R1,( = EPJ I 1>,) must be a result of the calcu­
lations (because of I 1>,) and cannot be considered a known parameter in 
beginning a problem. This is unfortunate since it occasionally happens 
that a certain load value is desired. In the latter event it is necessary to 
make repeated trials until the correct value is obtained. 

Many studies have been made to develop additional guides for choosing 
tentative operating conditions in order to save labor. The following 
method is not difficult to understand and should be adequate for triodes. 
Tetrodes and pentodes are handled somewhat similarly. 

As a preliminary to the graphical solution, it is desired to formulate a 
relation among several quantities involved in the graphical solution. 
Figure 9-3 shows waveforms for class C operation. Let us assume that 
the waveform of the plate current is a portion of a cosine wave and that 
ib cuts off at an angle 6, where 6 does not exceed 90°. Hence we may show 
that the equation for the plate current may be written as (see Prob. 4 at 
end of chapter) 

i1:, = io=x[ 1 _ ~os 8 (cos wt cos 6)] wt :s; 6 (9-48) 
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and the cutoff angle (J is given by 

(9-49) 

Then 

1 le . 1 ibma, lo ha = - ib dwt 1 (J (cos wt 
7r O 7r - cos O 

cos fJ) dwt 

ibmax (sin (J - (J COS fJ) 
1r(l - cos fJ) 

(9-50) 

or 

ibmax 1r(l - COS fJ) (9-51) 
I.a = sin (J - (J cos (J 

Ip,m = ~ f O ib cos wt dwt 2 1 ibmax (J re (cos2 wt - cos (J cos wt) dwt 
7r JO 7r - cos ) O 

1 ib (fJ • fJ) (9 ~2) = - max - Sln (J COS -;J 

7r 1 - cos fJ 

The plate efficiency can be expressed as 

(9-53) 

and hence from (9-53), (9-52), and (9-50) 

2Iba 2(sin (J (J cos fJ) 
I p,m = fJ - sin fJ cos fJ 

(9-54) 

In Eq. (9-51) the ratio of ibmax to I.a is expressed in terms of the parameter 
fJ. In Eq. (9-54) the ratio of Epm to 11pEbb is expressed in terms of the 
same parameter. Figure 9-9 shows graphically the relation between 
Epm/11pEbb and ibm.Jlba, Values of (J used in obtaining this graph are also 
indicated. 

The designer can usually estimate the values of Iba and the required 
plate efficiency from knowledge of Pac desired, E-1,b and the tube type 
available. Thus for any given point on the curve of Fig. 9-9, Epm and 
ibma, can be computed and a P point located on the constant-current char­
acteristics of the tube. If the required efficiency is low, it is usually best 
to choose a point toward the left end of the curve of Fig. 9-9, since here 
ibmu can be kept low without making Epm excessively high. Thus plate­
current distortion and grid current are kept to lower values. If the 
required efficiency is high, a point toward the right end is better since 
only in this way can Epm be kept down in value. AP point which makes 
p( = ebm:.,Jec_,J between 1 and 3 is usually satisfactory. 
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A guide for grid bias can be obtained from Eq. (9-49). 

E - - (Ebb/µ)+ [ecmax (EimJµ)) cos (J 
>cc - 1 COS (J (9-55) 

A straight load line can now be drawn through P and Q. Only the 
upper end of this path of operation need be drawn since for these classes 
of operation the plate and grid currents are both zero during the negative 
grid swing. 

1.2 

3.2 3.4 3.6 3.8 4.0 4.2 4.4 4.6 4.8 5.0 

9-5. An Example of the Graphical Analysis of a Class C Amplifier. 
Let us assume that a class C amplifier is to deliver 400 watts of r-f power 
to its plate tank circuit. An Eimac type 100TH tube is available for 
which the maximum ratings are E00 3000 volts, [1,a = 225 ma, PP = 100 
watts, Pa 20 watts. The average value of µ. is 38, obtained as the 
reciprocal of the slope of the constant-current characteristics. 

For our case let us use Ebb 3000 volts. If we assume PP to be the 
maximum allowable, then Ab 400 + 100 500 watts and 'l'Jp = 
400/500 80 per cent. I,,,, = Pbb/Ebb = 500/3000 = 167 ma, which is 
less than 225 ma. Eighty per cent efficiency is fairly high. Hence we 
can use a value of (J near 64° where ibma,Jlba = 4.35 and Epm!TJ~bb = 
1.125. Then ibmax = 4.35 X 167 = 727 ma, Epm = 0.80 X 3000 X 1.125 
,= 2700 volts, and ebm;,, = 3000 2700 300 volts. If we locate this P 
poivt on the characteristics (Fig. 9-10), we find ec,,.ax = 185 volts. p = 
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300/185 = 1.62, which is reasonable. We can useEq. (9-55) to determine 
the bias value. "Gpon substitution we obtain Ecc -230 volts. 

On the tube characteristics of Fig. 9-10 we can now locate the Q point 
and draw the load line. This permits a check on the operation and allows 

600.---,.,....,-....---,---,----,---...-~ ....... --.---,---, 

-100 

EIMAC 100TH 
CONSTANT CURRENT 

-20 0 o!:------,5,,-,o~o,--...,1-=o'='o""o-,-=5'='0..,..o-2..,..o'-oo---J'--~..i....-..,,3"'5'='0-=-o-4-o'-o..,.o-4-5'-o-o-5...Jooo 
Plate 

us to determine in addition the grid power, etc. We may now locate 
sampling points at equal time divisions along the path of operation, using 
increments of wt of, say, 15°. More and shorter intervals will increase the 
accuracy of the results, and 10° intervals are often used instead. Table 

b 
9-1 may now be completed. An 
explanation of the items in it follows 
the table. 

a 

We assume e0 = Ecc + Enm cos 
wt -230 + 415 cos wt and use 
computed values of ec to locate 

'--'-'=--'----''---'---'---'----'---'--x the sampling points. The values 
Frn. 9-11. Dividetheareaintotrapezoids. of ib and of ic are now read at these 

points. 
By formula (9-32), Iba is the time average of ib over one cycle. Sim­

ilarly, lea is the time average of ic over oh~ cycle. Formula (9-33) shows 
that I P,m is twice the time average of ib cos wt over one cycle, and sim­
ilarly for Io,m• A convenient formula for approximating averages is pro-
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wt 
cos 
wt 

e,, volts 

TABLE 9-1 

Com-
puta­
tions i,, 

for 
ma 

Com- I Com- Com-
puta- puta- puta-
ti·ons ib cos wt, i cos wt tions " ' tions 
for ma for ma for 

_ _ . __ !_. ____ , ____ , __ I_b"_ I---I--J,_a _ ____ , __ J P_,m_, ___ 1 __ = 01w, .. 

0° 1.000 185 727 363 295 147 727 363 295 I 147 
--,----1-----1------------l---1-------

]50 I 0.966 172 715 715 210 210 , 692 692 203 203 

-3-0°-• .. ~--8_6_6 __ 1_3_0_! 600 ·--;;;- 120 ~-5-2_0_,._52_0_1_1_0_4_
1
·==10=4= 

45° 0.707 64 I 300 300 32 32 212 212 23 23 

0 20 20 0 0 
····;:- -0-. 5_0_0_, _____ 2_3 _1-:;1------:;-'-;;-
-- ____ , _____ , __ , ___ -----1----1----,----

75° 0.259 

90° 0 

-123 

-230 

Sum 

0 

0 

0 

0 

2018 

0 

0 

0 

0 

509 

0 

0 

0 

0 

1807 

0 

0 

0 

0 

477 
···----1-----1---1---l---:---i----1---1----·'---

½2 X sum 168 42 

¾ Xsum I 301 80 

vided by the so-called trapezoidal rule, used by most students when 
studying the calculus. This rule may be readily deduced from Fig. 9-11. 
The area under the curve from a to b is divided into n segments, each of 
equal width 6.x. An approximation to the area under the curve is 
obtained by adding the areas of the trapezoids shown. 

Area Yo ; Yi .Ax Yi ; Y2 .Ax + Y2 ; Ys 6.x + Ya ; Y4 6.x + . 
+ Yn-1 + Yn AX 

2 

= 6.x (~o + Yi + Y2 + Ya • · • + Yn-1 Y2) (9-56) 

This yields the average value if we divide by n 6.x, 

Average y 1 (Yo - + Y1 + Y2 + Ys + · · · n 2 Yn-1 + ~") (9-57) 

where n is the number of intervals, n + l being the number of ordinates. 
The numbers in the ha and lea columns of Table 9-1 are obtained by 

following the plan of Eq. (9-57). Their sum is indicated at the foot of 
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the column, and the sum is then divided by 12 since there is this number 
of 15° intervals in 180°, or one half cycle. The other half cycle averages 
the same. 

The numbers in the I P,m column are derived from those in the column 
headed ib cos wt, and similarly for lg,m• The results of these computations 
are as follows: Iba 168 ma, lp,m = 301 ma, lea = 42 ma, Io,m = 80 ma. 

We can now calculate the following pertinent quantities: 

Power output Pac = EPIP, 2725 
0.30l = 410 watts 

v12 
Plate dissipation = Pp Ebblba - Pac 3000 X 0.168 - 410 

= 504 407 = 97 watts 

Pl ffi • Pac 410 
ate e ciency 7/p = p;, 504 = 81 % 

Eum ecm•x - Ecc 185 + 230 415 volts 

Grid driving power = = E 0I
01 

415 X 0.080 16.6 watts 

Grid dissipation = P0 Pin - (-Eccfca) = 16.6 
= 16.6 

230 X 0.042 
9.7 = 6.9 watts 

Power amplification p ac 
P,a 

410 
24.7 

Plate-load impedance = R1, = J:~ = i.~~~ = 9070 ohms 

Angle of flow of plate current 
QX 182 

2 arccos QP = 2 arccos 415 

QY 
Angle of flow of grid current = 2 arccos QP 

= 2 X 64° = 
230 

2 arccos 415 
= 2 X 56° 

128° 

112° 

Note that the graphical computations check quite well with the 
assumptions. 

9-6. The Operation and Adjustment of a Tuned Power Amplifier. 
The plate-bias voltage for a tuned power amplifier is usually supplied by 
a rectifier although in some applications a generator is employed. It is 
even possible to operate with raw alternating voltage as the plate supply 
ebb, in which case the tube functions as an amplifier only during the part 
of the cycle when ebb is positive. The r-f output then rises from zero to 
a maximum and back to zero again as ebb passes through this positive half 
cycle. The bandwidth of the output is very wide, which makes the 
arrangement impractical in most cases. 

In Fig. 9-1 the source of grid bias is shown as a battery. This arrange­
ment or a generator or rectifier substitute is commonly used when a class 
C amplifier is used to produce an a-m wave (see Art. 12-5). However, 
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for an ordinary tuned power amplifier, it may be preferable to use grid­
leak bias in one of the arrangements shown in Fig. 9-12. The direct 
component of the grid current passes through R0 to make the required 
bias, while the alternating components pass through C0 • If the grid drive 
increases for any reason, greater grid current and grid bias result, and 
thus e0m,x is only slightly greater than before. Hence the output of the 
plate circuit is little affected by changes in grid excitation. If the grid 
excitation fails, the bias becomes zero and the plate current will probably 
become so great that damage to the tube will result, unless the plate cir­
cuit is equipped with a circuit breaker 
or a cathode resistor is employed. 

Cathode bias can also be used, but 
the usual high value of grid bias 
together with the large plate current 
makes a considerable power loss. FIG. 9-12. Grid-leak-bias arrangements. 
Except as an auxiliary to grid-leak 
bias to limit the plate current when grid excitation is lost, cathode bias is 
not ,videly used for this type of circuit. 

Since in the case of triodes considerable energy is fed from the plate 
circuit to the grid tank by way of C0 P for frequencies lower than the res­
onant frequency of the plate tank (see Art. 7-5), self-oscillation is likely 
to occur. This can be avoided if some form of neutralization is employed. 
Two methods for doing this are diagramed in Figs. 12-5 and 12-9. The 
general principles of neutralization involve either increasing the imped­
ance of the plate-to-grid path by tuning Cap to resonance with a parallel 
inductor or feeding to the grid tank another current, the effect of which 
is to cancel that caused by the current through Cap• 

The plate-current pulse in a tuned power amplifier flows at the time 
when eb is near the value ebmin' Hence if ebruin is not small, the plate current 
can be dangerously high. In adjusting a class B or class C amplifier for 
proper operation, if the plate tank is not yet adjusted to resonance at the 
signal frequency, its impedance is low and the alternating plate voltage is 
small. Hence ebmin is high, and the plate dissipation is likely to be exces­
sive. The safest practice is to lower the value of Ebb until the tank 
adjustments are approximately correct, as indicated by a minimal read­
ing of the average-plate-current meter. The grid tank is likewise 
adjusted to resonance by noting a maximum reading of the average-grid­
current meter. For neutralizing, Ebb is made zero, and some device 
(such as a wavemeter or a small incandescent lamp coupled to the plate 
tank) is employed to indicate plate-tank r-f current. Since the only path 
for energy from the grid tank to the plate tank should be through C0 P and 
the neutralizing circuit, adjustments can then be made until the plate­
tank current is a minimum. Some direct electromagnetic coupling 
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between the grid and plate tanks may make it impossible to obtain zero 
tank current. Since these adjustments detune the grid and plate tanks 
to some extent, it is well to retune these circuits and then repeat the neu­
tralizing adjustments until optimum conditions are obtained. 

Except at very high frequencies, tetrodes and pentodes require no neu­
tralization since the energy fed through the small plate-to-grid capacitive 
coupling is usually less than the circuit losses. Frequency multipliers, 
even when triodes are used, do not need neutralizing since the frequency 
of the current fed back differs from the resonant frequency of the grid 
tank and self-oscillation is not induced. 
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PROBLEMS AND QUESTIONS 

Characteristic curves for several types of tubes are contained in Appendix A. 
1. Prove that the circuit of Fig. 9-6 is equivalent to that of Fig. 9-5 if the secondary 

is tuned to series resonance. 
2. The loaded QL of a tank depends upon the energy-storage capacity compared 

with the rate of energy dissipation. For a given coupled-in load the QL can be 
adjusted to the desired value by properly choosing C1• Starting with Eq. (9-16), and 

assumin~ Epm to be approximately Ebb, prove that C1 "" 
2

QL~a'1P. This relationship 
Wo bb 

is useful in adjusting the tank circuit. 
3. An 830-B triode is used in a single-tube class B r-f amplifier (to be used to amplify 

a modulated r-f signal). Maximum ratings are Eba = 1000 volts, ha = 100 ma, PP 
60 watts. "Gse Ebo = 1000 volts and a parallel-tuned plate tank with QL = 12, tuned 
to the carrier frequency f O l Mc. Approximate values of the tube parameters are 
µ 25, r,, = 8000 ohms. Assume p = 2. Determine R1., Eum, Ecc, eem,x, el>min, 

Epm, I p1m, Io., EP, I,, Pac, PP (check), 'Ip, L, and C. If this operation is for the greatest 
r-f amplitude for 100 per cent modulation, what is the value of Eum for the 
unmodulated carrier? 

4. Derive expressions (9-48) and (9-49). Note that the value of the grid voltage 
for plate-current cutoff depends upon the instantaneous plate voltage at the instant 
of cutoff. 

ti. An Eimac type 100TH triode is used in a class C amplifier. Ebb = 2000 volts, 
and the desired plate power output is 235 watts. Make a design and compute the 
values of the same quantities as were determined in the example of Art. 9-5. Assume 
70 per cent efficiency. 

6. Sketch circuit diagrams showing how neutralization of a triode tuned amplifier 
can be effected by the methods suggested in Art. 9-6. 



CHAPTER 10 

FEEDBACK AMPLIFIERS 

10-1. Distortion and Stability. It is well known that the output of an 
amplifier does not have a voltage waveform exactly a replica of the input 
signal. Because of the presence of inductance and capacitance in the 
tubes and circuits, the various frequency components of the signal are 
affected by different amplifications and phase shifts. Also because of 
nonlinear action of the tube itself, the output voltage is not exactly pro­
portional to the input voltage. Again, if one or more of the bias voltages 
E,o, Ebo, etc., varies, the operating point shifts and the resulting changes 
in µ, rp, and g,,. affect the amplification. The latter effect is sometimes 
useful as a volume control, or it may be the basis for a method of changing 
the waveform of the output in an easily controlled manner. The latter 
process, called modulation, sometimes takes place when not wanted, 
as, for example, when a poorly filtered plate-supply voltage is used. 
Whether this occurs in an a-f amplifier or in an r-f amplifier, the result 
may be noticeable in a loudspeaker as hum. The change in gain with 
change in operating point may be very objectionable for another reason: 
If a battery-operated amplifier has a certain normal gain, this gain may 
increase upon renewal or recharge of the batteries. This may not seem 
serious at first thought, but suppose we consider a long-distance telephone 
system. The energy given by the microphone alone may be sufficient for 
satisfactory local operation, but it normally needs building up by repeater 
(amplifier) units two or more times every 100 miles of line. Since these 
repeaters are distant from one another, they operate independently and 
a rise in gain for one is not automatically compensated for by a lower gain 
in the next. Hence a distant repeater may find itself with a signal far 
too weak or maybe too strong. What is needed for each repeater is a 
stabilizer which will make the amplification independent of small changes 
in operating biases. 

10-2. Interference. 1·2 In addition to the distortion and modulation 
products discussed in the preceding article, the output of an amplifier 
contains interference and noise components which have frequencies that 
are unrelated to the input signal. Plate-supply hum in a-f amplifiers may 
be considered as interference. This hum may be removed by more com­
plete filtering, or it may be eliminated by the feedback processes discussed 
in this chapter. Other interference sources will now he considered, 

299 
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1. Pickup due to magnetic and electrostatic fields is interference. For 
example, the region surrounding a power transformer contains a strong 
magnetic field varying at the power frequency. Any circuit conductor, 
as, for instance, a grid lead, will gain an induced voltage which may cause 
serious hum either by direct amplification or by the modulation process. 
It is well to place a power transformer at some distance from such con­
ductors or, if placed close through necessity, to use a magnetic shield and 
orientate the transformer axis to obtain minimum effect. 

Electrostatic fields cause difficulty. For example, if a grid lead is near 
a 60-cps ungrounded power lead, a current may flow through the stray 
capacitance between them. If the entire circuit has low impedance, no 
harm is done, but in this case the impedance between grid and cathode is 
high and the flow of current through a series circuit consisting of the 
power generator, the power line, the stray capacitance, the high grid 
impedance, ground, and the return to the generator causes an appreciable 
grid signal which appears in the output as hum. Hence one should keep 
the grid leads away from other a-c leads. 

2. Radio-frequency interference often arises from ignition systems in 
automobiles, neon signs and fluorescent lights, sparking commutators in 
motors, and the like. The energy of this interference is spread through 
a wide band of frequencies and is often difficult to filter out of the r-f por­
tion of a radio. Once the interfering voltage is in these amplifiers, mod­
ulation takes place in the nonlinear parts of the circuit and an audible 
output results. Suppressors at the source of this interference, which 
eliminate the r-f generation, are the best cure for this difficulty. 

3. Alternating-current heating of cathodes is an important source of 
hum. If the cathode is of the filament type, the grid and plate return 
should be to the center tap on the heater-transformer winding or to a 
center-tapped resistor connected across the heater terminals. This 
makes the return to a point of average cathode potential, often reducing 
the hum in high-level tubes to a satisfactory value. For tubes using 
cathodes of large thermal capacity, indirectly heated with alternating 
current, this problem is largely eliminated, but not entirely so. The 
magnetic field surrounding the heater, the emission from the heater, the 
capacitance between heater and cathode-all are small but sometimes 
important sources of noise. If the cathode is grounded, it is usually best to 
connect one side of the heater or, better still, the center tap of the trans­
former winding to the cathode. Sometimes it is necessary to make the 
heater 10 or more volts positive relative to the cathode to keep heater 
emission from affecting the grid. 

Even with d-c heating of the cathode there is some irregularity in cath­
ode emission, which causes noise. One cause of this in heater-type cath-
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odes is believed to be the movement of the heater within the cathode 
sleeve. This source of noise is of very low frequency content and is an 
important item in limiting the smallness of the grid signal which can be 
used with d-c amplifiers. 

4. Microphonic noises arise from vibration of the tube elements. 
Removal of the cause, mounting of the tubes on rubber, placing heavy 
caps on the tubes-all are helpful in reducing this noise effect. 

5. Noise due to random motion of electrons in a vacuum tube is always 
present and is a final limitation on the amount of amplification that can be 
made. The emission of the cathode is random, and this tends to make 
the operation noisy. However, the space charge present with normal 
operation makes the output considerably more noise-free. If there is a 
screen grid, the choice between screen or plate as the target for an electron 
seems to be random and hence pentodes are noisier than triodes. 

6. Thermal noise is that due to the voltage which appears between the 
terminals of a resistor and is caused by the random motion of the free 
electrons in the resistor. The noise voltage is greater for carbon resis­
tors than for wire-wound ones. The effect increases with temperature 
rise. The components of this noise voltage lie in a very wide band of 
frequencies. 

To a radio listener hum is unmistakable. The noises due to thermal 
agitation and random electron motion in tubes appear as a background 
hiss when amplifiers with high gain are employed. Much study has been 
made of the problems relating to distortion and noise in an effort to raise 
the workable limit of amplification or to lower the limit on the size of sig­
nal that can be successfully amplified. In this chapter we shall study the 
effects produced by the process known as feedback. 

10-3. How Negative Feedback Helps. If a voltage taken from the 
output of an amplifier is returned to the input, where it is combined with 
the normal input signal, a process termed feedback exists and the ampli­
fier output is thereby modified from its nonfeedback value. The returned 
voltage may either increase or decrease the actual grid voltage for the 
first tube. In the latter event the feedback is termed negative. 

The action of feedback is somewhat complicated, but even a partial 
understanding of its effect is helpful before a more complete study is 
attempted. Let us study a simple example. 

Figure 10-la shows in block-diagram form an amplifier having a gain of 
10/180° and in which a noise voltage appears at a point somewhere 

between input and output. In order to obtain a signal output of 10 volts, 
it is necessary to apply an input signal of 1 volt. As shown in the figure, 
the signal-to-noise ratio in the output is 50. The distortion produced in 
the amplifier is assumed negligible for this amplitude of input signal. 



302 ENGINEERING ELECTRONICS 

Now, if it is desired to increase the signal-to-noise ratio to, say, 250, we 
may increase the input voltage as shown in Fig. 10-lb. Since noise is 
independent of the magnitude of the signal, the noise output remains the 
same. The difficulty with this plan is that a fivefold increase in signal 
greatly increases the distortion in the amplifier and may even overdrive 
it so that the operation is no longer class A. 

5v si no/ 

-4v siqno/ 

+O.Ot6v noise 

Iv A=-10 -!Ov ----~---·----------~----siqnol siqnol -!Ov siqnol 

O.lv-----.._ A=2 0.2v 
noise e-----f---'-=-'---;;,-' 

noise 

+0.2v noise 

(a,) 

5v A=-10 -50v --~~------------1---~ siqnol siqnol -50v siqnol 
+0.2v noise 

Iv siqnol 

•0.0l6v 
noise 

O.lv A=2 02v •distortion 
noise-----.._ __ ---1---· --------­

noise 

Distortion Distortion --------1-----
<bl 

A =-!0 -!Ov siqno/ 
-O.l6v noise 

O.!v A=2 +0.2v noise 
no,se------.....• ----1-----

Voltoqe 
divider 

(c) 

E; =-!Ov siqno/ 

+0.04v noise 

Fm. 10-1. (a) An amplifier with output signal-to-noise ratio equal to 50. (b) With 
increased input signal the output signal-to-noise ratio is increased to 250, but dis­
tortion results. (c) With increased input signal and with negative feedback, the 
output signal-to-noise ratio is 250 and the distortion is negligible. 

An alternate method for achieving the desired signal-to-noise ratio of 
250 is shown in Fig. 10-lc. If a voltage equal to 0.4 of the output voltage 
(signal, noise, and distortion) is fed back into the input in such phase that 
the resultant input signal is decreased, the results shown are obtained. 
The total input grid signal being again 1 volt, the distortion is reduced to 
at least its original negligible state. The signal output is again at its 
original desired level, and the signal-to-noise ratio has been raised to 250. 
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10-4. Feedback and Its Effect on Amplification. Let us begin our 
detailed study of feedback by determining its effect on the amplification. 
The simplified block diagram of Fig. 10-2 represents an amplifier having 
an output voltage E; due to the 
combined action of an amplifier ~ A 
with amplification A and of a feed- --+---------
back circuit with the ratio ~' where E.fb ----~---· AE_ro 

Amplifier 

/J Network -----' 

~ Efb/E;. ~ and A are both com­
plex quantities. V0 and E1b are 
actually combined at the input, 
but it is somewhat more convenient 
to show the outputs combined. FIG. 10-2. Block-diagram representation 

of a feedback amplifier. 
Except for second-order effects, 
which are ignored in these discussions, the results are the same in both 
cases. From the diagram of Fig. 10-2 

(10-1) 
or 

E' = AVu 
0 1 - ~A 

(10-2) 

The over-all gain A' with feedback is therefore 

A'= E: = A 
V0 1 - ~A 

(10-3) 

Hence the gain A of the amplifier alone is affected by a factor 1/(1 - ~A) 
upon the application of feedback. 

From Eq. (10-3) it is seen that A' exceeds A if jl - ~Al < 1. Under 
this condition the feedback is called positive, or regenerative. If 1 - ~A 
= O, A' becomes infinite even though A is finite and hence output can be 
obtained from the amplifier with no input. This condition leads to oscil­
lation in the circuit. 

If 11 ~Ai > 1, A' is less than A and the feedback is termed degen-
erative, or negative. It is this type of feedback which holds our interest 
in this chapter. 

10-5. Effect of Negative Feedback on Stability. Let us consider the 
effect of a change in the gain of the amplifier alone on the over-all gain of 
a feedback amplifier. To do this, _consider A to suffer a small increment 
dA. Then from Eq. (10-3) 

dA' = (1 - ~A) dA + ~A dA (l0-4) 
(1 ~A) 2 

or 
dA' 1 dA 
A'XlOO=l-~AAXlOO (10-5) 
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(The rules for the differentiation of complex variables are similar to those 
for real variables.) Hence the percentage change in the over-all gain of 
an amplifier with feedback is equal to the percentage change in the gain 
of the amplifier alone times a factor 1/(1 OA). 

If 1 - OA is very large, then OA is very large and 

A' (10-6) 

showing A' to be independent of the tube parameters and their variation. 
Also if OA, called the feedback factor, is made very large, the amplification 
can have any desired characteristic by building the fJ circuit to have the 
inverse of that characteristic. 

10-6. Effect of Negative Feedback on Distortion and Noise. If dis­
tortion and noise can be considered as changes in the amplification of the 

Jho. 10-3. Block diagram of a nonfecdback amplifier. 

amplifier without feedback, the above discussion shows that these undesir­
able effects are reducible by a factor 1/(1 - OA) by negative feedback. 

This general statement needs some qualifications, however, as it is not 
always applicable. Hence it is desirable to investigate the matter fur­
ther. To do so, we may begin vvith Fig. 10-3, the diagram for anonfeed­
back amplifier v.rith a single-frequency signal Vu and amplification A. 
For simplicity we assume A to be the same for all frequencies. The sub­
scripted A's represent amplifications between input or output and the 
points of distortion, or noise introduction. D is the distortion of the sig­
nal such as that due to nonlinear action of some tube. If we consider one 
frequency component only, some harmonic of V0 , we may use complex 
representation for D. The value of D depends upon the signal level at 
the point of production, and hence it is sometimes written as D[AiV0 ], 

that is, Dis a function of AN,. Actually D depends upon the total volt­
age level at the point of production, but for simplicity it will be considered 
to depend upon the signal level alone. Noise is usually of an impulse 
type which cannot be approximated by a finite number of harmonics. It 
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suits our convenience to pretend that it is cyclic. Hence N is one fre­
quency component of a cyclic disturbance occurring at a point somewhere 
in the amplifier. The noise N is independent of the signal. 

1N e may now write 

(10-7) 

From Eq. (10-3) it is seen that the application of negative feedback 
decreases the over-all gain of an amplifier. As it is generally undesirable 
to decrease the output voltage, there is a choice between two procedures. 
One is to increase the input voltage by a factor 1 ~A, and the other is 

(l-/3 A)Vg A A (t-(3 Al Vg 

------------
A1 A2 A2D 

----11------- I , ' 

D[A1 Vg] Eo•Do+No 
A3 A4 A4N 

Efb 

N,.,"1'-
A AEfb ------------

(3 Network 

Fm. 10-4. A feedback amplifier with increased signal. 

to increase the amplifier gain sufficiently to make up for the loss due to 
feedback. 

Figure 10-4 shows an amplifier with feedback. The amplification of 
the amplifier alone is A, the same as that of the nonfeedback amplifier of 
Fig. 10-3. The input voltage is (1 - ~A)V0 , making E; equal to A Vu, the 
same as the output of the nonfeedback amplifier. The signal level at the 
point of distortion production may be called E", and it follows that 

or since E; = A Vu, 

Hence D = D[A1Va] at the point of distortion production. 
vVe may now write 

E~ + D~ + N~ = A(l ~A)V0 + A2D[A1Vu] + A4N 

(10-8) 

(10-9) 

~A(E~ + n: + N~) (10-10) 
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or 

(10-11) 

By comparing Eqs. (10-7) and (10-11) we may draw some conclusions. 
Noise is affected by a factor 1/(1 - ~A) upon the application of negative 
feedback. If the signal output level is maintained constant by increasing 
the input, this results in an improvement in the signal-to-noise ratio by a 
factor 1 - ~A. Note that a noise voltage is least dii.turbing in the output 
if it is produced in the output plate circuit where A4 = 1. 

If distortion occurs in the output circuit, A1 = A, A2 = 1, and hence 
the distortion in the output of the nonfeedback amplifier is D[AVu], while 

----~--------------f---.. 
A1 

D[AVglA2] 
A3 A4 -·:_,;,,;--------
N Ao 

, , ' 
(:I (E0 +D0 +N0 } 

'----------i (3 Network 

FIG. 10-5. A feedback amplifier with increased amplifier ga.in. 

for the feedback amplifier it is D[AV0]/(l - ~A), showing a lowering in 
percentage distortion (1 - ~A) times. 

If distortion occurs in the grid circuit of the first tube, the distortion in 
the output of the nonfeedback amplifier is AD[V"], while for the feedback 
amplifier it is AD[V0]/(l - ~A), showing again a lowering in percentage 
distortion (1 - ~A) times. Thus, if the input voltage is increased suffi­
ciently to make the output voltage the same as without feedback, distor­
tion and noise in the output are affected by a factor 1/(1 - ~A), both 
absolutely and percentagewise. 

We may now consider the second case. With the input signal the same 
as in the nonfeedback case, it is necessary to use a higher gain for the 
amplifier alone in order that E: again be equal to AV0 , the output of the 
nonfeedback amplifier. One can designate this new value of gain of the 
amplifier alone by Ao. Figure 10-5 is a block diagram useful in explaining 
the action. The details may be worked out by the student (see Prob. 5 
at the end of this chapter). The results can be summarized as follows: 
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The required gain of the amplifier alone is 

A Ao=-~·· 
1 + ~A 

The output with feedback becomes 

E' + D' + N' = AV + A2D[AVg/A2J + A4N 
0 0 0 

g 1 - ~Ao 1 ~Ao 
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(10-12) 

(10-13) 

A study of formula (10-13) shows that distortion is reduced by feedback 
partly by cancellation and partly by less generation because of smaller 
signal amplitude. Noise arising near the output is reduced, making the 
signal-to-noise ratio larger by a factor 1 - ~Ao. However, this improve­
ment decreases for noises generated nearer the input, and at the input 
grid no improvement is effected by negative feedback. 

10-7. Feedback in Amplifiers with Low-level Input. If the signal 
voltage available from a pickup or other device is very small, it may be 
necessary to amplify it. Of the noises generated in the amplifier, that 
produced in the first tube is the most disturbing. We have seen that in 
this case the signal-to-noise ratio in the output cannot be improved by 
making a feedback-amplifier loop include the first stage, although it will 
be of benefit for noises originating in later stages and for nonlinear distor­
tion occurring in any stage. Also Eq. (10-6) shows that frequency distor­
tion is decreased if it is caused by the amplifier circuit. The use of gain 
preceding the feedback-amplifier loop is beneficial. If a vacuum-tube 
amplifier is used to produce this gain, the noise generated in it becomes an 
increased problem. However, it is sometimes possible to use an input 
transformer, which in itself is relatively noise free. This step-up turns 
ratio results in an increased signal on the first grid, thus giving improved 
signal-to-noise ratio. The benefits do not extend to noise originating in 
the pickup, for, of course, to the amplifier that is indistinguishable from 
the desired signal. 

In d-c amplifiers a slow drift in the plate current of the first tube, due 
to any cause other than the signal, is exactly like the signal effect, and 
hence feedback is useless in stabilizing the d-c amplifier against this fault. 
For drift in later stages, which is less important anyway, feedback does 
have a stabilizing effect. 

10-8. Voltage and Current Feedback. In feedback amplifiers a volt­
age related to the output voltage is fed back to the amplifier input. The 
manner in which this voltage is obtained determines to some degree the 
properties of the feedback amplifier. Two arrangements are of especial 
interest. 

If the feedback voltage is obtained in such a fashion that ~ is independ­
ent of the load impedance, the term "voltage feedback" is used. If, on 
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the other hand, the value of (J is inversely proportional to the load imped­
ance, the name "current feedback" is used. 

To find the gain with feedback, we may use Eq. (10-3), 

A' = l ~ (JA (10-3) 

where (J = Efb/E;. Figure 10-6 shows the circuit for a simple amplifier 
employing voltage feedback. The load ZL for middle frequencies is the 

parallel combination of Rb, R., and 
R1 + R2. The value of (J in this 
case is Rd(R1 + R2), and if the load 
is varied by changing Rb and/or R. 

R9 E~ (but not R1 and R2, which serve 

Fm. 10-6. An amplifier with simple volt­
age feedback. 

only as a high-impedance voltage 
divider), the value of (J remains con­
stant, as it should. For this ampli­
fier we may use Eq. (7-3) to write 

A (10-14) 

Substituting from Eq. (10-14) into Eq. (10-3) yields 

A' = -µZL/(rp + ZL) 

l + (J µZL 
rp + ZL 

-µZL -µ/(1 + (Jµ) 
rp + (1 + µ(J)ZL rp/(1 + (Jµ) + 1 

ZL 

(10-15) 

Hence 
E' = [-µ/(1 + (Jµ)]V0 

• rp/(1 + (Jµ) + 1 
ZL 

(10-16) 

Since (J is independent of ZL, we see that if 1 + (Jµ has considerable mag­
nitude so that h/(1 + (Jµ)! is small compared with ZL, the output voltage 
becomes approximately independ­
ent of the load. Thus this ampli­
fier tends to take on the character 
of a constant-voltage generator, 
whence the name "voltage feed­
back" is derived for this type of 
circuit. 

For current feedback 

(10-17) Fm. 10--7. An amplifier with simple cur­
rent feedback. 

where k is independent of Zr.. Figure 10-7 shows an amplifier with simple 
current feedback. Here 
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~ = ~~ = Rk 
E~ RL 

The gain from grid to output is 

Hence 

A'=--~ 
l 

and 

I' = p 

A= E~ 
Eo 

-µRL 

Since without feedback the value of IP would be given by 

I - µVo 
P - rp + Rk + RL 
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(10-18) 

(10-19) 

(10-20) 

(10-21) 

(10-22) 

it is seen that the effect of this feedback is to make the plate current less 
dependent upon RL, This constant-current character gives the name 
"current feedback" to this type of circuit. 

o----uk 

Fm. 10-8. A Thevenin's representation of a multistage amplifier. 

10-9. Multistage Feedback Circuits. In many cases it is desirable to 
use more than one stage in the feedback amplifier. To compute the 
approximate performance of the circuit, it is sometimes convenient to 
represent the whole amplifier by a Thevenin's equivalent circuit. Such 
a representation is shown in Fig. 10-8 for an amplifier without feedback. 
To determine this circuit, one may imagine each stage of the amplifier to 
be represented in its ordinary linear-equivalent fashion. If ZL for the last 
stage is removed and the output impedance obtained with the first-stage 
grid tied to the cathode, thus making all equivalent-generator voltages 
zero, the value obtained is Zint• With E0 again applied to the grid of the 
first tube of the amplifier, Thevenin's equivalent generator may be labeled 
with an equivalent emf AocEo, where 

(10-23) 

A00 of an amplifier means the gain of that amplifier with infinite a-c load 
impedance. 
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The polarity of the equivalent generator is chosen with positive sign 
toward the output terminal designated as positive in labeling Eo, Alter­
natively, of course, the emf may be expressed as -AocEu and the sense 
signs reversed, as has been done in preceding portions of this book. It 
should be noted that the new equivalent circuit resembles that for a single 
stage and hence simplifies the analysis. 

Figure 10-9 shows an equiv~lent circuit for an n-stage amplifier with a 
feedback network. V0 and E0 are values for the first stage. The ~ net-

fl Network 

FIG. 10-9. A representation of a general voltage-feedback circuit. 

/J Network +-Z 

FIG. 10-10. Testing a voltage-feedback circuit for output impedance. 

work is in general a four-terminal one and may range in complexity from 
direct connections to quite elaborate circuits. 

Because of the fact that the source of V0 may have one side grounded 
and the load receiving E: may also be grounded, it may be impossible to 
use a circuit actually wired in the manner indicated in Fig. 10-9. In 
practical circuits the feedback voltage is introduced into the grid circuit 
of the first tube of the feedback loop in various ways, some of which are 
illustrated in later examples. 

10-10. The Effect of Feedback on Output Impedance; Equivalent 
Circuits. Let us consider the general voltage-feedback circuit of Fig. 
10-9, redrawn in Fig. 10-10. The voltage source for V0 is removed and 
the input shorted, while a voltage Eis applied to the output terminals as 
shown. The current I which flows may be determined by calculating 11 
andh 
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Hence 

Therefore 

and 
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E 
Zout = I 

1 

1 + _!_ 
Zint/(1 - A.c~) • Zp 

311 

(10-24) 

(10-25) 

(10-26) 

(10-27) 

(10-28) 

(10-29) 

Thus Z0 ut is the internal impedance of the amplifier without feedback 
divided by 1 - Aoc~, in parallel with the impedance of the feedback net­
work as seen from the amplifier-output end. This does not include the 
load impedance, which is also a shunt. Hence the output impedance of 
an amplifier itself appears to be changed by a factor 1/(1 - A.c~) upon 
the application of voltage feedback. 

The gain of the amplifier of Fig. 10-9 may be determined by using Eq. 
(10-3). In this case A ZLAoc/(Ziut + ZL), where ZL includes the shunt-
ing effect of Zp. Hence 

ZL Aoc A.cZL 
Ziut + ZL _ AocZL _ 1 - A.c~ 

ZL A,,~ - Ziut + ZL(l - Aoc~) - Ziut + Z 
Ziut + ZL c 1 - A.c~ L 

A'= 
1 

(10-30) 

This result suggests the circuit of Fig. 10-11, which yields the same over­
all gain and which has the correct output impedance. Since A' = E;/V 0, 

FIG. 10-11. A nonfe;,dback equivalent of a voltage-feedback amplifier. 

the new internal emf can be expressed as 

(10-31) 
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showing that A00 also has been affected by a factor 1/(1 - Aoc~), while 
Vu replaces Eu. Hence Fig. 10-11 is a nonfeedback equivalent of an 
amplifier with voltage feedback. 

In the case of current feedback (Fig. 10-7) the output impedance may 
be determined as before by applying a voltage to the output. However, 
as a variation let us use the alternate method of obtaining a nonf eedback 
equivalent circuit. This may be done by paraphrasing Eq. (10-20) to 
obtain the amplification of a general current-feedback circuit of any 

{l Z;n,+(1-Aacl z.fb -----<, 
z, ,:j 

u-----»k 

Fm. 10-12. A nonfeedback representation of a current-feedback amplifier. 

number of stages, the feedback voltage being formed by the load current 
of the last tube passing through a feedback impedance Zfl;. Then noting 
that the simple single-stage current-feedback amplifier has Aoc = - µ, 

Z;n, rp, and ZL = RL, we may write 

(10-32) 

Since Eq. (10-32) resembles the gain formula for a nonfeedback amplifier, 
we may draw Fig. 10-12 to represent a current-feedback amplifier. The 

Frn. 10-13. A cathode-follower circuit. 

effect of current feedback is that of 
increasing the output impedance 
of the amplifier. 

10-11. Some Practical Feedback 
Amplifiers. 1. TheGathodeFollower. 
The cathode follower studied in 
Arts. 7-24 and 7-25 is a feedback 
amplifier. Many of the important 
facts concerning this circuit have 

already been discussed in those articles, but it is interesting to treat this 
amplifier by the feedback methods. The circuit of Fig. 7-51a is repeated in 
Fig. 10-13. Figure 10-14 is the equivalent circuit of this amplifier, which 
shows how the feedback is obtained. R 1u is considered to be very high 
in value. Aoc = µ [Eq. (10-23)]. Note that the plate is at ground poten­
tial in this circuit, and it is convenient to have the negative sense of E; on 
thil:l Bide. Zint = r p• 
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Figure 10-15 is another equivalent circuit for the cathode follower, 
which is obtained in the following manner: Since the equation ~ = Efb/E~ 
= -1 does not contain ZL, this is voltage feedback. To obtain the inter­
nal impedance, one may employ Eq. (10-29). Since the impedance ZfJ 
is infinite, the value of Zout becomes 

(10-33) 

which is the new internal impedance. The equivalent emf for the circuit 

k 
o-----t>g 

p 

FIG. 10-14. An equivalent circuit for the cathode follower showing the feedback 
arrangement. 

o-----ug 

jv, 
u------uk 

FIG. 10-15. A nonfecdback equivalent of the cathode follower. 

can be expressed as 

(10-3,1) 

The over-all gain of the amplifier for middle frequencies is easily 
obtained from Fig. 10-15. 

A' = rp/(1 +R:) + RL 1 ~ µ. (10-35) 

which is identical with Eq. (7-89). 
2. Cathode Degeneration. The use of a cathode resistor Rk to furnish 

grid bias causes a reduction in gain below the normal value at some fre­
quencies. If a bypass capacitor Ck is not used, the gain will be the 
reduced value up to some high frequency where stray capacitance begins 
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to shunt Rk, If Ck of sufficiently high value is employed, the gain will be 
decreased appreciably only for frequencies below some low value. The 
main problem is to remove the transition from high to low gain from the 
operating region, and either the inclusion or the omission of Ck may be 
employed. Since high operating gain is usually desirable, the common 
solution to the problem is to place the transition at frequencies below the 
useful operating range. 

The determination of the proper value of Ck to be employed is rather 
involved, and numerous schemes have been proposed for handling the 
matter. A common one is to use Ck sufficiently large that X 0 • is O.IRk at 
the 1-f end of the operating range. This plan is also often followed in the 
case of Cd shunting Ra, the screen resistor, and certainly the method has 

the merit of simplicity. However, 
rather obviously, the degenerative 
effect of Zk, the parallel combination 

Ea' of Rk and Ck, depends not only upon 
its own value but also upon the 
tube parameters and the plate-load 
impedance, and the latter two items 
are ignored by the O.IRk rule. So 

Fm. 10-16. Rk causes feedback if inade-
quately bypassed. while admittedly the results given 

by this simple plan are satisfactory 
in many instances, it is desirable to investigate the matter further. 

Let us refer to Fig. 10-16, in which ZL represents the entire plate load, 
excluding Zk- EM is not shown since its position in the circuit is not 
definite and it is not important in our present consideration. Figure 
10-17a is a linear equivalent circuit showing feedback connections. From 
it we see that I} = Zk/ZL, and hence this is current feedback. Therefore, 
a more simplified equivalent circuit can be drawn, as shown in Fig. 10-17b. 
In obtaining the latter the diagram of Fig. 10-12 is used as a model. 
Aoo = -µ. Although the position of the actual output voltage is indef­
inite (depending upon the actual configuration of ZL), we can consider 
the output voltage as E;. 

The gain can be obtained by reference to Fig. 10-l 7b as 

E' A'= _o 
Vo 

A 
=-----

1 + l + µ Zk 
rp + ZL 

(10-36) 

where A is the gain of the amplifier with perfect bypassing of R,. By a 
somewhat involved procedure one can show that the following expression 



can be evolved, 

where 
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A' Z(l + jwCkRk) 
A = Rk(l + jwC~) 

z R + jX = Rk[(rp + ZL)/(1 + µ)] 
Rk + [(rp + ZL)/(1 + µ)] 

315 

(10-37) 

(10-38) 

It may be seen that Z is the effective impedance between cathode and 
ground, excluding Ck, 

rp 
p 

g 

1~ EJ 
1,: 

o/b k -
(a) 

o----Pk 

(b) 

FIG. 10-17. Equivalent circuits for the amplifier of Fig. 10-16. 

In the general case of any complex value of Z, it is difficult to evolve 
an explicit expression for Ck. However, as an approximation the plate 
load ZL for an R-C-coupled amplifier or for a transformer-coupled power 
amplifier is resistive in the operating-frequency range, and useful results 
can be obtained by assuming X = 0 so that Z = R + jO. Then Eq. 
(10-37) can be changed to the form 

A' 1 - j(l/wCkRk) 
A = 1 - j(l/wC~) 

(10-39) 

If we consider the transition point from low to high gain to be marked by 
the frequency Jt at which A'/ A = x, this would mean 

,yl + (l/w12Ck2Rk2
) 

=X 
,Yl + (l/wi2Ck2R2

) 

(10-40) 
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from which we can solve for Xe, at the frequency f,. 

(10-,11) 

As an example of the use of this formula, consider the amplifier of Fig. 
1()...18. R10w is approximately 500,000 
ohms, and the low end of the mid-

500 frequency band is at lOfi 10/27rR1ow 
K.fl C 159 cps. Suppose it is desired 

to have the gain at 159 cps no less 
than 0.9Amid on account of cathode 
degeneration. RL "" 83,000 ohms, 
and hence, by Eq. (10-38), Z R = 

Fm. 10-18. What value of Ck should be 
2500 X 93,000/21 

used? 2500 + 93,000/21 = 1600 ohms. By 

formula (lQ...41), Xe. = 1100 ohms, and it follows that Ck = 0.91 µ,f is the 
minimum value to be used. 

80 KJ2 

la I 

lb) 
FIG. 10-19. An amplifier with a one-tube feedback loop (a) and its equivalent cir­
cuit (b). 

3. A Si:ngle-tube Voltage-feedback Arrangement. Figure 10-19a shows a 
commonly used feedback arrangement, and Fig. 10-19b is its linear equiv­
alent circuit useful for middle frequencies. For the 6F6 tube suppose 
tube-manual data are RL = 7000 ohms, rp = 80,000 ohms, (Im = 2500 
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micromhos, andµ = 200. Pac 3.2 watts for a peak grid signal of 16.5 
volts. There is 8 per cent harmonic distortion. It follows that EP 
v'PacRr, = 150volts andAm;d = -150 y'2/16.5 -12.9. (This estimate 
of Am,d is probably better than that obtained by using -gmR,h,) 

Suppose it is desired to reduce the harmonic distortion to 2 per cent. 
Then 11 ~Al = 1/z = 4, and therefore a value of ~ 0.232/0° is 
required. Since ~ depends upon the resistors in the interstage coupling 
circuit, it is necessary to consider the design of the 6SJ7 circuit. 

The required peak grid drive for the 6F6 is 16.5 volts, and hence the 
output of the 6SJ7 must be 4 X 16.5 66 volts peak v:;i,lue, or 46.7 volts 
rms. The tube manual or Appendix B is consulted for satisfactory cir­
cuit values. The ones chosen are shown in the figure. In particular 
R 0 = 0.27 megohm, Rb = 0.1 megohm, A = 94, and the stated percent­
age distortion is 4.2. 

It should be noted that Rb is not represented by a single resistor. Rb 
is equal to R~ in series with the parallel combination of R2 as one branch 
and R1 and the transformer primary as the other branch. If we choose 
R; as 80,000 ohms, then the combination of the other resistances named 
above must amount to approximately 20,000 ohms. It is desirable that 
R1 + R2 be quite high so as not appreciably to lower the load on the 6F6 
tube below that given by the transformer. 

The voltage drop across Ra is E2a- By superposition, this voltage drop 
is the sum of the voltage drops caused by the two generators µ1E 1a and 
µ2E2 0 • Since the drop caused by the former is the normal nonfeedback 
value of E2a, it follows that the drop caused by the latter is Efb. Since ~ 

Rz 0.21 
is the ratio of Efb to Eo, we may write ~ Ri + Rz 0_21 + 0_08 0.232, 

where 0.21 megohm is the parallel resistance of r 1p and Ra (assuming r1p 

to be approximately 1 megohm). This assumes that R~, R0 , and r1p con­
stitute a negligible shunt on R 2• 

Now we can solve for R 1 to obtain R 1 2.1R2. If we choose Rz as 
27,000 ohms, then R1 = 57,000 ohms. A check on the parallel combina­
tion of the resistors mentioned above yields 19,000 ohms as the a-c resist­
ance and 18,300 ohms as the d-c resistance. These values are satisfactory 
close to the desired value of 20,000 ohms. 

The gain of the 6SJ7 is 94. Hence an rms input signal of 46.7 /94 = 
0.5 volt is needed. The harmonic distortion of 4.2 per cent given by the 
tube manual applies here since the desired output voltage agrees with the 
tube-manual value. This percentage distortion in this case will roughly 
add to that of the 6F6 stage, making the total about 6 per cent. Thus we 
see that our purpose of reducing the distortion has been poorly accom­
plished. Increasing ~A may not improve the results as its effect is only 
on distortion originating in the 6F6 stage. 
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4. A Two-tube Feedback Circuit. Figure 10-20 shows an example of 
this type of feedback arrangement. The voltage fed back from the out­
put is introduced into the cathode circuit, rather than the grid circuit, of 
the first tube to offset the phase reversal of the additional stage. Since a 
voltage Ep, in the cathode circuit of the 6SJ7 acts in both the grid and the 
plate circuits of this tube, its total effect is the same as (µ + l)Efb volts 
in the plate circuit alone or[(µ+ 1)/µ]Efb volts in the grid circuit alone. 
µ being very high for a 6SJ7 tube, (µ + 1) / µ is practically unity, and 
hence feedback to its cathode in this case is equivalent to feedback of the 
same voltage to its grid alone. 

The circuit values for the 6F6 are those of the previous example: RL = 
7000 ohms, rp 80,000 ohms, gm = 2500 micromhos, µ = 200. For the 

Fm. 10-20. A two-stage feedback circuit. 

6SJ7 it should be noted that its plate current in passing through R2 causes 
feedback, which reduces the gain for this stage and to some degree lowers 
its distortion. It is well to choose a 6SJ7 circuit design which will yield 
a gain somewhat higher than that of the previous problem, in order to 
compensate for the loss due to this current feedback. This design choice 
is somewhat a matter of trial and error, and we may tentatively choose 
the circuit values shown in Fig. 10-20. Here A = 200, and maximum 
rms output voltage is 50. The harmonic distortion for maximum drive is 
4. 7 per cent. 

RL, the plate load for this stage, is Rb in parallel with R0 , and it has a 
value of 213,000 ohms. The current feedback~ is R 2/RL 1200/213,000 

0.0056. The gain A~ is Ai/(1 - ~A1) = -200/(1 + 0.0056 X 200) 
= -200/2.12 -94.3. If this value of gain for the 6SJ7 stage is used, 
the feedback from the 6F6 plate may be considered in effect to be intro­
duced into the 6SJ7 grid circuit in series with the signal voltage V 10 • 

The output impedance of the amplifier alone, as seen by the transformer 
primary, is the plate resistance of the 6F6, 80,000 ohms. The internal 
emf is AocE1a = A~(-µ2E1 0 ) -94.3 X (-200E10 ) +18,860E10 • An 
equivalent circuit for the two-stage amplifier is shown in Fig. 10-21. 

The distortion for the 6SJ7 with current feedb~ck is D/\1 ~A1I = 
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4.7 /2.12 = 2.2 per cent, if the output of this stage is made 50 volts rms. 
However, with the desired output of 16.5 X 0.707 = 11.7 volts rms, the 
distortion is roughly 2.2 X 11.7 /50 = 0.5 per cent. (This assumes that 
the variation of distortion with drive for a pentode is approximately 
linear, the same as for a triode. This approximation is fairly reliable for 
high-plate-voltage operation. See Art. 7-16.) The distortion in the 
output without voltage feedback is approximately 8 + 0.5 8.5 per 
cent. If we wish to reduce this to 2 per cent, then 11 - ~A: = 8.5/2 = 
4.25 and (tA = -3.25. Here A= (18,860 X 7000)/(80,000 + 7000) = 
1520, and hence~ = -3.25/1520 = -0.00214. Then (t -R2/(R1 + 
R2) = -0.00214, and R1 = 467R2 = 467 X 1200 = 560,000 ohms. 

?000' 
fl 

Fw. 10-21. An equivalent circuit for the amplifier of Fig. 10-20. 

R1 and R2 constitute a negligible shunt on the 7000-ohm load. R1 is 
so large that the assumption that R2 is the feedback resistor for the 
current-feedback case is justified. 

The required peak input voltage for the 6F6 is 16.5 as in the previous 
case, while the peak grid voltage for the 6S.J7 will be 16.5/200 = 0.083 
volt. Because of current and voltage feedback the input voltage V ium 

must be 0.083 X 2.12 X 4.25 0. 75, and V iu = 0.53 volt rms. 
In the case of the circuit of Fig. 10-19, the required rms input voltage 

was 0.5 volt, approximately the same as in this case. Hence both circuits 
perform somewhat the same, but only that of Fig. 10-20 successfully 
reduces the distortion. 

We have introduced the feedback voltage into the cathode circuit of the 
6S.J7 to compensate for phase reversal. It is often simpler to obtain the 
feedback voltage from a transformer secondary with the proper polarity 
to allow the feedback voltage to be introduced into the 6S.J7 grid circuit. 
This avoids the loss in gain due to current feedback. Furthermore, there 
is an additional advantage in that distortion caused by imperfect trans­
former performance is greatly reduced. In practice the phase shift 
caused by the transformer may result in a difficulty similar to that illus­
trated in Art. 10-12. 

10-12. Oscillation in Feedback Amplifiers. In the examples of simple 
feedback circuits of the preceding article the amount of feedback varies 
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somewhat with frequency because of series or shunt reactances in the cir­
cuits. In some cases this variation is so great that a circuit designed to 
give negative feedback at middle frequencies may give positive feedback 
in some other frequency range and may even break into oscillation. 

In Art. 10-4 it was stated that 1 - ~A determines the character of the 
feedback. Hence it may be helpful if ~A is plotted, say in polar coordi­
nates. Figure 10-22a shows this plot for the simple amplifier of Fig. 
10-6. Here ~ = R 2/(R 1 + R 2), and as it is independent of frequency, 
the ~A graph is similar to the A graph. Amid -gmR,h, while 

A Amid 
low = ---. 

1
~

1 

i J l 
= Amid COS 0 /180° + 0 

Here 0 is the phase shift away from 180° and equals arctan (fi/f). The 
({3 A) locus of Aiow = Amid cos 0 /180° + 0 is a 

Yi semicircle in the third quadrant. 

(a) 

Pole 

Likewise the polar plot of Ah,,h = 

1 -~(! /f
2

) is also a semicircle, in the 

second quadrant. See also Arts. 7-12 
and 7-13. 

Figure 10-22b shows a polar plot of 
1 - ~A for the same amplifier. The 
point 1 + jO has been assumed to be in 
the position shown. Recalling that 
if [l ~Ai < 1, the feedback is posi­
tive, it is seen that the vector 1 - ~A 
would need to terminate within the 
unit circle with center at 1 + jO. If 
the 1 ~A vector terminates at the 
pole, A' becomes infinite and oscillation 

FIG. 10-22. Determination of the 
stability of the amplifier of Fig. 
10-6. (a) The M diagram. (b) 
The 1-~A diagram. 

occurs. In the case of this amplifier 
the vectors always terminate outside the unit circle except for zero fre­
quency, and hence the feedback is negative for all other frequencies. 

Some saving in time results if conclusions can be reached by drawing 
only a ~A locus. Note that in Fig. 10-22a the feedback is always nega­
tive (except for zero frequency) because the ~A vector never terminates 
within the unit circle with center at 1 + jO. Termination at 1 + jO 
would result in oscillation. 

:Figure 10-23 shows the ~A diagram for a single-stage amplifier with an 
interstage transformer in the feedback loop (see Art. 7-29). It is seen 
that in the h-f range the feedback becomes positive. The locus does not 
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pass through 1 + jO. Our discussion of the conditions for oscillation has 
not been complete as this is beyond the scope of this book. Nyquist5 has 
shown, however, that if the ~A locus encircles or passes through 1 + jO, 
the circuit oscillates. 

It may be readily perceived that in amplifiers ·with multistage feedback 
loops, the phase shift at high or at low frequencies may progress so rapidly 
that oscillation will occur in one of these 
bands. The design problem in such ampli­
fiers is to reduce the gain rapidly enough 
so that the locus fails to encircle the 1 + jO 
point. For example, to design a three­
stage feedback loop it is advisable to 
arrange two of the stages to have a much 
wider middle-frequency range than 
required for the working band. Then the 
phase shift for each of these will be low 
over this band. The third stage is then 
designed to have a sharp cutoff at the 

locus of 
{:IA 

FIG. 10-2:3. The (JA diagram for a 
transformer-coupled stage with 
feedback. 

edges of the working band, and this reduces the over-all gain rapidly 
enough to satisfy the conditions for nonoscillation at any frequency. 
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PROBLEMS AND QUESTIONS 

1. An amplifier having a gain of 100/180° has an output of 100 volts at the signal 
frequency, together with 1 volt of noise. The noise originates at some point in the 
amplifier. If the signal-to-noise ratio is to be increased to 1000 without changing 
the magnitude of the signal output, discuss the ways in which this might be attempted. 
For one way, determine the fraction of the output voltage which must be fed back 
into the input, and also determine the required signal input voltage. 

2. An amplifier having a gain of 100/180° has an output of 100 volts at the signal 
frequency, together with 5 per cent of second-harmonic distortion. Assume that the 
distortion voltage in the output varies as the square of the voltage on the first grid. 
(a) Draw box diagrams showing how the distorting voltage can be reduced to 1 per 
cent. (b) What input voltage is required and what fraction of the output voltage 
must be fed back if the output voltage remains constant at 100 volts? 

3. An amplifier has a voltage amplification of -50 ± 4 per cent, the variation 
being due to changes in operating voltage.<;. If negative feedback is added from out­
put to input, with I} 0.08, what is the new voltage amplification? Determine its 
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percentage variation. Obtain the answers by using Eq. (10-5) and also by drawing 
a box diagram in the manner of Prob. 2. 

4. Draw a circuit with negative feedback and having a O network which causes the 
voltage output to rise at high frequencies. 

5. If the output voltage of a feedback amplifier is maintained at the nonfeedback 
level by raising the gain of the amplifier in the feedback loop (see Fig. 10-5), prove 
the relationships expressed in Eqs. (10-12) and (10-13) and the conclusions concerning 
distortion and noise stated in Art. 10-6. 

6. A single-stage amplifier has a gain A = -6 and an output of 120 volts with 
6 per cent harmonic distortion. If negative voltage feedback is to be used to reduce 
the distortion to 2 per cent, what value of (} should be used and what input voltage 
will be required if the output is to be maintained at 120 volts? 

7. A one-stage amplifier with voltage feedback uses a tube with µ, = 20, rp = 12,000 
ohms. The load is RL 100,000 ohms. ~ 0.1/0°. '\\,'batµ, and rp values would 
a tube need to have in a nonfeedback amplifier having the same RL and the same gain? 

8. Repeat Prob. 7 if the feedback amplifier has current feedback with O = 0.1 
caused by a cathode resist-Or of 10,000 ohms. 

9. What is the value of output impedance of the amplifier of Fig. 10-19, discussed 
in Example 3 of Art. 10-11, as seen when looking into the secondary of the output 
transformer (step-down ratio 10:1)? 

10. Draw a nonfeedback equivalent circuit for the amplifier of Fig. 10-20, labeling 
all components. What is the output impedance as seen from the secondary of the 
output transformer (step-down ratio 10:1)? 

11. See Fig. 10-24. For the tube µ, = 20, rp = 20,000 ohms. R& 100,000 ohms, 
R, = 500,000 ohms, tapped at 5000 ohms from the bottom end. C and Ck are very 

FIG. 10-24. 

large. For middle frequencies determine (a) the gain of the amplifier, (b) its output 
impedance. 

12. For the 6SJ7 design of Art. 7-16, determine the value of Ck needed to limit the 
degenerative loss in gain at Ji to 1 per cent. An approximation can be made by 
assuming (rp + RL)/(1 + µ,) ,., 1/g... The value of g .. can be estimated from the 
formula A = g,.R ••. 

13. Remove the feedback connection from Fig. 10-24 (Prob. 11), and determine C 
to make the mid-frequency band extend down to 100 cps. Also determine the value 
of c. needed to make the current feedback caused by z. ineffective at 100 cps. Assume 
Rk = 1500 ohms. 

14. Redraw the circuit of Fig. 10-20 so that the feedback voltage is taken from the 
secondary of the transformer instead of the primary. Determine the correct trans­
former polarity. Determine the value of R, to be used to accomplish the results 
desired in Example 4 of Art. 10-11. Wbat additional benefits are derived? What 
undesirable r61lults, if any, might occur? 



CHAPTER 11 

OSCILLATORS 

11-1. Types of Oscillators. In this chapter we shall study certain 
essentially electronic circuits which produce an a-c output, using only a 
d-c source of energy and no external a-c controlling voltage. Such 
devices are called oscillators. Being without external frequency control, 
an oscillator must have a self-contained frequency-determining portion. 
This portion takes various forms, the commonest being parallel L-C cir­
cuits and R-C networks. The latter are used in delay lines, in bridge cir­
cuits, and in tube circuits having two stable modes of operation. Some 
oscillators produce an output voltage which is essentially sinusoidal in 
form, others produce a saw-tooth wave, others a square wave, and so on. 
There are many kinds of oscillators, and a book could be written exclu­
sively about them. We shall devote this chapter to selected topics 
considered to be of major interest. 
Ultrahigh-frequency oscillators are 
not treated, as the general techniques 
for such frequencies are outside the i1 j r i2j R i3 j C! i4j L 
scope of this book. 

11-2. The Parallel L-C Circuit as _!_. __ ......_ __ _._ __ _._ __ __. 

a Generator of Oscillations. Most Frn. 11-1. An impulse is applied to 
of us have some acquaintance with an L-C tank. 

a long pendulum having a heavy bob. 
Whether gently pushed to and fro in a class A manner, pushed from one 
side only in class B fashion, or just bumped at the right time in class C 
style, the pendulum bob swings back and forth in approximately simple­
harmonic motion. Many of us are also aware of analogues between 
mechanical devices and electrical circuits, of the fact that a differential 
equation describing the action of a mass-spring-damper device is in the 
same form as the equation applying to some L-C-R electrical circuit. 

With these things in mind, let us study the action of a coil in parallel 
with a capacitor. In Fig. 11-1 consider a tank circuit of L and C to have 
a loss resistance represented in parallel form by R. This loss may be due 
to energy dissipation in the inductor and in the capacitor or to energy 
delivered to a load. The parallel representation is only approximate, and 
an alternate method of handling the losses would be by a resistor in series 
with L. This representation being also approximate, we choose the more 
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convenient form. Let us also assume an impulse of voltage of any wave­
form---pulse, sinusoidal, or otherwise-to be applied across the tank, and 
let r be the internal resistance of the impulse source. Figure 11-1 shows 
Norton's form of the circuit. 

We may write the following circuit equations: 

(11-1) 

(11-2) 

From these equations we may solve for any of the currents i 1, i 2, i3, or 
i4 in terms of i and the circuit parameters. All the current solutions are of 
the same general form, and we may take that for i4 as representative. 
Using Eqs. (11-2) to eliminate i1, i2, and i3 from (11-1), we obtain 

or 

L di4 
r dt 

!::_ di4 + LC d2i4 
R dt dt2 

LC ~
2
i 4 + J. R + r di4 + . = . 

dt2 ., Rr dt i 4 i 

(11-3) 

(11-4) 

The general solution of this second-order differential equation contains 
two arbitrary constants and is usually treated in two parts. One part, 
called the particular integral, depends upon the current i; it satisfies Eq. 
(11-4) and contains no arbitrary constants. If i is sinusoidal in wave­
form, there is no especial difficulty in finding the particular integral, for 
this is the value of i4 obtained as the ordinary steady-state a-c solution 
of the circuit. If i is nonsinusoidal, there is considerably more difficulty. 
However, in the present case our immediate interest is in the second part 
of the general solution, called by mathematicians the complementary 
function-the part which contains the two arbitrary constants. The cur­
rent which is the solution to this part has a waveform which is independ­
ent of that of the impulse i. We shall show that it is possible to obtain 
an approximate sinusoidal waveform for this current. This solution is 
obtained by solving Eq. (I 1-4) with i replaced by zero. Hence we wish 
to solve 

(11-5) 

Substituting i4 = Emt as a possible solution yields the requirement that 

LCm2 + L R Rr r m + 1 0 (11-6) 
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or that 

m = L[(R . r)/Rr] + L 2[(R + r)/ Rr] 2 4LC 
2LC - 4L2C2 

= - 2C[Rr/(~ + r)] ± j v1c ✓1 - 4~(R ir ry (ll-7) 

There being two values of m which make emt a solution, we may write 
these solutions as emit and em21• It is easily shown that the expression 
i4 A1:m11 + BEm,t also satisfies Eq. (11-5), and hence this is the com­
plementary function. Substituting from (11-7) and factoring yields 

i4 = exp {- 2C[Rr/tR + r)]} (Ai"''+ Bciwt) (11-8) 

where 

1 
w= ✓l _ ~ (R + r)2 

4C Rr 
(11-9) 

w is a real number if 

~ (R + r)2 < 1 
4C Rr 

(11-10) 

. 'f ✓CI i.e., 1 LI Rr I 1 I Rr r I 1 
r : > 2' or woL > 2' or 

IQo,.I > ½ (11-11) 

where Qo,, is the equivalent circuit Qo [see Eq. (7-158)] and subscript 0 
refers to conditions obtaining at the resonant frequency for which woL = 
1/woC. Since 

ix COS X + j sin X 

we may change Eq. (11--8) to the form 

cos (wt+ 0) 

(11-12) 

(11-13) 

where K and 0 are arbitrary constants used for convenience to replace 
combinations of the former ones, A and B. The expression cos (wt + 0) 
is useful only if w is real, which means if IQo,,] > ½. If this latter con­
dition does not hold, the solution for i4 reverts to the form (11-8) with w 

either zero or a pure imaginary, making all of those exponentials real and 
the solution nonoscillatory. Now it is not at all difficult to make IQo,,i 
much greater than ½, and if we do, Eq. (11-9) reduces to 

1 
w ""' -= wo (11-14) 

yLC 
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and the inductor current i4 is oscillatory with a frequency closely that of 
resonance. Likewise the capacitor current and the currents through R 
and r can be found to have the same waveform and frequency. 

The amplitude of the oscillatory current i 4 is approximately 

(11-15) 

This expression shows that if C, R, and r are positive quantities, 
the amplitude of the current decreases with time and eventually becomes 
inappreciable. If 2C[Rr/(R + r)] is large compared with To, the period 
of one cycle, the decay in current amplitude is slow. This condition is 
expressed by 

2C ~ 
R+r 
To 

Rr 
2woCR+r 

wo(l/fo) 

Rr 

(11-16) 

In the study of tank circuits for class C amplifiers it is shown that Q0/'27r 
is the ratio of total energy stored in the tank to that dissipated during one 

u --,---i-----,----.--~ cycle. This means that Qo., should 
be large (the tank should exhibit a 
large flywheel effect) if good sinus­
oidal waveform of tank current is 
desired. Nevertheless, the oscillatory 
current in the tank dies out unless 

R 

something is done to restore the 
,Be0 f /J network lost energy. This requires that the --~~ ...... 

impulse should be repeated with the 
Frn. 11-2. The equivalent circuit for a 
regenerative-feedback oscillator. correct magnitude and timing to offset 

the loss in energy. 
There are two common ways in which this property of the L-C tank can 

be exploited to produce a good-quality sinusoidal output. The first is by 
the use of a regenerative feedback amplifier. The second is by the use of 
a negative-resistance device. We shall take up these methods in that 
order. 

11-3. Regenerative Feedback Oscillators. Let us consider the 
equivalent circuit shown in Fig. 11-2 as one plan for accomplishing the 
purpose of supplying the tank with properly. timed impulses of energy. 
This should be recognizable as a linear vacuum-tube amplifier in Norton's 
equivalent form and employing feedback. The current i is gmea g,,.{3eo, 
where {3 = e0 / ea. {3 is a positive or negative real number. 

The differential equation to be solved for i4 is adapted from (11-4), 

LC d2i4 + (~ + !:.) di4 i4 = Umf3eo = -gmf3L ddit4 (11-17) 
dt 2 rp R dt 
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or 

LC d2i4 + L (..!_ + l + /3) di4 + . = 0 
dt2 r p R Ym dt t4 

which is the same as Eq. (11-5) if we substitute 

1 
r 

1 + R r g,,.,., 
p 
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(11-18) 

(11-19) 

The complementary function is now the general or complete solution, 
since the right member of (11-18) is already zero. The solution for the 
equation is of the form of Eq. (11-13). Since {3 can be made either nega­
tive or positive, it is possible to make i4 increase exponentially with 
time. This result occurs if Rr/(R + r) [in Eq. (11-13)] becomes negative. 
Then Rr/(R + r) < 0 or (R + r)/Rr < 0. From this (1/r) + (1/R) 
< 0 or (1/rp) + Ym/3 + (1/R) < 0, and hence /3 < -1/gm[Rrp/(R + rp)]. 
Thus /3 is negative and !/31 > 1/gm[Rrp/(R + rp)], or 

1 
l/31 > IAI (11-20) 

Thus, if the circuit connections are made to reverse the phase between 
output and grid voltages to give positive feedback, and if the magnitude 
of {3 exceeds the reciprocal of the magnitude of the gain of the amplifier at 
the resonant frequency, the amplitude of i4 will grow with time. There is 
nothing about the linear equivalent circuit to indicate that it will ever 
stop growing, but we know that it must eventually. We shall discuss 
reasons for this later. 

Suppose the cathode of the vacuum tube to be heated and then the 
bias voltages applied. Either the sudden application of these voltages 
or any noise voltage in the tube or the circuit will supply an impulse to 
the plate tank. A small oscillatory current flows in the tank, and an out­
put voltage appears across the tank inductor. A certain part of this volt­
age, with phase reversed, is applied to the grid. If the amount of voltage 
feedback and the amplification of the tube are sufficient to satisfy the 
relation (11-20), the energy in the tank is increased and the tank current 
increases in magnitude. Eventually, of course, the operation of the tube 
becomes nonlinear and the equivalent circuit becomes unreliable for 
studying its action. The current of sinusoidal waveform in the tank 
continues nevertheless, although harmonic currents, caused by harmonic 
components of i, may also flow. These, of course, may be considered, if 
desired, in the particular-integral part of the solution in this case. If the 
tank has a very low parallel impedance to harmonics of the resonant fre­
quency, these harmonic tank currents are very small. As the tube and 
tank currents grow in magnitude, the average values of the tube param­
eters µ, rn and gm change and finally we have equality between the 
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members of (11-20). If ~ = E0 /Eo, for steady-state operation it follows 
that 

(11-21) 

At this point the circuit produces oscillations of constant amplitude, and 
under favorable conditions the tank current is very nearly sinusoidal. 
The relation (11-21) for constant-amplitude oscillations is known as 
Barkhausen's criterion. It proves to be a very useful relation for study­
ing feedback oscillators. 

Actually we can see that positive feedback really produces the effect of 
making r in the circuit of Fig. 11-1 negative. In this sense, feedback 
oscillators are a form of so-called negative-resistance oscillators. 

Fm. 11-3. A tuned-plate oscillator. 

C' 

R-f 
choke 

FIG. 11-5. A Hartley oscillator. 

Fw. 11-4. A tuned-grid oscillator. 

L 

R-f 
choke 

Fm. 11-6. A Colpitts oscillator. 

11-4. Practical Feedback Oscillators. Numerous circuits have been 
devised which perform in the manner just described. Several of these 
are shown here. 

In the tuned-plate oscillator of Fig. 11-3 the frequency-determining 
tank is in the plate circuit. The two dots on the coils show how the phase 
reversal to give positive feedback is accomplished. 01 has a low imped­
ance to harmonics of f 0, and hence the tank current has good sinusoidal 
waveform. 

In the tuned-grid oscillator circuit of Fig. 11-4, the frequency of oscil­
lation depends upon more than L2 and C 2, since current flows in L1 as 
well as in L2. L1 may have considerable impedance to the harmonics, 
and the waveform of the output voltage (across L2) tends to be slightly 
inferior to that of the tuned-plate oscillator. The same effect occurs in 
the Hartley oscillator of Fig. 11-5, while the Colpitts of Fig. 11-6 again 
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produces an excellent quality of waveform. However, the Hartley cir­
cuit is easy to adjust for satisfactory operation and is a very widely used 
device, while the two capacitors of the Colpitts circuit need simultaneous 
adjustment if the frequency of operation is to be changed very greatly. 

Pigure 11-7 shows an oscillator which uses two tuned circuits, one in 
the grid circuit and another in the plate circuit. The feedback in this 
case is through the grid-plate capacitance, and the frequency of oscillation 
must be slightly below that of resonance so that the plate load is induc­
tive, making G0 (see Art. 7-5) negative. 
Energy is then supplied to the grid tank 
by the plate circuit, and a sinusoidal grid 
voltage results. 

The grid tank of Fig. 11-7 may be 
replaced by a crystal (Fig. 11-8), the 
principle of operation remaining the 
same as before. The crystal has an Fm. 11-7. A tuned-plate tuned­
equivalent circuit as shown in Fig. 11-9, grid oscillator. 

where Ch is the capacitance of the 
crystal holder and R, L, and Care electrical equivalents of the mechanical 
crystal vibrational system. The crystal used is cut from a block of quartz 
to the form of a thin wafer, the planes of the cuts determining the vibra­
tional frequency-temperature property. Quartz, like some other crys­
talline substances, possesses the piezoelectric property whereby compres­
sion along one axis produces a voltage between two opposite faces. The 
action is reversible so that application of a voltage between faces causes 
compression or expansion. The value of the equivalent Q0 for the crystal 

Fm. 11-8. A crystal oscillator. Fm. 11-9. The equivalent circuit for a 
crystal. 

is very much higher than that for any actual coil, and with proper tem­
perature control the frequency of oscillation can be held to a nearly con­
stant value. 

Note that some of these oscillator circuits use shunt plate feed, while 
others may employ series feed. In general shunt feed is preferable for 
any of the circuits as the total voltage across cap3:citors is less and the 
danger of d-c power arcs is lessened. This, of course, applies more to 
, transmitting and high-power equipment, and for low-voltage apparatus 
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it is often satisfactory to use series feed. The Colpitts circuit is one in 
which series feed cannot be employed. 

11-6. The Analysis of a Tuned-plate Oscillator. Figure 11-3 makes 
it rather obvious that a tuned-plate oscillator is an amplifier with positive 
feedback from the output to the grid. It is entirely proper to write dif­
ferential equations involving instantaneous voltages and currents in this 
circuit, as was done in Art. 11-3, and determine thereby the conditions 
for which oscillations occur. But it is considerably easier to assume that 
there will be oscillations of sinusoidal waveform and that these will be of 
constant amplitude if A~ = 1, as expressed by Eq. (11-21) and also in 

11 Art. 10-4, where feedback amplifiers 
g were being discussed. Another way 

of stating this Barkhausen criterion 
Ci is to say that at any point in the cir-

R1 cuit the loop gain must be unity. In 
the present case we shall use the 

k Barkhausen method. 
Fm. 11-10. Equivalent circuit for a 
tuned-plate oscillator. 

Assume that the grid current is 
zero and that the operation is linear. 

Figure 11-10 shows an equivalent circuit in Thevenin's form. Since 
lo = 0, 

E0 jwMii 
ZL = (R1 + jwL1)(l/jwC1) 

R1 + j[wL1 - (l/wC1)] 

The loop gain is unity if E0 reproduces itself. 

E (R1 + jwL1) (I/jwC1) 
µ 9 R1 + j[wL1 (l/wC1)] 1 . M 
+ (R1 + jwL1)(I/jwC1) R1 + jwL1 Jwl 

rp R1 + j[wL1 (l/wC1)] 

or 

R1rp + jrp (wL1 - CI ) + (R1 + jwL1) -.-
1
C 

W l JW 1 

Since real numbers cannot equal imaginary numbers, 

rp£1 - __!_11_ - Ri 0 
wC1 wC1 

and 

From Eq. (11-26) it follows that 

w = _1_ ✓1 +R1 
~ rp 

µM 
~cl 

(11-22) 

(11-23) 

(11-24) 

(11-25) 

(11-26) 

(11-27) 

(11-28) 
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or 

(11-29) 

where 

(11-30) 

is the resonant frequency of the plate tank. Thus it is seen that the fre­
quency of oscillation is near the resonant frequency if R1 is much smaller 
than the plate resistance of the tube; this is the usual case. 

Equation (11-27) may be changed to the form 

L1 R1C1 
g -~=-

m Mrp M (11-31) 

By a little manipulation a graphical meaning to the expression Ym 
(Li/Mrp) can be obtained. Thus 

L1E 
Mo µE0 - jwL1Ii 

rpEo 
Iprp lp 

= ~Eu = Eu 
(11-32) 

lp/E0 is the approximate slope of the secant line connecting the end points 
of the path of operation on i0, ec axes, and by Eq. (11-31) this equals 
R 1Ci/M. Thus, for the case of a 
tuned-plate oscillator having a fixed 
operating point, oscillations will begin 
if the slope of the tangent line at 
Q exceeds R1Ci/M (see Fig. 11-11). 
The amplitude of oscillation will 
then increase until the slope of the 
secant line equals R1Ci/M. This 
automatic amplitude limitation is 
caused by saturation effects, and it is 

Slope of this 
secant line 

R1 c1 
is -g-

i. o!:~~ -
characteristic 

-{ 

!!cmin 4o ecmax Ile 

Fm. 11-11. Limitation of amplitude of 
readily seen that if good plate-current oscillation by change in tube param-
waveform is desired, the control- eters. 
lable circuit parameter (say M) 
should be adjusted to make the members of Eq. (11-31) almost equal. 
The steady-state oscillations will then be of small amplitude. 

Figure 11-12 shows vector diagrams for a tuned-plate oscillator. (a) 
makes it clear that the frequency of oscillation cannot be the antiresonant 
frequency of the plate tank, since Eu does not reproduce itself in phase. 
(b) shows vector relations at the true oscillating frequency, which is some-
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what higher than the antiresonant frequency and where the tank is 
slightly capacitive. The exact positions for IP and the dependent vectors 
depend upon rp of the tube, and thus, if the tube operating voltages are 
allowed to vary, the frequency of oscillation changes to make adjustments 
in the vector positions. Some measure of stability can be attained by 
making rp high compared with the resistance R1. It is also beneficial 
to insert a capacitor in the plate lead as this makes IP lead µEg without the 

(a} 

(b) 

Fw. 11-12. Vector diagrams for a 
tuned-plate oscillator. (a) At the anti­
resonant frequency. (b) At the fre­
quency of oscillation. 

necessity of the plate tank acting 
capacitively. 

11-6. Power Oscillators and Volt­
age Oscillators. Feedback oscilla­
tors, like amplifiers, may be designed 
to give considerable power output 
directly to a load or to furnish only 
an alternating voltage. Power oscil­
lators are usually operated class C2 
in order to obtain high plate-circuit 
efficiency and depend upon the filter­
ing action of the tank to lower the 
harmonic content of the output. The 
design of these oscillators is essen­
tially the same as that of amplifiers 
of the same class, the graphical 
approach being the most success­
ful. l:-sing constant-current charac­

teristics for the tube, a Q point (Ebo,Eco) and a p point (ebmin,eCmax) are 
tentatively chosen and the straight-line path of operation drawn through 
them. Values obtained at selected points on the path of operation 
enable one to calculate Iba, lea, Ep,, 10 " and other quantities desired. 
Determination of Pac and 1/p and a check of PP against the allowable value 
complete the test of the tentative design. This can be altered, if desired, 
in an attempt to achieve better results. Once this design is decided upon, 
a feedback circuit is developed to produce the desired grid voltage from 
the computed output voltage. The required load is EPJI Pi, and 
R QowoL (for the tuned-plate case) must have this value. 

The grid-bias resistor is usually a grid leak, and its value can be com­
puted from the value of lea• The value of C0 should be great enough so 
that the bias will not decrease appreciably during the period of no grid­
current flow. A value of RuCu equal to 3T, where Tis the period of the 
oscillatory voltage, gives a generally satisfactory value for Cu. A greatly 
too high value for R0C0 should be avoided since intermittent oscillations 
may result. Normally, if the voltage output of the oscillator decreases, 
the grid bias quickly decreases, which causes the output to increasr. If 
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R.Ca is too high, the bias does not decrease quickly enough and the voltage 
output continues to decrease to zero. After Cu discharges through Ru, 
oscillations again begin and the action repeats. 

For constancy of both frequency and amplitude of oscillations, the 
tube parameters must be maintained constant, and thus plate and screen 
bias voltages should not be allowed to vary. Also, connecting the load 
directly to the oscillator output has the disadvantage of causing the fre­
quency of oscillation to change with changes in load impedance. It is 
obvious that any varying reactance in the load causes a frequency change. 
So too does a varying load resistance affect the frequency, as shown by 
Eq. (11-9), and also since the effect of the tube capacitances depends upon 
the load to some extent (Art. 7-5). Hence, if extreme frequency stability 
is desirable, as in radio transmitters, it is essential to isolate the load from 
the oscillator. This is usually ac­
complished by using a class A or a 
class C oscillator to drive a class 1 
power amplifier, which in turn sup­
plies the load, directly or by driving 
a more powerful class 02 amplifier. 
There being no grid current for the 
class 1 stage, the latter acts as a 

u 
Lood 

buffer to prevent the undesirable Frn. 11-13. An electron-coupled oscil-

reaction of a load on the oscillator. Jator. 

The same result is also achieved by a so-called electron-coupled oscil­
lator, one circuit for which is shown in Fig. 11-13. The cathode, No. 1 
grid, and No. 2 grid are associated with a Hartley oscillator, the No. 2 
grid (the oscillator anode) being grounded for alternating voltages. Elec­
trons which pass through the mesh of the No. 2 grid advance in a stream 
of varying density toward the suppressor grid just as though the cathode 
temperature fluctuated at a rate corresponding to the frequency of oscil­
lation. To the suppressor grid and the plate, the oscillator portion 
appears to be a virtual cathode. The plate current and the screen current 
have the same waveshape and frequency. Any change in load in the 
plate circuit has little effect on the operation of the oscillator because of 
the shielding effect of the suppressor and the No. 2 grids. 

Although fixed bias can be used for class A operation, it is unsuitable 
for class C since the oscillator will not be self-starting. In any case the 
use of a grid leak and capacitor is recommended. A reason is that addi­
tional amplitude control is obtained over that resulting from the satura­
tion effect of Art. 11-5. Figure 11-14 shows the operation of a tuned­
plate class C oscillator using grid-leak bias. Before oscillations start, a 
small amount of grid current flows through the grid leak to make the grid 
just slightly negative. At this Q point if Barkhausen's condition for 



334 ENGINEERING ELECTRONICS 

increasing oscillation is satisfied, the alternating grid voltage rapidly 
increases in amplitude, ultimately reaching a value limited by a combined 
effect of change of tube parameters and the movement of the operating 
point to a more negative value because of greater average grid current. 

11-7. Negative-resistance Oscillators. It will be recalled that the 
peak amplitude of the inductor current i 4 [expressed by Eq. (11-15)] can 
be made to increase if r in 2C[Rr/(R + r)] can be made negative. We 

.A have found that this can be accom­
plished by feeding back voltage from 
the output of the tank to the grid of 
a vacuum tube, which in turn feeds 

B power into the tank. Thus in effect 
t the tank is connected to a four­

terminal network which acts in the 
required manner. 

FIG. 11-14. Amplitude control in a 
class C oscillator with grid-leak bias. 

It is possible to find two-terminal 
devices which also display a negative­
resistance property. Briefly this 
means that the instantaneous alter-

nating current flowing through the device is in a direction contrary to that 
of the voltage drop across it more than half the time, or that this device 
serves as a generator (see Art. 6-10). Figure 11-15 gives an equivalent cir­
cuit for an oscillator employing such a device. If the amount of the neg­
ative resistance changes with the amplitude of the voltage applied to the 
device, it is possible to have automatic voltage amplitude control similar 
to that of Art. 11-5. The equilibrium condition is reached when the 
average value of lrl reaches the value 
R. Then R(-R)/(-R + R) = oo, 

and i4 in Eq. (11-13) has constant Negative 

peak amplitude. resistance R c L 
One practical circuit of this type is dev,ce 

the dynatron oscillator diagramed 
in Fig. 11-16. Figure 11-17 shows the 
property of negative plate resistance FIG. 11-15. Equivalent circuit for a 

negative-resistance oscillator. 
possessed by a tetrode in a partial 
region where e,, < ec2 (see Art. 4-10). With Q placed in the negative­
plate-resistance region, note that the waveforms of ep and iP are 180° out 
of phase; this would not be the case if the static operating point had been 
chosen at point Q', for instance. 

With R > lrpl and with load line A as shown in the figure, the ampli­
tude of oscillations increases until the average value of \rpl equals R. By 
careful adjustment of the tube biases, the value of lrpl at Q can be made 
very near to the value of R; the oscillations are then of small amplitude 
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and of excellent sinusoidal waveform. For higher load impedances, as 
represented by line B, it can be shown that oscillations are still possible; 
however, since they have a nonsinusoidal waveform, this is usually not a 
desirable operating condition. 

The dynatron oscillator is not too often used in practice, as tube aging 
changes the characteristics seriously and causes inconstancy of operation. 
Other circuits not having this drawback are possible, among them one 
utilizing the screen-plate trans­
conductance aib/ aec2 of a pentode, 
which is negative under some 
circumstances. 

11-8. L-F Oscillators. Tuned­
load oscillators are best adapted to 
moderately high-frequency use where 
the size of the inductor needed is not Frn. 11-16. The dynatron oscillator. 

excessive. For low frequencies it is possible to use two h-f oscillators 
operating at somewhat different frequencies and feeding into a nonlinear 
amplifier, thus producing sum and difference frequency as well as har­
monic components. A filter is used to eliminate all components except 
the difference one, which has a low frequency. This device is called a 
beat-frequency oscillator. A block diagram for one is shown in Fig. 

A 

I 1 o o f-----:,1 

er; 
200 300 

Eb (volts) 

Frn. 11-17. The tetrode can be a negative-resistance device. 

11-18. Another successful device is one which employs a phase-shift net­
work to produce positive feedback. And still another uses a Wien-bridge 
arrangement. Both these latter devices are useful over the ordinary 
operating range of R-C-coupled amplifiers. 

11-9. Phase-shift Oscillators. Figure 11-19 shows a prototype R-C 
phase-shift oscillator. Each C and R combination shifts the angle of the 
voltage somewhat less than 90° so that a minimum of three shift sections 
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is required to furnish a total shift, including that of the tube, equal to 
360°. 

If we assume linear operation, we may use Norton's equivalent form 
shown in Fig. 11-20. R1 represents the parallel combination of Rb and rp. 
In order to lessen the shunting effect of each section on the resistor before 

H-f 
oscillator 

H-f 
oscillator 

Mixer or 
non-linear 
amplifier 

f=:t'o+Ji 

Filler 
1 

FIG. 11-18. Block diagram for a beat-frequency oscillator. 

it, we shall increase the impedances progressively by a factor n as shown. 
Note that the capacitors are progressively decreased in size. The phase 
shifts of all sections are therefore approximately the same. 

By assuming E0 = 1/0° volt, one can compute the voltages and currents 
back through the network and set the input current equal to -gmE0 • 

~1 
e e 

C n: ~ -
jitg 

-v, E 

Egl 
m g 

R1 nRi n2Ri n3Rl 

Ecc 
FIG. 11-19. A phase-shift oscillator. FrG. 11-20. Norton's equivalent of the 

phase-shift oscillator. 

This procedure yields a relationship from which the frequency of oscilla­
tion is determined as 

1 
w = -;======--:-

-v'3n2 + 4n + 3 R1C 
(11-33) 

and for oscillations to start, the required value of gm for the tube is 

8n3 + 20n2 + 20n + 8 
y,,. = 

The higher the value of n, the lower the value of gm needed. However, 
there is little advantage in increasing n beyond 3 or 4 because there is some 
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chance that the resistor in the shift section next to the grid may become 
excessively large, for this is the grid leak for the tube. 

This analysis for the case of three shift sections supposes linear opera­
tion but serves as an approximate explanation of the oscillator perform­
ance. As oscillations begin, Ym is higher than the value given by (11-34); 
as the oscillations increase in amplitude, the average value of Ym decreases 
because of nonlinearity of the characteristics. With nonlinearity come 
harmonics in the plate current, but since the harmonics have a total phase 
shift of less than 360°, they are not built up. 

11-10. Wien-bridge Oscillators. Figure 11-21 shows a simplified 
circuit for an oscillator of this type. It employs an ordinary two-stage 
amplifier and a bridge type of cir­
cuit to give approximately constant 
negative feedback and also positive 
feedback, which is sensitive to 
frequency changes. The R-C cir­
cuit elements z. and Z4 play an 
important part in the positive­
feedback action. If the R's are 
equal and the C's are equal, it may 
be easily verified that the ratio 
Z4/(Z3 + Z4) = at the fre-

IX 

2 stoge 
amp I ,f,er 

A= A /360• 

Fm. 11-21. Schematic diagrnm of a 
Wien-bridge oscillator. 

quency for which w = I/RC, while for other frequencies the ratio is less 
and has a positive or a negative angle. 

We have seen in the analyses of other oscillators that sometimes the 
transient method is employed, involving the solution of differential equa­
tions, and sometimes a steady-state analysis is used, involving complex­
number algebra-a considerably simpler process. The first method does 
not assume that the circuit will oscillate or that any oscillations will be 
sinusoidal. The second method assumes that for certain conditions there 
,vill be sinusoidal oscillations. In this case we shall employ the second 
method. 

In order to oscillate, the circuit must have a loop gain of unity. Thus 
if we start with the output voltage Eo, the gain of the loop must reproduce 
Eo. Hence 

( 

R/jwC 
R + 1/jwC E 

R + l + R/jwC 
0 

R + 1/jwC 

(11-35) 

where A will be taken to be A/360°. Equation (11-35) then reduces to 

(R1 + R2 + AR2)w2R 2C2 - j(3R1 + 3R2 AR1 + 2AR2)wRC 
(R1 + R2 + AR2) 0 (11-36) 
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Since the terms with the j coefficient must equal zero, it follows that 

or 

R _ 2A + 3R 
i- A-3 2 

The real part of Eq. (11-36) must also equal zero, and hence 

from which we can obtain 
1 

w = RC 

which gives the frequency of the oscillation. 

(11-37) 

(11-38) 

(11-39) 

(11-40) 

Thus the output voltage is sinusoidal and of constant magnitude if Eq. 
(11-38) holds. Let us examine the negative-feedback amplifier circuit to 
the right of x in Fig. 11-21. The value of ~ is approximately -Rd 
(R1 R2), and we may solve for the gain with feedback as 

A' A A 
(11-41) 

which, upon application of the relation of (11-38), becomes 

A' A 
A 1 + [(2A + 3)/(A - 3)] + 1 

= 3/360° (11-42) 

for any value of A. 
The gain of the whole circuit, including the positive-feedback loop for 

which ~ = Z4/(Za + Z4), is 

A" A' 
=1-~A' 

At the frequency w = 1/RC this reduces to 

A"= __ 3 __ 
1 73 X 3 

3 (11-43) 

(11-44) 

and the circuit develops an output E0 with no input. At any 
other frequency, ~ for the positiv{,'--feedback circuit fails to meet these 
requirements. 

Actually, if A does not have a phase shift of exactly 360°, the frequency 
of oscillation changes sufficiently to give positive-feedback ~ an angular 
value to compensate. 
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If the value of A is very high, the relation of (11-38) makes R 1 some­
what more than twice R2. It is usual to use an incandescent lamp for 
R2* and to adjust R 1 to a value which just permits oscillations to occur. 
The lamp acts as a stabilizer of oscillation amplitude since any increase 
in Eom results in a rise in lamp resistance, causing greater negative feed­
back and a reduction in Eom• Thus stabilization by saturation is not 
needed, and operation can be made linear class A, with the result that 
excellent waveform of output is obtained. 

11-11. The Multivibrator. 1•3•5 A two-stage R-C-coupled amplifier 
with the output connected directly to the input (Fig. 11-22) will serve as 
a generator of oscillations. This is rather to be expected because the 
phase shift for proper positive feedback is provided and the capacitors 
serve to store energy. However, 
the character of the voltage wave­
forms differs from that found with 
previously studied circuits. 

The multivibrator works on the 
principle that the circuit has two 
stable modes of operation, viz., the 
No. 1 tube conducts, and the No. 2 
tube does not, or vice versa. To Fm. 11-22. A multivibrator circuit. 
show that this is the case, let us sup-
pose that initially both tubes are conducting but that a noise voltage in the 
circuit causes a momentary small increase in the grid voltage of tube 2. 
Plate 2 voltage drops slightly, and with it grid 1 voltage falls, causing plate 1 
voltage to rise. This causes grid 2 voltage to rise, further accentuating the 
original disturbance. The action is cumulative, and in a moment tube 2 
is in full conduction, and tube 1 is cut off. Following this, if by some 
means grid 1 voltage can be made to rise above the cutoff value, tube 1 
will conduct, while the other tube becomes nonconducting. If this action 
can be made automatic, an oscillator results. This is where the capac­
itors for energy storage come in. Although a coupling capacitor acts as 
a short circuit to a sharp rise in voltage, and this is because there is insuffi­
cient time allowed for the capacitor to gain a charge, after a brief interval 
the capacitor does charge and the shift in voltages necessary for switch­
over occurs. The rate of switching recurrence depends mostly upon the 
sizes of C and R0 used. 

To make a more thorough study of this interesting circuit, we shall 
analyze the action of a specific case. It is often convenient to draw the 
multivibrator circuit in the manner shown in Fig. 11-23. The tube is a 

* Actually, R2 consists of the plate resistance and the plate load for the first tube 
as seen from the tube's cathode, that is, (rp + RL)/(1 + µ,), in parallel with th<' 
incandescent lamp. 
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type 6SN7 double triode. Its plate and grid characteristics are shown in 
Fig. 11-24. Assumed component values are shown in the circuit drawing. 

Let us suppose that the time t1 approaches at which tube 2 goes into 
full conduction and tube 1 cuts off. C 1 is fully charged so that grid poten­

300v 

tial e1c = 0. The current flowing 
through R1b and R2a to discharge C2 
is small compared with i1b, since R20 

is very large. Hence we may draw a 
40,000-ohm load line on the plate 
characteristics and find that e1b "" 65 
volts and i1b "" 5.9 ma. The poten­
tial e2c of g2 is rising toward the cutoff 

Fm. 11-23. An alternate representation value of 18 volts as capacitor C2 
for the multivibrator. discharges. 

Time t1 arrives. Figure 11-25 applies to events which immediately fol­
low. The capacitor C2 voltage is 65 + 18 = 83 volts, with polarity as 
indicated. Tube 2 passes current, and tube 1 cuts off instantaneously. 
With the switch-over, e2c suddenly becomes positive (as will be shown 
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Fm. ll-24. Characteristics of a 6S:N'7 (one section). 

later) so that the grid-cathode resistance R2c shunts R2a• We shall esti­
mate (subject to later verification) the value of R2c to be about 1000 ohms. 
Thus the current through R10 is reduced immediately from 5.9 ma to 
{300 - 83) /41,000 = 5.3 ma. This makes the initial value of e2c ~ 
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0.0053 X 1000 +5.3 volts. For this value of grid voltage the plate 
voltage e2b is reduced almost to zero, and i2c """ 6 ma. Thus R 20 is some­
what less than the 1000 ohms assumed, but close enough to suit our 
purpose. 

At time t1 when e2e jumped from -18 to +5.3 volts, the plate voltage 
e1b increased 23.3 volts also, taking a new value of about 65 + 23 = 88 
volts. 

Immediately following time t1 the 
grid voltage e2e begins to fall, the 
time constant (Fig. 11-25) being 
approximately R1bC2 = 800 µsec. 
Soon e2c has a value of zero. L sing 
the same time constant, the plate 
voltage e1b rises from 88 volts to 300 
volts as C 2 charges. 

Figure ll-26showsthecircuitwhich Frn. 11-25. Circuit applying to events 
soon after tube 1 cuts off. 

controls the events leading to the 
reestablishment of plate current in tube I at time t2. For some time 
before t2 the value of e2c is practically zero so that we may determine the 
value of R2p from Fig. 11-24 as approximately 11,000 ohms. The current 
to C1 being small compared with i2b, e2b remains constant at 65 volts, the 
value to which it rose (with a time constant of only 800 µsec) after falling 
from +300 to almost zero after tube 2 began to conduct. Although this 

sudden drop of 300 volts carried e1c dov.-n the 
same amount, the value of the latter rose to 
-235 volts shortly after time ti (using the 
same short time constant). Since that time 

Et,o-=- C1 has been discharging with a time constant 
of approximately R10 C1 0.01 sec (see Fig. 
11-26), which is relatively long. As C1 dis­

Fm. 11-26. Circuit applying 
to events just before tube 1 
conducts. 

charges, e1c rises from its initial value E1co 
following the equation 

""" - 235c100' volts 

The rate of rise is de1c/dt = 100 X -2351;-1001 = -10Oe1, volts 
per sec. '\\'hen e1c reaches a value of 18 volts, tube 1 begins to 
conduct, while tube 2 is already conducting. Thereupon the rate of 
change of e1c becomes dependent both upon the rate of capacitor C1 
discharge and upon the amplification of the two-tube-circuit loop. 
Hence de1c/dt = -lOOe1c + (-g1mR1,h)( -g2mR2ah)(de1c/dt), or de1c/dt = 

lOOe1c/[l - (01m02mR1shR2,h)). When the conduction in tube 1 is suffi­
cient so that 01m makes the loop gain 01m02mR1,hR2ah equal to unity (and 
that is almost immediately), de1c/dt becomes infinite and conduction 
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snaps from tube 2 to tube 1. 
in e, and e/J which take place. 

This explains the instantaneous changes 

A similar study can be made to determine the changes in e2.1, and e2c, 

Figure 11-27 shows waveforms of plate and grid voltages for both tubes. 
The time between t1 and t2 can be computed by substituting 18 volts 
into the equation for e1c, Thus -18 = -235t-100<t,-1ii, and t2 - t1 = 

300 

200 

100 

·100 

·200 

·300 
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o 300 
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Frn. 11-27. Waveforms of plate and grid 
voltages for a symmetrical multivibrator. 

½oo ln 23X 8 = 0.0257 sec. With 
this symmetrical circuit, t3 occurs 
0.0257 sec after t2• It should be 
noted that the oscillator period 
can be adjusted by varying the 
values of R0 and C. 

Multivibrators are important 
for many reasons. The plate 
voltage of either tube is essentially 
a square wave, which may be 
useful as such, or because of the 
many harmonics which it contains. 
It is possible to feed an external 
voltage into the circuit and have 
the multivibrator operation syn­
chronize either at the frequency of 
the external voltage or at a sub­
harmonic of it. This principle is 
used in some types of electronic 
switches. 
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PROBLEMS 

1. In Fig. 11-5 assume the effects of Cv, the r-f choke, and the coil resistances are 
negligible. Assume linear class 1 operation, and apply the Bnrkhausen criterion for 
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steady oscillations. Determine the frequency of oscillation and the relation among 
the circuit parameters to make oscillation possible. 

2. Repeat the procedure of Prob. 1, using the Colpitts circuit of Fig. 11-6. 
3. Assume the crystal in Fig. 11-8 has L = 35 henrys, C 0.02 µµf, and R = 3500 

ohms. The capacitance of the holder is 5 µµf, and the input capacitance of the tube 
is 3 µ.µ.f. 'tVhat is the resonant frequency of the grid circuit? If the input capacitance 
of the tube changes to 5 µ.µf because of a change in the plate load, what change in 
resonant frequency occurs? Determine the Qo of the crystal. Note: In determining 
the resonant frequency use the loop of Fig. 11-9, including C0 • 

4. Figure 11-28 (redrawn from Fig. 11-5) shows the circuit for a Hartley power 
oscillator used to supply power to an r-f induction heater. It can be looked upon as a 
class C amplifier with a plate load of Li and R in parallel with the portion of C neces­
sary to tune it to resonance. The tube is an Eimac type 100TH. Jo = 300 kc. 
(a) Assume E1,0 = 3000 volts and the desired load power to be 360 watts. The tank 

Frn. 11-28. A Hartley oscillator. 

and coupling-circuit efficiency is 95 per cent, and the power amplification is approxi­
mately 25. Estimate values of Pin, Pac, Pv, Pho, 1/p (see Art. 9-5). (b) Use constant­
current curves for the tube and determine Ecc, h., lea, I 111m, and I.,.,. (c) Compute 
the values of P.,1 PP, 1/p, E 0 m, Epm, P;,,1 R,0• (d) Assume C,, and the r-f choke have 
negligible effect on the a-c performance. Assume QL 12, and compute the value 
of wrLi. (e) Li and L2 constitute a voltage divider. Determine wrL2. (f) Determine 
X c and C. (g) Determine R,, and estimate C, by the rule on p. 332. 

Ii. A phase-shift oscillator of the type shown in Fig. 11-19 uses a 6SJ7 tube and 
three shift sections with n = l. If C = 1000 µ.µ.f and Rb = 100,000 ohms, determine 
the frequency of oscillation and the minimum required value of gm, If E,,. = 250 
volts and Ec2 = 100 volts, consult a tube manual to determine the value of Ec10 

required to allow oscillations to begin. 
6. The Wien-bridge oscillator of Fig. 11-21 has resistors and capacitors of the fol­

lowing sizes: Ri = 1100 ohms, R2 = 500 phms, R = 10,000 ohms, C = 0.01 µf. 
What must be the value of A in order to have sustained oscillations? What is the 
frequency of oscilh1.tion? 

7. A plate-coupled multivibrator uses the circuit of Fig. 11-23. The tube is a 
type 6SN7. Rio R,0 = 0.5 megohm, Rib = R,. = 0.05 megohm, Ci C2 = 0.01 
µf, E,,,, 200 volts. Analyze the operation of the circuit, sketch the waveforms of 
e1,, e,,, e,,,, and e20, and determine the period of oscillation. 



CHAPTER 12 

MODULATION AND DETECTION 

12-1. The Meaning of Modulation. The process by which some qual­
ity or qualities of one waveform (the carrier) are caused to vary according 
to the instantaneous amplitude of another waveform (the signal) is called 
modulation. 

In telephony the signal is a sound-pressure wave which causes the 
carbon-grain microphone to change the waveform of a d-c carrier. Thus 
is formed an alternating current superimposed on a direct current. A 
transformer suppresses the direct current, and only the alternating com­
ponent is transmitted to the distant receiver. 

Carrier telephony makes it possible to transmit many conversations 
simultaneously over a single pair of wires. In addition to the original 
frequency band of 300 to 3000 cps, the process of modulation allows a 
second conversation to use a 4000 to 7000-cps band, a third conversation 
to occupy an 8000- to 11,000-cps band, and so on. Filters at the receiver 
end separate the outputs of the various channels, and the frequencies are 
then lowered to their original values by a process called demodulation, or 
detection. 

Radio transmission must be carried on at high frequencies for several 
reasons. First is the impossibility of obtaining satisfactory radiation 
from an antenna with low frequencies. Second is the desirability of a 
great many frequency levels to allow simultaneous transmission of many 
programs without interference, as in the case of carrier telephony. Third, 
since filters are used to separate the desired from the undesired signals, 
smaller circuit components are needed at high frequencies than at low. 
Furthermore, the filtering action is more satisfactory at high frequencies 
than at audio frequencies. Thus it becomes necessary to use an h-f car­
rier and to modulate it with the a-f signal. 

In most of the subsequent discussions in this chapter the carrier will be 
considered to be sinusoidal and of a frequency much higher than that of 
the modulating signal. Although the signal, or modulating waveform, 
varies widely in practice and is ordinarily nonrecurrent, generally satis­
factory conclusions can be reached in a development by considering the 
modulating signal to be sinusoidal, as though it were a component of a 
cyclic waveform, and to have a frequency much lower than that of the 
carrier. 

344 
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12-2. Types of Modulation. Let us consider an h-f alternating voltage, 

to be known as the carrier, and an 1-f alternating voltage, 

e, = E,m cos w.t 

which will be referred to as the signal. 

(12-1) 

(12-2) 

If E1cm can be changed proportionally to e. with no appreciable change 
in wk occurring in the process, the carrier is said to have been amplitude­
modulated. Thus we shall make b:..Ekm = KaE,m cos w,t (where Ka is a 
proportionality factor) and substitute for Ekm in (12-1) the expression 
Ekm + KaE,m cos w,t to obtain the equation of the modulated voltage 

e 
or 

(12-3) 

(12-4) 

where ma, called the degree of modulation, or the modulation factor, is a 
more convenient symbol than its equal, KaE,m/Ekm• It should be noted 
that the value of ma increases if the amplitude of the signal is made 
greater. 

A second way in which the modulation of the carrier by the signal can 
be effected is to change the angle <f, by varying the value of w, while keep­
ing the value of Ekm constant. This process is known as angle modula­
tion; it has two forms which differ in the manner in which w is varied. 

Now <f, for angular motion is like s for translation. If v represents a 
constant velocity, then s = vt + s0 ; but if v is variable, then v = ds/dt 

ands = f v dt. Similarly, if w is constant, <f, = wt + e, where the value 

of (} is arbitrary and may be made zero if desired, while if w is variable, 

w = d<t,/dt and <f, = ht w dt. 

Let us consider first that the change in w is proportional to the instanta­
neous value of e,; thus Aw = K 1E,m cos w,t, where K1 is a proportionality 
factor and K1E,m is the maximum frequency deviation, and 

<f, = lat (wk + K1E,m COS w.t) dt 

wkt + m1 sin wsl (12-5) 

m1, called the modulation index, is a convenient representation for 
K1E,,,jw,. Then 

e (12-6) 

is the equation of the modulated voltage. This form of angle modulation 
is called frequency modulation. 
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Instead of varying win the manner just described, one can theoretically 
make the variation in almost any manner desired. For example, one can 
make the variation of w in such a way that <f, changes from its normal 
value (with constant frequency) by an amount proportional to the insta11-
taneous value of e.. Thus ti.<f, KpE,m cos w,t, <I> = Wkt + KpEsm 
cos w,t, and hence 

(12-7) 

where mp = KpE,m is the modulation index in this type of angle modula­
tion called phase modulation. For phase modulation w = d<t,/dt = Wk -

KpE,mw, sin wsf = Wk mpw. sin w,t, and hence the maximum frequency 
deviation is ti.wm mpw,. Hence for either type of angle modulation, 
m(m1 or mp) is the maximum phase deviation from the normal angle wkt, 
and it is also ti.wm/ w,, the ratio of maximum frequency deviation to the 
audio frequency. In either case also the value of m varies linearly with 
the value of E,m-

Comparison of the expressions (12-6) and (12-7) leads to a preliminary 
conclusion that, for a sinusoidal modulating waveform, the results are 
identical. This is not the case, however. The differences lie in the mod­
ulation indexes. m1 is inversely proportional to the frequency w,, while 
mp is independent of this frequency. For other than a sinusoidal mod­
ulating voltage the differences are more pronounced, as may be readily 
perceived if we remember that for frequency modulation the change in 
frequency follows the modulating-voltage value; the change in angle is 
the integral of this voltage. For phase modulation, on the other hand, 
the change in phase follows the modulating voltage; the change in fre~ 
quency is the derivative of this voltage. For a sinusoidal waveform the 
integral and the derivative are also sinusoidal. 

It is of some interest to see how these types of modulation can be 
effected by using an alternator driven at constant speed. Certain of these 
machines have the stator built so that it can be rotated to a limited extent 
about the axis of the rotor in order to shift the phase angle of the gener­
ated voltage. If the stator is clamped in a fixed position and the strength 
of the d-c field is varied sinusoidally at a slow rate, the amplitude of the 
alternating voltage changes correspondingly and this voltage is amplitude­
modulated. Next, suppose the field excitation to be constant, the stator 
clamp loosened, and the stator rocked slowly to and fro. Of course, the 
generated voltage ,vill vary slightly, but if we ignore this small departure 
from constant amplitude, we have angle modulation. If the angular 
velocity of the rocking movement is made proportional to cos w,t, fre­
quency modulation results, while if the amount of the angular movement 
is made proportional to cos wet, we have phase modulation. 

Since practical methods for producing modulated waves are, like other 
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engineering processes, only approximately exact, angle modulation is 
seldom exactly either frequency modulation or phase modulation and 
usually involves degrees of both, together with a small degree of amplitude 
modulation. 

12-3. Amplitude Modulation. A voltage with sinusoidal amplitude 
modulation can be represented mathematically by 

(12-4) 

In Fjg. 12-1 the waveform from a to bis that of the unmodulated carrier. 
From b to c the amplitude of the r-f wave rises to a value 50 per cent 
greater than that of the unmodulated wave, and hence ma = 0.50, or 50 

i 

a b C d 

Fw. 12-1. Various degrees of amplitude modulation. 

per cent. The waveform from c to dis 100 per cent modulated. This is 
the limit to the modulation if periods of no r-f voltage are to be avoided. 

A smooth curve drawn through the tops of the r-f waves has an equation 
Ek,,,(l + ma cos w.st) and is called the envelope of the r-f waveform. The 
variable component of this expression has the waveform of the modulating 
signal. :Note that the modulating-signal waveform (inverted) can also 
be observed as the envelope of the lower extremities of the r-f waveform. 

If we multiply the factors contained in Eq. (12-4) and apply the iden­
tity cos x cosy ½ cos (x + y) + ½ cos (x - y), we obtain 

e Ek,,. COS w,t + ½Ekmma COS (wk + w.)t + ½Ekmma COS (wk - w,)t (12-8) 

This expansion shows that when a carrier is amplitude-modulated, the 
waveform of r-f voltage is no longer precisely sinusoidal (naturally not, 
since even the positive and negative amplitudes of one wave are not 
exactly equal) but consists of the sum of three r-f waveforms-that of the 
carrier, which is exactly the same as before modulation, and those of the 
side frequencies, one higher and the other lower than the carrier frequency 
by the amount of the modulating frequency. The amplitudes of the two 
latter components are the same and are equal to ma/2 times the amplitude 
of the carrier. 
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The power delivered by an a-m voltage to a constant resistance can be 
computed from Eq. (12-8). Since the power varies as the square of the 
peak voltage, if the power for the carrier is unity, that from each side­
frequency voltage is ma2/4. As an example, if the wave is 100 per cent 
modulated and the total power is 150 watts, the carrier power is 100 watts 
and each side-frequency power is 25 watts. Since all the signal transmis­
sion is in the side frequencies, it is well to make the modulation factor as 
near unity as practicable. 

Because the usual a-f signal has a waveform which can be considered 
as the sum of many sinusoidal components, the modulated wave has many 
side frequencies above and below the carrier frequency. The totality of 
those above constitute the upper sideband; the others make the lower 
sideband. In Fig. 12-2 is shown graphically the frequency positions and 

, , !I 111 r., 
0 

d(!!IIL I ,111111,,. 
./' 

FIG. 12-2. The a-f spectrum is moved to a new position by modulation. 

(a) (b) (c) 

FIG. 12-3. Vector diagrams for an a-m wave. 

the amplitudes of the components of a certain audio signal and also of 
the corresponding sidebands after modulation. The total bandwidth 
required for the modulated wave is double the frequency of the highest 
a-f component in the modulating wave. In ordinary a-m radiobroadcasts 
the highest audio frequency handled is about 7500 cps, requiring a band­
width of 15 kc. Since the total r-f spectrum available for a-m broadcast­
ing is divided into 10-kc channels, it has been advisable to make a geo­
graphical separation of stations on adjacent channels in order to avoid 
excessive interference. 

Figure 12-3 shows vector diagrams for a waveform with sinusoidal 
modulation. In (a) a vector rotates at a constant angular velocity of wk 

radians per sec, while the vector length varies between the limits Ekm(l 
ma) and Ekm(l + ma) in simple-harmonic fashion f, times per second. 
Figure 12-3b shows the same occurrence explained with vectors represent­
ing the side frequencies. The sum of the side-frequency vectors together 
with the carrier vector varies in the same manner as in (a). Figure 12-3c 
shows the same motions as viewed by an observer traveling with the car-
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rier vector. The reference axis then appears to rotate in the reverse 
direction, and the two side-frequency vectors rotate in opposite directions 
at a rate of w, radians per sec. In all three diagrams one can observe that 
the vector representing the total modulated wave rotates at a constant 
angular velocity relative to the reference axis. Since the actual instanta­
neous voltage is the projection of the rotating vector on the horizontal 
axis, it appears that the time intervals 
between zero values of the r-f voltage are Em 

constant for an a-m wave. 
12-4. Methods of Amplitude Modula­

tion. The ideal characteristic of a device 
for producing an a-m waveform is shown 
in Fig. 12-4, where Em represents the O + 

es 
peak value of the r-f wave and e, is the 

:Fm. 12-4. Ideal modulation char-
instantaneous value of the modulating acteristic. 
signal. We may note that the relation-
ship is a linear one so that changes in the peak values are proportional 
to the changes in e,. 

There are many methods by which an a-m waveform can be produced. 
The most important ones are those which involve a class C amplifier. Of 
some importance also are those involving nonlinear circuit elements such 
as semiconductors and diodes and grid tubes which operate with a square-

R-f 
carrier 
voltage ] 

A-f 
voltage 

~Load} 

Fm. 12-5. A modulated class C amplifier and its modulator. 

law characteristic. Of little importance are the old, crude methods such 
as the one in which a carbon microphone is placed in series with the 
antenna lead, where it effects modulation by its variable absorption of 
r-f energy. 

12-6. Plate Modulation of a Class C Amplifier. The ideal modulation 
characteristic of Fig. 13--4 can be approached by applying the modulating 
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signal in the plate circuit of a class C amplifier whose grid is driven by the 
r-f carrier voltage and whose tuned circuits are resonant at the carrier 
frequency. Figure 12-5 shows the schematic diagram for such a mod­
ulated amplifier, together with a modulator amplifier. The class C ampli­
fier in this case employs a triode. To avoid self-oscillation, a neutralizing 
current is fed through C1 to offset the current through C0P, which would 
otherwise excite the tuned grid circuit. This method of neutralization 
is called Hazeltine-system, or plate, neutralization. The r-f output volt­
age to the load depends upon the effective plate-supply voltage, ebb = Ebb 

+ Vp, where Vp is the voltage output of the a-f power amplifier (often 

it 
and --Ye+-+++++++++-i-+++r-t· e, 

FIG. 12-6. Graphical explanation of the action of a plate-modulated class C amplifier. 

called the modulator). The d-c magnetization of the a-f transformer core 
is reduced by properly polarizing the primary and secondary ,vinding 
connections. 

To show the modulating action, let us refer to Fig. 12-6, where dynamic 
characteristics for three values of ebb have been drawn. These values of 
etb correspond to values of Vp equal to +E,m, 0, and E,m, respectively. 
Since the impedance of the plate-tank coil is very low to an a-f current 
as well as to direct current, curves taken for static values of ebb are suffi­
ciently accurate for dynamic use. 

With the class C tube biased well beyond cutoff by the effect of Ecc and 
a small amount of grid-leak action, the large r-f grid signal causes large 
pulses of plate current when ebb = Ebb, These pulses last for somewhat 
less than a half cycle, just as in the case of an ordinary class C amplifier. 
Now as Vp = Esm cos w,t slowly changes ebb, the action progresses along 
different dynamic characteristics, with the resulting pulses varying in 
amplitude and to some degree in conduction angle. These current pulses 
excite in the tank circuit a large circulating r-f current, which likewise 
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varies in magnitude. If the effective Q of the tank is properly chosen, the 
pattern of tank current and of tank voltaige will be as shown. 

Figure 12-7 shows waveforms of grid voltage and of plate voltage for 
constant grid bias. The modulating voltage here has a peak value of Ebb· 

This causes 100 per cent modulation and is the greatest value that 
can be used if plate-current cutoff (overmodulation) is to be avoided. 
The pattern of plate voltage with the slow change filtered out will be the 
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Fm. 12-7. Waveforms of grid voltage and of plate voltage with constant grid bias 
and 100 per cent plate-circuit modulation. 

tank voltage and will resemble the waveform of e1 shown in Fig. 12-6. 
Although the class C amplifier was designed so that ebmin was approxi­
mately e"max, it may be noted that, at the positive crest of the modulation 
cycle, ebmin = 2ecmax• This departure from design conditions causes some 
nonlinearity in the modulation characteristic. If a grid leak is inserted 
for additional bias, the total bias will decrease at the peak of the modula­
tion cycle because of the decrease in grid current and the waveforms of 
r-f grid voltage will slowly rise and fall with the modulation in such a way 
as to make eCmax approximately equal to ebmin" 

A graphical method for the design, which uses constant-current tube 
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characteristics, follows that for a class C amplifier. Computations are 
made for instantaneous modulation voltages of, say, zero, positive max­
imum, negative maximum, and one-half each of these extreme values. It 
is well to choose E1,1, as about one-half the normal class C amplifier value. 
Then for the zero-modulation case, ebb = Ebb, and tentative values of Ecc, 
ecmax and ebm,n are chosen. Computations of EP11 Ip,, and R( EPJiv,), 
the antiresonant tank impedance, can now be made. For the case of the 
positive maximum of the modulation cycle, ebb = 2Ebb (for 100 per cent 
modulation), E .. and ecm= are the same as before, and ebmin is somewhat 
greater than before, its value being determined by trial and error to main­
tain R constant. · In like manner the values of EP, and I Pi are made for 

Epi the other modulating-voltage values and the 
value of R checked as being held constant. 

(cl If the values of EP, are plotted against 
(al those of ebb and R has been well chosen, one 
/bl has the modulation characteristic as shown 

by curve a of Fig. 12-8. Curve b shows the 
characteristic for a lower-Q tank. These 
curves should be compared with c, which 

ebb represents the ideal. If the bias is made 
FIG. 12-8. Actual and ideal somewhat less as ebb is increased, it will be 
modulation characteristics for a found that curve a is somewhat straighter. 
class C amplifier. Hence we see the advantage of a high imped­
ance load and of the use of a grid leak for additional bias. The Q of the tank 
is largely dependent upon the amount of loading, and since a high imped­
ance load and a high Q mean a low power output, compromise is obviously 
necessary. A further difficulty with a high-Q tank is its inability to 
change its stored energy rapidly and thus to respond to rapid variations 
in the modulating voltage. A Q value of 10 is usually satisfactory. 

The fixed supply of E1,1, and the modulator together furnish the power 
in the plate circuit. Since the frequency of the former is zero and that of 
the latter is w,, we need only these frequency components of the plate cur­
rent to obtain the plate input power. These are both contained in the 
average current over the r-f cycle, which varies in value as the modulating 
voltage slowly changes. It is possible to determine the manner of this 
variation if we compute Ibil (in this case a function of time) for various 
values of ebl> in the same fashion that we computed EP, as described in a 
preceding paragraph. If Iba is then plotted against ebb, a curve similar to 
a of Fig. 12-8 will be obtained. Thus it is a reasonable assumption that 
Iba varies linearly with the value of the modulating voltage. If Ibao means 
the average current with no modulation, then 

Iba = Ibao(l + ma COS w,,t) (12-9) 
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This expression for Iba contains both the zero-frequency and the w, com­
ponents of the plate current. Since the value of VP.,. which gives 100 per 
cent modulation is Ebb, we may write, for a degree of modulation ma, 

ebb Ebb + Vp = Ebb + maEoo cos w,t Eoo(l ma cos w,t) (12-10) 

The total plate-circuit power input is 

1 (2,r 
Pb 27r Jo ha~b d(w,t) 

= 
2
~ h2,r lbao(l + ma COS w,t)E00(l + ma COS w,t) d(w,t) 

= Ebbhw ( 1 + 11
;/) (12-11) 

The power supplied by the source of E00 is E00 multiplied by the zero­
frequency component of ha, and hence 

pbb = Ebb/,_ (12-12) 

and therefore the power from the modulator must be 

(12-13) 

For 100 per cent modulation the modulator must supply half as much 
power as that from the source of Ebb. 

As modulation is applied, the fundamental components of plate voltage 
and current and the average plate current over an r-f cycle all vary 
approximately linearly with the modulating voltage. Thus both the 
power output and the power input vary as the square of the modulat­
ing voltage, and we see that the plate efficiency is approximately con­
stant over a modulating cycle. We shall therefore assume the plate­
circuit efficiency to be T/a, the same as for the class C amplifier with no 
modulation. 

The power output of the class C amplifier may be computed and broken 
down as follows: 

( ma
2

) Pac = P.TJa = T}aE~bao 1 + :r = TJa(Pbb + PM) (12-14) 

The carrier power is the same with or without modulation, and hence 
TJaP.0 is the power in the carrier output. It appears that TJaPM must be 
the added power contained in the sidebands. Thus the fixed plate power 
supply furnishes the carrier power; the modulator supplies the sideband 
power. 
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The plate dissipation in the class C amplifier is 

(12-15) 

With no modulation, Ppc is only E,whao(l - )Jc), while with 100 per cent 
modulation it becomes l.5Ebblbao(l - 11c). Hence it would appear that a 
plate dissipation only two-thirds of the normal allowable value should be 
assumed in making the modulated class C amplifier design. Since 100 
per cent modulation is usually only a transient phenomenon and the degree 
of modulation under ordinary circumstances averages much less, the 
factor two-thirds is unnecessarily too low. 

The power required for the modulation is given by Eq. (12-13). If the 
modulation transformer has an efficiency of 1/T and the plate efficiency of 
the modulator tube is 1/M, then the plate dissipation in the modulator tube 
lS 

(12-16) 

If we compare this value of plate dissipation with that for the dass C 
tube [Eq. (12-15)], we see that for the case of 100 per cent modulation 

PpM 1 1 -
P pC = 3)JT)JM - )JC 

(12-17) 

Suppose the class C amplifier has a plate efficiency of 75 per cent and the 
modulation transformer has an efficiency of 80 per cent. If the mod­
ulator-tube plate efficiency is 20 per cent because of class A operation, the 
value of the ratio of P p1,,jP pc is 6.7. Thus for every 100 watts of allow­
able plate dissipation for the class C tube, 670 watts of plate dissipation 
must be provided for the modulator. This ratio can be greatly reduced 
if the modulator is made push-pull class B (see Art. 8-13). Tse efficiency 
of this class of operation can be made considerably higher than that for 
class A. If we assume 60 per cent, the ratio determined from Eq. (12-17) 
becomes only 1.1. Hence in the above example the total plate dissipa­
tion in the push-pull modulator need be only about 110 watts. 

A matter of great importance is the load on th~ modulator. The mod­
ulator delivers PM watts of power at a voltage VP; hence the load resist­
ance RM can be computed from the formula PM = Vp2/RM. For a degree 
of modulation ma, VP = maEbb/-vf2, and PM = Hma 2EbblbM• Hence 

(12-18) 

Thus the secondary load for the modulator can be determined from instru­
ment readings of Ebb and of the average plate current while the r-f grid 
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voltage is applied, but with no modulation. The turns ratio of the mod­
ulator transformer is chosen to make this a suitable plate load for the 
amplifier. 

Because of the fact that plate-modulated class C amplifiers can be 
easily adjusted to give excellent linearity, they are very popular. How­
ever, the large amount of modulating power required necessitates an 
expensive outlay for modulator tubes and transformers. For high-power 
transmitting stations the modulating transformer may weigh several 
tons. For mobile equipment the heavy weight and bulk of the modulator 
equipment are further drawbacks to this method of modulation. 

12-6. Grid-bias Modulation of a Class C Amplifier. If a class C 
amplifier with an r-f input voltage has its grid bias varied at the rate of 

R-f ~ 
volfag~ 

r, 
A-f 

voltage 

Load n 

Frn. 12-9. A grid-bias-modulated class C amplifier. 

the audio signal, the magnitude and conduction angle of the plate-current 
pulses vary in much the same manner as for plate modulation. Figure 
12-9 shows a circuit which will produce a modulated wave in this fashion. 
This one employs a triode, but a tetrode or a pentode can be substituted 
if desired. The arrangement shown for neutralization with a triode uti­
lizes a capacitor C1 to feed a current into the grid tank at a point where its 
effect is opposite that of the current flow through Cop• This method is 
known as Rice-system, or grid, neutralization. 

Figure 12-10 shows the action in a grid-bias-modulated class C ampli­
fier. The adjustment of the circuit should be such as to make the 
dynamic characteristic as straight as possible. The amount of grid bias 
Ecc, the amplitude of the r-f grid signal, and the amplitude of the mod­
ulating signal should be adjusted so that for 100 per cent modulation the 
following conditions hold: 

1. On the positive peak of the modulation cycle the tube is usually 
made to operate class B (it must not be class C), and the grid should 
swing considerably positive in order to obtain good plate-circuit efficiency. 
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2. On the negative peak of the modulating voltage the plate current 
should be near zero, which means that the modulating voltage peak is 
one-half the r-f voltage peak. 

3. It follows that the magnitude of Ecc should be equal to one-half the 
amplitude of the r-f voltage added to the magnitude of the cutoff 
voltage. 

The actual modulation characteristic for the circuit can be determined 
by applying a fixed carrier-frequency grid voltage and zero modulating 
voltage, and determining the r-f tank current for various values of grid 
bias. Many runs can be made with different values of r-f grid voltage 

ec 
Ecc 

t 

I\ (\ A n fi AJ\J\ r{~ ,, - r- 0 
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Fm. 12-10. Action of a grid-bias-modulated class C amplifier. 

and of plate-load resistance. The graph of tank current It vs. Ecc which 
gives the greatest linearity ,vith satisfactory power output is thus deter­
mined. It is difficult to obtain excellent linearity, the performance being 
generally somewhat inferior to that obtained ·with the plate-modulation 
system. 

As in the case of plate modulation, the average plate current over an r-f 
cycle varies approximately as the modulation voltage, in this case as the 
change in grid bias. Since the grid voltage with modulation averages a 
constant amount Ecc, the plate current averaged over the modulation 
cycle is approximately constant regardless of the degree of modulation. 
On the other hand, since for a linear modulation characteristic the peak 
r-f tank current for 100 per cent modulation is double the value for no 
modulation, the peak r-f power is increased four times by applying the 
modulation voltage. Thus if the efficiency at the peak of the modulating 
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cycle can be made, say, 80 per cent, that for zero modulation is only 20 
per cent. For a given class C tube this makes the amount of average 
power obtainable from a grid-bias-modulated amplifier considerably lower 
than that from a plate-modulated one, which can have a practically con­
stant high efficiency for any degree of modulation. 

On the credit side, however, the grid-bias-modulated amplifier* needs 
little modulating power, and a low-power class A push-pull modulator is 
sufficient. For some applications the low bulk and weight of this type of 
modulating device make it preferable to the plate-modulated system. 
With the addition of negative feedback to the circuit, the distortion pro­
duced by the normal somewhat nonlinear modulation characteristic can 
be reduced to a satisfactory level. 

12-7. Modulation of a Class A Amplifier. One of the early modulating 
devices (van der Bijl modulator) employed a class A amplifier with the r-f 
and a-f signals both applied to the grid circuit in the same manner as for 
the grid-bias-modulated class C amplifier of Art. 12-6. The action in the 
class A case, however, depends upon the curvature of the plate character­
istics. The principle can be applied equally well to a diode, to a triode in 
which one signal is applied to the grid while the other is applied to the 
plate, or to a multigrid tube with the signals applied to the same or to 
different electrodes. 

In any case an analysis can be made in the same fashion. Let us first 
assume the shape of the plate characteristics to be approximately par­
abolic in the operating region; thus 

(12-19) 

this being an adaptation of Eq. (4-3). Another exponent value such as 
1. 5 can be used instead if desired. 

The alternating plate current can be approximated by using the first 
few terms of Taylor's expansion (Art. 6-19). Thus [see Eq. (6-57)] 

where the a's are constants and e is the total effective signal in grid­
circuit terms. Thus if two signals are both applied to the grid circuit, 
e e1 + e2, while if one is applied to the grid while another is inserted in 
the plate circuit, e = e1 + ed µ, and so on. The results obtained in all 
cases are similar, the only differences being those caused by values of µ. 

Let us continue with the case in which both signals are applied in the grid 
circuit of a triode as in Fig. 12-11, where only the basic circuit is drawn. 

* For further details of the grid-bias-modulated amplifier consult Samuel Seely, 
"Electron-tube Circuits," pp. 332-337, McGraw-Hill Book Company, Inc., New York, 
1950, 



358 ENGINEERING ELECTRONICS 

Here 
(12-20) 

If we assume that the load is resistive and the same for all frequencies, 
then a 1 is given by Eq. (6-59), 

µ 

rp + RL 

We can obtain rp at T as the value of aeb/aib from Eq. (12-19). Thus 

1 ! 1 
rp = 2k(eb + µec) IT = 2k(Eb, + µEe,) 

(12-21) 

Hence a1 is a constant dependent upon tube and circuit parameters. The 

Frn. 12-11. Square-law triode with two 
signals applied in the grid circuit. 

value of a2 is given by Eq. (6-60): 

This equation contains arp/aeb, 
which from formula (12-21) equals 

l/2k(eb + µec) 2 IT = - l/2k(Ebt + 
µEc!) 2 at the operating point. Thus 

a2 will usually be small compared with a1• Likewise the coefficient a3 [for­
mula (6-61)] is considerably smaller yet, and we shall assume that suffi­
cient accuracy is obtained by using only the first two terms in the expan­
sion, and the current for our application becomes 

(12-22) 

It should be understood that the square-law form (12-22) holds even 
though the exponent in Eq. (12-19) can be chosen as 1..5 or otherwise 
(not unity). In other words, the square-law behavior is a good assump­
tion when small signals are applied to a device with a curved dynamic 
characteristic. 

If we assume e1 to be a carrier voltage and e2 to be the modulating volt­
age, then 

(12-23) 
and 

e2 e. E,m cos w,t (12-24) 
Hence 

ib = a1(Ekm cos Wkt + E.,,. cos wet) a2(E1cm cos Wkt + E,m cos w,t) 2 

(E E ) a2Ekm
2 a2Ekm2 2 = a1 ~km COS Wkt + sm COS w.t + + COS Wkt 

(12-25) 
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Now when io flows through a load of constant resistance, all the fre­
quency components of (12-25) appear in the output. This is not a verv 
useful result, and therefore let us replace the constant load resistance b; 
an L-C tank circuit tuned to the frequency wk. The formulas for a1, a2, 

etc., used previously do not now apply, and instead we should obtain 
coefficients which depend upon frequency. Thus in (12-25) the form of 
the expansion remains the same, but the a1 coefficients depend for their 
values upon the frequencies of the signals, and likewise for the a2 values. 
If we are interested only in qualitative results, this makes no difference 
and hence formula (12-25) is still useful. In fact, in case the tank pro­
vides a high impedance RL Rt to current components having frequen­
cies near Wk, and zero impedance to other components, the formulas (6-59) 
and ( 6-60) for a1 and a2 are correct. We shall assume this to be so. Thus 
the alternating plate voltage has an approximate form 

ep Rt( a1Ekm cos Wkt + a2EkmE,,,.[cos (wk w.)t + cos (wk w,)t]l 
(12-26) 

or 

E R ( 
2azE,m ) 

ep = a1 km t 1 + ai cos w,t cos Wkt (12-27) 

which is an a-m wave since it is similar to Eq. (12-4). The modulation 
factor is 

(12-28) 

We see that ma depends.upon E,m (but not upon Ekm) and that ma is small 
unless E,m is made very large. 

Square-law modulation as a substitute for the linear modulation pre­
viously discussed has few applications today. The action described here 
takes place inadvertently in amplifiers and causes hum and cross-modula­
tion effects. In the case of the former, the hum-frequency voltage 
induced in the grid circuits of a tube operating nonlinearly modulates the 
signal and causes hum to appear in the output. In cross modulation a 
signal from an unwanted radio station is sometimes insufficiently filtered 
out from the circuit leading to the grid of a vacuum tube operating non­
linearly. The grid circuit rectifies this modulated wave and produces a 
modulation-frequency voltage in the grid circuit. This in turn modulates 
the wanted signal by square-law action. 

Square-law modulation does have three very important applications, 
which are discussed in the following articles. 

12-8. The Balanced Modulated Amplifier. The circuit for the bal­
anced modulated amplifier (also called a balanced modulator) of Fig. 
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12-1:? resembles those of the balanced amplifier of Art. 7-21 and the push­
pull amplifier of Art. 8-9. An operating point (Eoo,Eco) is chosen which 
gives each tube identical square-law characteristics. Thus from Eq. 
(6-57) and the discussion of the preceding article we can write the plate 
current of either tube as 

(12-29) 

The signal voltages e1 and e2 can have any frequencies. For tube l the 
grid voltage is e10 = e1 + e2, while for tube 2, e2u e1 - e2. Then 

(12-30) 
and 

(12-31) 

Now the voltages obtained from the plate-circuit transformers may be 
determined. e3 will be proportional to the sum of i1p and i2p, while e, is 

Fro. 12-12. Basic circuit for a balanced modulator. 

proportional to i 1p i2p• Hence 

ea = K1(2a1e1 + 2a2e12 + 2a2e22) 
and 

where K1 and K2 are constants of proportionality. 

(12-32) 

(12-33) 

As an example of the applications let us suppose that e1 = E1cm cos wkt 
and e2 = E.m cos w,t. Then ea contains components having frequencies wk, 
2wk, and 2w., while e, has frequencies w., Wk + w., and wk - w.. Thus e4 

in this case contains the two sidebands of an a-m wave, but it lacks the 
carrier-frequency component. The balanced modulator can therefore be 
used in a system in which for any reason it is desired to suppress the car­
rier. Such a procedure is not usually desirable in radio transmission 
because of the difficulty at the receiver of reinserting the carrier with the 
correct phase relations required for proper recovery of the original audio 
signal. However, if one of the sidebands is filtered out, either before or 
after transmission, then the phase of the carrier is not important and a 
suppressed-carrier single-sideband system becomes practic1,1,ble. Thi1'1 
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method is used in carrier telephony and in some radio-communication 
systems. 

The student can readily determine the frequencies present in ea and in 
e4 if other arrangements of the input voltages e1 and e2 are made. 

12-9. Heterodyne Frequency Conversion.2 In the circuit of Fig. 12-
11 let us suppose an operating point Q has been chosen in the nonlinear 
region of the tube characteristics. Then a signal applied to the grid cir­
cuit produces a response representable as 

(12-34) 

In this case let us make e1 an a-m voltage 

(12-35) 

and e2 a sinusoidal voltage generated by a local oscillator, 

(12-36) 

where w2 is considerably higher than Wk ( considered so in this discussion 
only). Then since e11 = e1 + e2, it follows that 

ip = a1[Ekm(l + ma cos w.t) cos Wkt + E2m cos w2t] 
+ a2[Ekm(l + ma cos w,t) cos Wkt + E2m cos w2t]2 (12-37) 

There are many frequencies present in ip, but if the plate load is tuned to 
a frequency of, say, w2 wk, only terms having frequencies at or near this 
value are important and others may be omitted. Hence, if the plate-load 
impedance near this frequency is Ri, 

R E E ( )t + R1a2EkmE2mma [ ( )t ep = 1a2 km 2m COS W2 Wk 
2 

COS W2 - Wk - W, 

+ cos (w2 - Wk + w,)t] = a2R1EkmE2m(l + ma cos w,t) cos (w2 - Wk)t 
(12-38) 

Expression (12-38) for er, is the equation for an a-m wave with a modula­
tion frequency w. and a modulation factor m., the same as those in the 
original modulated wave, but with a carrier frequency w2 - Wk replacing 
wk, Thus the action of this circuit has moved the intelligence-bearing 
sidebands from a position in the frequency spectrum where they were 
centered at w1c to another position where they are centered about the fre­
quency w2 - wk, The carrier and sideband frequencies in the new posi­
tion are sometimes referred to as intermediate frequencies. 

This relocation of the sidebands is called frequency conversion. The 
process is very commonly employed in superheterodyne receivers in order 
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to shift the frequency band of any desired station to an i-f band. The 
fixed-frequency amplifier handling the latter is usually of the double­
tuned type (Art. 7-37) and can give high gain and excellent selectivity 
without too much sideband clipping. 

The oscillator producing the voltage e2 may be separate from the 
square-law tube, in which case the latter is called a mixer tube. On the 
other hand, it is possible to have one tube act as both oscillator and mixer; 
this tube is then called a converter tube. 

The application of the voltages e1 and e2 to the same grid causes some 
undesirable interaction between the circuits supplying these voltages. 
Except for very high frequencies it is more common to use multigrid tubes 
and apply the two signals to separate shielded grids. Figure 12-13 shows 

Fm. 12-13. A pentagrid mi:xer circuit. 

a circuit for a mixer employing a pentagrid tube. Grids 2 and 4 are 
shielding electrodes, and grid 5 is a suppressor. The local-oscillator 
voltage e2 is applied between grid 1 and cathode. The grid voltage e2 

swings just enough positive to make a small average grid current flow 
through R0 , thus biasing the grid to about the peak value of e2. Since this 
bias value is usually beyond plate-current cutoff, the electron stream past 
grid 1 flows in pulses. l'pon reaching grid 2, where the field is consider­
ably dependent upon the grid 3 signal voltage e1, the electrons either pass 
on to the plate or stop off at grid 2, each to a degree depending upon the 
relative phases of e1 and e2, which are constantly shifting. Both voltages 
hence determine the plate current. e1 has but little effect on the space 
charge near the cathode and hence upon the current pulses passing 
through grid 1. Therefore, there is little interaction between the signal 
and the local oscillator. The plate voltage has little effect on the pulses 
passing through grid 3 because of the shielding effect of grids 4 and 5, and 
hence the tube has a high plate resistance. This is preferable to the 
low-rP value for a triode which lowers the Q of the primary winding of the 
i-f transformer. 

The alternating plate current caused by the signal e1 can be computed 
as gme1 (g,,. of the third grid to plate) because rp is very large. But since 
ip varies cyclically at the rate of w2, IJm varies at the same rate. We can 
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expand gm in a Fourier series of cosine terms since the values of g,,. for 
rising 62 are repeated in reverse order as e2 falls, making gm an even func­
tion. Thus 

and hence if we consider only the carrier component of 6 1 (other compo­
nents can be treated similarly), 

If we tune the load to a frequency w 2 

component of ip having this frequency. 
wk, we are interested only in the 
It is not difficult to show that 

(12-41) 

where b1 is the Fourier coefficient determined as 

(12-42) 

The ratio of the magnitude of the i-f carrier current to the magnitude of 
the carrier signal voltage on grid 3 is called the conversion transconduct­
ance gc. We can see that this equals 

(12-43) 

If a graph of gm (grid 3 to plate) values for various grid 1 voltages can be 
obtained, this formula enables one to make a graphical computation of gc, 

The use of the square-lawmodulatororthemultigrid mixerforfrequency 
conversion accomplishes what was done in the early days of superhetero­
dyne receivers by using a certain type of detector circuit. Hence arose 
the custom of calling frequency conversion a detection process, and the 
converter stage is sometimes even yet called the first detector (as differen­
tiated from a later tube in the circuit, the second detector, which is used 
to recover the audio signal). 

12-10. Square-law Demodulation. Demodulation is the process of 
recovering the original audio signal from a modulated wave. If the mod­
ulated signal, assumed to have Wk as its center frequency, is injected into 
the grid circuit of Fig. 12-11 as 6 1, while the input e2 is omitted. we are in 
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a sense operating a heterodyne frequency converter for which the results 
are already stated in Eq. (12-37) if we make e2 = 0. Thus 

ip = a1Ekm(l + ma cos w.t) cos Wkt + a2Ekm2(1 + ma cos W,,t) 2 cos2 Wkt 

a2Ekm2 
[ ma2 

a1Ekm(l ma cos w,t) cos Wkt + -2- 1 + 2 + 2ma cos w,t 

+ ma
2 

cos 2w,t ( 1 + m;2) cos 2wkt + ma cos (2w1: + w,)t 

m2 m2 ] + ma COS (2w1: - w,)t + T cos (2wk + 2w,)t + a COS (2wk - 2w,,)t 

(12-44) 

If a plate load is chosen which offers high impedance to a-f components 
only, then the alternating plate voltage has the form 

ep = K ( cos w,t + ma cos 2w,t) (12-45) 

Thus the original a-f signal is recovered together with a second-harmonic 
distortion component. For 100 per cent modulation this distortion will 
amount to 25 per cent, and to hold it to even 10 per cent requires that the 
degree of modulation be kept down to 40 per cent. Since the average 
modulation for broadcasting may be near this figure, the distortion may 
be acceptable except on the high-volume peaks. However, an audio sig­
nal actually consists of numerous a-f components, and a further develop­
ment following the method just employed would show additional distor­
tion with frequencies evolved which are combinations of all these audio 
frequencies and also their harmonics. Since none of these components 
would have an amplitude greater than that of the second harmonic, how­
ever, the limitation just stated on the degree of modulation still applies. 

Frn. 12-14. A diode detector. 

At one time the square-law 
modulated-amplifier circuit was quite 
popular as a demodulator, but it has 
been superseded in most cases by the 
linear diode detector to be described in 
the next article, which also demod­
ulates but with better results. 

12-11. Linear Diode Detection. 
Most broadcast receivers today use 

diode linear detectors to recover the audio signal from the modulated r-f 
wave. Although the circuit of Fig. 12-14 will give an a-f output if C is 
omitted, the presence of C is useful in two ways. First, it acts as a filter 
to remove the r-f components from the output, and, second, it makes the 
output voltage higher than it would be otherwise. We shall consider only 
the case in which C is used. 
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Assume e1 to be a modulated wave. Near the positive peak of the r-f 
cycle a pulse of current through the tube charges the capacitor C to a volt­
age value equal to that of the r-f peak less the amount of the tube drop. 
When the r-f voltage falls from its peak, the tube soon ceases to conduct 
because the capacitor holds the cathode potential almost at the peak 
value, where it remains except for a slow fall due to discharge through RL, 

Fm. 12-15. Voltage and current waveforms for a diode detector. 

Fm. 12-16. e0 is the envelope of the modulated r-f waveform unless clipping occurs. 

until the r-f voltage rises near its positive peak again. Thus in effect the 
capacitor voltage e0 is a bias as shown in Fig. 12-15, and the total plate 
voltage for the tube rises just slightly above zero at the positive peaks of 
the r-f cycle. The figure also shows the plate-current pulses. It should 
be noted that if the ib vs. eb curve for the tube rises steeply, denoting a low 
plate resistance, the excursions of eb into the positive region are reduced 
and the curve of eo is almost exactly the modulation waveform. 

Figure 12-16a shows the manner in which eo normally varies. Since 
there are actually many more r-f cycles than are pictured, the saw-tooth 
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pattern is exaggerated in the drawing. Nevertheless, of necessity the 
voltage e0 inust fall enough between r-f peaks so that some tube current 
always flows at the r-f peak voltage; otherwise when the envelope of the 
modulated voltage e1 is falling, the value of eo cannot fall fast enough to 
follow the envelope. The rate of fall of e0 is controlled by the value of 
RLC, and it can be shown that vi - m//maw, gives the greatest value 
of RLC that can be used and avoid this distortion-producing phenomenon 
called diagonal clipping. Here w, refers to the highest frequency present 
in the modulating signal. 

A graphical determination3 of the action of the diode detector can be 
made if we use the tube's rectification 
characteristics, which are somewhat 
similar in appearance to triode plate 
characteristics. These diode char­
acteristics are obtained (see the cir­
cuit of Fig. 12-17) by applying to the 
diode a succession of different fixed 
alternating voltages Ek in series with 
a variable direct voltage and measur-

~-----1 I J 1---~ ing the direct current which flows. 
The alternating voltage need not be 

FIG. 12-17. Circuit for obtaining the 
rectification characteristic for a diode. of radio frequency, but the bypass 

capacitor C must have negligible 
reactance at the frequency used. The characteristics obtained for a type 
7 A6 tube are shown in Fig. 12-18. 

In Fig. 12-14, if the cathode of the diode is grounded, then the potential 
of the lower output terminal is negative relative to ground and it fluc­
tuates at the modulation frequency. With further filtering to remove the 
modulation-frequency voltage and vestiges of r-f voltage, the resulting 
direct voltage will depend only upon the magnitude of the r-f carrier 
applied to the detector (see Fig. 12-15). Hence this direct voltage can be 
used for biasing the preceding r-f amplifier tubes of a radio receiver. If 
these tubes are of the remote-cutoff type, their gain will gradually 
decrease with increase in grid bias and hence the system will constitute 
an automatic volume control (AVC). To achieve an adequate degree of 
filtering the circuit of Fig. 12-19 might be used. In this case the load to 
direct current is approximately 1 megohm, while to a-f currents the load 
is reduced to approximately 680,000 ohms by the parallel 2-megohm 
resistor. The 100-µµf capacitors have low reactances for r-f currents 
only. 

In Fig. 12-18 a d-c-load line for 1 megohm has been drawn. If we 
assume an unmodulated carrier input of 10 volts rms, the operating point 
is at Q. Through Q we now draw the a-c-load line for 6801000 ohms. If 
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the r-f input voltage is modulated, say, 50 per cent, its rms value will 
range between 5 and 15 volts and the operation will be between points A 
and B, giving an a-f output voltage of 13.3 volts peak to peak. If the 
degree of modulation is made much gTeater than 50 per cent, the rectified 
plate current will cease to flow for some portion of the cycle near the nega-
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Fm. 12-18. Rectification characteristics for type 7 A6 tube (one diode). 

tive peak of the modulation envelope and serious distortion results. This 
occurrence is known as negative-peak clipping. The student should 
observe that the signal distortion resulting from the detection process can 
be computed from values taken from the rectification-characteristic 
curves in the same manner as for an amplifier. 

lJnlike the square-law demodulator of Art. 12-10, which operates with 
a negative grid and hence has a very high input impedance, the diode 
detector draws an appreciable amount of power from its r-f voltage source. 
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One important result is a broadening of the bandwidth of this preceding 
r-f stage. We can estimate the input impedance by using power relations. 
Let us assume in Fig. 12-14 that the plate resistance of the tube is very 
low so that in Fig. 12-15 the plate voltage swings negligibly positive. 
Also assume C large enough so that no r-f voltage exists across RL. The 

] 

To r-f 
amplifier 
grids --t---, 

power in the diode circuit is hence dis­
sipated only in RL, and the voltage across 
RL has only two components, one a direct 
voltage of value Ekm and the other of 
modulation frequency and effective value 
maEk. Hence the power dissipated is 

E 2 2E 2 p = km + ma _!'__ 
RL 

(12-46) 

The power input to the detector can 
be computed from the modulated r-f 

FIG. 12-19. A diode detector and voltage e as given by Eq. (12-8). Each AVC circuit. 
of the three frequency components 

renders power according to the square of its effective value. Thus 

(12-47) 

where R1n is the resistance seen by the r-f voltage source. Equating 
powers and simplifying yields 

(12-48) 

from which we obtain the relation 

(12-49) 

12-12. Interference in Radio Reception. Interference in the recep­
tion of a-m signals is caused by other signals on the same or on adjacent 
channels and by natural and man-made static. In order to eliminate 
much of this difficulty, the FCC regulations specify very close tolerances 
for the carrier frequency, and thus two stations on the same channel have 
very nearly the same center frequency. If they did not, there would be 
heard from the receiver a beat note of the difference frequency. 

The principal difficulty in interstation interference is the effect of a 
highly modulated weak carrier on a lightly modulated strong one. Since 
the frequencies of the two carriers may differ by a small amount1 there are 
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times when these carriers are in phase and other times when they are out 
of phase, these situations occurring at the difference-frequency rate. 

As an extreme case let us assume the strong, lightly modulated signal 
has strength x with zero modulation, while the interfering station has 
strength y with 100 per cent modulation; x » y. When the carriers are 
in phase as in Fig. 12-20a, we see that the total degree of modulation is 
y/(x + y) ~ y/x. Somewhat more than a quarter of a cycle of the differ­
ence frequency later, the situation is as shown in Fig. 12-20b, where the 
resultant signal has the same length as x and hence the modulation is 
zero. In (c) is shown the situation when the carriers are out of phase, and 
now the degree of modulation is y/(x - y) ~ y/x again. The effect of 
all this to the listener is the sound of the 
modulating signal of the weak station rising 
to a value proportional to y / x and falling to 
zero at a rate double the difference frequency, 
perhaps a few times a second. Since the 
desired signal when fully modulated would 
give a constant output proportional to 
x/x = 1, the ratio of the interfering sound to 
the desired one is y/x, the same as the ratio of 
the r-f signals. Hence, if it is desirable to 
keep the interference in audio frequencies 
below, say, 1 per cent, the r-f carrier from the 
interfering station must be below 1 per cent 
of that from the desired station. 

X 

(a) 

(b) X 

(c J X 

Frn. 12-20. Modulation of a 
strong unmodulated carrier by 
a weak a-m carrier. 

The effect of random noise in an a-m receiver is much the same. The 
energy of static is quite uniformly distributed over the r-f spectrum, and 
hence the noise power picked up by the antenna and passed through the 
tuned circuits is proportional to the bandwidth of the latter. The noise­
voltage amplitude is proportional to the square root of the bandwidth, 
and this noise voltage combines with the desired signal to add noise mod­
ulation to the desired modulation. 

There are several proposals that have been made for solving the inter­
ference problem. The allocation of station frequencies is done in a man­
ner to place stations operating on the same frequencies at great distances 
apart. Some are made to operate with directional antennas, which radi­
ate the energy away from a station sharing the same channel. Narrowing 
the bandwidth by suppressing one of the sidebands is sometimes done, 
and this improves the signal-to-noise ratio by a factor y2. Radio sta­
tions could also employ what is called preemphasis. Since the high a-f 
components in a program are of relatively small amplitude compared with 
the lower-frequency ones, the former can be amplified before modulation 
to a greater extent than the latter without the danger of overmodulation 
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occurring. With a device built into each receiver to provide deemphasis, 
the interference due to tube and circuit noises upon the weak h-f tones 
would be considerably lessened. This system is not used with a-m trans­
mission since interference with adjacent channels would be increased and 
the detector would tend to clip more with the high degree of h-f modula­
tion. Furthermore, many existing receivers would need to be fitted 
with a deemphasis device. The system is used, however, with f-m 
transmission. 

However, a-m stations do follow the helpful practice of operating with 
as near 100 per cent modulation as practicable. The high-volume pas­
sages are lowered in intensity, those of low volume raised in intensity. 
The resulting compression should be compensated for in the receiver but 

C 

A 

usually is not. There is therefore some 
unnaturalness in the rendering. 

A system of modulation which would 
yield signals that would be unaffected by 
static and by weak interfering modulated 
signals is fairly well realized in angle 

Fm. 12-21. Two unmodulated modulation. In Fig. 12-21 a desired un-
signals interfere very little in 
angle modulation. modulated carrier is represented by vector 

x rotating at wx radians per sec, while the 
vector y representing an undesired carrier, on the same channel but with 
slightly higher frequency wy, rotates about the tip of x at the small differ­
ence frequency Wy - w,, radians per sec. The resultant vector R deviates 
from the length and position of vector x, and this shows that R is both 
amplitude- and angle-modulated. Now a receiver designed for angle 
modulation can be made insensitive to amplitude changes by means of a 
so-called limiter, and so we need concern ourselves only with the effect of 

· the angle modulation. As the tip of vector y describes a circle through 
points A, B, C, and D, the value of wR - w,, passes through a cycle of 
values of Oat A, a maximum positive value of (wy - w,,)y/(x y) at B, 0 
again at C, and a minimum (negative maximum) of (wy w,,)y/(x - y) at 
D. This cycle of values repeats (wy w,,)/211" times each second. The 
greatest deviation in wR - w,, is the one occurring at D. The maximum 
drift in carrier allowed by FCC regulations is 2000 cps. If we suppose the 
magnitude of the undesired signal y is as great as one-half that of the 
desired signal x and the difference in carrier frequencies is 2000 cps, then 
the greatest frequency deviation is 2000 cps, occurring 2000 times each 
second. If the desired carrier is fully modulated to a deviation of 75,000 
cps, then the interfering modulation will be about 77 5 as strong as the 
desired one. This is not as bad an interference as would result for a lesser 
deviation than 75,000 cps, and hence we see the importance of using a 
high deviation. Since the interfering signal is seldom as strong or the 
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carrier drift as great as suggested in the example, this type of interference 
is not very troublesome. 

At one time it was believed that varying the frequency only a small 
amount at an audio rate would cut down interference by lowering the 
operating bandwidth, but as we shall see in the next article, the band­
width even then is very wide, and no hope lies in that direction. How­
ever, with a receiver insensitive to amplitude changes and with a large 
frequency deviation made at an audio rate together with preemphasis for 
the higher audio frequencies, a very successful, relatively interference­
free communication system is possible. 

12-13. The Frequency Spectrum of an Angle-modulated Wave. From 
Eq. (12-6) we can write the equation for an angle-modulated voltage as 

e = Ekm cos (vht + m sin w,t) (12-50) 

This equation can equally well represent either a frequency- or a phase­
modulated wave since the difference in phasing between expressions 
(12-50) and (12-7) is unimportant. For frequency modulation m = m1 
= K 1E,m/w,, while for phase modulation m = mp = KPE•m• In either 
case m is the maximum deviation in phase angle from the normal value 
wkt or the ratio of the maximum frequency deviation .6.wm to the audio fre­
quency w.. It is perhaps well to write 

m = ,6, ¢m radians = ,6,i m (12-51) 

The constant K1 for an f-m transmitter is usually expressed in a prac­
tical way by giving the value of K1/21r in kilocycles per second deviation 
per signal volt. This makes it convenient to determine the maximum 
deviation for a given audio signal. The relation follows because K1/21r = 
mJ!,/ E.m Af m/ E.m kc per volt. 

It should be noted that in an f-m system, if the voltage E,m is made 
proportional to frequency, the result produced is a phase-modulated wave. 
Likewise in a phase-modulation device, if the value of E,m varies inversely 
with frequency, the result is frequency-modulated. No matter which 
system is used, if m is the same, the result is the same. 

To find the frequency spectrum of this wave, which obviously is not 
sinusoidal since its phase angle does not vary linearly with time, we may 
expand in the form 

e Ekm[cos wd cos (m sin w,t) sin wkt sin (m sin w.t)] (12-52) 

The waveforms of cos (m sin w,t) and of sin (m sin w,t) are also not sinusoi­
dal since the angles do not vary linearly with time. However, these wave­
forms are periodic since their values repeat when wst increases in value by 
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2?r. Therefore, we can expand these expressions by means of a Fourier 
series. These expansions can be found in books on advanced calculus, 1 

and we can write 

cos (m sin w,t) = J o(m) + 2J 2(m) cos 2w,t + 2J 4(m) cos 4w,t + 
and 

(12-53) 

sin (m sin w,t) 2J1(m) sin w,t + 2Ja(m) sin 3w,t + · · · (12-54) 

where J.,.(m) is a Bessel function of the first kind and order n and defined 
by an infinite series in powers of m. This series itself is not important to 

1,0 

J,,,{m) 

0.8 

0.6 

0.4 

0 

-0.2 

-0.4 
Fm. 12-22. Bessel functions Jn(m). 

us at this point since the coefficients can be evaluated from graphs of these 
Bessel functions given in Fig. 12-22. 

It now follows that we can complete the expansion of e begun in Eq. 
(12-52). 

e = E,,,,, cos wkt[Jo(m) + 2J2(m) cos 2w,t + 2J4(m) cos 4w,t + · · ·] 
+ E,,,,, sin Wkt[2J1(m) sin w,t + 2.la(m) sin 3wsl + 2J5(m) sin 5wst 

+ · · ·1 (12-55) 



MODULATION AND DETECTION 

By using the identities 

-2 sin x sin y = cos (x + y) cos (x - y) 
2 cos x cos y = cos (x + y) + cos (x - y) 

we obtain 

e Ei:m ! .J u(m) cos o)kt 

- J 1(m)[cos (wk + w,)t cos (wk - w,)t] 
+ J2(m)[cos (wk+ 2w,)t + cos (wk - 2w,)t] 
- J.(m)[cos (wk + 3w,)t - cos (wk 3w,)t] 
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(12-56) 

+ · · ·} (12-57) 

Equation (12-57) shows that the spectrum of e consists of a carrier and 
an infinite number of sidebands, all spaced w, apart. The amplitude of 
the carrier and of each sideband depends upon the modulation index. 

The carrier and the important sidebands constitute the transmission 
band, and it is important to learn the bandwidth. This may be easily 
done if we examine Fig. 12-22, which shows graphically several of the 
Bessel functions. Form = l, when the frequency deviation equals the 
modulating frequency, we see that J 0(1) = 0.76, J 1(1) 0.44, J 2(1) = 
0.11, while J3(l) is very small. This means that if the unmodulated car­
rier is taken as unity, then with a modulation index of 1 the carrier has an 
amplitude of 0.76, and the first pair of sidebands (frequencies Wk ± w,) 
has amplitudes of 0.44; for the second pair of sidebands (frequencies 
Wk ± 2w,) the amplitudes are 0.11, while higher-order sidebands are of 
negligible amplitudes. Thus the bandwidth is approximately 4w,. If 
v.-e arbitrarily take a value of J,.(m) > 0.1 as denoting an important band, 
we see that for m 2, BW = 2 X 3w, = 6w, and for m = 3, BW 2 
X 4w, 8w,. For m = 10, BW = 2 X llw. = 22w,. These examples 
furnish a rough rule that the bandwidth is 

BW = 2(m + l)w, radians per sec 2(m + l)f, cps = 2(1:!.fm + f.) cps 
(12-58) 

Thus the bandwidth is somewhat more than twice the maximum fre­
quency deviation. 

For frequency modulation m1 is inversely proportional to frequency, 
and hence t:.fm( = mf,) is independent of frequency. Therefore, the 
bandwidth is approximately the same for all modulation frequencies 
(equal voltages). However, in the case of phase modulation, mp is 
independent of frequency, which makes l:!.fm and bandwidth vary linearly 
with the modulation frequency. 

Suppose that the audio signal applied to an f-m transmitter contains a 
500-cps component of I-volt amplitude and a 10,000-cps component of 
amplitude 0.1 volt. Assume the constant of the transmitter is 75 kc per 
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volt. Then for the 500--cps component, llfm = 75 X 1 = 75 kc, m1 

150, and BW = 2(/lfm + f,) = 2(75 + 0.5) = 151 kc. For the 10,000-
cps component, llfm = 75 X 0.1 = 7.5 kc, m1 = 0.75, and BW = 2(7.5 
+ IO) 35 kc. If the same audio signal is applied to a phase-modula­
tion transmitter to give the same maximum allowable frequency deviation 
of 75 kc, it is found by trial that the higher-frequency component deter­
mines the modulation indexes that can be used. For the 10,000-cps 
component, mp= llfm/f. = 71/io = 7.5, BW = 2(75 + 10) 170 kc. For 
the 500-cps component, mp is 10 times greater because E.m is 10 times 
larger; mp 75. Now llfm 75 X 0.5 = 37.5 kc, and BW = 2(37.5 + 
0.5) = 76 kc. 

An examination of the results of these two methods of modulation 
shows that for frequency modulation the amplitude of the small 10,000-
cps component could be preemphasized 10 times before modulation in 
order to take advantage of the full 75 kc deviation permitted and without 
exceeding the allowable 200-kc bandwidth. This would greatly improve 
the signal-to-noise ratio in the output of the receiver. Of course, the pre­
emphasis factor 10 suggested here would not always apply. .No such 
preemphasis of the small h-f audio components is possible for the case of 
phase modulation. This explains why frequency modulation is preferable 
to phase modulation as a form for the transmitted wave. 

Because a very wide band is used for angle modulation, there is a prob­
lem in tuned-circuit design unless the carrier frequency is made very high. 
For this reason it is common practice to use near 90 Mc and above as car­
rier frequencies for angle-modulation systems. 

12-14. Preemphasis. In order to increase the relative energy in the 
high a-f spectrum to take better advantage of the 75 kc allowable devia­
tion and thus better to outweigh the effects of tube and circuit noise, it is 
customary to build into the transmitter a preemphasis device and to pro­
vide for each receiver a corresponding deemphasis. 

A circuit to provide preemphasis has a characteristic 

(12-59) 

where E2/E1 is the ratio of output to input voltage and wo is a constant 
chosen on the basis of experience as being a satisfactory value. The value 
now used in the United States for carrier frequencies near 100 lVIc is 2100 
cps for fo. This results in E2/E1 being -vf2 at 2100 cps and 10 at 21,000 
cps. The effect on lower frequencies is much less; for 1050 cycles it is 
only 1.1. 

12-15. Frequency Modulation Using a Reactance Tube. Probably 
the simplest way of producing an f-m wave is to vary the capacitance or 
the inductance of the frequency-determining tank of the oBcillator. This 



MODULATION AND DETECTION 375 

can theoretically be done directly by using a condenser microphone or by 
having a phonograph needle move a capacitor plate or one coil of a 
mutual-inductor pair. A considerably more satisfactory method, how­
ever, is to use a variable-reactance tube in parallel with the tank. This 
tube can act either as a variable capacitance or as a variable inductor, and 
hence the same results can be obtained. 

Figure 12-23 shows one form of reactance tube connected in parallel 
with the tank of a Hartley oscillator. The circuit to the right of the 
capacitor C1 acts like a capacitor in parallel with C1 . Figure 12-24a is the 
equivalent circuit for the reactance tube alone, with the tank voltage E 

R-f 
choke 

Fm. 12-23. A reactance tube modulating a Hartley oscillator. 

(a) (b) 
Fm. 12-24. Equivalent circuits for a reactance tube. 

applied to it. The path through the supply of Ebb is omitted because of 
the r-f choke. The a-f transformer below R is used to introduce the 
audio-signal voltage. The secondary is bypassed by a capacitor of small 
reactance to r-f currents. The transformer is omitted from the equiv­
alent circuit, which involves only r-f currents in the present discussion. 

At the oscillation frequency let us suppose that 

Then 

and 

1 1 -»R»­
wC2 Um 

(12-60) 

(12-61) 

E0 jwRC2E (12-62) 

I _ I + I . CE+ E + µEo _ . CE+ E + jµwRC2E 
- l p JW J 2 - JW 2 rp rp 

= jwC2E + E + jwgmRC2E (12-133) 
r,., 
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If an audio-signal voltage is introduced in series with Ecc, the bias on 
the grid will rise and fall slowly (relative to the r-f variation). The tube 
parameters will vary with the bias. The first current component in 
(12-63) will be constant, however. The second will vary as rp changes, 
and, being in phase with E, it will cause the amplitude of the oscillations 
to change. With rp remaining very high (for a pentode), however, this 
current component and the amplitude modulation it causes are very small. 
The third component varies with the value of flm, and since it leads E by 
90°, we see that the reactance-tube equivalent circuit can be reduced to 
that of Fig. 12-24b, where the other two shunt paths have been neglected. 

Now the angular frequency of oscillation for the Hartley oscillator is 
approximately 

w 
1 1 

-./LC= vLCC1 + gmRC:2) 
(12-64) 

The steady effect of the average value of flm times RC2 is of no conse­
quence since it can be compensated for by adjustment of C1• However, 
flm is cyclic at the modulating frequency. The effect of this on w can be 
computed as follows: 

With no modulation, w wo. With modulation 

dw 

,Yhere 

Hence 
1 RC2 

dw = - 2 wo dg,,,. 

If flm varies linearly with e,, 

dgm = kE,m COS w,t 
and 

1 RC2 
dw = - 2 Wo kE,m COS w.t 

(12-6.l'"i) 

(12-66) 

(12-67) 

(12-68) 

(12-69) 

where k depends upon the curve of variation of flm with ec. We see by 
Eq. (12-69) that the frequency changes linearly with the modulation and 
hence frequency modulation takes place. 

An example may be helpful. Suppose it is desired to frequency­
modulate a 90-Mc carrier with a deviation of 72 kc 5000 times a second. 
It is impractical to operate a reactance tube at this high radio frequency, 
and so we may use a series of frequency multipliers as shown in the block 
diagram of Fig. 12-25. These frequency multipliers are class C ampli-
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fiers, which have high amplitude-distortion components, and the plate 
tank is tuned to the harmonic desired. The nonlinear gain characteristic 
is not objectionable since any variation of the amplitude of the output is 
of no importance. 

A-f 
voltage 

Pre­
emphasis 

0-c grid bias-

Reoctance 
tube 

Low­
poss 
filter 

Discrim­
inator 

tuned to t 
3mc I 

Frequency 
tripler 

.Jmc±l2kc 

Crystal 
control led t oscillator 

l2mc 

Fm. 12-25. A reactance-tube frequency-modulator system with a frequency stabilizer. 

Let us suppose the oscillator and the reactance tube to be those of Fig. 
12-23 and the latter tube to be a type 6SJ7. Figure 12-26 shows a graph 
of gm vs. ec for this tube. If we choose Ecc = -3.5 volts, it is seen that 
gm will vary fairly linearly with e, (which is an a-f eu) according to the 
equation gm = (1400 + 430E,m cos 
w,t) X 10-6 mho, and the maxi­
mum change in gm will be 430 X 
10-6E,m, Hence from Eq. (12-67) 
we can write 

dw 1 RC2 
2 wo E,m X 430 X 10-6 

(12-70) 

In the reactance-tube circuit let 
us assume some values. Since 

Eb =250 volts 
Ec2 = 100 volts 
E,.3=0 volt 

2500 ~ 
.,: 
E 
0 

2000;:; .E 
C 

1500 : 
u 
C 
0 

1000 ~ 

500 

" C 
0 
u 

1/gm 1/(1400 X I0-6) = 714ohms, _,__-=-~--'---'----'----'0 
we can assume [see relation (12-60)] -10 -e -s -4 · 2 O 

Control-grid volts 
R 10,000 ohms. l/woC2 should 

]ha. 12-26. Variation of f!m with grid bias 
be much greater than R, and we for a 6S.J7. 
can assume a value of, say, about 
100,000 ohms, making C 2 = 3 µµf. C 200 µµf should be a suitable value. 

Continuing from Eq. (12-70), we can solve for the necessary value of 
E,m to produce a frequency deviation of 4 kc (see Fig. 12-25); thus 

2 dwC X 106 2 X 21r X 4000 X 200 X 10-12 X 106 

E,m = 430woC'2R = 430 X 21r X 5 X 106 X 3 X 10-12 X 10,000 
= 0.025 volt (12-71) 
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The oscillator which produces the f-m waveform cannot be crystal­
controlled, and hence its carrier is too unstable to satisfy the legal require­
ments unless some sort of stabilizer is used. In Fig. 12-25 is shown the 
diagram of one form of stabilizer. The somewhat unstable 15 Mc output 
of the first frequency tripler is fed into a heterodyne mixer along with the 
very stable output of a crystal-controlled oscillator operating at some 
fixed freque11cy, say 12 Mc. The output of the mixer is 3 Mc plus or 
minus the unstable variation in the carrier, along with a 12-kc frequency 
deviation caused by the signal. The discriminator, which is to be studied 
later (Art. 12-19), is tuned to 3 Mc, and as long as the input frequency is 
centered at this value, the discriminator output will be 5000 cps, the 
audio modulation, but with zero d-c component. However, if the carrier 
frequency wavers from 3 Mc, the discriminator output then contains a 

Crystal- Phase Frequency Power controlled Limiter 
oscillator shifter multiplier omplifier 

A-f Pre- Distorter voltage emphasis 

Fm. 12-27. Block diagram of an f-m transmitter using phase modulation. 

d-c component with polarity depending upon whether the carrier fre­
quency is too high or too low. A filter removes the a-f variations from 
the discriminator output, and the remaining direct voltage is applied as a 
bias in series with Ecc to the reactance-tube grid, its effect there being to 
change the average g,,. enough to retune the oscillator nearer 5 :\fo. 

12-16. Frequency Modulation by Means of Phase Modulation. 
There are numerous methods by which the phase of a carrier can be 
shifted at an a-f rate. If then a carrier is generated under the control of a 
crystal and its phase advanced or retarded in accordance with the magni­
tude of a signal voltage, a phase-modulated wave is produced. 

Equation (12-57) gives the frequency spectrum of either a frequency- or 
a phase-modulated voltage. It was pointed out that mp is constant rela­
tive to signal frequency while m1 varies inversely as the signal frequency. 
With this sole difference between the two it is easy to predistort the audio 
input to the phase shifters of the preceding paragraph in a manner to 
make the a-f voltage vary inversely as w,, and then the r-f output of the 
shifter is frequency-modulated. Figure 12-27 gives a block diagram of 
this method. The limiter is discussed in Art. 12-18. It is used here to 
remove the effects of any amplitude modulation that may occur in the 
phase-shifting process. Since the phase shifter can usually vary the 
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phase only a small amount compared with that desired in the output, the 
modulation process is carried out at a frequency much lower than the 
transmission frequency. Frequency multipliers then raise the carrier 
frequency and at the same time increase the frequency deviation in the 
same proportion. It should be noted that frequency multiplication does 
not change the frequency separation between the sidebands, which 
depends upon the rate at which the frequency change in the r-f voltage 
was made, i.e., upon the audio frequency, and this is not altered by fre­
quency multiplication. 

12-17. F-M Receivers. Frequency-modulated receivers are usually of 
the superheterodyne type and are quite similar to those used for the recep­
tion of a-m signals. There are a few points of difference, some of them 
very important. 

converter 

Loudspeaker 

otor 

Fm. 12-28. A block diagram of an f-m receiver. 

First, the freedom from interference means that much weaker signals 
can be successfully handled. Thus in the better receivers the i-f gain is 
usually much greater than for an a-m receiver. Since with increased gain 
comes more danger from positive feedback, it is common to use two inter­
mediate frequencies because feedback of a different frequency does not 
result in oscillation. Thus two frequency converters may be used; part 
of the i-f amplification can take place at one frequency and part at 
another. 

Second, the very great bandwidth of up to 200 kc makes it impossible 
to use the ordinary 456-kc intermediate frequency as in amplitude mod­
ulation (broadcast). It is usual to use near 5 Mc for this purpose. Then 
a 200-kc bandwidth would be similar to an a-m bandwidth of about 20 kc, 
which is not too difficult to obtain. 

Third, the freedom from interference depends partly upon making the 
receiver insensitive to amplitude changes. The f-m receiver therefore 
has incorporated in it a limiter for producing a limiter output voltage of a 
constant amplitude. 

Fourth, the f-m receiver needs a discriminator, which gives an a-f out­
put corresponding to deviations in the radio frequency. 

Figure 12-28 shows a block diagram of an f-m receiver. 
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12-18. Limiters. There are several types of amplitude limiters. 
Many of them are essentially triodes or pentodes operating with low bias 
voltages and with a high grid drive. On the negative grid swings the 
plate current cuts off, and on the positive swings it saturates. 

A common type of pentode limiter which differs somewhat in its action 
from the above is shown in :Fig. 12-29. The action depends upon the grid 
bias produced by the grid-current flow through Rg and is illustrated in 

Fm. 12-29. A pentode limiter. 

Fig. 12-30a. The values of plate and 
screen biases are low so that the 
control-grid voltage required for 
plate-current cutoff is small. With a 
large r-f grid signal applied as with 
cycle 1, the grid voltage swings just 
enough in the positive direction to 

make the grid bias R0Ica almost equal to the peak value of the r-f voltage. 
For an r-f wave of greater amplitude the situation is shown by 2, 'where 
the grid swing is slightly more positive to make the grid bias greater. Also 
shown are pulses of grid and of plate current under each circumstance. 

Let us observe the enlarged drawing in Fig. 12-30b, in which the plate­
current pulses for cycles 1 and 2 are superimposed for comparison. As 
shown by the timing wave cos wkt, each current pulse has a duration con-

Cal I b) 

Fm. 12-30. Waveforms of e,, i,, and iv for the limiter. 

siderably less than 180°; that for wave 2 is higher but of shorter duration 
than that for wave 1. The fundamental component of current is given by 

lp,m = ;'Ir fo2

" i0 COS Wkt d(wkt) "-' i1r lz,,. ib d(wkt) (12-72) 

since the cosine is near unity during the period when current flows. The 
last integral is the area under the current wave, and as both pulses tend 
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to have nearly the same areas, the fundamental current through the plate 
load is about the same in both cases. 

12-19. Discriminators. The circuit for a commonly used type of dis­
criminator is illustrated in Fig. 12-31. An analytical explanation of its 

Ovtpvt of i 
limiter Et 

Frn. 12-31. A discriminator circuit. 

action is quite involved, and we shall proceed with a graphical one. The 
limiter tank and the transformer secondary are each tuned to the inter­
mediate frequency. The output voltage E1 across the limiter tank is 
frequency-modulated and is centered 
at the intermediate frequency. 

When the frequency of E1 is 
exactly at the center value, the 
nature of the output voltage eo can be -E--E--,,,---+--1

2
---"'Ec-------..i 

determined as follows: 11 = Ei/jwL1• -½E2 

The voltage induced in the secondary w-w-,. (a) 

{b) 

E' 0 

with positive sense upward is E' = 
-jwkII1 = (2vf/L1)E1. Thereact­
ance of the r-f choke is large com­
pared with Xo,, and ,ve assume, 
therefore, that the current 12 flows 
through C 2 and is in phase with E' 
because of resonance. Hence E2, the 
voltage drop across C 2, lags E' by go0 

and leads voltage E 1 by go0
• The 

r-f voltage EA applied to diode A is 
E 1 + ½E2 if the capacitors C1, C3, 
and C4 are chosen to have small 
reactances at this frequency. Like­
wise the voltage EB applied to diode 

1 h Fm. 12-32. Vector diagrams for the B is E1 7 2E2. T ese quantities 
discriminator. 

E1, E', I2, E2, EA, and EB are drawn in 
vector form in Fig. 12-32a. Since the r-f voltages EA and EB have like 
amplitudes, the two diode currents have equal average values and the 
direct voltages across R3 and R4 are equal in size but op:posite in sense, 
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Hence there is no voltage developed between the output terminals, and 
e. = 0. 

Let us next consider the situation when w is greater than the inter­
mediate carrier frequency w". The expression for 11 still holds, and E' = 
- (211 /L1)E1 as before. However, the secondary circuit is now inductive, 
and hence 12 lags E' by some angle 0. 0 depends upon the amount by 
which w exceeds Wk and upon the Q of the secondary circuit. It follows 
that E 2, the voltage drop across C2, lags E' by an angle 90° + 0. We can 
now determine the EA and EB vectors as shown in Fig. 12-32b. Since EA 
exceeds E 8 in amplitude, it follows that e0 is now positive. 

When w is less than wk, it can be shown that 12 leads E' by an angle 0 
and the vector diagram of Fig. 12-32c applies. Now EB exceeds EA in 
amplitude, and as a consequence e. is now negative. 

The variation of e. is at the modulation frequency, and if correct cir­
cuit adjustments are made, e. is a good reproduction of e,. 

It should be noted that if E 1 is not modulated but its frequency varies 
from Wk because of oscillator instability, the discriminator circuit gives a 
direct output voltage proportional to the amount of this variation and of 
polarity dependent upon whether the frequency is too high or too low. 
This is the application of the discriminator noted in the discussion of the 
frequency stabilizer in Art. 12-15. 
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PROBLEMS AND QUESTIONS 

1. A carrier voltage has a peak amplitude of 10 volts and a frequency of 1 X 106 

cps. (a) The amplitude of the r-f voltage is modulated by a sinusoidal 1000-cps signal 
to make the amplitude of the r-f wave vary between 7.5 and 12.5 volts. Write an 
equation for the modulated wave. Determine ma, (b) The frequency of the r-f wave 
is varied sinusoidally between 0.925 and 1.075 Mc, 1000 cps. Write an equation for 
the modulated wave. Determine the maximum phase shift and m1. (c) The phase 
of the r-f voltage is shifted sinusoidally from 75 radians leading to 75 radians lagging 
1000 cycles each second. Write an equation for the modulated voltage. Determine 
the maximum and minimum frequencies and mp. 

2. The modulation processes of Prob. 1 are carried out using the same devices but 
with a 1000--cps modulating voltage of half the former amplitude. Determine m0 , m1, 

and mp. 

3. The modulation processes of Prob. 1 are carried out using the same devices and 
with a modulating voltage of the same amplitude but of frequency 500 cps. Deter­
mine ma, m1, and m,,. 

4. An antenna is supplied with 2160 watts of r-f power, 40 per cent amplitude­
modulated. Determine the carrier power and the sideband power. 

5. Show that there is a reduction in the d-c magnetization of the core of the modula­
tion transformer of Fig. 12-5 if the marked polarity is used. 

6. Draw the circuit diagrams for a plate-modulated class C amplifier using two 
parallel triodes and a push-pull triode modulator. 

7. In the circuit of Prob. 6 all tubes are identical, and each has an allowable plate 
dissipation of 1 kw. If the plate efficiency of the class C tubes is 75 per cent, of the 
class B modulator tubes 60 per cent, and of the modulation transformer 75 per cent, 
what total r-f power, modulated 50 per cent, can be obtained from the class C amplifier? 

8. The modulator in Prob. 7 is changed to class A push pull with 25 per cent plate"" 
circuit efficiency. What r-f power output is now available? 

9. In a certain transmitter the required plate-to-plate load for the push-pull 
modulator is 1600 ohms. The value of Eba for both the modulator and the class C 
stage is 2000 volts. With grid excitation applied to the class C amplifier but with no 
modulation, the source of Ebb supplies 2.5 amp to the class C amplifier. What turns 
ratio should be used for the modulation transformer? 

10. A square-law triode has the carrier voltage applied in the grid circuit, the 
modulating voltage applied in the plate circuit. The plate tank is tuned to the car­
rier frequency. Prove that the tank voltage is amplitude-modulated. 

11. For the balanced modulator of Fig. 12-12, e, = Ekm cos wkt and e2 E,m cos wJ. 

Determine the frequencies present in the output e,. 
12. Resketch the circuit of Fig. 12-13 to make a converter circuit. Use a Hartley­

type oscillator with cathode, grid I, and grids 2 and 4 used as cathode, grid, and plate, 
respectively. The oscillator plate operates at r-f ground potential. 

13. The circuit of Fig. 12-13 is operated with Euv = 250 volts, Ecci = Ecc, = 100 
volts, Ecc, = -2.0 volts. R, = 20,000 ohms. The local oscillator voltage is adjusted 
to a value which makes the grid 1 direct current 0.5 ma. (a) If a carrier voltage of 
0.1 volt is applied to grid 3, what is the i-f component of the plate current (use a tube 
manual)? (b) The carrier voltage to grid 3 rises t-0 0.2 volt, and A VC action shifts 
the bias of this grid to -6 volts. What is the new value of the i-f component of plate 
current? 

14. Draw the circuit for a square-law modulator used as a detector of a-m signals. 
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Specify the type tube to be used, the bias voltage values, and the character of the 
load-impedance elements. 

15. A certain diode detector circuit is like that of Fig. 12-19 except that the 50-
kilohm resistor is omitted, a 100-kilohrn volume control is used, and the AVC-filter 
resistor is 100 kilohms. The single diode is type 7 A6. Use a tube manual. (a) 
Draw the d-c- and a-c-load lines. (b) For an r-f signal e1 15 y2 (1 + ma cos 21r 
X 10001) cos 21r X 106t determine the greatest allowable value of ma to avoid nega­
tive-peak clipping. (c) For this value of m0 determine the greatest a-f voltage output 
to the next amplifier grid. (d) Determine the direct voltage available for automatic 
volume control. 

16. Compute the approximate value of R;n for the circuit of Fig. 12-19 if e1 is 50 per 
cent modulated. Note that the d-c and a-c loads are unequal. 

17. e 10 cos (21r X 108t + 20 cos 21r X 1031). (a) What is the maximum phase 
deviation? (b) ,vbat is the maximum frequency deviation, and at what rate does it 
deviate? (c) What is the bandwidth? 

18. An audio signal consists of a IO-volt 1000-cps component and a 0.5-volt 5000-cps 
component. (a) Determine m for each component if phase modulation is used with 
a maximum frequency deviation of 75,000 cps. Find the bandwidth. (b) Repeat, 
using frequency modulation. What preemphasis factor can be used for the 5000-eps 
component without increasing the total bandwidth? 

19. The voltage e in Prob. 17 is applied to the input of a heterodyne frequency 
converter. The local-oscillator frequency is 45 Mc. If the plate load is tuned t,o 
give an output voltage lower in frequency than that of e, what is the form of the equa­
tion for this output voltage? 

20. The voltage e in Prob. 17 is applied t,o the input of a frequency doubler. (a) 
What is the form of the equation for the output voltage? (b) What is its bandwidth? 
(c) Is the side-frequency separation affected? 

21. In Fig. 12-23 the positions of Rand C2 are interchanged. Show that the action 
of the react,ance tube is that of a variable inductor. State the simplifying assump­
tions needed to obtain this result. 



CHAPTER 13 

CONDUCTION THROUGH GASES 

13-1. Introduction. Thus far most of our discussions have treated 
tubes as though the vacuum were perfect. However, it is physically 
impossible to remove all the gas from within the tube envelope; in prac­
tice enough can be removed so that the residual has negligible effect on 
the tube characteristics. We call such tubes high-vacuum tubes. The 
pressures encountered in them may be as low as or even lower than 10-·7 

mm Hg (normal atmospheric pressure at sea level is measured as 760 
mm Hg). 

There are other types of electronic tubes in which the gas pressures are 
high enough so that the electrical characteristics are entirely different 
from those of the high-vacuum types. The pressures encountered in such 
tubes may range from several atmospheres (high-pressure arc lights) down 
through pressures of about 10 cm Hg (neon signs, fluorescent lights, and 
tungar rectifiers), on down through 0.1 mm Hg (mercury-arc rectifiers, 
thyratrons, and ignitrons), and finally to the low pressures encountered 
in high-vacuum tubes. 

Our first discussion will concern the electrical characteristics of an 
electronic tube as the pressure is increased from that in a high-vacuum 
tube to that encountered in mercury arcs, thyratrons and ignitrons. We 
shall then take up the reasons for these characteristics. 

There is always some ionization of the residual gas in a high-vacuum 
tube. In the normal high-vacuum diode the principal effect is to cause 
positive-ion bombardment of the cathode, which under certain circum­
stances may damage the emitting surface. If a small additional amount 
of gas were admitted to a high-vacuum thermionic diode, its characteris­
tics would be considerably changed, The gas molecules would tend to 
interfere with the free passage of the electrons from the cathode to the 
anode. The collisions between the electrons and the molecules of the gas 
would result in an increased production of positive ions. These positive 
ions, being in the midst of a host of electrons, would tend to counteract 
the effects of the space charge. This would result in an increased anode 
or plate current for a given plate voltage. A second effect would be an 
increased bombardment of the cathode by the positive ions. Third, 
there would be a decrease in the inverse-peak voltage that the tube could 
withstand. 

385 
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If the gas pressure were now gradually increased, these effects would 
become more pronounced. A point would finally be reached where there 
would be breakdown into a visible glow. The anode voltage would then 
be found to be constant at some low value and independent of the anode 
current. Thus the characteristics of such a tube are entirely different 
from those of a high-vacuum type. 

13-2. Types of Gaseous Discharges. Three types of electrical dis­
charges are encountered in gaseous tubes. The first, which usually emits 
no visible glow, is called a Townsend discharge and is characterized by a 
rather high voltage drop across the tube and a very small current flow 
(usually less than a few microamperes). It occurs in cold-cathode tubes 
and is the phenomenon which may lead to the second type. The latter 
is the glow discharge, which is characterized by a somewhat larger current, 
usually ranging from a few milliamperes up to hundreds of milliamperes. 
The tube drop, which is fairly constant for a given tube, may range from 
about 75 volts up to a few hundred volts. The third type is the arc­
discharge. This type is characterized by currents which may range from 
a few milliamperes up to hundreds and even thousands of amperes. The 
tube drop will again be fairly constant and may range from about 7 volts 
up to about 50 volts. 

13-3. Physical Properties of the Atom. 1 In order better to understand 
the reasons for the characteristics of gaseous tubes, we shall revimv a few 
of the physical properties of the atom. As explained in Chap. 2, an atom 
consists of a positive nucleus about which electrons are revolving in orbits. 
The more energy an electron has, the larger the radius of its orbit. Also, 
an electron never goes from one orbit to another without either absorbing 
or g1vmg up energy. In the lowest energy level, which is closest to the 
nucleus, there is room for 2 electrons; in the next higher level there is 
room for 8, room for 18 in the next, etc. Each level is able to accommo­
date a certain maximum number and no more. In the normal atom each 
level is completely filled before any electrons appear in the next higher 
level. Thus in the normal atom all electrons are revolving in orbits as 
close to the nucleus as they can get, with the fowest-energy electrons 
closest to the nucleus. 

13-4. The Excited Atom. If the right amount of energy is given to 
one of the higher-energy electrons, it may leave its normal orbit and go 
to one of the higher-energy levels. This amount of energy is called a 
quantum. After arriving at the higher level the electron may remain 
there for a very short period of time. Such an atom, ,,.ith one or more 
electrons raised to a higher than normal energy level, is said to be excited. 
The minimum amount of energy, expressed in electron-volts, needed to 
raise an electron up to a higher-energy state is known as the minimum 
excitation potential. Experiments and theory prove that this state can 
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exist for only about 1 X 10-s sec, after svhich the excited electron must 
fall back to its normal energy level, giving up its added energy as electro­
magnetic or light radiation. The wavelength of this radiation depends 
on the difference in the energy levels of the two orbits. It is this process 
which produces the visible light in a "neon" sign. 

Although the above situation is the usual one, some atoms appear to 
have certain energy levels to which electrons may be raised but from 
which they cannot return. Such an excited atom is said to be in the 
metastable state. The molecule containing this extra-energy atom fl.oats 
about until perhaps it strikes some solid object, whereupon it becomes 
normal again and the energy releases an electron from the object or the 
energy is converted into heat. Or it itself may be struck by an electron 
and become ionized. In the latter case ionization has taken place 
because of two collisions, a phenomenon important in certain gas-tube 
characteristics. 

13-5. Ionization. The complete removal of an electron from an atom 
is known as ionization. The only way in which an electron can be 
removed from an atom is for it to obtain from some external source suffi­
cient energy to carry it beyond any of the allowable energy levels. The 
amount of energy necessary to separate the highest-energy electron is 
known as the minimum ionization energy. That part of the atom which 
remains after ionization occurs is known as a positive ion. It has a 
charge equal to that of an electron, and hence it will be acted upon by 
other charged bodies and by electric fields. The mass of the positive ion 
is practically that of the original atom since the mass of the electron is 
negligible when compared with the mass of an atom. Negative ions also 
exist. In these an extra electron attaches itself to the orbital system of 
an atom. These negative ions apparently play a very minor role in 
gaseous discharge. 

13-6. Collision Processes in Gases. 2 When charged bodies in a par­
tial vacuum are moving about because of an electric field, there are going 
to be collisions between the charged bodies and the gas molecules. 
Some collisions will not result in a transfer of energy, while others 
will. The first type is known as an elastic collision and the latter as an 
inelastic one. 

The frequency with which these collisions occur will depend upon the 
pressure of the gas, which in turn depends upon the number of gas 
molecules per unit volume. Since the electric field will accelerate any 
charged body, the energy of the collisions will depend upon the distance 
each charged body travels before it takes part in a collision. When an 
inelastic collision occurs, there are three possible results. First, the 
charged body may give up its kinetic energy to the molecule of gas, which 
in turn may merely acquire more kinetic energy; second, it may be excited; 
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or, third, it may become ionized. When the latter action occurs to a 
sufficient extent, the gas breaks down into a visible glow discharge. 

The molecules of any gas have a random distribution in space, and a 
free electron may be located at any point in the gas. The distance each 
electron travels between collisions may vary from almost zero up to a 
high value. The average of the distances traveled by a great number of 
electrons is called the mean free path; it will vary with the gas pressure­
the higher the pressure, the shorter the mean free path. If the field is 
strong enough so that an electron gains sufficient energy to cause ioniza­
tion in traveling a distance near the value of the mean free path, then 
copious ionization occurs and the gas may break down into a glow dis­
charge. If the energy is not sufficient, then the current through the tube 
will increase slightly but there will be no detectable glmv. The small 
amount of ionization that does take place will be due to the few electrons 
which travel a distance greater than the mean free path and thereby 
acquire sufficient energy to cause ionization. It is therefore necessary to 
have a relatively long mean free path, or to use a very high anode voltage, 
in order to establish a gaseous discharge. However, there is a limit to the 
mean free path. If it becomes greater than the distance between elec­
trodes, the chance for ionizing collisions becomes very small and the tube 
,vill act as a high-vacuum tube. On the other hand, if the mean free path 
is too short, the collisions occur before the electrons have attained enough 
energy to ionize the gas. 

13-7. Neutralization of Negative Space Charge by Positive Ions. One 
of the most important effects of ionization is the neutralization of the neg­
ative space charge by the positive ions. If at any instant the number of 
positive ions in the interelectrode space is equal to the number of elec­
trons, the net space charge is zero and the characteristics of such a tube 
will differ greatly from those of a similar tube with a high vacuum. 

Because of its larger mass the velocity of a positive ion is much lower 
than the velocity of an electron with the same amount of energy. This 
means that the positive ion will take a much longer time to travel a given 
distance than will the electron and hence will remain in the interelectrode 
space longer. As a result a relatively few positive ions can neutralize the 
space charge set up by a large electron current. 

In addition to the cancellation of space charge, the positive ions have 
an important effect on the walls of the tube and on the electrode surfaces. 
The positive ions may be attracted toward these surfaces and are neu­
trali½ed when they strike them. Their excitation and ionization energies, 
as well as their kinetic energy, are given up there. This energy may cause 
heating of the surface, or it may be given off in some form of radiation. 
It may cause sputtering, which is the removal of small particles of the 
cathode surface. Or it may cause the removal of electrons from the sur-
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face. At this point it might be well to mention that all the electrons caus­
ing current flow through a gas tube must come from the cathode, or at 
least for every electron that enters the anode one must be given off by the 
cathode. In the case of the cold-cathode tube these electrons are given 
the energy necessary for emission by the bombarding positive ions. 
Hence the tube drop must be at least large enough to give the bombard­
ing ions the necessary energy. As a result the drop across a glow dis­
charge will be 75 to several hundred volts. 

13-8. Gaseous Discharges. 2 If a simple tube, such as pictured in 
Fig. 13-1, is constructed with two parallel plane electrodes, each a few 
centimeters in area and spaced a few centimeters from each other, and if 

FIG. 13-1. Circuit for obtaining the 
volt-ampere characteristic of a cold­
cathode gas discharge. 
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FIG. 13-2. Volt-ampere characteristics of a 
cold-cathode gas-discharge tube. 

a variable voltage is applied between them through a resistor, a current­
voltage characteristic such as shown in Fig. 13-2 will result. In the region 
OA the current increases with increasing voltage but soon reaches a sat­
uration value where the current remains essentially constant over a con­
siderable range of voltages. This current is so small that an ordinary 
galvanometer cannot be used to measure it. Beyond point A' the current 
again increases with increasing voltage. The rate of rise soon becomes 
so great that the characteristic becomes practically a horizontal line. 
The tube will then break down into a visible glow discharge. The region 
between A' and B represents what is known as the Townsend discharge, 
which is of importance because it is the mechanism by which a glow dis­
charge is initiated in cold-cathode tubes. 

At point C the tube has broken down into a visible glow. Between 
points C and Dis the normal glow region, and here we see that the voltage 
is independent of the current. Between D and Ethe voltage across the 
tube increases with increasing current, and this is known as the abnor­
mal glow region. At point E the tube breaks down into another type of 
discharge known as an arc which between F and G has the typical neg­
ative-resistance characteristic. 

13-9. The Townsend Discharge.3 Referring back to the region OA. of 
Fig. 13-2 the question arises as to the source of the current which flows. 
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There are several possibilities. Any gas is in a state of partial ionization 
because of the bombardment of the gas molecules by cosmic rays. These 
rays originate somewhere in outer space and are continually bombarding 
the earth. They penetrate enormous thicknesses of most materials, and 
so it is practically impossible to prevent them from bombarding the gas 
molecules in a tube. Another possibility is the radiation from radio­
active materials which may be present in very minute quantities in the 
electrodes or walls of the tube. Still another possibility is photoelectric 
emission from one of the electrodes. When voltage is applied to the tube, 
the free electrons, produced by one or more of the above processes, are 
attracted to the anode and hence result in current flow. However, this 
current is very small and soon reaches a saturation value. The move­
ment of the electrons toward the anode and of the positive ions toward the 
cathode results in numerous collisions. But because of the low voltage 
applied no ionization by collision occurs. However, as the voltage across 
the tube is increased, the energies of the collisions increase, and a point 
will finally be reached where more positive ions and free electrons are 
produced. This results in an increased current and is the beginning of 
the Townsend discharge. As the voltage is increased still more, the col­
lisions become more violent, resulting in an increased current. 

One important fact about this discharge is that if the primary source of 
electrons (cosmic rays, etc.) is removed, the discharge ceases. In other 
words, this Townsend discharge is not self-maintaining. Now if the volt­
age of the battery in Fig. 13-1 is further increased, the current will finally 
increase very rapidly, the voltage drop across the tube will fall, and the 
region between the electrodes ,vill emit a glow. It is interesting to 
examine the phenomena which are taking place. Let us suppose that 
a single electron is produced near the cathode, say by the action of a 
cosmic ray. The positive anode causes the electron to be accelerated, 
and if the gas pressure is high enough, the electron will collide with a gas 
molecule. For a Townsend discharge, the energy of this collision is suffi­
cient to ionize the molecule, and thus one or more electrons are thereby 
freed to move on to the anode, perhaps colliding again and freeing more 
electrons, and so on. Meanwhile the positive ions remaining from these 
collisions progress toward the cathode, where they will eventually join 
with electrons on the surface to become neutral gas molecules again. 
They possibly collide with gas molecules on the way. If the energy of the 
moving ions is insufficient to knock free electrons from the cathode or to 
ionize molecules near the cathode surface, then it appears that cutting off 
the cosmic ray will end the discharge. On the other hand, suppose the 
energy of either type of collision is sufficient to free electrons which can be 
accelerated toward the anode. Then it is seen that the discharge perhaps 
can maintain itl:ldf. Whether this last action takes place or not depend.$ 
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partly upon the value of anode voltage, and thus as this voltage is raised, 
a self-maintaining discharge is finally attained and breakdown is said to 
have occurred. This breakdown point can be detected by the visible 
glow and by the sudden decrease in the anode voltage. 

13-10. Breakdown. 4 If the breakdown characteristic is studied in 
more detail, several interesting facts come to light. Figure 13-3 shows 
the breakdown voltage as a function of the gas pressure. At very low 
pressures this voltage is extremely high. For a perfect vacuum it would 
be infinite since there would be no gas present to support a discharge. As 
the pressure increases, the number of gas molecules per unit volume of 
interelectrode space also increases. There are, then, more collisions of the 
free electrons with the gas molecules, hence more ionization by collision 
and more current for a given voltage. With the increased number of col­
lisions, each collision need not pro-

eb 
duce as many free electrons; hence 
the breakdown voltage decreases. 
However, a point will finally be 
reached where the breakdown voltage 
will begin to increase with increasing 
pressure. This is because, with the 
high concentration of molecules in 
the tube, the mean free path is so Gos pressure ~ 

short that the voltage applied to the FIG. 13-3. Breakdown characteristics 
tube must be increased in order to for a cold-cathode gas diode with 

parallel plane electrodes at various 
supply the necessary energy to the spacings. 
electron in its short travel. 

If the distance between the electrodes is decreased, the resulting break­
down characteristic will be shifted horizontally with respect to the char­
acteristic with larger spacing. This is shown by curves b and c in Fig. 
13-3. From a family of such curves it can be easily seen that the break­
down voltage depends on the spacing between electrodes and the pressure 
of the gas. A third factor also governing the breakdown characteristic 
is the type of gas used. The breakdown voltages will differ among gases 
because of variation in the ease of removing electrons from the orbits, 
sizes of the gas molecules, etc. Another factor is the work function of the 
material used for the cathode, since all electrons must eventually be 
replaced by electrons from this source. 

13-11. The Normal Glow. 4 Referring back to the normal-glow region 
in Fig. 13-2, we see that the drop across the tube is almost constant for 
quite a range of currents. This means that the tube has no control over 
the magnitude of the current, which must therefore be limited by some 
means external to the tube. This is the purpose of the resistor R in the 
figure. Presuming the supply voltage high enough for breakdown, if 
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some means of limiting the current is not used, the latter "'ill increase to 
such a high value that the tube will be damaged or even destroyed. 

If the potential distribution between the two electrodes is plotted, a 
curve such as shown in Fig. 13-4 is the result. Here it can be seen that 
most of the tube drop occurs in the neighborhood of the cathode. This 
is because all the current flowing through the tube must come from the 
cathode. Hence the positive ions bombarding the cathode must have 
enough energy to cause secondary emission. The distance from point A. 
to the cathode is approximately equal to the length of the mean free path, 
and hence it is in this region that the ions acquire the needed energy. 

The region from A. to the anode is called the positive column, and here 
the potential rises very slowly. The gradient is such that only enough 
ionizing collisions occur practically to cancel the negative space charge. 

B p 

Fm. 13-4. Potential distribution in a 
cold-cathode gas diode with parallel 
plane electrodes. 

If the anode is moved closer to the 
cathode, say to point B, the tube drop 
would fall slightly to a value approxi­
mately equal to In fact, as the 
anode is moved i-;loser to the cathode 
the tube drop decreases very slmvly 
until point A is reached. Here the 
distance between the electrodes be­
comes less than the mean free path, 
and the glow will be extinguished and 
cannot be reestablished unless a higher 

voltage is used. From this discussion we see that the has little 
to do with the tube drop but has considerable effect on the breakdown 
voltage. 

13-12. The Abnormal Glow. 4 If a cold-cathode gas tube is made to 
break down into a normal glow and then the current through it is varied 
by means of the external resistor, some very interesting observations may 
be made. At low values of current the glow occurs over only a small por­
tion of the cathode surface, and as the current increases, the area of the 
glow likewise increases while the tube drop remains constant. However, 
a point is finally reached where the glow completely covers the surface of 
the cathode. If the current is increased beyond this point, the glow 
increases in intensity and the tube drop begins to increase slowly. This 
is known as the abnormal-glow region and is indicated by region DE in 
Fig. 13-2. As the current through the tube is increased still further, the 
tube drop increases at an increasing rate, until the rate of becomes 
almost infinite. 

13-13. The Arc Discharge. 4 As the tube drop increases in the abnor­
mal-glow region, the heating of the cathode due to positive-ion bombard­
ment likewise increases. A point may finally be reached where the 
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ode gets hot enough to cause thermionic emission. When this occurs, the 
high potential gradient near the cathode is no longer needed to supply 
electrons; hence the tube drop falls to a value comparable with the min­
imum ionization potential of the gas. This is an arc discharge and has 
the negative-resistance characteristic pictured in Fig. 13-2. 

The difference between an arc and a glow is mainly in the method of 
obtaining electrons from the cathode. In a glow they must be removed 

Fw. 13-5. Some common types of glow tubes. 

by positive-ion bombardment, and hence, in order that these ions can 
have sufficient energy, they must fall through a considerable potential 
difference. In the arc discharge the electrons are produced by some other 
method, possibly by thermionic emission, and hence the potential rise in 
front of the cathode is not needed. As a result the tube drop is much 
lower and only great enough to produce sufficient ionization to neutralize 
the negative space charge. 

13-14. Gaseous Diodes with Cold Cathodes. There are relatively few 
types of tubes which may be classified as cold-cathode gaseous diodes. 
Gas phototubes have light-sensitive cathodes and operate in the Town­
send region (not a glow discharge). They are discussed in Art. 15-4. 
Possibly the most common gaseous diodes are the small glow lamps 
shown in Fig. 13-5. Either electrode may serve as a cathode, and hence 
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they are bilateral conductors. They find their chief use as night lights 
or as indicators for electrical circuits, although occasionally they are used 
as voltage regulators in circuits such as will be described later in this 
article. Since the voltage drop in the glow region (Fig. 13-2) rises very 
little with increase in current, external resistance must ordinarily be used 
to limit the current flow; otherwise the operation may progress into the 
abnormal glow or the arc regions with resulting damage to the tube. 
This protection is unnecessary if the current is of very short duration, as 
in the case of the discharge of a capacitor. Some of these small glow 
lamps have a current-limiting resistor in the base, since the voltage drop 
is less than 100 volts and they are to be used on ll5-volt circuits. 

Another common type of cold-cathode gaseous diode is the voltage­
regulator, or V-R, tube. The cathode is a cylinder about % in. in diam­
eter and 1 in. long. This cathode surrounds the anode, which is a straight 
wire along the axis of the cylinder. The tube is filled with one of the 
inert gases, usually argon, at such a pressure that the breakdown voltage 
is only a few volts greater than the drop across the tube after breakdown. 
In order to keep the breakdo~'ll voltage as low as practicable, a small wire 
projects out from the cathode to within a small fraction of an inch of the 
anode. The breakdown occurs between the end of this wire and the 
anode. When the current increases to about 5 ma, the glow transfers 
from this starter to the cathode cylinder. If the anode current is kept 

R 

within the manufacturer's rating, 
usually between 5 and 40 ma, the tube 
operates with a glow ranging from 

RL normal to somewhat abnormal and 
the tube drop remains almost constant. 
Such tubes are made to have drops 

Fw. 13-6. Circuit for a voltage of 7 5, 90, 105, and 150 volts. 

Varyinq 
direct voltaqe 
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regulator using a V-R tube. An example of a circuit for using 
a V-R tube is shown in Fig. 13-6. 

Here the voltage of the d-c source may not be perfectly constant; yet it is 
desirable to maintain the voltage applied to the load constant at 150 volts. 
Assume a 250-volt d-c source and a 5000-ohm load. The load draws a 
current of 150/5000 0.03 amp 30 ma. If the circuit is so designed 
that normally a current of 20 ma passes through the V-R tube, then the 
resistor R passes 30 + 20 = 50 ma. Since the source voltage is 250 volts 
and the load voltage is 150, the drop across R must be 100 volts. The 
value of R must then be 100/0.050 2000 ohms. ~ow, if the source 
voltage increases, say to 270 volts, the drop across the V-R tube remains 
nearly constant, and hence the drop across R must increase. This 
requires an increase in the current through R, which means an increase in 
the current through the tube. Thus the fluctuation in source voltage is 
absorbed as increased JR drop across the resistor. 
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More complex circuits, using high-vacuum tubes along with V-R tubes, 
can be designed to regulate currents or voltages within closer limits. 

13-15. Gas Diodes with Thermionic Cathodes. 5 A hot-cathode gas 
diode differs from a cold-cathode one in two ways. First, since the tube 
has a copious supply of free electrons, the tube has the characteristics of 
an arc and hence a low tube drop. Second, since the cathode emits elec­
trons and the anode does not, the tube is unidirectional instead of bidirec­
tional as is the cold-cathode tube. It may therefore be used as a rectifier, 
and here it finds its chief utilization. 

13-16. Thermionic Cathodes Used in Gas Tubes. The cathode in a 
thermionic gas tube is usually oxide-coated and may be either of the 
filamentary or of the indirectly heated 
type. The main difference between (fi,;:llfu:~'-"'~il::;;.:w Fins 
the cathodes used in gas and in high­
vacuum tubes is that heat shielding 
may be used in the former. In a high- ~f------"=--Heot shields 

vacuum tube the electrons have rela-
tively high velocities, and their motion 
is continuous; hence they travel in 
approximately straight lines. Any 
attempt to shield the cathode, in order 
to cut down on the radiation of heat, 
will cause space charge to build up and 
hence results in cutoff. On the other 
hand, conditions in a gas tube are such 
that many collisions occur between 
electrons and gas molecules. Hence the 
velocities of the charged particles are 

i11o;;:l--\--l+-l+!ll--Cathode 

~ cyllnder 

Heater 

Fm. 13-7. A heat-shielded cathode. 

very low. The directions of their motions can then be along the flux lines 
of the electric field. Also, since the space charge is practically neutralized, 
the plate current is not cut off. 

Figure 13-7 is a drawing of a heat-shielded cathode. The cathode 
cylinder has several radial fins spot-welded to it. These fins in turn are 
spot-welded to another cylinder, which surrounds them. The cathode 
cylinder, the fins, and the outer cylinder are all coated with emitting mate­
rial. These in turn are surrounded by two more bright nickel cylinders 
used solely to reflect radiated heat back into the emitting surfaces. Such 
a cathode may have an efficiency as high as 1500 ma per watt. However, 
the mass of a heat-shielded cathode is so great that it may require up to 
15 min for it to arrive at the proper operating temperature. 

Filamentary types of oxide-coated cathodes used in gas tubes are also 
heat-shielded, although not to such an extent as in the indirectly heated 
type. One example of the filamentary type might be a coated ribbon 
which is coiled into a helix and the whole structure surrounded by a cyl• 
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inder of polished nickel. Each turn of the helix acts as a heat shield for 
the adjacent turn and the cylinder as the shield for the entire filament. 

13-17. Gas- and Vapor-filled Tubes. Hot-cathode gas tubes may 
contain any of the inert gases (neon, argon, helium, krypton, or xenon), 
hydrogen, or mercury vapor. Strictly speaking, tubes containing mer­
cury vapor are not gas tubes. However, their characteristics are so 
similar that they are included under the same general heading. Most 
commercial tubes contain mercury vapor; therefore much of our discus­
sion will be concerning such tubes. 

The hot-cathode gas tube must always be connected with a current­
limiting resistor in the plate circuit. This resistor is usually the load. 
It must be of such size that it limits the anode current to a safe value. 
This statement brings up the question of what we mean by the term "safe 
value." ·when the ohmic value of the external resistor R is low enough so 
that the saturation-emission current of the cathode is passing through the 
tube, the cathode is incapable of supplying any more thermionic electrons. 
If more current is demanded by the circuit, the added current must come 
from the cathode. Since the value of R must be decreased in order to 
increase this current, the voltage drop across R decreases (if the current 
tends to remain constant); hence the drop across the tube must increase. 
As a result, the positive ions bombard the cathode with increased energy 
and remove more electrons by secondary emission. This, of course, 
results in an increased voltage drop across R, and the tube drop decreases, 
but not back to its former value. Of course, these actions actually occur 
simultaneously. As more and more current is demanded, the tube drop 
increases until a point is reached where the positive ions bombard the 
cathode with enough energy to knock off particles of the emitting mate­
rial. The tube drop at which this destruction begins is known as the 
"disintegration voltage," and it has different values for different gases. 
For neon the disintegration voltage is about 27 volts, for argon 25 volts, 
and for mercury vapor 22 volts. 

This brings up another precaution which must always be taken in using 
thermionic gas tubes. When the cathode cannot supply sufficient current 
for the external circuit to limit the tube drop to a value less than the 
disintegration voltage, the cathode will be seriously damaged. Hence it 
is always necessary to let the cathode heat to normal operating tempera­
ture before applying plate voltage to the tube. 

13-18. Effects of Pressure on Operating Characteristics. When mer­
cury vapor instead of an inert gas is used, the pressure in the tube will 
vary considerably if the temperature of the bulb is allowed to change. 
Figure 13-8 shows how the pressure in a mercury-vapor tube changes with 
increased temperature. A change in pressure will affect the character­
itlticB in BeYeral wayB, An increaBe in preBBure will decreaBe the peak 
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inverse voltage that the tube can withstand, i.e., the voltage at which 
the tube breaks down into a glow when the plate is negative. When the 
gas pressure is too low, there are not enough gas molecules present to pro­
duce the necessary positive ions needed to neutralize the space charge. 
Therefore the tube drop will be 
high and might even be high 
enough to exceed the disintegration 
voltage. 
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l If the pressure in the tube is too 
high, the peak-inverse-voltage rat­
ing may be too low. If the pressure 
is low, the peak-inverse-voltage 
rating may be high enough but the 
tube drop will also be high; hence 
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Fm. 13-8. Vapor pressure of mercury as a 
destruction of the cathode may function of temperature. 
occur. We thus see that there are 
definite limits to the range of pressures and temperatures over which 
the tube can be operated. 

Since the pressure in a gas tube is almost independent of the tempera­
ture, such tubes would seem to be more desirable than vapor tubes. This 
would be the case if it were not for the fact that during manufacture it is 

-~ 

necessary to drive all gases out of the metal 
parts. Then when an inert gas is admitted 
to the tube, at some predetermined pressure, 
the electrodes start to absorb part of it. 
This process is rather slow and takes place 
over a long period of time. The tube will 
therefore gradually change pressure, with a 
corresponding change in characteristics 
occurring. On the other hand, vapor tubes 
always have a plentiful supply of mercury 
present, and hence the pressure depends only 
on the ambient temperature of the bulb. In 
other words, the characteristics of the gas­
filled tube change as the tube ages because 
of the absorption of the gas, while mercury­

Frn. l3-\l. An old-type mer- vapur-tube characteristics do not change 
cury-arc tube and its circuit. 

appreciably with time. 
13-19. Mercury-pool Rectifiers. 6 One of the earliest forms of gaseous­

discharge tubes was the mercury-pool, or mercury-arc, rectifier. Figure 
13-9 shows a sketch of a tube which is an obsolete type but is used in this 
discussion because of its simple construction. This tube consists of a 
large evacuated glass bulb containing a pool of mercury which serves as a 
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cathode, two graphite anodes, which are located in the two upper side 
arms, and a starter electrode, which is a mercury pool in the small lower 
side arm. At normal room temperature the pressure of the mercury 
vapor is of the order of 10-3 mm Hg. This is high enough to sustain an 
arc after it is once initiated. After the arc is established, the tube heats 
up and the pressure increases (see Fig. 13-8). 

The mercury pool of the cathode is ordinarily incapable of supplying 
free electrons even if the anode voltage is applied, unless a cathode spot is 
caused to appear on the surface of the mercury. The starter electrode S 
is used for this purpose. The tube is tilted until mercury from the cath­
ode pool runs into the starter side arm, thus connecting the starter to the 
cathode. A current, which is limited by the resistor R,, begins to flow. 
When the tube is returned to its normal upright position, contact between 
the two pools is broken. A spark, or small arc, results and this causes a 
cathode spot to be formed. This means that electrons are being emitted 
from the cathode, and if at this time the anode is positive, an arc will 
be established between it and the cathode. The starter can then be 
open-circuited. 

The cathode spot is easily recognizable since it is a small bright spot of 
light which continuously moves or dances over the surface of the mer­
cury. Measurements seem to indicate that all the anode current passes 
through the cathode spot and that the current density may be as high as 
10,000 amp per cm2• When a high current is passed by the tube, two or 
more spots may form, with the current through each spot not exceeding 
40 or 50 amp. 

The theory of emission from the cathode spot has not been well estab­
lished as yet. However, it has been proved fairly well that the tempera­
ture of the spot cannot be high enough to cause thermionic emission. 
The tem°perature of the spot can be calculated from the rate of evapora­
tion of the mercury cathode. From studies of the drop across the tube it 
has also been shown that the positive ions do not have enough energy to 
knock electrons out of the cathode. Langmuir has suggested that the 
cloud of positive ions, which are traveling toward the cathode, is so close 
to it that a field is set up with an enormous potential gradient. This 
results in electrons being pulled from the mercury by high-field emission. 
To date this seems to be the most logical explanation. 

In order to simplify the explanation of how this tube operates, let us 
first remove the connection to one anode, say A 2. A 1 is still connected to 
the a-c source. If the voltage applied to A 1 is positive when the tube is 
tilted and the arc started, the discharge will take place between A 1 and 
the cathode and will continue until the potential of A 1 falls to near zero. 
The anode current will then fall to zero, and the arc will be extinguished. 
If in the meantime the starter circuit has been opened, the cathode spot 
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will have disappeared and the tube will have to be tilted again before it 
can start. If, however, the small d-c arc through the starter is a1lowed 
to continue, the next time the anode becomes positive the cathode spot 
will already exist and the arc will again occur between the anode and the 
cathode. The tube thus passes current on each positive half cycle, and 
we have a half-wave rectifier. This is, however, a rather inefficient 
method since the keep-alive circuit, which we have been calling the starter 
circuit, requires a current of several amperes in order to function. 

Assume the load to be resistive. If A 2 is now connected back to the 
end of the center-tapped transformer, the voltage applied to A 2 is 180° 
out of phase with that applied to A1. Now when the tube is tilted, the 
arc will occur between the cathode and one anode or the other, depending 
on which anode is positive. The arc will continue until the voltage of the 
supply and of the anode goes to zero; then the arc dies out. If in the 
meantime the starter circuit has been opened, the second anode will be 
unable to form a discharge when it becomes positive. If the resistance 
load is replaced by an inductive load, then anode A 1 will continue to fire 
after its supply voltage has fallen to zero. This is because the voltage 
induced in the inductive load is in such a direction as to oppose any 
change in the current, which is decreasing, i.e., the anode voltage lags 
the supply voltage. The discharge may continue until the second anode 
becomes sufficiently positive, at which time the arc will transfer from the 
first anode to the second. Note that, regardless of which anode is firing, 
the current through the load is always in the same direction. The device 
thus works as a full-wave rectifier without a keep-alive electrode. But 
it does require mechanical motion to start it. 

The drop across such a tube may be 20 to 50 volts. It is higher than 
the drop across a hot-cathode mercury-vapor rectifier since the energy for 
emission must come from the arc drop rather than from an external heat­
ing source. The tube also has a somewhat constant-voltage character­
istic; hence a current-limiting resistor must always be used to limit the 
current to a safe value. Since bombardment of the mercury pool by 
positive ions can do no damage to the emitter, this tube can withstand 
enormous momentary overload currents. However, a sustained over­
load may cause overheating, with possible cracking of the glass where the 
lead-in wires enter the tube. Thus we see that the mercury-arc tube is a 
very rugged device that can be used where momentary overloads might 
damage the hot-cathode type. It does have some decided disadvantages. 
One of them is the fact that some mechanical method ·of starting the arc 
must be employed. Also, because of the relatively high tube drop and 
the large current needed to maintain this type of arc, the mercury-arc tube 
is not well suited to low-voltage low-current applications. 

The large glass bulb used in this tube is merely for cooling the mercury 
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vapor evaporated from the cathode. If the vapor pressure is allowed to 
become too high, an arcback (flow of current in reverse direction from 
normal) may occur; hence the bulb must be very large if a high voltage 
is to be rectified. 

The glass mercury-vapor-arc tubes have been superseded by those 
using steel tanks for envelopes. Such devices may have up to 18 anodes 
for polyphase use. They may be built in this form up to about 8000 kw 
capacity and for voltages ranging from 200 to 3000 volts. The tanks of 
such tubes are surrounded by a jacket through which water is circulated 
in order to keep the vapor pressure inside down to a reasonable value. 
The anodes are large blocks of graphite with leads brought into the steel 
tank by means of insulating bushings. These bushings are not always 
vacuum-tight, so such tubes are always connected to vacuum pumps that 
are turned on when the pressure in the tube rises to a certain value. 

Glass 
/envelope 

Anode 

Igniter 

13-20. lgnitrons. 7 The ignitron (ig-ni' -tron) 
is one type of mercury-pool rectifier which over­
comes some of the starting difficulties mentioned 
above. Figure 13-10 is a drawing of one of the 
smaller sizes of the tube. It differs from the ordi­
nary mercury-arc tube only in the method of 
starting. 

The cathode is the large pool of mercury in the 
bottom of the tube. The anode is the heavy piece 

FIG. 13-10. A small of carbon supported by the lead >¾ire coming sealed-off ignitron. 
out the top. The starter is the third electrode, 

which dips into the pool of mercury and is stationary. The starting is 
accomplished electrically and not by mechanical methods. 

The starter electrode is shaped somewhat as shown in the figure and is 
made of a refractory semiconductor such as silicon carbide. Mercury 
will not wet this material and hence forms a meniscus at the point of con­
tact. This seems to be one of the requirements for starting. When a 
surge of current is passed from the starter to the mercury, a cathode spot 
appears at the point of contact and if the anode is positive at this instant, 
the tube will fire. The exact reason for this cathode-spot formation is not 
thoroughly understood, but it is believed to be due to the high potential 
gradient set up between the unwetted starter electrode and the mercury. 
Only a few microseconds are required for ignition, and hence the tube can 
be fired each cycle. This would be impossible with mechanical starters. 
Thus the ignitron eliminates the need for keep-alive circuits. 

If the time of firing is varied over the half cycle of voltage during which 
the anode is positive, the average or direct current can be varied from 
zero to some maximum value. Thus the tube becomes a control device 
~swell t\8 ~ rectifier. Figure 13-11 BhQWB W{l.VeBhapeB of the output cw;-
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rent when the tube is fired shortly after the anode becomes positive (a.) 
and also when the anode volt1;1,ge has reached its peak value (b ). The 
methods of operating the igniter circuit will be studied later. 

lgnitrons are usually made with water-cooled steel jackets instead of a 
glass envelope. A photograph of a typical tube with part of the steel 
jacket cut away is reproduced in Fig. 13-12. Still larger units are built, 
some of them being capable of rectifying thousands of amperes. These 
larger units must be continuously 
pumped in order to maintain a 
vacuum. To date the ignitron is a 
relatively low-voltage tube, but 
efforts are being made to develop 
high-voltage versions. 

wt 

(a) 

wt 

(o) 

FIG. 13-11. Waveshapes of the cur­
rent through an ignitron for two firing 
angles. 

FIG. 13-1:l. Cutaway view of a water-cooled 
sealed-off ignitron. 

This tube is of great importance commercially since it can rectify and 
control such large currents. However, it does have some disadvantages, 
one of them being the fact that while the current is unidirectional it is 
pulsating. This can be remedied to a certain extent by using the tubes in 
polyphase circuits. But for applications where waveshape is unimpor­
tant and the control of large unidirectional currents is required, the igni­
tron has not been surpassed. This is true in spot-welding control, elec­
trolytic processes, d-c motor control, etc. 

13-21. Action of the Grid in a Hot-cathode Gas Triode. 8 A hot­
cathode gas diode may be converted to a triode by inserting a grid 
between the anode and cathode in such a way as fairly well to shield the 
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cathode from the field of the anode. This tube will have entirely different 
characteristics from those of a high-vacuum triode. If the grid of this 
triode is made highly negative and then a positive anode voltage is 
applied, no anode current flows. If the negative grid voltage is gradually 
reduced, eventually a small anode current will begin to flow. If the grid 
voltage is further reduced, the anode current increases. A point will 
finally be reached where enough electrons pass through the grid and are 
accelerated sufficiently by the anode to cause ionization and breakdown 
into an arc. Up to this point the action of the grid in a gas tube has been 
practically the same as the action of the grid in a high-vacuum tube. 
However, the current in the former is very small. 

After breakdown the tube drop is about the same as that of a thermionic 
gas diode since the negative space charge is neutralized by the positive 
ions produced by the ionization process. Hence the anode circuit must 
contain enough impedance to limit the current to some safe value. 

If the potential of the grid is now varied, it will be found to have no 
effect upon the magnitude of the anode current. When the grid is neg­
ative, positive ions are attracted to it, and since they are gas molecules 
that have lost one or more electrons, they cannot enter the grid metal and 
pass out to the external circuit. They can do one of two things, however. 
They may strike the grid and remove an electron from it, thus becoming 
neutral molecules again, or they may form a cloud of ions about the grid 
structure. This cloud is called a positive-ion sheath. Positive ions will 
continue to come into the sheath until their charges neutralize the neg­
ative charge of the grid. The only effect of a more negative grid is to 
increase the thickness of the sheath. Theoretically the discharge could 
be choked off if the grid were to be made negative enough so that the 
passageways were covered by overlapping sheaths. In practice this is 
not an acceptable method of extinguishing the arc because of the very 
high negative voltage needed. The only practical way to stop the dis­
charge is to remove the positive anode voltage. 

Before breakdown the grid current consists of the few electrons which 
penetrate its negative field and strike the grid structure. As the grid is 
made less negative, a few electrons pass through the grid and are accel­
erated by the anode. They may strike gas molecules and produce posi­
tive ions. These in turn will be attracted to the negative grid and will be 
neutralized if they strike it. According to our convention, this means a 
negative grid current flows. Since more positive ions are formed as the 
grid voltage becomes less negative, the negative grid current increases as 
the grid approaches zero potential. 

The grid is necessarily in the path of the discharge, and also it differs 
in potential from the other electrodes; hence it must be protected by 
means of a series ballast resistor. If this precaution is not taken, a dis-
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charge may be established between the grid and one of the other electrodes 
and thus damage to the tube may result. 

13-22. Thyratrons.8 The gas triode which we have been discussing is 
known as a thyratron. However, the construction of the usual thyratron 
is quite different from the construction of a high-vacuum triode. Figure 
13-13 shows the plan for typical small thyratrons. The cathode may be 
either filamentary or indirectly heated. As in a gas diode, it may be of 
the high-efficiency heat-shielded type. The grid is merely a cylinder, 
with a baffle between the cathode and the plate. The hole in the baffle 
is to allow passage of electrons and positive ions. The anode is either a 
nickel disk or a block of graphite, depending on the current rating of the 
tube. Note that the grid structure almost surrounds the anode. This is 
because of the effect of charges which may 
collect on the walls of the tube. Suppose that 
the grid did not go up beyond the anode and 
that negative charges had collected on the 
walls of the tube. When the anode was posi­
tive, the grid would have difficulty making the 
tube fire because the charge on the walls would 
not allow~ electrons to pass between the cath­
ode and the anode. Of course, if the grid 
were made positive enough, the tube would 
eventually break down. Since the amount of 
the charges collected on the walls is random, 
the firing voltage would be variable and the 
action of the tube would not be consistent. 

Cathode 

(a) (o) 

Fm. 13-la. Typical elec­
trode structure for (a) nega­
tive-grid thyratrons, (b) posi­
tive-grid thyratrons. 

With the grid structure extending up beyond the anode, the charges on 
the walls have no effect on the firing voltage. 

An examination of the firing characteristics of different thyratrons 
would show that some will fire with the grid negative, while others will 
not fire unless the grid is positive. The only difference between these 
two types is the completeness of the shielding done by the grid. The 
negative-grid thyratron will usually have only a single baffle with one 
rather large hole in it as part of the grid structure. The positive-grid 
thyratron will have one or more baffles with a large number of small holes, 
thus affording better shielding. 

The grid voltage which just prevents the thyratron from firing is known 
as the critical grid potential. The curve which shows the relationship 
between the anode voltage and the critical grid potential is known as the 
firing characteristic. A family of such curves is shown in Fig. 13-14. 
Note that the firing characteristic changes with temperature. This is 
because the tube is a mercury-vapor type, and hence the pressure is 
dependent on the temperature. This may be a decided disadvantage for 
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certain applications, and hence some thyratrons are filled with an inert 
gas instead of mercury vapor. But as in gas diodes, the pressure may 
change in time because of the absorption of the gas by the tube elements. 
This is not desirable, since it results in changes in the firing characteristics. 
One solution may be to use mercury tubes in a temperature-controlled 

enclosure. 
Since the arc in a thyratron can­

not be extinguished without remov­
ing the anode voltage, it is usual to 
employ these tubes with an a-c supply 
for the anode. Thus this voltage is 
reduced from positive values to zero 
once every cycle, and the arc is extin­
guished. For this reason it is some-

0 ~-~-~~-~-~-~ times desirable to draw a curve show-
-G -5 •4 ·3 -2 -t O ing the critical grid voltage on the 

Control-grni voltage 

Fm. 13-14. Firing characteristics for a 
type FG27A thyratron showing the 
effects of temperature change. 

same set of axes as is the alternating 
anode-supply voltage. Such a curve 
and the graphical method of obtaining 
it are shown in Fig. 13-15, which is 

self-explanatory. However, in many thyratrons, using large alternating 
supply voltages, the critical-grid-voltage curve comes so close to the zero­
voltage axis that practically no error is introduced by assuming the 
critical grid voltage to be along this axis. 

13-23. Shield-grid Thyratrons. One disadvantage of the single-grid 
thyratron is that, in order to have 
the grid control the firing, it must 
almost completely surround the cath­
ode. This necessitates the grid being 
rather large physically, which means 
that the grid current will be con­
siderable. This may be quite a draw­
back when the tube is to be fired 
from a high-impedance source. Also, 
the capacitance between the grid and 
the cathode will be rather large, with 
a resulting relatively low input 
impedance. 

wt 

Fm. 13-15. Critical grid voltage when 
an alternating voltage is applied to the 
plate of a thyratron. 

In order to increase the input impedance and reduce the grid current, the 
shield-grid thyratron was developed. Figure 13-16 shows a cross section 
of such a tube. The shield grid is the large structure which surrounds 
the cathode and can be made either positive or negative with respect to 
the cathode. The control grid is the small cylindrical atructure between 
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the two baffles of the shield grid. The large shield grid, being held at a 
fixed potential and doing most of the shielding, will collect most of the 
current. The small control grid will collect very little of it. The size 
of the control grid also helps reduce the grid-to-cathode capacitance, and 
hence the input impedance is much higher than it is for the single-grid 
type. Figure 13-17 shows the firing characteristics of a shield-grid thyra­
tron for various values of shield-grid voltage. Note that these curves 
point out another advantage of the double-grid type over the single-grid 
one. The firing characteristic can be shifted by varying the shield-grid 

Anode 

Control grid 

eb ~~~~~T_y_pe~2~0_5_0_~~­
v 

6001--~--+-+l-H,--1a--1r+-~~+--<. 

Sllie/d grid 400 

FIG. 1:i-16. Typical electrode structure 
for a shield-grid thyratron. 

0 
-8 -4 0 4 

Control-grid volts 
8 12 

FIG. 13-17. Firing characteristics for a 
shield-grid thyratron. 

voltage. In the gas-type thyratron this shift can compensate for the 
effect of change in gas pressure. 

13-24. Ionization and Deionization Times. As mentioned above, the 
ionization time for a thyratron will be a matter of only a few microsec­
onds. By ionization time is meant the time it takes the tube to break 
down into a self-maintaining arc after the voltage becomes such that the 
tube will fire. Because of the small interval of time required, the ioniza­
tion time is not of too much interest to us. On the other hand, after the 
anode voltage is removed, it requires an appreciable time for all the posi­
tive ions to drift over to one of the electrodes or to the walls of the tube 
and pick up electrons in order to become neutral molecules again. If the 
anode voltage is applied before this neutralization process is complete, the 
grid will not have regained control and the tube will fire regardless of the 
potential of the grid. The time required to accomplish this neutralization 
is known as the deionization time and may be as long as 1000 µ.sec. Thus 
we see that the frequency of the anode voltage must be low enough so that 
there is time for the tube to deionize during the negative half cycle and 
for the grid to regain control. · 
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PROBLEMS AND QUESTIONS 

1. State the approximate pressure of the gas in high-vacuum tubes; in thyratrons. 
2. Name the three types of discharges discussed in this chapter. State the order 

of magnitudes of the current through and of the voltage across the tube in each case. 
S. What is an excited atom; a metastable atom? 
4. For how long a time can an excited atom exist; how long can the metastable 

atom exist? 
5. What is meant by ionization of a gas? What is a positive ion? \Vhat is a 

negative ion? 
6. How are ions produced? 
7. What is an elastic collision; an inelastic collision? 
8. List the factors which determine the frequency of collisions between charged 

particles and gas molecules in gas which is in an electric field. 
9. What is the meaning of the term "mean free path"? 

10. What effect does gas pressure have on the length of the mean free path? 
11. Explain how a few positive ions in a gaseous discharge can neutralize the 

effects of a large number of electrons and hence result in practically zero space charge. 
12. What effects might positive ions have on the surfaces of electrodes and on the 

walls of a tube? 
1S. Why is the drop across a cold-cathode discharge high? 
14. Nitme the possible primary ionizing sources in a Townsend discharge. Is this 

type of discharge self-maintaining? 
15. What is the difference between a self-maintaining and a non-self-maintaining 

discharge? 
16. Explain why the breakdown voltage of a gas varies as shown in Fig. 13-3. 
17. What is the type of discharge which occurs immediately after breakdown from 

a. Townsend discharge? 
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18. W'bat are the characteristics of the normal glow? 
19. Sketch the potential distribution through a tube which is operating in the nor­

mal-glow region. 
20. Explain what happens to the tube drop as the electrodes, in a tube with a nor­

mal glow, are moved closer and closer together. 
21. What is the abnormal glow? How can you recognize the point where it 

begins in a tube where you can vary the discharge current? 
22. What are the characteristics of an arc discharge? 
23. Why is the drop across an arc less than that across a glow discharge? 
24. Name two types of tubes using cold-cathode glow discharges. 
26. \Vhy must a resistor always be placed in series with a eold-cathode gas diode? 
26. A type OC3 (VR150/40) is a eold~athode voltage-regulator tube whose voltage 

drop remains constant at approximately 150 volts as the eurrent through it is varied 
between 5 and 40 ma. Design a circuit, similar to that of Fig. 13-G, to keep the volt­
age across a 5000-ohm load constant at 300 volts as the power-supply voltage varies 
between 400 volts and 450 volts. 

27. Does the hot-cathode gas diode operate with an arc or a glow type of discharge? 
28. Why is it possible to use heat-shielded hot cathodes in gas tubes and not in high-

vacuum tubes? 
29. \Vhy do hot-cathode gas tubes always use a resistor in series with the anode? 
30. W'bat happens if the current through a hot-cathode gas tube becomes too high? 
31. What precaution must we always take when putting a hot-cathode gas tube into 

operation? 
32. Name the effects of gas pressure on the operating characteristics of a gas diode. 
33. What is meant by the term II peak-inverse-voltage rating"? 
34. Why might it be more desirable to use an inert gas in a tube rather than mer­

cury vapor? 
36. Explain briefly why a load that is partially inductive permits the use of the 

circuit of Fig. 13-9 where the auxiliary electrode is used for starting only and there 
are no keep-alive electrodes. 

36. Could the circuit of Fig. 13-9 be used if the load was a pure resistance and the 
leakage reactance of the transformer large? 

37. Why are mercury-pool rectifiers able to withstand very large momentary over­
load currents? 

38. How does the ignitron differ from the ordinary mercury-arc rectifier'? 
39. \Vhy are ignitrons superior to the ordinary mercury-pool rectifiers in many 

applications? 
40. What effect does a grid have on the anode current of a gas triode before the 

tube breaks down? After breakdown? 
41. What is a positive-ion sheath? 
42. Why is a current-limiting resistor used in the grid circuit of a gas triode? 
43. What is a thyratron, and what are its characteristics in so far as grid control 

is concerned? 
44. Does the value of grid-to-cathode voltage of a thyratron appreciably affect the 

value of the plate voltage for which an arc is formed? 
46. Does the value of grid-to-cathode voltage of a thyratron appreciably affect 

the value of the plate voltage for which an arc in the tube is extinguished'/ 
46. Give the advantages of a shield-grid thyratron over the single-grid type. 
47. \Vhat do we mean when we speak of the ioni~ation time for a gas; the dcioniza­

tion time? 
48. Thyratrons are inherently rather low frequency devices. Why? 



CHAPTER 14 

RECTIFIERS 

14-1. Introduction. A rectifier is a device which converts one or 
more alternating voltages into a unidirectional one. This definition 
covers the use of electronic tubes as well as many devices such as barrier­
layer rectifiers (exemplified by copper-oxide and iron-selenium rectifiers), 
crystal detectors, certain electrolytic cells, and mechanical rectifiers. 
Rotary converters and motor-generator sets are not usually classified as 
rectifiers, although they often serve the same purposes. 

In the conversion of large amounts of power from the alternating to the 
direct form it is usually advantageous to employ a polyphase source, 
whereas for moderate and small power requirements a single-phase source 

is satisfactory. In this text we shall 

_l ib confine our discussions to single-phase 
-+ >I rectifiers employing electronic tubes. 

- eb - However, much of the material can be 

0 
(a) (b) 

FIG. 14-1. The volt-ampere charac­
teristic (a) and symbol (b) for an ideal 
rectifier. 

applied to other types. 
Usually the matters of principal 

interest with a particular circuit may 
include the direct current (or voltage), 
the alternating components (ripple) 
of the current, the peak plate current, 

the tube's plate dissipation, the rectification efficiency, and the d-c 
magnetization of the transformer core. 

14-2. The Ideal Rectifier. The ideal rectifier would be one in which 
the drop across it while conducting would be zero. In other words, it 
would have zero resistance in the forward direction. It would also have 
infinite resistance in the nonconducting, or reverse, direction. The volt­
ampere characteristic of such a device is pictured in Fig. 14-1. The 
symbol which we shall use to represent the ideal rectifier is also shown in 
the same figure. Such a rectifier would have no voltage drop across it 
while conducting and hence no power loss. When not conducting, the 
current would be zero so again there would be no power loss. 

14-3. The High-vacuum Diode as a Rectifier. When using a high­
vacuum diode as a rectifier we find that, while the device conducts in only 
one direction, it is not ideal. The current-voltage relationship is given 
by the Child-Langmuir equation (ib = Ke/12

) during conduction and by 
408 
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ib = 0 during the nonconducting time. The volt-ampere characteristic 
for a type 6H6 tube is pictured as curve a in Fig. 14-2. If we were to work 
with this more or less exact relationship, the solution of rectifier problems 
would be extremely difficult. It is 
therefore desirable to make some ap- ib 
proximations and simplifications. 40 

Using this same figure, let us first 
draw a straight line which seems to 30 

approximate the actual characteristic. 20 

This is shown as curve b. Note that 
there is not a great deal of variation 1 o 
between these curves. If we now draw 
the volt-ampere characteristic of the 
series combination of the ideal rectifier 

10 20 30 e0 

FIG. 14-2. The volt-ampere char­
acteristic for a 6H6 tube. and a fixed resistor equal in magnitude 

to the d-c plate resistance RP of the tube, we see that this too yields curve 
b of Fig. 14-2. In our equivalent circuits we shall use the idealized tube 
as an approximation for the actual one. 

(a) 

~--~>>+-'IW q?t•, RP 

(h) 

2,r 

(e) 

3x wl 

Fm. 14-3. (a) Circuit diagram for a 
half-wave rectifier with resistance load. 
(b) Equivalent circuit for (a) using a 
high-vacuum diode. (c) Waveform of 
load current. 

14-4. The Half-wave High­
vacuum Rectifier with a Resistance 
Load. Figure 14-3 shows the circuit 
diagram and the equivalent circuit 
for a half-wave high-vacuum rectifier 
with a resistance load. Except for 
the ideal rectifier, all circuit elements 
are linear. We can assume the 
supply voltage to be sinusoidal; thus 
Vp V pm sin c,;t. 

During the time when the tube 
conducts, the tube-and-load current 
is given by 

vp Vpm sin wt 
R+Rp - R + RP 

0 <wt <1r 

(14-1) 

This, of course, assumes that the 
cathode emission exceeds ibmax• Dur­
ing the remaining part of the cycle 

1r :S: wt :S: 21r (14-2) 

The waveform of ib is shown in Fig. 14-3c. 
To find the average, or direct, value of the current, we can use the 

ordinary method of integrating under the curve and dividing hy 21r. This 
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results in the following: 

1 (2" . 
Ide= ha= 2; )o ibdwt 

l Vpm ("'. d 
211' R + RP )o sm wt wt 

l Vpm 
=;R+ii;, (14-3) 

From this it follows that the direct voltage across the load is 

(14-4) 

Examination of this equation discloses that if the load resistor R is 
decreased in value, the value of Eac decreases unless RP is negligible com­
pared with R. For good voltage regulation this latter relationship must 
be the case. The maximum value of direct voltage that can be obtained 
from this circuit is V pm/1r, obtained when R is infinite. 

Since the purpose of a rectifier is to supply direct current, the useful 
output or load current will be taken as the direct component. How well 
the rectifier performs may be expressed by the rectification efficiency, 
which is the ratio of d-c power delivered to the load to the total power 
furnished by the source. The useful power in the load is 

(14-5) 

The a-c components also pass through the load, but in this case their only 
effect is to produce heat, which must be considered as power loss. 

The total heating effect of the current, both on the tube and on the load, 
may be computed from its effective value I;. This may be calculated as 

- · • 2 - Ji pm • 2 ✓ 1 

la
2.- ✓ l TT 2 1· " --

Io - 2,r 
O 

ib dwt - 2; (R + RP) 2 
0 

sm wt dwt 

l Vpm 
- 2 R + RP 

(14-6) 

Because the actual rectifier is represented by an ideal rectifier in series 
with a resistor of value equal to the d-c resistance of the tube, the power 
dissipated in the tube can be found from the relation 

P - I 2R - Vpm2Rp 
p - b . p - 4(R + Rp) 2 (14-7) 

The total power supplied by the source is 

(14-8) 
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Thus the rectification efficiency is 

% (14-9) 

Hence the maximum efficiency is 40.5 per cent. A curve of efficiency as a 
function of the ratio R/RP is shown in Fig. 14-4. Note that when R 
lORp, the efficiency is approximately 37 per cent. Hence, for many of the 
loads encountered in electronic applications, the rectifier would be operat­
ing in the neighborhood of its 
theoretical maximum efficiency. 

Another measure of the effective­
ness of a rectifier in supplying direct 
current is the ripple factor. This 
quantity 'Y is defined as the ratio 
of the effective value of all the alter­
nating components constituting the 
ripple to the direct, or average, 
value of the current. 

Since we do not have the equa­

.... 
~ 40 
'-' 

~30 

1'.,20 
C 

"' 
] 10 
w 

----0 
0.1 

v 

-.,. 
,,/ 
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0.5 1.0 5 10 20 

Ratio R 
Rp 

tion for the ripple current alone, we Fm. 14-4. Efficiency of a half-wave 
cannot find its effective value rectifier as a function of the load R. 

directly. Here the Fourier-series representation would be convenient. 
This series would have the form (see Prob. 14b, Chap. 6) 

ib = lac+ l1m sin wt - l2m cos 2wt + ... (14-10) 

and of the coefficient values, only that of lac has yet been determined. 
The other terms on the right collectively constitute the ripple iac• Figure 
14-3c shows that the cycle of ib repeats every 21r radians. Hence the 
term l lm sin wt is an important component of the ripple. This is true of 
all half-wave rectifiers, either with or without filters. 

We may again compute the effective value lb, this time as 



412 ENGINEERING ELECTRONICS 

where lac is the effective value of the ripple current i,,,,. From (14-11) we 
may solve for the ripple factor as 

1.21 (14-12) 

This numerical value is obtained by substituting for Io from (14-6) and 
for la0 from (14-3). Thus for this half-wave rectifier we see that the 
efficiency is low and that the effective value of the ripple current is 
greater than that of the direct current. Because of these drawbacks the 
use of this rectifier circuit is rather limited. 

Ni 
R 

3 
(a) 

'v)i V!p 
R 

Rp 

(b) 
Frn. 14-5. (a) Circuit diagram for a 
full-wave rectifier with resistance 
load. (b) Equivalent circuit for 
(a). 

One application of this circuit is for 
use as a voltmeter. Since Ide is pro­
portional to V p, a d' Arson val type of 
voltmeter inserted in the series circuit 
can be calibrated in volts. HO\vever, 
in order to render the input impedance 
of the circuit high, as is desirable, a 
high-sensitivity d' Arsonval movement 
is required, resulting in a somewhat 
expensive instrument. The ripple can 
be passed through the meter, as it 
causes no deflection. Since such an 
instrument is usually calibrated in rms 
volts on a sinusoidal source, its indica­
tions on nonsinusoidal voltages will be 
in error. 

14-5. Full-wave High-vacuum Rec­
tifier with a Resistance Load. The full­
wave rectifier can be looked upon as 
consisting of two half-wave rectifiers 
feeding a common load. The two half­

wave sections are supplied from two sources .. ith voltages 180° out of 
phase with each other. Such a circuit and its equivalent are pictured in 
Fig. 14-5. 

If the assumption is made that the two voltages v1p and V2p are also 
equal in amplitude, we may write 

V1p = V pm sin wt 
and 

-V1p = V pm sin (wt + 1r) 

(14-13) 

(14-14) 

During the half cycle when tube 1 is conducting, tube 2 will be cut off 
and when tube 2 conducts, tube 1 will be cut off. The current passed by 
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both tubes goes through the load resistor R, and so we may write 

(14-15) 

The waveforms of the tube currents are half sinusoids, making the load­
current waveform that shown in Fig. 14-6. The cycle of current repeats 
every 1r radians, and therefore the lowest frequency present for the alter­
nating components of the load current is double the source-voltage fre­
quency. This is a decided advantage over the half-wave rectifier, as we 
shall see when we take up the study of filters to be used with these circuits. 

Inspection of the path of the circuit involving the power transformer 
shows that the primary ampere turns equal Nii 1, while the secondary 
ampere turns can be expressed as N2(ilb - i21,), where N2 is the number 
of turns in half the secondary. If 
the mmf loss in the core is negligible, i 

we may equate the two expressions iu i2b i11, 

and obtain 

. N2 (' 
i1 = 'lib i2b) (14-16) 

If the current of the second tube is ,r 211' 311' wt 
subtracted from that of the first, it Frn. 14-6. Waveshape of the current 
can be readily seen that i 1 has a sinus- through the load of a full-wave rectifier. 

oi<lal form. Hence the d-c and all 
harmonic components must be missing from the primary current. Like­
wise, the secondary ampere turns N2(i1b - i21,) contain no d-c magnetizing 
component. The same is true of the primary ampere turns. Therefore 
there is no d-c magnetization of the core. Since less iron is needed, the 
full-wave rectifier has this decided advantage over the half-wave one. 

The average and effective values can be easily calculated as they were 
for the half-wave circuit. They are given by 

I 
2 Vpm 

de =;. R + Rp (14-17) 

and by 

(14-18) 

From these equations the values of Ede and E can be computed if desired. 
The d-c power delivered to the load can now be calculated as 

(14-19) 
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If we reexamine Eq. (14-5), we see that the d-c power output in the full 
wave case is just four times that for a half-wave rectifier using tubes of 
the same type and the same source voltage VP· 

The power dissipated l::ry the plates can be written as 

1 ( Vpm )
2 

R 
2 R + RP P 

(14-20) 

As a result of the increased power output and less a-c power loss in the 
load, the full-wave rectifier is more efficient than is the half-wave rectifier. 
The total power supplied to the circuit is 

(14-21) 

The rectification efficiency is then found to be 

Pac 8 1 81 
% (14-22) 1/ A:= 1r2 l + (Rp/R) = 1 + (Rp/R) 

Its maximum value is just twice that found for the half-wave rectifier. 
The ripple factor is found to be less than one-half that of a half-,vave 

R 

Fm. 14-7. Circuit diagram of a half­
wave gas-diode rectifier with a resist­
ance load. 

rectifier and is calculated as 

0.48 (14-23) 

We may summarize the advantages 
of a full-wave over a half-wave rec­
tifier. For the same d-c power sup­
plied to a load, the former has double 
the rectifying efficiency, and it may 
be shown that the required total plate 

dissipation is only half that for the half-wave case. Also the ripple factor 
is less for the full-wave rectifier, and the transformer may be smaller. 

14-6. Half-wave Gas-diode Rectifier with a Resistance Load. A 
hot-cathode gas diode may be connected as a half-wave rectifier as shown 
in F'ig. 14-7. In order to draw an equivalent circuit, it is again desirable 
to use an idealized tube. The volt-ampere characteristic for a type 83 
tube, which is a hot-cathode mercury-vapor rectifier, is shown in Fig. 14-8. 
Because of its constant-voltage characteristic, a fairly good approximation 
can be made by drawing it as a straight vertical line at the average value 
Ed as shown by curve b. This is the same characteristic as is possessed 
by a battery in series with an ideal rectifier. The polarity of the battery 
representine; the tube drop must be in opposition to current flow through 
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the rectifier as indicated in Fig. 14-9. Note that this representation is 
quite different from that for the high-vacuum diode. 

Writing a mesh voltage equation for the equivalent circuit during the 
conducting period, we obtain the relation 

Vp = Vpm sin wt = i0R + Ea, (14-24) 

where Ed is the voltage of the equivalent 
battery. Solving for the current yields 

• Vpm sin wt 
ib = R (14-25) 

When the tube is blocking, the current 
is obviously zero. 

ih 
(mo) 

200 

160 

120. 

80 

40 

An examination of the equivalent cir- 0 c___1,~....1...._,-=:.___.....1-_ 

cuit shows that the tube blocks until Vp O 2 4 6 8 1j}d eb 

becomes positive and greater than Ed. ]ha. 14_8_ Volt-ampere character­
The tube then breaks down into a gase- istic for a hot-cathode mercury­
ous discharge. The angle 81 at which the vapor rectifier. 

breakdown or ignition occurs can be 
found by solving Eq. (14-25) for wt( 81). Here ib 0, and hence 

8 
. Ed 

1 = arcsm V 
pm 

(14-26) 

The tube will continue to conduct until the applied voltage again becomes 

R 

less than Ed. Hence from symmetry we 
may express the extinction angle as 

(14-27) 

The conduction angle then becomes 

(14-28) Fm. 14-9. Equivalent circuit for 
a half-wave mercury-vapor recti­
fier with a resistance load. The load current is sinusoidal during the 

conduction period, which is less than one­
half cycle. Figure 14-10 shows the shape of the current wave. A sketch 
of vp serves as a timing wave. 

Complete expressions for the tube current are 

(14-29) 

and 
(14-30) 
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We may calculate the average current as 

I _ l h2
.- • d _ 1 1°' V pm sin wt - Edd t c1c-- io wt-- ~ -~- w 

21r o 21r o, R 
(14-31) 

or 

(14-32) 

The direct voltage across the load resistor can be found by multiplying 
Ide by R. 7:i,Ori~ 

If the magnitude V pm of the source 
voltage is large compared with Ed, 
01 ~ 0 and 02 ""' 1r. Hence the aver­
age current becomes 

(14-33) 

The peak current through a gas 
tube is of importance because of 
resulting damage to the cathode if 

Frn. 14-10. Waveform of the plate cur- this current becomes too high. The 
rent in a gaseous rectifier. 

peak current flows at the time when 
the supply voltage is at its maximum value. This occurs when wt = 1r /2. 
We may then write from Eq. (14-29) 

(14-34) 

The average power supplied to the circuit can be calculated as 

P 1 (
2

,r ·at 1 ("'-
0'(V . )Vpmsinwt-E,i)d 

in = 21r Jo Vpib w = 21r J 01 pm sin wt R wt 

= _{11:_m~ (71" - 201 + sin 201 - 2 _!!!._ cos 01) (14-35) 
21rR 2 V pm 

When Ea is small compared with V pm, this reduces to 

(14-36) 

The power lost in the tube can be found from the equation 

P = l_ lo2
"" • d t = l_ 1°' Ed(V pm sin wt - Ea) d t 

P 2 ebio w .,_ R ,w 
7r O ,;nr 01 

= Ed (
0
' Vpm sin wt - Eadwt (14-37) 

2ir }e, R 
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since Ed is constant. By comparison with Eq. (14-31), this can be recog­
nized as being 

(14-38) 

The rectification efficiency can be calculated from the relation 

(14-39) 

Substitution from Eqs. (14-32) and (14-35) into (14-39) yields 

1 [cos 81 - cos 02 - (Ed/V pm)(02 - 01))2 X 100 
11 = -- ------,:c-------:----=-,-~-'----c=--~--- % (14-40) 

2n- '11' - 201 + sin 201 2 Ed ll 
--- - --COS u1 

2 2 Vpm 

This rather complex formula points out one fact to us-the efficiency is 
independent of the load resistance. The efficiency does increase with 
increased values of V pm, and in order to investigate the maximum possible 
efficiency, let us again assume that V pm is very large compared with EtJ. 
Equation (14-40) then reduces to the approximate form 

4 
11 ~ 2 X 100 40.5% 

71' 
(14-41) 

and we see that the theoretical maximum efficiency is the same as that 
found for the half-wave rectifier using a high-vacuum tube. 

The ripple factor can be determined if lb, the effective value of ib, is 
calculated. This involves a not too difficult integration, which will not 
be carried out here. If Ed is small compared with V pm, as is usually the 
case, the ripple factor will be approximately the same as for the high­
vacuum-tube circuit. 

14-7. Half-wave Rectifier with a Capacitor Filter. When rectifiers 
are to be used as sources of d-c power for equipment such as amplifiers, 
radio receivers, or radio transmitters, they must be able to supply direct 
voltages with a very small ripple. Hence some type of filtering must be 
used. 

The filter is a frequency-selective network connected between the rec­
tifier and the load terminals, which tends to allow the direct current to 
pass through the load while stopping or diverting the a-c components from 
reaching it. Filters are combinations of L, C, and R elements, the simpler 
ones being a single capacitor shunted across the load or a single choke in 
series with the load. While these very simple arrangements are rela­
tively ineffective, when compared with more complex arrangements, they 
are occasionally used and warrant some study. 



418 ENGINEERING ELECTRONICS 

Figure 14-lla shows a rectifier using a simple capacitor filter. Suffi­
cient accuracy for an estimate of performance is obtained by replacing 
the rectifier tube by an ideal one; the resulting equivalent circuit appears 
in Fig. 14-llb. 

During the portion of the cycle when vp is positive, if the voltage across 
C is lower than vv, current flows through the rectifier tube to the load and 
to the capacitor, charging the latter to the voltage Vpm• If R is very high 
in value, the capacitor voltage remains near the value V pm as the voltage 
vv recedes and reverses, because the charge on C is trapped by the unilat-

(a) 1· 

-4 
~ I ., 

(b) 

eral rectifier. There is, of course, a 
small current flow through R, and a 
slight loss in capacitor and load volt­
ages results. On the next positive 

It swing of Vv this small loss is restored, 
and the load voltage remains prac­
tically constant at a value V pm• 

Now to be practical we know that 
in many applications R cannot be 
very large. Hence the very simple 
analysis just made often cannot be 
applied. On the other hand, it is just 
as practical to insist that R should 
not be very small either. The reason 

Fm. 14-11. (a) Half-wave rectifier 
with a simple capacitor filter. (b) 
Its approximate equivalent circuit. 

for this is that if R is small, the 
capacitor will discharge through R almost as fast as Vp recedes, until e0 

reaches zero. There it remains until later in the cycle, when vp becomes 
positive again and recharges the capacitor. The resulting waveform of 
load voltage is practically as ripple-laden as though no filter were used. 
Actually it is not the size of R alone which counts, as an increase in capac­
itor size or in frequency will offset a decrease in the value of R. Hence 
wRC is the quantity which should be kept reasonably large. 

Let us continue the analysis. First we assume 

Vp = Vpm sin wt 

During the portion of the cycle when the tube is conducting 

and 

Vvm • 
Rsmwt 

. Cdvv CV 'to = dt = w pm COS wt 

. . +. Vpm . + CV 'h = in ic = R sm wt w ,, pm cos wt 

(14-42) 

(14-43) 

(14-44) 

(14-45) 
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The tube ceases to conduct when ib = O, which we shall say occurs at the 
extinction angle wt = 02. From Eq. (14-45) we can show that 

arctan ( - wRC) (14-46) 

Figures 14-12 and 14-13 show waveforms represented by these equations 
for in, ic, and ib, The portions actually used are drawn with heavy lines. 
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Fm. 14-12. Waveforms for i11, ic, and i&; RC small. 
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Prn. 14-13. ,vaveforms for iR, ic, and i&; RC moderately large. 

These two sets of curves differ in that one has wRC small, while for the 
other wRC is moderately large. 

Beginning at 82, the capacitor discharges through R in its characteristic 
exponential manner until such time later in the cycle when Vp again 
becomes positive and equals ec and eR. At this time, say when wt = 81, 
called the ignition angle, the capacitor begins to recharge and the currents 
iR, ic, and ib again take their sinusoidal waveforms described above. 
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Between wt = 02 and wt = 01, 

i. 0 
ic - A.E-t/nc 

and 

(14-47) 
(14-48) 

(14-49) 

where A is an undetermined constant. Graphs of these equations are 
inserted in Figs. 14-12 and 14-13 to complete the waveforms of operation. 

Examination of the waveforms of Fig. 14-12 shows ib to be practically 
a half sinusoid. iR has a waveshape which shows the presence of a high 
percentage of ripple. As indicated earlier, a small value of RC gives 
results little better than those obtained without a filter. 

eorv-

Fm. 14-14. An approximate saw-tooth representation of en in Fig. 14-13. 

The practical case is that illustrated in Fig. 14-13 for a moderately 
large value of RC. The items of principal interest are values of Ide, of the 
peak tube current i.,.,.x, and of the ripple factor -y. All these quantities 
may be readily determined if the ignition angle 01 and the extinction angle 
02 are known. An expression for the latter has already been obtained in 
Eq. (14-46). To obtain 01 by simultaneous solution of the equations 
written previously is quite possible, at least graphically. However, for 
the practical case it is much easier to make further simplifying assump­
tions. Let us replace the exponential curve of iR between 02 and 01 by an 
approximate linear one extending from 0 = 1r/2 to 0 = 51r/2. 02 is 
slightly greater than 1r /2, while 01 is somewhat less than 57!" /2, as shown 
in Fig. 14-14. Because of the sag in the exponential curve, the value of 
iR at 01 is approximately the same as the minimum value on the straight 
line at 0 = 57r /2. The straight-line locus for in implies an assumption of 
a linear drop in capacitor and resistor voltage from a maximum value of 
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V pm to a minimum value which we may denote as V pm - t:.E. A draw­
ing of this assumed voltage waveform is given in Fig. 14-14. We can 
compute the average voltage by writing 

E,ic <::; V pm - ½ AE = V pm 
1 AQa 
2c 

from which 
E Vpm 

de ,::; 1 + (1/2/RC) 

Ide can be obtained by Ohm's law. 
Since 

imin = 2/sve imsx = 2/ac - imsx 

Vprn 
1 + (1r/wRC) 

. 2 V pm V pm V pm 1 ( 1r / wRC) 
imin = R[l + (1r/wRC)] -Jr = -R 1 + (1r/wRC) 

(14-50) 

(14-51) 

(14-52) 

(14-53) 

Assuming the current at (Ji is the same as imin, we can substitute this value 
into Eq. (14-43) to determine the value of wt = (Ji, suitable for large values 
of RC. Thus 

. 1 (1r/wRC) 
01 :=,;j arcsm 1 + (1r/wRC) 

01 is an angle in the first quadrant. 

(14-54) 

We can now calculate the approximate value of the peak plate current. 
Examination of Fig. 14-13 shows that when wRC is large, i•max is less than 
the peak value of the sinusoidal wave. Its value is obtained from Eq. 
(14-45) as 

(14-55) 

For a fixed source frequency the value of iomax is increased by lowering R 
or by raising C. Its value should be checked against the specified peak­
current rating of the tube as given by the manufacturer. For a gas tube, 
damage to the cathode results if this rating is exceeded. For a high­
vacuum tube no damage results, but the direct-voltage output is lower 
than that calculated because of the inability of the cathode to supply the 
required peak charging current. In other words, the internal resistance 
RP of the tube may be too high to be ignored in deriving the equations for 
performance. 

In order to determine the ripple factor, one may first determine the 
effective current by integration. However, in the practical case sufficient 
accuracy is obtained by assuming the waveform to be saw-tooth. It may 
be easily shown that the effective value of the alternating components of 
a saw-tooth wave is a/y'3, where 2,:i is the peak-to-peak value. Using 
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this formula, we can write an expression for the ripple voltage across the 
load. 

E Vp,,. - Eac 1 [v Vpm ] 
ac""' -y3 = -y3 pm - 1 + (1r/wRC) 

Vpm 1 
= v':P + (wRC/1r) 

(14-56) 

From this and Eq. (14-51), the ripple factor becomes 

Eac 1 1 + (,ir/wRC) 071' X 100010 
'Y = E~ ""'y31 + (wRC/1r) = wRC ic 

(14-57) 

If a full-wave rectifier is substituted for the half-wave one, the wave­
forms of Figs. 14-12 and 14-13 must be amended to allow for current 
components furnished by the second diode unit. The exponential iR will 
drop less than before because the second diode recharges the capacitor 
almost a half cycle earlier than a single diode did. In deriving the for­
mulas the same method as before can be employed, the only essential differ­
ence being the use of time 1/2! instead of 1/f. Thus for a full-wave rec­
tifier with a smoothing capacitor across the load, 

E Vpm 

de""' 1 + (1r/2wRC) 
. 1 - (1r/2wRC) 

81 ~ arcsm 1 + (1r/2wRC) 

(14-58) 

(14-59) 

where 81 is a first quadrant angle for the tube being considered. The for­
mula for ibm•x is again given by Eq. (14-55). The ripple factor for the 
full-wave case is 

7f' 
'Y = . r,; X 100% 

2v3wRC 
(14-60) 

Example. A full-wave rectifier with VP = 230 volts at 60 cps supplies 
direct current to a 10,000-ohm load. Find the size smoothing capacitor 
needed to reduce the ripple to 5 per cent. Also find Ede, Ide, and the peak 
tube current. 

Solution. 'Y = 0.05 = 1r /2-\/3 wRC. Therefore 

7f' 7f' 

2wRC = 0.0866 aud C = 0.0866 X 754 X 10,000 = 4·8 µf 

V2 X 230 300 
Eac l + 0_0866 = 300 volts lac = Io,OOO = 30 ma 

8 
. 1 - 0.0866 

57 5
-
0 

i = arcsm 1 + 0.0866 . 

. . !oz 230 (sin 57.50 + 7f' 57 50) 
Zb!!>"" = v "' X 10,000 1732 cos . 

= y'2 X 230 (0.0842 + 0.975) X 10-3 = 344 ma, 
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A 5Y3 double diode with a peak-current rating of 375 ma per plate is sat­
isfactory. The allowable peak inverse plate voltage is 1400 volts, while 
the applied value is approximately 0 X 230 X 2 = 650 volts. 

14-8. Half-wave Rectifier Using a Series-inductor Filter. A series 
inductor serves as a filter in rectifier circuits because it stores energy when 
the current is rising and releases it as the current falls. Thus there is a 
tendency to maintain the current constant in value. The actual induct­
ance may be that intentionally inserted to serve this purpose, or it may be 
inherently part of the circuit, as a com­
ponent of the load, as the leakage 
inductance of a power transformer, or 
as an element in the power-generating 
system. 

L 'i 
-----;;;),"1-1~= -

h•V,•"" wl :3t • 
If we neglect the tube drop or the FIG. 14-15. Equivalent circuit for a 

tube resistance, we may draw the rectifier with a smoothing inductor. 
equivalent circuit in the form shown 
in Fig. 14-15. For this circuit the loop voltage equation with sinusoidal 
applied voltage may be written as 

L !~ Ri = V pm sin wt (14-61) 

valid for only positive values of i. The complementary function in the 
solution for the current is 

(14-62) 

where A is an arbitrary constant. The particular integral is the familiar 
expression 

where 

V i = pm sin (wt - 0) 
yR2 + w2L2 

wL 
8 = arctan 

The complete solution becomes 

i = AE-Rt1L + V pm sin (wt - 8) 
y'R2 + w2£2 

(14-63) 

(14-64) 

(14-65) 

The sinusoidal component of this current can become zero and reverse 
after a half cycle, but the exponential component is always positive. 
Hence there is a question whether the total current does or does not 
become zero during the cycle. As Lis made larger, R remaining fixed, 
the more slowly the exponential component dies, and thus for higher 
values of L it seems that it may be possible for the current to flow con­
tinuously. As a matter of fact thif;l is the c::ise for full-wave rectifiers, but 
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for half-wave ones the current always cuts off. Since this is the case, at 
the end of the cutoff period, voltage is applied to the R-L circuit under the 
condition that there is no stored energy in the inductor. Consequently 
the current begins to rise as the voltage rises, without the lag which occurs 
in the sinusoidal case. Figure 14-16 shows sketches of waveforms of i 
for various values of wL/ R. 

We may now proceed to determine the cutoff angle 02. This will be 
used as a limit in the integration necessary to determine lac and the ripple. 

iR 
V,,m 

1.0 

0.8 

0.6 

FIG. 14-16. Waveforms of current for a half-wave rectifier with a smoothing inductor. 

Assume i = 0 when wt = 0. We may then evaluate A in Eq. (14-65) as 

(14-66) 

We may substitute this value for A and arctan (wL/R) for O in Eq. 
(14-65): 

. V:i,m [ wL L • ( wL)] 7 t = V ---:==== e-Rtt + sm wt - arctan -R (14-6 ) 
R2 + w2£2 V RZ + w2L2 

At wt = 92 suppose the current again becomes zero. Substituting into 
Eq. (14-67) and rearranging, we obtain the relation 

wL/R . ( wL) - VI + (wL/R)2 ce,1(wL/Rl = sm 92 - arctan R (14-68) 

This equation should yield the value of 02 if wL/R is knmvn, but it is 
impossible to obtain an explicit expression for 92• We can, however, plot 
the relationship of 92 vs. wL/R by the tedious process of assuming one 
value of wL/R, plotting the left member vs. 92, plotting the right member 
vs. 1'21 and finding the intersection of these two graphs and hence the value 
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of 02 corresponding to the assumed value of wL/R. This is repeated for 
other values of wL/R. The results are show-n in the finished graph of 
Fig. 14-17. Note that the conduction period does increase as wL/R 
increases, whether because of an increase in Lor a decrease in R. 

A formula for Ide can be derived in the usual manner by averaging the 
current over a cycle. For this purpose i may be expressed by using either 
Eq. (14-67) or Eq. (14-61). Investigation proves that the latter proce-
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FIG. 14-17. Variation of extinction angle fh with wL/R for a half-wave rectifier using 
a smoothing inductor. 

dure is shorter. Hence, by the use of (14-61), 

1 !oz,,. 1 loo, [V L di] -- i dwt -- ..-1""_ sin wt - - -- dwl 
21r o 21r o R R dt 

1 [ Vpm wL ·]
6
' I [Vpm (1 ) = 211' - R cos wt - R i 

O 
= Z1r R - cos 82 o] 

= V 1>1:: (I - cos 82) 
21rR 

(14-69) 

Values of Ide for various values of wL/R have been drawn in Fig. 14-16. 
Examination of these values together with the corresponding waveforms 
of instantaneous currents shows that the ratio of peak current to lac is not 



426 ENGINEERING ELECTRONICS 

particularly high. The highest ratio is 3.14, obtained for wL/R = 0. 
Thus peak current is not an important item in rectifier operation with a 
smoothing inductor. 

From Eq. (14-69) it follows that 

(14-70) 

The value of the ripple factor at the load is given by 

'Y = lac = y'J2 - ldc2 = 1~ - 1 = .Jc1/21r) lo2.- i2d wt 1 (14-71) 
Ide Ide 'lac2 lac2 

The work involved in this development is long and tedious. The result is 

'Y ✓ (l :_ cco:s 
8
02

) 2 [82 cos O - sin 02 cos (0 + 82)] - 1 (14-72) 

Values of 'Y are plotted against wL/R in Fig. 14-18. This graph shows 
that as wL/R is increased, the value of 'Y first decreases slightly and then 
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Fm. 14-18. Variation of the ripple factor 'Y with wL/R for a half-wave rectifier using 
a smoothing inductor. 

increases. This last rise is due to the fact that while both the direct and 
the ripple currents decrease, the former decreases faster than does the 
ripple. The filtering efficiency of a smoothing inductor with a half-wave 
rectifier is on the whole very poor, and this type of filter is not recom­
mended for applications requiring a good quality of direct current. How­
ever, a smoothing inductor is useful with a full-wave rectifier (see Prob. 17 
at the end of this chapter) and with polyphase rectifiers. 

14-9. Full-wave Rectifier with an L-section Filter. So far none of the 
filters that we have studied would prove to be very satisfactory sources of 
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direct current for communications equipment or for other applications 
where a ripple-free output is desirable. 

A more satisfactory device for such uses is the full-wave rectifier with 
an L-section filter. The circuit diagram and its equivalent circuit are 
shown in Fig. 14-19. Note that an ideal tube is used in the equivalent cir­
cuit in order to simplify the analysis. 

Under normal operating conditions the current through the inductor 
never falls to zero at any time during the cycle. If the current to the 
filter flows at all times, one or the other of the tubes must always be pass­
ing current and hence the voltage e, applied 
to the filter input must be the rectified 
transformer voltage, which is a series of 
half sinusoids, as was shown in Fig. 14-6. 
The equation for this voltage from O to 1r 

can be written as e1 = Vpm sin wt, which 
would be useful in determining Ide• How­
ever, the filter is a complex network of 
elements, some of which have frequency­
dependent impedances, and it becomes 
necessary to have a Fourier analysis of e1 

so that the effect of each frequency com­
ponent can be found. In this case the 
Fourier series takes the form (see Art. 
6-16 and Prob. 15 in Chap. 6) 

y2 V (~ - _'!_ cos 2wt - ~ 
P 1r 31r ltnr 

cos 4wt · · -) (14-73) 

It is now a relatively simple matter to 
consider each voltage component as being 

fl 

(a) 

(b) 

t 
le 
I 

(a) A full-wave rec­
tifier with an L-section filter and 
a resistance load. (b) Equiva­
lent circuit for (a). 

applied separately to the input of the filter and to calculate the cur­
rents which flow and the voltages across the load. 

The first term of the series is the d-c input to the filter. It is also the 
d-c output voltage since we are assuming for the present that there is no 
d-c drop in the filter or in the tube. Thus 

Ede= 2y2 VP (14-74) 
'Ir 

The direct current flowing through the d-c path is then given by the 
equation 

(14-75) 
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We may calculate the second-harmonic current flowing into the filter 
by dividing E1. (the effective value of the second-harmonic voltage) by 
the filter's input impedance Z1, for this frequency. This yields 

Ir =_!_VP 
' 3,r z,, (14-76) 

where 

z,, = j2wL + (l/R) ~ j2wC (14-77) 

In the well-designed filter the capacitor is large in order to bypass the a-c 
components around the load. Also the impedance of L will be large in 
order to offer a high impedance to these same components of current. If 
we specify the condition at this second-harmonic frequency, 

Eq. (14-77) simplifies to 
Zr, ""'j2wL 

Substituting this into Eq. (14-76), we obtain 

I ~ 4 VP 
r. ~ 3,r 2wL 

(14-78) 

(14-79) 

(14-80) 

Since the reactance X c of the capacitor is very small compared with the 
resistance of the load, practically all the a-c components of current will 
pass through C instead of R. Hence we may write 

E2 ""'ft.Xe = 3,r(::2LC) (14-81) 

as the magnitude of the second-harmonic voltage across the load. 
If the relation expressed in (14-78) is true for the second harmonic, it is 

an even better approximation for the fourth. The fourth-harmonic volt­
age across the load can be found by a process similar to that for the second. 
Such a process yields 

(14-82) 

If we now find the ratio of the fourth-harmonic voltage to the second­
harmonic voltage, many of the factors cancel out, yielding 

E4 1 - = - = 5% E2 20 
(14-83) 

Thus the ripple voltage is predominantly second harmonic, and for the 
sake of simplicity we shall assume it consists entirely of this harmonic, 
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The ripple factor can be written as 

E2 v2 
-y=--=---

Eac 12w2LC 
(14-84) 

Note that the ripple factor is independent of the load resistance. A graph 
of the ripple factor as a function of v>2LC is shown in Fig. 14-20, curve a. 

Earlier in this article the statement was made that under usual operat­
ing conditions the current through the inductor does not fall to zero in 
this type of rectifier and filter. This 
is not necessarily always true, as can 
easily be proved by open-circuiting r 
the load and observing the direct 10-1 

output voltage. Under these cir­
cumstances, since no charge is being 

10-2 removed from the capacitor, the 
latter will charge up to the peak 
value of the a-c supply voltage. Ede 

10
_3 

will then equal V pm, and no tube 
current will flow. As the circuit is 
loaded, the output voltage de- 10·4 

creases rather rapidly until Ede 
reaches a certain value. The out­
put voltage then becomes rather 10·5 

constant and approximately equal 
to the value calculated from Eq. 

10
_6 

(14-74). This means that when 10-1 
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the load current becomes too small, 
the regulation of the circuit becomes 
very poor. The problem is to find 
how small a direct current can be 
supplied and yet have good volt­

Fm. 14-20. Ripple factor as a function 
of w•LC for a full-wave rectifier with (a) 
a single L-section filter, (IJ) a double 
L-seetion filter. 

age regulation. Steps may then be taken to prevent the load current 
from falling below this value. 

If the inductor current is observed by means of an oscilloscope, it can 
be seen that when the direct current through the inductor (which is also 
the load current lac) becomes smaller than the peak value of the ripple 
current through this same component, the value of Eac begins to rise 
rapidly as the load resistor is increased in value. This occurrence is 
related to the fact that the tube current has ceased to be continuous. 
Our problem is to find some means of preventing Ide from becoming less 
than the peak value of the inductor ripple current. 

The assumption has already been made that the current input to the 
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filter contained no higher harmonics than the second. We may then 
write the expression 

i1 = Ide + ,v2 h COS 2wt (14-85) 

As Ide becomes smaller, the inductor current begins to cut off during a 
portion of the cycle if the negative peak value of i12 is numerically greater 
than Ide• The critical condition is therefore 

(14-86) 

Substituting values for h and Ir, from Eqs. (14-75) and (14-80) into 
(14-86), we obtain 

2 y2 Vp 4 y2 Vp 
1rR = a;-2wl 

(14-87) 

Solving for R, we have the relation 

R = 3wL (14-88) 

If the frequency of the supply voltage is 60 cps, this becomes R = 1131£. 
An approximate form of this may be written as 

R ~ lOOOL (14-89) 

where R is in ohms and L is in henrys. 
In some practical circuits the load current may vary all the way from 

full load to zero, and the regulation of the circuit will be poor unless some­
thing is done to prevent Ide from falling below y2 I1,. This is easily done 
by permanently connecting a bleeder resistor across the output of the 
filter. The resistance of this bleeder should be not greater than 1000£ 
ohms. Now if the external load is removed entirely, the bleeder will still 
continue to draw sufficient current to ensure good regulation. 

The use of the bleeder permits filter capacitors with lower voltage 
ratings to be used. Without the bleeder the capacitor should have a d-c 
rating of at least V pm volts, while with a bleeder it need be only as large 
as the direct-voltage output of the circuit, which is 2/1r times as large as 
Vpm• The bleeder also satisfies a safety requirement. Unless there is 
always a d-c path between the terminals of the filter, the capacitor may 
hold its charge for a considerable length of time after the a-c input voltage 
is removed, and hence there is danger of electrical shock to anyone assum­
ing the circuit to be dead. 

The formulas already developed can easily be changed to adapt them 
to the case where the plate resistance of the tube and the resistance Reh of 
the choke are to be taken into consideration. Equation (14-75) changes 
to 

I _ (2 ,v2/1r)Vp 
de - R +RP+ Rel!, (14-90) 



RECTIFIERS 431 

and Eq. (14-74) changes to the form 

Eac = 2 V2 V:i, R 
11' R + Rp + Reh 

(14-91) 

The equation for the ripple voltage will remain approximately the same 
because RP and Reh are small compared with Xe,. in well-designed circuits. 

vVhen gas tubes are considered, the tube drop acting as a battery merely 
serves to reduce the voltage input to the filter by a constant amount equal 
to Ea. Equations (14-75) and (14-74) then, respectively, take forms 

and 

Ide= (2 v2/1r)Vp - Ea 
R + Reh 

(~ V2 V - Ea) __ !L--
11' P R + Reh 

(14-92) 

(14-93) 

The ripple voltage will again remain about the same since Ea does not 
affect the harmonic content of the filter input voltage. 

It is sometimes desirable to use two L sections in cascade instead of a 
single section. This arrangement results in much better filtering. The 
harmonic output voltage for the second section can easily be found by 
using the harmonic output of the first section as the input to the second. 
By means of the assumptions made in (14-78) we can write the output 
second-harmonic voltage as 

E2 = 2:.. VP l (14 94) 
31r 4w2L1C1 4w2L2C2 -

The ripple factor then becomes 

(14-95) 

A graph showing the ripple factor for a two-section filter has also been 
plotted in Fig. 14-20. In order to use the same units for the abscissa as 
were used for the single section, the provision was made that the two 
sections have equal LC values. These curves make it quite obvious that 
a two-section filter is far superior to a single-section one if small values of 
'Y are considered. 

14-10. Rectifiers with a II-section Filter. A capacitor-input, or 
II-section, filter is often used where the voltage output of an L-section 
filter would be somewhat too low. The output voltage of the II-section 
filter is almost equal to the peak value of the source voltage, while the out­
put voltage of the L section is approximately equal to 2/1r of the peak of 
the source voltage. 
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Figure 14-21 shows the circuit for such a filter used with a half-wave 
rectifier. Briefly, its operation is as follows: Capacitor C1 draws a pulse 
of charging current once each cycle, charging up to a value slightly less 
than V vm• Soon after the source voltage passes through its peak value 
and begins to decrease, the tube cuts off and the capacitor starts to dis­
charge through the L-section filter that follows it. The voltage of C 1 con­
tinues to decrease while the source voltage passes through its negative half 
cycle and then again becomes positive and equal to the capacitor voltage. 
Thereupon the tube starts to conduct and to charge C 1 back to its former 
voltage. This is quite similar to the action encountered in half-wave 

rectifiers with capacitor filtering. 

f f 
~ f If the waveshape of the varying 

L f voltage across capacitor C 1 could 
:)jjj ~ C1. C2 R be expressed as a Fourier series, the 

_ _ _ _ analysis of this circuit would be 
FIG. 14 .... -2_1_. -A-ha-1-f--4w-av-e-re-c-ti_fi,..er_wi_·t ... h a rather simple. Because of the fact 
II-section filter. that it is difficult to determine the 

time when the tube begins conduc­
tion and the time when it cuts off, the exact analysis becomes quite 
complicated. Therefore we shall use a rather simple approximate method 
which gives results good enough for most practical purposes. 

We continue with the half-wave case. The voltage across C1 varies in 
approximately the same manner as did eR (Fig. 14-14) in the case of the 
simple capacitor filter. Thus, as a first approximation, Ede = Vvm• 

However, if the current drawn by the load is at all appreciable, a better 
approximation is to use Eq. (14-51) to express the direct voltage at the 
input to the filter. Thus the direct voltage across the load becomes 

Ede = Vpm R 
1 + ('IT/wRC) R + Reh 

(14-96) 

where R,h is the total d-c resistance of the choke or chokes used. 
To determine the ripple factor, we shall consider the Fourier analysis 

of the current entering the filter rather than that of the voltage across the 
filter. This current, which in this case is the same as the tube current, 
would be expected to have a waveshape somewhat similar to that found 
for the capacitor filter in Art. 14-7. However, when the waveshape is 
observed by means of an oscilloscope, it will be found to look more like 
that shown in Fig. 14-22. The reasons for this variation in shape are due 
to the inductances of the transformer and choke. 

The constant, or d-c, term in the Fourier series is given by 

1 !o2" . Ir = -- z1 dwt •• 21r 0 
(14-97) 
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The peak value of the fundamental-frequency current is 

2 (2"' 
l1im = 2n- Jo i, COS wt dwt (14-98) 

Equations (14-97) and (14-98) are obtained from the general Fourier 
method of calculating the coefficients for the series (Art. 6-16). The cur­
rent through the tube in a well-designed power supply flows for only a 
small portion of the cycle. During this time cos wt in Eq. (14-98) is near 
its peak value and approximately equal to unity. Hence we may replace 
cos wt in this equation by unity to 
obtain a convenient approximation 

z r2,.. 
lr,m"" 2; Jo irdwt (14-99) 

But by comparing this with Eq. 
(14-97) we see that it may be written 
as 

or 

/ 
I 

I 
I 
I 
I 
I 
I 

wt 

l1i = V2 Ide (l4-10l) Fm. 14-22. Waveshape of the tube eur-

In a practical filter C1 is very large rent for a half-wave rectifier with a 
II-section filter. 

and hence has a very low reactance 
compared with the reactance of the L section that follows it. Therefore, 
most of the alternating current will flow through C1. The fundamental 
voltage across the first capacitor is then approximately given by 

(14-102) 

If this is a well-designed filter, it is a reasonable assumption that the 
reactance Xe, of the second capacitor is very small compared with R. 
Hence the fundamental-frequency voltage across C1 will be applied to C2 
and L in series, and we may write for the inductor current 

lch ""E1i = ,v2ldc 
wL w2LC1 

(14-103) 

and the fundamental output voltage is 

(14-104) 

The effect of each higher harmonic in the input current can be investi­
gated by a slight modification of Eq. (14-98). For the nth harmonic this 
becomes 

z r2,.. 
I1.m = 2; Jo ir cos nwt dwt (14-105) 
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The derivation is exactly the same as for the fundamental except that the 
reactances of the various components must be computed for the frequency 
of the harmonic. The final result for the nth-harmonic output voltage 
will then be 

(14-106) 

For the case of the second harmonic we may compare Eqs. (14-106) and 
(14-104) to see that the ratio of the magnitude of the second harmonic to 
that of the fundamental is 

(14-107) 

This is a justification for assuming that the ripple voltage across the load 
is entirely of the fundamental frequency. 

The ripple factor can be calculated from the ratio of E1 to Ede• Thus 

Ei ,v2Iac 1 y 12 
'Y ,:,.; Ede = w3LC1C2 lacR = w3LC1C2R (14-108) 

If it is desired to use a TI-section filter with a full-wave rectifier, the 
foregoing procedure can be followed in order to find the expressions for 
Eac and the ripple factor. From the analysis for the case of the simple 
capacitor filter (full wave) we can write the direct output voltage across 
the load as 

E V11m R 
de = 1 + (1r/2wRC) R + Reh 

(14-109) 

Because of the two identical pulses of current per cycle, the lowest­
frequency a-c component is the second harmonic. We may compute this 
second-harmonic ripple by using Eq. (14-106) and hence obtain the ripple 
factor as 

'Y,:,.; 0 
8w 3LC1C2R 

This result is one-eighth that found for the half-wave rectifier. 

(14-110) 

14-11. Applications of Diode Rectifiers. We have now completed a 
theoretical study of diode rectifiers using various filter arrangements. In 
general it has been found that the unilateral characteristic of the rectifier 
has caused considerable difficulty in the process of analysis, even when 
this has been simplified by making suitable approximations. Without 
this tedious work, however, we would not be in our present advantageous 
position of knowing the characteristics of the various circuits. We can 
now better judge the applications to which the devices can be put. 

Uses of the high-vacuum rectifier with a resistance load and without a 
filter are few. It is possible to employ it in electrolytic processes, but it 
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would usually be better to use a gas diode instead. For hot-cathode gas­
diode battery chargers the battery emf adds to the Ed of the tube. The 
current is limited by the leakage reactance of the transformer and perhaps 
by a series resistor. The theory is a modification of that of Art. 14-6. 

Rectifiers used with X-ray or other high-voltage equipment often draw 
only a small current, and the filtering needs are adequately met by the 
use of a simple capacitor filter. The series-inductor filter is seldom delib­
erately used, but the filtering action described in Art. 14-8 occurs inad­
vertently in some circuits because of an inductive load or the leakage 
inductance of the transformer or of the inductance of the power-generat­
ing equipment. 

The L- and II-section filters are very effective when used with either 
high-vacuum or gas diodes. Between the two filters the latter produces 
a higher d-c output voltage for the same a-c supply voltage, but the 
regulation is poorer with changing load resistance. Furthermore, the 
high peak tube currents associated with the II filter make it necessary 
that some impedance be placed in series with a gas tube to limit this cur­
rent value. This impedance may be supplied in some cases by the power 
transformer in the form of resistance and leakage reactance. Other con­
siderations may also be involved, but the choice between the two is often 
on an economic basis. 

If the direct current to a constant load impedance is to be variable, the 
secondary of the power transformer may be provided with taps or 
alternatively the primary may be supplied with an alternating voltage of 
controlled value. It is often more satisfactory to replace the diode rec­
tifier by one employing triodes, generally of the gas type. 

14-12. Grid-controlled Rectifiers. When diodes are used as rectifiers, 
the usual methods for controlling the amount of direct current to a fixed 
load are either to vary the amplitude of the alternating source voltage or 
to place a variable resistance in series with the load. For many applica­
tions these methods would prove to be very unsatisfactory. A far better 
system might be to use thyratrons or ignitrons and control the firing angle. 

Since the critical grid voltage for a thyratron can usually be taken as 
zero and since the breakdown voltage is usually small compared with the 
plate-supply voltage, no great error is introduced if we assume that the 
tube can have a maximum conduction angle of 180°. The average, or 
direct, current in the plate circuit of a thyratron which fires at an angle 
lh and is supplying a resistance load RL can easily be calculated if we 
assume the tube to have zero voltage drop across it. Hence 

I 1 !u2
,,. • d I 1"" V pm • d V pm ( 1 + ) de = - ib wt = -- -- sm wt wt = -- - cos 61 1h 21r o 21r e, RL 21rRL 

(14-111) 
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We may obtain the expression for the maximum obtainable direct current 
by setting 81 = 0. 

(14-112) 

Thus we may vary the d-c output of the thyratron from the maximum 
value Idcmax to zero by merely varying the angle 111 at which the tube fires. 
Ratio wise, 

(14-113) 

14-13. D-C Control of Thyratrons. The circuit diagram for a thyra­
tron connected for d-c control is shown in Fig. 14-23. Its firing char­

R 

acteristic is shown in Fig. 14-24. If 
the grid of the tube is biased to the 
voltage Ee shown in (a), the tube will 
not fire. As the negative grid bias is 
reduced toward zero, nothing happens 
until it reaches the value of E;. The 
grid bias then equals the critical value 
just as the plate voltage attains a 
maximum. The tube will then start 
to conduct and will pass current 

Fro. 14-23. Direct-current control 
of a thyratron. until the plate voltage falls to zero. 

Hence the plate current is represented 
by quarter sinusoids as shown in Fig. 14-24b. As the bias is reduced 
still further, the tube fires earlier in the cycle and the average 
plate current increases. The ignition angle may be advanced to the 
point where the tube conducts for 180°. This results in the maximum 
direct current that the tube can pass when using a particular source­
voltage-and-load combination. 

This is a rather unsatisfactory type of control, not only because the 
ignition angle can be varied only from O to 90°, but also because the opera­
tion may be rather erratic. The actual firing characteristic is very close 
to the zero-voltage line and almost parallel to it. Hence a very slight 
drift in Ee may cause the firing angle to change considerably. 

14-14. On-Off Control. Because of the above shortcomings, d-c con­
trol is used only in applications where the thyratron can act as an on-off 
switch and where continuous control of the average current is not needed. 
The tube action is then similar to that of a relay and a rectifier. 

The circuit of Fig. 14-25a illustrates on-off control. When the switch 
S is open, the tube is biased negatively to such a value that the discharge 
cannot he established at any time during the cycle. When the switch is 
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closed, the grid potential becomes practically that of the plate. Hence 
the tube will fire when the supply voltage becomes positive and will con­
tinue to conduct until the end of the half cycle. It fires at the beginning 
of every positive half cycle thereafter as long as the switch is closed. 
Figure 14-25b shows a similar circuit which fires as long as the switch is 
open but will not fire when the switch is closed. 

14-15. Phase-shift Control. One of the most widely used and more 
satisfactory methods of varying the current through a thyratron is known 

(a) (b) 

(d) 
Fm. 14-24. Waveshapes illustrating d-c control of a thyratron. 

as phase-shift control. This control is accomplished by applying an 
alternating voltage to the grid of the tube as well as to the plate. The 
phase angle between these two voltages is varied so that the grid voltage 
lags the plate voltage. An examination of Fig. 14-26 will disclose how 
changes in this phase angle affect the conduction angle of the thyratron. 
If the two voltages are in phase, the tube conducts for 180° and the direct 
current, which is the maximum obtainable, can be calculated by means of 
Eq. (14-112). If the grid voltage lags the plate voltage by an angle 81, 

the current can be calculated by using the relation (14-113). Should the 
grid voltage lead the plate voltage, the tube conducts for 180°, the grid 
having no control. 
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A simple way to shift the phase of an alternating voltage is to impress a 
polyphase set of voltages on the stator windings of a polyphase motor 
with a single-phase rotor. The phase of the voltag~ induced in the rotor 
will depend upon the position of the rotor, which may be rotated through 
360°. However, such a phase shifter, even though available, is not 

....-v11v,,......... ___ ) 

\S Rg? 
L=i11 + 

(b) 
FrG. 14-25. On-off control of a thyratron. 

(a) (b) 

(c) (d) 
Fm. 14-26. Waveshapes illustrating 
phase-shift control. 

Fm. 14-27. A thyratron with phase-shift control. 

always the most economical or the easiest to use; hence other methods are 
more common. 

One much used method of obtaining a variable phase shift uses the cir­
cuit of Fig. 14-27. The transformer T1 supplies two sinusoidal voltages 
V1 and V~. These are equal in magnitude and are in phase. This trans­
former is used for control purposes only, and the power requirement is 
very small. T2 is the transformer supplying the power to the loa,d. Its 
secondary voltage V p is in phase with V 1• 
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The grid-supply voltage Vg is obtained between the center tap of T1 

and the junction between the two impedances Z1 and Z2• It is sinusoidal 
and is displaced by an angle 0 from V 1. The actual grid voltage eu is 
equal to v0 if the tube is nonconducting, i.e., during the period when the 
grid is in control. During the conduction period some grid current flows, 
and e0 is lower than v0 by the amount of the voltage drop in Ra. Thus 
R0 serves to limit the grid current to a safe value. Similarly, eb equals vp 

during the nonconducting period, 
although during the conducting 
period it is a constant equal to a 
few volts. 

We can determine the control­
circuit operation by considering the 
circuit before breakdown occurs. 
Since the voltages in the control 
circuit are sinusoidal during this 
period, we can draw a vector dia­
gram. We shall first write mesh 
equations for Fig. 14-27. The volt­
age V 1 + V~ causes a current I to 
flow through the two impedances Z1 
and Z2. Hence we may write 

and 

z1~R+j0 
Z.z= 0-jXr; 

(a) 

Z1=R+JO 
Z2=0•JXi, 

(o-} 

Z1=0-JXc 
Z2=R+j0 

(b) 

(d) 

Figure 14-28 shows vector diagrams Fm. 14-28. Vector diagrams for the 
phase-shift circuit. for various types of impedances Z1 

and Z2. It should be recalled that if the grid voltage leads the plate 
voltage the grid has no control and the tube will conduct for 180°. If the 
grid voltage lags the plate voltage, the grid does have control and hence a 
variable direct current can be obtained. 

In these diagrams it is assumed that when Z1 is a pure resistance, Z2 is 
a pure reactance; when Z1 is a reactance, Z2 is a resistance. If this is 
true, then IZ1 and IZ2 must always be 90° apart. Hence, since V 1 = v;, 
it can be proved that Va is constant in magnitude and that its locus is a 
semicircle. Therefore V11 must equal V 1• 

When the voltage VO leads the voltage V 1, the angle of lead can be com­
puted from the circuit constants. Referring to Fig. 14-29 we see that 
angle OAB is an inscribed angle measured by one-half arc BC, while 
angle 0 is a central angle measured by all of arc BC. Therefore, angle 
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OAB = J,,f0. We may then write 

0 IXc I 
tan-= -- = --

2 IR wRC 
(14-116) 

or the angle of lead is 
1 

fJ = 2 arctan ;;;'Re (14-117) 

Likewise for a lagging phase angle it can be shown that the angle of lag is 

0 = 2 arctan wRC (14-118) 

From equation (1':l:-118) 1ve see that either R or C can be varied from zero 

,,,,..,------.B 
/ 

I IR 
I 

I 
I 

A 0 

I 

v.' l 

1''IG. 14-29. Vector diagram 
for a phase-shift circuit for 
Vu leading V, by an angle 0. 

C 

to infinity to change (J from O to 180° lagging. 
These phase-shift circuits may be used in 

various ways. For instance, in the circuit of 
Fig. 14-27, Z 2 may be a resistor which can be 
adjusted manually, while Z 1 is a fixed capacitor. 
Or Z2 may be an inductor and Z1 a resistor, 
either one variable. Sometimes it may be 
more desirable to connect a circuit as sho,vn 
in Fig. 14-30. Here the saturable-core reactor 
acts as a variable inductance. As the current 
through the d-c coil is varied by changing the 

grid voltage for the high-vacuum tube, the impedance of the a-c coil 
changes and hence shifts the phase of the thyratron grid voltage. 

14-16. Bias Phase Control. For certain applications it would be very 
convenient to vary the firing angle of a thyratron over a limited range by 
means of a variable direct voltage. One method of doing this is known 

Direcf 
control 
volfoge 

+ 

I., 

i; 
};'w. 14-30. A phase-shift circuit for con- FIG. 14-31. Circuit for bias phase 
trolling a thyratron by a direct voltage. control. 

as bias phase control. Figure 14-31 shows this type of circuit. Both 
alternating and direct voltages are applied to the grid of the thyratron. 
The alternating voltage is given a fixed phase angle relative to the plate 
voltage, by means of the inductor and resistor in series across the line. 
The drop acro3s the resistor lags the source voltage by an angle fJ which 
is determined by the relative me,goitudes of R1 and wL. This a-c compo--
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nent is additive to the variable direct voltage. Variation of the direct 
voltage merely has the effect of raising or lowering the alternating voltage 
relative to the zero-voltage axis, as shown in Fig. 14-32. This in turn 
results in the grid-voltage curve crossing the critical-voltage curve at 
different times depending on the magnitude and polarity of the direct 
voltage. 

This system finds limited use since the firing angle can be shifted reli­
ably only over a range which is considerably less than 180°. 

i,, 14-17. The Ignitron as a Con-
trolled Rectifier. The ignitron can 
also be used as a controlled rectifier 
if the igniter current can be supplied 
as a sudden high-peak pulse. Hence 
the ordinary phase-shift circuits 
cannot be used directly. 

It is usually customary to use a 
(a) (b) thyratron to fire the ignitron. This 

wt 

gives the sudden pulse of igniter 
current. Figure 14-33 shows a circuit 

Fm. 14-32. Waveshapes for bias phase Fm. 14-33. Ignitron circuit using a 
control. thyratron for firing. 

diagram of an ignitron which is fired by a thyratron. The thyratron in 
turn uses the common phase-shift circuit to vary its firing time. Thus the 
ignitron is controlled indirectly. 
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PROBLEMS AND QUESTIONS 

1. Use the characteristic curve shown in Fig. 14-2. (a) Calculate the approximate 
d-c plate resistance for the type 6H6 diode. (b) Draw the equivalent circuit for a 
half-wave rectifier using one diode of a type 61!6 tube, a load resistor of 5000 ohms, 
and a voltage source Vp = 200 sin 377t. (c) Calculate lac, Eac, Ia, Pin, Pa., PP, and 11 

for this circuit. (d) Are any of the tube.manual ratings exceeded? 
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2. One diode of a type 6X5 tube is to be used in a half-wave rectifier circuit as 
shown in Fig. 14-34. The d-c meters are of the d' Arson val type, and the a-c meters 
are of the iron-vane type. Assume that the milliammeters have zero impedances 

Hi 
e=tOOsin~ 

3771 

6X5 
A-c 
mo 

FIG. 14-34. 

D-c 
mo 

and that the voltmeters have infinite impedances. The transformer turns ratio is 1: 5. 
Consulting a Sylvania Technical Manual we find that this type of tube has a drop of 
22 volts when passing a current of 70 ma per plate. (a) What is the reading of the 
a-c milliammeter? (b) What is the reading of the a-c voltmeter? (c) What is the 
reading of the d-e milliammeter? (d) What is the reading of the d-c voltmeter? (e) 
How much d-c power is supplied the load? (j) How much power must the trans­
former supply? (g) What is the rectification efficiency? 

8. A type 5Y3 tube is used in a full-wave rectifier circuit as shown in Fig. 14-35. 
The Sylvania Technical Manual yields the information that the tube drop is 60 volts 

5Y3 

] 
Frn. 14-35. 

when the plate current is 125 ma per plate. 
Calculate (a) I a,, (b) Eac, (c) h, (d) Pin, 

Ru (e) p P> (j) p de, (g) '1, (h) ibmax, the maxi-
2500Jl mum steady-state peak current per plate. 

(i) Are any of the tube ratings exceeded? 
4. The connection to one of the plates 

of the 5Y3 used in the previous problem 
becomes detached. Calculate the quanti­
ties called for in that problem. 

6. A type 5U4 tube is connected in a rectifier circuit to supply a direct current of 
225 ma to a load. The transformer supplying the rectifier is such that Vp = 500 sin 
377t. The tube manual gives the information that the tube drop is 58 volts when the 
plate current is 225 ma per plate. (a) Calculate the plate power loss PP if the tube is 
to be connected in a half-wave circuit with the two halves of the tube connected in 
parallel. (b) Calculate Pde for part (a). (c) Calculate the plate power loss if the tube 
is connected in a full-wave circuit. (d) Calculate Pd, for part (c). 

6. The 5U4 tube in Prob. 5 is to be used to supply a load with a resistance of 
2000 ohms. The secondary of the transformer is such that Vvm = 500 volts. (a) 
Calculate the plate power loss in the tube when connected as a half-wave rectifier with 
both halves of the tube in parallel. (b) Calculate the plate power loss when the tube 
is connected as a full-wave rectifier. 

7. The 5U4 tube of Prob. 5 is to be used in a rectifier circuit which must supply 
50 watts of direct power to a load for which the resistance is 500 ohms. (a) Calculate 
the plate power loss in the tube when connected as a half-wave rectifier with both 
halves of the tube in parallel. (b) Calculate the plate power loss in the tube when 
connected as a full-wave rectifier. 

8. A type S.'l tube is used in the circuit drawn in Fig. 14-7. The tube drop is 
15 volts when the tube is conducting. Vp = 30 sin 377t, and R 100 ohms. Find 
(a) the ignition angle Iii, (b) the extinction angle 82, ( c) the direct current 1 ac, ( d) the 
direet voltage Ed, across the load, (e) the power loss in the tube, 
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9. Repeat Prob. 8 except let V,,m = 300 volts. 
10. A transformer, a tungar tube (a hot-cathode gas diode built for battery-charg­

ing service), and a 0.5-ohm current-limiting resistor are used in conjunction with a 
110-volt 60-cps source, to charge a storage battery. If the secondary of the trans­
former supplies 20 volts rms and if the battery has a terminal voltage of 6 volts, 
calculate the direct current flowing through the battery. In order to simplify the 
problem, consider that the terminal voltage of the battery remains constant at 6 volts 
during the charging period. Ed = 10 volts. 

11. Prove that the effective value of the alternating components of a saw-tooth 
wave is a/ y'3, where 2a is the peak-to-peak value. 

12. A type 6X5 tube is used as a half-wave rectifier with capacitance filtering as 
shown in Fig. 14-36. Calculate (a) -y, (b) ibmm (c) Edi:, and (d) Id,, (e) Consult the 
tube manual, and find the maximum allowable peak plate current for the tube. (/} 
Is the tube being used within its ratings? If not, what remedy would you suggest? 

FIG. 14-36. 

R= 
5000 
fl. 

13. In Fig. 14-37a, v,, = 100 sin 377t, R = 1000 ohms, L = 26.5 henrys. (a) Write 
the expression for i. A diode is inserted in the circuit as shown in Fig. 14-37b. (b) 
Write the expression for ib, neglecting the tube drop. (c) Sketch the approximate 
waveforms of the two parts of the current expression of part (b), and add to obtain 
the waveform of ib for the interval between t = 0 and t = Ho sec. (d) Estimate 
the value of 82 from the above waveshape. (e) Compute the average value of current 
I a,, using the appropriate formula. (/) Compute the effective value of the ripple cur­
rent through the load. 

L --

3111r-
-

I< 
i 

(a) 

L 

~Ill t Vp 

(6) 
FIG. 14-37. 
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14. A full-wave rectifier circuit is shown in Fig. 14-38. V,, = 500 volts, f = 60 cps, 
and the tube drop is negligible. Compute lac, I 1,, E,, I z, and , . 

FIG. 14-38. 

16. If the filter for the circuit of Prob. 14 is built in two sections with each choke 
having an inductance of 10 henrys and each capacitor having a capacitance of 10 µf, 
calculate the ripple factor. 

16. If the choke coils used in Prob. 15 each had a resistance of 100 ohms, and if 
the tube was a type 83, calculate the direct voltage across the load. Assume the 
tube drop to be 15 volts. 

17. A full-wave rectifier with simple inductance filtering supplies a resistance load 
as shown in Fig. 14-39. Calculate Ed, and the ripple factor,. Assume the tube and 

L 0 20h 

FIG. 14-39. 

R= 
5000 
JI. 

choke to be ideal and that the ripple consists of the two lowest-frequency components 
present in the output. 

18. A full-wave rectifier with a single L-section filter employs a transformer which 
delivers a voltage of 400 volts rms from one end to the center tap. The filter capacitor 
has a reactance of 200 ohms at 60 cps, and the choke has a reactance of 5000 ohms at 
60 cps and a resistance of 100 ohms. The circuit uses a type 83 tube. No bleeder 
is used. (a) What is the minimum load current if good voltage regulation is to be 
maintained? (b) What is the direct output voltage when the load current is 100 ma? 
Do not neglect the tube drop or the drop due to the resistance of the choke. (c) If a 
bleeder was to be connected in the circuit, what should be its maximum resistance? 

19. It is desired to convert the L-section filter of Prob. 18 to a II-section filter. Use 
a capacitor similar to that employed in the L-section filter. Estimate the output 
voltage of the filter if I a, = 10 ma, by making the following calculations: (a) Estimate 
the change in voltage across the first capacitor by assuming linear discharge of that 
capacitor. (b) Approximate the direct voltage across the first capacitor. (Remem­
ber the tube drop!) (c) Calculate the approximate output direct voltage by sub­
tracting the direct voltage drop across the choke from the direct voltage across the 
first capacitor. (Note that, at best, this result is only a reasonable approximation.) 
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20. A full-wave rectifier circuit shown in Fig. 14-40 has the following components: 
Ci = 10 µf, L, 10 henrys, G2 = 10 µ.f, Li = 10 henrys, G3 = 10 µf. Assume the 

R 

Fm. 14-40. 

chokes to have zero resistance. (a) Write an expression similar to that of Eq. (14-106) 
for calculating the nth-harmonic output voltage. (b) If I a,, = 100 ma, calculate the 
ripple voltage E,. 

21. A type FG-17 thyratron at 40°0 has a sinusoidal voltage of 2000 volts peak 
value applied to its anode. Sketch to scale one cycle of a sinusoidal voltage whose 
peak value is 2000 volts. Then, using information obtained from the firing character-
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istic of an FG-17 (Fig. 14-41), sketch the critical grid voltage necessary to cause the 
tube to fire at any instant during the positive half cycle of the anode voltage. 

22. Assume that the critical grid voltage for a certain thyratron is zero for all anode 
voltages. Find the average value of anode current when Vp = 220 -v'z sin 3771, 
v0 = 220 -v'2 sin [377t - (1r/3)], and RL = 50 ohms. The tube drop should be con­
sidered as constant at 15 volts. 

23. A thyratron is connected in the circuit shown in I•'ig. 14-42. Calculate the 
firing angle (Ji and the average load current. Neglect the tube drop, and assume that 
the critical grid voltage is zero for all anode voltages. 

220v 
60cps 

FIG. 14-42. 

24. Figure 14-43 shows the circuit diagram for a grid-controlled rectifier using a 
type FG-17 thyratron whose firing characteristic is shown in Fig. 14-41. (a) What 
is the purpose of the time-delay relay? (b) Calculate the peak plate current if Vp is 
the square wave shown. (c) The grid signal voltage is a series of short pulses as 
shown. Plot the plate-current waveform. (d) Calculate the average plate current. 
(e) Is the bias voltage necessary if the grid signal is to control the firing angle? (f) 

50011 

Gen f vp 

G:l'~v 60cps 

Time-delay relay 

16+~ I I I iooo:h . n . 
~l(p sec) mT ti;., sec) 

Frn. 14-43. 

Suppose that v, and Vp are now replaced by two sinusoidal voltages v, = - 1000 cos 
377t volts and Vp = 1000 sin 377t volts. Estimate the peak grid current. (g) 
Calculate the peak plate current. (h) Plot the approximate plate-current waveform. 
(i) Is the bias voltage necessary? 
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26. The thyratron shown in Fig. 14-44 is to be phase-controlled by means of Z1 and 
Z,. A 10-henry induetor and a 10,000-ohm variable resistor are available. Is Z1 

!0011. 

n!!0v 
60 cps 

Fm. 14-44. 

or is Z, the inductor? Justify your choice by means of a vector diagram. (b) If 
the critical grid voltage is assumed to be zero for all anode voltages and the tube drop 
is zero, plot a curve of average anode current vs. the value of the resistance as the lat­
ter is varied from O to 10,000 ohms. 

26. Repeat Prob. 25, using a 1-µf capacitor in place of the 10-henry inductor. 
27. Figure 14-45 is the circuit of a grid-controlled rectifier. Calculate the average 

value of the load voltage if the tube drop is zero and the critical grid voltage is zero. 

220v 
60cps 

+ -=- t00v 

J__ 
FIG. 14-45. 



CHAPTER 15 

PHOTOELECTRIC CELLS 

15-1. Classification of Photoelectric Cells. The emission of electrons 
from solid matter under the influence of light was probably the first 
photoelectric effect observed by early scientists. It was first reported by 
Hertz in 1887 when he found that a spark gap illuminated by ultraviolet 
light would break down more readily than one not so illuminated. Elster 
and Geitel build the first practical photoelectric cells in 1889. They used 
the cells in a photometer. Since that time the photoelectric effect has 
received considerable attention from physicists, but it was not until the 
advent of talking motion pictures that the photoelectric cell came into 
widespread use. 

The purpose of all photoelectric cells is to convert light energy into 
electrical energy. Hence, we may classify these devices according to the 
manner in which they accomplish this result. 

Photoemissive Cells. This is the most widely used type of photoelectric 
cell. The sensitive surface (cathode) and the anode are enclosed in a 
glass or quartz envelope which may be highly evacuated or filled with an 
inert gas at a very low pressure. It operates on the principle that light 
falling on the surface of certain solids will cause the emission of electrons. 
The emitted electrons are then attracted to an anode in the tube and 
hence cause current to flow through the external circuit. The magnitude 
of this current is usually less than a few microamperes. The photoemis­
sive cell is the type to be studied in this chapter. 

Photovoltaic Gell. This is probably the second most commonly used 
type of photoelectric cell. It is the light-sensitive element in lightmeters 
used by photographers to measure light levels in order to calculate expo­
sure times correctly. It operates on the principle that an emf is generated 
by the action of the incident light on the sensitive surface. The photo­
voltaic cell is also known as a barrier-layer cell. It will be discussed in 
more detail in Chap. 16. 

Photoconductive Cell. This device is one whose resistance changes with 
variations in the intensity of the incident light. It consists of a very thin 
film of selenium or certain metallic oxides between two electrodes. For 
mechanical strength the electrodes may be coated onto a flat piece of glass 
as shown in Fig. 15-1. Selenium is then vaporized onto the glass in such 
a fashion that it bridges the gap between the two electrodes. The action 

448 
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of the photoemissive cell in an electrical circuit is that of a variable resist­
ance whose magnitude depends upon the intensity of the light falling on 
it. This again is not an electronic tube, and it also will be treated in the 
next chapter. 

15-2. Fundamental Theory of Photoemission. 1 The theory of photo­
emission is very complicated and by no means completely understood. 
However, for our purposes we may assume that the only difference 
between photoelectric emission and thermionic emission is the manner by 
which electrons near the surface of a solid are given the energy needed to 
free them from the boundary forces. In thermionic emission this energy 
comes from the heating process, while in photoelectric emission the energy 
comes from the light. 

Glass plate covered 
with thin film of 
platinum 

Selenium layer 
over platinum 

'==:::H..1---Fine line scratched in 
metallic film so as to 
divide surface into 
two electrodes 

Terminal 
Selenium layer bridging qap 
between two platinum electrodes 

The wave theory of light can be 
used to explain certain aspects of 
photoemission but runs into difficul­
ties when used to explain others. 
For example, if we were to study 
the effects of varying the fre­
quency (color) of the light falling 
on a photoemissive surface while 
keeping the intensity (energy) con­
stant, we would reach the follow­
ing conclusions: As the frequency 
of the light varies, the emission cur­
rent changes. This effect can be 
explained by means of the wave the- Fm. 15-1. Construction of a photo-

conductive cell. 
ory of light. However, the veloci-
ties with which electrons are emitted is dependent on the frequency of the 
incident light and decreases with increased frequency. Likewise it can 
be shown that the velocity of emission is independent of the light inten­
sity. These latter facts concerning velocity cannot be explained by the 
wave theory but can be explained by the quantum theory of light. 
Hence light is treated as a wave motion and also as consisting of small 
particles. 

Quantum theory postulates that energy does not flow continuously 
but rather flows in discrete quantities or small packages. The energy in 
each package is known as a quantum. The amount of energy in a 
quantum is directly proportional to the frequency of the light and is given 
by the formula 

(15-1) 

where WQ is the quantum of energy, his Planck's constant and has a value 
6.624 X 10-34 watt-sec per cycle, and f is the frequency of the light in 
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cycles per second. Thus we see that the energy per quantum is not the 
same for different colors of light. For example, a monochromatic blue 
light with a wavelength of 5000 A (1 A = 10-10 m) has a frequency of 
6 X 1014 cps, and the corresponding quantum has an energy of 39. 75 X 
10-20 watt-sec. This blue light can deliver energy only in bundles of this 
size. The total energy delivered over a given period of time must 
always be a multiple of the energy per quantum. Likewise a certain 
monochromatic red has a wavelength of 7500 A, a frequency of ,1 X 1014 

cps, and a quantum of 26 X 10-20 watt-sec. Thus we see that the energy 
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Fm. 15-2. Energy per photon as a function of the frequency of light. 

of the quantum of red light is much less than the energy of the quantum 
of blue light. 

A quantum of light energy is also known as a photon. If light is con­
sidered to be made up of a procession of photons, it can readily be seen 
that the number of photons in a given beam will depend on the total 
energy per second of the light and on its frequency. If the number of 
photons in a constant-energy beam is plotted as a function of frequency 
or of wavelength (X = c/f, where Xis the wavelength of the light, c is the 
speed of light, and f is the frequency), the straight line a shown in Fig. 
15-2 will result. The energy per photon for this same constant-intensity 
beam is shown by curve b. 

If the work function W w of a given material is expressed in watt­
seconds, it can be indicated on the graph as shown in Fig. 15-2. Thus it 
would seem that light falling on the surface will cause no emission unless 
the frequency of the light is greater than 5.5 X 1014 cps. At this fre­
quency, which is that of a green light, the energy per photon is just suffi­
cient to cause the emission of electrons. Above the frequency for green 
light the energy per photon is more than sufficient to cause emission, and 
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since the energy of the beam is constant, the number of photons is less. 
If we assume that each photon causes the emission of a single electron, the 
emission current will decrease with increasing frequency as shown by the 
solid portion of the curve a in Fig. 15-2. The lowest-frequency light 
which can cause photoemission from a given material is known as the 
threshold frequency for that material. It is directly related to the work 
function of the material. 

While theoretically the photoemissive cell should have the response 
shown in Fig. 15-2, the actual response for several of the low-work­
function elements is shown in Fig. 15-3. Note that these curves are con-

-"' C 

"' "' 

"' > 

C) 

Q} 

ct: 

Wavelength -

FIG. 15-3. Spectral-sensitivity curves for several pure metals. 

siderably different from the predicted ones. There are several reasons 
for these variations. One reason is that our theory was based on abso­
lutely pure material. The smallest amount of impurity may cause a 
considerable change in response, and since it is almost impossible to 
obtain pure materials, there is reason to expect considerable variation 
between actual and theoretical curves. A second reason is that two or 
more photons may give energy to a single electron, and hence emission 
starts at frequencies below the threshold value. A third reason, and a 
very important one, is that as the frequency of the incident light increases, 
so does the energy per quantum. This results in the freeing of lower­
energy electrons. 

Present-day photocells seldom utilize the simple cathodes used for the 
curves of Fig. 15-3; rather, they use much more complex surfaces which 
give them greater sensitivity and more desirable color response. Such a 
cell is the cesium-cesium oxide:--silver cell. A typical response curve is 
shown in Fig. 15-4. Note that the cell has two peaks in its color-response 
curve, which seems to indicate that there are two threshold frequencies. 
This is quite possible because of the complex nature of the surface. 



452 ENGINEERING ELECTRONICS 

While this type surface is probably the most common one used today, 
there are other types of cells which give quite different frequency-response 
curves. By proper choice of emitting material and by certain activation 
procedures the maximum response can be located in the blue end, in the 
red end, or in the middle of the spectrum. Thus in selecting photoelectric 
cells, the response curve of the cells should be studied in order to select one 
which will perform satisfactorily with the color of light to be used. 

15-3. The Vacuum Photoemissive Cell. Vacuum photocells or photo­
tubes may vary considerably in physical size and appearance, but essen­
tially they consist of a light-sensitive cathode and an anode to collect the 
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FIG. 15-4. Spectral-sensitivity curve for a typical cesium-cesium oxide-silver cell. 

emitted electrons. Figure 15-5 shows a picture of several cells. In 
most photocells the cathode is a semicylindrical surface so arranged that 
light falls on its concave face. The anode is a straight wire running along 
the axis of the cylinder. 

When light of an appropriate color falls on the cathode, electrons are 
emitted. If a small voltage is now applied to the anode, a small current 
flows. AB the voltage is increased, the current increases quite rapidly. 
This is because, for small anode voltages, the current is space-charge­
limited. However, on reaching a certain anode voltage it is found that 
the current levels off and remains approximately constant thereafter. 
Vacuum photocells are usually operated in this saturated region. Figure 
15-6 shows a family of curves for the type 922 cell. Note that light flux 
in lumens is the parameter for this family. These curves correspond to 
the plate family for a triode. An examination reveals that the dynamic 
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Fm. 15-5. Phot-oemissive cells. 
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FIG. 15-6. Volt-ampere characteristic for a vacuum-type photocell. 

plate resistance for such a phototube is very high, being of the order of 
hundreds of megohms. The flatness of the curves also indicates that the 
plate current is almost independent of the anode voltage as long as oper­
ation is above saturation. The vacuum cell may hence be considered as 
a constant-current generator whose output current is a function of the 
light intensity. 
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Data were obtained from the curves of Fig. 15-6 to plot Fig. 15-7a. 
Here the light flux is taken as the independent variable while the anode 
voltage was held constant at 90 volts. Note tha,t the current output 
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FIG. 15-7. Variations of emission cur­
rent with light flux for (a) a vacuum­
type cell, (b) a gas cell. 

increases linearly with increasing 
light intensity. It is practically 
independent of the anode voltage 
as long as this remains above the 
saturating value. 

16-4. The Gas-filled Photoemis­
sive Cell. By introducing the proper 
amount of inert gas, a photoemissive 
cell can be made to have quite differ­
ent characteristics from those of the 
vacuum type. Figure 15-8 shows a 
family of plate characteristics for 
such a tube. When a constant light 
flux falls on the cathode, the anode 
current increases with anode voltage 
until it reaches saturation just as it 
did in the high-vacuum type. How­
ever, soon after reaching saturation 
the anode current again begins to 
increase with increased voltage. 
This is now a Townsend-type dis­
charge. The increased current is 
caused by the ionization of gas 
molecules and by the bombardment 
of the cathode by positive ions. 
The latter process causes the freeing 
of electrons by secondary emission, 
which in turn causes an increase in 
anode current. In this manner it is 
possible to increase the anode current 
obtained from a photoelectric surface 
with a given light flux by a factor as 
great as 10. This process is also 
known as gas amplification. Efforts 
to obtain a gas-amplification factor 
of greater than 10 usually result in 
a glow discharge instead of a Town­

send discharge, with resultant damage to the cathode. 
Examination of the curves of Fig. 15-8 shows that the dynamic plate 

resistance of a gas-filled phototube is much less than that for a high­
vacuum tube. Also an examination of Fig. 15-7b shows that the relation-
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ship between light flux and anode current is no longer linear. This is 
somewhat of a disadvantage but is not too serious since it remains approx­
imately linear for small light variations. 

The most serious disadvantage of the gas-filled phototube is its loss of 
sensitivity for h-f light variations. This loss is caused by the time lag 
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between a change in light intensity and a change in current. This in 
turn is caused by the slowness of the positive ions in reaching the cathode 
to produce free electrons by secondary emission. The output of a gas 
phototube may begin to decrease for light-modulation frequencies above 
a few hundred cycles per second. Figure 15-9 shows the frequency 
response of a typical gas-filled phototube. 
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15-5. Sensitivity of Photoemissive Cells. The sensitivity of a photo­
emissive cell can be expressed in two ways. One is the spectral sensitiv­
ity, which is defined as the ratio of the total emission current to the total 
radiant power falling on the surface. This is usually stated in terms of 
microamperes per microwatt of incident light of a specified wavelength. 
The wavelength of the light will usually be such that it is somewhere near 
the peak response for the cell. 

A second way to express the sensitivity of a cell is by the luminous 
sensitivity. Most photocells are used with incandescent lights. Hence 
it is customary to use a tungsten-filament lamp operating at a color tem­
perature of 2870°K as a standard. The luminous sensitivity is then given 
in microamperes per lumen of the incident light. There are two lumi­
nous sensitivities. One is the static luminous sensitivity SL, which is 
defined as the ratio of the direct anode current to the incident radiant 
flux L of constant value. In a similar manner we define dynamic lumi­
nous sensitivity SL as the ratio of the varying anode current to the vary­
ing component D.£ of the incident light flux. 

For vacuum cells the two luminous sensitivities are equal since the 
response of such a tube varies linearly with light intensity. For a gas­
filled cell the dynamic luminous sensitivity is different from that of the 
static value. It may be found by calculating the slope of curve in Fig. 
15--7b at a given point, while the static value is the slope of the line joining 
the point to the origin. An examination of Fig. 15-9 shows that the 
dynamic luminous sensitivity will fall off as the frequency of the light 
variation is increased. 

16-6. Calculation of the Output of Photocells. The output for a high­
vacuum phototube can be calculated by means of an equivalent circuit 
just as it was for the triode. However, since the phototube acts more 
like a constant-current generator, the parallel form of the equivalent cir­
cuit is customarily used. Because of the high internal impedance of the 
vacuum phototube, the equivalent circuit becomes merely a constant­
current generator supplying a load resistor. 

The gas-filled phototube, not being linear and having a varying 
dynamic luminous sensitivity, is usually treated graphically, as also can 
be the high-vacuum type. Figures 15-6 and 15-8 show load lines drawn on 
the plate characteristics for the vacuum and gas-filled phototubes. The 
treatment is identical to that for grid-controlled vacuum tubes, the only 
difference being that the light flux L is varied instead of the grid voltage. 

16-7. Spectral Response of Commercial Photoemissive Surfaces. It 
is sometimes desirable to have phototubes whose peak response occurs 
in different parts of the spectrum. At times it is desirable to have a 
response similar to that of the human eye, and at others it may be desir­
able to have maximum response to red light or to blue light. 
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In order to simplify the specifications for different photoemissive sur­
faces, the Radio Manufacturers Association (RMA) has set standards for 
various spectral-response curves. Figure 15-10 shows the responses of 
four such surfaces. Note that the S-1 and S-2 surfaces respond very 
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Fm. 15-10. Standard RMA spectral-response curves. 

nicely to incandescent light. Surface S-3 has a peak response in the blue, 
while S-4 has its peak in the near ultraviolet. 

In applications it is very important to select a cell which has high 
response in the spectral region in which the light source has high output. 
As an example, for use with an incandescent light, the S-4 surface would 
have very little response, while the S-l ·would give good response. 
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16-8. Applications of Phototubes. The phototube, either the high­
vacuum or the gas-filled type, has high internal impedance and supplies 
a very small output current. Hence it cannot be used to supply directly 
a low impedance load such as a meter or a relay. However, by the use of 
a high-resistance load a relatively high output voltage can be obtained 
which can be applied to the grid of an amplifier tube and the amplifier­
plate output used to operate the meter or relay. 

A typical circuit for a phototube used to close a relay is shown in Fig. 
15-11. When the light falling on the cell reaches a certain intensity, the 
relay will close. The resistor Ru should be very high in value in order to 
obtain a high voltage output from the cell. However, it should not be 
too large, or stray electrons striking the grid will take so long to leak off 

LJ ...----;--o. 
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Relay ! 
PE 
cell Rg 

+ 1111 iJ 
Ebb 

-,, 11111 + 

Fm. 15-11. A photocell and amplifier used to actuate a relay. 

that the grid may charge up negatively enough to cause the tube to block. 
The tube may be a medium-µ triode, which will allow an Ra of 10 to 15 
megohms. The operating point for the tube is so adjusted that the relay 
will remain open until the right amount of light falls on the phototube's 
cathode. 

Phototubes may be used in conjunction .;ith small thyratrons to 
actuate relays or other electrical equipment. Figure 15-12 is the circuit 
diagram for such an application. Note that the thyratron is the shield­
grid type because of its low grid current. Alternating voltage is used 
instead of batteries as in Fig. 15-11. This allows the phototube to regain 
control of the thyratron when the incident light falls below a predeter­
mined value. 

16-9. Photomultiplier Tubes.2 When phototubes are used at low 
light levels, the output of the tube is a very small current and may be a 
fraction of a microampere. If the tube is to be used to actuate a relay, a 
current amplifier must be used. A single stage may not be sufficient; so 
two or more stages may be necessary. If the light is slowly varying, the 
amplifier must be of the direct-coupled variety. This may become quite 
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complicated since direct-coupled amplifiers are used only when they can­
not be avoided. The photomultiplier tube was developed to eliminate 
the necessity of using direct-coupled amplifiers with phototubes. 

Figure 15-13 shows a cross-sectional plan drawing of a photomultiplier 
tube. The cathode k emits electrons when light falls on it. These elec­
trons are accelerated toward the electrode A 1 by an electric field. When 
they strike A 1, they cause several secondary electrons to be freed. These 
in turn are accelerated toward A 2, where each knocks out several more 

FIG. 15-12. Circuit diagram of the Westinghouse RQ Phototroller. 

Fm. 15-13. Cross-section plan drawing of a photomultiplier tube. 

electrons. Hence we can see that such a tube with nine dynodes (A 1, A 2, 

etc., are called dynodes), each having a secondary-emission ratio of about 
5, will result in about 59 electrons arriving at the collector for each photo­
electron. Thus such a tube gives a current amplification of approx­
imately 2,000,000. 

The smallness of the input to the photomultiplier is limited only by the 
noise or random fluctuations of the output current. This random fluc­
tuation results because the electrons do not strike the dynodes and col­
lector at a uniform rate but act rather erratically and cause minute fluc­
tuations in the d-c output. 



460 ENGINEERING ELECTRONICS 

REFERENCES 

1. Glover, A. M.: A Review of the Development of Sensitive Phototubes, Proc. IRE, 
29, 413 (August, 1941). 

2. Zworykin, V. K., G. A. Morton, andL. Malter: The Secondary-emission Multiplier, 
Proc. IRE, 24, 351 (1936). 

3. Metcalf, G. F.: Operating Characteristics of Photoelectric Tubes, Proc. IRE, 17, 
2064 (1929). 

4. Zworykin, V. K., and E. D. Wilson: "Photocells and Their Applications," John 
Wiley & Sons, Inc., New York, 1932. 

PROBLEMS AND QUESTIONS 

1. Name the three photoelectric effects. 
2. What is a photon? 
3. Calculate the energy per quantum for a red light having a wavelength of 7000 A. 
4. 1\'hat maximum work function can a surface have in order that a red light, 

whose wavelength is 7000 A, can cause photoelectric emission? 
6. What is the luminous sensitivity of the 922 photocell, the characteristics for 

which are shown in Fig. 15-6? 
6. The data for the curves of Fig. 15-6 were taken when light from an incandes­

cent filament fell on the cell. Would the luminous sensitivity for daylight be the 
same as the value found in Prol. 5? 

7. Calculate the static luminous sensitivity for the 921 cell for a light flux of 
0.05 lumen and an anode voltage of 70 volts (see Fig. 15-8). Does the value differ 
from that for the dynamic luminous sensitivity for the same light flux? 

8. A type 922 photocell is connected in series with a battery of 200 volts and a load 
resistor of 10 megohms. Find the change in anode current when the incident light 
is changed from 0.3 to 0.2 lumen. Repeat for a change from 0.3 to 0.27 lumen. 

9. A type 921 gas photocell is connected in 
series with a 90-volt battery and a 10 megohm 
resistor. Find the change in anode current 
caused by a change in the ineident light from 
0.1 to 0.06 lumen. 

10. The photocell in Fig. 15-11 is of the 
vacuum type and has a luminous sensitivity of 
20 µa per lumen. The tube is a 6.J5, Ebb = 160 
volts, and Rk is adjusted so that E« = -8 volts. 
R, = 5 megohms. The relay has a resistance 
of 8000 ohms and closes when the current 
through it is 4 ma. How much light must fall 
on the cell in order to energize the relay? 

11. The circuit of Fig. 15-14 is to be used I<'rn. 15-14. 
to control the illumination in a room. The 

photocell is a type 922 and the amplifier tube a type 6J5. Ebb = 150 volts, 
R0 = 0.47 megohms. The biasing resistor is adjusted so that the relay opens when 
the light falling on the cell is 0.1 lumen. The relay has a resistance of 5000 ohms and 
closes when the current through it is 5.0 ma. It opens when the current through it 
is 3.5 ma. (a) Find the value to which Rk must be adjusted. (b) How many lumens 
must fall on the cell to close the relay? (c) If the area of the window in the cell is 
0.313 in.2, calculate the variation in light intensity required to open and close the relay. 



CHAPTER 16 

SOLID-STATE ELECTRONICS AND 
REACTANCE AMPLIFIERS 

16-1. Introduction. In recent years a number of devices have been 
developed to replace or to be used in conjunction with electronic tubes. 
These devices, while they do not involve the principles of conduction 
through gases or in vacuo, do involve theory similar to that for emission, 
have nonlinear characteristics, or exhibit other properties like those of the 
conventional electronic circuits. Some of them are classified under the 
heading of solid-state electronics. Among the devices to be discussed in 
this chapter are thermistors, blocking-layer rectifiers, and transistors. 
Magnetic amplifiers and dielectric amplifiers, while not usually classified 
under solid-state electronics, will also be discussed. 

Solid-state electronics is not a new branch of the electronic art. It 
dates back to the early days of radio and even precedes the vacuum tube. 
The early crystal detector used to detect "wireless" waves was a form of 
a semiconductor which today we call a point-contact rectifier. It 
employed a fine wire, called a "cat whisker," in contact with a lump of 
galena (lead sulfide), silicon, silicon carbide, or iron pyrites. Rectifica­
tion took place at the point of contact, and since there was a wide range 
of sensitivities at various points on the crystal, considerable time was 
usually spent hunting the most sensitive spot. For this reason it was 
soon superseded by the vacuum tube. 

An early reference to another type of semiconductor was made by 
Fritt in 1883 when he observed the rectifying properties of a selenium­
metal contact. In 1926 L. 0. GrondahP discovered the rectifying 
properties of copper-copper-oxide contact. These two devices were used 
for the rectification of currents greater than a few amperes and today are 
known as dry rectifiers. 

16-2. Energy States in Solid Matter. In Arts. 2-2 to 2-5 we briefly 
discussed the structure of the atom and how some of the electrons became 
free. We also mentioned that if the energies of the free electrons could 
be measured at 0°K, they would range all the way from a value somewhat 
greater than zero up to a certain maximum value Wm• The distribution 
of the energy among the electrons has been studied quite extensively. 
Several distribution functions have been proposed, but the one which 

¾61 
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seems best to meet the physical requirements was developed inde­
pendently by E. Fermi and P. A. M. Dirac and is known as the Fermi­
Dirac distribution. 2 It is expressed in the form of an equation by 

Pw 1 + f(W-Wm)lkT 

where Pw is the number of electrons per unit volume per unit range of 
energy, k is a constant of proportionality equal to 6.82 X 1027 electrons 
per m3 per electron-volt~\ W is the energy in electron-volts, K is Boltz­
mann's constant, Tis the temperature in degrees Kelvin, and e is the base 
of natural logarithms. 

When the Fermi-Dirac distribution is plotted for 0°K, the solid curve of 
Fig. 16-1 results. Note that the curve indicates that there are no elec­
trons with zero velocity and that there are no electrons with energy 

'1'=0°K 

Wm l-1:B EnergyW 

FIG. 16-1. Density of energy states in a 
solid at 0°K and at T"K. 

greater than Wm, It should also 
be noted that absolute zero does 
not denote the absence of all energy 
but rather indicates the condition 
of lowest energy content. 

As the temperature of the mate­
rial is increased above 0°K, the 
higher-energy electrons are given 
additional energy and the distribu­

tion function takes the form shown by the broken-line curve in Fig. 16-1. 
Now there are electrons with energies greater than Wm• 

The value of W,,. is a characteristic of the material and is referred to 
as the Fermi level. Since it can easily be calculated for different mate­
rials, it is often used as a reference level in comparing energies. W B is 
the energy that an electron must have in order to free itself from the 
forces at the surface of the material and thus become an emitted electron. 
The difference WB - W,,. = Ww is the work function for that material. 

In a conductor the energy distribution at 0°K is shown in Fig. 16-2a, 
where there is a band of empty allowed energy levels above Wm• If the 
material is heated, the electrons acquire additional energy and enter this 
allowed band. Or if the electrons are subjected to the action of an elec­
tric field, they likewise acquire the needed energy to enter the allowed 
band and become conduction electrons. 

The energy-distribution curves for semiconductors and insulators are 
shown in Figs. 16-2b and c, respectively. In these two types of materials, 
it should be noted that at 0°K the substances have one or more low­
energy bands, in which all available levels are filled, separated from a 
normally empty higher allowable-energy band by a third band of width 
w,. Evidence seems to indicate that the 11;1,tter is never occupied by 
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electrons, and it is hence called a forbidden band. The difference 
between semiconductors and insulators is in the magnitude of W1. For 
semiconductors W1 may be only a fraction of an electron-volt, while for 
insulators it may be several electron-volts. 

In a semiconductor at 0°K there are no electrons in the higher-energy 
or unfilled band. Hence the application of a small electric field will not 
result in current flow. However, if the temperature of the material is 
gradually increased, nothing happens until the temperature reaches the 
point where some higher-energy electrons acquire an additional energy, 
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Fm. 16-2. Density of energy states in (a) a good conductor, (b) a semiconductor, (c) 
an insulator. 

greater than W1, which enables them to enter the unfilled band, where 
they become conduction electrons. 

As the temperature is raised still more, the number of electrons avail­
able for conduction rapidly increases and hence more current may flow. 
Thus we see that, since conductivity increases with temperature, the 
temperature coefficient of resistivity must be negative. This is one of 
the characteristics of all semiconductors. 

If the temperature of an insulator is increased sufficiently, it too acts 
like a semiconductor and becomes somewhat conducting. However, the 
temperature at which this action occurs is much higher than that required 
to cause conduction in a semiconductor. 

16-8. n-type and p-type Semiconductors.11 The conductivity of a 
semiconductor may be greatly affected by the presence of impurities. 
For instance1 1 part per 10,000 of certain impurities may increase the 
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conductivity of silicon by a factor of 107. Other impurities in the ratio 
of 1 part per 100 may have practically no effect. 

Some impurities have filled energy states which are slightly below the 
unfilled band of the semiconductor and hence fall in the forbidden band. 
These electrons are not actually in the forbidden band of the semicon­
ductor but instead are in a filled band of the impurity. This band is at 
such an energy level that it falls between the filled and unfilled bands 
of the semiconductor. This condition is shown in Fig. 16-3a. Here it 
can be seen that an amount of energy equal to Wd can raise some of the 
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FIG. 16-3. Energy states in a semiconductor showing (a) donator level, (b) acceptor 
level. 

electrons from the impurity up to the allowed band of the semiconductor. 
These electrons contribute to the current flow. The remainder of the 
impurity atom is a positive ion which is bound to a particular location in 
the solid material. Such an impurity is known as a donator impurity. 
The positive ion of the donator becomes neutral again when it absorbs 
another free electron. Hence the atom has a net negative charge. 
Because of this excess negative charge a semiconductor with such an 
impurity is known as an n-type semiconductor. 

It has been found that some impurities have empty allowed bands 
between the filled and the unfilled bands of a semiconductor, as shown in 
Fig. 16-3b. Such unfilled bands may accept electrons from the filled 
bands of the semiconductor. Such impurities are called acceptor 
impurities. If the semiconductor is given sufficient thermal energy for an 
electron to be raised from its filled band to the acceptor unfilled band1 the 



SOLID-STATE ELECTRONICS 465 

semiconductor is left with a "hole" in its normally filled band. This 
hole can be filled by an electric field causing the passage of an electron 
from a neighboring semiconductor atom. This then leaves the neighbor 
with a hole which is filled from another neighbor, etc. An atom with 
such a hole has a net positive charge. Hence we refer to the hole as 
having a positive charge. Such a semiconductor appears to be con­
ducting by the motion of the positive charge, or hole; hence we call it a 
p-type, or hole, conductor. 

·whether a semiconductor is of the p-type or the n-type is governed by 
the impurity used. The two most common types of semiconductors are 
silicon and germanium. These are elements in the fourth group of the 
periodic table. It has been found that the addition of an impurity from 
the third group, such as boron or aluminum, will give p-type conduc­
tivity. Addition of an impurity from the filth group, such as phosphorus 
or antimony, gives n-type conductivity. 

16-4. Thermistors.3 Thermistors, or thermal-sensitive resistors, are 
semiconductors made in such a way that their negative coefficient of 
resistance is large throughout a desired range of temperatures. They 
find many uses in present-day electrical-engineering practice. These 
uses may include time-delay devices, protective apparatus, power­
measuring devices, and detectors of small radiant power. In many 
applications thermistors are used because they are simple, small, and 
rugged, have a long life, and require little or no maintenance. 

Any semiconductor may be used as a thermistor. However, in order 
to obtain a high negative temperature coefficient of resistance in a par­
ticular temperature range, they are usually made of a mixture of various 
metallic oxides. The oxides, which have first been extruded or pressed 
into a bead, rod, or disk, are heated at such a temperature that they sinter 
into a strong, compact mass. Contact wires are then fused or soldered on. 

Thermistors may change resistance as much as 4.6 per cent per degree 
centigrade at room temperature. One particular rod-type thermistor has 
a temperature coefficient of resistance of -0.043 ohm per °C at 25°C. 
From O to 300°C the resistance changes from 145,000 to 85 ohms. The 
resistance in this case decreases by a factor of more than 1500. For 
comparison, the resistance of a typical metal such as platinum will be 
increased by a factor of only 2 over this same temperature range. Figure 
16-4 shows how the resistance of a typical thermistor mat~rial varies with 
temperature. 

If current is passed through a thermistor, there will be an l 2R loss in the 
device which will result in an increase in its temperature. This rise in 
temperature will in turn result in a decrease in the resistance of the 
thermistor and hence a decrease in the voltage drop across it. Figure 
16-5 shows the volt-ampere characteristic for a typical small thermistor 
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bead. As the current first increases from zero, the drop across the bead 
likewise increases. This is because the current through the bead is not 
causing sufficient power loss to heat it appreciably. As a result, the 
voltage increases almost linearly with the current. The temperature 
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FIG. 16-4. Resistance-temperature curve of a typical thermistor and of platinum. 
( Courtesy of Bell Laboratories. 3) 

of the bead is indicated by the numbers on the curve. A point is finally 
reached where the power loss in the bead is sufficient to cause considerable 
heating of it and the voltage commences to decrease ·with temperature. 

Variable time delay for a small relay might be achieved by using a 
thermistor and an adjustable voltage source to actuate a relay as shown 

16 --~---------, in Fig. 16-6. If the relay is so ad­
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FIG. 16-5. Static volt-ampere curve for a 
typical thermistor. (Courtesy of Bell 
Laboratories.•) 

justed that it will close with a 5-ma 
current, it will be actuated in 0.25 
sec if the applied voltage is 80 volts, 
in 1.0 sec if the voltage is 50 volts, 
and in 5 sec with a voltage of 30. If 
other delay characteristics are de­
sired, one may select another therm­
istor from the many types available. 

Another application for thermis­
tors is shown in Fig. 16-7. Thisisan 
amplifier with negative feedback so 
arranged that the circuit provides 
constant output with negligible dis­

tortion for a wide range of signal input. The over-all gain of the circuit is 
regulated by the thermistor, which varies in resistance with output in such 
a way that the amount of feedback is varied to compensate for changes 
in input-signal level. 

16-5. Point-contact Rectifiers. 4 When vacuum diodes are used in 
very high radio-frequency circuits, the interelectrode capacitances may 
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cause considerable difficulty. Point-contact rectifiers, on the other hand, 
have very little capacitance between terminals; they can pass rnasonable 
magnitudes of current and require no filament-power source. For these 
reasons the point-contact rectifier has replaced the vacuum tube in some 
electronic circuits. 
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Fm. 16-6. Current vs. time curves for six values of the battery voltage in the circuit 
shown in the insert. (Courtesy of Bell Loboratories. 3) 

The materials used for most point-contact rectifiers are either silicon 
or germanium contacted by a sharply pointed tungsten wire. The whole 
device is enclosed in a ceramic or glass shell as shown in Fig. 16-8. These 
devices are more commonly knovm as germanium or silicon crystals, 
crystal diodes, or crystal detectors. 

In the manufacture of germanium 
crystals, germanium dioxide is first 
reduced by heating to an amorphous 
gray powdery form of the pure 
metal. This powder is then melted, 
along with the proper amount of im­
purity, to form the desired type of 
semiconductor. If a p-typeis being 
made, the impurity might be alumi­
num, boron, or any other element 

Amplifier 

finetwork 

FIG. 16-7. Circuit showing the use of a 
thermistor in a feedbaek loop to provide 
automatic gain control. 

from group III of the periodic table. If an n-type is being made, the im­
purity is any element from group V of the periodic table, such as arsenic or 
phosphorus. When the semiconductor has cooled, it is sliced into wafers 
about 2 or 3 mm square and 0.5 mm thick. These wafers are then ground 
and polished on one side to form the active element. The unpolished side 
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is then soldered to a large-area base electrode. Contact is made to the 
polished side by means of the sharply pointed wire. 

The complete theory of operation for point-contact rectifiers is too com­
plex to give in its entirety. However, an approximate, and necessarily 
incomplete, explanation will help in understanding the characteristics of 
these useful devices. 

·when a metal and a semiconductor are brought into contact, a contact 
difference in potential will result, as explained in Art. 2-8. More elec­
trons flow from the material with a low work function to the material with 
the high work function than flow in the reverse direction. This results in 

the high-work-function material 
attaining a negative potential relative 
to the low-work-function material. 

In the case of an n-type semiconduc­
tor contacted by a tungsten wire, the 

.......i;i.........+-fnsulofing plug tungsten has the higher work function 
Ceromic shell and becomes negative relative to the 

crystal. However, unlike a metal, 
the semiconductor has a very limited 
number of free electrons available for Contoct 

Germonium current conduction. Hence, when the 
semiconductor reaches an equilibrium 

--- 1nsuloting plug potential, there is a layer in the semi­
conductor, around the point of con-
tact, from which all electrons have 
been removed. Other electrons from 
the semiconductor cannot enter this 

Fm. 16-8. Construction of a ger-
manium diode. layer because of the repulsion of 

the negative charge accumulated on 
the tungsten point. This layer is known as the blocking layer and may 
be between 10-3 and 10-4 mm thick. It is this blocking layer which 
causes the crystal rectifier to have a unilateral characteristic. 

When voltage is applied between the contact wire and the semiconduc­
tor, the device may pass current or it may block, depending upon the 
polarity and magnitude of the applied voltage. If the semiconductor is 
made negative with respect to the contact ,vire, electrons will flow from 
the tungsten to the external circuit and thus remove the negative charge 
from the contact metal, which repelled the free electrons in the semicon­
ductor. This action wipes out the blocking layer, and hence a current 
can flow which is impeded only by the bulk resistance of the semiconduc­
tor. If the semiconductor is made positive with respect to the tungsten 
contact wire, electrons fl.ow from the external circuit to the tungsten and 
hence increase the negative charge in this metal at the point of contact. 
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This charge has the effect of increasing the thickness of the blocking layer. 
Since there are no free electrons in the blocking layer, there can be no cur­
rent flow through it unless electrons in the metal have enough energy to 
overcome the restraining forces and pass from that metal to the semicon­
ductor. Since the thickness of the blocking layer increases with potential 
difference, the voltage required to cause conduction in the reverse direc­
tion is quite high. Thus point-contact rectifiers have relatively low 
resistance in one direction and an extremely high resistance in the reverse 
direction. Figure 16-9 shows the 
volt-ampere characteristic for a 
type 1N34, which is an n-type 
germanium diode. 

If the contacting metal has a 
lower work function than the 
n-type semiconductor, the device 
will not rectify since no blocking 
layer can be established. For a 
p-type crystal the work function 
of the contact must be less than 
that of the crystal or no blocking 
layer will be set up. 

When the germanium diode is 
used as a detector, the forward 
resistance is considerably lower 
than that of the usual vacuum 
tube. I ts back resistance is not as 
great as that for the vacuum tube, 
and hence this latter fact may 
limit it to particular applications. 
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FIG. 16-9. Volt-ampere characteristic for 
a type 1N34 germanium diode. Note the 
changes in scale. 

16-6. Large-area Rectifiers. 1•5 Large-area rectifiers, usually known 
as dry rectifiers, operate along the same principles as does the point­
contact rectifier. They utilize the unilateral characteristic of a blocking 
layer developed in a semiconductor. They usually consist of a layer of 
semiconductor bonded onto a metal base with electrical contact being 
made to the semiconductor and to the metal base. The contact to the 
semiconductor is a large-area one under considerable pressure. Rectifica­
tion depends upon the blocking layer established at the surface of the 
semiconductor when the correct polarity of voltage is applied. 

One of the most common types of dry rectifiers is the copper-cuprous 
oxide cell developed by Grondahl in 1926. The cuprous oxide is formed 
on one surface of a copper washer by heating it to a high temperature in an 
oxidizing atmosphere. The oxidized washers are then stacked alter­
nately with soft lead washers and then placed under pressure. Connec-
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tions are made to the bottom copper washer and to the top lead washer as 
shown in Fig. 16-10. 

A typical volt-ampere curve for a copper-oxide rectifier is shown in 
Fig. 16-11. Each disk can withstand about 8 to 10 volts in the reverse 
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FIG. 16-10. Construction of a large-area copper-cuprous oxide rectifier. (a) A single 
disk. (b) The assembled unit. 

direction; hence, to rectify 100 peak volts, at least 10 disks would have to 
be stacked. One drawback of such a device is that it cannot operate at a 
temperature above about 45°0. For this reason it is built so that the 
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and placed under compression. The 
selenium rectifier can operate at 
temperatures up to 75°0 and will 
withstand back voltages as great as 
25 volts per disk. This allows them 
to be more compact, for a given elec­

Fm. 16-11. Volt-ampere characteristic trical capacity, than is the copper­
for a single copper-cuprous oxide disk. 

oxide rectifier. 
16-7. Varistors. When four rectifiers, either the small-area or the 

large-area type, are connected in a bridgelike arrangement as shown in 
Fig. 16-12, they are known as a varistor. Among the various circuits in 
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which they are used is the a-c milliammeter shown in Fig. 16-12a and the 
modulator shown in Fig. 16-12b. 

16-8. Transistors. 6•11 The transistor is a semiconductor used in such 
a way that it can amplify voltage, current, or power without the use of 

A·c input 

(a) (o) 

FIG. 16-12. Varistors used (a) to convert a d-e milliammeter for use with alternating 
current, (b) as a modulator. 

vacuum tubes. One form of such a device, known as a type A transistor, 
is shown in Fig. 16-13. It consists of two adjacent metallic points making 
rectifying contacts with a small slab of germanium. The third contact is 
a large-area one which comprises the Emltfer Callecfor 

base electrode. The point contacts 
are called the emitter and the collector 
and are input and output terminals, 
respectively. 

Either n-type or p-type germanium 
can be used as the semiconductor. 
The only difference in the circuits 
for these two types is in the polarities 
of the biases for the emitter and 
collector. The emitter must always 
be biased in the conducting or forward 
direction, while the collector is biased 
in the nonconducting or reverse direc­
tion. The biasing arrangements for 
the two types are shown in Fig. 16-14. FIG. 16-13. Cutaway view of a 

transistor. 
Only the n-type transistor will be 
discussed here, but the action of the p type is quite similar except that 
account must be taken of the fact that in the p-type crystal we have hole 
conduction while in the n type we have electron conduction. 

In the article on point-contact rectifiers the impression might have been 
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given that conduction in an n--type crystal is entirely by electrons. This 
is not the case, because if it were, transistors could not work. Actually, 
when a point-contact rectifier is biased in the forward direction, the point 
injects a comparatively large number of holes into the crystal. These 
holes drift toward the negative terminal and may reach it, or they may 
recombine with an electron en route and again become neutral. 

In the case of a transistor, the collector is biased in the reverse direction, 
and hence it may appear that it should not pass current. However, the 
emitter is biased in the forward direction and does pass current, injecting 
a considerable number of holes into the crystal. These holes, being pos­
itive in polarity, will drift over toward the collector, which is more nega­
tive than the base electrode. On arrival they remove electrons from the 

B Ve..=:-

I 
(a) (b) 

Fm. 16-14. Circuit arrangement for transistors when used as amplifiers. 

collector, which results in collector-current flow. Since the number of 
holes injected by the emitter depends on the emitter current, the larger 
this current the larger will be the collector current. In addition to the 
hole current, the positive charge around the emitter results in the estab­
lishment of a positive space charge surrounding the collector. This space 
charge tends to pull electrons from the collector and hence to increase the 
collector current. The net result is that the collector current is greater 
than the emitter current, which means that we have current amplification. 
By the proper choice of load resistors, voltage amplification can be 
accomplished. 

Another type of transistor which has been developed has characteristics 
which differ somewhat from those of the A type. This new transistor is 
made in two forms, one of which is known as the p-n-p type and the other 
as the n-p-n type. Both types are known as junction transistors. 

The p-n-p type is made by sandwiching a very thin layer of n-type 
germanium between two pieces of p-type germanium. This is actually 
done by using a relatively long piece of p-type germanium and converting 
a very thin layer, midway along its length, into n-type germanium by 
nuclear bombardment. One of the p-type sections serves as the emitter, 
the other as the collector, and then-type layer as the base. The emitter 
electrode is biased in the conducting direction. Under these circum-
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Fm. 16-15. Static characteristics for a typical transistor. (W. Shockley, Bell Tele­
phone Laboratories, Inc., "Electrons and Holes in Semiconductors," pp. 38, 39, D. Van 
Nostrand Company, Inc., New York, 1950. By permission.) 

stances it has been found that there is hole injection into the n-type ger­
manium just as there was in the case of the type A transistor. The other 
section of p-type germanium is biased in the nonconducting direction, 
and hence it acts as the collector. 

The n-p-n type transistor is similar in construction to the p-n-p type, 
the only difference being that the former consists of a layer of p-type ger-
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manium sandwiched between two sections of n-type germanium. The 
polarities of the biases must be the reverse of those for the p-n-p type. 

Figure 16-15 shows families of static characteristics for a typical point­
contact-type transistor. Note that, like electronic tubes, these are not 
linear devices, but when operated over limited regions, they can be con­
sidered approximately linear. Hence an equivalent circuit may be useful. 
In order to find such an equivalent circuit, we may express the equations 
for the static characteristics in functional form. Thus 

and 
V. '2(l.,I0) 

where V and l signify steady values. 

(16-1) 

(16-2) 

We may write the total differentials of these two functions in the 
approximate forms 

(16-3) 

and 

(16-4) 

But if we let the incremental quantities be the instantaneous alternating 
values of voltage and current and note that the partial derivatives are 
the slopes of the characteristic curves and have the dimensions of resist­
ance, we may write Eqs. (16-3) and (16-4) as 

v. = r •• i. + r,.i. 
Ve = r0,i, + r00i0 

(16-5) 
(16-6) 

where r •• = av.Jar. is the slope of the curve in Fig. 16-15a at a given 
operating point. r •• = av.Jal. is a mutual resistance and is the slope of 
the curve in Fig. 16-15b at the operating point. r« = av.Jal. is the 
slope of the curve of Fig. 16-15c, and r00 = av.Jal. is the slope of the 
curve of Fig. 16-15d. 

An equivalent circuit may be drawn from Eqs. (16-5) and (16-6). This 
has been done in Fig. 16-16a. Another form of equivalent circuit has 
been drawn in Fig. 16-16b. It can be easily shown that these two circuits 
give identical results if we make 

r. = r., - r •• 
ro = r •• 
r. = r •• - r •• 

rm = r •• - r •• 

(16-7) 
(16-8) 
(16-9) 

(16-10) 
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r. is known as the emitter resistance, rb is the base resistance, r, the collec­
tor resistance, and rm the mutual resistance. Typical values of these 
resistances are r. ""' 250 ohms, rb ""' 300 ohms, re ""' 20,000 ohms, rm ""' 
35,000 ohms. 

When a transistor is connected as an amplifier, the equivalent circuit 
becomes quite simple. Let Va be the open-circuit voltage and Re be the 
internal resistance of the input-signal source. RL is the resistance of the 
load. The equivalent circuit may then be drawn as in Fig. 16-17a. 

I,. -
t v, Rr.. 

(a,) (a) 
~ 

I,. 

t Ve rb Vcj RL 

(bl (b} 
FIG. 16-16. Equivalent circuits for tran- FIG. 16-17. Equivalent circuits for a 
sistors. transistor used as an amplifier. 

We may use effective values of voltage and current and obtain loop 
equations: 

V. = V0 IeRc = r •• I. + Icr,c 
v. = -IcRL = I,rce + Icrcc 

Solving Eq. (16-11) for I. gives 
I, = V0 - lcr•c 

r,. + Re 

Substituting from Eq. (16-13) into Eq. (16-12) yields 

v. I. (r .. - r,crce ) + Tee .. Vu 
Tee + Re rec Re 

or 
Ve= V~ + I.Re' 

where 

and 

(16-11) 
(16-12) 

(16-13) 

(16-14) 

(16-15) 

(16-16) 

(16-17) 
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If an equivalent circuit for Eq. (16-15) is drawn, Fig. 16-17b results. 
The current le can be written as 

V' I= __ u_ 
c Re+ RL 

(16-18) 

Hence the power supplied to the load RL is 

(16-19) 

16-9. Photoconductive Cells. The earliest photoelectric cells were of 
the photoconductive type. This cell consists of a thin layer or film of 
semiconductor between two electrodes. Such a cell is described in Art. 
15-1. Selenium is the material ordinarily used as the photoconductor, 
although there are several of the metallic oxides which can also be used. 
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3000 ~0,000 20,000 

-JVisible Infrared ---

FrG. 16-18. Spectral response of a 
selenium photoconductive cell. 

The theory of operation for these 
cells is the same as that for the con­
duction of current in a semiconduc­
tor. This was explained in Art.16-2. 
Electrons in the filled band of the 
selenium are given energy by the 
radiant energy striking the surface. 
This energy raises some of the elec­
trons from the filled band to the 
unfilled band, where they become 
conduction electrons. The more in­
tense the radiant energy, the greater 

the number of conduction electrons in the unfilled band and hence the 
. smaller the resistance becomes. The dark resistance (the resistance of 
the cell when there is no light energy falling on it) depends on the material 
used, the thickness of the film, the spacing between the electrodes, and 
the length of the electrodes; usually it is of the order of megohms. When 
light falls on the cell, the resistance may decrease by as much as 25 per 
cent. 

The difference between the energy levels of the filled band and unfilled 
or allowed band of a semiconductor is on the order of 0.5 electron-volt. 
Hence the minimum quantum of energy needed to increase the conduc­
tivity of such a cell is less than the quantum of energy needed to cause 
emission in a photoemissive cell where the work function of the surface is 
about 1 electron-volt. Photoconductive cells can therefore be used with 
longer-wavelength light than can photoemissive cells. For this reason 
they find one of their chief uses when infrared light is to be detected. 
Figure 16-18 shows the response of a typical selenium cell. 
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A rather recent and interesting use of this type of photosurface is in the 
television camera tube known as the Vidicon. This tube is used in indus­
trial equipment where slow response is not a drawback. This slow 
response is the chief reason why photoconductive cells are not more 
commonly used. 

16-10. Photovoltaic Cells. The photovoltaic cell operates because a 
voltage is generated when light 
falls on the photosensitive surface. Tronsporenf conducting 

tocquer 
Figure 16-19 shows the construction 
of such a cell. A layer of semicon-
ductor is either formed on or bonded 
to a metallic base electrode. The Iron base 

surface of the semiconductor is then 
coated with a very thin transparent 

· 1 h FIG. 16-19. Construction of a selenium-
metallic fi m or wit a transparent iron photovoltaic cell. 
conducting lacquer. Light passes 
through the transparent electrode and falls on the surface of the semi­
conductor, and, as in the photoconductive cell, electrons are raised from 
the filled band to the conduction band. At the same time a voltage 
appears between the semiconductor and the transparent electrode. This 
effect was explained in Art. 16-5, where the point-contact rectifier was 
discussed. If the two electrodes are connected together electrically, a 

200 

0. 
El50 
0 

' .'..100 
C 

t 
::, 
Q 50 3000 

10,000 

current will flow which is propor­
tional to the light energy falling on 
the cell. 

The potential developed between 
the two electrodes does not vary 
linearly with the intensity of the 
light falling on the surface. This 
voltage is on the order of a few hun­
dred millivolts in bright light. The 
cell resistance is very small, and 

20 40 60 80 100 hence, if the external circuit has low 
llluminollon - foot candles 

FIG. 16-20. Response of an iron-selenium 
photovoltaic cell as the external-circuit 
resistance is varied. 

resistance, an appreciable current 
may flow. The magnitude of the 
current may be as great as a few 
milliamperes in strong sunlight. 

The resistance of the semiconductor varies with the light intensity in such 
a manner that the short-circuit current which flows varies almost linearly 
with light intensity. 

There are two common types of this cell in use today. One is the 
copper-copper oxide cell, and the other is the iron-selenium cell. Figure 
16-20 shows the characteristics of a typical iron-selenium cell as the 
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shorting resistance is varied. Since such a cell is more linear. and has 
greater current output when used with a low-resistance short, it is 
advisable to use a low-resistance microammeter of the desired range as the 
short for the cell. 

These cells find their greatest usage as foot-candle meters or as photo­
graphic exposure meters. In some instances they have been used to 
operate directly a sensitive relay which in turn may operate a larger 
relay. The latter then could be used to turn on or turn off large elec­
trical loads. The cells cannot be used with modulated-light sources 
because of their extremely poor frequency response. The large electrodes 

~=1'"' A-c 
source 

(a) 

D-c con!rol 

Lood 

(o) 
FIG. 16-21. Saturable-eore reactor circuits. 

A-c 
source 

form a closely spaced capacitor which shorts out any varying current 
generated by the cell. This shorting effect is so bad that a light modu­
lated at a 6()..cps rate will cause only half the current output that a con­
stant light would cause. 

16-11. Magnetic Amplifiers. 7 Saturable-core reactors, the heart of 
the magnetic amplifier, have been used in conjunction with electrical 
machinery since about 1895. However, they did not reach a high state 
of development until the Second World War. During this conflict the 
Germans set up an extensive program for the development of the mag­
netic amplifier. They spent millions of dollars to bring this device to the 
stage where it could be used in gun stabilizers, automatic pilots, servo 
control systems for their long-range rockets, blind-landing aids, etc. 
These devices also found many civilian applications such as in eomputing 
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machines, electric brakes for locomotives, high-voltage power-line con­
trols (where they could control up to 50,000 kva), streetcar controls, and 
many others. Since the war, engineers in this country have also found 
many uses for magnetic amplifiers and have made improvements on them. 

A saturable-core reactor in its simplest form is shown in Fig. 
16-21a. The secondary, or load, current is alternating and is controlled 
by the impedance of the secondary. This impedance in turn is con­
trolled by the magnitude of the direct current flowing through the 
primary, or control, winding. When the direct current is zero, the 
impedance of the secondary is a maximum and the alternating current 
flowing through it is a minimum. If the direct current is increased 
sufficiently, the magnetic core becomes saturated and hence the per-

0-c control 

A-c 
source 

FIG. 16--22. A simple magnetic amplifier. 

Load 

meability of the magnetic path becomes practically that of air. The 
incremental inductance then becomes about the same as though the coil 
had an air core. The reactance of the coil becomes very small, and hence 
the current increases accordingly. 

If the control winding has a large number of turns, only a small direct 
current is required to saturate the core. Hence a small direct current can 
be used to control a relatively large alternating current. This type of 
circuit has been used quite extensively for the control of lighting loads, 
particularly for stage lighting. 

One drawback to this device as described is caused by the alternating 
flux from the secondary linking with the control winding and inducing 
a voltage in it. If the control winding has a large number of turns, this 
induced voltage may become quite high and may even cause breakdown 
of the insulation. A much more satisfactory arrangement for a saturable 
reactor is shown in Fig. 16-21b. In this circuit the net alternating flux 
linking the control winding is zero, and hence the induced voltage is zero. 

The saturable reactor just described might be classified as a magnetic 
amplifier, although it is a very poor one. By inserting a rectifier as 
shown in Fig. 16-22 a much more efficient magnetic amplifier is obtained. 
The rectifier in series with the load results in a unidirectional load current 
which assists the control winding in saturating the core. Less control 
power is now needed, for a given amount of control, than if the rectifier 
had not been used. 
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In order to understand better how a magnetic amplifier works, let us 
first examine the magnetization curve for the magnetic core. Figure 
16-23a shows such a curve. Actually the material goes through a 
hysteresis loop as the magnetizing current varies over a cycle, but for 
simplicity we shall assume that the loop is very thin so that it can be 
approximated by the curve given. Furthermore, we need not consider 
the part of the curve associated with negative values of B and H, because 
of the rectifier. 

If the direct current is zero and the alternating voltage is of such a 
magnitude that H varies from zero to Ha, then the impedance of the 

/3 

(a) 

Fm. 16-23. Operation of a magnetic amplifier. 

secondary will be large at all times and the drop across the load will be 
approximately zero as shown in Fig. 16-23b. If the direct current is now 
increased until the magnetizing force caused by it is H 1, then the rectified 
alternating voltage may cause current to flow such that the magnetizing 
force varies between H 1 and H4. This results in a load-voltage wave­
shape as shown in Fig. 16-23c. A further increase in direct current might 
result in the magnetizing force varying between H 2 and Ho• This would 
result in the load voltage shown in Fig. 16-23d. 

The simple magnetic amplifier just described performs very poorly 
because of voltage induced in the control .-..rinding. More complicated 
and far more satisfactory circuits are shown in Fig. 16-24. Circuit a is 
the basic circuit for a-c loads, while circuit b is for the control of d-c loads 
from an a~c source. 

Feedback may be used with these amplifiers to change their charac­
teristics. An a.dditional coil, however, must be wound on the center leg 
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of the core. Figure 16-25 shows two feedback circuits, where (a) is for 
d-c loads and (b) is for a-c loads. In both cases the output is rectified 
and fed back to the additional coil in such a fashion that its mmf either 
aids or opposes the mmf set up by the control coil. If this mmf aids, 
the feedback is positive and results in increased control. Gains of several 
million per stage can be attained using these circuits with positive feed­
back. However, with this high gain they may be very unstable. If 

O-c control 
circ1.1il 

O-c control 
circ1.1il 

(a) 
Lood 

A-c so1.1rce 

A·c 
so1.1rce 

Fm. 16-24. Magnetic-amplifier circuit for (a) a-c loads, (b) d-c loads. 

the rectified output is fed back in such a manner as to oppose the control­
coil mmf, the feedback is negative and the gain is decreased but the 
response becomes more linear. Figure 16-26 shows the effect of feedback 
on th-e load voltage as a function of the control ampere turns as the feed­
back goes from negative to positive. 

Up to this point only magnetic amplifiers using d-c control circuits and 
a-c or d-c loads have been discussed. These devices also serve very 
satisfactorily as a-c amplifiers for audio and even radio .frequencies. 
When used as an audio amplifier, the audio signal replaces the d-c control 
source and the a-c source must have a frequency somewhat greater than 
the highest-frequency audio component to be amplified. Naturally the 
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iron used in the core must be able to handle these higher frequencies 
without too much core loss. Provision must be made at the output of 
the amplifier to separate the unwanted frequency from the audio fre­
quencies. Figure 16-27 shows the circuit of a simple a-f magnetic 
amplifier. 

Multistage amplifiers have been constructed with power outputs of 
500 watts and excellent linearity up to 7000 cps. 

D-c control 
circuit 

Load 

D-c control circuit (a:) 

A·c 
source 

A-c 
source 

FIG. 16-25. Magnetic-amplifier circuits with feedback (a) for d--c loads, (b) for a-c 
loads. 

If magnetic amplifiers are to be used at radio frequencies, particular 
care must be exercised in selecting a core material. Experiments have 
shown that some of the rolled magnetic alloys can perform with fair effi­
ciency up to several hundred kilocycles. Above this frequency other 
core materials must be used. Powdered-iron cores do not make satis­
factory magnetic amplifiers because of the relatively large air gaps caused 
by the separation between particles of iron. A satisfactory core can be 
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made from magnetic ferrites. Metallic oxides are pressed or extruded 
into the desired shape and then fired at a temperature of about 1200°C 
in order to process them so that they have the desired characteristics. 
They then have a maximum permeability exceeding 1000 (compared with 
powdered iron with about 100) and they also have very high ohmic 
resistances. These characteristics make them very desirable for core 
materials. 

Magnetic amplifiers have found a very definite place in modern elec­
tronics. They replace the vacuum tube in some applications and sup-
plement it in others. A few of the Audio 
applications are listed below. fnputy 

Amplifiers, a-c and d-c for current, l®iJ 
voltage, and power. As an exam­
ple, they might be used with thermo­
couples and photocells to control 

OJ 
c> 
0 

~ +2 
> 

Control-circuit ampere turns 

Fro. 16-26. Effects of negative and of 
positive feedback with magnetic ampli­
fiers. (i/31 a: No. feedback turns.) 

l5kc 
input 

_ Bias 

r::,:i 
output 

FIG. 16-27. A magnetic amplifier for 
use with audio frequencies. 

motors directly. The magnetic amplifier is excellent with direct voltages 
since it is not subject to the drift difficulties often encountered in elec­
tronic-tube amplifiers. 

Regulators. Control of current, voltage, and frequency of industrial 
power installations. 

Motor starters and controls. 
Servo systems. Complete systems have been built utilizing magnetic 

amplifiers as regulators, converters, and computers, and as a replacement 
for thyratrons and for a mechanical amplidyne system. 

The magnetic amplifier has several advantages over the electronic-tube 
amplifier. It is more rugged and less affected by power-line variations. 



484 ENGINEERING ELECTRONICS 

It can carry larger overloads, has longer life, and requires no warm-up. 
As disadvantages, however, it has a long time constant and a relatively 
low input impedance; furthermore, it costs more than the electronic-tube 
amplifier. 

Input Lood 

Volloge 

I I! I l----o;!~, 
Fro. 16-28. Basic circuit for a dielectric Fro. 16-29. Variation of capacitance with 
amplifier. applied voltage for a dielectric-amplifier 

material. 

l 
Input 

L1111--~ 
Bias 

Fm. 16-30. A practical circuit for a dielectric amplifier. 

Fm. 16-31. A push-pull dielectric amplifier. 

16-12. Dielectric Amplifiers. 8 A new and novel device, which is being 
investigated, is the dielectric amplifier. As yet it has found very few 
applications but shows promise of being very useful. 

Its operation is very similar to that of the magnetic amplifier except 
that it works on the principle that the dielectric constant for certain 
insulators (such as barium zirconate) varies ·with the voltage across it. 
:Figure 16-28 shows the basic circuit for such a device. Following a 
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variation in the control voltage, the dielectric constant of the capacitor, 
the latter's capacitance, and the r-f load current all change. Figure 
16-29 shows how the capacitance varies with the applied control voltage. 

Figure 16-30 shows a much more satisfactory arrangement for a dielec­
tric amplifier. This circuit has a high impedance and is balanced, with 
no r-f currents in the control leads. Figure 16-31 is a push-pull arrange­
ment of a dielectric amplifier. 

Applications of the dielectric amplifier parallel those of the magne,ic 
amplifier. However, they have one advantage over these employing 
magnetic amplifiers because of their higher input impedances. 
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Rb, megohms 

APPENDIX B 

R-C-COUPLED A:\:IPLIFIER DESIGN CHART* 

6J5, 6SN7, 7 A4 

100 250 

0.047 0.27 0.047 0.10 I 0.27 

I
! 0.10 !' 

i, 11~-I~- ---1 --1--~-•1----
.1 

R,. megohms , 0.1 i 0,27 0.10 0,'17 0.271 0.47 0.10 0.27 0.10 0.471 0.21 I 
'--R-,,-o-h_m_s __ -J;l:-1-80-0-1· 2200 3300 4700 820.;-;iOOOO ii 1600 2200 2700 3900 6800 8200 

ii-~;--;;;; ---;;:-;;; 0.50 0.24 0.22 I 2.79 2 40 ~ L31 0.61 i 0.58 

'--E-,.-,-v-o-lt_s __ ...J!l<----1-.9-
1

----2-.1 -1.9 -2.4 ~ -2.2~' -{.2 -6.3 -4.0 -5.1 -4.2; -4.7 

0.47 

Ibo, n1a 

E;a, volts 51 55 43 50 37 41, 119 137 101 119 85 ! 94 
i--====~11~==1~--=,~-=I- --1=1~,--,"----~--

1--v_._· v_o_I_ts_,_,_n• __ 
11 
__ 0_.5_

1 
__ o_.5 ~1~1~ ~!•~~ 1.0 LO 1.0. LO 

,_E_,_' _vo_I_ts_rm_s_11-_6_.6_
1 
__ 1_.1 6.8 7.41 7.3 7.4 U.8 ~ 1.5.2 16.2 15.9 I 16.2 

13.2 14.2 13.6 14.8 14.6 1-4..8 14.8 j '15.0 15.2 16.2 15.9 16.2 

1-D-i-st-.-, -%-,---11--1-.9-I-- L8 2,4 2.0 2.0 ---;-;-ll-·;:-:~r~ 1.8 1.31 1.6 1.3 

~. -~:-= i 1~--

0.95 • 1.13 0.95 1.30 0.95 1.20 2.70 I 3.50 2.55 3.30 
1 

2.64
1 

3.05 

1--E_,_' v_o_I_ts_r_m_• __ ,
1 
__ 1 __ 2_.5_

1 
15,5 12.9 19.2 13.7 17.7 3\U) 

1

. 52.5 38.4 53.0 I 42,0 I 48.4 

,__A _____ _ 1_s_.1_, __ 1_s_.9 13.6 14.7 14.4 ~-1~42_ _ 1s.o 15,0 rn.1 j 15.9 rn.2 

3.9 4.2 4.91 4.71 4.4 4,511 4.11 4.9 4.9 4.6 l 4.7 4.5 

A 

V 11 , volts rms 

Dist., % 

* Data in these charts are from "Technical Manual," Sylvania Electric Products Inc., Emporium. 
Pa., hy permission~ 
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R-C-COUPLED AMPLIFIER DESIGN CHART (Continued) 
6SF5, 7B4 

Ebb; volts 100 I 250 

ii ·--------

R1;. megohms ! I! 0.21 
o.~o 0.21 I o.47 I 0.10 

1 

____ 

1 

__ , __ o._47-

0.21 0.47 0.27 0.47 1 1.0 0.47l~l 0.27 0.47 0.27 0.47: 1.0 0.471 1.0 

1--R-,,-o-h-n-1s----;::•-3-90_0_
1
_3_900- 5600 5600 6800 8200 10000: 1500 800•~ 27001270\3900! 4700 

I,,, ma 0.22 0.22 0.14 0.14 0,13 0.10 0.09 0.84 0.76 0.44 0.44' 0.441 0.30 0.27 

Ru, megohms 

1-------~f---1--l--11--11--11--1--ji---l-~1---------
Eeo, volts -0.9 -0.9 -0,8 -0.8 -0.9 -0.8 -0.9 -1.3 -1.4 -1.2 -1.2 -1.2'-I.2 -1.3 

l---------11---1---1---:---1-- __ , __ _, __ , _________ _ 

Eba, volts 78 78 61 61 65 53 57 166 174 131 131 131 .12 123 

V 11 , volts rms ,1 0.1 0.1 0.1 0.1 0,1 .l 0.1 
1--------11---1----------,~ ---------1---1---1---1 

E,,, volts rn1s 4.3 4.3 4.8 5.4 5.6 5.4 6.4 5.7 5.8 6.5 7.2 7.6 '.3 7.7 
l--------lt---·l--·---1---1---1--->----1---1---------

A 43 43 48 54 56 54 64 57 58 65 72 76 73 77 
- -- - --·· ---

Dist.,% 4.1 4.1 4.3 3.7 3.2 4.1 3.6 0.9 0.9 I 1.0 1.0 1.0 1.3 1.2 - -= = = 
Vv, volts rms 0.12 1 0.12 0.10 0.10 0.13 0.10 0.15 0.47 0.54 0.39 0.39 0.39 0.33 0.45 

----------- -
Ee, volts rms 5.1 5.2· 4.8 5.4 7.3 5.4 9.0 27 31 25 28 29 24 34 

! 43 43 48 54 56 54 6011 56 
--------+---1---------1--'----II---

I 5.1 5.0 4.3 3.7 4.6 4.1 I 5. 4.51 
.4 

Dist., 

57 63 71 75 71 76 
··---------

5.1 4.2 3.9 5.2 5.2 
I I 
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R-C-COUPLED AMPLIFIER DESIGN CHART (Continued) 
6SJ7 

E,,., volts 100 250 

R,, megohms 0.10 : 0.27 0.47 1 0.10 0.27 I 0.47 

,----H--l---1---li --,----[-~, 
Rd, megohms 0.39 , 1.20 1.80 0.39 1.20 2.20 

, 0.271 0.471 0.271 0.47 1.0 0.471 1.0 0.27 0.47 I 0.471 1.0 0.47 LO 

I--R-.,-o-h_m_s ____ 12_00_,_1_20_0,_2_7_00_1_2_7-00_1_2_7_00_1_4_7_00_1_4_7_00-+--5-60 1-;; 1200! 1200'~ ~-;'-;;; 

Ra, megohms 

loo, ma 0.65 0.65 0.26 0.26 0.26 0.17 0.17 1.77 1.77 0.68 0.68 0.68 0.40 0.40 
1------·H-- --f--.f--1--1--1--llc---- ---1--1--1--1·---f--

Ieao, ma 0.18 0.18 0.07 0.07 0.07 0.05 0.01 0.50 0.50 0.18 0.18 0.18 0.10 0.10 
1-------1---1---1--------1--1c---1-- - -,--,--,--1--1 

Eeto, volts ,-1.0,-1.0 -0.9 -0.9 -0.9 -1.0 -1.01-1.3 -1.3 -1.0 -1.0 - .0 -0.9 -0.9 
1--------·---1---1--1--1--.-------1-•-:---1·--~ 

30 30 19 18 18 19 H 55 55 31 31 26 26 

1-E-.,-, -v-ol_ts __ __,,___3_61--36--;;; -3-0 -3-0-l--23-l---2,11 ___ 73 1-;-6-8 -6-8·,--6-8.:1,·-6-l -;;-;:-

1====-·=il-=l==li=--= = =-1•==1•=-il-=~,~=•1=·-= .. -1-=-1==•=•=•1-= 
Vq, volts rms 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1: 0.li 0.1 0.1 

1--------11---1--------------tt---1·-- - ----1 ..... ,-1·--I 

Eo, volts rms 6.9 7 .8 8.2 10.2 12.5 10.2 13.l 10.2 11.5 17.9 21.6 19.5 25.6 
I 

I--J.------lt--6-91 l-;-8-2 -10-2 -12_5_, __ 10_2_, __ 13_1 __ 10_2_1 __ 1_15-l·--13-611=1-79-. 1 ,-2-16 -1-9; ·-;;-

Dist.~ % 0.6 0.7 3.4 2.6 2.3 2.8 3.~ 0. 7 0.8 2.2, 1.8 1.5 

Va, volts rms 0.2 0.2 0.14 0.14 0.14 0.13 0.13 0.5 0.5' 0.25 0.25 0.15 

E,, volts rms 13.2 14.9 11.1 13.9 17.2: 12.8 16.6: 47 ~·-;;; ~
1
--; 2sl a1 

l---------!l---l---l---:---;·---1--r---1,---1--1- ··--
A 65.8 74.5 79.4 99.5 123 98.5 128 94 108 132 168 200 187 247 

Dist., % 3.0 2.9 5.1 4.3 3.7 4.6 5.0, 4.2 5.0 5.2 4.4 4.7 ,5 3.7 
i 



APPENDIX C 

A TABLE OF SYMBOLS* 

Supply values .......... . 
Values for constant applied 

voltages ............. . 
Instantaneous total values 
Instantaneous incremental 

values ............... . 
Effective values ........ . 
Average values ......... . 
Quiescent values ........ . 
Time-axis values ........ . 
Vector values ........... . 
Peak values of sinusoidal 

quantities 
Special instantaneous val­

Eff, Ebb, Ecc, Eccl, Ecc2, etc. 

Cp, ip, e0 , i0 , e,, e0 2, C2u, V0 , Vp, e0, etc. 
Eb, h, EP, IP, E0 , l 0 , E0 2, E20 , V 0 , VP> Ea, etc. 
Eba, Iba, lea, Ic2a, etc. 
Ebo, ho, Eco, Ico, Ic20, etc. 
Ebt, ht, Ect, etc. 
EP, Ip, Eu, lu, Vu, VP, Ez, Ea, etc. 
Epm, lpm, Jbm, Eum, lum, Vum, Vpm, E,m, E 0 2m, 

I 0 ,m, etc. 

ues · · · · · · · · · · · · · · · · · · Cbmax, ibmax, ib+max, ib_max, i,,, i_y,, etc. 
Harmonic components. . . . ip,, ip,, I po, I Pn IP" I p,m, etc. 
Applied signals .......... v0 , V 0 , V0 , v1,, VP, VP, etc. 

* Suffix numerals refer to the electrode number, for example, Ecc2 is the direct sup­
ply voltage for the second grid. 

Prefix numerals refer to the tube number, for example, e,c is the total instantaneous 
grid voltage for the first tube in the circuit. 

Subscript numeral refers to the order of the harmonic, for example, IP,· 
Subscripts b and p refer to the plate. 
Subscripts c and g refer to the grid. 
Subscript k refers to the cathode or to a carrier. 
Subscripts z and L refer to the load. 
Subscript o refers either to a quiescent value or to the output. 
For definitions of these symbols, including their positive sense, as well as the defini­

tions of other symbols for power, resistance, reactance, capacitance, etc., refer to the 
text. 
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INDEX 

A 

Abnormal glow, 392 
Activation of emitter, oxide-coated, 41 

thoriated tungsten, 39 
Admittance, input, of cathode follower, 

205 
of feedback amplifier, 199 
of following stage, 169 
of simple amplifier, 160 

Air-cooled tubes, 62 
Air gap in transformers, 216 
Allowed energy levels, 462 
Amplification factor, definition, 72 

graphical determination, 79, 80 
of pentodes, 93, 94 
of tetrodes, 89 
of triodes, 77, 79 

Amplifiers, a-f (see Power amplifiers; 
Voltage amplifiers) 

balanced, 166, 194, 262 
broad-band (see Video-frequency am-

plifiers) 
buffer, 103, 333 
cascade, 161 
cathode-follower (see Cathode-fo!lo,wer 

amplifier) 
class A, 112, 155-237 
class AB, 113, 270 
class B, 113, 272-277, 280--293 
class C (see Power amplifiers, r-f) 
classification of, 112, 155 
compensated (see Video-frequency am-

plifiers) 
coupling methods for, 163 
current, 108, 200 
dielectric, 484 
direct-coupled (see Direct-coupled am-

plifiers) 
distortion in, 148, 253, 258, 299 
equivalent circuit for linear, 135-139 
feedback, 299-321 

criterion for oscillation in, 320 
negative-, 312-319 
(See also Feedback) 

frequency response of, 175, 177, 189, 
222 

gain of, definition, .108, 156 
(See also specific amplifiers) 

Amplifiers, graphical determination of dis-

499 

tortion in, 1'12-146 
grounded-grid, 209 
high-frequency compensation of, 187 
input admittance of, 160, 199 
input capacitance of, 157 
interference in, 299-301 
i-f, 156, 232-237 

(See also Voltage amplifiers, r-f) 
linear, 156, 288 
Loftin-White, 164 
low-frequency compensation of, 190--

193 
magnetic, 478-484 
maximum efficiencies of, 245-249 
modulated (see Modulated amplifier) 
multistage, 161, 164-182, 309 
narrow-band, 222 

(See also r-f amplifiers) 
neutralization of, 84, 297, 298, 350, 

355 
noise in, 166, 300, 301, 307 
output impedance of, 159, 203, 209 
output voltage of, 156 
path of operation of, 126, 268 

(See also Load line) 
phase relations in, 175, 177, 180, 221 
plate efficiencies of, class A, 2,16 

class B, 248 
class C, 292 
comparison of, 256 

power (see Power amplifiers) 
push-pull, class A, 114, 261-272 

class AB, 270 
class B, 272-277 
load for, 268, 270, 273 
plate dissipation in, 269 

r-f, 223-237, 280--298 
band-pass, 282-237 
bandwidth in, 225, 230, 235 

r-f power (8ee Power amplifiers, r-f) 
r-f voltage (see Voltage amplifiers, r-f) 
with reactive load, 126 
regeneration in, 303 
R-C-coupled (see R-C-coupled ampli-

fiers) 
with series peaking circuit, 187 
with shunt peaking circuit, 187 
single-stage, 156-159 
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Amplifiers, stability in, 299 
transformer-coupled (see Transformer­

coupled amplifiers) 
transistor, 475 
tuned, 110 

(See also Power amplifiers, r-f; 
Voltage amplifiers, r-f) 

video-frequency (see Video-frequency 
amplifiers) 

voltage (see Voltage amplifiers) 
Amplitude distortion, 148 
Amplitude limiter, 380 
Amplitude modulation (see Modulation) 
Angle modulation, 345, 374-379 
Anode, cooling of, 62 

graphite, 62, 403 
material of, 62 

Arc discharge, 386, 392, 395 
Arcback, 400 
Atom theory, 30, 386 
Atoms, excited state, 386 

metastable stage, 387 
a-f amplifiers (see Power amplifiers; 

Voltage amplifiers) 
a-f transformers, 210-222 

equivalent circuit, 217 
frequency response, 212, 222 
(See also Transformers) 

Automatic volume control, 366 

B 

Balanced amplifier, 166, 194, 262 
Balanced modulator, 359 
Band-pass r-f amplifier, 232-237 
Bandwidth, in frequency modulation, 

373 
in r-f amplifiers, 225, 230, 235 
in R-C-coupled amplifiers, 177 
in transformer-coupled a-f amplifiers, 

220 
in video-frequency amplifiers, 183 

Barkhausen criterion, 328 
Battery charging, 435 
Beam, electron, 17-26, 97 
Beam power tube, 96, 256 
Beat-frequency oscillator, 435 
Bessel's functions, 372 
Bias, 108, 109, 168, 280, 296 
Bias line, 123 
Blocking capacitor, 108, 123 
Blocking layer, 468 
Boltzmann's constant, 35 
Breakdown, 391 
Bridge-stabilized oscillator, 337 
Buffer amplifier, 103, 333 

C 

Capacitances, equivalent input, of a tube, 
157 

distributed, of a transformer, 213 
interelectrode, of a tube, 83,, 85 

Capacitor, blocking, 108, 123 
cathode bypass, 313-316 
coupling, 167, 180 

Capacitor-input filter, 417, 431 
Carrier suppression, 360 
Carrier wave, 102, 344 
Cathode, cold, tubes with, 393 

disintegration of, 396 
heat-shielded, 395 
indirectly-heated, 41 
mercury-pool, 397 
oxide-coated, 40 
thermionic, tubes with, 395 
thoriated-tungsten, 39 
tungsten, 39 
virtual, 333 

Cathode bias, 109, 272, 297, 313 
Cathode bypass capacitor, 313-316 
Cathode degeneration, 313-316 
Cathode efficiency, 39-41 
Cathode-follower amplifier, 115, 201-209 

gain of, 202, 204, 205 
graphical treatment of, 205-209 
hall-power frequencies, 204, 205 
high-frequency analysis, 202, 204 
input admittance, 205 
low- and mid-frequency analyses, 202-

204 
Qutput impedance, 203 
practical circuits for, 201, 202 

Cathode pool, 397 
Cathode-ray tube, 18-26 

electrostatic deflection, 22-26 
focusing, electrostatic, 19-22 

magnetic, 17-19 
Cathode spot, 398 
Cesiated-silver photoemitter, 451 
Characteristic curves, composite-tube, 

262-266 
dynamic, 81, 129, 130 
static, beam tube, 98, 492 

constant-current, 74, 249, 493 
diode, 50, 63-67 
pentode, 91-95, 491 
phototube, 453-455 
plate, 73 
tetrode, 86 
thyratron, 404, 405 
transfer (mutual), 74 
transistor, 473 
triode, 73-75, 487-490 
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Charge-to-mass ratio of an electron, 2 
measurement of, 16 

Child-Langmuir equation, 55-60 
Choke, for r-f use, 328, 349 

for rectifiers, 423, 426, 432 
Class A, AB, B, C, 1, 2 amplifiers (see 

Amplifiers) 
Coefficient of coupling, 218, 231, 235 
Coils, series and parallel equivalents of, 

225 
Cold-cathode tubes, 393 
Collision processes in gases, 387 
Color response of photosensitive surfaces, 

451, 457 
Colpitts oscillator, 328 
Complex-number representation, 5, 128 
Conductance, mutual, 77, 81, 89, 93 
Constant-current characteristics, 75, 294, 

493 
Contact difference in potential, 34 
Controlled rectifier, 435-441 
Conversion, frequency, 361 
Conversion transconductance, 363 
Converter tube, 362 
Cooling of vacuum tubes, 62 
Coupling capacitor, 167, 180 
Coupling coefficient, 218, 231, 235 
Cross modulation, 359 
Crystal, germanium, 467 

quartz, 329 
Crystal diode, 467, 469 
Crystal oscillator, 329 
Current amplifier, 108, 200 
Cun-ent density, 35 
Current feedback, 308 

D 

Decibel, 162, 17 4 
Decoupling circuit, 191 
Deflection, electrostatic, 22 
Degeneration, 303 
Deionization time, 405 
Demodulation defined, 363 
Demodulators (see Detectors) 
Detectors, clipping with, 366, 367 

crystal, 469 
diode, 106, 364-368, 469 
f-m, 381 
heterodyne, 361 
linear, 364-368 
rectification, characteristics of diode, 

366 
square-law, 363 

Deviation, frequency, 346, 371 
Dielectric amplifiers, 484 

Diodes, characteristics of, 50, 63-67 
crystal, 467, 469 
gas-filled, 393, 395 
high-vacuum, 49-68 

current in, 59, 60 
parallel-plane-electrode, 51-54 
plate resistance of, 63, 64 
ratings of, 63 

Direct-coupled amplifiers, 164-167 
balanced, 166 
equivalent circuit, 165 
troubles with, 165, 166 

Discriminator, 381 
Disintegration of cathodes, 396 
Dissipation, plate (see Plate dissipation) 
Distortion, amplitude, 148 

with A VC, 366 
clipping, 366 
due to grid current, 112 
effect of load resistance on, 172 
with feedback, 304 
formulas for harmonic, 143, 145, 295 
frequency, 148, 260 
harmonic, 148 

analysis of, 142-146 
intermodulation, 148 
nonlinear, 148 
phase, 148 
in square-law detector, 364 

Distribution (see Potential distribution) 
Donator impurity, 464 
Doubler, frequency, 285 
Driver stage, 273, 277 
Driving power for class C amplifier, 296 
Dushman's equation, 35 
Dynamic characteristic curves, 65, 81, 

129 
Dynatron oscillator, 334 
Dynatron region of tetrodes, 88 

E 

Edison effect, 1 
Efficiency, emission, 39-41 

plate-circuit, 245-249, 292 
of rectifiers, 4.08, 411, 414, 417 

Electric field, 4 
Electric flux, 5, 9 
Electron beam, 17-26, 97 
Electron behavior, in electric field, 10--14 

in mag;netic field, 14-19 
Electron coupling, 333 
Electron gun, 19 
Electron optical system, 20 
Electron tubes (see Diodes; Ignitron; 

Pentode tubes; Tetrodes; Thyra­
trons; Triode) 
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Electron-volt, 34 
Blectrons, charge of, 2 

emission of (see Emission) 
free, 31 
mass of, 2 
mean free path of, 388 
properties of, 2 

Electrostatic deflection, 22 
Electrostatic focusing, 19-22 
Emission, high-field, 44 

laws governing, 35, 43, 44, 449 
measurement of, 36 
photoelectric, 47, 449 
secondary, 44, 458 
thermionic, 35-39 

Emission efficiency, 39-41 
Energy levels, allowed, 462 
Equipotential surfaces and lines, 6, 7 
Equivalent circuit, crystal, 329 

current-source, 134 
for linear cla,,is A amplifier, 135-139 
for linear class B amplifier, 288 
~orton's, 134 
for rectifier tube, 408, 415 
Thevenin's, 133-135 
for a transistor, 475 
voltage-source, 133-135 
(See also specific circuits) 

Bxcitation potential, 386 

F 

Feedback, circuits for, 309-319 
current, 308 
effect of, on amplification, 303 

on distortion, 304 
on noise, 301, 304 
on output impedance, 310 
on stability, 303 

in magnetic amplifiers, 480 
positive, 327 
voltage, 307 

Feedback amplifiers (see Amplifiers) 
Feedback factor, 304 
Feedback oscillators, 116, 326, 328 
Fermi-Dirac distribution, 462 
Field, electric, 4 
Field intensity, 4 
Filament, heat-saving, 395 

oxide-coated, 40 
thoriated-tungsten, 39 
tungsten, 39 

Filters, capacitor, 417-423 
capacitor-input, 417, 431 
inductance-input, 423, 426 
L-section, 426 
II-section1 431 

Filters, for power rectifiers, 417-434 
series inductor, 423-426 

Fixed bias, 108, 296 
Fleming valve, 1 
Fluorescent screen, 19 
Flywheel effect, 286 
Focusing of electron beam, electrostatic, 

19-22 
magnetic, 17-19 

Forbidden energy levels, 463 
Fourier analysis, 141, 372, 427 
Frequencies, carrier, 102, 344 

half-power, 174, 177 
intermediate, 104, 361 
marker, 174, 177, 192, 219 
range of mid, 178 
sideband, in a-m wave, 347, 348 

in angle-modulated wave, 37a 
Frequency of oscillation, of R-C oscil­

lator, 336 
of tuned-circuit oscillator, 325, 331 
of Wien-bridge oscillator, 337 

Frequency characteristics, 175, 177, 189, 
222 

Frequency conversion, 361 
Frequency deviation, 346, 371 
Frequency distortion, 148, 260 
Frequency doubler, 285 
Frequency-modulated oscillator, 37 4-378 
Frequency modulation (see Modulation) 
Frequency-modulation detection, 381 
Frequency multiplier, 285, 298 
Frequency relocation by modulation, 348 
Frequency stability, of crystal oscillators, 

329 
phase correction for, 332 
of tuned-circuit oscillators, 332 

Frequency stabilizer, 378 

G 

Gain, voltage, 108, 156, 162 
(See also specific amplifiers) 

Gain area, 186 
Gas in vacuum tubes, 385 
Gas-filled tubes, 393, 395, 396, 454 
Gas phototubes, 454 
Gaseous discharge, types of, 386, 389, 390 
Gauss' theorem, 55 
Germanium, 467 
Getter, 62 
Glow discharge, 386, 389, 391, 392 
Glow-discharge tubes, 393, 394 
Gradient, potential, 7-9 

voltage, 7 
Graphical analysis (see specific circuits) 
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Graphical determination, of best opera­
tion for class A1 triode, 253 

of harmonic components, 142-145 
Graphite anode, 62, 403 
Grid, action of, 70-73 

control, 70, 94 
effect of driving positive, 112 
in gas tube, 401 
power required to drive, 277, 296 
screen, 84 
suppressor, 89 
thyratron, 403 

Grid-bias modulation, 355 
Grid-bias voltage, fixed, 108, 296 

by grid leak, 168, 297, $33 
build-up of, 334 

by self-bias, 109, 272, 297, 313 
Grid current, effect of, on distortion, 112 

in a thyratron, 402 
Grid leak, 167, 170, 180, 297, 333 
Grid phase-shift control, of ignitrons, 441 

of thyratrons, 437-H0 
Grounded-grid amplifier, 209 

H 

Harmonic analysis, 141-145 
(See also Fourier analysis) 

Harmonic distortion, 142-1'16, 148 
Harmonics, in class A amplifiers, 142, 144 

in class B and C amplifiers, 144 
even, cancellation, in push-pull ampli-

fiers, 114, 269 
Hartley oscillator, 328, 333 
Hazeltine system of neutralization, 350 
Heat-shielded cathode, 395 
Heater, 41 
Heterodyne, 361 
High-vacuum diode, 49-68 
High-vacuum triode, 69-84 
High-vacuum-tube gas pressure, 385 
Hole conduction, 465 
Hum, 299 

Ignitor rod, 400 
Ignitron, 400 

I 

firing circuit for, 441 
Ignitron rectifier, 441 
Impedance, loud-speaker, 260 
Impedance matching, 245 
Inductance, leakage, 213 

magnetizing, 212 
Inductance-input filter, 423, 426 
Input admittance (see Admittance) 
Input capacitance of amplifiers, 157 

Input signals, 1211 497 
Insulators, 463 
Interfere~ce in radio reception, 368 
Intermediate frequency, 104, 361 
i-f amplifier, 156, 232-237 
Intermittent oscillations, 332 
Inverse feedback (see Feedback) 
Inverse voltage, 63, 397 
Ionization, 387 
Ions, 3,387 
Iron-selenium rectifier, 470 

K 

Keep-alive circuit, 399 
Kineseope, 183 

L 

L-scction filter, 426 
Large-area rectifiers, 469 
Leakage reaetance, 213 
Limiter, 380 
Linear amplifier, class A, 156 

class B, 288 
Linear detector, 364-368 
Linear modulator, 349-357 
Load line, 122-127, 171,268,274 
Load resistance, for pentode power ampli-

fier, 258-261 
for push-pull amplifiers, 268 
for triode power amplifiers, 249-254 
for voltage amplifiers, 170 

Loftin-White amplifier, 164 
Loud-speaker impedance, 260 

M 

Magnetic amplifiers, 478-484 
Magnetic focusing, 17-19 
Magnetizing inductance, 212 
Maximum efficiencies of amplifiers, 245-

249 
Mean free path of an electron, 388 
Mercury, vapor pressure of, 397 
Mercury-are rectifier, 397-400 
Mercury-arc tube, 397, 400 
Mercury-pool cathode, 397 
Microphonic noise, 301 
Mixer tube, 362 
Mixing, 361 
Modulated amplifier, balanced, 359 

class A, 357 
grid-bias, 355 
plate, 349 
square-law, 357 
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:Modulated wave, amplitude, 101,347,348 
angle, 101, 371-373 

Modulation, amplitude, class A, 357-361 
components of, 347 
definition of, 345 
grid-bias, 355-357 
plate, 349-355 

modulator load for, 354 
power relations for, 353, 354 

spectrum of, 348 
square-law, 357-364 
vector diagrams for, 348 

angle, 345, 37 4-379 
classification of, 345 
cross, 359 
definition of, 344 
frequency, 345, 371-382 

components of, 373 
definition of, 345 
equations for, 345, 371 
index of, 345 
by means of phase modulation, 378 
by reactance tube, 37 4 

phase, 346, 378 
comparison with frequency modula­

tion, 346 
plate, 349-355 

Modulation characteristic, 352, 356 
Modulation factor, 345 
Modulation index, 345 
Modulator, 103, 350 

balanced, 359-361 
linear, 349-357 
load on, 354 
reactance-tube, 374-378 
square-law, 357 
van der Bijl, 357 

Multigrid tubes, 84-98 
:VIultistage feedback circuits, 309 
Multivibrators, 339-342 
Mutual conductance, 77, 81, 89, 93 

N 

n-type semiconductor, 463 
Negative-feedback amplifier, 312-319 
Negative-grid thyratron, 403 
Negative-peak clipping, 367 
Negative resistance, definition of, 133 

in input impedance of amplifiers, 161 
in tetrodes, 88 

Negative-resistance oscillators, 334 
Neutralization, electron space charge, 388 

Hazeltine system of, 350 
of power amplifiers, r-f, 297, 298, 350, 

355 
Rice method of1 355 

Neutralized amplifiers, 84, 297, 298, 350, 
355 

Neutron, 3 
Noise in amplifiers, 166, 300, 301, 307 
Noise reduction, by negative feedback, 

301, 304 
in angle modulation, 370, 374 

Nonlinear circuit element as modulator, 
357, 471 

Nonlinear distortion, 148 
Norton's theorem, 134 
Nyquist criterion, 321 

() 

Ohm's law, 132 
On-off control of thyratrons, 436 
Operating point, 123 
Oscillations, Barkhausen's criterion for, 

328 
in feedback amplifiers, 319 
intermittent, 332 
limitation of amplitude of, 331 334, 

339 
Nyquist criterion for, 321 

Oscillators, analysis of, 326, 330, 337 
beat-frequency, 335 
bias for, 332 
bridge-stabilized, 337 
Colpitts, 328 
crystal, 329 
dynatron, 334 
electron-coupled, 333 
feedback, 116, 326, 328 
frequency of, 325, 331, 336, 337 
frequency-modulated, 37 4-378 
frequency stability of, 333 
Hartley, 328, 333 
intermittent operation of, 332 
local, 104, 362 
low-frequency, 335-339 
multivibrator, 339-342 
negative-resistance, 334 
negative-transconductance, 335 
phase-shift, 335 
power, 332 
R-C, 335-342 
tuned-circuit, frequency stability of, 

332 
tuned-grid, 328 
tuned-plate, 328, 330 
tuned-plate tuned-grid, 329 
vector diagram of, 332 
voltage, 332 
Wien-bridge, 337-339 

Oscillatory circuit, general equation for, 
323-326 



INDEX 505 

Output impedance, 159, 203, 209 
Output voltage of amplifier, 156 
Oxide-coated cathodes, 40 

p 

p-type semiconductor, 463 
Parallel operation of tubes, 261 
Peak inverse voltage, 63, 397 
Peak tube current, 421 
Pentagrid converter, 362 
Pentagrid mixer, 362 
Pentode tubes, 89-96 

characteristics of, 91-95, 491 
coefficients of, 93 

Permittivity of free space, 4 
Phase correction for frequency stability, 

:{32 
Phase distortion, 148 
Phase inverters, 114, 196-200 
Phase modulation, 346, 378 
Phase shift, 175, 177, 189, 190 
Phase-shift control, of ignitrons, 441 

of thyratrons, 437-440 
vector diagram for, 439 

Phase-shift oscillator, 335 
Photocathode, 451 

spectral sensitivity of, 451, 456 
Photoconductive cells, 448, 476 
Photoelectric cells, description of, 448 
Photoelectric emission, 47, 449 
Photoemission theory, 449-·452 
Photoemissive tube, 448, 452, 454 
Photomultiplier tubes, 458 
Photon, 450 
Phototubes, 452--455 

circuits for, 458, 459 
sensitivity of, 456 

Photovoltaic cells, 448, 477 
II-section filter, 431 
Piezoelectric property, 329 
Planck's constant, 449 
Plate characteristics, 73 
Plate-circuit efficiency, beam tubes, 256 

definition of, 245 
triodes, 257 

Plate current, power-series expansion of, 
146 

Plate dissipation, 244, 254, 260 
in push-pull amplifiers, 269 

Plate modulation, 349--355 
Plate-plate load, 270 
Plate resistance, a-c, 77, 80 

of diodes, 63, 64 
d-c, 63, 341, 409 
negative, 88 
of pentodes, 93 

Plate resistance, of tetrodes, 89 
of triodes, 77 · 

Point-contact rectifier, 466 
Poisson's equation, 57 
Polar diagram, for feedback amplifier, 

320, 321 
for R-C-coupled amplifier, 176, 178 
for transformer-coupled amplifier, 221 

Positive column, 392 
Positive-grid thyratron, 403 
Positive-ion bombardment, 39-41, 389 
Positive-ion sheath, 402 
Potential barrier, 468 
Potential difference, 6 
Potential gradient, 7-9 
Potential distribution, in cold-cathode 

gas diodes, 392 
in high-vacuum diodes, 52 
in high-vacuum triodes, 71, 72 
in pentodes, 90 
in tetrodes, 86 

Power amplifiers, 244--277, 280--298 
a-f, 244-277 

class A, 245-272 
class B, 272-277 
load for single-ended, 249, 257 
operating point for single-sided, 252, 

259 
parallel operation of, 261 
pentode and beam, 250--261 
push-pull, 261-277 

bias for, 270 
composite-tube representation for, 

·263 
load for, 270, 271 

tube-manual design of, 254 
r-f, 280--298 

algebraic analysis of class B, 286-290 
design of class Band class C, 291-293 
equivalent circuit for linear, 288 
flywheel effect in, 286 
graphical analysis of class B and 

class C, 290--292 
grid bias for, 280, 296-297 
grid-bias modulaterl, 355 
maximum efficiency of class B, 289 
neutralization of, 297, 298, 350, 355 
operation and adjustment of, 290--

298 
plate-load circuits for, 282, 283 
plate-modulated, 349 
Q of tank for, 284 
sources of power for, 296 
using pentodes and t€trodes, 291, 298 
waveforms of currents and volt.ages 

for, 281 
Power emission chart, 38 



506 ENGINEERING ELECTRONICS 

Power oscillators, 332 
Power sensitivity, 257 
Power-series expansion of plate current, 

146 
Power tubes, beam, 96, 256 

conversion chart for, 254 
Predistorter in frequency modulation, 378 
Preemphasis, 37 4 
Proton, 2 
Push-pull amplifiers (see Amplifiers) 

Q 

Q, of coils, 225 
of crystals, 329 
in h-f compensation, 188 
of tank circuits, 284-286 

Q point, 123 
Quantum, 386, 449 
Quartz crystals, 329 
Quiescent operating point, 121-123 

R 

Radio communication, 101 
r-f amplifiers (see Amplifiers; Power am­

plifiers; Voltage amplifiers) 
Reactance, transformer leakage, 213 

transformer primary, 212 
Reactance-tube modulator, 374 
Reactive loads for amplifiers, 126 
Reactor, saturable-core, 478 
Receivers, superheterodyne, 104, 379 
Rectification, plate-circuit, 131 
Rectification-characteristic curves, 367 
Rectifiers, bleeder for, 430 

controlled, 435-441 
copper-oxide, 470 
design of, 422, 430, 433 
diode, 105, 408-435 

full-wave, 412, 426, 434 
half-wave, 409, 414, 417, 423, 431 

dry, 469 
filters for, 417-434 
germanium, 469, 470 
ignitron, 441 
large-area, 469 
mercury-arc, 397, 400 
point-contact, 466 
selenium, 470 
thyratron, 435-441 

(See also Thyratrons) 
voltage regulation of, 430, 435 

Remote-cutoff tubes, 94 
Resistance, negative, 133, 161 

plate ( see Plate resistance) 

R-C-coupled amplifier, 108, 167--182 
bandwidth in, 177 
bias for, 172 
design charts for, 494-496 
design considerations for, 180-182 
at high frequencies, equivalent circuits 

for, 176 
gain, 177 
phase shift, 177 
polar plot of performance, 178 

loads for, 171, 172 
at low frequencies, equivalent circuit 

for, 173 
gain, 174 
phase shift, 17 4, 175 
polar plot of performance, 176 

at mid frequencies, 169-173 
equivalent circuits, 169 
gain, 170 

R-C oscillators, 335-342 
Rice method of neutralization, 355 
Richardson's equation, 35 
Ripple factor, 411 

s 

Saturable-core reactor, 478 
Saturation of iron cores, 216, 479 
Sawtooth voltage, 26, 183 
Schottky effect, 41, 51 
Screen grid, 84 
Screen-grid bypass capacitor, 110 
Screen-grid supply voltage, 168 
Screen-grid tubes, 84-97 

space current in, 87 
Secondary emission, 44, 458 

measurement of, 45 
Selenium cell, 448 
Selenium rectifier, 470 
Self-bias, in amplifiers, 109, 272, 297, 313 

feedback effects of, 313 
in push-pull amplifiers, 272 

Semiconductors, 462 
Sensing, 120 
Sensitivity of phototubes, 456 
Series feed, 246, 329 
Series peaking circuit, 187 
Sharp-cutoff tubes, 94 
Sheath, positive-ion, 402 
Shield-grid thyratrons, 40•t 
Shunt feed, 247, 329 
Sidebands, 348, 373 

power in, 348, 353 
Signal voltages, 123, 497 
Single-sideband transmission, 360 
Single-sided amplifiers, 262 
Space charge, 49, 52-54, 388 
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Space-charge equation, 55-60 
Space current in screen-grid tubes, 87 
Spectral sensitivity of photocathodes, 

451, 456 
Square-law demodulation, 363 
Square-law modulation, 357-364 
Stabilization of amplifiers by feedback, 

303 
Starter electrode, 398, 400 
Static characteristics, 63 
Superheterodyne receiver, 104, 379 
Superposition theorem, 134 
Suppressor grid, 89 
Symbols, 497 

T 

T point, 131, 146 
Tank circuit, 281-286 
Taylor series, 146 
Television, 183 
Temperature effects on mercury-vapor 

tubes, 496, 497 
Tetrodes, 84-89 

dynatron region of, 88 
Thermal noise, 301 
Thermionic emission, 35--41 
Thermistor, 465 
Thevenin's theorem, 133-135 
Thoriated-tungsten cathodes, 39 
Three-halves-power law, 55-60 
Threshold frequency for photoelectric 

emission, 450 
Thyratrons, bias phase control of, 440 

construction of, 403 
critical grid voltage for, 404 
deionization time for, 405 
d-c control of, 436 
firing characteristics for, 404, 405 
grid control of, 401-405 
ionization time for, 405 
negative-grid, 403 
on-off control of, 436 
phase-shift control of, 437--440 
positive-grid, 403 
rectifiers for, 435 441 
screen-grid, 404 
starting voltage, 404 

Time constant, 180, 184, 185, 194 
Time delay, 189 
Townsend discharge, 386, 389-391 
Transconductance, 77, 201 

conversion, 363 
Transfer characteristics, 81, 129, 130 
Transformer-coupled amplifiers, 216-221 

equivalent circuit for all frequencies, 
217 

Transformer-coupled amplifiers, gain-fre­
quency characteristic, 220, 222 

at high frequencies, 219, 220 
equivalent circuit, 219 
equivalent shunt capacitance in 

primary terms, 217 
parameters in high-frequency analy-

sis, 219 
at low frequencies, 218 
at mid frequencies, 218 
parameters in design, 221, 222 
polar diagram of performance, 221 
shielding, 222 
(See also Transformers) 

Transformers, a-f (see a-f transformers) 
as impedance-matching devices, 211 
input, 210, 307 
interstage, 216-222 
with iron cores, 210· 216 
leakage inductance of, 213 
magnetizing inductance of, 212 
output, 214, 246 
power, 210 
r-f, 228-237 

Transistors, 471-476 
Transmitters, a-m, 103 

f-m, 378 
Trapezoidal rule, 294 
Triode, characteristics of, 73-75, 81, 129, 

487-490 
coefficients, 77 
construction, 69 
De Forest's, 69 
gas-filled (see Thyratrons) 
input admittance of, 160 
vacuum, 69-84 

Tube drop, in arcs, 393 
in glow tubes, 389, 394 
in hot-cathode tubes, 395 

Tubes, air-cooled, 62 
cathode-ray (see Cathode-ray tube) 
cold-cathode, 393 
converter, 362 
electron (see Diodes; lgnitron; Pentode 

tubes; Tetrodes; Thyratrons; Tri­
ode) 

gas-filled, 393, 395, 396, 454 
glow-discharge, 393, 394 
mercury-arc, 397, 400 
mercury-vapor, temperature effects on, 

496, 497 
multigrid, 84-98 
parallel operation of, 261 
pentode (see Pentode tubes) 
photoemissive, 448, 452, 454 
photomultiplier, 458 
power (see Power tubes) 
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Tubes, remote-cutoff, 94 
screen-grid, 84-97 
sharp-cutoff, 94 
vacuum (see Vacuum tubes) 
vapor-filled, 396 
voltage-regulator, 394 
water-cooled, 62 
zero-grid-bias, 273 

Tuned amplifiers (see Power amplifiers, 
Voltage amplifiers, r-f) 

Tuned-circuit oscillators (see Oscillators) 
Tungsten cathodes, 39 

u 
Unit charge, 4 
Unit-step function, 1&~ 
Units, 3 

V 

Vacuum tubes, characteristics, measure-
ment of, 60, 81 

coefficients, 63, 64, 77-80, 89, 93 
cooling of, 62 
gas in, 385 

Vacuum-tube voltmeter, 412 
van der Bijl modulator, 357 
Vapor-filled tubes, 396 
Vapor pressure of mercury, 397 
Variable-µ tubes, 94 
Varistors, 470 
Vector diagram, of amplitude modula­

tion, 348 
of oscillators, 332 
for phase-shift control, 439 

Video-frequency amplifiers, 182-194 
design of, 193, 194 

curves for, 189, 190 
gain-area criterion for tubes, 186 
high-frequency compensation, 187-190 
need for wide-band amplifiers, 183 
phase-shift discussion, 189 
time constants as circuit parameters, 

184, 185 
transient analysis of uncompensated 

amplifier, 184, 185 
Vidicon, 477 
Virtual cathode, 333 
Voltage, disintegration, 396 

inverse, peak, 63, 397 
output, of amplifiers, 156 
sawtooth, 26, 183 
screen-grid supply, 168 

Voltage amplifiers, amplification defined, 
161 

Voltage amplifiers, balanced, 194-196 
cathode-follower (see Cathode-follower 

amplifier) 
classification of, 155 
coupling methods, 163 
dielectric, 484 
direct-coupled (see Direct-coupled am-

plifiers) 
gain of, 156, 161 
grounded-grid, 209 
magnetic, 478-484 
phase inverters, 196-200 
r-f, 222-237 

double-tuned, 232-237 
analysis, 233-236 
bandwidth, 235 
coupling in, 235 
gain of, 235, 236 

ideal response of, 223 
single-tuned, 223- 228 

analysis, 223-224 
bandwidth, 225 
gain, 224 

tuned-secondary, 228-232 
analysis, 22!}-231 
bandwidth, 230 
gain, 230 
optimum coupling, 231 

R-C coupled (see R-C-coupled ampli­
fiers) 

single-stage, 156-159 
transformer-coupled (see Transformer­

coupled amplifiers) 
transistor, 475 
video-frequency (,see Video-frequency 

amplifiers) 
(See also Amplifiers) 

Voltage feedback, 307 
Voltage gain, 108, 156, 162 
Voltage gradient, 7 
Voltage-regulator tubes, 394 
Voltage sensing, 120 
Voltage-source equivalent circuit, 133-

135 

w 

Water-cooled tubes, 62 
Wide-band amplifiers (see Video-fre­

quency amplifiers) 
Work function, 33-35, 39-41, 44-47, 450, 

462 

z 

Zero-grid-bias tubes, 273 
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