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PREFACE 

This book discusses the fundamentals of modulation theory in the 
light of recent progress in this and related fields. It is addressed to 
advanced students and practising engineers. 

In recent years the underlying philosophy of communication theory has 
been extended to include new factors. The more general analysis includes 
possible savings due to: (1) the statistical structure of the original message, 
(2) matching the information-bearing signals to the noisy channel, and 
(3) final destination of the message. Radical advances and outstanding 
practical applications of new systems of modulation have been made as a 
direct result of the clearer understanding and new points of view that the 
extended theory of communication affords. Considerable interest is also 
being shown in possibilities of further theoretical and practical advances. 

Particular systems of modulation, some old and some new, are here 
treated on a unified basis consistent with modern information theory. 
The first eight chapters are concerned with the pertinent general philos¬ 
ophy. They provide a framework that permits the reader to compare one 
system with another on a rational basis and in the light of recent analytical 
advance. Comparison is from the standpoint of such factors as nonsur-
passable ideals, the rate of receiving information, redundancy, band-width 
occupancy, threshold effects, signal-to-noise ratio, distortion, interchannel 
crosstalk, probability of errors, et cetera. The last twelve chapters are 
concerned with the theoretical treatment of particular modulation systems. 
The text stems from a revision of material used for three successive 

years in the Communications Development Training Program of The Bell 
Telephone Laboratories. The experience of using the material in this 
program suggests that the text is suitable for individual study and refer¬ 
ence as well as for classroom instruction. A reader needs to know ele¬ 
mentary calculus and to have some knowledge of Fourier methods in 
order to benefit from the entire book. Except to illustrate a discussion 
or to promote understanding by dealing with concrete situations, the text 
does not discuss design techniques, methods of instrumentation, or specific 
applications. These topics have been covered elsewhere. Paper applica¬ 
tion of theory often helps readers of such a book as this to grasp and retain 
essentials. Review questions in the Appendix and problems at the ends 

V 
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of certain chapters have been included for this purpose. However, a 
student is likely to benefit most by asking his own questions and formu¬ 
lating his own problems. 
The author wishes to acknowledge the wholehearted cooperation and 

help of his many colleagues, particularly the suggestions of J. 0. Edson, 
R. V. L. Hartley, H. Nyquist, R. K. Potter, and C. E. Shannon. Much 
credit is due J. G. Kreer, Jr., M. E. Mohr, and C. 0. Mallinckrodt for 
their substantial contributions to the treatment of amplitude modulation, 
frequency modulation, and pulse modulation, respectively. The author is 
indebted to K. M. Collins for his interest and editorial assistance and to 
C. Hartley and H. P. Gridley for directing the production of the final 
plates and drawings, respectively. Commendation is due Mrs. Frances A. 
Richards for her meticulous care and accuracy in copying the manuscript. 

H. S. Black 
Murray Hill, New Jersey 
January, 1953 
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CHAPTER 1 

HISTORICAL BACKGROUND 

Boy winks at girl. Girl smiles. Here is an example of communication 
wherein messages are sent and received. Very often, the message itself 
is not in a form capable of being propagated over the transmission medium. 
Modulation is a process whereby the message is translated into information¬ 
bearing signals for purposes of transmission over the intervening medium. 
The receiver is waiting to be informed. This is accomplished by the 
arrival of a received wave, and modulation describes the process whereby 
the original message is recovered from the incoming information-bearing 
signals, a modulated light wave in the boy-meets-girl example. More¬ 
over, as will be brought out in Chapter 2, modulation can be utilized for a 
wide variety of purposes. 

In its broad aspects, modulation theory is closely related to efficient 
communication. Modulation is considered to include the general process¬ 
ing of the message, to the end that the message may be uniquely represented 
by signals that are appropriate for transmission to the receiver. At the 
receiver, by a process that, in some cases, is essentially remodulation 
(Chapter 10, p. 157), the wanted message is recovered by demodulating or 
decoding the noisy, incoming, information-bearing signals. Viewed an¬ 
alytically, the entire process of recovering the message is regarded as mod¬ 
ulation. No matter how, when, or where we communicate, we usually 
encounter modulation. 
The historical background of the basic concepts underlying present-day 

modulation theory deserves at least brief examination. Such a review can 
be helpful in relation both to new engineering applications and to exten¬ 
sions of the theory. Moreover, the historical background forms an inter¬ 
esting introduction to the philosophy of modulation. On first reading, 
however, it should be appreciated that, in this first chapter, technical terms 
and concepts have been freely used in advance of their later definition and 
development. 

MEANING OF MODULATION 

Before attempting a presentation of the historical background, let us 
first consider another illustration of the meaning of modulation. Fig-

1 



MODULATION THEORY 

ure 1-1 illustrates the application of the terms message and information to 
a complete system of communication and shows the modulation process as 
including all of the functions performed by the complete transmitter or 
receiver. This represents an extension of the customary definition of 
modulation. Although the extended definition includes the older and 
more familiar kinds of modulation, it is convenient to retain both the 
customary and extended definitions, particularly since no question will 
arise as to which usage is intended. 

TRANSMITTER RECEIVER 

MESSAGE TO BE TRANSMITTED denotes a particular selec¬ 

tion from among an aggregate of entities. An “entity” 

is regarded as anything which can be distinguished. 

The groups of entities which constitute possible selec¬ 

tions from the aggregate and from among which a 

sender is free to choose, are subject to general and 

particular restrictions applicable to the occasion. 

Each message has associated with it information 

peculiar to itself, determined as to its nature by the 

selection made by the sender, and as to its amount by 

statistics relating to the number and sort of different 

selections available to the sender within the existing 

restrictions. 

At the transmitting end MODULATION is defined as 

the entire process whereby the message to be conveyed 

is uniquely specified and unambiguously represented by 

information-bearing signals. Two steps are necessary 

Fig. 1-1 

for efficient communication. First, use the most con¬ 

cise specification to represent the desired message. 

Second, use the optimal signal representation for 

transmission over the medium. 

The TRANSMISSION MEDIUM may require repeaters. 

Provision for dropping and adding message channels; 

arrangements for branching and interconnecting sys¬ 

tems; inter-system synchronization; alarms; telemeter¬ 

ing; signaling; etc.: illustrate the types of situations that 

may be encountered at some of the repeaters. 

Likewise regarded as MODULATION is the entire proc¬ 

ess at the receiving end whereby, in response to informa¬ 

tion-bearing signals, the original message is produced in 

the form desired and made available for delivery as the 

MESSAGE DELIVERED when and where it is wanted. 

The over-all purpose is to deliver the message in 

whatever form desired, when and where it is wanted. 

Complete communication system 

In communicating a message by electric signals (Fig. 1-1), one of the 
first steps is to represent the selected message by information-bearing 
signals. Redundancy is avoided only if the representation constitutes the 
most concise specification for uniquely distinguishing the selected message 
from all others of the class considered. From the standpoint of best over¬ 
all efficiency, the signal representation should be further transformed to an 
optimal representation which takes into account the probability that the 
signals will be disturbed by noise and other factors before reaching the 
receiver. Once information-bearing signals are generated, they may be 
moved about in frequency or otherwise altered by additional steps of modu¬ 
lation preparatory to their transmission over the medium, or as a prelim¬ 
inary step to multiplexing operations. Analogous examples of compound 
steps of modulation may be encountered either at the repeaters or at the 
receiving terminals. 
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Sometimes, as implied by Fig. 1-1, the receiver is called upon to make 
the information of the message available in some altogether different form 
from either the information-bearing signals or the original message. This 
is by no means unusual. For example, recording a received telephone 
message on a disk record means that the information which was received 
as an undulating electric signal is recorded and made available on the 
record as a continuously varying displacement in space. As another ex¬ 
ample, suppose the recipient be totally deaf. Then the receiver might 
display the message information as visible speech (Ref. 1).* 

HISTORICAL NOTE 

Although not formulated with mathematical rigor, some of the funda¬ 
mental concepts of interest here are almost as old as the electrical trans¬ 
mission of telegraph messages. In particular, multiplexing by frequency 
and time division appeared at a very early stage in the history of this devel¬ 
opment. An early American invention by Moses B. Farmer, conceived in 
1852 and patented in 1853, describes the transmission of a plurality of tele¬ 
graph messages over a single line by the process of allocating independent 
intervals of time to the transmission of each message. To accomplish this, 
he utilized two rapidly revolving synchronous commutators, one at each 
end of the line. This is an example of multiplexing messages by time 
division. 
Code transmission appeared even earlier and dates back to the first 

telegraph message on record, which was transmitted over a 10-mile line 
by Samuel F. B. Morse on January 24, 1838. 

“In the latter part of the year 1832, Samuel F. B. Morse, an American artist, 
while on a voyage from France to the United States, conceived the idea of the 
electromagnetic telegraph. It was over ten years later, 1843 and 1844, that the 
first experimental line between Washington and Baltimore was constructed. The 
following year, 1845, telegraph lines began to be built over other routes.” P. C. 
Hoernel, “The Artificial Line,” Bell Laboratories Record, New York, Vol. 1, 
October, 1925, pp. 51-60. 
“On May 24, 1844 Samuel F. B. Morse telegraphed frorn Washington to Balti¬ 

more the historic sentence: ‘What hath God wrought?’ This was not, however, 
the first telegraph message on record. On January 24, 1838, at New York University 
where he was a professor of Fine Arts, Morse exhibited his invention to a company 
of invited guests. One of these wrote on a slip of paper, and Morse transmitted 
over a ten-mile wire the sentence: ‘Attention, the Universe! By kingdoms, right 
wheel!’ — a prophetic foreshadowing of the important part which electrical com¬ 
munications were to play in bringing nations into better understanding and closer 
cooperation.” Telephone Almanac, New York, 1924, p. 9. 

* The references cited are listed at the end of each chapter according to the number 
used in the text. 
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However, Morse was not first in this field. Joseph Henry was the first 
(1831 and 1832) to construct an electric telegraph using an electromagnet 
as the receiving element and he demonstrated its operation over a line one 
mile long. Henry’s telegraph included a battery, a line, and a receiving 
device consisting of an electromagnet with a polarized armature so ar¬ 
ranged as to strike a bell when reversals of current were sent. He was the 
first to employ audible reception. First to formulate rules for working 
over long lines, his use of an electromagnet for rapid signaling formed the 
basis of later commercial telegraph development, ocean cable systems and 
contained the principle of all telephone call bells. 

Also, it is significant to note that representation of code characters by a 
multi-unit code where each code character in turn is represented by a par¬ 
ticular sequence of on-or-off pulses was proposed independently by Shil¬ 
ling, Gauss and Weber, and Steinheil in the 1830’s. A five-unit code was 
used commercially by Whitehouse in 1853. Gauss and Weber employed 
a single wire and a deflecting galvanometer to communicate with one an¬ 
other and concluded that combinations of only five code elements were 
sufficient for communication. Viewed theoretically, this, too, is an example 
of time division because the five code elements constituting each code 
character are multiplexed by time division. 

Looking further, we find a time-division electric telegraph system that 
goes back ten years earlier. This older system used a plurality of time¬ 
division intervals, one for each letter. This was an improvement on the 
use of a separate wire for each letter of the alphabet as proposed much 
earlier (1758) by a Scot named Marshall and often considered the first 
practical telegraphy scheme. Another synchronous telegraph arrangement 
built by Ronalds in 1823 also deserves mention. At each end of a wire, 
disks were revolved slowly in unison. Around the periphery of the disks 
were the letters of the alphabet. When a particular letter appeared in an 
aperture at the sending end, a key was closed and a spark at the receiver 
illuminated the same letter there. 

Lloyd Espenschied called the writer’s attention to another interesting 
recognition of fundamentals, appearing in a book on multiplex telegraphy 
published in 1885. This book was by A. E. von Granfeld and entitled 
“Die Mehrfach-Telegraphic auf Einem Drahte.” In the Introduction and 
also on pages 252 to 258, von Granfeld not only uses the terms time division 
and frequency division, but also goes on to speculate as to the likelihood of 
their having a common root in time. 
Hardly a generation following the transmission of the first words by 

telephone in 1875, it was demonstrated experimentally that speech mes¬ 
sages could be multiplexed by time division. The over-all performance 
was checked by demonstrating that simultaneous telephone conversations 
could be separated without serious mutual interference or noticeable im-
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pairment in quality. Early attempts to exploit the invention commercially 
were unsuccessful due to practical difficulties of instrumentation. The 
problems of high-speed mechanical switching, employed as the time-divi¬ 
sion means, were unsurmountable. 
Apart from the requirements that time-division systems impose on the 

medium, there is a basic question to be answered about the rate at which 
each channel in turn is connected to the line. Namely, how fast do we 
have to commutate for proper simultaneous communication. Today we 
know from the sampling principle (Chap. 4) that for speech transmission 
each voice-frequency channel should be connected momentarily to the line 
at a rate in excess of twice the highest voice frequency to be transmitted. 
At the turn of the century, it was thought that a rate equal to the highest 
voice frequency was proper. This early conclusion was arrived at experi¬ 
mentally. As we know today, the interpretation of the results was in 
error because the frequency response of the telephone instruments used 
was only half as high as assumed. 
These experiments are described in an article by Mr. Willard M. Miner 

in the Electrical World and Engineer, December 5, 1903, page 920. Miner 
was associated with Lieutenant Jarvis Patten who previously had invented 
a system of multiplex telegraphy. Miner acquired the patents and ap¬ 
paratus of Patten several years prior to 1903 and undertook to apply this 
apparatus to the development of a system of time division multiplex te¬ 
lephony, but he found that Patten’s telegraph apparatus was commercially 
inoperative telephonically. 
Thereupon Miner devised new apparatus and using his new embodiments 

found that switching rates corresponding to 1,000 to 2,000 samples per 
second per channel would not answer the purpose for ordinary telephony, 
but beyond 3,000 improved results were obtained which got markedly bet¬ 
ter at 3,500 or 3,600, the best result being obtained at about 4,320 samples 
per second per channel. Miner points out that the duration of contact 
(duration of the sampling interval) is not important and in U. S. Patent 
745,734 (December 1, 1903) calls such a switch a distributor or “sunflower.” 
Although not affecting the quality of the direct transmission, the duration 
of contact has an important bearing on interchannel crosstalk when the 
band width of the system is limited as shown by Carson and also Bennett. 
This is demonstrated in Carson’s memorandum of May 25, 1920 which 
W. R. Bennett refers to on page 200 of his paper (Ref. 2) entitled “Time-
Division Multiplex Systems.” 
What seems extraordinary in retrospect is the slow evolution of quanti¬ 

tative expressions concerning the above-described concepts. Not until 
1920 does there appear to have been mathematical proof of the sampling 
principle as applied to communication. Then John R. Carson, in his un¬ 
published memorandum, presented a mathematical treatment covering one 
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special case of sampling. He also enumerated quantitative requirements 
for a commutator-type of time-division system, including a discussion of 
its signal-to-noise ratio and interchannel crosstalk as a function of the 
band width and certain other parameters. In particular, Carson demon¬ 
strated that, if a signal is sampled instantaneously at regular intervals and 
at a rate slightly higher than twice the highest signal frequency, the samples 
will contain all the information available in the original signal. 

Time-division telephony was apparently set up experimentally at an 
earlier date than frequency division. In 1914 R. A. Heising constructed 
an experimental frequency-division system, providing two conversations 
over a single circuit. But two inventions, the vacuum tube and the elec¬ 
tric wave filter, were needed to make frequency division attractive com¬ 
mercially in the fields where it subsequently found world-wide applications. 
Moreover, not until very recently has time division shown possibilities of 
challenging conventional methods in broad-band applications, especially 
in the wire plant where frequency space is at a premium. 
When in 1922 Carson disproved the claim that frequency modulation 

could save some of the band width required by amplitude modulation, he 
noted that all of the schemes devoted to this end involved a misconception. 
Two years later the misconception was demonstrated rigorously by Ny¬ 
quist (Ref. 3) when he showed that the number of telegraph signals per 
unit of time which can be transmitted over any line is directly proportional 
to line band width. A well-known practical application of this new prin¬ 
ciple occurred in 1927, when Gray, Horton, and Mathes (Ref. 4) gave the 
first comprehensive theoretical treatment of the relationship between band 
width and quality of television images. In this discussion they formulated 
the minimum band-width requirements for a high-definition television sys¬ 
tem years in advance of its practical realization. Also Nyquist in 1928 
(Ref. 5) extended and elaborated upon his earlier treatment of the theory 
of telegraph transmission. 

In 1928 Hartley (Ref. 6) generalized earlier results, and among his con¬ 
clusions he stated: “The total amount of information which may be trans¬ 
mitted over a system whose transmission is limited to frequencies lying in 
a restricted range is proportional to the product of the frequency range 
which it transmits by the time during which it is available for transmis¬ 
sion.” Hartley’s treatment represented a first step in the direction of 
measuring a message and the message-transmitting capacity of a system. 
His philosophy found ready acceptance and recognition as a fundamental 
concept of communication. 

Before entering upon further theoretical discussion of some of the present¬ 
day basic concepts of modulation theory, it seems worth while to outline 
in more detail the particular results presented in the Nyquist and Hartley 
papers. 
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SPEED OF SIGNALING 

Nyquist (Refs. 3 and 5) set forth certain theoretical results pertaining 
to telegraphy which are fundamental to the theory of the transmission of 
information-bearing signals by wave propagation. Expressed in terms of 
present-day nomenclature, these were that the required frequency band is 
directly proportional to the signaling speed, and the minimum band re¬ 
quired for unambiguous interpretation is substantially equal to half the 
number of code elements per second. Furthermore, he showed that the 
latter is substantially independent of the number of quantized values which 
a particular code element can assume, provided the peak noise is less than 
half a quantum step. Speed of signaling will be defined as the number of 
code elements per second, and code element was defined as the contribution 
to the impressed signal ascribed to a given time unit. Shapes of successive 
code elements were postulated as usually the same, so that they differ only 
by a magnitude factor. The number of possible magnitudes depends upon 
the number of quantum steps. Reference should be made to Chapter 5 
for exact definitions and discussion of these terms. 

It could be reasoned that these results follow directly from the earlier 
statement of the sampling theory advanced by John R. Carson, noting in 
the telegraph case that the information is quantized. Moreover, by ex¬ 
tending this reasoning, it would have been possible to deduce a generalized 
relationship between band width and signal-to-noise ratio. In fact, Ny¬ 
quist did consider briefly the effect of noise, imperfections, and interference 
in limiting the amount of information that could be transmitted and, con¬ 
versely, also pointed out that in a quantized system there is no object in 
reducing interference beyond the point where the signal can be deciphered 
with certainty and ease. 

Nyquist also reviewed the dual aspect of the transmitted wave, both as 
a function of frequency, requiring the so-called steady-state method of 
treatment, and as a function of time requiring the so-called method of 
transients. He showed that in principle either method may be used to 
evaluate the response and behavior of a system. 
Nyquist considered the optimum choice of code types to transmit maxi¬ 

mum information with a given number of signal elements. Also, he sug¬ 
gested signal shaping to permit maximum speed of code transmission with¬ 
out undue interference. Starting with an assumption that the sum of 
noise and other interference approaches but is less than half a quantum 
step, he demonstrated that the measure of the amount of information 
transmitted per second is approximately proportional to: the logarithm of 
the number of values a code element may assume times the number of 
code elements constituting a code character times the number of code 
characters per second. 
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NYQUIST INTERVAL 

If the essential frequency range is limited to B cycles per second, 2B was 
given by Nyquist as the maximum number of code elements per second 
that could be unambiguously resolved, assuming the peak interference is 
less than half a quantum step. This rate is generally referred to as sig¬ 
naling at the Nyquist rate and 1/2# has been termed a Nyquist interval. 
The full significance and importance of this interval are brought out in 
most of the chapters to follow, particularly Chapters 6 and 7. 

HARTLEY’S EXPRESSION FOR INFORMATION CAPACITY 

Hartley (Ref. 6) stated that the amount of information that can be 
transmitted is proportional to the product of the width of the frequency 
range and the time it is available. This principle is true if carefully in¬ 
terpreted, but it should be kept in mind that certain assumptions are 
implied and some factors have been neglected. In particular, it should 
be appreciated that in engineering applications it would not be economi¬ 
cally practical to make use of the full physical possibilities of a system. 
The foregoing relation about information capacity refers to forms of 

communication which are carried on by means of magnitude-tóme functions. 
In certain instances it has provided a ready means of checking whether 
claims for a complicated system lie within the range of physical possibility. 

In the case of a disk phonographic record, the information is in the form 
of a magnitude-space function. In picture transmission, the information 
transmitted existed originally as a magnitude-space function. The analog 
of frequency in the alternating space wave is the number of complete cycles 
or waves executed in unit distance, and this is the reciprocal of its wave 
length. This reciprocal Hartley designated as “wave number.” Conse¬ 
quently, the information transmitted is measured by the product of fre¬ 
quency-range by time when it is in electrical form and by the product of 
wave-number-range by distance when it is in graphic form. Hartley 
demonstrated that when a record is converted into an electric current, or 
vice versa, the corresponding products for the two are equal regardless of 
the velocity of reproduction. Similarly, if a picture is enlarged without 
changing its detail or fineness of intensity discrimination, the product of 
wave-number-range by distance remains unchanged. 
To illustrate the application of the principle to television, Hartley con¬ 

sidered the evaluation of the band width necessary to maintain a constant 
view of the distant scene. By obtaining the product of the wave-number¬ 
range by the distance exactly as for a still picture, one need only to multiply 
by the number of images per second to obtain the total band width for 
continuous viewing. Hartley points out that the duration of the interval 
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necessary to prevent flicker is an important factor, that the tendency to 
flicker is a property of the particular method of transmission, and perhaps 
the total frequency range required would be less for a system more like 
that of direct vision. 

Hartley’s paper (pages 542 to 545) includes six additional principles that 
are significant and concepts that are fundamental to recent further exten¬ 
sions of the general theory of communication. Information content is 
equated to the total number of code elements multiplied by the logarithm 
of the number of possible values a code element may assume. Moreover, 
it is pointed out that the information content is independent of how the 
code elements are grouped. The concept of quantization is introduced 
along with the suggestion that, by quantizing, the continuous magnitude¬ 
time function used in ordinary telephony may be transmitted by a succes¬ 
sion of code symbols such as are employed in telegraphy. Although the 
resulting quantized voice wave is an approximation to the original voice 
wave, it can be made, in theory, to approach the original as closely as 
desired by reducing the size of the quantum steps. The criterion for suc¬ 
cessful transmission is that in no case shall the interference exceed half a 
step. Especially significant is the additional statement that, to obtain 
the maximum rate of transmission of information, the signal elements 
need to be spaced uniformly. 

CONTEMPORANEOUS DEVELOPMENTS 

Recent pulse systems and other applications of new methods of modu¬ 
lation emphasize that we are extending our basic concepts of communica¬ 
tion theory. As indicated by the preceding discussion, important papers 
by Nyquist and Hartley discussed certain basic principles and presented 
the underlying philosophy of communication theory. Building on this 
foundation, Shannon (Refs. 7 to 9) has developed a more general theory by 
extending the earlier concepts to include new factors, such as the regions 
of uncertainty due to noise, the savings possible due to the statistical struc¬ 
ture of the original message, and the savings possible due to the final des¬ 
tination of the message. Related contributions and original ideas have 
been developed by Wiener (Ref. 10). 

Radical advances and outstanding practical applications of new systems 
of modulation (Refs. 11 to 15) have been reported which are the direct result 
of the clearer understanding and new points of view that the extended 
theory of communication affords. It is recognized that these develop¬ 
ments open up a new unexplored field, and so it is not surprising to find 
that considerable interest is being shown (Refs. 16 to 20) in the applications, 
implications, and significance of the extended theory as well as in the pos¬ 
sibility of further theoretical and practical advance. 
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CHAPTER 2 

WHY MODULATE? 

Practical reasons for modulating stem from the necessity of preparing 
the message for transmission over the medium and preparing the received 
signals for their destination. For these same reasons, modulation may be 
used at repeaters and at branching points to interconnect systems and to 
facilitate dropping and adding channels. Additional special reasons for 
modulating arise in the numerous applications of electronics in many di¬ 
verse fields. 

TO PREPARE THE MESSAGE FOR TRANSMISSION 

At the transmitting end, the selected message is rarely produced in a 
form suitable for direct transmission over the medium. It usually con¬ 
tains redundant information and hence can be shortened by taking ad¬ 
vantage of its statistical’ structure. Moreover, the form is not likely to 
be most appropriate for all the conditions of delivery, including when, 
where, and how delivery is desired. It is not uncommon, therefore, to 
encounter a modulation process at the sending end. A minimum require¬ 
ment is to convert the message that is to be transmitted into a form suitable 
for propagation over the transmitting medium. In the following para¬ 
graphs, several examples will be cited where modulation prepares the mes¬ 
sage for transmission. 

To Multiplex Channels 

Modulation permits multiplex transmission over a common medium. 
Two common methods, which are illustrated by Fig. 2-1, are time division 
and frequency division. 
Time division is the process of propagating a plurality of information¬ 

bearing signals over a common medium, allocating a different time interval 
for the transmission of each signal. When channels are multiplexed by 
time division, each channel utilizes the entire frequency spectrum occupied 
by the system and modulation is used to produce the desired amplitude 
and phase relations that are essential to the process. 

Frequency division is the process of propagating two or more information-
bearing signals over a common path by using a different frequency band 

11 
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(a) GENERALIZED DIAGRAM OF TWO-CHANNEL CARRIER SYSTEM 

(b) AMPLITUDE MODULATION, TIME DIVISION 

(C) SINGLE SIDEBAND MODULATION, FREQUENCY DIVISION 

Fig. 2-1 Time-division, two-channel carrier system and frequency-division, two-

channel carrier system 

for the transmission of each signal. A good example is single-sideband 
modulation,* one of the older systems of modulation of widespread appli¬ 
cation. Single-sideband modulation translates the spectrum of the mod¬ 
ulating wave in frequency by a specified amount, either with or without 
inversion. Thus, different channels can be translated to occupy different 

* In 1925 the Morris Liebmann Prize was awarded to John R. Carson by the Institute 
of Radio Engineers for his discovery of the “single-sideband” method of carrier trans¬ 

mission by wire and radio. 
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frequency bands which clearly permits multiplexing channels by frequency 
division. Familiar examples are modern carrier systems. 

To Shift Frequencies to Their Assigned Location 

Modulation permits changing the frequencies of the information-bearing 
signals so that they fall in the particular band allocated or desired for pur¬ 
poses of propagation. For systems transmitting electric signals, the 
medium might be free space and the path of the transmission might be 
the path followed by a radiated beam or by guided transmission along an 
open-wire line. For many applications, however, it is preferable that the 
path be completely confined as in a coaxial cable or wave guide. In any 
event, if along the route the propagation characteristics are altered as, for 
example, by transferring from an open-wire line to cable, modulation again 
permits changing the frequencies as required. 

To Increase Band-Width Occupancy and Transmitted Power 

In translating the frequencies of the information-bearing signals, the 
modulation process may intentionally increase the frequency-space occu¬ 
pancy and increase the power, all for the purpose of simplifying the instru¬ 
mentation. Amplitude modulation, widely used in radio broadcasting, 
affords a familiar example of the latter. High power is transmitted to 
permit simplification of the home receiver. High power is also emphasized 
in certain radar applications, and maximum pulse power and extreme range 
are often obtained by directly modulating the oscillator. 

To Increase Frequencies for Ease in Radiation 

Radio. If energy is to be radiated, the wave lengths corresponding to 
the radiated frequencies should be sufficiently short to permit the design 
of reasonably small and efficient radiators. To accomplish this, the in¬ 
formation-bearing signals are often modulated up to high radio frequencies. 

Voice Transmission Over an Air Path. Nature deals with an acoustic 
radiation problem in speech transmission in a similar fashion. This is 
doubly fortunate because the modulating wave is too low in frequency to 
be heard effectively by the human ear. The waves upon which modula¬ 
tions are imposed include buzz-like tones, generated by oscillation of the 
vocal cords, and hiss-like sounds that result when breath is forced past 
teeth or lips. The former are called “voiced” sounds and the latter, 
“unvoiced.” These carriers are modulated by changes in tension of the 
vocal cords and changes in shape of the mouth cavities. Such changes 
are a result of muscular actions that occur at rates of the order of 10 cycles 
per second. In final speech the effects of modulation are evident in such 
things as the syllabic structure and frequency shifts that we recognize as 
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inflections. Thus, information-bearing signals, at a low frequency of sev¬ 
eral cycles a second, are modulated upon much higher audio frequencies 
and these become the sounds of speech we hear. 

To Balance Band-Width Occupancy and Sensitivity to Noise 

At the transmitting end, preferably after the minimum specification 
necessary to represent the desired message has been determined, modula¬ 
tion may be used for the further purpose of either increasing or decreasing 
the band width of the spectrum of the information-bearing signals so as to 
obtain an economic balance between band-width occupancy and sensitivity 
to noise, interference, and other imperfections either of the transmission 
medium or other parts of the system. It is possible by an appropriate 
modulation process to trade extra band width for improvement in other 
system characteristics. One of the early and most widely used systems 
for capitalizing on the advantage of this exchange is the frequency-modula¬ 
tion system (Ref. 1)* proposed by Major Edwin II. Armstrong. The 
effectiveness of the process depends upon the peak value of the interference 
being less than the peak signal. Although frequency modulation is a well-
known example, some of the more recent systems, for example, pulse-code 
modulation, afford possibilities of even more striking improvements. 

To Translate Frequencies for Ease in Meeting Transmission Requirements 

As might be expected, various situations are encountered in which, by 
shifting the frequency band occupied by the transmitted signals, it becomes 
easier to meet the over-all transmission requirements. For example, many 
types of messages (high-quality music, video television signals, et cetera) 
originally occupy many octaves of frequency. Transformers and equaliz¬ 
ers designed to compensate for the delay distortion and attenuation char¬ 
acteristics of open-wire lines and cable pairs represent examples in which 
the complexity tends to be directly proportional to the number of octaves. 
Consequently, by translating the frequency band upwards by a modulating 
process, the range of frequencies considered in terms of octaves is reduced 
with the result that it becomes easier to satisfy the over-all transmission 
requirements of the system. 
Another example appears in cable carrier systems. Over the frequency 

range used by existing types of cable carrier systems, the variation in at¬ 
tenuation is approximately proportional to frequency. Modulation at 
each repeater point by a method that inverts or pivots the transmitted 
band about its mid-point tends to equalize the loss over the signal band. 
The transmission loss of an even number of like spans is made substantially 

* The references cited are listed at the end of each chapter according to the number 
used in the text. 
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independent of frequency, thereby permitting longer repeater spans and a 
great simplification of equalization and regulation. 

TO TRANSLATE SIGNALS FROM ONE MEDIUM TO ANOTHER 

To translate information-bearing signals from one medium to another is 
an additional reason for modulating. Clearly, this involves modifying 
conditions in the new medium according to those existing in the originating 
medium. In fact, the use of devices in which modulation changed the sig¬ 
nal medium actually preceded (Ref. 2) the widespread and presently better-
known use of modulation for the purpose of shifting signals from one 
location to another in the electrical frequency spectrum. In the para¬ 
graphs to follow, several examples will be mentioned. 

Ordinary Telephony by Voice-Frequency Methods 

In ordinary telephony by voice-frequency methods, the fluctuating 
sound intensities produced by the spoken word are usually regarded as the 
information-bearing signals to be conveyed. Each word or sound, if it is 
to carry information, must necessarily occupy a nonzero band of fre¬ 
quencies. Moreover, it will have its own aurally recognizable amplitude 
versus frequency and time pattern. This pattern contains the information 
which all ordinary voice-communication systems are called upon to trans¬ 
port. When received and detected by the human hearing mechanism, 
experience shows that satisfactory speech requires a band from about a 
hundred cycles per second to several thousand cycles per second. 

Fig. 2-2 Voice-frequency telephone circuit 

In ordinary speech, we modulate sound energy as we talk. In telephony 
(Fig. 2-2), modulated sound signals impinge upon a telephone transmitter 
and produce modulated electric signals. In this process, the voice waves 
falling on the diaphragm of the telephone transmitter change the resistance 
of carbon particles through which unidirectional current is transmitted. 
Thus, the telephone transmitter acts as a converter or modulator. An 
ideal transmitter or microphone would change the fluctuating sound in¬ 
tensities to electric waves of identical frequencies, identical phases, and 
proportional amplitudes. When a signal modulates direct current, as 
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previously described, the modulated electric signal in the output of the 
transmitter may be regarded as a single sideband of an amplitude-modu¬ 
lated carrier wave of zero frequency. 
At the receiving end, after propagation over the line, demodulation in 

the telephone receiver results in changing the signals back to pressure waves 
in the air. 

Radiant Beam Telephone 

There is another example in the early experiments of Alexander Graham 
Bell. Some three years after he transmitted the first complete sentence of 
speech over wires on March 10, 1876, he experimented with the modulation 
of visible light. During these experiments he talked over a sharply focussed 
beam of light, giving the world its first radiant beam telephone. As in the 
previous example, modulation served to translate signals from one medium 
to another. 

Telegraphy, Teletypewriter Systems, Facsimile, Telautograph, Tele¬ 
photography, and Television 

Other examples are available in telegraphy and teletypewriter systems. 
If we regard the mechanical operation of telegraph instruments and tele¬ 
typewriter keys as messages, these are translated into electric signals by 
direct modulation. In television, telephotography, facsimile, and some 
telautograph systems, the original message to be conveyed is in the form 
of light signals. It is disposed in space-time for the television case and in 
space for picture, facsimile, and telautograph systems. The light signals 
are converted by modulation to electric signals of much lower frequency. 
At the receiving end, the equivalent of an inverse operation also represents 
a step of modulation which sometimes is termed “demodulation”; and, in 
all of the examples cited, this results in changing the signals back to the 
original medium. 

TO PREPARE THE RECEIVED SIGNALS FOR THEIR 
DESTINATION 

No physical communication link is noise-free. Consequently, the in¬ 
coming signals will always be accompanied by unwanted but ever-present 
noise. One design objective is accurate interpretation of incoming signals 
in the presence of noise. In order to interpret this information under such 
adverse conditions, the receiver may utilize certain additional knowledge 
which need not be transmitted. For example, the kind of system is usu¬ 
ally known and something is known about the type of message to be con¬ 
veyed, such as whether it is a television message or an ordinary telephone 
message. In an efficient system of communication, the receiver makes 
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full use of all such pertinent knowledge which, once conveyed, does not 
reappear in each message. Thus, in an efficient system, the receiver and 
transmitter conspire to conserve band width and signal power. In any 
event, modulation is usually required in the receiver in order to make 
either the original message, or information pertaining to the original mes¬ 
sage, available in the form desired and for delivery when and where the 
message is wanted. 

TO CONVEY MESSAGES FROM ONE POINT IN SPACE-TIME 
TO ANOTHER 

In previous examples, emphasis has all been upon the transmission of 
the message from one point in space to another at substantially the same 
time. Of course, delivery of the message was delayed unavoidably by the 
time of transmission over the medium and by additional intrinsic delays 
introduced by instrumentation. It is equally important, however, to be 
able to accept a message at one time and deliver it at another time later. 
Among the earliest systems of communication were those wherein informa¬ 
tion was impressed upon either a stone tablet or a sheet of parchment. 
This was done often for the purpose of conveying messages to descendants 
or others at some future time. Here we have an example of a system 
capable of transporting information from one point in space-time to an¬ 
other. A much more modern equivalent of the ancient method is provided 
by automatic recording and playback. Automatic means for recording 
and playing back signals may be utilized to provide delay. Signal delay 
may be thought of as the introduction of phase shift in amounts directly 
proportional to frequency of signal components and to delay duration. 
Arrangements for the storage and delivery of signals are widely used in 

the newer types of modulation systems. Thus used, they may be called 
upon to satisfy a variety of requirements concerning storage capacity, 
permissible number of playbacks, permanence of the record, ability to 
add, remove, erase or transfer portions of the recorded information, ability 
to play back at different speeds, et cetera. Exact requirements may vary 
considerably in different applications. 
Modulation plays an important part in recording and playing back. 

For example, one way to record a voice pattern is on a phonograph disk 
where the significant ups and downs in air pressure are neatly carved upon 
the disk surface. In this instance, the recorded voice signals vary as a 
function of their position in space. They have been converted from a 
magnitude-time function to a magnitude-space function. The conversion 
is the result of modulation and, in this instance, the recorded information 
signals are distributed in space in direct relation to their original position 
in time. 
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CHAPTER 3 

KINDS OF MODULATION 

Many kinds of modulation are possible, but a characteristic common to 
all involves change. To get the message through, something about the 
incoming signal at the receiving end has to change, and change in 
a way that the receiver cannot predict. Thus, in many systems of 
modulation the procedure is to cause the message wave to change some 
parameter of the carrier. However, it has been appreciated that the 
modulated wave will be deformed by transmission over a noisy channel. 
Accordingly, it is not surprising to find that, in the more recent kinds of 
modulation, the modulating wave is caused to change the carrier in such a 
way that the modulated wave will be less susceptible to noise, interference, 
and distortion. This is accomplished by utilizing a wave form such that 
the unpredictable perturbations which cannot be avoided will affect, to a 
considerable extent, only characteristics that the receiver chooses to ignore. 
Systems of code modulation are even more effective: first, because the 
message is quantized and, second, because the coding process affords a 
convenient opportunity for a more elaborate processing of the message. 

AMPLITUDE MODULATION 

The familiar definitions of amplitude modulation (and also angle modu¬ 
lation) require three concepts: namely, modulated wave, modulating wave, 
and carrier. First, a modulated wave is defined as a wave, some parameter 
of which varies in accordance with the value of the modulating wave. 
Second, modulating wave is defined as a wave which carries the specification 
of the message and varies the parameter of the wave that is modulated. 
Third, the wave to which modulation is subsequently applied is known as 
the carrier. 

Amplitude modulation (AM) is modulation in which the amplitude of a 
wave is the parameter subject to variation. 

Amplitude Modulation of a Sinusoidal Carrier 

As implied by the three examples depicted in Fig. 3-1, it is not necessary 
to transmit the carrier continuously. Amplitude modulation of a sinus¬ 
oidal carrier, which is further illustrated by Fig. 3-2, is one of the oldest 
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MODULATING WAVE 

■MMMI 
CARRIER 

MODULATED WAVE 

Fig. 3-2 Amplitude modulation of a sine-wave carrier by a voice-frequency modu¬ 
lating wave: typical wave forms 

and most familiar systems of modulation. Thus, if Ac cos (2irfct + $c) is 
the sinusoidal carrier where Ac is the amplitude, fc the frequency, and 
the phase of the carrier, and if V(i) is the modulating wave, then 

Ac[l + ¿7(0] cos (2irfct + £c) (3-1) 

is the resulting modulated wave. In Chapter 9, this wave will be shown 
to be composed of the transmitted sinusoidal carrier which conveys no 
information and of the familiar (Ref. 1)* upper and lower sidebands which 
convey identical and, therefore, mutually redundant information. In 
(3-1), the greatest absolute value of kV(t) multiplied by 100 is referred to 

* The references cited are listed at the end of each chapter according to the number 
used in the text. 
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as the percentage modulation, that is, the modulation factor expressed in 
per cent. If |fcF(f)| > 1, the sinusoidal carrier is said to be over-modu¬ 
lated. An example of over modulation is displayed in Fig. 3-3. 

50 PER CENT OVERMODULATION 

UNMODULATED Ac WAVE FORM OF 

50 PER CENT MODULATION 

Fig. 3-3 Amplitude modulation of a sine-wave carrier by a sine-wave signal: over¬ 
modulation, 100 per cent modulation, and 50 per cent modulation 

In an amplitude-modulation system, the spectra of Fig. 3-4 further 
illustrate that it is not necessary to transmit the carrier in order to convey 
the information of the message and, moreover, for many purposes, it is 
sufficient to transmit only a single sideband. Systems that take advantage 
of this fact, without regard to whether the carrier is transmitted or sup¬ 
pressed, such as single-sideband modulation (Refs. 2 and 3) and vestigial-
sideband modulation (Refs. 4 to 6), will be regarded as examples of ampli¬ 
tude modulation. Vestigial sideband is a term that was suggested by 
Nyquist, and the requirements for this method of transmission are dis¬ 
cussed in Appendix 5 of Reference 4. The amplitude and phase require-
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SPECTRUM ANALYSIS OF V(t), THE MODULATING WAVE, SHOWING ITS AMPLITUDE (Av) 
AND PHASE (4>v) DISTRIBUTION AS A FUNCTION OF FREQUENCY 

fc 
SPECTRUM ANALYSIS OF THE SINE-WAVE CARRIER [AçCOSfSTTfct+íc)] WHOSE 

AMPLITUDE-FREQUENCY AND PHASE-FREQUENCY SPECTRA ARE REPRESENTED BY LINES 

A 

Ac 

UPPER 
SIDEBAND 

SPECTRUM ANALYSIS 0= AcÖ + KVttlJCOSfayfct+ilc), AN AMPLITUDE-MODULATED WAVE 

Fig. 3-4 Amplitude modulation: spectrum analysis showing amplitude-frequency and 
phase-frequency spectra of modulating wave, carrier, and modulated wave 

merits to be satisfied in a time-division system using vestigial-sideband 
modulation are considered by Bennett in Reference 5 on pages 212-214. 
The filter requirements for vestigial-sideband transmission are presented 
by Bode in Reference 6 on pages 333-334. 

There are several forms of modulation that are not strictly amplitude 
modulation but are so closely related to it that they are usually classified 
as special cases of amplitude modulation. Single sideband is one of 
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these. Although this is amplitude modulation in which the carrier and 
one sideband have been eliminated from the modulated wave, it is com¬ 
monly referred to as single-sideband modulation. It seems reasonable to 
follow this practice even though it is recognized that the practice seems 
unscientific. A similar convention, open to a similar objection, will be 
followed in speaking of vestigial-sideband modulation. 

Single-Sideband Modulation 

In single-sideband modulation, as demonstrated and elaborated upon in 
Chapters 9 and 11, the frequency spectrum of the modulating wave is 
translated in frequency by a specified amount either with or without in¬ 
version. These translations are illustrated by the amplitude-frequency 
and phase-frequency spectra depicted by Fig. 3-4. For example, in the 
case of an amplitude-modulated sine wave, the spectrum of the upper side¬ 
band (C + V) is the spectrum of the modulating wave (voice or other 
information-bearing signals) displaced without inversion by an amount 
equal to the carrier frequency. On the other hand, the spectrum of the 
lower sideband (C — V) is the spectrum of the modulating wave also dis¬ 
placed by an amount equal to the carrier frequency but with inversion. 
That is, a zero-frequency component of the modulating wave corresponds 
to the carrier, and any other frequency component of the modulating wave 
appears at a frequency lower than the carrier by a frequency difference 
equal to the frequency component of the modulating wave. 

Vestigial-Sideband Modulation 

Vestigial-sideband systems transmit one sideband and a portion of the 
other sideband which lies adjacent to the carrier frequency. In attempt¬ 
ing to produce a single-sideband system, if the signals constituting the 
modulating wave contain significant frequencies down to and including zero 
frequency, then in the neighborhood of the carrier frequency, it becomes 
impossible (because of physical limitations on obtainable filter character¬ 
istics) to separate the two sidebands. In vestigial-sideband systems, 
residual portions of both the wanted and unwanted sidebands are trans¬ 
mitted in such proportions that the required filters can be physically realized 
and the desired final output can be obtained. Thus, vestigial-sideband 
systems are like single-sideband systems, except in a restricted region 
around the carrier frequency. 

USAGE OF THE TERMS “SINUSOIDAL WAVE” AND 
“SINE WAVE” 

Either sinusoidal wave or sine wave will be used in place of the older 
phrase “harmonic function” to signify any function that can be expressed 
as the sine of a linear function of independent variables which constitutes 
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CARRIER 

MODULATING WAVE IS A SINE -WAVE SIGNAL 

AMPLITUDE-MODULATED WAVE 

PHASE-MODULATED WAVE 

FREQUENCY-MODULATED WAVE 

Fig. 3-5 Amplitude, phase, and frequency modulation of a sine-wave carrier by a 
sine-wave signal 
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its argument. The term “harmonic” will be used to mean a harmonic of 
the fundamental frequency of any periodic wave. For example, if sin x 
represents a wave the fundamental frequency of which is proportional to 
X, sin 2x would be referred to as the second harmonic. 

EXTENSION OF THE MEANING OF AMPLITUDE 

At this point it is worth noting that the term amplitude modulation im¬ 
plies that we have extended the original meaning and definition of ampli¬ 
tude to include the concept of instantaneous amplitude. First, we recall 
that amplitude and value (instantaneous value) are not synonymous. In 
fact, for many years amplitude has been used to express the crest value of 
a simple harmonic function or, more generally, any parameter that when 
changed merely represents a change in scale factor. Accordingly, in 
A cos (at + 'b), A is the original meaning and definition of the amplitude 
of this simple harmonic function which is a cosine wave. 

Thus, in our terminology, the harmonic function Ac cos (ad + <I>C) will 
be referred to indiscriminately either as a sinusoidal wave or as a sine wave. 
However, when the sine-wave carrier is amplitude-modulated, we replace 
Ac by a function of time, namely, + fcF(i)], and by so doing have 
departed from the original meaning of amplitude as applied to a sine wave. 
Although Ac[l + fcVXO] varies with time and we are concerned with its 
instantaneous value, nonetheless we will continue to speak of it as the 
amplitude. 

ANGLE MODULATION 

Angle modulation is modulation in which the angle of a sinusoidal carrier 
is the parameter subject to variation. If we write the expression for the 
sinusoidal carrier as Ac sin (ad + <E), the whole argument of the sine func¬ 
tion is defined as the angle. Phase and frequency modulation, depicted 
in Figs. 3-5 and 3-6, are particular forms of angle modulation (Ref. 7). 
Phase deviation, frequency deviation, and modulation index are terms 

often used in descriptions of systems of angle modulation, and the defini¬ 
tions given follow the Institute of Radio Engineers standards on modulation 
systems. Phase deviation is the peak difference between the instantaneous 
angle of the modulated wave and the angle of the carrier. Frequency devia¬ 
tion is the peak difference between the instantaneous frequency of the 
modulated wave and the carrier frequency. Modulation index is the ratio 
of the frequency deviation to the frequency of the modulating sine wave. 

Phase Modulation 

Phase modulation (PM) is angle modulation in which the angle of a 
sinusoidal carrier is caused to depart from the carrier angle by an amount 
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proportional to the instantaneous value of the modulating wave. If 
A cos (27t/cZ + $) is the sinusoidal carrier and F(0 the modulating wave, 
then 

Ac cos [2irfct + i>c + ÆV(i)] (3-2) 

is the resulting phase-modulated wave. 

Frequency Modulation 

Frequency modulation (FM) is angle modulation in which the instan¬ 
taneous frequency of a sinusoidal carrier is caused to depart from the 
carrier frequency by an amount proportional to the instantaneous value 
of the modulating wave. Here, it should be noted, we will find it neces¬ 
sary to extend our definition of frequency. Mathematically the term 
“frequency” applies, strictly speaking, only to infinite wave trains, and 
the phrase “changing frequency” presents a contradiction in terms. In 
this connection, Carson introduced in 1922 the concept of generalized fre¬ 
quency (Ref. 8), which in 1937 he extended (Ref. 9) with Fry under the 
name instantaneous frequency. Instantaneous frequency is the time rate of 
change of the angle of a sine function the argument of which is a function 
of time. If the angle is measured in radians and the time in seconds, the 
frequency in cycles per second is the time rate of change of the angle divided 
by 2tt. If Ac cos (2irfct + $„) is the sinusoidal carrier and F(f) the modu¬ 
lating wave, then 

Ac cos r27r/ct + Ki J V(t) dt + «F (3-3) 

is the resulting frequency-modulated wave. The reason for omitting the 
lower limit of the definite integral and its interpretation are discussed in 
Chapter 12. 

PM AND FM ARE NOT ESSENTIALLY DIFFERENT 

There has in the past been considerable discussion concerning the essen¬ 
tial difference, if any, between phase modulation and frequency modula¬ 
tion. Consequently, it seems worth while at this point to spend some time 
analyzing the two. 

It should be noted that when we apply our definition 

(angular frequency) = ~ (angle) 

to (3-3), we get 

(3-4) 
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Treating (3-2) similarly, that is, differentiating its argument with 
respect to time, 

2irfct + $1 + KV (f) = uc + KV\t). (3—5) d 
dt 

From (3-4) we conclude: in a frequency-modulation system, the devia¬ 
tion [A'iV(i)] of the instantaneous frequency from its unmodulated value 
is proportional to the magnitude of the modulating wave but is independent 
of its frequency. 

From (3-5) we conclude: in a phase-modulation system the deviation 

of the instantaneous frequency from its unmodulated value is 

proportional to the magnitude of the derivative of the modulating wave. 
This illustrates that, although phase modulation and frequency modula¬ 

tion are particular forms of angle modulation, nevertheless they are not 
essentially different. In fact, PM and FM are inseparable in the sense 
that any variation of the phase of a sinusoidal carrier is accompanied by a 
frequency variation and, similarly, any frequency change necessarily in¬ 
volves a phase change. Thus, the terms “phase modulation” and “fre¬ 
quency modulation” merely indicate which parameter is made proportional 
to the modulating wave and represent two cases of the same type of modu¬ 
lation. 

Although both names were very often used in the past as if to represent 
different systems, and although current practice still employs both terms, 
it should be noted that in recent years frequency modulation has also 
come to connote angle modulation. Clearly, the lack of any essential 
difference between phase and frequency modulation may be traced to the 
equivalence of angular frequency and time-rate of change of phase. 

The close relationship between phase and frequency modulation may 
also be illustrated by physical examples. If an equalizer having an output 
wave form that is directly proportional to the time integral of its input 
wave form precedes a phase modulator, the combination is a frequency 
modulator. If such an equalizer follows a frequency detector, the com¬ 
bination is a phase detector. Similarly, a differentiating network followed 
by a frequency modulator is equivalent to a phase modulator, and like¬ 
wise a phase demodulator followed by a differentiator is equivalent to a 
frequency demodulator. (A differentiator is a network which multiplies 
each frequency component of the signal by iu and an integrator is one which 
divides by iu.) 

In fact, the outputs of most FM broadcast transmitters vary across the 
program frequency band from almost pure phase modulation to almost 
pure frequency modulation, and in between is a mixture of both. This 
result is obtained by a pre-equalizer and is commonly referred to as pre-

UNlVERSnY 
OF BRISTOL 
LIBRARY 

boíeejw 



30 MODULATION THEORY 

emphasis. The inverse operation, usually performed by a network at the 
receiver, is known as de-emphasis and restores the pre-emphasized fre¬ 
quency spectrum to its original form. 

PULSE MODULATION 

Pulse-modulation systems sometimes use a high ratio of peak to average 
power for more efficient operation of the transmitter, and in these instances 
the pulses are separated in time one from another and show little tendency 
to overlap. Alternatively, however, the pulses, without losing their theo¬ 
retical identity, may overlap to such an extent that the resultant array is 
a continuous wave. In either instance, for all practical purposes, the power 
associated with a particular pulse differs essentially from zero only over a 
limited interval; and within the limited interval there is no nonzero sub¬ 
interval in which it is continuously zero. Information is conveyed by 
modulating some parameter of the transmitted pulses, for example, by 
varying the amplitude, duration, exact position in time, or shape of the 
pulse. If a system represents a continuously varying modulating wave 
by discrete signals (code symbols), the process is known as pulse-code 
modulation, and systems of this kind will be treated separately. 

Pulse-modulation and pulse-code-modulation terminology has not been 
standardized except to a degree, and many of the terms already in use are 
redundant. For example, one encounters various names such as pulse¬ 
amplitude modulation, pulse-duration modulation, pulse-length modula¬ 
tion, pulse-width modulation, pulse-position modulation, pulse-time modu¬ 
lation, pulse-frequency modulation, pulse-number modulation, pulse-epoch 
modulation, pulse-bracket modulation, pulse-code modulation, pulse-maze 
modulation, et cetera. Figure 3-7 illustrates three types. 

Meaning of Pulse Carrier 

In pulse-modulation systems, the unmodulated carrier is usually a series 
of regularly recurrent pulses. Each pulse is characterized by the rise and 
decay in time or space, or both, of a quantity the value of which is normally 
constant. In this sense, we choose not to regard a radio-frequency pulse 
as a pulse but instead to view it as the result of modulation where the 
modulating wave is a pulse. For example, a spurt from a radio-frequency 
oscillator would be regarded essentially as the sidebands of a radio-fre¬ 
quency sinusoidal carrier, amplitude-modulated by a pulse. Our pulse 
carrier, therefore, might be described as a series of d-c pulses having a wave 
form that depends upon the pulse repetition rate and upon the band width 
and response of the system. 

Pulse-Amplitude Modulation 

In pulse-amplitude modulation (PAM) the amplitude of a pulse carrier 
is varied in accordance with the value of the modulating wave as depicted 



KINDS OF MODULATION 31 

PULSE CARRIER 

PDM 

PPM 

Fig. 3-7 Examples of pulse-modulation systems 

in Fig. 3-7. It is sometimes convenient to regard PAM as simultaneous 
amplitude modulation of all of the Fourier components of the pulse carrier. 
More often, it is convenient to look upon PAM as modulation in which the 
value of each instantaneous sample of the modulating wave is caused to 
modulate the amplitude of a pulse. This point of view will be elaborated 
upon in Chapters 15 and 16; it stems from the sampling principle (Chap. 4) 
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which specifies the least number of values per second necessary to determine 
uniquely the value of the sampled wave at all times. Thus, although the 
modulating wave is assumed to be arbitrary (except that the frequency 
range it occupies is essentially limited) and takes on an infinite number of 
different values during any nonzero interval of time, nevertheless it can 
be reproduced exactly from a knowledge of its samples, provided the 
number of instantaneous samples per second exceeds twice its significant 
band-width occupancy in cycles per second. Simple commutator types 
of time-division systems afford examples of PAM (Refs. 5 and 7 to 
11). Reference 5 is a fundamental and very complete discussion by 
W. R. Bennett. As applied to telephony, Willard M. Miner (Ref. 10) in 
1903 patented a commutator-type of time-division system. 

Pulse-Time Modulation 

Pulse-time modulation (PTM) is modulation in which the values of in¬ 
stantaneous samples of the modulating wave are caused to vary the time 
of occurrence of some parameter of a pulse carrier. Pulse-duration modu¬ 
lation and pulse-position modulation are particular forms of pulse-time 
modulation. 

Pulse-Duration Modulation. Sometimes designated pulse-length modu¬ 
lation or pulse-width modulation, pulse-duration modulation, PDM (Refs. 11 
to 14), is modulation of a pulse carrier in which the value of each instan¬ 
taneous sample of a modulating wave is caused to vary the duration of a 
particular pulse (Fig. 3-7). The modulating wave may vary the time 
of occurrence of the leading edge, the trailing edge, or both edges of the 
pulse. 

Pulse-Position Modulation. In pulse-position modulation, PPM (Refs. 
15 to 17), the value of each instantaneous sample of a modulating wave is 
caused to vary the position in time of a pulse relative to its unmodulated 
time of occurrence (Fig. 3-7). 

Characteristic Properties 

The different pulse-modulation systems have different characteristic 
properties which are described in more detail in Chapters 15 to 18. Ease 
of multiplexing channels and, for PTM, valuable noise-reducing properties 
are outstanding characteristics. 
Each of the systems, PAM, PDM, and PPM, readily permits multi¬ 

plexing channels by time division. For example, application of the 
sampling principle permits the reduction of a continuous voice-frequency 
speech signal to about 8,000 discrete samples per second, and the informa¬ 
tion of each sample is carried by a modulated pulse. Consequently, if the 
pulses are short so that a single pulse can be sent in a small fraction of the 
125-microsecond (1/8,000-second) interval between the successive pulses 
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associated with a particular channel, the clear time may be occupied by 
other pulses from other voice channels, thus permitting multiplex opera¬ 
tion with many channels. 

Like FM, PTM has the property that, by using extra band width, some 
of the over-all performance characteristics of a PTM system can be im¬ 
proved, provided the peak interference is less than the peak signal. A 
feature of PPM is that, for fixed average power out of the transmitter, the 
peak power can be increased as the pulse duration is reduced. This is in 
contrast to conventional FM where, over a path of specified attenuation, 
the requirement that the peak interference be less than the peak signal 
represents a limitation on the signal-to-noise improvement obtainable with 
a given amount of average transmitter power. 

Like AM, PAM theoretically is not helped by the use of wider frequency 
bands. With a fixed average transmitter power and noise that has a 
uniform power density spectrum over the acceptance band but is random 
in phase, a greater frequency range theoretically affords no improvement 
in signal-to-noise ratio. At the same time, it need not cause degradation. 

PULSE-CODE MODULATION 

Pulse-code modulation, PCM (Refs. 18 to 24), is a radically new type of 
pulse system and represents a major contribution to the communications 
art. As in the earlier pulse systems (Fig. 3-8), each modulating wave is 
sampled periodically at a rate somewhat in excess of twice its highest fre¬ 
quency component. Unlike the continuously variable samples used in 
PAM, PDM, and PPM, in PCM the samples are quantized (Chap. 5) into 
discrete steps. The individual steps may be alike, or in logarithmic rela¬ 
tion, or they may vary otherwise, depending upon the characteristic 
properties of the modulating wave. 

In addition, each quantized sample is assigned a particular code pattern, 
the code pattern assigned being uniquely related to the magnitude of the 
quantized sample. This gives rise to various possible patterns of coded 
pulses. For example, if amplitude is the parameter quantized, there may 
be: patterns of on-or-off pulses; or patterns of three-value code elements, 
namely, values of +<S, 0, and —S, as in the familiar case of submarine 
cable telegraphy ; or, in general, patterns of N code elements, in which each 
code element will assume one of q distinct amplitude values. At the re¬ 
ceiving end, each code pattern is identified, decoded, and caused to produce 
a voltage proportional to the original quantized sample. From a succes¬ 
sion of such samples, the original wave is approximated. By making each 
quantum step sufficiently small, theoretically the original wave may be 
approximated as closely as desired. 

Pulse-code modulation has two outstanding properties: first, it affords 
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Transformation of voice to code pulses. The input signal, represented as a sine wave at the left 
above, is compressed logarithmically to give the curve shown at the right. Samples are taken every 
125 microseconds, and each sample is converted to a five-pulse binary code as shown in the lower 
Jine. A solid vertical line is used to represent a pulse, and a dotted line, the absence of a pulse. 

Fig. 3-8 Pulse-code modulation: how the sampling and quantizing principles permit 
a voice-frequency wave to be transformed to a sequence of various patterns of code 
pulses 

marked freedom from noise and interference; and, second, it permits re¬ 
peating the signals again and again without significant distortion. For 
example, consider the code patterns formed by on-or-off pulses. At each 
regenerative repeater, as long as each incoming pulse can be correctly 
identified in the presence of accumulated noise, interference, and distortion, 
a new and correct code pattern can be generated and started out afresh to 
the next repeater. 

TOPICS NOT TREATED 

A branch of modulation theory which we shall neglect is the unwanted 
generation of what has been termed products of modulation due to non¬ 
linear response as, for example, either in a nearly linear amplifier or in a 
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common-channel modulator. This is not modulation at all within the 
present meaning of the term, and perhaps the proper term is nonlinearity. 
Another topic which we shall neglect is the theory of the design of modu¬ 
lator and related types of nonlinear circuits. Although these topics are 
important from the standpoint of instrumentation, it is thought best to 
confine the treatment of the text to other aspects of the theory. The 
literature on these topics is extensive. References 25 to 37 are cited as 
representing a short list of selected publications. 
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CHAPTER 4 

THE SAMPLING PRINCIPLE 

The sampling principle specifies the least number of discrete values 
(samples) of an unknown function necessary for its complete and unam¬ 
biguous definition. Since our discussion will be limited to physical sys¬ 
tems, we will assume that the unknown function is a real function of a 
real variable, single-valued, finite, continuous, and everywhere possessing 
a derivative. As we shall discover, these discrete values of information 
(samples) need not necessarily be values of the function. They can be 
values of significant parameters such as derivatives of various orders, 
integrals, et cetera. Moreover, the samples need not be uniformly dis¬ 
tributed. For example, if the unknown function is a magnitude-time 
function, the instantaneous samples of the magnitude of the function need 
not be uniformly spaced in time. 

SPECIAL STATEMENT OF THE SAMPLING PRINCIPLE 

A restricted but widely used form of the sampling principle states: 
If a signal that is a magnitude-time function is sampled instantaneously at 

regular intervals and at a rate slightly higher than twice the highest significant 
signal frequency, then the samples contain all of the information of the original 
signal. 

In practical applications of the sampling principle, we are usually called 
upon eventually to reconstruct, from a knowledge of discrete instantaneous 
samples, the values of an unknown magnitude-time function for all sig¬ 
nificant times. If an arbitrary wave is plotted, it can be reproduced in all 
its detail from the values of a set of ordinates erected at equally spaced 
intervals, provided the spacing of the sampling ordinates is less than half the 
period of the highest significant frequency component of the original wave. 

Similarly, if a voice wave is passed through a low-pass filter having a 
cutoff frequency that is below 4,000 cycles per second, all of the informa¬ 
tion necessary for its distortionless reconstruction is contained in a set of 
very short samples of the voice wave taken at regular intervals at the rate 
of 8,000 per second. Since the highest significant signal frequency is less 
than 4,000 cycles per second, no intrinsic distortion is involved. 

37 
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Significance 

Since the sampling principle specifies substantially the least number of 
discrete values necessary to reproduce a changing magnitude-time func¬ 
tion, application of the sampling principle reduces the communication 
problem to one of transmitting a finite number of values. 

SAMPLES OF NONZERO DURATION 

Although we have mentioned instantaneous sampling, it is realized that 
instantaneous sampling never can be realized because the operation of a 
physical circuit, however fast, still requires a nonzero interval of time. 
Moreover, samples are often lengthened intentionally for convenience in 
instrumentation. In the two typical examples to follow, certain significant 
properties of samples of nonzero duration will be indicated. 

Ordinary Samples 

As a simple illustration we shall consider that the sampling mechanism 
merely extracts successive portions of pre-determined duration taken at 
regular intervals from the sampled wave. Again considering a voice¬ 
frequency wave as in ordinary telephony, in practical applications the 
voice signal usually is passed through a low-pass filter, as shown in (a) of 
Fig. 4-1, to attenuate to negligible values all frequencies above an upper 
limit that is less than half the sampling frequency, fc. After filtering, the 
resulting magnitude-time function is designated V. In (b) of Fig. 4-1, V 
indicates the instantaneous value of a short portion of a voice signal which 
might have passed the low-pass filter. 
Another magnitude-time function is the unit sampling wave, which is 

shown in (c) of Fig. 4-1 with the designation U. Mathematically, as in¬ 
dicated in (f) of Fig. 4-1, U can be regarded as equal to a d-c term plus 
the sampling frequency, fc, plus harmonics of the sampling frequency. 

In this example, U will be used to sample the voice input at regular 
intervals T, and the duration of each sample will be to. The interval be¬ 
tween pulses, T, is equal to l//c. The ratio of the pulse duration to the 
interval between pulses is designated k; k equals t0/T. 
When U is multiplied by V, the product UV is an analytical description 

of a process for sampling the voice input. The result is shown as a series 
of positive and negative pulses in (d) of Fig. 4-1. U is either one or zero. 
When U is one, the product UV is equal to V; when U is zero, the product 
UV is zero. 
Because I V is similar in appearance to amplitude-modulated pulses, it 

is not surprising to find that, upon performing the indicated multiplication 
I V, one obtains an attenuated replica of V simply by passing UV through 
a low-pass filter as shown in (e) of Fig. 4-1. In the process of sampling 
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and filtering, V is reduced by a factor k. We shall neglect for the present 
the delay and distortion introduced by the low-pass filter. Amplifying by 
a factor 1/k restores V to its original value. 

AUDIO SIGNAL 

LOW 
PASS 
FILTER VOICE INPUT 

(a) SOURCE OF VOICE INPUT 

U = k + 2k E Am cos mCt 
m=i 

k = ̂  = DUTY CYCLE 

r _ C 1 _ T . _ SIN mkff 
c ~ zrr rc m mkrr 

t —*■ 

(c) DIAGRAM OF U 

(f) ENLARGED DIAGRAM OF U, UNIT 
SAMPLING FUNCTION 

(e) PASSING UV THROUGH A LOW-PASS 
FILTER AND AMPLIFIER TO OBTAIN V 

Fig. 4-1 Properties of ordinary samples 

We may show more concretely that passing UV through a low-pass 
filter yields the original signal. In (g) of Fig. 4-1 is a spectrum analysis 
showing the magnitude of V, and also UV, as a function of frequency. 
The upper diagram is the spectrum of V. After sampling, V becomes UV. 
The spectrum of UV is the spectrum of V, small but exact, together with 
upper and lower sidebands about fc and harmonics of fc- I1 igure 4-2 rep-
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resents symbolically the spectrum of UV for a sampled audio band. It 
shows the separation of components when the sampling frequency exceeds 
twice the top audio frequency. 

AUDIO 
BAND 

SIDEBANDS 

LOWER UPPER 

SIDEBANDS 

LOWER UPPER 

0 FREQUENCY 
SAMPLING 
FREQUENCY 

2ND HARMONIC 
OF SAMPLING 
FREQUENCY 

Fig. 4-2 Spectrum of a sampled audio band, illustrating separation of components 
when the sampling frequency is more than twice the top audio frequency 

Flat-Top Samples 

As a second example, imagine V = U(f) is sampled as before, except 
that the sampling is instantaneous. Also imagine that the duration of 
each sample is lengthened to T. Finally, assume that the resultant array 
of flat-top pulses is passed through a low-pass filter that substantially re¬ 
jects all frequencies above an upper limit less than/c/2; this filter, however, 
has substantially no effect on the in-band frequencies. Under these con¬ 
ditions one obtains (Ref. 1)* 

(4-1) 

in the output of the low-pass filter. 
If now, in this example, each sample is lengthened only to to instead 

of T, (4-1) becomes 

k 

/o’] 
sin 2 

to y 0 - 2)’ (4-2) 

a relationship derived in Chapter 16 in the section entitled Double-Polarity, 
Flat-Top Pulses. Thus, the output of the low-pass filter is given by (4-2) 
which corresponds to kV in the first example. This shows that, by using 
flat-top samples, we have introduced distortion as well as a delay of to/2. 
However, the distortion can be corrected by an equalizer. Now say that 
we ignore the delay and assume that the low-pass filter is followed by an 

* The references cited are listed at the end of each chapter according to the number 
used in the text. 
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equalizer. Let K represent a constant factor of proportionality such that 
the frequency characteristic of the equalizer is given by 

SID W -

Then if we amplify the resulting attenuated but undistorted signal by an 
amplifier that has an amplification factor of \/kK, we recover V where V 
(it will be remembered) is an arbitrary magnitude-time function the highest 
frequency component of which lies within the pass band of the low-pass filter. 
To recapitulate, if a signal that is a magnitude-time function is sampled 

instantaneously at regular intervals and at a rate slightly higher than 
twice the highest significant signal frequency, and if each sample is clamped 
for a time to, (0 < io < T) ; then after rejecting all frequencies in excess of 
the highest significant signal frequency, a delay of t0/2 will have been intro¬ 
duced along with a certain amount of attenuation and distortion. How¬ 
ever, independent of the spectral content of the signal within its allotted 
frequency range, there need be no intrinsic deformation of the reconstructed 
signals because the distortion and attenuation can be compensated for by 
a fixed equalizer and fixed-gain amplifier. This may be interpreted as 
illustrating a particular scheme for reconstructing the magnitude-time 
function from a knowledge of its instantaneous samples, the samples being 
taken at regular intervals and at a high enough rate. 

MORE GENERALIZED SPECIAL STATEMENT OF 
THE SAMPLING PRINCIPLE 

At this point the previous statement of a special form of the sampling 
principle will be generalized slightly : 

If a signal is a magnitude-time function, and if time is divided into equal 
parts forming subintervals such that each subdivision comprises an interval T 
seconds long where T is less than half the period of the highest significant fre¬ 
quency component of the signal; and if one instantaneous sample* is taken 
from each subinterval in any manner; then a knowledge of the instantaneous 
magnitude of each sample plus a knowledge of the instant within each sub¬ 
interval at which the sample is taken contains all of the information of the 
original signal. (Ref. 2.) 

Significance 
The foregoing statement implies that the exact timing of the samples 

may be an involved function of time. This need not, however, necessarily 
* When the chosen instant of sampling falls at one extremity of a subinterval, that 

instant is excluded from the adjacent subinterval in order to insure 1/T distinct instants 
of sampling as well as one sample from each subinterval. 
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increase the band-width requirements. In an efficient system of communi¬ 
cation, either the instants at which samples are taken represent information 
which the receiver is assumed to know, or, if this information has to be 
transmitted, no significant extra band width should be required. Other¬ 
wise band width is wasted unnecessarily. In any event accurate timing 
is important. Lack of precision in defining each instant of sampling will 
contribute to inaccuracy in the subsequent reconstruction of the message 
and will manifest itself as extra noise. 

PPM with Natural Sampling 

Let us envision a PPM system and consider two cases. Case I will 
employ uniform sampling and is, therefore, another example of the special 
statement of the sampling principle previously treated. Case II, however, 
will employ what has been called natural sampling and will illustrate the 
more generalized special statement of the sampling principle which we are 
considering. 

In a PPM system (Fig. 4-3), the information of each channel is con¬ 
veyed by varying the exact position in time of the channel pulses. Suppose 
the channels are all ordinary telephone channels. With no voice input, 
the pulses associated with a particular channel might occur 8,000 times a 
second, or every 125 microseconds. When the channel is busy, a pulse 
occurs earlier or later as the magnitude of the voice wave is plus or minus. 
The exact displacement of a pulse from its unmodulated position is directly 
proportional to the magnitude of the voice wave at the time of sampling. 

In Case I, the sampling is at uniform intervals; and a knowledge of this 
and of the modulated pulses, at the receiver, is sufficient to reconstruct the 
original voice wave. 

In Case II, by contrast, the time of sampling coincides with the time of 
appearance of the position-modulated pulse. Here too, theoretically we 
have the necessary information to reconstruct the original voice wave 
without using extra band width. Actually, in a multichannel system, the 
maximum swing, or variation in exact position in time from the mean, is 
small. Consequently, the distortion introduced in each of the channels 
of a PPM system using natural sampling (Case II) as a result of using a 
method of reception appropriate to uniform sampling (Case I) would be 
small, at least for ordinary telephony. From an engineering standpoint, 
PPM systems using either uniform sampling or natural sampling provide 
commercial telephone channels with equal success and with equal ease of 
instrumentation. In both types of sampling, it is practical to disclose the 
time of sampling to extraordinary precision ; and in most practical applica¬ 
tions there need be no appreciable impairment in the derived message due 
to lack of sufficiently precise knowledge of the exact time of sampling. 
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PPM with Longer Interval between Pairs of Samples 

As another example of a multichannel PPM system in which the samples 
are not uniformly spaced, let us imagine a system in which each message 
channel is examined only 4,000 times a second, that is, at regular intervals 
of 250 microseconds. During each examination, two nearly instantaneous 

abed e\|L/| 

JlOOO MICROSECONDS^ 
I 1000-CYCLE 

SINE WAVE 
g f,h a,e,i b,d c 

.j _ Ji_ > iJ L— J L— J U L— .. — ;L 

Fig. 4-3 Pulse position modulation: modulation of a particular channel by a sine wave 

samples are taken which are separated in time by a comparatively brief 
interval. As in the other examples, no intrinsic distortion is involved. 
With regard to practical embodiments, a particular arrangement for the 
reconstruction of the voice wave at the receiver was devised which proved 
to be only slightly more complicated than for Case I or Case II of the 
previous illustration. Considering a particular pair of samples, the first 
sample to occur is a measure of the magnitude of the sampled wave at the 
instant of sampling, and this information is transmitted. If the first and 
second samples happen to be very closely spaced, their difference is approx¬ 
imately proportional to the first derivative. In any event, it is a dis-
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placement proportional to the difference that is transmitted. Knowledge 
of these magnitudes, the repetition rate, and the spacing between samples 
is enough to permit exact reconstruction of the message. A careful study 
of this method of sampling showed that, for the transmission of ordinary 
speech, the over-all signal-to-noise ratio was only slightly different than 
with uniform sampling. 

GENERALIZED TREATMENT OF THE SAMPLING PRINCIPLE 

Although the treatment to follow is limited to simple magnitude-time 
functions of the type previously defined, the results are applicable to other 
single-valued functions. Moreover, they are capable of extension to func¬ 
tions of more than one variable. 

Introductory Discussion of Theoretical Limitations 
If the magnitude-time function is always zero within either an open or 

closed nonzero interval of time, its spectrum theoretically includes com¬ 
ponent frequencies larger than any arbitrarily assigned number, however 
large, although, of course, the magnitudes of the very-high-frequency 
components may be small. This clearly follows from the fact implied for 
most such functions that a derivative of at least some order (including 
zero) is not everywhere continuous. For the narrow class of functions 
that are identically zero over a nonzero interval but still do not have 
a discontinuous derivative of any order, the proof is still possible but 
includes some rather abstract reasoning from Fourier theory. A good 
example is a signal, everywhere finite, continuous, and possessing a deriva¬ 
tive the value of which is and remains zero until a particular time io, that 
is, from t = — oo to t = t0. No finite number of samples can define such 
a signal, except approximately, without additional knowledge of its wave 
form. Similarly, in a system having a finite band width, transients the¬ 
oretically endure forever. Practically, of course, factors of this sort may 
not be important at all if the significant margins are liberal. However, 
these factors cannot be neglected in detailed theoretical investigations and 
may play a part in certain practical situations. 
As another example, suppose a low-pass filter freely passed all frequencies 

up to and including B cycles per second and utterly failed to transmit all 
higher frequencies. As is well known, in response to an applied input, a 
signal would appear in the output at earlier times than the earliest input 
signal. This absurdity arises because the amplitude and phase response 
characteristics of physical networks are not independent, and their implicit 
relation to one another may be formulated explicitly by demanding zero 
response prior to the time that the input is applied. Thus, the amplitude 
and phase characteristics previously implied in defining an idealized low-
pass filter are not compatible in a physical network. 
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Although an ideal filter is nonphysical, theoretically it can be approxi¬ 
mated by physically realizable elements to within a specified accuracy: 
first, by including an equalizer sufficiently elaborate to correct to the ac¬ 
curacy desired for any attenuation and delay distortion (which would be 
introduced by an unequalized network) as a function of frequency up to 
frequencies approaching cutoff ; and, second, by the use of a large enough 
number of sections to introduce what can be regarded as sufficient loss to 
all out-of-band frequencies. However, the closer the approximation of the 
physical filter to the ideal, the longer the delay or time of propagation 
from input to output and, also, the longer the duration of substantial 
transients in the output in response to frequency components approaching 
cutoff. In the final analysis, tolerance to delay, tolerance to the deforma¬ 
tion of the sampled wave in the output due to transients, and the required 
precision of resolution, all are factors which of necessity affect the con¬ 
servation of band width. 

Periodic Sampling of a Magnitude-Time Function and Related Band-
Width Restrictions 

Thus, in the special statements of the sampling principle, the assump¬ 
tions made were impossible of exact physical realization. For example, 
the band width was assumed nonzero, and the highest significant signal 
component was assumed to be within the pass band of the system. Al¬ 
though this implied that all higher frequencies were unimportant, they 
never can be zero. Consequently, depending upon the manner and extent 
to which the highest frequency components of the sampled wave exceed B, 
the 2B samples per second fail to define precisely the arbitrary wave being 
sampled. 

This shows that, even when a channel has a certain band width starting 
with zero frequency and including all frequencies less than B cycles per 
second, close scrutiny is necessary to determine just what frequency range 
is being utilized. For example, suppose we are free to use such a channel 
for a certain period of time To. Although this of itself implies that we can 
use any signal functions of time, provided they are confined to 77o and 
provided their spectra lie entirely within B, actually, as explained previ¬ 
ously, it is impossible to fulfill both of these conditions exactly. We may 
keep the spectrum substantially within the band B in the sense that the 
out-of-band components can be regarded as having been made sufficiently 
small; and, in addition, we can arrange to have the magnitude-time func¬ 
tion arbitrarily small outside To. However, all of this will involve delay¬ 
ing the message and reducing, no matter by how little, the theoretical 
message capacity of the channel. 

This means that with a limited band width there is uncertainty in our 
evaluation of the signal wave by physical means. By properly and care-
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fully controlling the transmission, although only at the expense of delaying 
the message, the uncertainty can be made, in theory, arbitrarily small. 
However, when we sample close to the minimum instead of at a moderately 
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Fig. 4-4 Theoretical limitations of the sampling principle 

higher rate, the transmission requirements tend to become unreasonably dif¬ 
ficult, and for some applications the resulting delay could not be tolerated. 
To illustrate these matters further (Fig. 4-4), suppose we consider an 

ordinary telephone channel and undertake to sample an arbitrary voice¬ 
frequency wave at regular intervals 8,000 times a second. The question 
is: How wide a frequency range can we handle? Naturally, the highest 
frequency component of the sampled wave must be less than 4,000 cycles 
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per second, because otherwise the samples do not uniquely determine the 
wave that is being sampled. Next, suppose we allow a guard space of 
20 cycles per second, divide this guard space by two, and allot the first 
half to Fi (Fig. 4-4). Then filter Fi is called upon to pass all frequencies 
from 0 to 3,980 with uniform attenuation and uniform delay, and it is also 
called upon to attenuate all frequencies above 3,990 by A decibels. Thus, 
the frequency range from 3,980 to 3,990 cycles per second clearly repre¬ 
sents a transition range. 

Accordingly, it is assumed that Fi also includes equalizers to insure that 
the in-band transmission distortion and in-band phase distortion are each 
independent of frequency to within prescribed limits. These limits can 
be made sufficiently small so that the deformation of the wave form of the 
transmitted signal due to these factors will about equal the deformation 
caused by a limited instead of an infinite out-of-band loss. This means 
that the required out-of-band attenuation A must be sufficient to make the 
unwanted frequency components of the input wave unimportant compared 
with the accuracy of resolution needed to define the wanted component of 
the sampled wave. 
The wave at the output of the filter Fi, designated as Si(t), is the wave 

to be sampled. Because Si(t) is assumed to have been filtered adequately 
by Fi, it can be described as having no significant frequency components 
in excess of 3,990. 

After sampling, the samples are filtered by another similar low-pass 
filter, F2, which passes all frequencies from 0 to 3,990 and attenuates fre¬ 
quencies above 4,010 by A decibels (Fig. 4-4). Filter F2 also is supposed 
to include in-band equalization and, outside of its pass band, is called 
upon to attenuate all unwanted switching or sampling sidebands, as in 
Fig. 4-2 and (g) of Fig. 4-1, to the extent dictated by the resolution sought. 
Depending upon the nature of the samples, the output of the filter F2 is 
further equalized and amplified as required, and then will be found to 
yield Siit) to the precision specified. 

If the samples are ordinary (continuous) samples (Fig. 4-1), no additional 
equalizer following F2 is needed. If, however, the samples are, for ex¬ 
ample, flat-top samples, then the required characteristic of the equalizer 
will be that of the aperture equalizer mentioned previously in the discus¬ 
sion of flat-top samples. It should be noted that filter F2 (Fig. 4-4) is 
required to pass all frequencies from 0 to 3,990 in order to transmit uni¬ 
formly all of the frequency components capable of passing Fi with an 
attenuation less than A; and, of course, F2 must also attenuate by A 
decibels all frequencies above 4,010 (see Fig. 4-2 and (g) of Fig. 4-1). 

Clearly, in the absence of noise, interference, and nonlinear distortion, 
and at the expense of delaying the message, Si(Z) can be recovered with as 
high an accuracy as we wish to specify. This is because the inherent dis-
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tortion in the recovered wave depends only upon adequate suppression of 
all frequency components of the sampled wave which are greater than or 
equal to half the sampling rate, and which, therefore, can be controlled by 
A, the out-of-band loss. 
Equally important is the fact that the recovery, or reconstruction, of the 

sampled wave is entirely unaffected by the particular times at which the 
samples are taken just so long as they are taken at perfectly regular in¬ 
tervals and at a fast enough rate. That is to say, merely advancing or 
delaying the sampling times need not advance, delay, or otherwise affect 
the recovered wave. To prove this, note that the result is true for any 
sine-wave input with a frequency that is less than half the sampling rate. 
Then, since superposition holds, the result is true in general to the extent 
that the spectrum of the sampled wave does not include frequencies as 
high as half the sampling rate. 

Consequently, the result proved for the idealized case can be made to 
hold in a practical situation to within an arbitrary error, however small, 
by providing a large enough value of A (Fig. 4-4). But, before continuing, 
let us consider a contrary example in the neighborhood of half the sampling 
frequency. In this instance the proper precautions will not be taken. 
Suppose cos 2tt3,99O/ is sampled beginning with t = 0 at regular intervals 
of 125 microseconds (1/8,000 second). The result for the first few dozen 
samples will be samples each of magnitude of the order of unity. Again, 
suppose cos 2tt3,99O/ is sampled beginning with / = 1/15,996 second also 
at icgular intervals of 125 microseconds. The result for the first few dozen 
samples will be samples each of magnitude of the order of zero. Clearly, 
the response of F2 (Fig. 4-4) to these two sets of samples will be entirely 
different instead of almost the same. The explanation is that the spectrum 
of the sampled wave contains frequencies above 4,000 cycles per second, as 
can be easily shown. 

Io recapitulate, reference to Fig. 4-4 will show that no physical measure¬ 
ment which we can make will detect any difference in the wave forms of 
Si(/) and other than the delay introduced by the filters and the defor¬ 
mation due to imperfect in-band transmission and finite out-of-band loss. 
Moreover, this result will be unchanged either by advancing or retarding 
the samples. It is enough that the samples be uniformly spaced, provided 
they are taken at a fast enough rate. Consider an utterly impractical 
case merely for purposes of illustration. Say that A = 240 decibels and 
that each filter is equalized to within 10—13 decibel. If the delay distortion 

in seconds as a function of frequency is less than about ~S * 10 13 

(where/is the in-band frequency in cycles per second), then S2(i) (Fig. 4-4) 
ordinarily might be expected to differ from roughly by less than 
2 X IO“13 of the magnitude of 
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Using methods originated by H. Bode (Ref. 3), an estimate prepared 
by E. N. Gilbert of the approximate theoretical lower bound to the delay 
(Fig. 4-4) is 0.14 second for Fi and 0.07 second for F2. Therefore, accord¬ 
ing to this estimate the delay due to both filters must exceed 0.21 second. 
If a delay of only two milliseconds were tolerable, either A would have to 
be less than about 2.3 decibels or else the guard space would have to be at 
least 1,200 cycles per second for Fi and 2,400 cycles per second for F2. 
Limiting A limits the resolution and hence, as will be shown presently, 
limits the maximum message capacity of the channel. Increasing the 
guard space increases the band-width occupancy and consequently reduces 
the message capacity of the medium. 

In any physical system of communication, the signal wave which we 
finally elect to pass must occupy of necessity an essentially limited band. 
Consequently, as we attempt to reduce band-width occupancy by approach¬ 
ing rather close to the practical minimum, we find that other parameters 
are affected. For example, the delivery of the message will be delayed. 
In a program distribution network, a radio broadcasting system, or a one¬ 
way television system, fairly substantial delay, compared to the perform¬ 
ance of present conventional systems, might be admissible. On the other 
hand, for a long-distance, two-way, ordinary telephone channel, delays 
appreciably longer than several milliseconds per link would be question¬ 
able, even with speed-of-light transmission over the medium. If we are to 
avoid serious service impairment, very little additional delay is admissible 
in each of the several multilink circuits that make up most present-day 
circuits as long as 4,000 or 5,000 miles. Such delays tend to interrupt the 
exchange that occurs in normal conversation. Thus, the minimum band 
width that is practical will depend upon the service or, as we shall term it, 
upon the destination of the message. Likewise, as already mentioned, 
when the guard space or frequency interval separating a region of low loss 
from a region of high loss is made smaller and smaller, the over-all transient 
response to frequency components approaching cutoff becomes a substan¬ 
tial factor over longer and longer times; and, consequently, the output 
wave becomes correspondingly quite altered. As a result, in practical 
situations, factors of this sort rather than the actual size and cost of 
complex networks may control the permissible minimum guard space 
(Fig. 4-4). 
To summarize, the intrinsic band width required is the width of the sig¬ 

nal spectrum that must be preserved in order to make the signal wave 
being sampled sufficiently undistorted. In addition, because of the re¬ 
sponse characteristic of physical networks, additional frequency range or 
guard space is also required. Consequently, the total frequency space 
assigned to a channel includes the entire band, namely, the intrinsic band 
width plus guard space. This means that the minimum band-width occu-
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pancy occurs when any further band limitation operates to delay and 
impair the signal beyond tolerable limits, assuming adequate signal power. 

Generalized Statement of the Sampling Principle 

From the preceding discussion we see that we can confine our attention 
to a simple magnitude-time function. We also may say that its significant 
frequencies include all frequencies less than B. Nyquist (Ref. 4) pointed 
out that, if the function is substantially limited to the time interval X, 
2BX values are sufficient to specify the function, basing his conclusions 
on a Fourier series representation of the function over the time interval X. 
This gives BX sine and (BX + 1) cosine terms up to frequency B in the 
series expansion. Usually X is large and we speak of 2BX values. 
The 2BX instantaneous samples need not be equally spaced as in the 

foregoing derivation. More generally, any set of 2BX independent num¬ 
bers associated with the function may be used to define it completely and 
uniquely. 

It is not surprising to find that derivatives and integrals of any order 
are appropriate for any of the independent numbers because these are 
operations that can be simulated by equalizers. If the independent 
numbers are bunched to a substantial extent, the values must be known 
with extraordinary precision to afford accurate reconstruction of the 
function. 
As an example, let us consider groups of instantaneous samples bunched 

together and, therefore, separated by substantial intervals of time com¬ 
pared to 1/2B. Consider an ordinary speech channel that normally would 
be sampled at uniform intervals of 1/8,000 second. The physical inter¬ 
pretation of bunched samples can be thought of as depending upon the 
persistence of the transient response of a low-pass filter to the bunched 
samples. It is evident that, if the interval between bunches is long 
enough, the information to be used will become lost in the noise. Using 
the noise values normally associated with a speech input channel, it was 
found by the writer that the bunches could be separated by intervals as 
long as about one-tenth of a second before encountering theoretical diffi¬ 
culty on the score of noise. This means that theoretically we could keep 
away from the message circuit for periods as long as one-tenth of a second 
and still not lose significant knowledge of the message. Practically, if 
there is appreciable bunching, the samples have to be known to extraordi¬ 
nary precision for reasonably good reconstruction of the message. 

Of course, infrequent examination of the wave to be sampled delays the 
delivery of the information to its destination. Moreover, bunching the 
samples or the even more generalized representation of a sampled wave by 
any set of independent numbers implies complicated reconstruction proc¬ 
esses. 
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In general, the arbitrary sampled wave can be represented by any set 
of 2BX independent numbers associated with the function, and this in 
turn represents the least number of values capable of completely and 
uniquely defining the function. The total number necessary per period 
of time X is fixed. It is the same as when the samples are spaced uniformly. 

ADDITIONAL THEOREMS PERTAINING TO PERIODIC 
SAMPLING OF SIGNALS 

We have shown previously that, on a classical basis and in the absence 
of noise, there is a unique relationship between an arbitrary signal occupy¬ 
ing the band of all frequencies less than B and the instantaneously sampled 
values of the signal taken uniformly at the rate of 2B samples per second. 
If we are given the signal wave, we can determine the samples; and if we 
are given the samples we can determine the signal wave. 

These results and the theorems to follow are equally applicable to any 
set of sampling points spaced 1/2B second apart. That is, the results are 
independent of the exact times of sampling, provided only that the samples 
are taken at regular intervals of 1/2B second. 

Theorem I : Given samples al lhe rale of 2B samples per second of a signal 
wave having a highest frequency component that is less than B; given unit im¬ 
pulses* centered about the sampling instants; multiply each unit impulse by 
its coincident sample and divide by the rale of sampling; and apply the resulting 
array of impulses to an ideal low-pass filler of cutoff frequency B: the response 
of the filter will be the signal wave. (Ref. 5.) 

Suppose we multiply V cos 2irf„t = V cos uvt by a succession of short 
rectangular pulses of unit height and duration t0 centered about what 
eventually are to become the sampling instants. If the sampling rate is 
fc, we obtain (Fig. 4-1) simple (continuous) samples of duration to. Writ¬ 

ing 2irfc = uc, = T and Jc A 
= k, we have 

F(f) = V cos &vt k + 2k sm mkr 
- ;- COS m^ct mkir 

= |fcos ŵ  + ̂ V¿ 
• to sm m ji ir 
- -- [cos frrwic + o>„)t + cos (muc — w„)t]. 

to 
m T T (4-3) 

* Unit impulses are infinitesimally narrow pulses each of infinite height to give unit 
area. Infinitesimally short pulses have a flat frequency spectrum, whereas pulses of 
finite duration do not. 
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A unit impulse has zero duration, infinite height, and unit area. Hence, 
we may write an expression for ô(t), periodic unit impulses at regular inter¬ 
vals T, namely, 

r i 2 smm^TT 
¿(Z) = lim ~ 22 - 7- cos muct 

to—»0 111 co zn j, ir 

00 

1 + 2 22 cos muct m- 1 
(4-4) 

A train of samples in which each sample is multiplied by a unit impulse is 

[V COS 0(0 = fd cos 22 cos (muc+«»)<+ cos (muc — • (4-5) 
i 

Each component of F(0, the wave being sampled, will be represented by a 
term proportional to that component plus a series of additional cosine 
terms each of appropriate amplitude, phase, and frequency. Since the 
system is linear, the principle of superposition may be applied to the com¬ 
posite signals which comprise V(t)- If the highest frequency component 
of V(t) is less than B, if fc = 2B, and if we neglect frequencies in excess of 
B, then, on the assumption that there is no delay in the filter, the filtered 
train of impulses will be faV(t), which, upon dividing by fa, is the theorem. 

Theorem II : Given samples at the rate of 2B samples per second of a signal 
wave containing frequency components greater than B; given unit impulses 
centered about the sampling instants; multiply each unit impulse by its coin¬ 
cident sample and divide by the rate of sampling; and apply the resulting array 
of impulses to an ideal low-pass filter of cutoff frequency B: the response of the 
filter will be a. new signal wave with frequencies confined to the band from zero 
to B and yielding the same sampled values as the original signal wave. (Ref. 5.) 

The theorem follows from Theorem I. 

Theorem III: relation between signal and mean squares of its 
samples. If the average of the squares of the instantaneous samples of a. 
magnitude-time function, f(t), approaches a limiting value as the number of 
samples is indefinitely increased; the limiting value is equal to f -( t), the mean 
square of the function (except where f(t) itself contains a discrete component 
of finite amplitudes of frequency mB or two discrete components of finite 
amplitude and frequencies fa and fa such that | fa ± /2I = 2mB, m = 1, 2, 3, 
. . .). (Ref. 5.) 

Let the samples be taken at nT where n = 0, ±1, +2, ±3, . . . and/(/) 
be the sampled wave. Then fi^nT) is an expression for the squared 
samples. This we may equate to another expression for the squared 
samples which we may write as a limit of the product of the squared sig-
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nal, ^(O, and a periodic switching function of infinitesimal contact time. 
This function is merely the limit approached by the unit sampling function 
(Fig. 4-1) as t0 is caused to approach zero. Thus, 

(4-6) 

The mean square value of the samples is the limit of the average value of 
ffitfU taken over the contact intervals of duration to. The average value 
of /2(¿) U taken over all time, including the blank intervals, is in the limit 
a fraction to/T of the average over the contact intervals only. Therefore, 

(4-7) 
<0 

or 

f^T) = ÃÕ + 2 Ç f^t) cos 2mirft. (4-8) 

Clearly, the long time average of cos 2mirfct vanishes unless con¬ 
tains a component of frequency mfc. This only happens if fit) contains a 

?71 f 
component of frequency or two components and /2 such that 

|/i ± /il = mfc. 

When no such relation of dependency exists, 

7w=m (4-9) 
which is the theorem. 

Theorem IV: The mean square value of the response of an ideal low-pass 
filter to a train of unit impulses multiplied by instantaneous samples occurring 
at double the cutoff frequency is equal to the square of the rate of sampling 
multiplied by the mean square value of the samples. The mean square value 
of the samples will be equal to the mean square value of the sampled wave, 
provided the sampled wave does not contain a discrete component of finite 
amplitude of frequency equal to half the sampling frequency, or any pair of 
discrete components of finite amplitudes and frequencies such that the absolute 
value of the sum or difference of their frequencies is equal to the sampling 
frequency. (Ref. 5.) 

In the treatment of flat-top samples of short duration, it was demon¬ 
strated that passing the samples through an ideal filter followed by an 
amplifier yields the original signal. This assumes that fit), the original 
signal, contains no frequencies as high as B = fc/2, one half the sampling 
rate. 
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Theorem II shows that, if /(<) contains frequencies exceeding B, the 
response of the filter-amplifier is <p(0, where <X0 is confined to the band 
0 to B and yields the same samples as/(/), that is, 

v(nT) = f(nT). (4-10) 

Applying Theorem III to p(i) gives the result, 

ÍW = (4-11) 
subject to the restrictions of the theorem. 

Using ^(.nT) = /(nT), it follows that = f^nT). Replacing 
by f2(nT), the previous result becomes 

7W) = ÍW, (4-12) 
which completes the theorem. Moreover, 

vWJ = = W). (4-13) 

Theorem V: If we are given the samples, the signal wave is given by multiply-
. /sin 2irBt\ . , „. 
ing ( —a D>— ) pulses by the samples. (Ref. 6.) 

A pulse or signal element of this type is placed at each sampled point 
and its amplitude is adjusted to equal the value of the instantaneous sample. 
Since the spectrum of an aperture pulse is constant within the band and 
zero outside, each product satisfies the conditions on the spectrum and, 
furthermore, passes through the sampled points. Consequently, the sum 
of these pulses is the signal wave, because there is one and only one func¬ 
tion with a spectrum limited to B and passing through given values at 
sampling points spaced 1/25 second apart. 

In other words, the signal can be represented as the sum of elementary 

signal elements of the form centered at sampling points and each 

having a peak value equal to the signal at the corresponding sampling 
point. Likewise, to reconstruct the signal, we merely need to generate a 

. sin 2irBt , , , . , , , , ,, , 
series of 2irBt~ SIgna dements proportional to the samples and add the 

ensemble. 

It is worth noting that the energy in a pulse of the form Vrsin 2-rrBt . 
2tBí 1S

sin2 2irBt _ Ur2 
4ir252/2 M “ 2B' (4-14) 

which is the same as the energy of a rectangular pulse of magnitude Vr and 
duration 1/25 = l//c = T. This result is consistent with Theorem III. 
Conversely, Theorem III implies the value of the foregoing integral. 
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Theorem VI : fundamental theorem of aperture effect in sampling. 
The frequency characteristic introduced by lengthening the sample or otherwise 
changing the shape of the sample {wave form of the pulse) is calculated by 
determining the steady-state admittance function of a network that converts 
impulses to the actual pulses used. The general formula for this admittance 
when a unit impulse input is converted into an output pulse g(t) is 

Y(iu) = fe i g^e^1 dt, 
J — 00 

where fc is the rate of sampling and co is the angular frequency of the signal. 
(Ref. 5.) 

Infinitesimally short pulses have a flat frequency spectrum, whereas 
pulses of finite duration do not. The relation to be proved is similar to 
the variation in transmission with frequency caused by the finite size of 
the scanning aperture in television and telephotography. Hence, it has 
become customary to use the term “aperture effect” in the theory of restor¬ 
ing signals from samples. 

If we sample V cos wvt at a rate f, we have from the last equation in 
Theorem I the expression for a train of samples in which each sample has 
been multiplied by a unit impulse, namely, 

V V ” — cos uid + yr, 22 cos (mu, + wf)t + cos (mu, — wv)t. (4-15) 
I 1 i 

Suppose this train of samples is applied to a linear electrical network 
having a response g(f) when the input is a unit impulse. The steady-state 
admittance of the network is given by (Ref. 7) as 

To(rw) = I g^e-^’dt, (4-16) 

and I(t), the response of the network to the train of samples, is 

1(f) = p |Fo(f^)|cos [w„i + phase of To(iwv)] 

V 00
+ 22 |To(i[»nwc + Wk]) I cos Qmco,, + wv)t + ph T0(i[»iwc + o,])] 

i m = 1 

+ |T0(f[wiWc — wv]) I cos [(mac — uv)t + ph ToG^mwe — w„])], (4-17) 

where phase is abbreviated ph. If the signal frequency fv is less than 
fc/2, an ideal low-pass filter with cutoff at fc/2 responds only to the first 
component of I(t). In this case the “aperture effect” or variation of 
transfer admittance with signal frequency is given by 

1 (fwr) — T o(^v), (4-18) 

which is the theorem. 
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Theorem VII: encipherment and decipherment. At the sending end, 
the magnitude of each sample may be varied in an arbitrary manner without 
increasing the frequency range of the samples. Furthermore, provided the 
transformation follows a law that is fully known by the receiver, the original 
values of the samples may be determined. 

For example, if continuously varying signal elements are enciphered 
with the aid of a key, and if the enciphered signal elements are not per¬ 
turbed, the receiver can decipher the signal elements and recover the 
original information, provided the receiver has knowledge of the key. 

Similarly, if the samples are compressed in accordance with an arbitrary 
but known law, and the receiver expands them by an exactly inverse oper¬ 
ation, the wanted information can be recovered. This example illustrates 
that the use of an instantaneous compandor theoretically need not imply 
extra band width and, furthermore, in the absence of noise, need not of 
itself perturb the final output of the receiver. 
The reason, of course, is that no more band width is needed to transmit 

the samples after they have been compressed than before. Therefore, 
even when applied to a continuous wave, such a companding process re¬ 
quires no extra band width between the compressor and expandor. Of 
course, as the band is narrowed, the over-all requirements imposed upon 
the quality and stability of transmission become increasingly severe. 

Theorem VIII: If the polarity of alternate samples is reversed, the spectrum 
of the samples consists of the lower and upper sidebands of the sampled wave 
around carrier frequencies of B, SB, 5B, . . .. 

This follows directly by considering the spectra of the even- and odd-
numbered samples and reversing the polarity of one of the two groups. 
Alternatively, if we use the general method previously followed in the 
treatment of ordinary samples of finite duration, a complete expression 
may be written for the train of samples. 

Theorem IX: Periodic sampling at intervals 1 /QB of a wave the spectrum of 
which is confined to all frequencies less than B cycles per second produces 
upper and lower sidebands of 2B and of each harmonic of 2B. If any one of 
these sidebands is selected and sampled at the same instants, it will be found to 
produce the same set of samples as does the original wave. 

We note that the theorem is true for any single frequency of /(Z). Since 
superposition holds, the theorem is true generally. 

Theorem X: When sampling a band of frequencies displaced from zero, the 
minimum sampling rate fr for a band of width B and highest in-band frequency 
fi is 2fï/m where m is the largest integer not exceeding fi/B. (Ref. 8, pp. 594-
595.) Obviously, not all higher rates are necessarily usable. 
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Often a signal band does not include zero frequency. By standard mod¬ 
ulation techniques a band extending from /i to fi + B can be translated to 
the range 0 to B, sampled at a rate 2B, and restored to the original range 
by an inverse translation. These techniques, however, include modulators 
(in the restricted sense), carrier generators, and band-separating filters, as 
well as amplifiers to make up the inevitable losses. For simplicity a direct 
sampling process which avoids shifting the band would be preferred. 

Fig. 4-5 Minimum sampling frequency for band of width B 

For uniformly spaced samples the minimum sampling rate (Fig. 4-5) is 
not in general twice the highest frequency in the band but is 

fr = 2b(1 +-) 
\ m / 

(4-19) 

where k = fi/B — m. 
Thus, k varies between 0 and 1. When the band is located between 

adjacent multiples of B, k = 0 and fr = 2B independent of /2. As k in¬ 
creases from 0 to 1, the sampling rate increases from 2B to 2B(1 + 1/m). 
The highest rate is required when m = 1 and k approaches 1. This cor¬ 
responds to a signal band extending from (B — A/) to (2B — A/) with Af 
small. The required rate is 2(2B - A/), which approaches 4B as A/ 
approaches 0. When A/ = 0, we change to the case of m = 2, k = 0, and 
fr = 2B. The next maximum is 3B and is approached when /2 approaches 
3B. As /2 increases, the successive maxima decrease asymptotically to¬ 
ward 2B. 
The theorem may be verified from steady-state modulation theory by 

noting that the first-order sidebands on harmonics of 2B do not overlap 
the signal when the equation is satisfied. 
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Problems 

1. Two components of frequencies 3,900 and 4,100 are present in such relationship 
that they just cancel when sampled at the instants t = 0, T, 2T, . . . where 
T = 1/8,000 second. 
(a) If one of these components is given by 

a cos 2tt3,900í + -

and the other by 

a cos [2tt4,100í + <p], 

find a and <p. 
(b) With the values thus found, change the sampling instants to t = T/2, 3T/2, 

bT/2. Determine how near the components now come to canceling. 
2. How many values of y for arbitrarily chosen values of t are necessary and suffi¬ 

cient to determine uniquely and for all times the sine wave, y = A sin (wt + çs)? 
Assume w wo and that the arbitrarily chosen values of time are restricted 
to an interval of time that is less than 7r/o)o. 



CHAPTER 5 

QUANTIZATION, CODE TRANSMISSION, 

AND MULTIPLEXING 

Quantization, code transmission, and multiplexing are important basic 
concepts of modulation. With the introductory treatment of the preced¬ 
ing chapters as a background, these topics may now be treated in greater 
detail. Quantization naturally follows sampling (Chap. 4). Code trans¬ 
mission is closely associated with the concepts of sampling and quantiza¬ 
tion. Particularly in a code transmission system, the concepts of code 
structure, message, information, and translation are closely bound up with 
those of quantization and sampling. Methods of multiplexing are, of 
course, equally applicable to quantized or continuously varying signals. 

QUANTIZATION 

Quantization means that each of a set of small ranges into which a larger 
range may be divided is assigned a single discrete number. This number 
may be that corresponding to the mean of the range. 

Quantization permits the approximate representation of a continuously 
varying function by a set of discrete values. Graphically, the process of 
quantization means that a straight line representing the relation between 
input and output in a linear continuous system is replaced by a flight of 
steps, as shown in (a) of Fig. 5-1. A quantum is the difference between 

Fig. 5-1 Relation between input and quantized output, with quantization uniform in 
(a) and tapered in (6) 
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two adjacent discrete values. Thus, in the figure, the mid-points of the 
tread fall on the straight line, and the height of the step is the quantum. 
Clearly, the greatest error inherent in quantization amounts to half a 
quantum step. By reducing the size of each step and using enough steps 
to cover the total range, the deformation in the quantized signal may be 
made arbitrarily small. 

Granularity in the quantized signals is measured by the difference be¬ 
tween the input and output signals, as shown in (a) of Fig. 5-2. We see 
that the maximum instantaneous value of the error is half a step, and the 
total range of a particular error is from minus half a step to plus half a 
step. In (b) of Fig. 5-2 is shown a typical variation of the error as a func¬ 
tion of the input signal, and (c) of Fig. 5-2 shows a typical variation of the 
error as a function of time. 

Provided there is a large enough number of small steps, the error signal 
resembles a series of straight lines with varying slopes, s, but nearly always 
extending over the vertical interval between minus and plus half a step. 
Exceptional cases occur when the signal goes through a maximum or mini¬ 
mum within a step. The limiting condition of closely spaced steps enables 
us to derive quite simply an approximate value for the mean square error. 
(Ref. 1.)* Write 

, So ... So zk 
e = si, - ̂  < < < ̂ ' (5-1) 

where e is the error, So is a full step, and t is the time referred to the mid¬ 
point as the origin. Then the mean square error is 

(5-2) 

or one-twelfth the square of the step size. 
The error may be considered to result from a nonlinear process in 

which the component frequencies of the original signal are applied to the 
nonlinear staircase characteristic. Nonlinear products of a higher order 
may have frequency components remote from those in the original signal, 
and these can be excluded by a filter passing only the signal band. If the 
original signal is a simple sine wave, these many products may be identified 
individually. For speech or other complex signals they merge into an 
essentially flat band of noise which sounds much like resistance noise due 
to thermal agitation. 

Quantized Speech Samples 
It is quite apparent that some distortion or granularity is inherent in 

the application of the principle of quantization to samples of an electric 
* The references cited are listed at the end of each chapter according to the number 

used in the text. 
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(a) QUANTIZING CHARACTERISTIC 

* 2 

o _2  _ I_ i_ i_ i_ 1_ i_ i_ i_ i_ i_ 

97531-1 3 5 7 9 
*2 *2 "2 "2 *2 u 2 2 2 2 2 

MAGNITUDE OF INPUT WAVE 
(b) CHARACTERISTIC OF ERRORS IN QUANTIZING 

Fig. 5-2 Illustration of the quantizing principle 
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signal carrying the information of the spoken word. The greater the 
range assigned to a given quantum step and the fewer steps used, the 
greater will be this granularity. In ordinary telephony, the problem is to 
determine the smallest number of steps into which voice signals may be 
quantized without serious distortion, and what the size of each step 
should be. 
The range of voltages covered by voice signals, from the peaks of loud 

talk to the weak passages of weak talk, is of the order of a thousand to 
one. If the range of voltages assigned to each quantum step were small 
enough to keep the granularity within desired limits for the weaker pas¬ 
sages, and if the range assigned to each step were the same, thousands of 
steps would be required. By making most of the steps vary logarith¬ 
mically, a nearly uniform percentage precision is obtained throughout the 
greater part of the range and far fewer steps are needed. It has been 
found experimentally that from 64 to 128 logarithmic steps introduce so 
little granularity that the speech wave is reproduced to a high degree of 
fidelity as judged by experienced observers. 
When logarithmic steps are used, as in (b) of Fig. 5-1, the degree of step 

subdivision is fine enough to care adequately for the low-magnitude sounds 
including background noise. Although the precision expressed in per cent 
is independent of talker volume in the case of logarithmic steps, the per¬ 
formance for loud talk is somewhat less favorable than for the case of 
linear steps. Effects of higher granularity on the high peaks are not fully 
offset by lower granularity elsewhere. 

Consider now the more general problem of optimum tapering for par¬ 
ticular types of signals. The number of steps and the size of each step 
for least granularity will depend entirely upon signal characteristics. For 
example, if the signal is derived from a multichannel frequency-division 
system, many steps would be used because of the uniformly severe linearity 
requirements which such a system imposes; and in addition, the steps would 
be uniform rather than tapered. 

CODE TRANSMISSION 

Systems of code transmission capable of handling a continuously varying 
message stem from two findings. One is that a continuously varying sig¬ 
nal may be represented by a definite number of samples per unit of time. 
The other is that, by the principle of quantization, the sequence of samples 
which are of continuous variation may be approximated as closely as de¬ 
sired by a sequence of quantized samples. Thus, the specification of a 
particular message to be conveyed is limited to a discrete set of values. 
Any plan for representing each value of the discrete set as a particular 
arrangement of discrete events is an example of code transmission. In 
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this sense, the transmission of the quantized samples themselves as quan¬ 
tized pulse-amplitude modulation is an example of code transmission. 
An early example is a proposal of P. M. Rainey (Ref. 2) for transmitting 

pictures. The proposed system transmitted a predetermined code com¬ 
bination of electric impulses for each elemental area of the picture. At 
the receiving end it utilized these telegraphic code combinations to vary 
the intensity of a light beam, and then caused that beam to reproduce a 
likeness of the original picture. 

Definitions 

Before discussing code transmission generally, we need certain defini¬ 
tions which imply additional concepts. A code is any plan for represent¬ 
ing each of a discrete set of values as a particular arrangement of 
discrete events. Code element is one of the discrete events in a code, such 
as the presence or absence of a pulse or of a dot or dash or space as used in 
a Morse code. Code character is a particular arrangement of code elements 
used in a code to represent a single value. Binary code is a code in which 
each code element may be either of two distinct kinds or values, for ex¬ 
ample, the presence or absence of a pulse. In a ternary code, each code 
element may be any of three distinct kinds or values; in an N’ary code, 
each code element may be any one of N distinct kinds or values. Regen¬ 
erative repeatering is a process in which each code element is replaced by a 
new code element of specified timing, wave form, and magnitude. 

It is worth noting that an important concept implied in the definition 
of code element is that, in identifying a particular code element, nonsig¬ 
nificant differences are ignored. For example, a code element is one of a 
group of entities having the following property: the group is capable of 
division into subgroups such that each member of any subgroup is like 
every other member of that subgroup with respect to each of certain char¬ 
acteristics, which we choose to recognize, and differs distinguishably from 
members of all other subgroups with respect to at least one of these char¬ 
acteristics. In identifying a particular code element, differences in other 
characteristics are ignored. 

In these terms, a code is any plan of representing each of a limited number 
of values as a particular arrangement of either code elements or code char¬ 
acters composed of code elements. Although the number of plans is 
definitely known, the selection of any particular plan is subject to certain 
restrictions. Such restrictions may apply generally or may be character¬ 
istic of the particular occasion. In typing a telegram, two letters which 
differ in shape and so constitute different symbols may not both be selected 
if they are alike with respect to position. This is a general restriction. 
The limitation of the selection to ten words is a particular one. Particular 
limitations also may be self-imposed by the sender. 
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A message is a particular selection from among the symbols or code 
elements constituting a code which has been made in conformity with the 
restrictions applicable to the occasion. 
Each message has associated with it information peculiar to itself, deter¬ 

mined as to its nature by the selection made by the sender, and to its 
amount by statistics (Chap. 6) relating to the number and sort of different 
selections available to the sender within the existing restrictions. It is 
the latter, if we ignore the conceptual meaning and interpretation of the 
message, that determines the complexity of the specification that uniquely 
describes the message. With a simple N’ary code, if all quanta are equally 
probable and the probability of any code element is independent of pre¬ 
ceding code elements, the amount of information is proportional to the 
number of code elements comprising the message multiplied by the log¬ 
arithm of N. 
A specification capable of uniquely defining any particular message can 

be chosen in many ways and is transmitted directly or is transformed or 
acted upon in some manner so as to produce unambiguous information¬ 
bearing signals which are suitable for transportation. Applications are 
encountered in which the specification may be the same as the message 
itself, whereas in other instances the specification may be either simpler or 
more complex than the message it defines. 
The translation of a message consists of the replacement of its code ele¬ 

ments by those of a second code, the symbols of which correspond to those 
of the first in such a way that a message in the first code uniquely deter¬ 
mines one in the second. Translation is of itself an example of modulation, 
although at the same time it may be but a part of a more involved modu¬ 
lation process. 
A signal element is a code element of a form which is suitable for trans¬ 

mission over the medium. 

Transmitter 

At the transmitting end, a coder is called upon to set up a particular 
pulse-code combination for each quantized signal value. Obviously, a 
great many codes are conceivable; in practice, however, codes which allow 
simplicity in the operations of encoding and decoding are usually selected. 
An example is the use of on-or-off pulses to represent digits of the binary 
number system. A system with instrumentation that permits rapid cod¬ 
ing obviously is desirable since this will allow more channels to be handled 
in time division by common equipment. 

Band-Width Occupancy 

In code transmission (PCM), if band width is conserved, the code ele¬ 
ments may overlap in time to such an extent that, upon casual inspection, 



QUANTIZATION, CODE TRANSMISSION, AND MULTIPLEXING 65 

the resultant signal array may show little evidence of discrete signal ele¬ 
ments. The extent to which adjacent code elements are separated in time 
depends upon the speed of signaling as well as the wave form of the code 
elements and the over-all transient response of the system. With slow 
enough signaling the code elements will be widely separated in time. With 
high-speed signaling approaching the Nyquist rate (2B elements per second 
if the band width is B) the code elements will overlap to such an extent 
as to produce a continuously varying wave. 

Parameters such as band width, statistical structure of the specification 
defining the message, destination of the message, statistical structure and 
nature of the interference and noise, all are functionally related, and their 
relative importance will depend upon the specific application. In prac¬ 
tice, the optimum band width represents the most useful compromise in 
efforts to reduce noise and interference and to increase signal. 

Regenerative Repeaters 

When the peak interference is less than half a quantum step, a code 
element may be identified without error. Consequently, if each quantized 
signal element can be identified successfully at a regenerative repeater, and 
if the signal elements are regenerated so that they occur at precisely the 
right relative time and have the right wave form and right value, then the 
new signal, except for delay, is exactly the same as the signal originally 
transmitted. In a long system having many repeater points, regeneration 
has to be practiced at spans short enough to permit the elimination of 
noise and distortion before it reaches the noise threshold, namely, half a 
quantum step. Thus, in a cede transmission system, transmission impair¬ 
ments have to be considered only for the distance between regeneration 
points. When these impairments are kept below threshold, they are not 
carried over from one span to the next. 

Receiver 

At the final receiver, the regenerated code elements are operated upon 
to re-create as closely as possible the original signal (provided it is the 
original signal that the receiver is called upon to deliver) by operations 
complementary to those at the transmitter. Unfortunately, however, no 
process at the receiver can undo the effects of quantization which remain 
as noise. Therefore, the quanta must be made small enough from the 
beginning so as to permit a satisfactory reproduction of the wanted mes¬ 
sage. 

Synchronization 

Because precise timing is involved in identifying the signal elements, 
some scheme of synchronization is required, assuming the objective is 



Fig. 5-3 In a time-division, multichannel telephone system, the entire frequency band is used for transmitting each voice wave 
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conservation of band width and signal power as well as essentially error-
free identification. Provision for synchronization usually need not en¬ 
croach seriously upon the band width in most practical systems. In time¬ 
division systems, for example, synchronization may be common to many 
channels. 

METHODS OF MULTIPLEXING 

As mentioned in Chapter 2, channels may be multiplexed by arranging 
them in time sequence or by arranging them along the frequency scale. 
In addition to time division and frequency division, there is a third type 
called phase discrimination. 
Upon occasion, channels may be multiplexed by assigning different 

modes of transmission to different channels. For example, two copper-
wire pairs may be made to yield a third path by the familiar process of 
phantoming and, in theory, we may phantom a pair of phantoms and so 
on. Over a suitable radio path, cross polarization yields two independent 
channels even though each channel uses the same frequency range. Sim¬ 
ilarly, in a wave guide, a plurality of different modes of transmission may 
be supported simultaneously and afterwards separated without serious 
mutual interference. 
Methods of multiplexing that in practical applications intrinsically do 

not afford a high degree of separation between channels become attractive 
when applied to some of the latest schemes of communication since cer¬ 
tain of these new methods are relatively insensitive to interference. 

Time-Division Multiplexing 

In time-division multiplexing, many channels (represented by independ¬ 
ent information-bearing signals) are propagated over a common medium 
by allocating different time intervals for the transmission of each signal. 
Each channel utilizes the entire frequency spectrum of the system. 
Alternatively, time-division multiplex may be regarded as a kind of 
phase discrimination (Ref. 3) wherein the information-bearing signal of a 
particular channel is modulated on harmonic carriers. These carriers are 
so phased as to balance out interchannel crosstalk during time intervals 
allotted to that channel. 

Figure 5-3 illustrates a time-division multiplex arranged to provide six 
voice-frequency telephone channels. Very short samples of the speech 
wave in each channel are taken successively and transmitted. After one 
set of samples of all the channels has been transmitted, another set is 
taken and transmitted, and so on continuously, set after set (frame after 
frame). At any one instant, therefore, only one of the speech wave trains 
is displayed by the transmitted signal. As indicated in Fig. 5-3, the 
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samples taken successively of each channel need not be transmitted in the 
form they are taken. In the diagram they are converted into code char¬ 
acters and these, in turn, modulate a radio transmitter. 

Frequency-Division Multiplexing 

In frequency-division multiplexing, a plurality of channels (different 
information-bearing signals) is propagated simultaneously over a common 
path by using different frequency bands for the transmission of each 
signal. 

This means that a band of relatively high frequencies is divided into a 
number of narrower bands, each of which serves as a channel. Figure 5-4 
is a diagrammatic representation of a six-channel, carrier-telephone sys¬ 
tem. In the composite band, frequencies representing all of the channels 
may be present all of the time. The name frequency-division multiplex 
comes from the assignment of each of the multiple speech wave trains to 
one of the number of equal divisions of the allotted frequency band. 

Phase-Discrimination Multiplexing 

In phase-discrimination multiplexing (Ref. 3), N different information¬ 
bearing signals or channels, each of which is modulated simultaneously on 
N/2 carriers with a different set of carrier phases provided for each channel, 
are propagated simultaneously over a common path, and a homodyne de¬ 
tection process is used at the receiver for channel selection. 

If N is odd we may imagine a system employing sidebands on zero fre¬ 
quency and the next (N — l)/2 harmonics of the switching, that is, sam¬ 
pling frequency. In any event, the carriers are of proper numbers and 
phases to the end that the resulting combination of the numbers and 
phases of the corresponding sidebands will permit subsequent interchannel 
separation with maximum economy of band-width occupancy. 
A familiar example is the quadrature carrier system (Refs. 4 and 5) 

which is capable of yielding two channels for each double sideband of fre¬ 
quency range occupancy. In true phase discrimination, there need be no 
separation of channels in either time or frequency. By requiring a homo¬ 
dyne detection process, the necessary precision of instrumentation is in 
general more difficult to achieve than with either frequency division or 
time division. Still, in certain situations, phase discrimination offers en¬ 
gaging prospects for maximum economy of band width for maximum trans¬ 
mission advantage. Like amplitude modulation and vestigial sideband, 
the method has the important advantage of being capable of transmitting 
low modulating frequencies including zero frequency. 



Fig. 5-4 In frequency-division, multichannel telephone systems, all the voice waves are transmitted continuously, but each uses 
only a small part of the total frequency band 
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CHAPTER 6 

EFFICIENT SYSTEMS OF COMMUNICATION 

Crude systems of communication certainly must have existed before the 
dawn of civilization. From primitive beginnings to the modern high¬ 
speed and far-flung communication networks of today we certainly have 
come a long way. Theory and invention, development and research, im¬ 
proved techniques and new instrumentalities — these and a host of other 
factors have made valuable contributions. An ultimate dominating factor 
has been theory, and in no place in the art of communications is this more 
evident than in the evolution of efficient systems. Outstanding improve¬ 
ments in efficiency if not accompanied by undue complexity might be ex¬ 
pected to simplify problems of switching, multiplexing, and repeatering, 
and to permit the exchange of band width and signal power to the extent 
that both are utilized to best advantage. 

Accordingly, realization of efficient systems usually involves modulation. 
Conversely, problems of modulation generally start with questions of 
system efficiency. The two are so interdependent that a discussion of 
modulation theory must consider at least some aspects of system efficiency. 
This is the purpose of the present chapter. 
At the transmitting end of a communication system two steps are nec¬ 

essary for good efficiency : first, use the minimum amount of information to 
represent the desired message; and, second, use the optimal signal for 
transmitting this information to the receiver. In practical applications 
these two steps may coalesce. At the receiving end we encounter com¬ 
panion steps: first, efficient execution of the inverse operations; and, sec¬ 
ond, realization of possible savings due to considerations of when, where, 
and how the message is to be delivered. 

SUMMARY 

Most of this chapter is concerned with the contributions of information 
theory to efficient systems of communication. Here we find that modern 
theory, as developed by C. E. Shannon, derives and makes available the¬ 
orems on ideal, nonsurpassable performance and develops quantitative 
criteria for comparing the merits of different systems. This affords an 
opportunity to compare well-known existing types of systems with the 
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theoretical ideal and, of course, stimulates the search for new systems hav¬ 
ing capabilities that more closely approach ideal, nonsurpassable perform¬ 
ance. Another contribution has been the application of advanced math¬ 
ematical concepts and methods to communication problems. Ultimately 
this may prove to be of great importance. 

Shannon’s central theorem in information theory deals with the trans¬ 
mission of a channel having a band width B, mean signal power <S, and 
mean resistance noise power N. The theorem states that a method of 
coding exists whereby C binary digits per second may be transmitted with 
arbitrarily small frequency of error where C is given by 

c = Biog2(i (6-1) 

and no higher rate can be so transmitted. No method of encoding to accom¬ 
plish the ideal rate is exhibited, although it is demonstrated that, as the 
ideal rate is approached, the statistics of the message resemble those of 
noise. 

Applied to the transmission of discrete or quantized values, the ideal 
performance derived by Shannon is appreciably better than well-known 
codes of reasonable complexity. More interesting, however, is its applica¬ 
tion to continuous message waves. 
A continuously variable quantity can assume an infinite number of 

values; and if all these values were distinguishable, the amount of informa¬ 
tion contained in even the shortest sample would be unlimited. Actually 
the minimum recognizable difference between two magnitudes in a physical 
communication system cannot be made arbitrarily small. For practical 
purposes, therefore, it should always be possible to replace a continuously 
varying source by a discrete source sufficiently fine-grained to represent 
all observable variations. The only question is how such equivalents 
should be quantitatively specified. 
Ground work for the reduction of the continuous to the discrete case 

was adequately formulated in the early papers by Nyquist and Hartley. 
Both Nyquist and Hartley showed what must indeed have been common¬ 
place knowledge from the earliest days of telegraphy, namely, how the 
number of distinct signal values available to a signal element is limited by 
the relative magnitude of the interference. 

Like Nyquist, Hartley did not neglect noise in deriving his formula. He 
postulated a particular detector system and assumed that the signal ele¬ 
ments were of adequate power and were spaced sufficiently far apart so as 
to override noise and intersymbol interference and thus prevent errors in 
transmission. Shannon assumed a finite probability of error and obtained 
a statistical result. In comparing Hartley’s formula with Shannon’s it is 
necessary to remember that they do not represent the same transmission 
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performance: one is essentially error-free; the other is error-free only in the 
statistical sense that the average rate of errors can be made arbitrarily small. 

Hartley reduced telephony to telegraphy by substituting a stepped ap¬ 
proximation for the continuously varying signal. Shannon has proposed 
various “fidelity evaluation functions” for a quantitative measure of the 
difference between transmitted and received waves. Actual calculations 
are rather intricate. 

Information theory could be expected to instigate suggestions for re¬ 
moving a great part of the redundancy and superfluous matter from our 
everyday communications, thereby permitting substantial savings in band 
width, signal power, and time. So far this expectation has not been real¬ 
ized to any important degree. 
Recent work by B. M. Oliver (Ref. 30)* on the application of prediction 

to the transmission of television signals may be cited as a scientific approach 
to the reduction of redundancy. The objective is to make a statistical 
analysis of the message at its source and to transmit enough information 
so that a similar analyzer at the receiver can reconstruct the original mes¬ 
sage. With an ideal analyzer only a minimum of information need be 
transmitted. 

In effect, linear prediction turns out to be quite similar to ordinary pre¬ 
emphasis, although the networks are very different from what would be 
expected from a conventional steady-state analysis. 

Nonlinear prediction introduces entirely new possibilities. At the trans¬ 
mitter, Oliver uses an automatic computer that compares the actual mes¬ 
sage data with a multi-entry table of probabilities, and sends out only the 
deviations from the most probable values. A complementary computer 
at the receiver uses the deviation data to obtain the original information 
from an identical table. If the prediction is good, very little data need 
be sent. Over a short period of time, if the prediction becomes badly 
wrong, the temporary heavy load of information is partially stored and 
fed out gradually during the ensuing calmer interval. 

INTERFERENCE THRESHOLD AS A FUNCTION 
OF BAND WIDTH 

For the past twenty years there has been considerable development and 
an ever-increasing application of new systems of modulation such as fre¬ 
quency modulation, pulse-position modulation, and pulse-code modulation. 
These have the interesting property that it is possible to exchange band 
width for signal-to-noise ratio. This means, in effect, that we can trans¬ 
mit the same information in the same time with less signal power, provided 
we are willing to use more band width. 

* The references cited are listed at the end of each chapter according to the number 
used in the text. 
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If and only if the signals are quantized, as in pulse-code modulation, is 
the converse true. That is, as explained on pages 75 to 77, we can use 
less band width at the expense of more signal power. Before the advent 
of PCM (pulse-code modulation which, in effect, substitutes a stepped 
approximation for a continuously varying signal), it was seldom appreci¬ 
ated that, to all practical intents and purposes, a signal covering a given 
band of frequencies could be transmitted over a communication channel 
capable of handling only a narrower band of frequencies. As Hartley 
showed, if the signal varies continuously with time, this is impossible un¬ 
less the narrower band of frequencies is occupied for a correspondingly 
longer time. In fact, it was the development of these newer systems that 
prompted a re-examination of the foundations of communication theory. 
By the same token it will be advantageous to examine systems of this type 
from the standpoint of signal power and band-width occupancy before 
passing to the more general case. 

Interference Threshold 

If it can be guaranteed that the peak interference is less than half a 
quantum step, a code element theoretically can be identified without error. 
For simplicity, we intentionally ignore the possibility of correct identifica¬ 
tion in the presence of larger values of interference, and we regard half a 
quantum step as the noise threshold for error-free operation. Let q be the 
number of quantum steps per code element. The optimum arrangement 
for propagation over the transmitting medium is one of equal steps. 
When the steps are equal, (q — 1) is the ratio of peak-to-peak signal to 

peak-to-peak interference at the threshold of error. The interference may 
be noise. If at the instants of sampling, »S' and A' denote peak-to-peak 
signal and noise respectively, 

= 9 - 1, (6-2) 

or expressed in decibels, 

Interference threshold = 20 logio (q — 1). (6-3) 

If no avoidable delays are permitted, interference threshold is a measure 
of the signal-to-noise requirement for virtually error-free operation. Other 
things being equal, the signal-to-noise requirement is a measure of the 
necessary signal power. In a practical system the signal power must 
exceed the theoretical threshold to allow for operating margins, et cetera. 

Law Governing the Exchange of Band Width for Signal Power 

As pointed out by Nyquist, information capacity is measured by the 
logarithm of q and is proportional to the number of code elements. If we 
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encode without delay and signal at the Nyquist rate, namely, 2B code 
elements per second in a band B cycles wide, we may write, using (6-2) 

C = 2B log2 (1 + (6-4) 

an expression for the law governing the exchange of band width for signal 
power in the type of error-free system under discussion. The relationship 
is best understood by considering a particular example. 

Illustrative Example. Suppose we are concerned with the transmission 
of speech signals which are confined to frequencies below 4,000 cycles per 
second. Assume that short samples of the signal are taken at the rate of 
8,000 per second and each sample is quantized into one of 64 possible dis¬ 
crete values. In practice the steps would be properly tapered as explained 
in Chapter 5 so as to minimize the effect of granularity in the quantized 
signals. 
On this basis the resulting samples constitute an array of 64’ary code 

elements in which the quantum steps are tapered. For transmission, equal 
steps are wanted. By translation (Chap. 5), the array with tapered steps 
is replaced by another array of 64’ary code elements in which the quantum 
steps are equal. 

After translation the signals are transmitted over a band 4,000 cycles 
wide. The interference threshold (6-3) is 20 logic (64 — 1) = 36 decibels. 
With perfect transmission and instrumentation, peak noise will have no 
effect on transmission, provided it is always 36 or more decibels below the 
maximum wanted signal. 

If it is desired to make the system even more immune to interference, 
we could represent each sample of the message wave by a binary code com¬ 
posed of six elements (noting that 26 = 64). Since code elements theoret¬ 
ically can be transmitted at the Nyquist rate, namely, 6 X 8,000 = 48,000 
per second, the band-width occupancy would be 24 kilocycles per second. 
Under these conditions the operation theoretically will be error-free, pro¬ 
vided the peak interference is less than the peak signal. 

These matters are illustrated in more detail in (a) of Fig. 6-1. The 
numbers adjacent to the plotted points represent the number of magnitudes 
available to each code element. The point designated 64 X 64 = 4,096 
refers to a system wherein a code element can assume any one of 4,096 
possible values, and each code element represents the magnitudes of two 
successive samples of the speech wave. 
The 4,096 possible values assigned to each code element are assumed to 

be divided into 64 groups, each containing 64 values. The group into 
which a received signal falls represents the magnitude of the first sample 
of speech, and the element value within the group indicates the value of 
the second sample. This, of course, makes the decibel threshold of inter-



76 MODULATION THEORY 

ference for the first sample of the pair 36 to 72.2 decibels, depending upon 
the magnitude of the second sample, and for the second sample of the 
pair, 72.2 decibels. The latter value is the one plotted in (a) of Fig. 6-1. 
The number of different ways in which the foregoing code-element values 

may be related to the samples of the speech wave is equal to the number 
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(b) Number of discrete values some one of which is assumed by an m’ary message 

sample 

of different permutations that can be formed with 4,096 things, or 4,096!. 
In other words, in carrying out this translation there are 4,096! different 
codes, any one of which is capable of uniquely representing the two quan¬ 
tized magnitudes of successive samples of a sampled speech wave. Even 
in a much simpler situation, different codes may display different proper¬ 
ties as regards over-all transmission performance and ease of instrumenta¬ 
tion. 

It should be noted that the time required to put the information content 
of the message on the transmitting medium was increased by an amount 
equal to the extra time required to get two samples instead of one, namely, 
125 microseconds. On the assumption that no unnecessary time is wasted 
at the receiver, this delay in putting the information-bearing signals on 
the transmitting medium represents the only extra delay theoretically nec-
essary in the delivery of the message to its destination. The extra delay 
increases as we divide the band-width occupancy by a larger factor. Some 
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entirely different scheme of encoding and decoding might not introduce 
this delay. 

In the foregoing example, had we been dealing with a two-channel sys¬ 
tem, we could have sampled both speech messages simultaneously at peri¬ 
odic intervals of 125 microseconds, and, if no time were wasted, incur no 
delay in putting the information on the line. Although (a) of Fig. 6-1 
shows discrete points, similar reasoning applied to a multichannel system 
with a large enough number of channels will show that band-width occu¬ 
pancy can be made to fall anywhere on the curve drawn between the 
points. 

It should be emphasized that Fig. 6-1 depicts the interference threshold 
and performance of idealized systems. Imperfections in instrumentation, 
in the transmission medium, and so forth, all act to prevent these results 
from being completely realized in practical applications. 

General Case. Assume that the message wave is confined to frequencies 
below B cycles per second, that it is sampled 2B times per second, and that 
m is the number of possible magnitudes available to each quantized sample. 
Assume further that Bx is the band width in cycles per second of the trans¬ 
mitting medium, and that ç’ary code elements having equal quantum steps 
are transmitted at the Nyquist rate, namely, 2Bx elements per second. 
Then translation (Chap. 5, page 64) from the m’ary to the g’ary code with 
no unavoidable delay and error-free operation requires what might be 
termed an equal number of symbols in each alphabet, viz.; 

= q2Bl. (6-5) 

From (6-2) 

= m1 - 1. (6-6) 

From (6-3) 
i 

db interference threshold = 20 logio (mz — 1). (6-7) 

From (6-4) 
i 

C = 2Bx logs (1 + mx — 1) = 2B logs m. (6-8) 

Equation (6-7) is portrayed in (b) of Fig. 6-1, which shows the inter¬ 
ference threshold as a function of x, the ratio of band-width occupancy of 
the transmitting medium to band-width occupancy of the message. The 
variable parameter is m, the number of possible magnitudes available to 
each quantized sample of the message wave. 

Either (6-5) or (6-8) illustrates that, for continuous reception, the trans¬ 
mitted signal must convey information at the rate it is produced. 
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EFFICIENT SYSTEMS OF COMMUNICATION 

Even taking into account the important theoretical advances made by 
Nyquist and Hartley in the 1920’s, the treatment of the preceding section 
goes about as far as one can go without additional theoretical background. 
Fortunately, advances have been made. By basing the general philosophy 
of communication on probability concepts, Shannon and Wiener (Refs. 1 
and 2) have succeeded in recent years in extending and generalizing the 
theory. 
Many workers have contributed to the recent advances, and some of the 

literature relating to this work is included in References 3 to 33. The treat¬ 
ment to follow deals briefly with selected topics of the theory and resorts 
to a minimum of mathematics. For more complete and precise treatments 
the reader should consult the source articles, particularly Reference 1. 
Attention here will be largely focused on the transmitter and transmitting 
channel, having in mind that the principles are equally applicable both to 
the inverse operation at the receiver and the matter of taking into account 
the destination of the message. 

Meaning of Information 
The fundamental problem of communication is for the receiver to select 

exactly or approximately a message selected at the transmitter. The basic 
concept is that the actual message is one selected from a set of possible 
messages. The system must operate for each possible selection, and the 
signal transmitted must be a specification of the particular message chosen 
at the sending end. If and only if an unambiguous specification is trans¬ 
mitted can the receiver hope to re-create the original message. Further¬ 
more, from the viewpoint of modern information theory, whether the 
selected message has meaning or makes sense is regarded as quite irrelevant 
to the communication problem of transmitting the information. 

Measure of Information 
Following Nyquist and Hartley, we use a logarithmic measure of infor¬ 

mation. From the standpoint of communication, information measure 
must be correlated with the notion of choice from a set of possibilities. 
The simplest is a choice from two possibilities each with probability 0.5. 
It is convenient to use the amount of information associated with such a 
choice as the basic unit. We term the basic unit a “binary digit” or “bit.” 
Fundamental to the concept of measure of information is the notion 

that the more uncertain we are about the composition of a message, the 
greater will be the amount of information we acquire when reception has 
completely removed the uncertainty as to what message was sent. If the 
receiver could predict the message in advance, it would not be a message 
at all and no new information would be acquired. 



EFFICIENT SYSTEMS OF COMMUNICATION 79 

If there are m possibilities all equally likely, 

II = logs m, (6-9) 

where H is the number of bits of information involved in the selection. If 
m is 8, the first bit corresponds to a choice of which half of the 8 possibili¬ 
ties is chosen, the second bit to a choice between the first and second pair 
of the selected half, and the last bit to a choice between the first or second 
member of the chosen pair. Thus 3 (or logs 8) bits of information deter¬ 
mine the selection, and this is the amount of information acquired when 
the specification of the choice has been received. When m = 1, the out¬ 
come is certain and we have, from (6-9), H = 0, which is the appropriate 
result. 
Thus we see that a logarithmic measure agrees with our intuitive feeling 

that, other things being equal, if a telephone conversation is twice as long, 
or if we have two channels instead of one, the amount of received informa¬ 
tion has been doubled. Another fundamental point to note is that, if an 
unfinished message is long enough, the task of finishing it, aided only by 
the part received, is virtually impossible. 
The base to which the logarithms are taken is a matter of convenience 

and amounts to a definition of the unit of measure. When the logarithms 
are taken to the base 10 as is commonly done, the unit is termed a 
Hartley. One Hartley has the information value of 3.3219 bits since loga 
10 = 3.3219. 
When the uncorrelated probabilities pi are not equal, the amount of 

information produced by a single choice (Ref. 1) is 

II = — ¿ Pi log2 Pi- (6-10) 
1 

If the production of the message consists of a sequence of choices (as, for 
example, the letters of printed text or the elementary words or sounds of 
speech), the amount of information produced per symbol or per second 
can be calculated by an application of (6-10). 
To illustrate, first regard (6-10) with like p’s as a generalization of (6-9). 

Suppose we choose letters of the alphabet at random with equal proba¬ 
bility. The information value of any letter, that is, a single selection, is 
loga 26. But on the average any one letter such as A appears 1/26 of the 
time. Thus, in a sense, the information value of A is 1/26 loga 26, or 
— 1 /26 loga 1 /26. This we can write as — p loga p where p is the probability 
of A. In this example the information value of B is the same. Similarly, 

26 

the total information value of all 26 letters is — £ p loga p = loga 26, 
1 

which agrees with (6-9). 
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Now let pa, pb, et cetera, be the actual probabilities of A, B, et cetera. 
We might again say the contribution of A to the information is —pa log2 pa 
and so on. That is, 

H = — [pa logs pa + pb logs pb + • • • pz logs Pz] 
7. 

= ~ IL Pi 10g2 Pi Í- A 
which is (6-10). 
As another example, suppose the probabilities are 1/8, 1/8, 1/4, and 1/2. 

This is like an 8-letter alphabet, A, B, C, D, E, F, G, H, having equal 
probabilities in which we replace C and D by X and the last four letters 
by Y. One bit would distinguish between Y and the rest. Half a bit 
more distinguishes between X and AB, this being 0.5 instead of one be¬ 
cause we only have to make this distinction half the time. Similarly, 
0.25 bit more picks A or B. This adds up to 1.75 bits. To verify that 
(6-10) gives the right answer in this special case, we write 

H = — i, i , i, i.i, i , i, r 8 log^ + gkg^ + ̂ og2̂ - 1̂ 2- 1.75. 

If we have a 26-letter alphabet and select letters at random with equal 
probability, the amount of information is given by (6-9) and is 

H = log2 26 = 4.7 bits per letter. (6-11) 

Reference 34 contains a table of letter frequencies. If we take into 
account the probability of occurrence of each letter (Ref. 1), 

26 

H = — 22 Pi log2 Pi = 4.14 bits per letter. «-i (6-12) 

This means that the sequence of letters could be shortened by the ratio 
4.14/4.7 = 0.88 by encoding it in an alphabet in which the 26 letters 
occurred with equal probabilities. Since the antilog2 4.14 = 18 approxi¬ 
mately, the unequal letter probabilities in English when used to produce 
text in this way reduce its powers to those of an 18-letter alphabet in 
which the letters are equally likely. 

This illustrates a very important property of H. The quantity H is a 
maximum and is equal to (log¡> m) when all of the possibilities are the same, 
that is, 1/m. A second important property is the fact that the addition 
of new statistical correlations between parts of a message always tends to 
reduce its information value. Maximum uncertainty exists when there 
is no correlation between symbols and all symbols are equally likely. 

Choice, Uncertainty, and Entropy 

Up until this point the use of the word entropy has been avoided. As 
stated by Shannon (Ref. 1) : “Quantities of the form H = — 22 p¡ log pi play 
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a central role in information theory as measures of information, choice, 
and uncertainty. H = 0 if and only if all the p/s are zero but one, and 
this one probability is unity. Only when we are certain of the outcome 
does H vanish. Otherwise H is positive.” As is characteristic of entropy, 
we note that, for extreme unlikelihood of events or for practical certainty, 
II approaches 0 log 0 or 1 log 1. Either limit leads to small uncertainty 
and little information; and, as already mentioned, the uncertainty is a 
maximum when all the probabilities are equal. Similarity of its mathe¬ 
matical form makes the name inevitable. Resemblance, in fact, goes 
further than similarity of mathematical form (Ref. 1), for the entropy of 
thermodynamics actually is a measure of uncertainty of our knowledge 
concerning dynamical coordinates. 

Calculation of Entropy from the Statistical Structure of the Message 

The simplest case of all is when the symbols are chosen independently 
and all m symbols are equally likely. As already mentioned, under this 
condition the entropy is a maximum, and a measure of this maximum un¬ 
certainty is log2 m, the information value of a symbol in bits. 
Next we may consider the case where all symbols are chosen independ¬ 

ently, but all symbols are not equally likely. Unequal probabilities are 
found to reduce the entropy, the uncertainty now being measured by 
— E P> logs pi, the information value of a symbol expressed in bits. 
We now take up the case where successive symbols are not chosen inde¬ 

pendently. The simplest case of this type is a choice that depends on only 
the preceding symbol and not on earlier ones. That is, the probability 
with which each symbol is chosen is the probability that it follows the 
preceding symbol. The uncertainty of a new symbol is never increased 
by knowledge of the preceding symbol. Let 

p(a) = probability of choice a 
pa(b) = probability, having a, that b follows 

and 
p(a, 6) = probability of a, b 

so that 
p(a, b) = p(a) p^b). 

Also, 
p(a, b) will be termed the probability of digram a, b. 

The proper expression for the entropy, which is a measure of the average 
uncertainty of the next symbol when the preceding symbol is known, is 
given (Ref. 1) by 

H = - E p(A j) logs Pi(j) 
= - ¿ p(i, j) logs p(i, j) + E p(f) logs p(f) (6-13) id Í 
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which gives the information value of a symbol in bits when digram statis¬ 
tics are taken into account. The indices i and j range over all possible 
symbols. 
The first term on the right-hand side of (6-13) can be calculated from 

digram frequencies for printed English (Ref. 34). The second term is 
similar in form and can be calculated from a table (Ref. 34) of the fre¬ 
quency of occurrence of letters in English text. 
For printed English the complete digram calculation (Ref. 6) gives the 

result 
Il = - Z p(b j) l°g2 P(b J) + Z p(C loga p(f) 
= 7.70 — 4.14 = 3.56 bits per letter. (6-14) 

The digram entropy, 3.56, is less than 4.14, the entropy that reflects 
letter frequency only, and this in turn is less than 4.7, the maximum en¬ 
tropy per letter for a 26-letter alphabet. The digram structure has re¬ 
duced the information value of the language to 3.56/4.7 = 0.758, or 
76 per cent of the maximum possible. 
The trigram entropy is given (Ref. 6) by 

H = - Z p(b j, k) log2 p(i, j, k) + Z p(i, 3) log2 p(i, J) (6-15) 
ij 

and for printed English 

= 11.0 — 7.7 = 3.3, approximately. 

The N-gram entropy measures the amount of information or entropy 
due to statistics extending over N adjacent symbols of text and is given 
(Ref. 6) by 

H = - Z p(bi, j) log2 pbi (j) (6-16) 
ij 

or 
H = - Z p(bi, j) log2 p(bi, j) + Z pW log2 p(bi) (6-17) 

<j < 

where bt is a block of N — 1 symbols [(N — l)-gram]; 
j is an arbitrary symbol following bi; 
p(bi,j) is the probability of the N-gram bi, j; 
pbi(j) is the conditional probability of symbol j after block bi and 

• ■ . P(bi,j) is given by 

Equation (6-17) is a measure of the average uncertainty (conditional 
entropy) of the next symbol when the preceding N — 1 symbols are known. 

It would be natural to extend the numerical treatment to N-gram en¬ 
tropies. For example, the statistical structure in English text extends 
over much greater distances than three letters. However, tables for 
printed English are not available for N >3. Moreover, the labor in-
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creases. In 7-letter sequences there are about 267, or roughly IO10 , sepa¬ 
rate sequences to examine. 
Word frequencies have been tabulated (Ref. 35) and can be used (Ref. 6) 

to obtain a closer approximation to the entropy of printed English. Shan¬ 
non shows a log-log plot of the 1,000 most frequent English words against 
frequency rank. The probability of the most common word “the” is 
0.071 and is plotted against 1. “Of” is the next most common word and 
its probability of 0.034 is plotted against 2. When all points are plotted 
in this manner, the locus can be approximated by a straight line whose 
slope is minus one. If pn is the probability of the nth most common word, 
roughly, 

Pn = ̂ - (6-18) 

Zipf (Ref. 36) has pointed out that p„ = fc/n is a rather good approxima¬ 
tion to word probabilities in many different languages. Equation (6-18) 
cannot hold indefinitely, and at n = 8,727 the total accumulated proba¬ 
bility is one. If we assume p„ = 0 for larger n, Shannon finds (Ref. 6) 
that the entropy is 

8,727 

— y p„ logo Pn = 11.82 bits per word. (6-19) 

This is 2.62 bits per letter, since the average word length is 4.5 letters. 
Shannon further notes that the space symbol is almost completely redun¬ 
dant when passages of several words are involved. Thus if spaces are 
introduced, the entropy of printed English using the 27-letter alphabet is 
4.5/5.5 = 0.818 that of the 26-letter alphabet. This reduces 2.62 to 
2.14 bits per letter. 

In Reference 6 Shannon is primarily concerned with a new method for 
estimating the entropy of printed English. The method exploits the fact 
that anyone speaking a language possesses an enormous knowledge of its 
statistics. For a 27-letter alphabet Shannon concludes that “. . . in ordi¬ 
nary literary English, the long-range statistical effects (up to 100 letters) 
reduce the entropy to something of the order of one bit per letter, with a 
corresponding redundancy of roughly 75 per cent.” 
To recapitulate, with reference to the entropy of an information source, 

the information measure of any particular message, H, specifies the num¬ 
ber of binary digits necessary to distinguish the particular message from 
all others of the class considered. It gives the number of binary digits 
necessary to code that particular message, but uses a code that is most 
efficient for the class as a whole. A calculation of the entropy of the mes¬ 
sage source represents the first step in efficient communication because it 
evaluates the minimum information necessary for unambiguous specifica¬ 
tion. The next consideration is whether the entropy has been maximized. 
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Relative Entropy or Message Efficiency 

The ratio of the entropy of a source to the maximum value it could have 
while still restricted to the same symbols will be called its relative entropy. 
The maximum value is a measure of the maximum compression possible 
when we encode into the same alphabet. Designated E, relative entropy 
is a measure of message efficiency, and 

E = r ^(n) hm —r— n—oo n log q 
(6-19) 

where there are q symbols for each place, n places, and H(n) is the entropy 
of a sequence of n symbols. An example would be an array of n code ele¬ 
ments where each code element has q quantum steps. 

Redundancy 

One minus the relative entropy is the redundancy. Designated R, it is 
the complement of message efficiency, namely, 

R = 1 - E. (6-20) 

If statistical correlations exist between parts of a message, E will decrease 
and R will increase, but not without limit as we lengthen the messages on 
which we base our calculations. Redundancy is the fraction of the speci¬ 
fication of the message that is unnecessary. 

Optimum Code for Messages of Unequal Probability 

When messages are encoded in a binary code, there must be a unique 
block of code elements for each possible message. If every possible mes¬ 
sage has equal probability of being generated by the source, and if the 
number of possible messages is 2m, the relative entropy is unity and it is 
impossible to improve upon the simple code which uses a block of m binary 
elements to represent each message.* By translation, a binary code may 
be converted to an n’ary code so there is no loss in generality in confining 
the treatment to binary codes. 
When the probabilities of different messages are independent but differ, 

it is possible to encode more efficiently by assigning, to the individual 
messages, code patterns having different numbers of binary elements. 
Shannon (Ref. 1) has given a method of encoding as follows: If p, is the 

probability of occurrence of any message s, assign to each message a se¬ 
quence of m, binary elements where 

log2 - < m, < 1 + log2 -• (6-21) 
P‘ Pa 

* Later on, for example in Chapter 8, we shall be concerned with how to match this 
code to a noisy channel. 
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If the total number of possible messages is very great, this process will 
give a very close approximation to theoretically perfect encoding. If it is 
applied to a small group of messages, it will be found that it does not use 
up all of the possible blocks of code elements of a given length and hence 
requires some blocks to be longer than necessary. This is also true even 
for very large groups of messages. In either case, however, the relative 
increase is insignificant. 
Shannon also refers to a method proposed by R. M. Fano (Ref. 37). His 

method is to arrange the message in order of decreasing probability. This 
series is divided into two groups such that the total probability of each 
group is nearly equal. If the message is in the first group, the first binary 
code element is 0; otherwise it is 1. Each group is divided into two sub¬ 
groups to assign the second code element. The process is repeated until 
each subgroup contains only one message. This process is slightly inexact 
and may result in assignment of some codes in an incorrect order if carried 
out literally. This, however, would be apparent at a glance, and the op¬ 
erator could redivide the groups to eliminate the inconsistency. Best 
results will be obtained by shifting the group division so as to increase the 
probability of the group including the smaller number of messages. 
A simpler method results from going more directly to the objective. 

One notes that the information measure associated with the specification 
of each possible message of the class is proportional to minus the logarithm 
of the probability of the message (Problem 4). Maximum efficiency of 
encoding would result if the number of bits, or binary code elements, re¬ 
quired for the transmission of each message were equal to minus the 
logarithm to the base 2 of the probability of that message. The efficiency 
is best when the best approximation to this ideal is reached. 
The procedure is to arrange the messages in order of decreasing proba¬ 

bility. Tabulate minus log2 p and minus p log2 p for each message. Round 
out the former logarithm to the nearest integer on an arithmetic basis, thus 
dividing the messages into groups of approximately equal logarithmic 
probability. Assign to each of the first group a unique binary code of mi 
elements, where mi is the rounded logarithm of the probability of a mem¬ 
ber of the first group. Each remaining code pattern is expanded into two 
code patterns by adding one more code element. Some of these are as¬ 
signed to the second group. This process is repeated. 

If one runs out of code patterns before reaching the end of the sequence, 
the division point between groups must be moved upward at some place 
in the sequence. If one has unused code patterns at the end or finds that 
the code patterns may be of fewer binary elements than corresponds to the 
logarithm, this means some of the division points may be moved down¬ 
ward. The next example illustrates the procedure. 
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Efficient Encoding of English Text 

To communicate efficiently, the entropy and relative entropy of a typi¬ 
cal message should be known. Rarely is the message free from redun¬ 
dancy. This means an efficient encoder which will remove redundancy 
is needed. When a long message is in its most compact form, all sequences 
of patterns are equally probable and all sequences have maximum signifi¬ 
cance. 
As an example we will consider English text and limit ourselves to an 

alphabet composed of 27 letters, counting the space between words as a 
letter. If messages subject to these restrictions are encoded by a syn¬ 
chronous telegraph system with its five-element binary code, we have more 
than enough letters and there is no unnecessary delay. But the cost of 
this undelayed message is 5 bits per letter, whereas the entropy of printed 
text is only about one bit per letter. 

Since log2 27 = 4.76, we could save without too much trouble in the 
ratio of 5 to 4.76 at the expense of only a modest delay in getting the mes¬ 
sage through. This represents a zero order approximation (0-gram). 
A first-order approximation (6-10) takes into account letter frequencies 

and, as we shall find, gives 
27 

H = — Ü pt log2 Pi = 4.065 bits per letter. (6-22) 
Í = 1 

This we will regard as our design ideal. The problem, therefore, is to en¬ 
code by a reasonably simple method which takes letter frequencies into 
account and represents the message by about 4.065 bits per letter. 
The first step will illustrate the application of (6-10) and indicate how 

the result given by (6-22) was obtained. Fletcher Pratt (Ref. 34) gives 
a table of the frequency of occurrence of letters in English text. Since 
the average word length is 4.5 letters, the frequency of the “space” (divi¬ 
sion between words) is one in 5.5 symbols. When the table of letter 
frequencies is modified to take account of the space, we get (Table 6-1) 
the probability of occurrence of the 27 symbols. 
The rate at which information would be generated by a source that 

selected symbols according to the probability table but made each choice 
independently is given by (6-10). It is the sum of the products of each 
probability by the negative of the logarithm to the base 2 of the proba¬ 
bility. This sum is 4.065. The significance of this sum is that it repre¬ 
sents the minimum number of bits of information or binary code elements 
per symbol necessary for transmission of sequences of uncorrelated letters 
occurring with the same letter frequency as in English text. 

Let us see what may be done with a reasonably simple encoding process 
to approach this theoretical minimum. A perfect encoding system would 
assign a number of code elements equal to the logarithm of the probability, 
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Table 6-1. Probability of Occurrence 
Text 

Probability 
Symbol p —log? p 

word space 0.1817 2.46 
E .1073 3.22 
T .0856 3.54 
A .0668 3.90 
O .0654 3.94 
N .0581 4.11 
R .0559 4.16 
I .0519 4.27 
S .0499 4.33 
II .04305 4.54 
D .03100 5.02 
L .02775 5.17 
F .02395 5.38 
C .02260 5.45 
M .02075 5.60 
U .02010 5.64 
G .01633 5.94 
Y .01623 5.95 
P .01623 5.95 
W .01260 6.32 
B .01179 6.42 
V .00752 7.06 
K .00344 8.20 
X .00136 9.54 
J .00108 9.85 
Q .00099 9.98 
Z .00063 10.63 

of Symbols in English 

Binary Code 
Elements Used 

— p log p in Example Code 

0.447 3 
.345 3 
.303 4 
.260 4 
.258 4 
.239 4 
.232 4 
.222 4 
.216 4 
.195 4 
.156 5 
.144 5 
.129 5 
.123 5 
.116 6 
.1135 6 
.0970 6 
.0966 6 
.0966 6 
.0796 6 
.0756 6 
.0531 7 
.0282 8 
.0130 10 
.0106 10 
.0099 10 
.0067 10 

because then the average number of code elements used by each symbol 
per unit interval of time would be identical with the fourth column of 
Table 6-1 and the actual sum would be equal to the assumed ideal. For 
simplicity we assume that we are constrained to use a whole number of 
code elements to represent each symbol. Accordingly, we will use the 
nearest whole number and translate into a simple binary code. 
Assume that the transmitter and receiver are synchronized and that at 

a reference time the transmitter starts to send binary code elements which 
the receiver analyzes. In the first three periods, three code elements are 
sent. There are 23 or 8 possible sequences of three code elements. Let 
two of these patterns correspond to the word space and the letter E respec¬ 
tively, and let the remaining six patterns tell the receiver to wait for the 
next code element before taking any action. 

After the fourth code element there will be available twice as many, or 
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twelve possible decisions. Letters T to H inclusive, taken in order of 
descending probability, have (minus) logarithmic probability between 3.5 
and 4.54. Assign eight of these twelve possible sequences to these eight 
letters, and let the other four tell the receiver to wait for the fifth 
element. 

There are still available eight possible sequences of five code elements. 
Assign four to the letters 0, L, F, and C, and let the other four order the 
receiver to wait for the sixth code element. 
There remain available eight possible sequences of six code elements. 

Assign seven to the letters M to B inclusive, leaving one to form two 
sequences of seven code elements. 
Assign one of these sequences of seven code elements to the letter V, 

leaving one sequence to be expanded to two sequences of eight code ele¬ 
ments. 

Assign one sequence of eight code elements to the letter K, and expand 
the other into four sequences of ten code elements for assignment to the 
remaining four infrequent symbols. 
Whenever a character is identified and printed, the receiver drops into 

the state necessary for an analysis of the next code sequence regardless of 
whether the preceding symbol required 3, 4, 5, 6, 7, 8, or 10 binary code 
elements for its transmission. 
No insurmountable technical problems would arise in designing such a 

system. Of course, an error in synchronization would result in printing 
utter gibberish. An error in the interpretation of one code element might 
result in the printing of a sequence of wrong symbols but eventually would 
print correctly, except perhaps for a bias in time. 

Since the time required to transmit a letter varies from three to ten code¬ 
element periods, the letter speed varies with the message. Therefore, it 
would be necessary to have some storage, as on a punched tape, if binary 
elements were to be transmitted at a constant rate. 
When the number of elements used by each symbol is multiplied by the 

probability of occurrence of that symbol and the results are added, we find 
that the average number of bits or binary code elements per symbol is 
4.107. This is to be compared to the limiting value of 4.065. 

If the symbols were grouped by pairs forming 272 such pairs, the nega¬ 
tive of the logarithms of the probabilities of the pairs would be larger. 
Therefore, whole number approximations would be more accurate and 
would yield a closer approach to the limiting value. In this case digram 
probabilities (6-14) could be taken into account. This would result in 
decreasing the limiting value to 3.32 (Ref. 6). In this case the actual 
attainable value of the average number of code elements per symbol 
would approach 3.32, the digram entropy, even closer than 4.107 ap¬ 
proached 4.065 in the first-order approximation. 
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Efficient Encoders for PCM 

Suppose that quantized samples be taken 8,000 times a second of a con¬ 
tinuously active telephone channel operating at constant volume. If the 
samples are quantized into 64 equal steps, the granularity noise due to 
quantization is little enough to satisfy the requirements for reasonable 
speech quality. In an ordinary PCM system, each quantized sample 
might be represented by six on-or-off pulses. It would be interesting to 
investigate the efficiency of such coding. 

This we cannot do because little is known about the entropy of typical 
spoken messages. We can, however, at least explore the improvement in 
message efficiency that results merely from taking into account the fre¬ 
quency of occurrence of the quantized magnitudes of the signals that may 
be encountered in the output of a telephone transmitter. 
Data are available on the distribution of voltages in speech (Ref. 38). 

Positive and negative signals of the same magnitude are considered equally 
likely, so it will be enough to consider positive values only and multiply 
by two. These data were plotted with a linear-voltage scale of ordinates 
instead of the decibel scale originally used. The voltage range was divided 
into 63 equal ranges to permit one additional quantum to cover all values 
in excess of the measured range. The probability of occurrence of each 
quantum level was read from the curve. 

These probabilities together with their negative logarithms to the base 2 
and their products are tabulated in Table 6-2. When the products are 
summed and the sum doubled, the result is 4.1 binary digits. This is the 
entropy per sample, to a 1-gram approximation, of an ordinary telephone 
message wave on a continuously active channel at controlled volume. 
The computation shows the possibility of improvement in the ratio of 

6 to 4.1. This saving could be realized by following the simple encoding 
procedure described in the two preceding examples. 

Needless to say strong correlations in the statistical structure, extending 
back to include many earlier samples, play a dominant part in further 
reducing the entropy of a continuously active channel. Moreover, a typi¬ 
cal telephone channel is only active a small fraction of the time. By taking 
these factors into account the encoding could be made more efficient, and 
far less information would need be transmitted. 

Ordinarily, efficient encoding requires a long delay at the transmitting 
end to allow time for matching the statistics to corresponding lengths of 
sequences. With a multichannel system having a large number of chan¬ 
nels, this delay can be shortened to negligible proportions if the ideal is not 
approached too closely in all respects. With 1,000 or 10,000 channels 
multiplexed in time division, we have 1,000 or 10,000 samples every 125 
microseconds. In 6.25 milliseconds, 50,000 to 500,000 samples are pro-
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Table 6-2. Distribua 

V p —log2 p —p log2 p 

ion of Voltages in Speech 

V p —log; p —p logs P 

0-10 .250 2.00 .500 
10-20 .055 4.18 .230 
20-30 .035 4.84 .169 
30-40 .030 5.06 .152 
40-50 .015 6.06 .091 

50-60 .015 6.06 .091 
60-70 .011 6.51 .072 
70-80 .010 6.64 .066 
80-90 .009 6.80 .061 
90-100 .006 7.38 .044 

100-110 .0045 7.80 .035 
110-120 .0045 7.80 .035 
120-130 .0045 7.80 .035 
130-140 .0040 7.97 .032 
110-150 .0035 8.16 .029 

150-160 .0035 8.16 .029 
160-170 .0025 8.64 .022 
170-180 .0020 8.97 .018 
180-190 .0020 8.97 .018 
190-200 .0020 8.97 .018 

200-210 .0020 8.97 .018 
210-220 .0015 9.38 .014 
220-230 .0015 9.38 .014 
230-240 .0015 9.38 .014 
240-250 .0015 9.38 .014 

250-260 .00125 9.64 .012 
260-270 .00125 9.64 .012 
270-280 .00125 9.64 .012 
280-290 .00125 9.64 .012 
290-300 .00100 9.97 .010 

300-310 .00100 9.97 .010 
310-320 .00085 10.20 .009 

320-330 .00085 10.20 .009 
330-340 .00085 10.20 .009 
340-350 .00075 10.38 .008 
350-360 .00075 10.38 .008 
360-370 .00050 10.97 .005 

370-380 .00050 10.97 .005 
380-390 .00050 10.97 .005 
390-400 .00050 10.97 .005 
400-410 .00050 10.97 .005 
410-420 .00050 10.97 .005 

420-430 .00040 11.29 .005 
430-440 .00010 11.29 .005 
440-450 .00040 11.29 .005 
450-460 .00040 11.29 .005 
460-470 .00040 11.29 .005 

470-480 .00035 11.48 .004 
480-490 .00030 11.70 .004 
490-500 .00030 11.70 .004 
500-510 .00025 11.97 .003 
510-520 .00020 12.29 .002 

520-530 .00020 12.29 .002 
530-540 .00020 12.29 .002 
540-550 .00015 12.70 .002 
550-560 .00015 12.70 .002 
560-570 .00015 12.70 .002 

570-580 .00015 12.70 .002 
580-590 .00015 12.70 .002 
590-600 .00010 13.29 .001 
600-610 .00010 13.29 .001 
610-620 .00010 13.29 .001 

620-630 .00010 13.29 .001 
>630 .00400 7.97 .032 

S 2.054 
and 22 4.11 

duced. These samples from many channels over a modest interval of 
time represent a long enough specimen of a typical message to display the 
statistical structure usually necessary for efficient encoding. In this case, 
we propose to take advantage of the diversity among channel signals, at 
recurrent instants of time. 
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For example, suppose we have a 1,000-channel, long-haul PCM system. 
Specifically, let us assume that the channels are multiplexed by time divi¬ 
sion and that each channel uses code characters composed of two code 
elements and that each code element may assume any one of four values. 
This corresponds to the four bits previously computed. In this case, if 
regenerative repeaters are used, the interference threshold is only 9.5 deci¬ 
bels as compared to the 83-decibel signal-to-noise ratio normally specified 
for a single repeater span of a long-distance, single-sideband system with 
250 repeaters. Moreover, for the interference threshold assumed, the 
theoretical band width of the assumed PCM channel is 8 kilocycles per 
second. 
Now, if we assume that the channels are active only one-eighth of the 

time, and if we are willing to hold up the delivery of all messages for one 
or two milliseconds, then, without detectable transmission impairments, 
our band-width occupancy per channel theoretically can be reduced from 
8 kilocycles to but little more than one kilocycle. More complex encoding, 
of course, would be associated with this additional compression of the in¬ 
formation content. In the case of this rather rudimentary use of the 
statistical structure of the message, if the number of channels were only 
five, our band-width saving would be rather small unless we were willing 
to introduce comparatively long delays or tolerate substantial transmission 
impairments. 
Turning to another example, suppose that we are interested only in 

transmitting English speech (no music or other sounds), and, moreover, 
that the quality requirements on reproduction of speech at the receiver 
are merely that it be intelligible as to meaning. Individuality as repre¬ 
sented by accents, inflections, et cetera, may be lost in the process of 
transmission. In such a case we could transmit, at least in principle, by 
the following scheme. Suppose we postulate at the transmitter a device 
which prints English text corresponding to the spoken words. This could 
be translated without delay into binary code elements in the ratio of about 
five binary elements per letter, or 5 X 5.5 = 27.5 per word. Taking 
100 words per minute as a reasonable talking speed, we obtain 2,750 ele¬ 
ments per minute or 45.8 bits per second as an estimate of the message 
output of the encoder. 
As an alternative, by using thirteen binary code elements per code char¬ 

acter we could take care of 8,000 of the most likely words and still have 
192 code characters remaining. Separate thirteen-element code characters 
could be employed to denote the start and stop of intervals defining peri¬ 
ods of time required to transmit according to the ordinary five-element 
code, letter by letter. Thus we could handle all words not included in the 
selected list of 8,000. With provision for storage, about 22 bits per second 
would be the average output of this encoder. 
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Since all 8,000 words are not equally likely to be used, the code is still 
inefficient. Merely by taking into account word frequency and encoding 
by the general method described in the two preceding examples, the bits 
per word (6-19) may be compressed to 11.8. In this case the output of 
the encoder would be about twelve bits per second. If we assume an inter¬ 
ference threshold of 9.5 decibels, the band width required to accommodate 
the output of the assumed encoder would be 3 cycles per second. 
Going further, assume that we encode systematically and utterly without 

regard to the complexity of the operation. Then we would require about 
5.5 bits per word (Ref. 6) and the band width (6-1) for a ratio of average 
signal to average noise of 9.5 decibels would be reduced to 0.85 cycle per 
second. 

Channel Capacity 

Entropy may be expressed in bits per symbol, designated H ; or bits per 
second, designated H'. If r is the average number of symbols per second, 
II' = rll is the average entropy in bits per second. Since the message 
efficiency (6-19) is E, 

M' = (6-23) 

where M' is the message rate expressed as bits of information per second 
that have to be transmitted. With an ideal encoder, E equals one. 

If the transmitting channel has an average capacity of C bits per second, 
M' must not exceed C if we are to get the message through and yet not 
occupy the medium for a time longer than the time of the message. Thus, 

C > M' > H'. (6-24) 

With efficient coding H' determines the channel capacity since it is not 
possible to transmit faster than 

symbols per second (6-25) 

without introducing errors. 
Curiously enough, the capacity of a noisy channel is sharply defined, 

and Shannon (Ref. 1) has produced some remarkable theorems which deal 
with equivocation and channel capacity. These theorems have engineer¬ 
ing application. Prominent among them is the central theorem cited 
earlier in the summary. 

Rate of Transmission of Information 

Suppose the transmitter sends out a million binary digits per second, 
each equally likely to be 0 or 1 independent of previous digits. Suppose 
noise encountered along the way causes errors in identification at the re-
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ceiver, for example, to the extent that in the output of the receiver, on the 
average, one digit in 1,000 is in error. WAaZ is the rate of transmission of 
information? 

Certainly it is not 1,000,000 bits per second because, on the average, we 
encounter 1,000 wrong identifications per second. Also, certainly it is not 
106 — 103 bits per second because this fails to take into account the receiv¬ 
er’s lack of knowledge of where the errors occur. 

This last point may be made perfectly plain by assuming that there is 
so much noise on the transmitting medium that the digits in the output of 
the receiver are independent of the digits transmitted. Then half of the 
digits in the output of the receiver are right due to chance alone, and half 
are wrong. No information whatsoever is being transmitted. Obviously, 
therefore, we cannot give the system credit for sending half a million bits 
of correct information per second. 
There are two ways to evaluate the rate of transmission of information. 

A first way is to subtract from the information originally transmitted the 
amount of missing information in signals that reach the input to the re¬ 
ceiver. A second way is to evaluate the uncertainty after the receiver 
gets a message of what was actually sent. 

Equivocation 

Clearly, if no information is to be lost, the receiver must remove all un¬ 
certainty as to what was sent. When the transmitted signals encounter 
noise along the way, two statistical processes are at work: the source and 
the noise. Several entropies are involved. 

First, of the entropies involved is H'(x), the entropy of the transmitter 
output. This is the input to the communication channel between trans¬ 
mitter output and receiver input. Second, is H\y), the entropy of the 
receiver input. This is the output of the communication channel. We 
identify x as the signal output of the transmitter and y as the signal input 
to the receiver. In the absence of noise, H'(y) = H'(x). H'(x, y) is the 
joint entropy of the transmitter output and receiver input. The condi¬ 
tional entropy, Hx\y), is the entropy of the receiver input when the en¬ 
tropy of the transmitter output is known. The conditional entropy 
Hv’(x) is the entropy of the transmitter output when the entropy of the 
receiver input is known. Among these entropies we have the relation 

H\x, y) = + Hz’(y) = H\y) + Hv\xf (6-26) 

is the uncertainty of the received message when the sent message 
is known. Plainly this irrelevant uncertainty, introduced by an extrane¬ 
ous source, can be identified with the noise on the communication channel. 
It is false information in the received message. 
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Hv\x) is the uncertainty of the sent message when the received message 
is known. Hy\x), Shannon terms equivocation. Equivocation measures 
the average ambiguity of the received signal. It is the residual remaining 
uncertainty when the received signal has been interpreted. 

Consequently, the actual rate of transmission over the channel is given 
by three expressions: 

M,' = H\x) - H^x), 
= H'(y) - Hx\y\ 
= H\x) + H\y) - H\x, y). (6-27) 

The first measures the information sent less the uncertainty of what 
was sent; that is, average rate of sending information minus average rate 
of losing information. The second measures the information received 
less the part of the information received that was due to noise. 
By equating the right-hand members of the first two expressions in 

(6-27), we have 

Hu'^ = H\x) + H,\y) - H\y). (6-28) 

That is, equivocation equals the uncertainty of the transmitter output 
plus the uncertainty due to noise minus the uncertainty of the input to 
the receiver. 

Numerical Example 

We are now able to complete the unfinished numerical example involv¬ 
ing the transmission of 106 binary digits per second. We recall that if a 
one is received, the a posteriori probability that a one was transmitted is 
0.999, and the probability that a zero was transmitted is 0.001. If a zero 
is received, the figures are interchanged. From (6-10) and the definition 
of Hy(x) we evaluate the equivocation, viz., 

= - [0.999 log2 0.999 + 0.001 log2 0.001] 
= 0.001440 + 0.009956 = 0.011396 bits per digit. (6-29) 

Thus we have: 1,000,000 binary digits are transmitted each second; on the 
average there are 1,000 errors per second; and the system is transmitting 
information (6-27) on the average at the rate of 1,000,000 — 11,396 = 
988,604 bits per second. This we regard as the average rate of sending 
information minus the average rate of losing information. 

In the extreme case where a zero is as likely to be received 1 as 0, and a 
1 is as likely to be received 0 as 1; the a posteriori probabilities are 0.5 and 
0.5. Consequently, Hy(x) is one bit per digit; the equivocation is a million 
bits per second; and the rate of transmitting information over the system 
is zero as it should be because all of the sent information has been lost. 
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Evaluation of Channel Capacity 

For the discrete case Shannon (Ref. 1) defines the capacity of a noisy 
channel as 

C = Max - Hv\x)] (6-30) 

where x is the input, y the output, and the maximization is over all x, that 
is, over all sources, that might be used as input to the channel. Shannon 
proves that, if information is sent at the rate C or slower, it is possible to 
encode so that the equivocation and frequency of error can be made as small 
as desired. When information is sent at a faster rate, say (C + Ci), the 
equivocation is equal to or greater than Ci so that no more information is 
getting through correctly than before. 
The analysis when the signals are continuous functions of time is more 

complicated, but again there are companion and fundamental relationships. 
This is illustrated by Shannon’s central theorem listed in the summary, 
namely, 

I S\ 
C = B log2 (1 + (6-1) 

where B is the band width, S the mean signal power, and N the mean 
thermal noise power. In this instance, C binary digits per second may be 
transmitted with arbitrarily small equivocation and more information can¬ 
not get through correctly. 

In the more general case which deals with other types of noise, the trans¬ 
mitted signals should be complementary to the noise signals to the end 
that the received signals have their power uniformly distributed over the 
band B. 

Ordinarily, as the rate C is approached, more and more delay is required 
at the receiving end to obtain a long enough sample of the perturbed signal 
for the receiver to make its final decision as to the original message. This 
implies an equal delay at the sending end. These delays are quite apart 
from companion delays associated with ideal encoding to remove redun¬ 
dancy (6-21). 

Channel Capacity of Existing Systems 

Of immediate interest are comparisons of existing types of systems with 
the nonsurpassable performance predicted by Shannon’s central theorem. 
In Fig. 6-2 this function is plotted against S/N in decibels and represents 
the maximum channel capacity per unit of band width when the wanted 
signals are perturbed by resistance noise. Taken from Shannon’s paper 
(Ref. 3), the circles and dots refer to PCM and PPM systems transmitting 
messages expressed in binary digits. In each instance the system is ad¬ 
justed to permit about one error in 105 digits. In the PCM case the num-
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ber adjacent to a point represents the number of quanta per code element, 
for example, three in a ternary PCM system. In all cases, positive and 
negative code elements are assumed. The PPM systems are quantized 

RATIO OF AVERAGE SIGNAL POWER TO AVERAGE NOISE POWER IN OB 

Fig. 6-2 Channel capacity of code-modulation systems 

with a discrete set of possible positions for the pulse, the spacing is 1/2B, 
and the number adjacent to a point is the number of possible positions for 
a pulse. 
The series of points follows a curve of the same shape as the ideal but is 

displaced horizontally about 8 decibels. Part of the deficiency (Chap. 8) 
exists because these simple codes do not present a power spectrum comple¬ 
mentary to the noise. At the expense of delay and more complicated 
coding, a saving approaching 8 decibels in transmitter power over the sys¬ 
tems indicated is theoretically possible. 

Additional theoretical studies have shown that at both extremes of 
signal-to-noise ratio (when we are well outside the practical range) the 
performance approaches more closely to the ideal. For very large signal-
to-noise ratios, the PCM points are within 4.5 decibels of the ideal. With 
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very small signal-to-noise ratios, the PPM points approach within 3 deci¬ 
bels of the ideal. 
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Problems 

1. Within the limitations imposed by resistance noise and with the available choice 
of any physically realizable communication system, how much quantized infor¬ 
mation can be conveyed per second assuming: 
(a) An over-all band width of B cycles per second, 
(b) A transmitter whose average power output is limited to one watt, 
(c) A path loss over the medium of 100 decibels, 
(d) Negligible distortion from the medium, 
(e) Negligible expenditure of time in putting the information on the medium, 
(f) Negligible expenditure of time in identifying the received information, 
(g) All but 10"16 of the information delivered by the receiver is error-free. 

2. State Shannon's theorem, a central result of information theory, which relates 
the maximum information carrying capacity of a system with frequency range, 
time available, and signal-to-noise ratio. State the units that may be used. 
Indicate roughly how far existing designs fall short of this theoretical ideal. 

3. (a) Suppose a code language consists of 271 code words of which fifteen occur 
with a probability 1/16 and the remaining 256 have an individual proba¬ 
bility of 1/4,096. If successive words are chosen independently at the 
rate of ten per minute, what is the entropy of the message source ex¬ 
pressed in bits per minute? What is its relative entropy and what is its 
redundancy? 

(b) Suppose the words in (a) are transmitted by synchronous telegraph using 
groups of four binary code elements. Since a particular group of four 
binary code elements represents one of sixteen different possible patterns of 
combinations of four binary decisions, let each of fifteen of the sixteen 
possible arrangements of a group of four binary code elements uniquely 
correspond to one of the fifteen most probable words. 

Let the remaining combination operate a shift mechanism so that the 
receiving machine waits for the next eight binary code elements and then 
prints one of the less probable 256 words according to the particular eight¬ 
place binary number represented by the particular combination of eight 
binary code elements received. After the sequence of eight the machine 
reverts to normal to receive the next word. 
At what rate must binary code elements be transmitted to permit trans¬ 

mission of ten words per minute if we assume adequate storage, as on a 
punched tape, so tliat only the average rate is important? What is the effi¬ 
ciency of the machine in transmitting this type of message? How much 
redundancy is in the coded signals in the output of the machine? 

4. Assume a source of messages such that each message is composed of a long 
sequence of .V symbols, that successive symbols are independently chosen, that 
the number of distinct symbols is limited, say q, and that pi is the probability of 
symbol i. 
(a) What is the approximate probability of any particular sequence of this 

length? 
(b) Show that the average information measure associated with the specifica¬ 

tion of a particular message expressed in bits is approximately equal to the 
logarithm to the base 2 of the reciprocal of the probability of sending this 
particular message of the ensemble. 

(c) Show that the average information measure associated with the specification 
of a symbol expressed in bits is approximately equal to the logarithm to the 
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base 2 of the reciprocal of the probability of any typical long sequence 
divided by the number of symbols in the sequence. 

(d) Show that minus log2 pt is the number of bits that ought to be used to encode 
symbol i for most efficient encoding. 

5. Consider a message source such that freedom of choice is restricted to one or the 
other of two possible messages, the likelihood of selecting one of the messages 
being p and the other q where p » q. Next, assume a never-ending sequence 
of these selections with the restriction that each selection be independent of 
preceding selections. The problem is to encode the sequence efficiently into 
an array of binary digits. Describe a suitable code. 



CHAPTER 7 

SPEED OF SIGNALING AND CHANNEL CAPACITY 

Systems of communication deal with bits of information. As brought 
out in Chapter 6, if H' expressed in bits per second is the entropy of the 
message source, H' is the minimum amount of information necessary for 
correct reception. When the specification of the message is compressed 
to this extent and the goal is error-free reception, no bit may be lost. 
Without sacrifice of generality we can assume the message representation 
is in this form. Our concern, therefore, will be with channel capacity. 
Because a transmission channel is never noise-free, it has a sharply de¬ 

fined capacity for transmitting information. C bits per second may be 
transmitted with arbitrarily small error and no more. Hence, H’/C is the 
time in seconds per second of message representation that the channel must 
be available. If less time is available, errors in transmission are not arbi¬ 
trarily small. In practical applications, however, it often is not easy to 
evaluate either H' or C exactly. 

CHANNEL CAPACITY IN THE ABSENCE OF NOISE 

All present-day applications of modern communication theory depend 
to some extent upon one of the theorems advanced by Nyquist in his paper 
on telegraph transmission (Ref. 1).* The theorem pertains to channel 
capacity and states that, if the speed of signaling does not exceed substan¬ 
tially 2B code elements per second over a system of band width B, inter¬ 
symbol interference may be eliminated even in the presence of noise. 
Nyquist was dealing with quantized code elements; he pointed out that, 
with a given noise exposure, error-free operation would result, provided 
the signal power could be increased until the unwanted interference was 
less than half a quantum step. This constituted the basis for the inter¬ 
ference-threshold concept developed in Chapter 6. 

sin x • 
With an idealized low-pass filter and —— type of code elements, inter¬ 

symbol interference is zero at the instants the code elements are identified. 

* The references cited are listed at the end of each chapter according to the number 
used in the text 
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Under these circumstances, the only theoretical ambiguity is due to noise. 
In the absence of noise, therefore, the quanta can be arbitrarily small and 
the available amplitudes finely graduated. Consequently, the amount of 
information per code element, even with finite signal power, is equal to 
the logarithm of q, where q may be arbitrarily large. However, because 

Sill X 
of the response, the rate of signaling, even in the absence of noise, 

cannot exceed 2B code elements per second. 
Today, it is common knowledge that, in the absence of noise and neg¬ 

lecting practical margins, a density approaching 2B code elements per 
second can be precisely identified. The only requirement is a sufficiently 
elaborate type of detection, for example, the Boothroyd-Creamer type 
(Ref. 2). Conventional systems theoretically do not signal faster except 
at the expense of transmitting less correct information. Years ago these 
matters were not very well understood, and many suggestions were ad¬ 
vanced which purported to show how more than 2B signal elements per 
second could be transmitted successfully through a physical system. One 
of the most ingenious of these proposals was made by L. A. MacColl 
around 1926, shortly after Nyquist advanced his theorem to the contrary. 
Because of the fundamental importance of this subject, it seems worth 
while to re-examine the implications of these two proposals. 

In the case of MacColl’s proposal (which assumed zero noise), the 
amount of information per code element is (log q\ but z code elements are 
transmitted in each Nyquist interval and z is assumed to be large. The 
proposal also postulates that the information is delivered virtually without 
delay other than the time of transmission over the medium. This means, 
other things being equal, that some information would be available at the 
output of the receiver slightly sooner than when we signal at the Nyquist 
rate. Also, when these signals are repeated, less time will be lost at each 
regenerative repeater. 
Immediate delivery of the message, when we come to consider the effect 

of noise, might naturally be expected to reduce rather than increase the 
rate of transmitting correct information. This follows because, according 
to Shannon’s theory, it is the function of an efficient receiver to allow as 
large a sample of noise as possible to affect the code elements before judg¬ 
ment is made as to the original message. The larger the sample, the 
sharper the possible statistical assertion. 

Before presenting MacColl’s proposal in its original form and then ex¬ 
tending the treatment by discussing the effect of noise and interference, 
let us examine Nyquist’s proposal in more detail. When we do this we 
shall be appraising pulse-code modulation in terms of modern theory. A 
good measure is how the signal power compares with the theoretical mini¬ 
mum on the basis of the same information rate and same band width. 
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SIGNALING AT THE NYQUIST RATE IN THE PRESENCE 
OF NOISE 

It is assumed that all frequencies less than B cycles per second are 
transmitted with distortionless attenuation and phase characteristics. 
Noise is assumed to be resistance noise (Refs. 3 and 4) so that the magni¬ 
tudes of samples of the noise alone taken at Nyquist intervals are dis¬ 
tributed according to a Gaussian normal-error curve. It is assumed that 
all apparatus is functionally perfect and that the over-all transmission is 
perfectly stable at all times. 

If message samples falling in the range plus and minus one (a convenient 
normalization that makes the signal and noise equations dimensionless) 
are quantized into q possible values and the (7 — 1) quantum steps are all 
alike: 

s,- = 1 - j = 0, 1, ... (? - 1) (7-1) 

specifies the q possible values. 
If all quantum values are independently chosen and equally likely, then 

using Theorem III on page 52 of Chapter 4, 

1 ’ 1
S = - E (7-2) q j-o 

is the average signal power. This partial sum may be evaluated by re-

calling (Ref. 5, p. 137) that E n — ‘— 5 and E = ß » 

viz., 

s = (7-3) 
3L? — 1J 

Let N" denote the square root of the average noise power, and write 

= —-— This defines a. Since superposition holds, and again using 
? - 1 

Theorem III, the average noise power, N, is 

Whence, 

From (7-1), 

N = - --a\q - I)2

<5 a2 / 2 n 
S - 3 

o2 

C = B log2 1 + (ç2 -
o 

(7-4) 

(7-5) 

(7-6) 

is the ideal nonsurpassable capacity of the channel with ideal encoding. 
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Ideal encoding, it should be noted, is elaborate enough to permit cor¬ 
rection of occasional errors by causing the final message produced by the 
receiver at any instant to depend upon signals transmitted considerably 
earlier. Common to all statistical behavior of this sort, Shannon’s recep¬ 
tion is reliable only on the average. It is true that the probability a code 
element chosen at random will be in error may be made arbitrarily small. 
Even so, a small fraction of the symbols or code patterns are allowed a 
much higher probability of error than the average, and in some applica¬ 
tions this might not be desirable. However, simply by adding variable 
translators, one at each end, a nonuniform alphabet can be made uniformly 
reliable. 

S 
To continue, if = ç2 — 1, (7-6) becomes 

C = 2B log2 q. (7-7) 

The right-hand side of (7-7) is recognized to be the channel capacity (6-8) 
when we signal at the Nyquist rate with adequate power, and permit no 
avoidable delays in the coding and decoding of the message. It represents 
the theoretical channel capacity usually associated with the simple type 
of ç’ary code familiar in conventional PCM and ordinary telegraphy. Any 
and all possible messages are equally acceptable and are delivered as re¬ 
ceived without delay. 

If practical margins are neglected, we observe that a2/3 represents the 
ratio of the average signal power for a conventional PCM system signaling 
at the Nyquist rate to the theoretical minimum signal power. This ratio 
neglects to take into account the loss of information due to noise. How¬ 
ever, as will be seen in the example to follow, neglect of this factor is unim¬ 
portant in most practical systems when making a comparison of this type. 

Let p be the permissible average relative frequency of error in the iden¬ 
tification of the quantized samples in the output of the receiver. Then 

1 - ? 
Q - 1 is the required probability that the resistance noise (Refs. 3 

and 4) lies within the range of plus or minus half a quantum. This re¬ 
quires (Chap. 9 of Ref. 6) that 

Compared to an ideal system, 

20 logio erf-1 1 — Q 
q - 1 P 

2 
+ 10 logic 3 

(7-8) 

(7-9) 

is the extra signal power in decibels required by a conventional type of 
pulse-code modulation system signaling at the Nyquist rate. The result 
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(Table 7-1) depends on p, but in most applications of practical interest is 
little affected by q. 

Example 

Assume that the wanted code takes the form of a pattern of binary code 
elements. Assume further that each unperturbed code element may be 

, ,. .sin (2irBt — mir) sin (2irBt — mir} , , , represented by H- r-— - or - ~—- where m takes on 2irBt — mir 2irBt — mir 
the values 0, + 1, + 2, . . .. Also assume that each code element is so 
sampled at the receiver that, in the absence of noise, the sample will be 
either +1 or —1. Assume that 2B code elements are transmitted each 
second, that positive or negative code elements are equally likely, and that 
the probability of any element is independent of preceding elements. We 
then find that the energy (Chap. 4, p. 54) of each code element is 12/2R 
and the average signal power is I2. 
Assume resistance noise. Let a be the root-mean-square noise and write 

aa = 1. Let p be the average frequency of errors in the output of the 
receiver. Then 1 — 2p is the required probability that the noise lies in 
the range —1 to +1. For example, consider p = IO-5 . This requires 

(Chap. 9 of Ref. 6) that erf = 1 - 2p = 0.99998. Erf (3.0157) = 

0.99998 (Ref. 7, pp. 116-120). 
This means (7-9) that the average signal power is 20 logio 3.0157 + 

10 logic 2 — 10 logic 3 = 7.83 decibels more than the ideal. 
The equivocation [Chap. 6, equation (6-28) p. 94] is 

= - [0.00001 log2 0.00001 + 0.99999 log2 0.99999] 
= 0.00018044 bit per bit. 

If 2B = 106, 1,000,000 bits per second are transmitted, on the average 
ten errors are made each second, and the excess of information sent over 
information received is 

M,' = 2B[log2 q + p log2 p + (1 - p) log2 (1 - p)] 
= 1,000,000 - 166.1 - 14.3 (7-10) 
= 999,819.6 bits per second. 

It is correct to regard this as the amount of information actually being 
transmitted over the channel. Moreover, the equivocation, 180.4 bits 
per second, is the minimum additional channel capacity theoretically re¬ 
quired for correcting all but an arbitrarily small fraction of the errors. 
When q is greater than 2, the formula for the equivocation is different, as 
illustrated by Problems 1 and 2. 

In practical applications, by increasing the signal power only a slight 
amount (Table 7-1) the probability of errors from noise of this type may 
be drastically reduced as compared to the foregoing numerical example. 
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We further notice that, for p = IO-5, all codes of this class require about 
8 decibels more signal power than the theoretical ideal. For example, the 
decibel advantage of a 7’ary code over a binary code is 

20 log10 erf-* 1 - - 20 log10 erf-* (1 - 2p) • (7-11) 

Table 7-1 indicates an upper limit for this difference for various values of p. 

Table 7-1. Signaling at the Nyquist Rate 

Extra signal power in decibels compared with Shannon’s theoretical ideal 
tabulated as a function of the average relative frequency of error 

in the identification of a code element 

(1) (2) (3) (4) (5) (6) (7) 
P err>(l-p) erf-‘(l-2p) 201og(l) 20 log (2) (3) —(4) (3)+101og< (4)+log 10 j 

10 1 1.1631 
10 -2 1.8214 
10-’ 2.3268 
10-* 2.7511 
IO'6 3.1234 
10-6 3.4589 
10-7 3.7666 
IO“8 4.0522 
IO-9 4.3200 
10-*° 4.5728 
10-»2 5.0420 
10~ 14 5.4725 
IO"16 5.8724 
10 18 6.2474 
IO“20 6.6016 
IO“24 7.2594 
10-28 7.8632 

0.9062 1.3123 
1.6450 5.2081 
2.1851 7.3352 
2.6297 8.7901 
3.0157 9.8926 
3.3612 10.7788 
3.6765 11.5190 
3.9683 12.1539 
4.2411 12.7097 
4.4982 13.2035 
4.9741 14.0521 
5.4098 14.7637 
5.8139 15.3763 
6.1923 15.9139 
6.5495 16.3930 
7.2119 17.2180 
7.8194 17.9120 

—0.S556 
4.3233 
6.7894 
8.3981 
9.5878 
10.5299 
11.3087 
11.9721 
12.5496 
13.0607 
13.9343 
14.6636 
15.2893 
15.8371 
16.3241 
17.1610 
17.8634 

2.168 
0.885 
0.546 
0.392 
0.305 
0.249 
0.210 
0.182 
0.160 
0.143 
0.118 
0.100 
0.087 
0.077 
0.069 
0.057 
0.049 

-0.449 -2.617 
3.447 2.562 
5.574 5.029 
7.029 6.637 
8.132 7.827 
9.018 8.769 
9.758 9.548 
10.393 10.211 
10.949 10.789 
11.443 11.300 
12.291 12.173 
13.003 12.903 
13.615 13.528 
14.153 14.076 
14.632 14.563 
15.457 15.400 
16.151 16.103 

These figures (last two columns of Table 7-1) cannot be improved upon 
when each code element of the assumed code is transmitted with the least 
possible delay and is immediately delivered as received. Furthermore, 
they substantially exceed Shannon’s ideal. To illustrate, if an average 
error incidence of IO-18 is sought, the required signal power will be about 
14.1 decibels in excess of the theoretical nonsurpassable ideal. 

It should be kept in mind that only when the noise has the characteristics 
of resistance noise, is the channel capacity given by 

C = Blogjl +£ 
.ZV _ 

(6-1) 

For instance, consider interference from another like system. Inter-
system interference is independent of N. Errors will predominate unless 
the intersystem crosstalk is below the interference threshold, namely, 
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20 logio (1 — ç) decibels. In this situation one also notices that, for like 
systems, the statistical structure of the message and interference are alike. 

Assume, further, that as a practical matter it is uneconomical to reduce 
the intersystem crosstalk any more than necessary. In this case, S will 
be somewhat increased over the value it otherwise would assume were 
resistance noise controlling, to the end that intersystem crosstalk becomes 
the dominating source of interference. Under these conditions and as¬ 
suming prompt transmission and delivery of the message, the channel 
capacity is given by 

C = 2B log2 q. (7-12) 

MACCOLL’S PROPOSAL FOR RAPID SIGNALING 
IN THE ABSENCE OF NOISE 

L. A. MacColl (Ref. 8) suggested that, in the absence of noise and inter¬ 
ference, it is theoretically possible to transmit signals over any physical 
transmission system at any speed, and in such a manner that the recon¬ 
structed signals at the receiving end have the same durat ion and same wave 
form as the original signals. The theoretical possibility of doing this is 
based on the assumed validity of ordinary circuit theory. 

It is to be noticed particularly that the transmission characteristics of 
the transmission system (assuming only linear distortion) do not affect 
the speed of signaling, but merely exert a controlling influence on the com¬ 
plexity, accuracy, and necessary speed of operation of the equipment re¬ 
quired for instrumenting the system. 
Hence we have the following proposition : In the absence of interference 

and noise, it is possible, using only apparatus that in principle is easily 
constructed, to signal through any transmission system (producing linear 
distortion but negligibly small nonlinear distortion) at any speed and in 
such a manner that the time required to detect and interpret the message 
information in its original form is equal to the time required to put the 
message information on the line. 
The proposition assumes that nonlinear distortion is negligible; hence, 

we will review what this implies. In general, distortion in a transmission 
system is either linear or nonlinear. If the distortion is linear, superposi¬ 
tion applies. If the distortion is nonlinear, the principle of superposition 
may not be used to evaluate the response of the system. In the presence 
of nonlinear distortion there is, in addition, a multiplication of wave com¬ 
ponents which produces frequency components corresponding to the 
products. 
Due to band-width limitations and because the phase and amplitude 

distortion as a function of frequency may be excessive, the wave forms of 
the arrival waves will differ from the impressed code elements. For each 
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code element, this difference will exist during the period allocated to the 
code element sent, and it will also persist beyond this time. The portion 
of the arrival wave that persists beyond the interval occupied by the ap¬ 
plied code element causes intersymbol interference. Accurate identifica¬ 
tion of the original discrete code elements may be rendered difficult, espe¬ 
cially with rapid signaling. 

MacColl’s Original Proposal 
To reproduce MacColl’s original proposal (Ref. 8) in detail, accurately 

timed code elements are applied, and each applied code element is of con¬ 
stant magnitude for a duration 7 '. Thus, the time allotted to successive 
code elements is 0 < t < T'; T' < t < 2T'; 2T' < t < ST'; • • • • Fur¬ 
thermore, the constant value of the code element may be different in dif¬ 
ferent intervals. The constant value is quantized and it may be of either 
polarity. Thus, the constant value assumed in any one interval is lim¬ 
ited to one of a finite number of possible values, which may include the 
value zero. Although T’, the duration of a code element at the sending 
end, is quite arbitrary, it is set once and for all in the case of any one par¬ 
ticular system. Without loss in generality it is assumed the message 
information has the value zero for all negative values of t. 
Now consider the code element of the sent message that occupies the 

interval rT' < t < (r + 1)T’ where r is zero or an arbitrary positive integer. 
This element, (a) of Fig. 7-1, will be denoted /0(Z - rT'). This element 
will give rise to a particular elementary signal at the receiving end, (b) of 
Fig. 7-1, which will be denoted by /(Z - rT'). This implies that the delay 
introduced by the transmission system has been neglected and, therefore, 
amounts to using different zeros of time at the two ends of the system. 
The significant properties of the function /(Z — rT') are that it vanishes 

for t < rT'; that it has appreciable values for some values of Z > (r + 1)T'; 
and that its wave form may differ widely from that of /o(Z — rT'). 

Consider the function /i(Z — rT') which is obtained from /(Z — rT') by 
making the function equal to zero in the interval rT' < Z < (r + 1)T'. 
In the case in which /(Z — rT') is as shown in (b) of Fig. 7-1, the function 
^(Z — rT') might be as shown in (c) of Fig. 7-1. It is easy to imagine a 
machine that would generate /i(Z — rT'). Such a machine will be called 
a corrector. 
Assume that, at the receiving end, there are as many correctors, say 7?, 

as there are intervals of duration T' in which /(Z — rT') is appreciably dif¬ 
ferent from zero: that is, not small compared to half a quantum step. 
Assume that the first corrector is set to produce in succession Cn/i(Z), 
Ci2fi(Z - ßT'), Ci3A(Z - 2ßT'), ... ; that the second corrector pro¬ 
duces C2i/i(Z - T'), C22f,(Z - T' - ßT'), C23/i(Z - r - 2ßT'), . . . ; 
that the third corrector produces C3i/i(Z — 2T'), C32yi(Z — 2T' — RT'), 
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— 2T' — 2RT'), . . . ; and so on, where the C’s are, for the present, 
arbitrary constants. 

Next, consider the reception of the message specification. There is no 
intersymbol interference during the interval 0 < t < T', because by hy¬ 
pothesis the received signal during that interval depends only upon the 

fo(t-rT') 
CODE ELEMENT OF 
THE SENT MESSAGE 

f(t-rT') 
ELEMENTARY SIGNAL AT THE 
RECEIVER IN RESPONSE TO <81, 
PROVIDED DELAY IS NEGLECTED 

fiCt-rT') 
COMPENSATING SIGNAL GENERATED 
BY A CORRECTOR ANO REINTRODUCED 
IN AN OPPOSING DIRECTION TO 
ELIMINATE ALL INTERSYMBOL 
INTERFERENCE DUE TO (b) 

Fig. 7-1 Diagram of wave forms used in 
speed signaling in the absence of noise 

describing MacColl’s proposal for high¬ 

magnitude of the first code element in the message sent. Consequently, 
any particular measurement of the received signal during that interval, 
say of its integral over the interval, or of its magnitude at the center or a 
later end of the interval, gives complete knowledge of the first code element 
of the incoming information-bearing wave. Let this measurement set the 
first corrector to produce Cnfiffi, where Cn is given a value proportional to 
the magnitude of the first code element. This setting is maintained until 
¿ = (ß 1)T,) when the corrector is reset. The signal generated by the 
first correction may be subtracted from the received signal wave, with the 
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result that all code elements following the first are freed from the inter¬ 
symbol interference due to the first. We note that the intersymbol cor¬ 
rection is both quantized and exact. 
The second code element in the received signal is now free from inter¬ 

symbol interference, and any particular measurement on it will determine 
the magnitude of the second code element in the sent signal. Let this 
measurement set the second corrector to produce C2i/i(f — T'), where C21 
is proportional to the magnitude of the second code element. This setting 
is maintained until t = (R + 2)T'. When the signal generated by the 
second corrector is subtracted from the received signal, the signal is free 
from intersymbol interference due to the second code element. This 
process is continued until all of the correctors are in operation. 

After t = RT', there is no need to continue the correction for the inter¬ 
symbol interference due to the first code element. Hence the measure of 
the (R + l)th code element of the incoming signal is caused to set the first 
corrector to generate the signal Ci2/i(f - RT'), where C12 is proportional to 
the magnitude of the (R + l)th code element, and this signal is subtracted 
from the signal wave to eliminate the intersymbol interference due to that 
code element. Likewise, the determination of the (ß + 2)nd code element 
is caused to set the second corrector to eliminate the intersymbol inter¬ 
ference due to that code element. And so the process continues. 

Conclusion 

In the absence of noise, the amplitude of the received signal can be 
determined, in principle at least, in as short a time as may be desired after 
the arrival of the received code element. Hence, any desired number of 
code elements per second may be transmitted over any linear physical 
system, regardless of its band width. This seems to contradict Nyquist’s 
theorem. However, closer scrutiny will show that MacColl’s proposition 
for rapid signaling in the absence of noise is not a contradiction in a strictly 
technical sense. Nyquist’s theorem is true under the assumptions on which 
it is based. MacColl recognized that certain restrictions implied by Ny¬ 
quist were not necessary, and when they were removed, obtained a differ¬ 
ent result. 

CHANNEL CAPACITY AND SIGNALING SPEED 

Theory commonly postulates ideal filters and an over-all system re¬ 

sponse of the form This implies signaling at the Nyquist rate, effi¬ 

cient band-width occupancy, no intersymbol interference, and no inter¬ 
channel or other out-of-band interference. L’nder these conditions and 
in the presence of resistance noise, the capacity of the channel is given by 
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the central theorem. With physically realizable networks the nonsur-
passable capacity is evaluated by another expression. 

Channel Capacity 

In a practical system the over-all response may not even roughly ap¬ 
proximate that of an ideal filter. Shannon accounts for this [Ref. 9, equa¬ 

tion (32)] by letting C = B log2 represent the differential capacity, 

△Ci, of a narrow band, AB, so that by integrating, we obtain 

C, = jHog, [1 + df. (7-13) 

In equation (7-13), S(f) and N(f) are now frequency dependent and rep¬ 
resent average signal and average noise power (encountered at the output 
of the channel) per cycle per second of band width at frequency f. When 
the total signal power is fixed but its distribution as a function of frequency 
is arbitrary, to maximize Ci requires that N(f) plus S(f) be invariant with 
frequency. 

Band-Width Occupancy 

Band-width occupancy is defined by physical filters and represents the 
frequency range that ought to be charged to a particular channel. Ordi¬ 
narily, filters at each end restrict the frequency range. It is the function 
of the transmitting filter to suppress out-of-band frequencies so that ad¬ 
jacent channels are not interfered with. At the receiving end, the out-
of-band loss of the receiving filter serves to keep adjacent channels from 
interfering with the wanted signal. Although these filters attenuate, they 
do not eliminate interchannel interference. Intersymbol interference is 
also introduced by these filters, so that it becomes the function of other 
parts of the system to eliminate or reduce this type of interference. Note 
particularly that: intersymbol and interchannel interferences are each in¬ 
dependent of signal power, both decrease the amount of noise that can be 
tolerated at fixed signal power, and yet both are introduced by the physi¬ 
cal filters that define band-width occupancy. In engineering applications 
it is useful to express signaling speed in terms of band-width occupancy. 

Extension of MacColl’s Proposal to Include the Effects of Noise 

Assume MacColl’s original proposition as stated on page 108 is modified 
and extended to include the effects of noise, and let us consider briefly the 
information rate and signaling speed of the modified system. 

Information Rate. In essence, the modified proposal would represent a 
particular method of reducing intersymbol interference. There is, of 
course, no reason for expecting that the elimination of intersymbol inter-
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ference would increase the theoretical information capacity of a physical 
system. In fact, one would suspect that, under favorable conditions, the 
extended proposal would only approach the limit given by existing theory, 
even if everything were optimized and the instrumentation executed with 
meticulous attention to detail. 
Many factors enter into a careful analysis of the information rate. To 

illustrate one, once an error is made by the decoder, subsequent inter¬ 
symbol interference corrections are generally wrong. These wrong correc¬ 
tions cause the corrected signal to assume forbidden values. If left to its 
own devices, the decoder would be very likely to deliver utter gibberish ever 
thereafter. To control this, a relatively long sequence of M code elements 
is followed by a blank interval. The blank interval, during which no sig¬ 
nals are transmitted, is slightly longer than RT. For a specified equivo¬ 
cation there is an optimum value for M. 

Signaling Speed. When signal elements are not quantized, we know 
their density on the time axis cannot exceed 2B. This fundamental rela¬ 
tionship assumes transmission through an ideal filter to insure freedom from 
out-of-band interference. If, on the other hand, the signals are quantized 
and the quanta are small, there would be practical difficulties in transmit¬ 
ting code elements faster than the Nyquist rate. 
A more pertinent consideration is whether binary digits can be trans¬ 

mitted faster than the Nyquist rate. Here it is significant to note that 
MacColl’s proposition deals with quantized signals. Therefore, the cor¬ 
rections are quantized. Nonlinear devices of this kind are not found in 
the usual conventional system employing linear equalizers. It is con¬ 
jectured that, if the over-all band width is sharply limited so that at cutoff 
the attenuation rises rapidly to a very high out-of-band loss, code elements 
cannot be transmitted substantially in excess of the Nyquist rate. Inci¬ 
dentally, a corrector of this type might have considerable practical value 
either in other situations or where more moderate performance is acceptable. 

This method of reception, if it permits faster signaling, might be advan¬ 
tageous when code elements are transmitted through a large number of 
regenerative repeaters in tandem. For example, assume each repeater 
output is band limited as effectively as practical. Then at each regenera¬ 
tive repeater, transmission is delayed at least as long as the interval be¬ 
tween successive code elements. 

Boothroyd-Creamer System 

The Boothroyd-Creamer system (Ref. 2) apparently comes close to at¬ 
taining the Nyquist rate. This system has been analyzed by W. R. Ben¬ 
nett whose results are yet to be published. Any notion that the Nyquist 
rate is exceeded will be quickly dispelled by a careful examination of the 
receiving apparatus. The actual selectivity is that of the receiving filter 
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plus its associated intersymbol interference corrector. This corrector 
causes the net transmission to approach more nearly that of an ideal filter. 
When the frequency scale of the receiving filter was increased 15 per cent, 
a six-section corrector was reported to have reduced interchannel inter¬ 
ference to 60 decibels below the wanted signal. 
Channel capacity is another matter. When resistance noise is the con¬ 

trolling factor, noise at the corrector output proves to be peaked at the 
high frequencies, and this acts to reduce the capacity of the noisy channel 
as shown by equation (7-13). 

Maximum Signaling Speeds of Existing Practical Systems 

It is natural to ask whether any existing practical system ever signals at 
substantially the Nyquist rate. This is a difficult question to answer. 
Certain conventional systems (as currently used) commonly signal at rates 
ranging from one-half to one-quarter the Nyquist rate if band-width occu¬ 
pancy is the criterion. In fact, when existing types of systems are critically 
evaluated from the standpoint of band-width occupancy, it has to be con¬ 
cluded that the Nyquist rate is never approached except in the artificial 
sense of local transmission with no flanking channels. 

References 

1. H. Nyquist, “Certain Topics in Telegraph Transmission Theory,” Trans¬ 
actions of the American Institute of Electrical Engineers, New York, Vol. 47, 
April 1928, pp. 617-644. 

2. W. D. Boothroyd and E. M. Creamer, Jr., “A Time Division Multiplex Sys¬ 
tem,” Transactions of the American Institute of Electrical Engineers, New York, 
Vol. 68, Part I, 1949, pp. 92-97. 

3. S. O. Rice, “Mathematical Analysis of Random Noise,” The Bell System Techni¬ 
cal Journal, New York, Vol. 23, No. 3, July 1944, pp. 282-332. 

4. S. O. Rice, “Mathematical Analysis of Random Noise (Concluded),” The Bell 
System Technical Journal, New York, Vol. 24, No. 1, January 1945, pp. 45-156. 

5. L. M. Milne-Thomson, “The Calculus of Finite Differences,” Macmillan and 
Co., Limited, London, 1933. 

6. H. W. Reddick and F. H. Miller, Advanced Mathematics for Engineers, John 
Wiley and Sons, Inc., New York, 1938. 

7. B. 0. Pierce, A Short Table of Integrals, Ginn and Company, Boston, 1929. 
8. LeRoy A. MacColl, United States Patent 2,056,284, October 6, 1936. 
9. C. E. Shannon, “Communication in the Presence of Noise,” Proceedings of the 

Institute of Radio Engineers, New York, Vol. 37, No. 1, January 1949, pp. 10-21. 

Problems 

1. Substantially 2B binary code elements per second are transmitted over a channel 
of band width B. Information is delivered promptly. Assume distortionless 
transmission and negligible phase distortion. Positive or negative code ele¬ 
ments are equally probable, and the probability of any element is independent 
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of preceding elements. Assume resistance noise, and let the average frequency 
of errors in the output of the receiver be 0.1. What is the equivocation in bits 
per second? What is the ratio of average signal power to the theoretical mini¬ 
mum? Assume 128’ary instead of binary code elements, positive and negative 
steps, all levels equally probable, et cetera, and again find the equivocation and 
the ratio of average signal power to the theoretical minimum. (See Problem 2.) 

2. Suppose ç’ary code elements are transmitted at the rate of 2B code elements 
per second. For example, envision the code elements as amplitude-modulated 
pulses which may be either positive or negative (or zero if q is odd) and whose 
(? ~ 1) quantum steps are equal. The q possible levels are equally likely, and 
the levels of the different code elements are all independent of one another. 
Each code element is identified by the receiver during the period of time al¬ 
located to that particular code element. Assume that, during transmission, 
resistance noise introduces errors so that, on the average, p is the a posteriori 
probability that a code element as received is not correctly identified. If 2B = 
106, q = 27, and p = 10-10, what is the rate of transmitting information in bits 
per second? 

3. Subdivide time into equal intervals T where T' is equal to m + a Nyquist 
intervals. During each interval T', M — mz code elements are preceded by an 
interval a'2B during which nothing is transmitted, that is, az code elements are 
suppressed. Thus, T' is regarded as a frame. In each frame a blanking interval 
a/2B is followed by M g’ary code elements which are transmitted. Assume 
that the decoder has the property that, in any particular frame, if one code 
element is falsely identified, the decoder delivers no message for the entire frame. 
Suppose pi is the average probability that a particular code element as received 
is not correctly identified. Assume pi is very small. What are the restrictions 
on pi and M in order that p, likewise assumed small, be the a posteriori proba¬ 
bility that a block of M code elements is not delivered by the decoder? 

4. In Problem 3, 
(a) What is the channel capacity C expressed in bits per second? 
(b) What is the equivocation expressed in bits per second? 
(c) What is the average rate of signaling correct information expressed in ç’ary 

code elements per second? 
5. In practical systems a guard space separates adjacent channels. Assume that 

1/8 of 2B (that is, 1/8 of the assigned frequency range) is guard space; that code 
elements are transmitted at equally spaced intervals at the rate of 1B/^ code 
elements per second; that each code element is quantized into 256 possible 
levels; that all levels are equally probable, independently chosen and not 
correlated with earlier values; that the noise is resistance noise; and that the 
average noise power is 7Bn/% and is confined to a band of about 7R/8. 
According to Shannon’s central theorem, if the entire assigned frequency range 
could be occupied by the signals, by how many decibels might the signal power 
be reduced? 

6. Resistance noise issues from the output of an idealized low-pass filter having a 
band width of B cycles per second. After amplification by a quiet amplifier, 
the noise output is separated into two equal parts and transmitted with equal 
attenuation over two independent paths. Over one of the paths the noise sig¬ 
nals encounter a delay of t/2B seconds. The two paths are recombined in such 
a manner that the delayed noise is subtracted from the undelayed noise. Plot 
the ratio, expressed in decibels, as a function of r from r = 0 to r = 1, of the 
average noise power of the difference to the average noise power from one path. 
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7. Assume 10’ binary code elements per second are transmitted over a distortion¬ 
less channel whose band width is 500 megacycles per second. What is the re¬ 
quired order of magnitude of the a posteriori probability that a binary digit as 
received is not correctly identified if on the average one wrong digit every 27.4 
hours can be tolerated? If each digit upon being received is promptly identified 
and resistance noise is the only cause for errors, by how many decibels will the 
average signal power need to exceed Shannon’s nonsurpassable ideal, assuming a 
conventional system and a one-dimensional code? What additional decibel 
increase in signal power is required in order that the average relative rate of 
errors be (a) one per year and (b) one per 100 years? 

8. Resistance noise emerges from the output of an ideal low-pass filter terminated 
by a resistance. What is the chance that the instantaneous noise power exceeds 
its average value by 17 decibels or more? 



CHAPTER 8 

REDUCTION OF SIGNAL POWER THROUGH 

THE USE OF REDUNDANT CODES 

The entropy in bits per second of a continuous source of information is 
infinite and would require a channel of infinite capacity for exact recovery 
of the message at the receiver. A continuously varying quantity as a 
function of time can take on an infinite number of values and requires an 
infinite number of bits per second for its unambiguous identification. Any 
physical channel with its inevitable noise and finite signal power has only 
a finite capacity. Therefore, the output of a continuous source of informa¬ 
tion cannot be transmitted exactly over a physical channel. 

Similarly, in the presence of resistance noise, a discrete system which 
transmits and receives without errors at a rate corresponding to its capacity 
is also impossible of realization with any finite encoding process, although 
in theory this rate can be approached as closely as desired. This means 
that in the presence of resistance noise it is not possible to transmit a non-
redundant message without possibility of error. 
Although the channel capacity can be realized with an arbitrarily small 

average relative frequency of errors, this can be done only at the cost of 
additional delay in the delivery of the message. The extent of this delay 
has not been estimated. Furthermore, no general directions are available 
for constructing a useful code capable of realizing substantially the full 
theoretical capacity of a noisy channel. 
Our concern will be with how closely we can approach the ideal rate 

with a reasonably simple redundant code. Assume functionally perfect 
apparatus, perfect transmission between terminals, and ideal filters with 
negligible delay. Then, if it is also assumed there is to be no other avoid¬ 
able delay in the delivery of each code element, one will find it impossible 
to improve upon synchronized signaling at the Nyquist rate with a simple 
g’ary code. 

This means that according to present theory, the figures in Table 7-1 
cannot be improved upon when each code element is immediately delivered 
as received. In most situations of practical interest, we find that these 
figures substantially exceed Shannon’s ideal (which postulates delay). For 
an error incidence of 10-22, for example, the required signal powrer when 

116 
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each code element is delivered as received will be about 15 decibels in 
excess of Shannon’s nonsurpassable ideal. 
However, a little redundancy of the right kind will not seriously reduce 

the speed of signaling and will afford an opportunity for saving signal power 
at the expense of what could be regarded, in many instances, as a tolerable 
delay. Hence, such redundancy will permit a closer approach to the the¬ 
oretical ideal. Apart from the advantage which may stem from inten¬ 
tional, appropriate redundancy, a small additional improvement can be 
realized by modifying the statistical structure of the signal. With less 
elaborate methods than might be expected, it is possible to envision a the¬ 
oretical improvement of 4 to 6 decibels in the performance of certain types 
of systems. Some of these methods will be considered. 

APPLICATION OF ERROR-CORRECTING CODES TO 
ONE-WAY SYSTEMS OF COMMUNICATION 

Our consideration will be limited, in this section, to the synchronous 
transmission of binary digits. Different digits are presumed to be inde¬ 
pendently perturbed by resistance noise, and noise is assumed to be the 
only reason for errors. It is also assumed that transmitted digits specify¬ 
ing the selected message will occur at random, with plus and minus values 
equally probable and independent of one another. If a message source 
does not satisfy this description, it can readily be converted into one that 
almost does merely by preliminary encoding by various methods based on 
Shannon’s Theorem 9. (Ref. 1.)* 
Under these conditions transmission can be made more reliable by in¬ 

creasing the signal power (right-hand column of Table 7-1). Transmission 
can also be made more reliable, at the expense of a redundant signal utiliz¬ 
ing an error-correcting code (Refs. 2 and 3). Which is better depends 
upon tolerance to errors, degree of correction, and rate of signaling. In 
any event, power will be conserved by using an appropriate error-correcting 
code, provided the average relative frequency of a wrong digit in the re¬ 
ceived signal is sufficiently small. 
To illustrate the foregoing, assume a single-error-correcting code (Ref. 2) 

of the type described by Hamming. When the average chance of deliver¬ 
ing a wrong digit is either 10-5 , IO-14 , or 10-24 ; the saving in average power 
works out to be 1.5, 2.5, or 2.7 decibels respectively. Depending primarily 
upon the degree of correction (that is, the number of wrong digits corrected 
per sequence), there exists an optimum proportioning of the sequence and, 
hence, optimum redundancy for least signal power. 

Associated with the 1.5 to 2.7 decibel reduction in signal power cited was 

* The references cited are listed at the end of each chapter according to the number 
used in the text. 
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a minimum delay of 255 Nyquist intervals for the particular alphabet 
selected. 

Error correction, because it adds redundancy, also reduces the net speed 
of signaling. In the instance under discussion, net speed of signaling was 
reduced in the ratio of 255 to 247. For purposes of comparison, it was 
assumed in the absence of error correction that we signal at this lower rate 
and, hence, conserve power. 

Multidimensional optimal alphabets of the type discussed by Gilbert 
(Ref. 3) likewise afford an opportunity for modest savings in average sig¬ 
nal power at the expense of a more complicated alphabet and a slight delay. 
It seems clear that these two types of savings can be compounded, that is, 
error-correcting alphabets for this type of encoding also can be constructed. 

ERROR CORRECTION USING BOTH DIRECTIONS OF 
TRANSMISSION 

If a two-way channel is available, it is theoretically possible to retrans¬ 
mit the lost information instead of correcting the mistakes locally by means 
of an error-correcting code. In some applications, even quite apart from 
the extra delay, retransmission of the lost digits would involve certain 
other complications. Nevertheless, error correction by retransmission is 
a handy procedure because it provides correction in varying degrees in a 
straightforward manner. On the other hand, in the case of a one-way 
system there is no general method for constructing an error-correcting 
alphabet which corrects for more than one wrong digit, even though such 
alphabets are known to exist. 

In practice, the length of the sequence to be checked for errors should 
be so chosen as to require minimum signal power for a specified chance of 
error. To accomplish this, the signals to be transmitted are divided into 
optimal sequences (“frames”) of M digits which include m message digits 
and n digits for error indication, as well as a means for synchronization, 
say a synchronizing pulse, s. To sense the general method of operation, 
assume that the n digits enable the decoder to decide whether a frame con¬ 
tains a wrong digit. Information known to be wrong need not be deliv¬ 
ered. It would be discarded. With enough storage to hold several frames, 
virtually correct information can be delivered continuously. If an error 
is indicated, the entire frame is retransmitted. When the chance of error 
is small, very little extra channel capacity is required for this purpose. In 
such a system it is necessary to store as well as transmit each frame at the 
sending end. Moreover, each frame must be held long enough (consider¬ 
ing round-trip time) to be sure that it will not have to be retransmitted. 
The transmitter has to be informed whenever a frame needs zo be re¬ 

transmitted. This can be conveniently accomplished by synchronizing 
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the two directions of transmission. Then, at the receiver, whenever a 
frame is indicated to be in error, the magnitude of the next synchronizing 
pulse to be transmitted in the opposite direction would be increased. At 
the transmitter, this larger pulse would be recognized as a command to 
retransmit a particular previous frame at a particular future time. 
To conserve power, this larger pulse might be some one of the n digits 

in the case of a correct frame, and a different one of the n digits in the case 
of an incorrect frame. To insure reliability, its magnitude might corre¬ 
spond to p less than 10~30 . 
The principle of error-detecting codes is best illustrated by what is usu¬ 

ally termed a “single parity” check. Consider a sequence of M binary 
digits of which (M — 1) digits are digits of information, and the remain¬ 
ing digit is made either +1 or — 1 in order that the entire sequence of M 
digits will have an even number of +l’s. This is an error-detecting code, 
because one wrong digit or any odd number of wrong digits will leave an 
odd number of +l’s in the sequence of M digits. Any even number of 
wrong digits will escape detection. The relative redundancy of the code 
as a consequence only of its error-detecting feature is 1/M. This does not 
imply an indefinitely large M. If p is the average relative chance that a 
digit will be wrong (remembering that the digits are equally probable and 
uncorrelated), the average chance, p0, that a frame of M digits will contain 
wrong digits which escape detection is 

1 + (1 - 2p)" - 2(1 - p)" 
Po = - 9 lo-i) 

The average chance that a wrong digit will be delivered is still less. 
By adding more digits for detecting errors, the chance of escape can be 

reduced. If to the single-parity check we add another digit to provide a 
“double-parity” check, the new digit will be +1 or —1 depending on 
whether the number of + l’s is an even or odd multiple of 2. Then (M — 2) 
information digits remain. To a rough approximation, in addition to de¬ 
tecting all the odd numbers of wrong digits, half the errors due to even 
numbers of wrong digits are detected. But, extra digits and need for re¬ 
peating parts of the message tend to reduce the net speed of signaling. 

Let m + n = 2n-1 . Following Hamming’s proposal (Ref. 3) for two-
digit detection, the n digits may be so utilized as to detect the presence of 
all odd numbers of wrong digits and cases of two wrong digits. In addi¬ 
tion they will detect about half the errors due to four and larger even num¬ 
bers of wrong digits. The approximate over-all results to be expected 
with an error indicator of this type are shown in Table 8-1 and compared 
with single-error correction. 

Associated with the 2.7 to 4.6 decibel reductions in signal power (Table 
8-1, Case II) for the alphabet selected, the message is delayed by 64 Ny-
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quist intervals. This is in addition to the round-trip time of transmission 
plus margins. Incidentally, with or without error correction, regenerative 
repeaters are not completely free of errors, residual probabilities being mul¬ 
tiplied by the number of repeaters in tandem. 

Table 8-1. Error Correction to Save Signal Power Assuming 
that Resistance Noise Is the Only Reason for Errors 

Case I: One-way system — corrects for one wrong digit 

Net Information 
Average Decibel Decibels the Rate in Bits 
Chance of Saving in Reduced Signal per Second per 
a Wrong Average Signal Is above Cycle per Second 
Digit Power Shannon’s Ideal of Band Width 

10-5 1.5 6.3 1.94 
10-8 2.1 8.1 1.94 
10-“ 2.5 10.4 1.94 
10-16 2.55 11.0 1.94 
IO’24 2.7 12.7 1.94 

Case II: Two-way system — corrects for any odd number of wrong 
digits; corrects for two wrong digits; and corrects for approximately 

half the errors due to 4, 6, 8 .. . wrong digits 
Net Information 

Average Decibel Decibels the Rate in Bits 
Chance of Saving in Reduced Signal per Second per 
a Wrong Average Signal Is above Cycle per Second 
Digit Power Shannon’s Ideal of Band Width 

10-8 2.7 6.8 1.68 
IO"18 4.3 8.7 1.78 
10-24 4.6 10.4 1.78 

Unlike the codes of the preceding section, the end result of the foregoing 
type of correction is not uniformly reliable. Particular symbols of the 
alphabet are allowed a larger chance of error and others a lesser chance of 
error to the end that the average relative frequency of a wrong digit or a 
frame that contains one or more wrong digits will not exceed a specified 
value. For some purposes this would not be satisfactory. However, any 
alphabet that is not uniformly reliable may always be converted to one 
that is. Conversion simply requires the addition of a variable translator 
at each end of the system. 

MAXIMIZING THE ENTROPY OF THE SIGNAL 
PER UNIT OF AVERAGE SIGNAL POWER 

Shannon’s ideal can be approached only by adding redundancy and al¬ 
lowing a delay in the delivery of the message. An error-correcting code 
adds a small redundancy which, at the cost of a modest delay, affords an 
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improvement amounting to several decibels. Even so, the average signal 
power is substantially more than the theoretical ideal. 
An essential postulate of the published proof of the central theorem 

is that the signals have Gaussian distributions. Since resistance noise 
requires more bits per unit band width per unit of average pow’er for its 
unambiguous specification than any other type of signal, and since the 
statistics of PCM are far from Gaussian, it has often been suggested we could 
expect a simple PCM system to fall far short of the nonsurpassable ideal. 
To explore this suggestion, let resistance noise emerge from an ideal low-

pass filter. Imagine this noise to be sampled 27? times a second (or slightly 
faster). Quantize the samples, and determine Hn, the entropy of the 
quantized samples expressed in bits per sample. Assume small and equal 
quantum steps, and let qa represent the density of quanta. If 

1 - — 
?(*.) = • æ- « 2"’Ar., 

V Z7T a 

since 

H(x) = - L P^) In pM, — 00 
as Ar¿ —♦ dx, 

H(x) —» In V^Tre a + In g0, 
or, in bits per sample, 

77at = log2

where TV is the average noise power. 
Let N = 1 and encode the preceding noise samples (by the sort of de¬ 

coder implied by Shannon’s Theorem 9) into quantized samples having q 
possible levels, each level being equally probable and independent. Then 

S, the average power of an ensemble of these new samples is S 1 q + 1 
3g — 1 A2

where A is the maximum absolute value that a sample can assume. We 

will also require that II q = II n so that q = 4.133g0, whence <S = — — 

- J -, —» 1.423. Thus, S is about 1.53 decibels greater than N. 
12g02

Consequently, if we start with an array of conventional PCM digits of 
many places q and maximum entropy per digit, if we convert these digits 
to an equal number of quantized Gaussian digits having the same entropy, 
and if we then pass the Gaussian digits through a low-pass filter, the line 
signal that emerges will have the statistics of finely quantized resistance 
noise. Moreover, with a proper procedure for decoding, the average sig¬ 
nal power can be 1.53 decibels less than for the original conventional PCM 
code, assuming that we are seeking the same average frequency of errors 
in identifying the perturbed code elements. 
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Signal power can be conserved to this extent and in this manner only at 
the cost of delaying delivery of the message. The encoding and decoding 
operations essential to the reduction in power utilize the principles of 
Shannon’s Theorem 9 and consequently have to provide the variable storage 
which this theorem implies. This means variable storage has to be pro¬ 
vided in the code in order to permit the continuous transmission of data 
and in the decoder to allow for a corresponding delay in the interpretation 
and continuous delivery of the message. Moreover, this variable storage 
has to be large enough so that the chance of its being inadequate will not 
seriously increase the net chance of error. 
We may see the extent to which tails of the Gaussian distribution are 

responsible for the improvement by assuming the samples are limited to 
± a and ±2a respectively, viz., 

>w-¡sbx;¿/Í4’‘ 
and 

p(Xi) =0, — a > Xi or Xi > a 

and 
p(Xi) =0, — 2<r > Xi or Xi > 2a. 

Thus, an array of conventional PCM digits of many places q and maximum 
entropy per digit is to be converted into an equal number of digits having 
the same entropy; in Case I, according to (8-2), and in Case II, according 
to (8-3). For (8-2), assuming 21-place digits, the improvement works out 
to 0.14 decibel and for (8-3), when q = 41, it is 1.35 decibels. Thus (8-3) 
realizes most of the possible 1.53 decibel reduction in signal power. 
When code elements are transmitted at the Nyquist rate, savings of this 

general type depend upon the fineness of the quantization. For example, 
with plus or minus binary digits, either +1 or — 1 requires the same signal 
power and no savings result. On the other hand, when, for example, 
quaternary digits are transmitted at the Nyquist rate, if on the average 
each of the two center levels is occupied 39.5 per cent of the time and each 
of the extreme levels 10.5 per cent of the time, then with the type of coding 
previously described, the information rate works out to be 3.52B bits per 
second ; and, for equal chance of errors, the power saving is about one deci¬ 
bel. In this instance, the effect of a wrong quaternary digit is more serious. 
However, by applying error correction to the quaternary code, this diffi¬ 
culty can be adequately minimized; and, in addition, we still gain most of 
the advantages previously credited to error correction. 
The reason for this saving becomes evident when we note that the aver¬ 

age signal power of the foregoing quaternary code happens to equal that 
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of a tertiary whose three values are equally probable, provided the size of 
the quantum steps is the same in the two cases. Assume that the possible 
levels of the quaternary code are +3, +1, —1, and —3, that each center 
level is occupied 39.5 per cent of the time and that other levels are each 
occupied 10.5 per cent of the time, then the average power per symbol is 
proportional to 2.68 and the entropy is 1.74 bits per symbol. With a ter¬ 
tiary code the levels would be +2, 0, and —2; and, since each level is used 
one-third of the time, the average power is proportional to 2.67 and the 
entropy is 1.58 bits per symbol. 

Thus, as might be surmised, it is theoretically impossible to realize the 

maximum capacity, C = B log2 by signaling at the Nyquist rate 

with ç’ary code elements when the values of different code elements are 
independent of one another and the q possible values are equally likely. 
Were this possible, it would also be possible to construct an infinite number 
of alphabets each capable of exceeding Shannon’s nonsurpassable limit. 
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Problems 

1. A particular single-error-correcting code (Ref. 2, pp. 150 to 153) has the property 
that a code character consists of 7 binary code elements, 4 of the 7 binary digits 
depict the wanted message in the absence of noise; and, if no more than one of 
the 7 binary digits as received is in error, the receiver corrects the error. Sup¬ 
pose the digits are transmitted at the Nyquist rate over a distortionless channel 
whose band width is 7B. Assume that delays are reduced to a minimum 
and the only reason for errors is resistance noise. The message source has 
the property that the 24 possible message values are equally probable, and 
are statistically independent. If 10~8 is the a posteriori probability that a 
binary digit as received is not correctly identified, by how many decibels must 
the average signal power exceed the nonsurpassable ideal given by Shannon’s 
central theorem? What is the average relative frequency of code characters 
that are corrected? What is the average relative frequency of code characters 
that contain errors? Is the code uniformly reliable? 

2. Suppose the average signal power in Problem 1 be utilized to transmit under the 
same conditions 8B binary digits per second over a distortionless channel whose 
band width is 4B. What is the average relative chance that a four-digit code 
character as received is not correctly identified? What relative average signal 
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power would be required in order that the average relative frequency of unde¬ 
tected errors be the same as was encountered with the error-correcting code used 
in Problem 1? (Ref. 3 includes a generalized discussion of these topics.) 

3. Show that it is theoretically impossible to realize the maximum capacity, C = 

(
S\ 

1 + — Y by signaling at the Nyquist rate with g’ary code elements when 

the values of different code elements are independent of one another and the 
q possible values are equally likely. 

4. (a) Binary digits are transmitted at the Nyquist rate. In each frame of M 
code elements some one digit is +1 and all the rest zero. The time of 
appearance of the +1 digit indicates the selected message. All possible 
messages are equally likely. What is the average signal power? Express 
the entropy of the transmitted signal in terms of bits per symbol of M code 
elements and bits per second. (Hint: the entropy is not given by —2p, 
log p,-.) 

(b) Suppose the code is changed so that digits produced at different times are 
independent of one another and the average chance of +1 is 1/M. What 
is the entropy of the transmitter output in bits per second, and what is 
the average signal power? What is the average signal power and what is 
the entropy in bits per second if the digits assume the values ± 1 instead 
of 1 or 0? 



CHAPTER 9 

AMPLITUDE MODULATION 

Amplitude modulation is one of the oldest forms of modulation. When 
utilized to best advantage, its efficiency can either equal or exceed that of 
all other modulation processes, as has been successively pointed out by Car-
son, Hartley, and Wiener. Furthermore, amplitude modulation is commonly 
encountered as a preliminary step in many complex modulation schemes. 

Messages transmitted by amplitude modulation will not, however, nec¬ 
essarily be in the form desired for delivery to their ultimate destinations. 
Also, if a communication system of maximum efficiency is the goal, the 
specification of the message must be reduced to its simplest form, not for a 
particular message but on the average taking into account the whole class 
of possible messages; and, this most efficient form, if it does not match the 
noisy channel, must be translated into an optimal signal representation 
that will maximize the rate of communication over the transmitting me¬ 
dium. As mentioned in Chapter 6, these are general stipulations and 
apply equally well to any other form of modulation. 

DEFINITION OF AMPLITUDE MODULATION 

An amplitude-modulated wave is a carrier wave the amplitude factor of 
which is varied in accordance with a modulating wave. 

This is a generalized definition and includes a wide range of possible sys¬ 
tems using sinusoidal carriers, pulse carriers, or any other form of carrier 
that has an amplitude factor capable of being varied. Furthermore, the 
variation of the amplitude factor may be related to the modulating wave 
in any unique manner. 

In this and the two chapters to follow, the general definition will be 
restricted to a sinusoidal carrier having an amplitude factor that is a linear 
function of the modulating wave. Other carriers may be treated in a sim¬ 
ilar way by the application of Fourier analysis. 

ANALYTICAL EXPRESSION FOR AN AMPLITUDE-
MODULATED WAVE 

With these restrictions, an amplitude-modulated sinusoidal carrier may 
be written as a function of time in the form 

M(0 = Ac[l + ÄF(0] cos + 4>c) (9-1) 

125 
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where Ac cos (2irfJ. + Tr) is the sinusoidal carrier, V(<) is the modulating 
wave, [1 + kV(t)] is the modulating function, and |¿V(/)| multiplied by 
100 is the so-called percentage modulation. When the negative modula¬ 
tion factor, |fcV(<)|, is equal to unity, the instantaneous amplitude of the 
carrier just falls to zero and the modulation is said to be complete. If the 
negative modulation factor exceeds unity, the carrier is said to be over¬ 
modulated, and serious distortion may be present in the output of some 
types of demodulators. 

Positive and negative modulation factors, and the corresponding per¬ 
centage modulations, may be defined separately if the largest positive in¬ 
stantaneous value of the modulating wave is different from the largest 
negative instantaneous value. In this case it is important to note that 
the envelope of the modulated wave will have the property that the maxi¬ 
mum positive and maximum negative departures from its long time aver¬ 
age will be different. For example, a modulating wave varying with time 
might always be positive. 

Logic of the Analysis 
Fundamentally, the crux of any analysis of an amplitude-modulated 

wave will be found to lie in the description of the modulating wave. To 
convey information, the modulating wave must occupy a nonzero band of 
frequencies. If, however, the frequency range of the modulating wave is 
limited, its magnitude endures, strictly speaking, for an unlimited period 
of time. Thus, in an exact sense it is inconsistent to specify that the 
modulating wave be limited both in its frequency range and in time of 
duration. For purposes of analysis, both are specified through the artifice 
of suppressing and neglecting nonessential frequencies, and by ignoring 
frequency components the magnitudes of which are regarded as sufficiently 
small. It is the theoretical information rate of a noisy channel that im¬ 
plies the minimum extent to which this fundamental uncertainty limits 
the useful capacity of the channel. 

For example, the time-frequency duality implied by the Fourier integral 
is fundamental and the resulting uncertainty is unescapable. As expressed 
by Hartley (Ref. 1),* 

g(f) = f e(/) cas 2irft df (9-2) 
— 00 

C(/) = J g(f) cas 2irft dt (9—3) 

wheref /is cyclic frequency, I is time, and cas denotes cosine added to sine. 

* The references cited are listed at the end of each chapter according to the number 
used in the text. 

je(/) = A(2tt/) + B(27t/) where A(2,r/) and B(2tt/) are given by (9-6) and (9-7). 
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These relations reflect the general property that the response g(t) cannot 
be confined within a small region on the time scale when C(/), the steady¬ 
state transmission characteristic, is confined to a narrow range on the fre¬ 
quency scale. For example, it is well known that, if a telegraph dot is 
made narrower and narrower, its corresponding significant frequency spec¬ 
trum becomes broader and broader until, in the limit when the dot becomes 
an impulse, its significant frequency spectrum is of infinite extent. Al¬ 
though there are more efficient shapes than a telegraph dot for producing 
a wave localized both in time and frequency, modern information theory 
indicates a theoretical limit to the best physically realizable result that 
can be obtained with an optimum signal. 

Fourier-Integral Representation of the Modulating Wave 

The basic concept underlying the analysis is the assumption that the 
modulating wave, or in general an arbitrary function satisfying well-known 
restrictions, may be represented by the Fourier method as a plurality of 
sinusoids. With the function known, the method permits finding the 
spectrum of the sinusoidal components. For a continuous spectrum the 
components will be infinite in number with infinitesimal amplitudes. Con¬ 
versely, if the spectrum is known, the function is known. Formally, the 
existence of both is recognized at once, viz., 

g(t) = T C^e^du (9-4) ¿7T I 
—co 

and 

C^) = P g(t^‘ dt. (9-5) 

From a mathematical point of view, either or both g{t} and C(w) might be 
complex. In a physical system, t and g(t) are real, although C(w) may be 
complex. The treatment to follow assumes t and g (I) are real. Also, t is 
identified with time in seconds and u with angular velocity in radians per 
second. 
The factor l/2ir may raise questions. Alternatively, the factor could 

have been placed in front of (9-5). Obviously, l/V^ir could have ap¬ 
peared in front of both (9-4) and (9-5) with the object of improving the 
symmetry. All of these conventions are commonplace and useful. The 
convention adopted amounts to an arbitrary choice of scale and is governed 
by convenience. Naturally not all functions can be represented by a 
Fourier integral. 
When the foregoing representations are expressed in trigonometric in$ 

stead of exponential form, we have 
/"x 

A(w) = I g(t) cos ut dt, (an even function of a>) (9-6) 
J — 00 
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and 
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R(o>) = I 9(0 sin mt dt, (an odd function of m) 
J-x 

with 
S(w) = VÃ\m)~^~B\m), (an even function of m) 

and 
-, -, — B(m) 

t“*W "W 
so that from (9-5) 

[both tan $(w) and <!>(<«;) are 
odd functions of w] 

C(u) = A(w) — iB(m) 
and 

C(-«) = A(w) + iB^m) = C*(«),J 

whereas from (9-4) 

g(t) = 5- F <S(w) cos [wí + í(ü>)] dm 
J 

1 f” 
- I S(m) COS [w< + ̂(a))] dm. 

(9-7) 

(9-8) 

(9-9) 

(9-10) 

(9-11) 

(9-12) 

(9-12a) 

A function of x is said to be even if g(—x) = g(x) and is said to be odd 
if g( —x) = — g(x). Accordingly, we may write 

5 [g(/) + g(-0] 

and 

m) cos mt dm (9-13) 

<7oW = J W) -g(-t)] 

sin mt dm. (9-14) 

It has come to be recognized (Ref. 1) that the performance of a physical 
system that is both stable and linear should be adequately described by a 
single function of positive frequencies. Consequently, as Hartley (Ref. 1) 
suggests, there must be something in the nature of such systems that makes 
it unnecessary to specify C(m) for both positive and negative frequencies 
and, as a result, unnecessary to specify both its real and imaginary com¬ 
ponents. 

This “something” is the fact that time only moves in one direction. 
Consequently, when a pulse is applied to a physical system, the resulting 
response is confined to the period following the pulse. Call this response 

Í C( — a) = C*(w) only because g(t) was assumed to be real. 
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g(t), t > 0. Then g( —t) is always zero. This means from (9-13) and 
(9-14) that 

= ?o(O = J g®, t > 0. (9-15) 

From (9-13), gAf) is described by A(a>). But A (co) is an even function and 
so is completely described by its values for positive frequencies. From 
(9-14), B(w) is adequate. Consequently, either of the spectra contains 
all of the essential information. Accordingly, when it is expedient to do 
so, we will express the modulating wave which must emerge from a physi¬ 
cal system by functions of positive frequencies. 

Single-Frequency Modulating Wave 

Before passing to the general case, the over-all picture can be grasped 
by considering simple modulating waves. Let C and V\ be defined by 
C = 2irfct + 4>c and Fi = 2irfv¡t + 4>P1 . Let Ai cos Fi be the modulating 
wave. From (9-1) we have in this case 

M(t) = Ac cos C + J AAMdcos (C + TO + cos (C - VO], (9-16) 

Two-Frequency Modulating Wave 

In this case let V(0 = Ai cos Vi + A2 cos V2. Then, 

M(ß = Ae cos C + ñ AACA ¿cos (C + I i) + cos (C — Vi)] — 

+ J aaca2[cos (c + y2) + cos (c - r2)]. (9-17) 

Compare (9-16) and (9-17). Except for the carrier frequency term which 
is common to both, (9-17) is the sum of two expressions similar to the one 
expression in (9-16) but corresponding to frequencies and fVj. This is 
consistent with the fact that superposition holds generally. Consequently 
the modulated wave may be evaluated by considering each frequency com¬ 
ponent of the modulating wave as separately modulating the carrier and 
then adding the results. 

General Modulating Wave 

By the Fourier method (Ref. 2) we may represent the modulating wave 
by an infinite number of components, each of the form A„ cos + <!>,.). 
Here Av and 4>v vary with w„/2tt, the cyclic frequency. Neglect unimpor¬ 
tant frequency components and consider that the modulating wave is 
restricted to the range to uv,. In this case we have from (9-1), 

Jf(i) =AC cos (wcZ+^+fcAc cos (wct4-4>c) I A„ cos (w,£+<!>„) du„. (9-18) 
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Spectrum of the Modulated Wave 

The first term of (9-18) is the carrier itself, and the amplitude of this 
term is independent of the modulating wave. In fact, the net carrier 
amplitude is independent of all but the d-c component of the modulating 
wave. When the spectrum of the modulating wave is continuous, the 
second term of (9-18) represents an infinity of terms, each derived from 
only one component of the modulating wave. Each component of the 
modulating wave may be expanded into two terms as in (9-19). Thus, 
each component of the modulating wave is represented in the modulated 
wave, by an expression of the form 

i kAeAv (cos [(Wc + + <E + 'M + cos [(wc - + <h - $„]). (9-19) 

The frequencies of the two components of (9-19) differ from the carrier 
frequency by the frequency of that particular component of the modulating 
wave which the notation implies. Every other frequency component of 
the modulating wave yields two components similarly disposed in relation 
to the carrier frequency. 

Sidebands and Carrier 

All components of the modulated wave of the form (9-19) when taken 
together form a pair of frequency bands extending from either side of the 
carrier frequency in mirror symmetry in the same way that the spectrum 

of the modulating wave extends from to that is, from/ri to/t.s. For 
¿TV ¿TV 

many years these bands of frequencies have been called “sidebands,” and 
the component currents of these frequencies have been called “sideband 
currents” or more often simply sidebands. The sideband which extends 
above the carrier frequency is spoken of as the upper sideband and the 
other as the lower sideband. 
The transmitted carrier carries no information except the frequency, 

phase, and amplitude of the unmodulated wave. Either sideband carries 
the complete specification of the modulating wave. To utilize a single 
sideband implies that it can be separated from the other and that means 
can be devised for determining the information it carries. When the exact 
wave form of the message is significant, knowledge of the phase and fre¬ 
quency of the carrier is required. 

It is important to emphasize that, except for a scale factor which would 
uniformly attenuate or amplify the entire spectrum, the upper sideband is 
the spectrum of the modulating wave displaced without inversion by an 
amount equal to the carrier frequency. Similarly, except for a similar 
scale factor, the spectrum of the lower sideband is the spectrum of the mod¬ 
ulating wave also displaced by an amount equal to the carrier frequency, 
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but with inversion. This assumes, of course, that the carrier frequency 
exceeds the highest frequency component of the modulating wave. 

Nonoverlapping Spectra 

If pairs of sidebands are to be separated by frequency selection, it is 
essential that the two frequency intervals do not overlap. As another 
example, if the modulator is unbalanced and only one sideband is to be 
transmitted, we require fc > 2/„, where the symbols have their previous 
meaning. With a balanced modulator, 2fc > is sufficient. 

Similarly, the information of the message could be obtained from a bal¬ 
anced product- demodulator followed by a low-pass filter cutting off at 
provided 2/„ > Otherwise, the demodulator sidebands overlap and, 
hence, cause distortion and loss of information. 

Carrier and Sideband Power for Complete Modulation 

Effective utilization of signal power is an important characteristic of any 
system of communication. Hence, it is of considerable interest to investi¬ 
gate the ratio of the power in the information-bearing sidebands to that of 
the carrier. This ratio is given by the ratio of the mean-square-voltage 
of the components provided these voltages appear across a pure resistance. 
However, to obtain this ratio, we must first obtain an expression for the 
mean-square-voltage of a wave in terms of its spectrum. 
A procedure which for some purposes is becoming a common practice is 

to equate mean-square-voltage or current to power. This convention as¬ 
sumes that the value of the resistance is unity so that one may disregard the 
difference in dimensions between power and mean-square-voltage or current. 
With this convention, the mathematical definition of average power is 

^(0 = lim i f g^t) dt (9-20) 
r-.® 1 Jo

which assumes that g(t) is zero for all negative t. Physically, our period 
of observation is limited, although for the average to be meaningful, the 
period must be long enough to sample a typical structure of the signal. 
M. A. Parceval’s theorem for integrals (Ref. 3, pp. 428-429) which is 

the analogue for integrals of Parceval’s theorem for series is obtained from 
(9-2) and (9-3) by writing 

f dt = i gi(l) i e2(/) cas 2*ft df dt 

which upon changing the order of integration becomes 

= F e1(/)e2(/) df. (9-21) 
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Set gi(f) = g^Çt) and write 

f g2(t) dt = f C2(/) df = - ÍC(u)C*(u) du, (9-22) 
a/— OO J-X 

which is the theorem. 
Assume g(t) is zero for / < 0 and issues from a stable linear system. Then, 

/ g2̂  dl = - i S2(u) du = - i A*(u) du 
Jo Jo T Jo 

= - I B^u) du = ̂ - I P(u) du (9-23) 
17 Jo 7̂r Jo 

where P(u) is known as the power spectrum or power density. 
With large enough T, 

&(J) = = P(2r/) (9-24) 

where/ is the cyclic frequency. Thus, the total power, which is defined as the 
mean square of the total current assuming a large enough T, works out to be 

I fTg2W dt = (v(j) df = 2 Cs^u) df (9-25) 
1 Jo Jh . Jh 

where the significant frequency range of g(t) extends from /i to fi. 
Although (9-25) readily gives the total power when the signal spectrum 

is continuous, caution is required if g(f) contains discrete spectral compo¬ 
nents because these imply infinite power densities at their frequencies. For 
example, consider a sinusoidal component A„ cos uvt embedded in resistance 
noise of Pn watts per cycle per second. The usual modification of the 
definition of the power spectrum is to write in place of <P(/) in (9-25) 

W) = <P(/) + ¿HW-/.) (9-26) 
< = 1 

where W(/) is the modified definition, á(/ — /,) is a unit impulse of infinite 
amplitude and unit area centered at/,, is the mean power of the ith 
component, and I is the number of discrete components. For the example 

cited, W(/) = Pn + Av2 ò(f — fv) and the average power is given by 

W(J)df= PJf2 -fA 

In general, the first two members of (9-25) become 

g2W = W'(/) df. (9-27) 

For a continuous spectrum with discrete spectral components superimposed, 
S(u) in the third member of (9-25) would be appropriately modified. 
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It is also significant to note that the power spectrum ignores all informa¬ 
tion pertaining to phase and by the same token does not uniquely describe 
the wave form of g(t). Moreover, since shifting the frequency of a sinusoid 
does not change its power, this means that the total average power of each 
sideband of an amplitude-modulated carrier is the same and is proportional 
to the average power of the modulating wave. 

Let a bar denote the mean value of a quantity. Then from (9-1) 
_ A 2 _ 
AP(i) = -y- + k2Ac2V2(l) cos2 (wc¿ + <K) 

and since by Parceval’s theorem the result is independent of 
A 2 ri 1 

= + k2Ac2V2(t) - 4- - cos 2wct 

and since the trigonometric term on the right contributes negligibly to the 
long-time average, 

= [1 + k2V\t)] = Pc + 2P, (9-28) 

where Pc is average carrier power and 2P, is total average power in both 
sidebands. Thus, 

op _ _ 
~ = k2V\t). (9-29) 

For complete modulation, k multiplied by the maximum negative value of 
7(0 is just unity and in this case 

2P V2
— y 2 (9—30a) 

where V2 replaces V2(0 and V-p2 is the peak instantaneous voltage squared 
for negative values of V(t). 
When the modulation is 100 per cent, the modulating factor is unity 

and either or |fcFp_| or each factor is just one and 
2P, V2
Pc ~ V P (9—30) 

where kVp = 1 identifies Vp when the factors are unequal. 

Examples 

Expressed in decibels, for a completely modulated wave, the ratio of the 
average carrier power to the average power of both sidebands is 20 logio 
negative peak factor of the modulating wave]. For a square wave, the 
ratio is one and the average carrier power is twice the average power in 
one of the two sidebands. If V (/) is a sinusoidal wave, the peak factor is 
72 and the average carrier power is four times the average power in a 
single sideband. If V(/) is an ensemble of n sinusoids harmonically related 
in frequency and so phased that their like amplitudes periodically add in 
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the negative direction, the square of the peak factor of the modulating 
wave is 2n, the average carrier power is 4n times the average power of a 
single sideband, and the ratio of total average power to average carrier 

. 2n + 1 power is — — 

If V(0 is a typical speech wave at controlled volume, its peak factor is 
known to be approximately 18 decibels and thus the average carrier power 
is about 126 times the average power of a single sideband. If the talker’s 
volume is not controlled and varies as in ordinary telephony, the peak 
factor is about 31 decibels and the average power is 1,259 times the aver¬ 
age power in both sidebands and 2,518 times the average power of a single 
sideband. This illustrates that in an ordinary amplitude-modulation sys¬ 
tem the available average power is not ordinarily used efficiently. 

NOISE AND INTERFERENCE 

Susceptibility to various interfering waves is one of the most important 
characteristics of any communication system. Interference may be intro¬ 
duced at the sending end, during transmission, at repeaters or other inter¬ 
mediate stations, and at the receiving end. 

Small-Signal Interference 
Effects of intersystem interference or interchannel crosstalk often differ 

from those of noise. For practical reasons the structure of the interfering 
signal is likely to have a fairly definite functional form whereas a noise 
wave can generally be specified only in statistical terms. In the main, the 
effects of interference and noise depend upon the type of detector and other 
receiver details as well as upon the source of interference and many other 
factors. References 4 to 11 should be consulted for a more comprehensive 
treatment of these topics. 
For purposes of illustration, the interfering wave will be assumed to be 

another amplitude-modulated carrier. Let M(f) designate the incoming 
wanted signal and the incoming interfering signal. It will also be 
assumed in the treatment to follow that the two carriers differ in frequency 
enough so that the sidebands do not overlap. This means the interference 
can be reduced by selectivity. However, it is the approximate effect of the 
interference that indicates the approximate necessary selectivity. It will 
be assumed that the tolerable interference is small enough so that after 
filtering M^t) « M(/). 

Product Demodulator. As might be surmised, an ideal product demodu¬ 
lator multiplies the incoming wave by a sinusoidal carrier of adequate 
amplitude and exactly the desired frequency and phase. When the in¬ 
coming wave is a delayed replica of the modulated wave, this amounts to a 
repetition of the original modulation process applied to the incoming modu-
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lated wave. Two components are created. One has a spectrum propor¬ 
tional to that of the original wave plus d-c components. The other has a 
spectrum proportional to that of the original modulated wave moved up 
in frequency by an amount equal to the carrier frequency. That is, it is 
composed of a discrete component whose frequency is twice the original 
carrier frequency, plus upper and lower sidebands around this discrete 
component. 
Under the assumptions that the sidebands of the wanted and unwanted 

carriers do not overlap and that the product modulator does not produce 
distortion, et cetera, the interference causes no frequency components in 
the output of the product demodulator that fall within the frequency range 
of the desired signal. 

Rectifier Detector. When calculated to a first approximation, the output 
of a rectifier type of demodulator after filtering gives the same result as for 
a product demodulator, provided the interfering signal is sufficiently small. 
When the interfering signal is appreciable, exact calculation becomes 

complicated even though we only consider the case of an almost perfect 
rectifier in series with appropriate resistances and assume that the modu¬ 
lating wave is a simple sine wave. Despite these difficulties, J. G. Kreer, Jr., 
has produced a useful approximation, namely (9-33). The desired result 
is approximated along the lines of Bennett’s treatment (Ref. 6, particu¬ 
larly Table I, p. 234). The approximate procedure is as follows. When 
Bennett’s quantities are expressed in terms of our notation, we obtain 

P = 4J1 + m«)], k = Vm |Aoo = D(O (9-31) 
AeU KT (JJ J ¿ 

where D(t) is the output of the demodulator before filtering. When these 
expressions are placed into the appropriate entry in Bennett’s Table I, one 
finds that to a reasonable approximation, 

0(0 = 
2F9r MJl + WQ]\ 

U«[i + ̂ (oj/ 
4 JI + kzVẑ ]\ 
4J1 + kV^] ) 

'4 JI + 
, 4 JI + AV(OJ ). 

(9-32) 

where K(u) and E(u) are the complete elliptic integrals of the first and 
second kinds, respectively. However, it should be noted that (9-32) is 

, -f . i] .• 4 JI + 
valid only it at all times This means that for (9-32) 

to be applicable, Ac must not be completely modulated. Actually, many 
modulating waves reach their peak value only a very small fraction of the 
time; in these instances, if Ac is completely modulated, the result would 
be to introduce bursts of distortion contributed by terms that we have 
already ignored. 
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The functions K(u) and E(u) may be expanded in power series which 
converge quite rapidly even for values of u very close to one. Such ex¬ 
pansion may be found, for example, in Jahnke and Emde (Ref. 13). The 
result of substituting these series for the functions in (9-32), grouping 
terms, and ignoring terms involving either or both modulating waves to 
powers higher than the first, gives 

1 FT 4 
£>(/) = AckVW + M 7 7T Zl 

52 A? 252 X? 
64 A? 512 A? 

A XT?/). (9-33) 

From (9-33) it can be seen that the modulating wave of the interfering 
signals will appear in the output as intelligible crosstalk proportional to 
the square of the ratio of the interfering signal to the wanted signal. 
Equation (9-33) also illustrates that, at least to a certain extent, it is pos¬ 
sible to cause an amplitude-modulation system to display the familiar 
“channel-grabbing” effect that characterizes a frequency-modulation sys¬ 
tem. 
For large values of Az/ Ac, computations become unwieldy. An experi¬ 

mental curve in which AckV(t) is zero is shown in a paper by Fubini and 
Johnson (Ref. 12). This curve shows in effect the change in the second 
term of (9-33) due to the presence of a strong carrier. 
Square-Law Detector. In this case the output ideally is proportional to 

the square of the input. The principles involved relate primarily to the 
generation of new frequency components in the detector. For purposes 
of illustration, assume that the detector input is limited to Af(Z) + Mz(t), 
and that the output is the square of the input. Then, 

D(t) = [Ac(l + kV(t) cos (w? + Ac) + Az(l + kzVz(t) cos (mJ, + <h)]2 

which will be written as 

= [A cos C + kAV(t) cos C + Ai cos (\ + kiAiV^t) cos CJ2. (9-34) 

Upon carrying out the indicated multiplication, expanding products and 
powers of the trigonometric terms, rejecting components outside the fre¬ 
quency range of the desired signal, and letting y denote the sum of the re¬ 
jected terms, 

- y = R (A2 + A i2) "I + fA^Fwl + £ 5 A2JL-2P(i)1 
■AAÄUiOUiW cos (G - C)" 
+AA1kV(t) cos (Ci - C) 
+A&71W 

+ I AiW?«) 

(9-35) 

wanted" 
signal 

+ [interference]. 

"intrinsic 
.distortion. 

(9-35a) 
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The interference term AAifcP(f) cos (Ci — C) may be significant if the 
essential frequency ranges of F(Z) and Vi(i) are not equal and if the fre¬ 
quency range of T(0 exceeds (Ci — C)/2. As in the previous case, the 
dominating interference is proportional to the square of the ratio of the 
incoming modulated waves. 

Signal-to-Noise Advantage of SSM over AM 

Single sideband modulation (SSM) is modulation (Chap. 3) whereby 
the spectrum of the modulating wave is translated in frequency by a speci¬ 
fied amount either with or without inversion. One way to produce SSM 
is to suppress the carrier and one of the sidebands of an amplitude-modu¬ 
lated sinusoid. The signal-to-noise advantage of SSM is illustrated by a 
comparison based on the following assumptions : 

(a) Each system is limited to the same maximum instantaneous peak power. 
(b) Each system has the same over-all frequency response. 
(c) The ASt system is restricted to 100 per cent modulation. 
(d) The transmission band, namely, [fc — B to fc + B] for AM and either (fc + B) 

or (fc — B) for SSM and B for direct transmission is limited by filters. 
(e) Transmission is distortionless and each system is stable and linear and is 

equipped with ideal filters, apparatus that is functionally perfect, et cetera. 
(f) Each demodulator is an ideal product demodulator followed by a perfect filter, 
(g) The only source of noise is resistance noise, and the noise-power density is the 

same for all systems. 

Consider a modulating wave V(/) with significant frequency components 
limited to the interval 0 < f < Bwhere B is expressed in cycles per second. 
Designate the mean power by V2 and the maximum instantaneous peak 
power by Vp2. 

Direct Transmission. Assume V(t) is the wanted signal at the input to 
the receiver; then the ratio of average signal power to average noise power 
is = W/Bn where n is the noise-power density. By definition, Vp2 
is the maximum instantaneous peak power. Vp may be positive or nega¬ 
tive or may equal Tp- _ 

Single-Sideband Modulation. At the receiver input, let P, = V2 be the 
average sideband power and note that [/c — — B)]n = Bn — N is the 
average noise power. By ParcevaTs theorem, V2/N is the average signal-
to-noise ratio after demodulation. Associated with P, is Sp2, the maximum 
instantaneous peak sideband power. If peak power is controlling, the 
foregoing assumed incoming sideband currents will have to be multiplied 
by a factor V„/Sp. Compared to direct transmission, the average noise 
power will be multiplied by Sp2/Vp2. The noise advantage of SSM as com¬ 
pared to direct transmission is lOlogio Vf/N 2 decibels where |T»I > l^pl 
represents a degradation. 
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Amplitude Modulation. Since = 1 because the modulation is to 
be 100 per cent, we already have from (9-30) 

2P, _P 
Pc V/ 

(9-30) 

With 100 per cent modulation we note, from (9-1) and (9-28), that either 
Pp —* 8PC or Pp = 8PC and that to good accuracy 

2P. = jP 
PP V,2 ' 

(9-36) 

We require Pp = Vp2 because AM is to be limited to the same peak power 
as SSM and direct transmission. Moreover, since the noise-power density 
is uniform and uncorrelated, nothing is lost nor gained in the way of signal-
to-noise ratio if the signal power is spread over a plurality of sidebands, in 
this case two. This fundamental and understandable result was discov¬ 
ered by John R. Carson over thirty years ago in connection with his 
researches into the properties of time division systems. Thus, 2PS would 
have to equal T2 for the AM system to have the same signal-to-noise ratio 
as direct transmission. Hence, from the SSM result, 

On the Basis of Equal Peak Power the-
Signal-to-Noise Advantage 

of SSM over AM 
Expressed in Decibels 

V 2
10 logio 8 Op (9-37) 

One of the assumptions leading to (9-37) was a complete lack of correla¬ 
tion between the noise currents in the two sidebands of the AM system. 
If the resistance noise in these sidebands had been highly correlated (if it 
had been produced, say, by modulating the transmitter carrier by a band 
B of resistance noise), the signal-to-noise advantage of SSM over AM 
would have been 3 decibels more than the figure given by (9-37). 
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Problems 
1. If 2 cos o>ct is amplitude-modulated by cos wvt in a suppressed-carrier product 

modulator, what is Afi(t), the modulated wave? If 2 cos , 7r uj — A is 

similarly amplitude-modulated by cos urt — Q , what is Af2(O, the modulated 

wave? What is MM + 
2. If C(w) describes the steady-state transmission characteristic of a system that 

if".. 
is both linear and stable, show that /(I) = — I do: is the transient 

J — 00 
response that accompanies excitation by an ideal unit impulse whose center 
of symmetry is at the reference time zero. 

3. The function flf) is a real and even function of a real variable t; it may be 
represented by a Fourier integral and C{ui) is its spectrum. Let Ci(o>) and 

CM) be the spectra of ^f(t + r) and -f(t — r), respectively. Show that 

4. 

5. 

GH + C2(cc) = C(w) [cos wr]. Is C(u) complex or real, even or odd? 

In Problem 3, if CsCw) and CM) are the spectra of — -/(t + r) and -f(t — r), 
4 

respectively; express C2(w), CM)i and their sum in terms of CM 
1 M ' / 

Consider /(t) = — I CM^'“1 do: and its spectrum CM) = I 
¿TM J 

dt. 
00 

What are the three time functions corresponding to the spectra C(o> + wJ, 

i C(u — we), and their sum? 
J 
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y®0 /•oo 

6. If cos uf = g(i) = I 6(f) cas 2irftdf, derive C(w) from 6(f) = I g(/) 
J J x

cas 2irft dt. 
7. Assume that the upper and lower sidebands of an amplitude-modulated wave 

may be represented by 2 cos C cos V which is demodulated by multiplying by 
2 sin C. Express the product as a sum of sinusoids. Repeat multiplying by 
2 cos C instead of 2 sin C. 

10 

8. If 1(f) = ke3 and e = cn cos (2imfnt + 4>n), enumerate the different fre-
1 

quencies present in 1(f). Assume that all of the frequencies and also all of the 
amplitudes are incommensurable. Furthermore, assume that no amplitude, 
cn, and no frequency, is zero. 

9. An amplitude-modulated wave [1 + &7(i)] cos 2vfct confined to the frequency 
range (fc — B) to (fc + B) cycles per second is perturbed by resistance noise. 
Let n be the noise-power density per cycle per second expressed in appropriate 
units. The perturbed wave is briefly sampled at regular intervals fc times a 
second and the instants of sampling correspond to t = 0, + l/fe, ±2/fc, .. . . 
For convenience assume/: = qB where g is a positive integer greater than 1. 
The samples are filtered by an ideal low-pass filter that has a cutoff frequency 
of B cycles per second. The output after amplification is 2kV(f) plus noise. 
What is the signal-to-noise ratio? The perturbed wave is also briefly sampled 

fc times a second at times corresponding to i = —, ± - 7, ±77.... 
4/c 4jc 4fc

These samples are samples of the noise alone because at these instants the 
signal is zero. These samples are reversed in sign and applied to the input 
of the low-pass filter in addition to the previous ensemble of signal-plus-noise 
samples. What is the effect on signal-to-noise ratio? 

10. What are the restrictions on V(t) in order that the instants at which the modu¬ 
lated wave, Ac[l 4- kV (i)] cos (wct + &c), goes through zero will be independent 
of the modulating wave, F(t)? 



CHAPTER 10 

AMPLITUDE MODULATORS AND DEMODULATORS 

There are many ways of producing an amplitude-modulated sinusoidal 
carrier and many ways of recovering the modulating signal. Each has its 
advantages and disadvantages. A more complete discussion of these top¬ 
ics will be found in the references (Refs. 1 to 39*) listed at the end of this 
chapter. 

MODULATORS 

Since an amplitude-modulated sinusoid is the product of two factors 
(9-1), one of which includes the modulating wave and the other only the 
carrier, an obvious way of producing such a wave is to devise a mechanism 
having an output that is proportional to the product of two input waves. 

Product Modulators 

Modulators possessing this property are commonly referred to as product 
modulators. One example would be a loudspeaker coupled to a micro¬ 
phone. The acoustic wave generated by the loudspeaker is proportional 
to the product of the currents flowing in its voice coil and field winding 
respectively, whereas the output current from the microphone is propor¬ 
tional to the acoustic wave. Therefore, if the modulating wave, plus in 
general a d-c component, is applied to the voice coil, and if a sinusoidal 
carrier is applied to the field winding, the output current from the micro¬ 
phone is given by 

Af(O = + 7(i)] cos + <E) (10-1) 

where Kj is the factor of proportionality between microphone output and 
pressure (acoustic wave), is the factor of proportionality between the 
pressure wave and the product of the currents in the field winding and voice 
coil, and Ic is the amplitude of the sinusoidal carrier in the field winding. 
Equation (10-1) is already in the form of (9-1) if we set KiKJcE^ = Ac

and 77— = k, viz., 
Ad-c 

M(i) = AJ1 + ÄV(i)] cos fat + 4>c). (9-1) 
* The references cited are listed at the end of each chapter according to the number 

used in the text. 
141 
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A similar result is obtained if the sinusoidal carrier is applied to the field 
winding and the modulating wave to the ribbons of a light valve (Ref. 40) 
and if, in addition, constant-intensity light is passed through the light 
valve into a photocell. 

Since each of these examples involves mechanical motion, they are re¬ 
stricted to relatively low frequencies. A corresponding result without this 
restriction can be obtained by replacing the light valve by two Kerr cells 
(Ref. 41). 
The desired result also can be obtained by sampling the modulating 

wave briefly at regular intervals at the carrier rate and applying the en¬ 
semble of samples to the input of a band filter having a center frequency 
coincident with the carrier frequency. The modulated wave appears in 
the output, provided a fixed component of zero frequency is added to the 
modulating wave. This operation can be regarded as multiplying the 
modulating wave by a d-c term plus a carrier and its harmonics instead of 
by a single sinusoid. The result is upper and lower sidebands around the 
carrier and harmonics of the carrier plus the spectrum of the modulating 
wave, viz., 

M(t) = V(t)U(f) = kV(t) ¿ cos muj (10-2) 

where U(t), it will be recalled, is zero except for the brief intervals when it 
takes on the value unity, k represents the fraction of time U(f) is unity, and 
t'(Z) is so related to time zero that it is an even function of time. 
One fundamental property of a product modulator is that the carrier 

is normally suppressed. For many applications this is a highly desirable 
feature. However, if it is desired to transmit the carrier, then it becomes 
necessary to add a d-c component to the modulating wave in order to pro¬ 
duce the equivalent of the first term of (9-1). 

Square-Law Modulators 
Modulators in this category are widely used and all employ devices in 

which the output is proportional to the square of the input. Vacuum 
tubes and numerous other devices when connected in series with suitable 
resistors have nonlinear current-voltage characteristics of nearly the de¬ 
sired shape. If a modulating wave and sinusoidal carrier are the input to 
such a device, we have, owing to the square-law term, 

W = K.[EC cos (vj + <K) + W)]2

which will be written 

M(i) = A? cos2 C + 2AcV(i) cos C + V2(i). (10-3) 

The first term of (10-3) contributes a d-c term and another discrete fre¬ 
quency component that is the second harmonic of the carrier. If the spec-
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trum of an amplitude-modulated sinusoid is recalled, the second term will 
be recognized as contributing lower and upper sidebands having frequency 
components confined to fc — A and fc + respectively, where fv, is the 
highest cyclic frequency component of the modulating wave. The third 
term is represented by a spectrum with frequency components as high as 
2fvr Accordingly, if fc > 3/„s, the frequency components of Ac2 cos2 C and 
V2̂ ) lie outside the frequency range of interest defined by 2AcV(t) cos C, 
and the desired sidebands can be obtained by filtering. 

Practical applications are not usually quite as simple as the preceding 
description might imply. Because the square-law characteristic is only 
approximated over a limited region by physically realizable elements, a 
fixed component is sometimes added to the carrier and modulating waves 
to center the sum in the region where the approximation is optimum. This 
modification introduces new terms. Of these, only a carrier component 
falls within the frequency interval of interest. Balanced modulators can 
be used to suppress the carrier when this is desired, as will be discussed in 
a later section. 

Rectifier-Type Modulators 

Rectifier characteristics represent a form of nonlinearity which occurs 
very commonly and which has been widely used in modulators. Numer¬ 
ous characteristics are available, but for purposes of illustration it will be 
assumed that the rectifier characteristic is linear. In an ideal linear recti¬ 
fier, the flow of current is proportional to the applied voltage, provided the 
voltage is positive, and no current flows when the applied voltage is nega¬ 
tive. 

If a modulating wave in series with a sinusoidal carrier is applied to such 
an element, the resulting current will be a series of pulses of approximately 
the shape of a half sine wave but varying both in width and amplitude 
with the modulating wave. If the amplitude of the carrier is much greater 
than the peak value of the modulating wave, then the instants at which 
the resultant wave goes through zero will depend very little upon the mod¬ 
ulating wave. Since a reactive impedance complicates matters, assume 
the admittance is real and let 1/ß represent the conductance of the circuit 
including the rectifier in the forward direction. Then to a first approxi¬ 
mation the resultant current is obtained by multiplying the applied voltage 
by a sampling function which is 1/ß during the intervals the carrier is 
positive and zero when the carrier is negative. Thus, we have 

7T 
i „ sm m -

M(t) = [Ae cos + 7(/)]^ E - — cos m^ct ¿ri m = — co 7T 
m  2 
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where M(f) represents the output of the modulator before filtering. By 
performing the indicated operations, we get 

~ irR + 2R + 2R C°S“c + irR 1,3?../ )
9 4 00 m+2 1 

+ £ ( — ) 2 —- 7 cos muj. (10-4) 
TT R 2.4,6, . . . m — 1 

Thus, before filtering, the modulated output contains a d-c component pro¬ 
portional to the applied carrier, a spectrum of the modulating wave itself, 
a term proportional to the carrier, upper and lower sidebands around the 
carrier and also around odd harmonics of the carrier, and a series of dis¬ 
crete components corresponding to even harmonics of the carrier. 

General Nonlinear Element 

In the preceding treatment of square-law and rectifier-type modulators 
it was found that nonlinear elements, provided they approximated certain 
special characteristics, could be utilized to produce amplitude modulation. 
We now assume that the nonlinear element has a more general character¬ 
istic and describe arrangements that are capable of closely approximating 
the performance of an ideal product modulator. 
When such an element is connected in series with a resistance, a carrier, 

and the modulating wave, the resulting current may be expressed in terms 
of a power series, provided the characteristic curve is single-valued, con¬ 
tinuous, et cetera. This gives 

= Qo 4“ cos WcZ 4- 7(í)] d- a2[Ac cos WcZ + V(0]2 + ■ ■ ■ 

which can be written as 

= ¿ Oi[A cos C + 7(01* 
4-0 

and, upon expanding by means of the binomial theorem, becomes 

= ¿ £ M cos* C (10-5) 
<-0 k-o\Ä/ 

\ 
in which the symbol (, ) designates the coefficient of x* in the expansion of 

\K/ 
/{\ I 

(1 + x)', that is, = ft- When the integral powers of cos C are 

expressed in terms of multiple angles, as in Problem 1, (10-5) becomes 

M(t) = £ £ £ a. C 2-*A*[7(i)]<-* cos (k - 2l)C. (10-6) 
i-o t-o 1-0 / 

The value of (10-6) is mainly that it enables us to enumerate the terms 
constituting a particular product. For example, in addition to the wanted 
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sidebands, consider the two additional pairs representing second-order and 
third-order products of distortion involving frequency components of the 
modulating wave: that is, the upper and lower sidebands of F2(i) and also 
of V3(t) around the carrier. Sorting out these terms and designating by 
a subscript the order of the voice products that modulate the carrier, we get 

00 2?* r/2¿ — m — i\ 
^1(0 = 22««^ • +( ? A^V(t) cos Uct, " L\ 1 ! \ï — i /_ 

•^2(0 — 22 O2Í+1 (2t + l)2t 22i
^2<-iyí(¿) cos (10-7) 

■MVO - 22 oa+i (2/ + 2)(2i + l)2zT/2f - 1\ 3-22i L\ » / 
^ 2í-iy3(¿) cos uj 

When terms of these expressions are compared, we conclude that the 
ratio of the wanted sideband terms to these particular distortion terms 
may be made as large as desired by sufficiently reducing V(I). In practice 
such a reduction might or might not be feasible. 

Balanced Modulators. In practical applications it is usually preferable 
to use some form of a balanced modulator (Ref. 5) and, for purposes of 
illustration, (b) of Fig. 10-1 indicates a particular arrangement. Here two 
similar modulators are so connected that the modulating wave is reversed 
in sign on one of them and the output is connected to transmit the differ¬ 
ence between the two modulated waves. In this case the net output is the 
difference between two expressions of the form of (10-6) with V(t) reversed 
in sign in one of them, viz., 

= Ê i i [1 - cos (fc - 2l^ct. (10-8) 

In (10-8) all of the terms for which i — k is even vanish and all the odd 
terms are doubled. This means that the second, fourth, and higher even¬ 
order distortion products contributed by the modulating wave are elimi¬ 
nated. The largest remaining distortion product of this type is F3(0 
which is rapidly reduced as V(t) is reduced. In practice it is never possible 
to make the modulators exactly alike, and in many cases it is not practical 
to count on an improvement due to balance of more than 20 to 30 decibels. 
When the carrier frequency is close to the highest modulating frequency, 

the spacing between the wanted sidebands around the carrier and the un¬ 
wanted sidebands around the second harmonic of the carrier becomes small, 
thus imposing stringent requirements upon filters used for separating these 
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components. Such a condition may be relieved by linearizing the modu¬ 
lator with respect to the carrier rather than the modulating wave, merely 
by interchanging the two. When this is done, the bracket under the sum¬ 
mation (10-8) becomes [1 — ( —)*] instead of [1 — ( — )•“*] and, hence, 
the terms for which k is even will cancel out. As a result only sidebands 
around odd multiples of the carrier will appear. 

(a) UNBALANCED MODULATOR 

(b) BALANCED MODULATOR 

(C) DOUBLE BALANCED MODULATOR 

Fig. 10-1 Block diagrams of unbalanced, balanced, and double-balanced modulator 
circuits 
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Double-Balanced Modulators. When both linearity with respect to the 
signal and wide frequency spacing are required, it is possible to accomplish 
this with a double-balanced modulator as shown in (c) of Fig. 10-1. In 
this circuit only odd powers of V(t) modulating odd multiples of the car¬ 
rier appear in the output. In practical applications, a double-balanced 
modulator may take on various different forms and, in some cases, it may 
produce an improvement of as much as 20 to 30 decibels. 

Theoretically, it is possible to extend the process by using phase shifts 
other than 180 degrees. For example, to extend the process with respect 
to carrier balance, suppose three double-balanced modulators are set up 
with their carriers 120 degrees apart in phase. Then all even multiples of 
the carrier and all multiples of a power of three balance out. Consequently, 
the first interfering components are those around 5, 7, and 11 times the 
carrier frequency. 

Higher-Order Modulators for Special Purposes 
Production of the desired modulated wave does not have to depend upon 

the generation of second-order modulation products. Certain nonlinear 
elements have characteristics in which some of the a¡ factors of the power 
series expansion are inherently zero. One example is the silicon carbide 
varistor (Ref. 42). In this instance all values of cl corresponding to even 
values of i are inherently essentially zero. Advantage may be taken of 
such properties in the design of modulators for special purposes. An ex¬ 
ample, suggested by Hartley about thirty years ago, is the design of a 
modulator in which the carrier is suppressed. 
To produce such an effect with ordinary modulators would require a 

very high degree of balance, and in applications where the requirement for 
minimizing the carrier leak is very stringent, such balances are achieved 
only with difficulty and are not readily maintained. In this case, it is 
possible to use an element having odd symmetry such as a silicon carbide 
resistor, make the carrier supply generator have half the frequency of the 
desired carrier, and utilize third-order products of modulation of the form, 
2C ± V. 

If in (10-8), wc is replaced by wc/2 and if a0 = a2 = a« = • • • = 0, then 
ao 2Í + 1 k 

= E E E 
<-0 1 = 0 1 = 0 

[1 - ( _ )i+«-*]a2<+l A*[V(f) ]*+«-* cos (10-9) 

Since “carrier leak” corresponds to terms in which V(¿) appears to the 
zero power, and since k is odd for such terms, carrier leaks all appear at 
frequencies corresponding to odd multiples of /c/2. On the other hand, 
the wanted sidebands are contributed by terms in which V(t) appears to 
the first power, which means that k must be even; and therefore the side-
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bands appear around discrete components that are even multiples of /e/2. 
Consequently, there exists a spacing of /e/2 between fc and the nearest car¬ 
rier leak. This makes it possible to eliminate the carrier leaks to a high 
degree by filtering. 

High-Power Amplifiers and Modulators 
The most familiar and widespread use of amplitude modulation is for 

radio broadcasting. Naturally, the emphasis is on simplifying the many 
millions of home receivers. For this reason, the carrier and both sidebands 

Fig. 10-2 Location of phase-shift networks in a Doherty amplifier 

are transmitted. Moreover, to obtain good coverage and better reception, 
the modulated wave is radiated at the highest permitted power. 
Transmitter outputs range from 500 watts to 500 kilowatts. Accord¬ 

ingly, the aim (Refs. 8, 14, 15, 17, 18, 37, and 38) is high efficiency in the 
parts of the transmitter where the amounts of power are large. Many 
high-frequency systems have been proposed in which the step of modulat¬ 
ing the carrier is carried out in the high-power part of the transmitter. In 
recent years the most successful and outstanding methods in widespread 
use reduce to two. One utilizes a high-level Class B modulation system 
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combined with a Class C radio-frequency amplifier. The other is an in¬ 
genious quadramre-phase-coupling circuit invented by W. H. Doherty 
(Ref. 14) for paralleling two tubes (Fig. 10-2) and thereby achieving a new 
type of linear power amplifier. Applicable to the linear amplification of 

UNMODULATED 100% MODULATED 

Fig. 10-3 Envelope wave forms in a Doherty amplifier 

any wave, the attainment of GO to 65 per cent plate efficiencies independent 
of output is the result of the combined action of a varying load distribution 
(Fig. 10-3) between two tubes and a varying circuit impedance changing 
with the varying load distribution. 

Plate-Modulated Class C Amplifier. In this system the transmitted car¬ 
rier is amplified by a radio-frequency, high-power amplifier operated Class C 
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with an efficiency of 80 per cent or more. The output stage of the Class C 
amplifier is plate-modulated by a high-power, audio-frequency amplifier 
system operated push-pull Class B, with tubes biased to cutoff for good 
efficiency and with substantial amounts of negative feedback for high-
quality, stabilized, linear operation. The end result is a very high-quality 
type of modulator capable of delivering very large power outputs. The 
all-day efficiency for normal broadcast operation is somewhat better than 
that of a Doherty amplifier. At 100 per cent modulation the opposite 
tends to be true. 

High-Efficiency, Grid-Modulated Amplifier. Some high-power modu¬ 
lators use a modification of the Doherty amplifier along lines proposed by 
H. A. Reise and A. A. Skene (Ref. 43) wherein the carrier-frequency excita¬ 
tion is fixed and the grid bias of both tubes is varied at audio frequency. 
In this modification the portions of the combined audio and carrier inputs 
that are effective in varying the output of each tube are of just the right 
wave form to produce the desired modulated wave in the combined output 
from both tubes. A description of this mode of operation has been pub¬ 
lished (Ref. 37) by Terman and Woodyard. The modified operation can 
be clarified by a brief review of the principles involved in the operation of 
the Doherty amplifier. 

Doherty Amplifier. Maximum efficiency of a vacuum-tube amplifier is 
obtained only when it is delivering maximum voltage to its load. As indi¬ 
cated by the example in Chapter 9, in radio broadcasting maximum pos¬ 
sible power is delivered by a modulated wave only on occasional momentary 
modulation peaks, and the unmodulated peak carrier voltage is half the 
maximum possible voltage. Thus, with a conventional type of amplifier, 
the average efficiency would be low, whereas the amounts of power involved 
are large. The Doherty amplifier resolves this difficulty by using one tube 
to deliver normal carrier power at high voltage and high efficiency. A 
second tube also operating efficiently supplies when needed the necessary 
additional voltage for the positive modulation peaks. An important fea¬ 
ture of the operation is that, due to a special coupling network, as the 
modulation increases, the first tube works into a lower impedance and 
thereby delivers more power. 
The action (Ref. 37) resembles that of an ordinary power system in 

which a generator G\ is delivering power to a load at maximum voltage. 
To provide more voltage, a second generator Gi would be put in series with 
Gi. This increases the load current, and since the currents are of the same 
frequency and phase, it reduces the impedance that Gi faces. If both 
generator voltages are alike, Gi operates into half its original impedance 
and delivers twice its original power although its voltage has not changed. 
Gz delivers equal power and the total power is quadrupled. 

In the case of a vacuum tube transmitter, parallel and not series opera-
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tion is the desired embodiment. To achieve this, unaided by Tube 2, 
Tube 1 (Fig. 10-2) delivers unmodulated carrier to the load through a 
90-degree, phase-shifting network. If R is the load resistance, the 90-

(p\ 
1 + where Pi and P2 are 

the instantaneous powers contributed by Tubes 1 and 2. Therefore, while 
Tube 2 is acting to supply power (Fig. 10-3) for the positive swings of 
modulation, the network termination increases from R to not more than 
2R. Since the inverting property of the 90-degree network acts like a 
X/4 transmission line with an input impedance that is inversely propor¬ 
tional to its termination impedance, the impedance Tube 1 faces is lowered. 
Therefore, at the peak of a fully modulated wave, Tube 1 is enabled to in¬ 
crease its output power by a factor of two without increasing its voltage. 
Obviously the grid voltages should differ by 90 degrees as indicated in 
Fig. 10-2. It should be noted, as mentioned previously, that an amplifier 
of this type is not limited to the amplification of amplitude-modulated 
waves and, moreover, for multichannel services has all the important ad¬ 
vantages that result from stabilized negative feedback around the high-
power, radio-frequency stage. In addition it has the advantage of not 
requiring a modulation transformer, which in high-power installations is a 
large and expensive component. 

TRANSMISSION DISTORTION 
Since transmission distortion may affect different types of demodulators 

differently, it is desirable to look into the consequences of nonideal trans¬ 
mission media before considering the behavior of various kinds of demod¬ 
ulators. If we neglect nonlinear distortion, the residual distortion will take 
the familiar form, F(w) = IFiw)!«^"’, of a magnitude-frequency characteris¬ 
tic and a phase-frequency characteristic. When the distortion is expressed as 
a complex function of frequency, it may be introduced analytically (Ref. 44, 
p. 452; Ref. 45, Ch. 10; and Ref. 46, p. 24) by multiplying it by the spec¬ 
trum of the modulated wave. In practice, there are several ways of deal¬ 
ing with the spectrum of the modulating wave and evaluating the effects 
of transmission distortion. 

Spectrum of the Modulating Wave 
By the Fourier method, if kV(t) is the modulating wave, its complex 

amplitude spectrum C/œ) is given by (9-5) as 

Commonly referred to as the “direct” Fourier transform as well as the com¬ 
plex amplitude spectrum, this transform represents, strictly speaking, the 
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complex amplitude-density spectrum, so-called because the term “density” 
recognizes that it is dimensionally “per cycle per second.” 

Spectrum of the Modulated Wave 
Accordingly, the complex spectrum C(w) of e^'kV (f), which represents a 

nonphysical complex function of time, is given by 
/*x 

Ci(w) = I kV(l)e’Uele~ iul dt = Cv{u - uc). (10-11) 
J — X 

Similarly, the complex spectrum C2(w) of another nonphysical complex 
function of time V(t) is Cv(w + wc). 
Hence the complex spectrum C3(w) of kV(f) cos uct, a physical function of 

time, is given by 

C'siw) = ̂ -[C^(o> — Wc) -f- Cj/o) -f- We)]- (10—12) 

Occasionally referred to as the “theorem of modulation,” this is the usual 
Fourier representation, as a function of positive and negative values of w, of 
the spectra of the products of modulation present in an amplitude-modu¬ 
lated wave. If kV(0 is any even real function of time, its complex spectrum 
C(w) is both a real and an even function of w. 

1/2-

0 

SPECTRUM OF 
■ MODULATING WAVE 

0 
FREQUENCY 

- SPECTRUM OF 
MODULATED WAVE 

(a) 

Fig. 10-4 Amplitude spectra of a modulating wave and the corresponding modulated 
and demodulated waves 

Thus, if M(l) is an amplitude-modulated wave and Cm its complex 
spectrum, we have 

= AJ1 + fcV(/)] cos (wct + d>,) (9-1) 
and 

CmM = JAcfe'Miw — wc) + + wc) 
+ e'*cC(w — wc) + e~'*'C(u + w<)] (10-13) 



AMPLITUDE MODULATORS AND DEMODULATORS 153 

In equation (10-13), ¿(œ — wc) is an impulse of infinite amplitude and 
area 2tt centered at a>c, and 6(w + uc) is a similar impulse centered 
at — «e. Figure 10-4 indicates the real part of each spectrum. Situations 
will be encountered in which there are analytical advantages in consider¬ 
ing both negative and positive frequencies, and similarly cases arise where 
it is simpler to consider only positive frequencies. 

Other Representations 

Several alternative representations are convenient and widely used. 
Common among them are two methods of representation. One is by the 
so-called “in phase” and “quadrature” components about the carrier or 
mid-band frequency. The other method is concerned essentially with a 
finite ensemble of sinusoids. With either of these procedures, it is often 
convenient to deal only with positive frequencies and introduce the con¬ 
ventional impedance concept. 

In-Phase and Quadrature Components. If F/ = F(w) = |F/|ei$/ repre¬ 
sents the steady-state characteristic of a spectrum that is essentially lim¬ 
ited to positive frequencies ranging from fc — B to fc + B, the character¬ 
istic may be represented exactly by the sum of what have been termed its 
in-phase and quadrature components. Theoretically, there exist an infi¬ 
nite number of such representations. If restricted to distortion, a quadra¬ 
ture component represents a distortion component that is proportional to 
the unsymmetrical part of the received modulated wave about fe. In 
order not to possess a quadrature component, the magnitude of the re¬ 
ceived wave must have even symmetry and its phase must have odd sym¬ 
metry about the carrier frequency. This treatment is applicable to any 
spectrum. For example, the average powers of the in-phase and quadra¬ 
ture components of band-limited resistance noise are equal when considered 
as the sidebands of quadrature carriers the frequency of which is the mid¬ 
band frequency. 
As another example, let us consider the in-phase and quadrature com¬ 

ponents that may be produced by transmitting an amplitude-modulated 
wave, V(t) cos wct over a line having a transmission function given by 

G(u) = Savin') t'*oM , a, > 0. (10-14) 

Here SgM represents the attenuation factor and 4>G(o>) the phase shift in 
radians. 

Let 2C(w„) = 2<S(w„)ei*c“’) completely describe the spectrum of V(i) 
where is restricted to positive values ranging from m to œj. The carrier 
frequency is regarded as positive and is assumed to be high enough so that 
the spectra of V(t) and M (/) do not overlap. 
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As a function of positive frequencies, the spectrum of the modulated 
wave may be represented by 

= Act**' - wc) + ACT^C + w,)e<l*'+*<"«)’ 
+ AcT^uc - (10-15) 

In this expression TX1(wc + wv) is so defined as to assume the values S(uv) 
at angular frequencies (wc + wv) and similarly Tx,(uc — w,) takes on the 
values >S(wv) at frequencies (wc — w„). 
The effect of transmission is to change the spectrum to 

CR(w) = 5(w - wc) 
+ Ac7\(wc + wÄwe + Wr)e<I*G(~+-) +*.+♦(-•)) 
+ AeT^Uc - Uv)SG(œc - +*»-*(“•)!. (10-16) 

Naturally the argument of Sg(w) and <I>g(w) must be the angular frequency 
of each particular component that is being modified. Let 

Cr(u) = G(wc) + Ci(wc + wv) + Ci^c — Wv) (10-16a) 

where the terms on the right are given in detail by (10-16). Ci and Ct 
are the spectra of the upper and lower sidebands respectively. 

Finally, consider the representation of these sidebands by their in-phase 
and quadrature components. Note first that, if a delayed but undistorted 
amplitude-modulated wave is demodulated by multiplying by twice the 
received carrier and the resulting product is filtered by an ideal filter, we 
obtain, except for a d-c component, a signal that is proportional to a de-, 
layed replica of V{t). 

Fig. 10-5 A single sideband can be regarded as the sum of two pairs of in-phase and 
quadrature components 
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Note further that, in the absence of distortion, as the phase of the local 
carrier supplied to the product demodulator is altered, the output is merely 
attenuated without distortion. In fact, it is multiplied by cos r where r 
is the phase difference between the received carrier and the demodulator 
carrier supply. Of course, when r = nr/2, there is no output, and values 
of r other than zero impair the signal-to-noise ratio. 

It is clear, therefore, that, if it is possible to produce Ci + C2 by the 
superposition of two amplitude-modulated sinusoidal carriers of the 
same frequency but in quadrature, then there will also exist an infinity of 
such representations. This follows because the essential requirement is 
the tt/2 phase difference and not the values of the carrier phases. 
For purposes of illustration, consider the in-phase and quadrature com¬ 

ponents of the sidebands of (10-16a) with respect to the received carrier. 
Let Ec cos (act + Lc) identify the amplitude, phase, and frequency of the 
received carrier. Let Fi(0 be the result (after filtering) of demodulating 
the upper sideband alone by multiplying by 2 cos (uct + $„). Similarly, 
as indicated in Fig. 10-5, let be the result of demodulating the lower 
sideband alone in the same way. Analytically, Vi(0 and V2(f) may be 
evaluated from the spectra Ci(a>) and C2^\ 
Note further that causing Vi(i) to amplitude-modulate cos (a>ci + L^) 

in a suppressed-carrier product-modulator and also letting Vi(0, with all 

Fig. 10-6 Two sinusoids separate into in-phase and quadrature components of a 
carrier the frequency of which is the mean frequency of the sinusoids 

of its components advanced in phase by tt/2, similarly amplitude-
modulate sin (wci + Lc) results in the production of in-phase and quad¬ 
rature components which, when added, give only the original upper 
sideband. This is indicated by the top diagram in Fig. 10-5. Similarly, 
as indicated by the bottom diagram in Fig. 10-5, if F2(i) amplitude-
modulates cos (w„f + Lj, and V2(i), with all of its frequency components 
retarded in phase by tt/2, amplitude-modulates sin (wct + Lc) ; the sum of 
the four resulting sidebands, which also represents in-phase and quadra¬ 
ture components, gives only the original lower sideband. 
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Thus, if [72(i) - VKO] - 5 stands for [72(f) — 7i(0] after all its fre¬ 

quency components have been retarded in phase by tt/2 radians, 

[7i(i) + 72(i)] cos (wc/ + iv) + ( [1 :(¿) — 7i(i)] 
7T 

2 sin (wct + <7) (10-17) 

produces the desired in-phase and quadrature components with respect to 
cos (uct + <ï>c). This result is illustrated by Fig. 10-6 and will be discussed 
further in the treatment of product demodulators. 
The preceding treatment of in-phase and quadrature components was 

involved essentially because it elaborated upon the physical concepts. The 
analytical approach is short. Let C = ucl and T = + i>r. Since super¬ 
position holds, consideration will be limited to an upper and lower sinus¬ 
oidal sideband. Then, 

ñ(í) = Ec cos (C + í>c) + Ai cos (C + F + 0i) + A2 cos (C — V + 02) 
= [Ec + Ai cos (V — + 0i) + A2 cos (7 + «he — 02)] cos (C + <ï>c) 

+ [-Ai sin (7 - <7 + 0i) + A2 sin (7 + — 02)] sin (C + £c) 
= [Ec + 7P(Z)] cos (C + 7C) + 7,(/) sin (C + i>c) (10-17a) 

where [Ec + 7P(<)] and 7,(f) are the in-phase and quadrature components 
with respect to cos (C + 4>c). 

Ensemble of Sinusoids. A usual procedure regards the modulating wave 
as an ensemble of sinusoids appropriate to a particular problem. The 
over-all result is then evaluated by modifying the components according to 
the various steady-state characteristics of the system. When modulation 
products coincide in frequency (as, for example, in the demodulation of 
the upper and lower sidebands of an amplitude-modulated wave or where 
overlapping spectra are involved), the additions obviously need to take 
into account the phases. 

It is also significant to note that this general procedure may be justified 
by the sampling theorem. Suppose that B represents the significant fre¬ 
quency range of g(f), and that T represents a period of time longer than a 
physical signal g(f) endures. During this time, the signal can be repre¬ 
sented by a series consisting of no more than (BT + 1) sinusoids each of 
which has appropriate amplitude and phase, and, except for a d-c and 
fundamental component, each of which is a distinct harmonic of the funda¬ 
mental frequency 1/T. That the representation is periodic presents no 
formal difficulties. Let C(a>) be the spectrum of the signal. From the 
sampling theorem and the Fourier identity, sampling the direct transform 
C(u) at regular intervals of radians per second is sufficient to define 

for all significant angular frequencies, and the discrete components 
defined by the particular ensemble of sinusoids are points on the spectrum 
of the signal. Moreover, this is the minimum number of samples of the 
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spectrum and, hence, the minimum number of sinusoids if the signal is 
permitted to be arbitrary except as it is localized in time and frequency by 
the restrictions T and B. 

DEMODULATORS 

Demodulators, which could more appropriately be termed remodulators, 
provide means for recovering from the incoming modulated wave an ap¬ 
proximation proportional to a delayed replica of the original modulating 
wave. Since amplitude modulation is essentially multiplication of the 
modulating wave by the carrier wave, it might be imagined that a natural 
method of recovery would be some process for dividing the modulated 
wave by the carrier. In applying such reasoning we must recognize cer¬ 
tain difficulties. Because zero does not divide any number but itself, a 
determinate quotient would be sensitive to errors in the carrier phase, et 
cetera, to an utterly impractical degree. On the other hand, if we make 
the divisor nonzero, the process becomes essentially one of multiplication 
or remodulation. 

Product Demodulators 
7(i) = CM (10-18) 

is a convenient convention for associating a time function with its ampli¬ 
tude-density function and vice versa. It implies that if either one is 
known the other can be determined. The right-hand side, for example, 
might represent the direct Fourier transform and in this case (10-18) would 
mean: 7(0 has CM for its direct Fourier transform. For example, 

7(0 cos wc£ = Af(0 =' 5 C(œ + wc). (10-19) 

Therefore, amplitude modulation may be regarded strictly as a frequency 
displacement effect (Fig. 10-4) in which the spectrum CM of the modu¬ 
lating wave is replaced by two similar spectra. Each component of these 
spectra has half the magnitude of the corresponding element of the original 
spectrum and is shifted up or down in frequency by an amount equal to 
the carrier frequency. 

If, before being modulated, the phase of the carrier is changed, the 
phases of all of the components of the modulated wave are changed by the 
same amount and in the same direction, viz., 

M(0 = 7(0 cos (uj. + ̂c) = e~'*cC^ + a>c) + g e’*cC(w — uc). (10-19a) 

Hence, there is no loss in generality in representing the original carrier by 
cos œci. 
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If (10-19) is demodulated by multiplying by cos ud, we have 

M(t) cos ud = D{t) = 5 C(w) + j C(u ± 2wc). (10-20) 

Thus, in the absence of distortion, a repetition of the modulating process 
applied to the modulated wave produces (Fig. 10-4) two results. One is 
the recovery of a spectrum proportional to the original spectrum of the 
modulating wave. The other is a pair of spectra each of whose components 
is one-fourth the magnitude of the corresponding component of the original 
spectrum and moved up or down in frequency by twice the carrier fre¬ 
quency. If the carrier frequency is high enough, the spectra are sufficiently 
separated so that the modulating wave can be recovered by filtering. 

Equation (10-20) ignored the received carrier. If this is represented by 
cos ud, after demodulation cos ud becomes cos2 ud, which is equal to 

5+5 cos 2wci. Thus, the transmitted carrier adds a d-c term to the fil-

tered output. 
Transmission Distortion. Assume for purposes of illustration that the 

various spectra of interest do not overlap or fold back. Let Cv = Svd*’ 
signify the value of the direct Fourier transform C(w), expressed as a 
function of the positive cyclic frequency. That is, Cv = C(2tt/„) = 
fS(27r/„)ii*(2’r/’) where f„ is restricted to positive values. Accordingly, 2C„ 
contributes a component, a differential component if the spectrum is con¬ 
tinuous, of the form 2SV cos fad + 4’J to the time function (9-12a) which 
becomes 

git) = 21 cos fad + 4>„) df. (10-21) 
Jfv\ 

Here it is implied that the significant frequency components of gif) are 
limited to positive frequencies ranging from fVt to That is to say, the 
spectra of like positive and negative frequencies contribute equally to each 
sinusoidal component in (10-21) and hence it is enough to double the con¬ 
tributions arising from the positive spectra. 

In order to treat the sidebands separately, we symbolically define 
C(wc + w„) = [<Sre'*,']c+c where w = wc + w„ restricts w, and where the sub¬ 
script, to be added when required for clarity, indicates the argument. Sim¬ 
ilarly, the spectrum of the lower sideband is represented symbolically by 
C(wc — uv) = [S,«-**']«-,, where w is defined by w = wc — w„. 

In terms of this symbolic notation we may write 

C, git)e~*“ dt, 

kVit) = 2CV, f>0, 

Uif) = COS Wei, 

(10-22) 

(10-23) 

(10-24) 
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so that 
M(Z) = UW [1 + kV(Q], (10-25) 

where 
Cls = [C*U (10-26) 

and 
Cus = [CJe+v. (10-27) 

Thus, 
= [l]c + Cls + Cus- (10-28) 

V (0 is modified by distortion which is represented by 

Y, = |F/|e*/ (10-29) 
so that 

R(Q = Yc + Cc+v + Cc_v (10-30) 
where 

C^ = CvYc+v (10-31) 
and 

Cc-„ = C*Yc_„. (10-32) 

In-Phase and Quadrature Spectra. The in-phase and quadrature com¬ 
ponents with respect to the received carrier constitute sideband compo¬ 
nents of quadrature carriers which, when superimposed, equal the received 
sidebands, viz., 

R(t) = [| FJ cos (<^ + + Vp(t) cos (uct + + Y sin (uct + ̂c)]. 
(10-33) 

In this case, 

and 

7,(0 = cjyj (10-34) 

(10-35) 

so that the corresponding in-phase and quadrature components of the 
spectra of the upper and lower sidebands are 

Cc±v = [Ce±J„ + [Cc±„]a (10-36) 
where 

[Cc±,]P = 5 cf Yc+V + F*_ vil +1 4 Y *+. + Fe J (10-37) 
Z L * c Jc4-V L 1 c Jc—v 

and 

[Cc±,]8 = kJFc+.-Fi_„^1 +k*r-FUvi + rcJ • (10-38) 
Z |_ I c Jc+v " L 1 c Jc—V 

By adding the right-hand members of (10-37) and (10-38), we verify that 
the eight sidebands combine to give the two received sidebands. 

Over-all Response. If a locally generated carrier 2 cos (ud + ̂c) is ap¬ 
plied to an ideal product demodulator along with the received wave as 
given by (10-30), the output after filtering, as implied by (10-33) and 
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(10-34) or by (10-17a), will be V„(t) = V^ï) + 72(0 plus a d-c term. 
Fi(0 is identified as the transmission and reception of the wanted signal 
over the upper sideband channel, and Vi(t) as the transmission and recep¬ 
tion of the same signal over the lower sideband channel. The spectra of 
Vi(0 and V2(0 are given by (10-34). The d-c term is due to the product 
of the two carriers and, in this instance, is numerically equal to |TC|. 
Suppose now the locally supplied carrier is shifted in phase 9 radians. 

Then, as previously explained, the d-c component and the in-phase com¬ 
ponent [Vi(0 + F2(0] are both multiplied by cosí, and the quadrature 
component (previously missing when the received signal was demodulated 
by multiplying by the in-phase carrier) is multiplied by minus sin 9. 
For purposes of illustration, assume the original modulating wave is 

represented as an ensemble of sinusoids, namely, 

V = S 2a„ cos (ú>„í + <ï>v) 

where a„, uv, and are functions of frequency. Ideally, the received sig¬ 
nal Vk would equal V. Actually, V« = HvV + LvV. In this equation 
HvV represents demodulation of the received ensemble of sinusoidal waves 
transmitted over the upper sideband channel; L„V, the result of demodulat¬ 
ing the ensemble of sinusoidal waves received over the lower channel, as¬ 
suming the locally supplied carrier is of the same frequency and phase as 
the received carrier. For example, Hv and Lv might be complex numbers 
that vary with frequency and represent complex operators of the familiar 
type. As the phase of the locally supplied carrier is varied, 

Vß = [d-c] cos 9 + cos 9{HV + L„) 22 COS (uvt + Fv) 
— sin 9(LV — 22 av sin (w„Z + 4>„). (10-39) 

This illustrates the source of the name for the in-phase and quadrature 
representation suggested by Nyquist (Ref. 47, Appendix 5, pp. 630-039). 
Note also that the component frequencies of the modulated wave are in¬ 
violate as regards Y/. 

Basically the frequencies were inviolate because the transmitter and re¬ 
ceiver were assumed not to be in relative motion. Were they moving 
toward or away from one another at an appreciable rate, the conditions 
would be different. In radio communication the Doppler effect could in¬ 
crease or decrease the frequency components of the received waves, and 
the duration of the received messages would be correspondingly shortened 
or lengthened. 

Square-Law Demodulators 
Essentially, a square-law demodulator is obtained by using a square¬ 

law modulator for demodulation. The square-law term is of the form 
i(t) = Ke2(f) and it will be convenient to ignore K. When nonlinearity is 
involved and new frequency components are generated, it becomes neces-
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sary to use appropriate time-function representations; whereas when a 
wave is modified by transmission, it is handy to use spectra. 
The modulated wave is assumed to have been distorted by transmission 

and for purposes of analysis will be expressed in terms of its in-phase and 
quadrature components, viz., 

Rtf) = [Ec cos C + Vptf) cos C + 7g(7) sin C] (10-40) 

where C is identified with ĉt + <7), and 7P and 7g have their previous 
meaning. Thus, 

0(0 = [Oc cos C + 7p(i) cos C + 7,(0 sin C]2
7? 2 7? 2 1 1 1 

= cos 2C + + 5 cos 2^ + 5 ¿ ¿i 

~ 5 7,2 cos 2C + EeVptf) + EeVptf) cos 2C + ECV qtf) sin 2C 

+ Fp(í)78(í) sin 2C (10-41) 

which, after filtering, leaves 

EcVptf) + I Vp^t) + i Vq\t\ (10-41a) 

assuming a sufficiently high carrier frequency and ignoring the zero fre¬ 
quency component. 
The first term of (10-41a) is the desired signal, and the other two terms 

represent unwanted distortion. The two distortion terms yield a plurality 
of like frequency components, but ordinarily the contributions due to the 
quadrature products can be ignored. In this case, 2EC/Vptf) is the ratio 
of wanted signal to distortion. To make this ratio large we limit the per¬ 
centage modulation. It is significant to note that the distortion is a con¬ 
tinuous function of the percentage modulation. 
With 100 per cent modulation, the peak distortion equals half the peak 

signal. A figure of one-fourth is sometimes quoted. This arises if the 
modulating wave is a single sinusoid and the d-c component of the distor¬ 
tion is disregarded. This, of course, is not generally valid when the modu¬ 
lating wave is complex. 
By adding a synchronized local carrier of the proper phase, its amplitude 

can be made as large as the nonlinear element will tolerate, regardless of 
the value of the received carrier. By this means distortion introduced by 
this type of demodulator can be substantially reduced at the expense of 
complicating the receiver. Such an arrangement is known as an “en¬ 
hanced carrier” receiver. 

Rectifier Demodulator 
This is a case of using a rectifier-type of modulator as a detector. As 

before, we will assume an ideal linear rectifier in series with a resistance R. 
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A generalized load impedance would lead to different results. To treat 
the simpler circuit, rewrite (10-40) in the form 

Ä(0 = Ve? + 2EcVp{t) + VW + U?(i) cos (C - (10-42) 
where 

* = tan"1Â + ̂ œ’ 
The function under the radical is always positive. Angle modulation 

will not be contributed by the in-phase component if the quadrature com¬ 
ponent is zero. Therefore, if Y(a>) has the necessary symmetry around 
or if the quadrature component is unimportant for other reasons, 

ß(i) -> [Ec + V„(0] cos C. 

Under these circumstances, the desired result can be obtained by multi¬ 
plying R(f)/R = gR(f) by a unit sampling function that is positive when 
the carrier is positive. Since the quadrature component is being ignored, 
represent R(t) by Ec[l + ] cos mJ. Then, 

sin mir 

D(f) = Ec cos «<¿[1 + AUp(t)] È- -- cos muj (10-43) J - « mir 
T 

which after filtering becomes Ec ? [1 + kVP(t)]. If the modulation is 

greater than one hundred per cent, additional reversals are introduced by 
the rectifier, and the filtered output is much the same as though the de¬ 
sired output kVp(t) were passed through a balanced rectifier. 

Complete modulation is significant inasmuch as, with the assumptions 
made, no distortion is introduced until this point is reached. Enhanced 
carrier operation is particularly useful with this type of demodulator since, 
by its use, distortion due to overmodulation can be substantially eliminated 
with appropriate circuits. 

Envelope Detector 
So-called envelope detection is another way of using a rectifier as a de¬ 

modulator. Envelope detection is only possible when the frequency of 
the carrier is a great deal higher than the highest significant frequency 
of the modulating wave. In an envelope detector, the load resistance 
is shunted by a capacitor the reactance of which at the carrier frequency is 
negligible compared to the resistance of the load. The capacitor acts to in¬ 
crease greatly the peaks of current, to store the resulting charge, and to 
allow it to leak off slowly during that portion of the carrier cycle that the 
rectifier is nonconducting. As a result, the voltage across the capacitor 
builds up to the peak of each carrier cycle and thus represents a good 
approximation to the envelope of the modulated wave. 
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Detailed analysis of the current wave that flows, or of the spectrum of 
the voltage across the load resistance, tends to get tedious and not to 
produce results in an interesting form. Results sufficient for most pur¬ 
poses materialize by merely noting that, as long as the applied wave is 
such that some current flows in each carrier cycle, then the voltage across 
'he load resistance must pass through one point of the envelope for each 
carrier cycle. Accordingly we deduce from the sampling principle that 
any components of the output wave that differ significantly from corre¬ 
sponding components of the envelope must fall within or exceed the 
frequency range of the lower sideband of the carrier. Since the load is 
essentially short-circuited at the carrier frequency, and since the impedance 
of the capacitor is inversely proportional to frequency, it will be very low 
for any such distortion components and they will be negligible. 
The problem becomes one of specifying the conditions that insure some 

current flow in the rectifier during each carrier cycle. Because of the in¬ 
herent characteristics of a rectifier, the total instantaneous current enter¬ 
ing the RC combination must be positive. In terms of our previous nota¬ 
tion, if the voltage across the RC combination is assumed to equal the 
envelope of the modulated wave, the current is given by 

t + + >0 

or Ec > VM + RC y„(i), (10-44) 

provided the quadrature component can be ignored. 
For example, if Fp(í) = V cos uvt, we must have 

Ec > V cos wct — RCVuv sin uvt 

for all values of t which, in turn, requires that 

Ec > yVi + MW 

and leads to the familiar result that the peak modulation factor must be 
less than the right member of 

J- = |ty(i)|p < z 1 (10-45) 
Ec vl + 1MW 
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Problems 

1. Show that cos* z = 2* cos (k — 2T)x where k is any positive integer. 

2. Evaluate I [A(w) sin ut + B(w) cos wZ] du where A(u) and —B(u) are the J -X 
real and imaginary parts of the direct Fourier transform of a real function of a 
real variable. 

3. 

4. 

Show that a pair of equal positive and negative values of w in cas ut corre¬ 
sponds to a pair of components that vary as the sine and cosine respectively 
of the same angle. 

If git) = de L for t > 0 and equals zero for all negative values of t, show that 

C(u), the direct Fourier transform of g(t), is given by C(u) = / ._— 
K + iLu 

5. Given C(u) = — ,—5—, obtain the inverse Fourier transform, gil), by évalu¬ 
ât d- iLu J 

ating by contour integration the infinite integral — I C(w)e'"' du. 2tt J 
ex 

6. If CAu) = I kVifíe-““ dt is the complex amplitude-density spectrum of kV(t), 
express the complex amplitude-density spectrum of kV(t) sin uct in terms of 
C„(w ± uA-

7. A receiving system is arranged as follows: 

Band filter 1 transmits unchanged, except for delay, all frequency components 
between 500 and 1,500 kilocycles per second. Band filter 2 similarly transmits 
freely and without distortion all frequency components in a band 10 kilocycles 
per second wide and effectively suppresses all others. The input wave is a 
series of amplitude-modulated carriers spaced 10 kilocycles per second apart 
between 500 and 1,500 kilocycles per second. Each channel transmits the 
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carrier and both sidebands. The variable oscillator covers a continuous band 
of frequencies. 
(a) What is the range of permissible values of the mid-band frequency of band 

filter 2 in order that any desired channel may be selected by varying the 
frequency of the variable frequency oscillator? Assume ideal filter's, a 
perfect product modulator, and a perfect envelope detector. 

(b) For any chosen position setting of mid-band frequency of band filter 2 
within the permissible range defined by (a) : What is the required range of 
frequencies of the variable oscillator in order that any channel passed by 
band filter 2 may be selected? 

8. What is the complex amplitude-density spectrum of a pulse the magnitude of 
which is unity from t = — i0/2 to I = fo/2 and zero for all other times? Ex¬ 
press the transform as a function of f/fo where Jo = 1/to. 

9. The two Fourier integrals are usually written in the form 

g(() CW&'df and C(œ) = dt 

so that upon combining the two integrals, we have 

(KO = f f e^'-^gW dX df. J-xJ-x 
Prove Fourier’s fundamental discovery that the two functions in the Fourier 
integral representation may be transposed, provided the sign of one of the pa¬ 
rameters is reversed, that is, 

o(-0 = P C^e-^'df and C(-w) = F dt. J x J — X 

10. What are the in-phase and quadrature components of 

Ei cos [(We + wt)i + 0i] and Ei cos ((œc — o,)! + 02] 

with respect to Ec cos coj? 
Ar 

11. If R(0 = Ec cos (w<¿ + $0 + L avj cos [(ojc + + i«,] 
r-i 

AT + 22 ku: COS — + $">]> 
J-l 

what are the in-phase and quadrature time functions of R(t) with respect to 
sin Wet? 

12. On pages 13 and 14 of Reference 46 are listed twenty-one elementary properties 
of Fourier transforms. As typical illustrations show that: If gif) is real and 
its direct Fourier transform is pure imaginary or vice versa, then both are 
odd. If both are real, both are even. If one is even and real, both are even 
and real. If one is odd and real, the other is odd and pure imaginary and vice 
versa. If one is real, the other has conjugate values for opposite values of its 
parameter and conversely. 

1 _ 7? //to 
13. If 0(0 = yt f>0, and 0(0 = 0 for t <0, then C(œ) — ^2^2 Ä2-|-L2w2

Specify by inspection and verify by integration, two formulas for two time 

functions the complex amplitude-density functions of which are - „ 

and -t D. f'“ —, respectively. 
R2 + L2u2



CHAPTER 11 

AMPLITUDE-MODULATION SYSTEMS 

The transmission properties of different systems of amplitude modula¬ 
tion are usually different. In considering these differences, it will be as¬ 
sumed that the terminals are not in relative motion and that there is no 
change in frequency introduced by variations in the transmission path. 

CARRIER AND BOTH SIDEBANDS 

The oldest and best-known type of system transmits the carrier and both 
sidebands. This often makes for maximum simplicity and economy, par¬ 
ticularly at low power outputs. 
With a system of this type, the ratio of average carrier power to average 

power in both sidebands equals the ratio of peak to average power in the 
modulating wave. Examples were cited (Chap. 9) to show that this ratio 
may and does reach extremely high values for familiar kinds of modulating 
waves. When, under these conditions, it is necessary to transmit the car¬ 
rier and both sidebands at high power, there is no recourse but to place 
the emphasis on high-efficiency, high-power systems. Systems in this 
category were discussed in Chapter 10. 
However, in many fields and for many types of communication networks 

these factors do not dominate. For such applications various systems have 
been devised with the object of reducing the carrier or saving band width, 
or both. 

REDUCED CARRIER 

Reduced carrier has the obvious disadvantage that most types of demod¬ 
ulators produce serious distortion if the modulation is allowed to exceed 
one hundred per cent. Some types do so even for much lower percentages. 
As mentioned in Chapter 10, this effect can be minimized or even elimi¬ 

nated by the process of enhancing the carrier at the receiving end. Con¬ 
sequently, it is only necessary to transmit enough carrier so that, at the 
receiver, the carrier can be selected and utilized to control the frequency 
and phase of a strong, locally generated carrier. Accordingly, the problem 
of transmitting the carrier essentially reduces to one of economics. 

In point-to-point communications, where there is one transmitter for 

168 
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each receiver, substantial complication in the receiving equipment can be 
justified, provided it leads to large enough savings in expensive, high-power 
transmitting equipment. On the other hand, for a broadcast system with 
its many receivers for each transmitter, the economic argument is reversed. 

SINGLE SIDEBAND 

The essential function of a single-sideband system is to translate the 
spectrum of the modulating wave, with or without inversion, to a new loca¬ 
tion in the frequency domain. By the transmission of only a single side¬ 
band, band-width occupancy is halved. This accounts (Refs. 1 to 7)* for 
the popularity of such systems. Its principal field of application is where 
band width is at a premium. 
Compared with double-sideband systems, a single-sideband system has 

the additional advantage that changes in carrier phase at the demodulator 
affect the phases but not the amplitudes of the spectral components of the 
recovered signal. For some applications this would be a disadvantage be¬ 
cause changes in the phase of the demodulator carrier would alter the wave 
form of the recovered signal. In monaural telephone systems and systems 
for the high-quality reproduction of music, certain types of phase distor¬ 
tion may be ignored. Such distortion is only noticeable when it tends to 
spread in time the components of sharp sounds. Then the plosives in 
speech are dulled, and the percussion sounds of music lack crispness. 

In multichannel, single-sideband, carrier-suppression systems, a common 
practice in both open-wire and cable carrier applications has been to gen¬ 
erate the modulator and demodulator carriers locally with independent 
oscillators. Although these oscillators are very stable, they are not syn¬ 
chronized. Lack of synchronization produces a slight shift in the fre¬ 
quency of each spectral component but has little effect on the envelope of 
the derived modulating wave. These effects can be tolerated because, in 
ordinary telephony, phase and exact frequency relationships are relatively 
unimportant. On the other hand, the relation between the amplitudes 
of the various frequency components of the modulating wave constitutes 
much of the signal information. This relationship, therefore, is extremely 
important and must be substantially unchanged by the processes of modu¬ 
lation, transmission, and demodulation. 

Methods of Generating Single Sideband 

The better-known methods of generating a single sideband fall into two 
general classes which will be termed “frequency discrimination” and 
“phase discrimination.” 

* The references cited are listed at the end of each chapter according to the number 
used in the text. 
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Frequency Discrimination. Frequency-discrimination methods may be 
applied when the band of significant frequencies in the modulating wave 
is restricted and when the frequency of the carrier is appropriately related 
to that band. Under these conditions the desired sideband will appear in 
a nonoverlapping interval in the spectrum so that it may be selected by an 
appropriately chosen filter. Thus, a single-sideband modulator consists 
basically of a suitable amplitude modulator followed by a filter capable of 
passing the desired sideband and attenuating all other components suffi¬ 
ciently to meet the requirements of the system. 
The most severe requirement usually stems from the unwanted sideband 

the nearest component of which is separated from the wanted sideband by 
twice the lowest frequency of the modulating wave. This means a sepa¬ 
ration of only 400 cycles per second in ordinary telephony, and only 40 
cycles per second if the modulating wave comes from a high-quality pro¬ 
gram channel. 
The latter in particular constitutes a very stringent requirement. It is 

often necessary in practical systems to resort to a multiple-modulation 
process in which the first carrier frequency is so chosen as to place a prac¬ 
tical type of highly discriminating filter in its optimum frequency range. 
The output of this filter goes to a second modulator supplied with a carrier 
frequency that is so chosen as to place the selected sideband in the desired 
interval for transmission over the medium. By this process, the separa¬ 
tion between the wanted and unwanted sidebands at the final filter can be 
increased from tens or hundreds of cycles to thousands of cycles per second. 
A good example of such a system is a typical twelve-channel terminal of 

the type described in Reference 1. The frequency allocation, both for the 
original modulation and the spectrum applied to the line, is shown in 
Fig. 11-1. The original carrier frequencies range from 64 to 108 kilocycles 
per second because within this range crystal filters of the necessary dis¬ 
crimination can be built economically. The final carrier frequencies were 
fixed by the crosstalk and attenuation characteristics of the high-frequency 
medium. Figure 11-2 is a block diagram of a twelve-channel, cable-carrier 
terminal of this type. 
The ability of a single-sideband modulator to shift a signal from one 

frequency band to another is of fundamental importance. For example, 
with appropriate changes in the group modulator, the above-mentioned, 
twelve-channel, cable-carrier terminal has also been used for open-wire 
carrier systems. Moreover, it is currently used (Ref. 2) as a basic building 
block to form more complex terminals, each capable of applying large 
numbers of channels to a single coaxial cable. 

Phase Discrimination. This method of producing a single sideband was 
suggested by Hartley (Ref. 8) many years ago. Hartley’s suggestion in 
effect envisions the application of equal parts of 2V(t), the modulating 
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wave, to product-modulators. In the first, V(t) is caused to modulate 
coso></. In the second, the phase of each component of 7(0 is retarded 
90 degrees and caused to modulate sin wct. The outputs of the two modu¬ 
lators are superimposed, with the result that their sum is the lower side¬ 
band only. If the sign of the second carrier is reversed, only the upper 
sideband is produced. 

Fig. 11-1 Frequency allocation used in a twelve-channel, carrier telephone terminal 

To explain the method of operation, consider the product [7(0 coswcZ] 
which is equal to the sum of equal upper and lower sidebands around the 
carrier, cos uct. We recall that, if the phase of the carrier is advanced by 
an amount i, the phase of all components of both sidebands advances 
by T. Similarly, if the phase of each component of 7(0 is advanced 0, the 
phase of each component of the upper sideband is advanced 0 and the 
phase of each component of the lower sideband is retarded by 0. 
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Fig. 11-2 Block diagram of a twelve-channel, carrier telephone terminal 

Therefore, with reference to the phases in the output of the first modu¬ 
lator, if the components of the modulating wave and carrier associated 
with the second modulator are each retarded or each advanced 90 degrees, 
the phases of all components of the upper sideband are changed 180 de¬ 
grees, whereas the phases of all components of the lower sideband are un¬ 
altered. Similarly, if the components of the modulating wave are advanced 
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and the carrier retarded by 90 degrees or vice versa, the phases of all lower 
sideband components are reversed and those of the upper sideband are 
unchanged. 

In terms of our previous terminology, the in-phase spectrum of the side¬ 
bands is even and symmetrical about the carrier frequency. Similarly, 
the quadrature spectrum is odd and antisymmetrical. Thus, their super¬ 
position in equal amounts eliminates one of the sidebands. 

In practice, to produce a single sideband in this manner, part of the 
modulating wave (Fig. 11-3) goes directly to a modulator. An equal part 

Fig. 11-3 Block diagram of a phase-discrimination, single-sideband modulator 

is applied to a second modulator through an all-pass network having a 
constant phase-shift of 90 degrees over the band of frequencies in which 
the modulating wave has significant components. Carrier waves are ap¬ 
plied to the two modulators in quadrature. The outputs of the two modu¬ 
lators are added or subtracted, depending on whether a lower or upper 
sideband is wanted. For a carrier suppression system, the modulators 
would be balanced. 
Such a system does not require high degrees of discrimination over 

narrow-frequency intervals at high frequencies. It does, as originally pro¬ 
posed, require a network having a constant phase shift of 90 degrees and 
constant loss over the frequency range of the modulating wave. To ap¬ 
proximate the desired result physically (Refs. 9 and 10), the modulating 
wave is passed through two networks having phase shifts that differ by 
90 degrees over the frequency range of interest while the attenuation dif¬ 
ference is substantially constant. Obviously, single-sideband demodula¬ 
tors (Refs. 11 and 12) can be obtained by the application of these same 
principles. 
A high-quality 15-kilocycle-per-second program channel recently devel¬ 

oped (Ref. 13) affords an example of such a system. In this case uniform 
transmission was desired for audio frequencies as low as 20 cycles per sec¬ 
ond. Thus, whereas the separation of the unwanted and wanted sidebands 
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is only 40 cycles per second, a high degree of suppression of the unwanted 
sideband was required in order to prevent interference with other channels 
on the same system and vice versa. In this instance it proved more eco¬ 
nomical to produce the necessary phase-shifting networks than to build 
conventional filters. 
With ordinary filters the discrimination can be increased by increasing 

the number of sections. With phase-shifting networks, the suppression of 
the unwanted sideband is limited by unavoidable variations in the net¬ 
works, et cetera. Reference 14 illustrates a scheme for cascading 90-
degree, phase-shift networks whereby in two steps, for example, the decibel 
discrimination is doubled, other factors being equal. 

Limitations of Single-Sideband Systems 

Low-Frequency Limit. As the lowest significant frequency of the modu¬ 
lating wave is reduced, it becomes increasingly difficult by either method 
to suppress the adjacent portion of the unwanted sideband. Obviously it 
is not possible to generate a single sideband when the spectrum of the mod¬ 
ulating wave includes significant components to and including zero fre¬ 
quency. There must always be some lower limit to the frequency of the 
modulating wave if the system is to operate properly. The exact location 
of this limit will depend upon practical considerations, but for either gen¬ 
erating method it must always exist and must always be greater than zero. 

Delay Limit. Not so obvious is the delay inherent to the production of 
a single sideband. In a practical system this delay may be important. 
This is especially true when the signal is demodulated and remodulated in 
each link of a multilink system. 

In a frequency-discrimination system it is possible to make a plausible 
estimate of the order of magnitude of this delay. The phase shift through 
any filter section changes at least 90 degrees in crossing the band from the 
lower cutoff frequency to the upper cutoff. Therefore, the average delay 
per section is at least 

r, = NT— - 7 seconds per section. (H~l) 
4(^2 — 0)1) 

Furthermore, the discrimination between a frequency within the band and 
one a given distance outside the band is approximately inversely propor¬ 
tional to the ratio of the band width of the filter to the distance from the 
outside frequency to cutoff. Thus, for a specified discrimination between 
the wanted and unwanted sidebands, the number of sections n must be 
proportional to this ratio. Multiplying this number of sections by the 
average delay per section gives 

T ‘ ~ Ä 2^ 2(w2 - wi) 8/1 ( )
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where and are the highest and lowest modulating frequencies and K 
2tt 2tt 

is a constant determined by the required suppression of the unwanted side¬ 
band. When 2wi » «2 — «i, K takes on its lowest value, which is unity. 
As on decreases or w2 — wi increases, K increases so that certainly the delay 
will be at least l/8/i. 

Correspondingly, in a phase-discrimination system where 90-degree 
phase difference in the modulating waves applied to the two modulators 
is realized by the methods described in Reference 10, as fi becomes low 
enough and successively takes on lower and lower values; more and more 
sections have to be added and therefore more and more delay is added by 
the phase-shifting networks. By following this particular instrumenta¬ 
tion, the delay will be no less than the 1/8/i discussed above. 

VESTIGIAL SIDEBAND 

As a means of reducing delay and easing network requirements, Nyquist 
(Refs. 15 and 1G) made the suggestion that, when the modulating wave con¬ 
tains significant components at extremely low frequencies, it is not neces¬ 
sary to suppress the unwanted sideband completely, but merely to attenuate 
it. If the shape of the characteristic T(w), which modifies the two side¬ 
bands represented by [£V(/) cos w</], satisfies certain requirements and if 
the demodulator is of the product type, the modulating wave will be re¬ 
covered without distortion. The result is a vestigial-sideband system. 
Such systems are similar to single-sideband systems, except in a restricted 
region around the carrier frequency. Here a residual portion of both the 
wanted and unwanted sidebands is transmitted in such proportions that 
the required filters can be physically realized and the desired output ob¬ 
tained from the system. Clearly, the delay limitation inherent to this 
type of system is not likely to be serious. 

If Yf is the over-all admittance transfer factor, from equations (10-33) 
and (10-34), it follows that the foregoing requirement for a vestigial-side-
band system is 

Cjrj = K\f¿ (11-3) 

where K, and 0 are independent of fv, where Yc±v is the complex admit¬ 
tance transfer factor at the cyclic frequencies fe + /„ and /c — fv, respec¬ 
tively, and where Cv is defined on page 158 of Chapter 10. Reference 17 
should be consulted for a detailed analysis of the transmission features of 
asymmetric-sideband networks. 

In television systems where vestigial sidebands are most frequently en¬ 
countered, product demodulators are not employed, principally for eco-
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nomic reasons. Instead, envelope detectors are used. It is, therefore, of 
interest to consider the distortion introduced by an envelope detector. 
The action of an envelope detector produces an output proportional to 

the envelope of the applied wave, provided the restrictions mentioned in 
Chapter 10 are met. The input wave (Chap. 10) may be written as pro¬ 
portional to 

RW = [Ec + yp(/)] cos («„i + iAc) + U/0 sin (uj + 

= cosLi + & - tan-2 7 J- (11^) 

Since angle modulation does not affect the envelope, the output of the en¬ 
velope detector is closely proportional to 

Distortion is contributed by the quadrature component and can be re¬ 
duced by reducing the percentage modulation. The magnitude of Vq(t) 
can also be controlled by changing the width of the vestigial sideband. If 
the vestigial sideband is increased to the width of a full sideband, the re¬ 
ceived wave becomes a symmetrical double-sideband wave with the result 
that UP(C = kV(t), and Vq(f) vanishes. Hence, the wider the vestigial 
sideband, the smaller Vq(t). Both methods of reducing the distortion are 
used. 

In standard television broadcasting, power is at a premium and fre-
quency space is scarce. The vestigial sideband has a width of about 0.75 
megacycle per second, or about one-sixth of a full sideband. This has 
been determined empirically as the width of vestigial sideband required to 
keep the distortion within tolerable limits when the carrier is nearly one 
hundred per cent modulated. 

DAY’S SYSTEM 

The purpose of using single sideband is to conserve frequency space. 
This may be accomplished equally well if in some manner we can super¬ 
pose two modulating waves in the same portion of the spectrum and still 
recover the individual modulating waves. 
A method of accomplishing this saving in frequency space was proposed 

by A. V. T. Day (Ref. 18) and R. V. L. Hartley independently and at 
about the same time. Use is made of quadrature carriers. Each carrier 
is amplitude-modulated by a separate and different modulating wave. 
The two modulated waves are added and applied to the transmitting 
medium. At the receiver, the transmitted wave is applied to a pair of 
product demodulators. Each demodulator is supplied with a carrier in 
phase with the corresponding component of the received carrier. 
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If we assume an ideal transmitting medium, the received wave can be 
represented by 

R(t) = 5/2 cos + Vi(t) cos wj. + Vs(t) sin uct (11-6) 

where ¥1(0 and ¥2(0 are the two modulating waves. 
When this wave is applied to two product demodulators supplied with 

carrier waves Ec cos wj. and Ec sin wj,, respectively, the corresponding out¬ 
puts after filtering will be 

ÛW = I &[1 + ̂ (0] 

and ¿2(0 = J^[l + V2W]. (11-7) 

Thus, the two different modulating waves are recovered without crosstalk 
and distortion, thereby permitting full use of the information-carrying 
capacity of the occupied portion of the medium. 

In principle this would permit full utilization of the available frequency 
space. In practice the situation is not so favorable. For example, it was 
assumed that the local carriers were of the right phase. Suppose they had 
been in error by an amount T. For either channel, the desired signal rep¬ 
resents an in-phase component and the unwanted signal appears as a 
quadrature component. Therefore (Chap. 10, p. 160), the desired signal 
is multiplied by cos $ and the unwanted signal by sin The ratio of 
crosstalk to signal is tan <1>. This is expressed in decibels as a function of 
$ in Fig. 11-4. If a crosstalk-to-signal ratio of 60 decibels is required, 

Fig. 11-4 Crosstalk as a function of the error in carrier phase for a quadrature¬ 
modulation system 
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which is not unusual, the phase of each local carrier must be maintained 
to within 1/20 degree of its desired value. 
Although "his represents a very stringent requirement, it presumably 

could be satisfied, given a suitable transmitting medium and the absence 
of instrumentation cost as a controlling factor. However, this is not the 
only factor. The two sidebands of each modulated wave will be slightly 
distorted as a result of transmission imperfections, and the resultant quad¬ 
rature components (Chap. 10) will appear as interchannel crosstalk. To 
suppress these unwanted components to the extent implied by a 60-decibel 
crosstalk requirement would be difficult, except with an unusually favor¬ 
able medium. 

Conditions are more favorable for the transmission of binary digits. In 
this case the total of all interference can be just short of the magnitude of 
the wanted signal. Consequently the requirements are relaxed and the 
problems of instrumentation are reasonably straight forward. Such a sys¬ 
tem has the advantage of passing very low modulating frequencies, even 
including zero if appropriately organized. 
The Day system is an example of what is commonly known as phase¬ 

discrimination multiplexing. The method, as pointed out in Chapter 5, 
is not limited to two channels but may include any number. Moreover, 
it is interesting to note that the two channels are not separated in either 
frequency or time. Each modulating wave may utilize all of the frequency 
range all of the time. Furthermore, each modulating wave may or may 
not be quantized. 
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Problems 

1. If B(0 = Si cos [(wc + + 0i] +S2 cos ](o>c — uT)t + 02], express R(t) as the 
sum of two pairs of sidebands, one pair symmetrical, the other antisymmetrical. 

2. Let p(t) be the response of a network to a unit impulse centered at t = 0, and 
let C(ai) be its complex amplitude-density spectrum. Show that, if git) is 
even, the network introduces no phase shift. Show that, if the response is 
git — t) where git) is even, the phase shift is proportional to frequency and 
equals — wr. 

3. If git), the response of a network to an impulse, is odd, show that the network 

introduces a phase shift equal to ± - ± nir at all frequencies. Show that, if 

the response is git — r) where g(t) is odd, the phase shift introduced by the 

network is given by —ur i ? i nir. 

4. Assume that a filter transmits freely all frequencies 0 < f < B, fails to transmit 
higher frequencies, and introduces a constant phase shift of t/2. By integra¬ 
tion derive an expression, git), for the response to a unit impulse. For what 
values of t is git) zero? 

5. Random binary digits having a wave form given by + are generated 

at the rate of B per second* are perturbed by resistance noise, and are then 
applied to a pair of idealized iow-pass filters. Each filter transmits 0 f B 
without loss and fails to pass higher frequencies. The phase shift introduced 
by the first filter is —o>ti and by the second, — — tt/2. The delays designated 
Ti and r2 are arbitrary and can be varied. 
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The output of the first filter is sampled briefly B times a second at regular 
intervals; and, by sampling at the right times, intersymbol interference is zero. 
The samples are the wanted digits perturbed by noise. By similarly sampling 
the output of the second filter at the right times, the samples are essentially 
samples of noise only. Can this result be used to improve signal-to-noise ratio? 

6. If two channels are multiplexed by phase discrimination as in the Day system, 
is it possible and, if so, what are the necessary and sufficient conditions for each 
channel to be able to transmit and recover without interchannel interference 
its own arbitrarily chosen zero frequency component? Assume an ideal trans¬ 
mitter and a distortionless medium. 

7. Vi(0 and V2(t) represent arbitrary and independent band-limited modulating 
waves. Tire significant cyclic frequencies of each are restricted to 0 < / < /2. 
Assume Si(t) and S2(t) exist and represent the upper sideband of Vi(t) and the 
lower sideband of F2(i) respectively about cos wct. For convenience assume 

8. 

9. 

10. 

11. 

77 » fa- Assume that Ac cos wci is generated and available. 

Given S.(t) and S2(i) : by the use of phase discrimination and without the use 
of any electrical filter, show how to divide the frequency band at the carrier 
frequency, delete one of the channels, and separately recover FiG) and VAt). 
In problem 7 assume and S2(i) are embedded in resistance noise. Assume 
that phase shifting networks are utilized which, instead of introducing tf/2, 
introduce a constant phase shift across the band of radians. Assume 

<Ktt/2. Express the derived signal-to-noise ratio at the output of each 
channel as a function of 
Diagram a bilateral modulator consisting of a low-pass filter followed by a 
modulator followed by a band filter, and having the following properties: When 
voice frequencies are applied to the low-pass filter, upper and lower sidebands 
appear in the band-filter output and vice versa. The voice-frequency imped¬ 
ance depends on the impedance termination of the band filter at sideband fre¬ 
quencies and vice versa. Transmission losses are minimized. All impedances 
are matched. Carrier is transmitted as well as supplied to the modulator. 
This terminal will be referred to as the “master” terminal. 
At the other end of a short distortionless line is a “slave” terminal that 

requires nc power supply. At the unattended slave terminal, equipment is the 
same as at the master terminal except for the absence of carrier supply. When 
the carrier and both sidebands are received from the master terminal, voice 
frequencies are delivered at the output of the low-pass filter. The system is a 
two-way system. In the bilateral modulator at the slave terminal, voice fre¬ 
quencies modulate the received carrier to produce the two sidebands which are 
transmitted back to the master terminal with a finite velocity. 

Question: What special precaution has to be taken in order to realize maxi¬ 
mum demodulated signal at the master terminal? 
The essential frequency components of a modulating wave, V(t), are restricted 
to 0 < f < B. What is the lowest carrier frequency in order that each com¬ 
ponent of F(t) cos wct will be uniquely determined by F(t)? 
As a function of time, write two equations for the two envelopes of 
Ac[l + fcV(i)] cos (wJ + $f). 
Show that at successive intervals of time each envelope just touches the 

modulated wave; that is, for each envelope enumerate these common points 
and verify that at each point of contact, the envelope and modulating wave 
have the same slope. 



CHAPTER 12 

FREQUENCY MODULATION 

Frequency modulation, a particular form of angle modulation, is an¬ 
other well-known way of modulating a sinusoidal carrier. Its chief point 
of superiority over amplitude modulation lies in its ability to exchange 
band-width occupancy in the transmission medium for improved noise 
performance. John R. Carson (Ref. 1)* was the first to analyze the fre¬ 
quency-modulation process and to disclose the wide band involved. E. H. 
Armstrong (Ref. 2) was the first to have a real appreciation of the noise-
i educing properties of frequency modulation. 

Historically, frequency modulation is old. Sometimes it has seemed 
hard to avoid. In the 1870’s a system of two-tone telegraphy was devised 
wherein one frequency was employed for mark and a different frequency 
for space. Years later, difficulties in modulating the amplitude of a Poul¬ 
sen arc generator made frequency modulation a welcome substitute. 
J. C. Chaffee was led to his initial contributions in the general field of 
frequency modulation (Ref. 3) by difficulties in maintaining a constant 
frequency which he encountered in his efforts to amplitude-modulate high-
frequency oscillators. 

It will be shown later that, under certain conditions, the signal-to-noise 
ratio improves 6 decibels for each two-to-one increase in band-width occu¬ 
pancy. Frequency modulation also exhibits a so-called “channel grabbing” 
characteristic. If two signals in the same frequency band are available 
at the receiver, the one appearing at the higher level is accepted to the 
near exclusion of the other. Due to this characteristic, the area between 
radio transmitters where crosstalk is excessive, is much less than in the 
amplitude-modulation case. Frequency modulation also allows transmit¬ 
ting tubes to be operated at maximum power without the penalties asso¬ 
ciated with ordinary nonlinearities. Since the power output is usually 
independent of the modulating wave, this results in a high-efficiency trans¬ 
mitter. 

Against these advantages there are, as might be expected, certain dis¬ 
advantages. A wide frequency band in the transmitting medium is re-

* The references cited are listed at the end of each chapter according to the number 
used in the text. 

181 



182 MODULATION THEORY 

quired in order to obtain the advantages of reduced noise and increased 
area of coverage. A frequency-modulation system is more complicated 
than a double-sideband, amplitude-modulation system. Although fre¬ 
quency-modulation systems are tolerant to certain types of nonlinearity, 
it is necessary to give special attention to the phase characteristics. 

ANGLE MODULATION 

In angle modulation, the angle of a sinusoidal carrier is the parameter 
subject to variation by the modulating wave. Thus, in the expression 

M(f) = Accos0(Z) (12-1) 

0(f) is the argument that is caused to vary. In keeping with this general¬ 
ized definition of angle modulation, the variation of the argument 0(/) may 
be related to the modulating wave in any predetermined unique manner. 
Only a relatively few simple forms of the many possible general forms of 
angle modulation are of practical importance. Two practical forms are 
phase modulation and frequency modulation. As pointed out in Chap¬ 
ter 3, phase modulation and frequency modulation are not essentially 
different. 

GENERAL CONCEPTS AND DEFINITIONS 

Before entering upon an introductory treatment of frequency modula¬ 
tion, a few words of caution and some additional definitions are in order. 
For example, the well-known methods of elementary alternating-current 
theory in which cos mt is replaced by e"' are no longer applicable when fre¬ 
quency is a function of time. Certain vector ideas resulting from the usual 
representation of complex numbers have their place, and where these ideas 
are helpful, they will be used. This usage of the term “vector,” although 
in accordance with common engineering practice, should not be confused 
with the customary mathematical meaning of the term. Also, as will be 
indicated later, superposition is not applicable except under restricted con¬ 
ditions, and then only approximately. Other cautions will be mentioned 
as the treatment proceeds. For a more exact analysis of many of the 
problems, References 4 to 19 should be consulted. 

Before defining particular forms of angle modulation, consider the famil¬ 
iar situation where, in (12-1), 0(f) = mJ + 'C and mc and 4>c are constants. 
Now apply Carson’s definition of instantaneous radian frequency (given 
in Chapter 3), that is, the time rate of change of the phase angle 0(f). The 
expected result follows, namely, that the instantaneous radian frequency 
is the constant mc. The constant 4>c is merely an initial phase angle. This 
simple wave, Ae cos (mJ + ic) will be referred to as the unmodulated sinus¬ 
oidal carrier. Our concern will be with modifications of this carrier that 
yield phase and frequency modulation. 
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Phase modulation is that form of angle modulation in which the linearly 
increasing phase of the unmodulated carrier, wct + 4>c, has added to it a 
time-varying phase angle that is proportional to the applied modulating 
wave. 

Frequency modulation is that form of angle modulation in which the in¬ 

stantaneous radian frequency 0(¿) is equal to the constant radian fre¬ 

quency of the carrier, uc, plus a time-varying component that is proportional 
to the applied modulating wave. 

It is important to note that with either phase or frequency modulation, 
the time-varying component proportional to the applied wave may be a 
function of the frequency of the modulating wave. For convenient refer¬ 
ence we repeat the following definitions given in Chapter 3 : phase deviation 
is the peak difference between the instantaneous angle of the modulated 
wave and the angle of the unmodulated carrier. Frequency deviation is 
the peak difference between the instantaneous frequency of the modulated 
wave and the frequency of the unmodulated carrier. Modulation index is 
the ratio of the frequency deviation to the frequency of a sinusoidal modu¬ 
lating signal. 

PHASE MODULATION 

To write an expression for a phase-modulated wave, we are first con¬ 
cerned with the time-varying component of the phase angle that is pro¬ 
portional to the applied modulating wave. 

Expression for a Phase-Modulated Wave 

Let V(f) represent the modulating wave and K, the factor of propor¬ 
tionality. At times it will be convenient to refer to KV(l) as the modulat¬ 
ing wave. K is measured in radians per volt if the modulating wave is 
expressed in volts and, in any event, is a property of the design of the 
modulating system such that KV(t) represents the desired radian phase 
departure. Accordingly, the function 0(C) is given by 

0(C) = Uct + <be + KV(t). (12-2) 

When (12-2) is put in (12-1), 

M(t) = Ac cos + K7(0], (12-3) 

For simplicity and to begin with, it will be assumed that the modulating 
wave is a sinusoid. Without loss of generality we may set ic = 0. Then 

M (t) = Ac cos [u>c¿ + cos (12-4) 

where is the phase deviation of the resulting wave. 



184 MODULATION THEORY 

Since the instantaneous radian frequency, w„ is the time rate of change 
of the phase angle, 

Ui — uc — uv̂ v sin u„t. (12-5) 

Thus, from the definition of frequency modulation, the phase-modulated 
wave given by (12-4) can be thought of, according to (12-5), as represent¬ 
ing a frequency-modulated wave wherein the modulating wave is — 
sin uvt. Hence, with a sinusoidal modulating wave, the frequency devia¬ 
tion of the phase-modulated wave is wA radians per second; and, if is 
constant, the frequency deviation is proportional to the frequency of the 
modulating wave. 

Small Phase Deviation 

The right member of (12-4) will be evaluated for small phase deviations. 
The resulting spectrum and vector diagram will then be compared with the 
familiar spectrum and vector diagram of the corresponding amplitude-
modulated wave. From (12-4) we have 

M(t) = XJcos uct cos (4>v cos uvt) — sin uct sin ($v cos w„Z)] 
cos4 u„t 

— sin uct ( cos uvt — 

When becomes small enough so that we may neglect higher order terms, 
we have from (12-6), 

M(l) —* Ac cos uct — Aĉ v sin uct cos u„t 

= Ac cos Uct — sin (wc 4- u^t — -y sin (wc — uv)t • (12-7) 

Thus, for the case in which is sufficiently small, the phase-modulated 
wave of (12—1) can be resolved into a carrier plus two side frequencies. 
One of these is above the carrier by the frequency of the modulating wave, 
and the other below it by the same amount. It will be recalled that 
(12-4) is restricted to a sinusoidal modulating wave. 

Since it is informative to view phase modulation from a vector point of 
view, (12-7) will be rewritten using a complex notation from which the 
vector diagrams follow naturally, viz., 

M(t) = Ac cos uct 

Real 
parr 
of 



FREQUENCY MODULATION 185 

A vector interpretation may be given to (12-8) in the usual way; that 
is, the instantaneous value of the modulated wave may be represented by 
the projection, in this case on the real axis, of a vector rotating in the 
complex plane. In (12-8), the component representing the carrier rota¬ 
tion has been factored out, and the factor in brackets indicates how the 
carrier is modified as a function of the modulating wave. 
The way in which the vectors in the factor multiplying the carrier com¬ 

ponent add is indicated in Fig. 12-1 for time t = 0. Vector unity is shown 
<t> 

in (a) of Fig. 12-1. The vector + — appears in (b) of Fig. 12-1. 

At t = 0 it is at an angle tt/2 with the axis of reals and is rotating counter¬ 

clockwise at a velocity of uv radians per second. The vector 

at t = 0 is also at an angle ir/2 with the axis of reals. It is therefore in 

phase with the vector -ÿ e«“<1>+’72)) but rotates in a clockwise direction as 

shown in (c) of Fig. 12-1. Summation of the vectors modifying the car¬ 
rier vector is shown in (d) of Fig. 12-1 where the phase angle is clearly 
indicated. The way in which the vectors add for a large deviation will be 
treated later. 
For purposes of comparison consider the corresponding amplitude-modu¬ 

lated wave when the modulating wave is a sinusoid, viz., 

M(t) = Ac(l + k cos wvi) cos uct 

= Ac cos uct + I kAc cos (wc + w„)< + kAc cos (wc — o>„)i 

Ac (12-9) 

When (12-9) is compared with (12-7) it is apparent that, in both cases, 
there results a carrier and two side frequencies symmetrically placed above 
and below the carrier. However, the phases of the side frequencies are 
different. To show this difference in a convenient way, (12-9) will be 
written in complex form as was done in the case of phase modulation, viz., 

W = 
"Real" 
part 
of 

Ac

"Real" 
part 
of 

Ac^1
\ . k k . ' 
1 + 2 e ” + 2 e~“' (12-10) 

The similarity between (12-10) and (12-8) is shown in a like manner in 
Fig. 12-1 for time / = 0. In this case, at time t = 0, the multiplier of the 
carrier, (d') of Fig. 12-1, does not include a phase angle but it is a real 
number. 



AMPLITUDE MODULATION PHASE MODULATION 
oo 
CD 

ASSUMING A SINUSOIDAL MODULATING 
WAVE, THE RESULTING MODULATED WAVE IS: 

ASSUMING A SINUSOIDAL MODULATING 
WAVE AND A SMALL PHASE DEVIATION, 
THE RESULTING MODULATED WAVE IS: 

M (t) = Ac + kcos o>vtj COS wct M (t) = Ac COS £ wct + ♦ V COS w vtJ 

REAL « 
PART Acftulct 
OF 

LWvt + tf "LOvt REAL 
PART Arftwct 
OF 

a b C 

+i 
(b)' 
CUv RADIANS 
PER SECOND 

t = 0 

(dr . 

. (C) 

t = O 

O>v RADIANS 
PER SECOND 

. O) 
CUv RADIANS 
PER SECOND 

. (b) . (C) 

RADIANS 

t = O 

M
O
D
U
L
A
T
I
O
N
 
T
H
E
O
R
Y
 

(d) . 

SUMMATION OF 

<a)i (b)»ANo(c)/
t = o 

<-( l + k)—» 
k 

i * k‘ J 
2 

SUMMATION OF 
(a), (b), and (c) 

t 

Fig. 12-1 Vector diagrams representing for time Z = 0 a particular example of amplitude modulation and phase modulation 
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Figure 12-2 displays two arrays of vector diagrams similar to the dia¬ 
grams in (d) and (d') of Fig. 12-1, except that in Fig. 12-2 the diagrams are 
drawn for a plurality of selected points in the cycle of the modulating wave. 
It is evident (Fig. 12-2) how the side-frequency vectors add in the case of 
amplitude modulation to produce a factor of varying magnitude and con-

Fig. 12-2 Vector diagrams similar to Fig. 12-1 (d) and Fig. 12-1 (d') for a plurality 
of selected points in the cycle of the sinusoidal modulating wave 
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stant phase. It is also clear that, in the case of phase modulation, they 
add to produce a factor of nearly constant magnitude but variable phase. 
For purposes of illustration, the angle shown in Fig. 12-2 was drawn 

fairly large. It will be apparent (Fig. 12-2) that the length of the vector 
(magnitude of the factor) changes throughout the cycle of the modulating 
wave. This shows that (12-6) is not a valid representation for large phase 
deviations. 

Large Phase Deviation 

When the modulating wave is a sinusoid, the modulated wave, given by 
(12—4), may be written 

M(?) = Ac[cos wct cos ($>„ cos uvt) — sin wj. sin (4>t. cos 0]. (12-11) 

This is conveniently expanded by recalling Jacobi’s result that cos (x cos y) 
and sin (x cos y) each may be expanded in a Fourier series in which the 
coefficients are Bessel functions of the first kind with integer suffix and 
argument x, viz., 

cos (x cos y) = J0(x) + 2 £ { — J2mÇx) cos 2my m=l 
and 

sin (x cos y) = 2 ¿ ( —)m+1J2m-i(x) cos (2m — l)y. (12-12) 

Similarly, for convenience of reference, Anger’s later result, 
X 

cos (x sin y) = J0(x) + 2 £ J2m(x) cos 2my 
1 

and 
sin (x sin y) = 2 ¿ Jim-fa) sin (2m — 1)t/. (12-13) 

i 
(See Ref. 20, p. 281 or Ref. 21, p. 190 or any work on Bessel functions for 
these relationships.) The result of introducing (12-12) in (12-11), carry¬ 
ing out the indicated multiplications, and expanding the resulting trigo¬ 
nometric product terms into their equivalent sum and difference terms, is 

X 7? 7T 
M(t) = ¿ /„(«K) cos (wc + + — • 

n=» -x L ¿ -
(12-14) 

From (12-14) it is evident that the spectrum of a phase-modulated wave 
includes side frequencies around the carrier which theoretically extend in¬ 
definitely. Practically, the magnitude of the higher-order Bessel functions 
eventually diminishes, and the penalty for not transmitting beyond this is 
only a relatively small amount of distortion. In fact, as indicated in the 
preceding section, only one upper and lower side frequency need be trans¬ 
mitted provided «K is sufficiently small. 
To obtain a more concrete picture of phase modulation when the modu¬ 

lating wave is a single sinusoid, the particular case of where the phase devi-
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ation, ir, is one radian will be considered in further detail. The values of 
the Bessel functions as obtained from tables (Ref. 22, p. 156) are: 

Jo(l) = 0.7652 J2(l) = 0.1149 J4(l) = 0.0025 
Ji(l) = 0.4401 J3(l) = 0.0196 Js(l) = 0.0003 

All orders beyond this may be considered negligible. 
Using these data, a vector diagram will be plotted in a manner similar 

to Figs. 12-1 and 12-2. To this end, (12-14) is rewritten with the values 
of the Bessel functions for = 1 substituted and all terms above J3(l) 
neglected. In addition, conversion to the exponential form as in the pre¬ 
ceding section is carried out so that the complete factor multiplying the 
carrier is immediately evident. Thus, 

MW = 
"Real" 
part 
of 

Ay^'Eo.7652 -

0.1 149e± i2“.‘ + 0.0196e 

The vector diagram of the factor multiplying the carrier is plotted in 
Fig. 12-3 for selected points in the cycle of the modulating wave. The 
sequence of events occurring between uvt = 0 and wvt = 2tt is fairly evident 
from the figure. Three pairs of side frequencies are sufficient in this par¬ 
ticular instance to yield good results in the sense that the magnitude of 
the multiplying vector is very nearly unity over the signal cycle. 

Fig. 12-3 Vector diagrams of phase modulation when the phase deviation is one 
radian; different diagrams corresponding to different points in the cycle of the sinu¬ 
soidal modulating wave 
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Consideration of Fig. 12-3 gives some notion as to why it is that the 
larger the phase deviation becomes, the greater the number of required 
side frequencies. If 4>r becomes very large, the resultant vector revolves 
around the origin a number of times, producing a complicated motion that 
requires the addition of many vectors. 
A study of Fig. 12-3 gives an indication as to why the phase character¬ 

istics of the transmitting medium, associated networks, and circuits are so 
important in this type of modulation. Errors in phase of the various side 
frequencies result in errors of addition which in turn cause errors in the 
phase of the resultant multiplier. Finally, these errors are converted into 
distortion terms at the output of the system. 

It is instructive to note that (12-14) reduces to (12-7) as —♦ 0. This 
reduction may be verified by considering the series definitions (Ref. 23, 
p. 355) of the Bessel functions in terms of their argument. 

Average Power 

An important practical consideration is the fact that the average power 
in a phase-modulated wave is constant. This is true, in general, with two 
provisions. One is that the spectrum of the modulating wave be continu¬ 
ous. The other is that any discrete components of the modulating wave 
stem from an ensemble of sinusoids the frequencies of which are all in¬ 
commensurable with one another and with the carrier frequency. 
The foregoing can be readily verified for the case of a sinusoidal modulat¬ 

ing wave (Problems 1 and 2). The modulated wave is given by (12-14) 
and may be thought of as being either a voltage across a resistance or a 
current flowing through a resistance. In either case, if the sinusoidal car¬ 
rier and modulating waves are incommensurable, Parceval’s theorem en¬ 
ables one to show that the average power is proportional to the sum of the 
squares of the individual Fourier components of the modulated wave. 
Consider a unit resistance so that the average power, using (12-14), is 
given by 

4 2 « 42 

P = V^ J"2̂ )=9- (12-15) 

This result was obtained by noting that the bilateral infinite sum is identi¬ 
cally equal to unity for all values of the argument; the identity follows 
from the properties of Bessel functions (Ref. 23, p. 379). 

FREQUENCY MODULATION 

In the expression M(t) = Ac cos 0(/), frequency modulation is by defini¬ 
tion that type of modulation in which the instantaneous frequency is equal 
to the constant frequency of the carrier plus a time-varying component 
that is proportional to the magnitude of the modulating wave. 
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Expression for a Frequency-Modulated Wave 

Let V(t) represent the modulating wave and Ki the factor of propor¬ 
tionality. Kx is a design constant and, for example, is measured in radians 
per volt if the modulating wave is expressed in volts. It follows that the 
instantaneous radian frequency, is given by 

on = = + KlV^ 

and upon performing the integration to get 0(0, 

0(0 = I ondt = I [uc + A’iV(0] dt = oid + 4>c + K dt. (12-16) 

The constant 4>c in the right member of (12-16) represents the initial phase 
angle of the unmodulated carrier since; if V(t) is always zero, we require 
that 0(0 = oíd + The lower limit of the definite integral in (12-16) is 
omitted because it contributes nothing to the argument. The two addi¬ 
tional terms which are added to 0(0 when a lower limit is specified prove 
to be equal and opposite and so their sum is always zero. 
The result of substituting (12-16) into (12-1) is 

Mify = Ac cos [a><¿ + + A’ (12-17) 

which is consistent with the development in Chapter 3, for example, (3-3). 
The initial phase angle <bc could very well be carried along in the treatment 
to follow; but since the power spectrum of the resulting expressions will 
not be affected and since it may easily be introduced into the final answers 
if desired, U usually will be considered to be zero. 

Sinusoidal Modulating Wave. To facilitate comparisons we set 

KWit) = — sin oid (12-18) 

so that in accordance with (12-16) 

œ» 4 0(0 = Wc — Aoic sin oid-dt 
(12-19) 

That is, Ao>c/2ir is the frequency deviation and represents the plus or minus 
peak variation from the unmodulated carrier frequency, fc. Upon inte¬ 
grating (12-19), we have 

0(0 = oid + ~  cos oid (12-20) 
COv 

and when (12-20) is substituted in (12-1), we get 

[
Acüc 

oict d- cos oid ’ (12-21) 
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an expression for the modulated wave. Since (12-21) is of the same form 
as (12-4), the spectrum of (12-21) is displayed by substituting Ao;c/wv for 
4,. in (12-14), viz., 

1r /1\ a xt* T /AwA . , ., i Utt = Ac £ Jn I- Icos (uc + H—x-
n =■ — x \ / L . 

(12-22) 

Comparison of Phase Modulation and Frequency Modulation 

The following table gives the expression for the phase-modulated and 
frequency-modulated waves that have been developed up to this point. 

Type of Modulating 
Modulation Wave Resulting Expression 

(a) Phase KV(t) 

(b) Frequency KiV(t) 

(c) Phase cos wvt 

(d) Frequency —Aœc sin œvt 

M(t) = Ac cos 

M(i) = Ac cos 

M(f) = Ac cos 

Af (i) = Ac cos 

[wci + ÆF(t)] 

7(0 dt 

[<yci + cos aU] 

(j)ct 4--cos œvt I 

The relation between the two types of modulation can be conveniently 
compared by examining the expressions (a) through (d). In (d) the mod¬ 
ulating wave was chosen so that the trigonometric multiplier appearing in 
the argument of the resulting expression is similar to that appearing in (c). 
This was done so that the previous development which displayed the spec¬ 
trum of a phase-modulated wave would apply directly to the frequency-
modulated wave of (d). Comparison of the resulting expression in (c) and 
(d) will show that the quantity A&c/uv in (d) stands in the same position 
as 4,, in (c). 

Thus, the phase deviation in the frequency-modulated signal of (d) is 
equal to the modulation index. That is, when a sinusoidal modulating 
wave produces a frequency-modulated wave, the phase deviation equals 
the ratio of the frequency deviation to the frequency of the modulating 
signal. It follows, therefore, that the phase deviation is inversely propor¬ 
tional to the modulating frequency, provided is a constant. 

Illustrative Example. The relation between phase and frequency modu¬ 
lation is further emphasized by an examination of Fig. 12-4. In (a) of 
Fig. 12-4, the means (mentioned in Chapter 3) by which a phase modulator 
may be used to obtain a frequency modulator is indicated. A phase mod¬ 
ulator is here defined as a device that, in response to an input signal (in 
this case a time-voltage function Vo), produces at its output a signal Vi as 
follows : 

Vi = Ac cos (wc/ + kav0) (12-23) 
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where Ac is a constant and k0 a design constant of the phase modulator 
measured in radians per volt. 

It is only necessary to cause v0 to include the applied signal as an integral 
in order for (12-23) to represent frequency modulation. This can be ac-

FREQUENCY 
DEMODULATOR 

(b) 

Fig. 12-4 Use of a phase modulator and demodulator to generate and detect frequency 
modulation 

complished conveniently by inserting a simple network, as shown, between 
V(i) and Wo. If i is the current flowing in the resistor whose resistance is 
R, then 

W0 = 

If R is very large compared to the reactance of the capacitance C over 
the frequency range of interest, then 

1 
1 “ R’ and as R —> oo Wo 

1 
* RC 

which, when substituted in (12-23), yields 

Wi = Ac cos ko 
RC 

(12-24) 

This is the same as (12-17) when Ki = ka/RC and = 0. The condition 
that R —» oo implies a large loss in the RC network, but this can be over¬ 
come by gains included in the constant k0. 
The modulated wave given by (12-24) is now impressed upon a frequency 

demodulator. It is assumed in Fig. 12-4 that a voltage Wi = Ei cos 0(f) 
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impressed upon the frequency demodulator by definition will produce a 

voltage t>2 at its output which is given by ki — that is, proportional to 

the time derivative of the time-varying phase angle 0(/). The factor ki is 
a design constant measured in volts per radian per second. 
When the signal of (12-24) is applied to the input of this demodulator, 

+ Í VW dt ïtc J 
and 

= k^ + V®. 
KO 

(12-25) 

In (12-25), kiwe is a constant voltage usually not of interest and removable 
by means of a simple blocking capacitor. The second term is the desired 
signal multiplied by a constant controllable by the design of the system. 

In Fig. 12-4, (c) indicates how a phase demodulator may be used to ob¬ 
tain the wanted signal (original modulating wave) from the frequency-
modulated signal vi of (12-24). By definition, the phase demodulator, (c) 
of Fig. 12-4, is assumed to supply an output voltage, v3, which is propor¬ 
tional to the phase deviation of the input signal from the unmodulated 
carrier. That is, in (c) of Fig. 12-4, if 

Dl = Ac cos + 4>(/)], 
then by definition 

v3 = k^(f) 

where k3 is a design constant measured in volts per radian. 
In (12-24) which represents the actual wave applied to the detector 

input, the phase angle <!>(/) is 

0(0 = È dt

and, therefore, 

v3 = dt. (12-26) 
at j 

It is now necessary to differentiate v3 with respect to time. This can be 
done, for example, by means of the RiL network shown. Again Ri is as¬ 
sumed very Large compared to the reactance. The relations applying are 

and, if fíi —> oo , —> — • It then follows that 
Ri 

_ L dv3
Vt ~ Rt~dt 
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and substituting from (12-26) 

= VW . (12-27) 

That is, vt is the desired signal multiplied by a constant, depending upon 
the system design. 

EXPRESSIONS FOR FREQUENCY-MODULATED WAVES 
RESULTING FROM COMPLEX MODULATING WAVES 

So far the treatment and discussion of the spectrum of a frequency-
modulated wave have been restricted to the case of a single, sinusoidal 
modulating wave. Now, the spectra of a few common but more complex 
modulating signals will be examined. Only when the index of modulation 
is very small is the principle of superposition applicable and then only 
approximately. 

Ensemble of Sinusoidal Modulating Waves 

Let 

7(0 = A v cos (co,/ + 0„) 

so that 
’ / ’A 22 I Av cos + 0,) dt = F. — sin (co,/ + 6 A 
I J 1 Uv 

and, whence, 
’ A 

FM = M(t) = Ac sin + 0, + Ai 22 ~ L i co, 
sin (co,/ + 0„) • (12-28) 

Let (12-28) be shortened to 

M(t) = Ae sin (C + 22 Bv sin W,) (12-29) 

A 
where C = + 9c, Bv — Ki —-> and Wv = uvt + 9V. This can also be co. 
written as 

W = 
Imag." 
part 
of 

A,(exp fC)( exp i 22 B„ sin 
\ i (12-30) 

From (12-12) and (12-13) or any reference on Bessel functions 

tiz .ine = V Jn{x)e' n6 or oos « = ¿ inJn(x)tint (12-31) 
— 00 —00 

so that (12-30) can be written in the form 

M(t) = Ac Y. Fil ̂ n,(B,)~| sin (c + 22 n,w3 n»— — xu-l J \ J 
(12-32) 



196 MODULATION THEORY 

For purposes of illustration, if 

M(t) = sin (uct + Ai sin wi/ + A2 sin 

(12-32) becomes 

= ¿ ¿ Jm(Ai)Jn(A2) sin + mon + n^t. (12-33) 
m- -X n- - « 

The resulting side frequencies (12-32) represent all possible combina¬ 
tions of wc ± m(o>i) + n(«2) + p(w3) ... , et cetera, where m, n, p, ... 
each take on the values 0, ±1, ±2, ±3, . .. . The magnitude of each 
side frequency is proportional to the product of v Bessel functions where v 
is the number of discrete components in the modulating wave. 

Contrary to the situation in amplitude modulation where superposition 
holds, the host of new side-frequency components affords clear evidence 
that superposition does not hold in this type of modulation. An exception 
appears when the modulation index becomes very small, in which case 
superposition holds to a first approximation. Under these conditions the 
essential side frequencies are œc ± on, + w2, et cetera. 

These points are illustrated by Fig. 12-5. In that figure, it is assumed 
that two sinusoidal waves are caused to frequency-modulate a sinusoidal 
carrier, first, individually and then simultaneously. Since in this example 
the magnitudes of the important side frequencies are symmetrical about 
the carrier, only the components on one side of the carrier are shown. 
Obviously new components appear when both waves are applied. It is 
also apparent that the magnitudes of the components that appeared when 
the modulating waves were applied individually are now changed. 

Unsymmetrical Modulating Wave 

Equation (12-32) gives an appearance of symmetry that is deceiving. 
Since any modulating wave may be broken down into its Fourier compo¬ 
nents, casual examination of the previous expressions for the modulated 
wave might lead one to conclude that the resulting side frequencies would 
always be symmetrical about the carrier. Such is not the case. It turns 
out, as might be expected intuitively, that the energy in the spectrum tends 
to concentrate around the frequencies that the instantaneous frequency 
concept would predict. 
Thus, if the instantaneous frequency has a particular value during a 

large part of the cycle of the modulating wave, it will be found that the 
power contributed by side-frequency components tends to be concentrated 
in components having nearly that instantaneous frequency. This is be¬ 
cause different terms of (12-32) may be of the same frequency; and when 
they are combined, their phases have to be taken into account. 
To show the effect of unsymmetrical components, an example has been 

computed using a modulating wave consisting of two sine waves having 
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SPECTRUM of: M(t) =AC COS S,= AcCOS [üjct+ COS 07,t] 

MODULATING WAVE=-AO»c SIN 07,t 

= O7C - A O7C SIN 07,t 

Ui. 
-^=1000=1KC -^ = 1OOO=1KC 

2 3 

SPECTRUM OF : M (t) = Ac COS S2 = Ac COS I 

MODULATING WAVE =AiUc SIN O72t 

dö, 
—2 = m-Am SIN O72t 
dt 

cu2t 
_Ç =1KC ^ = O.77KC 

2 3 

SPECTRUM OF: M(t) =AC cos[o»ct COS SIN 

MODULATING WAVE = -ÜO/C SIN SIN áJ2t 

do 
—/ = aic - Acuc sin O7,t - Ao7c sin ü72t 
dt 

Am. u, u, 
— r=IKC ri=1KC -¿ = 0.77 KC 
277 277 277 

2 3 
FREQUENCY IN KILOCYCLES PER SECOND FROM CARRIER 

Fig. 12-5 Spectra showing the failure of superposition in frequency modulation 

frequencies that are in the ratio of two to one. The results are shown 
in Fig. 12-6. The modulating waves are so phased as to result in a large 
dissymmetry and the results produced are quite evident. It should be 
pointed out, however, that the resulting components do not bear a simple 
phase relation to one another, and only the magnitude of each component 
is shown on Fig. 12-6. 

Square Modulating Wave 

In equation (12-32), when the frequencies ue, w2, w3, et cetera, are 
incommensurable with one another, then each term is separate. When the 
modulating frequencies are related through some simple factor, then many 
of the separate components will be of the same frequency. This will be 
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SPECTRUM OF M(tJ=Ac COS 0, 

M (t) = Ac COS (cUct * »N "l1) 

Acu( 

277 
— - = — KC 
277 2 

MODULATING WAVE 

A(UC COS ú>2t =Ao>c COS 201,t 

cl öo A 
—a = a>c + Aa>cC0S 2o>,t 
dt 

SPECTRUM OF M(t) =AC COS S2 

M(t) =AC COS^ct + ̂ i SIN 20>,t) 

Fig. 12-6 Spectra of frequency-modulated waves illustrating symmetrical and unsym-
metrical arrays of side frequencies 
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the case, for instance, when the frequencies of the modulating wave are 
the successive terms of a Fourier expansion of a periodic signal function. 

In these instances it may be easier to proceed directly rather than to 
substitute in the formal expression given by (12-32). A case in point is 
the square modulating wave treated by van der Pol in Reference 5. 

In this case the equation for the modulated wave, 

FM = M(Z) = sin (uct + PvW di 

will be written 

(12-34) 

M = sin (C + S) = sin C cos S + cos C sin S (12-35) 

where C = uct + $c and S = KiJ V(t) dt. Expand cos S and sin S into 

a Fourier series, viz., co 
cos S = 22 a„ cos + bn sin (12-36) 

00 

and sin-S = 22 ̂ nCosn^ + B^sinn^. (12-37) 

Then, 

M = I 22 (&» + A„) cos (C — n'P) — (&„ — A„) cos (C + n^) 
¿ 0 
+ (a„ — B„) sin (C — n^) + (an + Bn) sin (C + n^. (12-38) 

Let KiV(f) be a square wave of amplitude 9 and period l//i so centered 
about the origin of reference / = 0 as to be an even function of time and of 
magnitude 9 when t = 0. Then 9/2 tt is the frequency deviation in cycles 
per second. 9/wi (which equals the ratio of the frequency deviation to the 
fundamental frequency of the modulating wave) will be designated m. 
With these restrictions sin S and cos >8 are odd and even functions re-

spectively of t, and we have 

S = mud, 

S = m(ir — uit), 

1 
4/1 
1_ 

4/1 

1 
4/1’ 
3 
4/1’ 

(12-39) 

(12-40) 

B, sin mud sin nuit dt + 4/i 

«A 

tt — uif) sin nuit dt, 
(12-41) 

an

and 

cos mud cos nuit dt + 4/i 

4/1 

ir — uit) cos nuit dt, 
(12-42) 

do — 

sin m -
(12-43) 

m 2 
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where 
CO co 

sin S = Y1. Bn sin ruait and cos <S = £ a» cos ruait. (12-44) 
1 0 

Since (12-38), because of the restrictions of the problem, reduces to 

M = 5 ¿ (a„ + Bn) sin (C + n^) + (an — B^ sin (C - n^), (12-45) 

when (12-41) and (12-42) are combined and integrated, and using (12-43) 
we are able to write 

. (m — n)ir 
« ! n\-i Sm - 2-

M (i) = £ 1 + - ) —;- — sin (o></ + 4c + ruait). (12-46) x\ m) (m — n)ir 
2 

When (12-46) is compared to the result that obtains with a sinusoidal 
modulating wave, both are similar in that, in either case, side frequencies 
occur above and below the carrier (Fig. 12-7) at separations corresponding 
to multiples of the signaling frequency. It is of interest to notice what 
happens to (12-46) when m, the ratio of the frequency deviation to the 
fundamental frequency of the applied square wave, is an integer. When 
m is an integer, either all the odd-order or all the even-order side frequencies 
are absent, depending upon whether m is odd or even, except the pair cor¬ 
responding to m = n; and the amplitude of each member of this pair is 
half the amplitude of the unmodulated carrier. 

BAND-WIDTH CONSIDERATIONS 

Even with a sinusoidal modulating signal, the expression for a frequency-
modulated wave shows that theoretically an infinitely wide band is re¬ 
quired. Practically, the band width required depends on the modulation 
index and is given by twice the frequency deviation, namely, 2 A/, pro¬ 
vided fi « AF, and by 2f if AF « fi ; assuming an appropriate detector. 
It is the larger of the two that determines an approximate lower bound to 
the band-width occupancy. 

In practical applications with conventional detectors, the occupied band 
usually includes most of the significant range of the spectrum of the modu¬ 
lated wave. Then the inclusion of a filter to attenuate everything outside 
of this range causes only a very small amount of nonlinear distortion of 
the recovered signal. 

This is illustrated by Fig. 12-8 which shows the side frequencies on one 
side of the carrier for a plurality of frequency-modulated waves correspond¬ 
ing to a fixed sinusoidal modulating wave and different modulation indices. 
The maximum frequency deviation is held constant at 75 kilocycles per 
second and the modulating frequency is varied. It can be seen that the 
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major portion of the energy is included inside the band of frequencies 
within the frequency deviation plus the frequency of the modulating wave. 
If, however, extremely high quality is desired, then with conventional sys¬ 
tems it may be necessary to increase the band width. 

SPECTRA OF M (t) = Ac COS 9 =AC COS 

MODULATING WAVE IS Aa>c>fV(t) 

THEREFORE V(t) 

~^=75KC FOR ALL SPECTRA 

0.50-1 
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0 50-

0.25-
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— - = — = 60 KC 
27T T 

△Wc 
- - = 1.25 

30 KC 

/ 16.67 KC 

7.14 KC 

3 BSKC 20.5 

FREQUENCY IN KILOCYCLES PER SECOND FROM CARRIER 

Fig. 12-7 Spectra of constant-deviation, frequency-modulated waves produced by a 
square modulating wave as the period of the square wave is varied 

Figure 12-7 depicts the spectra produced by a square modulating wave 
as the repetition rate of the square wave is varied. The maximum devia¬ 
tion is fixed at 75 kilocycles per second. For large modulation indices, 
the energy concentrates within a band equal to the frequency deviation 
plus the fundamental frequency of the modulating wave. Again, for really 
high-quality reproduction, a somewhat larger band width is indicated. 
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When the fundamental or keying frequency of the symmetrical, square 
modulating wave becomes very small and consequently the modulation 
index becomes very large, the spectrum of the frequency-modulated wave 
approaches a two-band spectrum, one band centered at the carrier fre¬ 
quency plus the frequency deviation, and the other at minus the frequency 

SPECTRA OF M (t) = Ac COS (<Uct + cos AS A FUNCTION OF CVt

d 0 
MODULATING WAVE IS - A<UC SIN AND = CUC - AOIC SIN <V,t 

= 75KC FOR ALL SPECTRA 

Fig. 12-8 Spectra of constant-deviation, frequency-modulated waves produced by 
varying the frequency of a sinusoidal modulating wave 

deviation. For a sufficiently small keying frequency this gives the appear¬ 
ance of a two-line spectrum because all of the components having signifi¬ 
cant amplitude are concentrated in two very narrow bands, too narrow to 
show graphically. This tendency is illustrated in the bottom chart of 
Fig. 12-7 which corresponds to a very large integral value of the modula¬ 
tion index. 
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Problems 

1. Let a phase-modulated wave flowing in a unit resistance be represented by 

M{t) = Ac cos [o>ci + dc + AV(t)]. 

Assume that KV(l) = A, sin (w„t + 0,) and that — = y = z, where 2z is any 
fv 

positive integer. 
Prove that the average power dissipated in the resistance is given by 

M^t) = 1 + J-2z(2Av) cos 2(6c — x0v) 

2. In Problem 1, if 2x is not a positive integer, prove that the average power is 

• ! 1 A2 given by - Ac2. 

3. Assume that a modulating wave, Av cos (aM + Of), frequency-modulates Ac
cos (,Wct + Of) and that the maximum resulting phase and frequency deviations 
are A4> and Af, respectively. Show that A4, the maximum phase deviation in 
, . 330 TAJ* 
degrees, is —— — 

“ir L f” -
where fv is the cyclic frequency of the modulating wave. 

4. Write the first 13 terms, that is, carrier and 6 pairs of side frequencies, of cos 
(C + A cos V) and sin (C + A sin V) where C = w<i + 0c and V = + 0¡. 

5. Two zero resistance generators the voltages of which are given by cos [(wc + 
íl)í + 0J and cos [(o)c — 9)i + 0C] are alternately connected to a unit resistance. 
Each is connected at regular intervals for a period tt/Q. At t = 0 the first has 
been connected for an interval of tt/22 seconds. At t = ir/2Q the first is dis¬ 
connected and the second connected, et cetera. 
What is the current M(t) that flows in the unit resistance? Expand M(t) so 

as to show the amplitude, frequency, and phase of the individual side-frequency 
components. Why does this result differ from (12-46)? Describe the differ¬ 
ence between the instantaneous phase of the keyed wave flowing in the unit re¬ 
sistance and the phase of cos (uct + Of). 
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6. Given: a carrier wave e = Ac cos uct where the radian frequency is 108 radians 
per second. 

TIME IN SECONOS 

This carrier wave is phase-modulated by the modulating wave V(l) shown 
above. One volt of signal on the phase-modulator input causes a positive phase 
deviation of 10 radians. Plot a curve showing the difference in cycles per second 
between the instantaneous frequency of the resulting phase-modulated wave 
and the frequency of the unmodulated carrier as a function of time in seconds. 

7. In Problem 6 let the carrier wave be frequency-modulated by V(t). Assume 
that one volt of signal on the input to the frequency modulator increases the 
frequency 20,000 cycles per second. Plot a curve showing the difference between 
instantaneous phase and the phase of the unmodulated carrier as a function of 
time in seconds. Assume the phase difference is zero at t = 0. 

8. A modulating wave is one volt for 0 < t < 0.001 second and is zero elsewhere. 
The carrier frequency is 100 megacycles per second. In a frequency-modulated 
system the design is such that one volt corresponds to 20 kilocycles per second 
increase in frequency. Sketch the phase displacement relative to the unmodu¬ 
lated carrier for the period 0 < t < 0.002. 

9. A modulating wave cos frequency-modulates a sinusoidal carrier cos uct, 
and the resulting frequency-modulated wave is applied to the input of an ideal 
band-pass filter (no phase distortion in the pass band). Assume that wc/2tt is 
the mid-band frequency. Determine the ratio of the greatest to the least in¬ 
stantaneous positive value of the envelope of the signal at the output of the filter 
for filter pass bands of «i/ir, 2wi/tt, and 3wi/tt, and modulation indices of 0.4 and 
1.0. 



CHAPTER 13 

FREQUENCY MODULATORS AND DEMODULATORS 

Quite a variety of methods have been described in the literature (Refs. 1 
to 22)* for the generation and detection of frequency-modulated waves. 
As mentioned in Chapter 12, conversion from a phase modulator to a fre¬ 
quency modulator and vice versa is relatively simple. Demodulators can 
be similarly converted. Furthermore, as regards nomenclature, angle mod¬ 
ulation that is neither pure phase modulation nor pure frequency modula¬ 
tion is often called frequency modulation. 

MODULATORS 

Types of frequency modulators in common use fall into two classes. In 
the first, Class I, a modulating wave is integrated and then applied to a 
phase modulator which, in turn, is followed by a frequency deviation 
multiplier. In the second, Class II, there is a direct variation of the fre¬ 
quency of an oscillation generator, for example, by the variation of a 
capacitance or inductance. 

Class I 

Numerous schemes have been devised for obtaining the required phase 
modulation in Class I modulators. Some are based upon the use of re¬ 
actance tubes, variable capacitors, and cathode-ray tubes with shaped 
plates. A particularly simple and practical modulator of this type (Ref. 18) 
is based upon the use of a saturable-core pulse generator in which the po¬ 
sition of the pulses is varied by the introduction of the modulating wave 
as a variable bias. By this means the desired phase modulation and 
(through the selection of a harmonic of the resulting pulse train) a first 
step of frequency multiplication are accomplished in a single operation. 
The latter is possible because the pulse train is rich in harmonics. 

Important in all these circuits is the fact that the carrier frequency may 
be easily tied back to a crystal-controlled frequency standard. A fre¬ 
quency modulator that is representative of this class is depicted in Fig. 13-1. 

* The references cited are listed at the end of each chapter according to the number 
used in the text. 

206 
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Because of its historic interest and illustrative value, this circuit will be 
described in detail. Historically, it is the original arrangement used by 
Armstrong (Ref. 20) in his famous experiments with frequency modulation. 

Fig. 13-1 Means for obtaining large-index frequency modulation 

Assume (Fig. 13—1) that the modulating wave, Ba, is a sinusoidal wave of 
radian frequency wb viz., 

ca = Ai cos uit. (13-1) 

The function of the integrating network (Fig. 13-1) is to produce a voltage, 
Bb, as follows: 

bb = I Ai cos uit dt = — sin (13-2) 
J “i 

The carrier supply is designed to produce a sinusoidal wave, Be, of radian 
frequency uc, namely, 

Be = Ac cos wct. (13-3) 

The carrier supply goes to a product modulator (Fig. 13-1) along with bb, 
so that, generated in the output of the modulator, is their product multi¬ 
plied by a constant k, that is, 

bd = kßßBc ~ " sin cos wck (13—4) 
0)1 

The carrier is also transmitted through a phase shifter that delivers a 
voltage Be given by 

be = Ac cos ̂ o)cf — = Ac sin wct. (13-5) 

An adding network (Fig. 13-1) produces an output voltage, bf, which is 
the sum of Bd and 6?, thus, 

bf = bd + be = A 
kAi 

sin wct d- sin on/ cos wct 

= Ac < 1 H- 7- sin2 wit sin wct -f- tan 1- sin wit 
V o>i L «i 

, , i fciAi . 1 -j j kAi = Ac sin wct d— — sin w\t , provided 7:—• 0)1 J 2o>i 

(13-6) 

(13-7) 

(13-8) 

whereas (13-6) separates exactly into 

bf = .4 
, , kAi . . kAi , . ” 

sin wct d~ 7;— cos (o)c + oa)/ — —— cos (o)c — on)/ • 
¿0)1 ¿0)1 

(13-9) 
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Although the right-hand sides of (13-8) and (13-9) are approximately the 
same, they are not equal; and this illustrates the presence of a small amount 
of amplitude modulation. 
The signal, represented approximately by (13-8), is transmitted through 

a frequency multiplier (Fig. 13-1) which is merely a harmonic producer, 
and a desired harmonic is selected by filtering. As an incidental but im¬ 
portant function, the harmonic producer also removes, through its non¬ 
linear limiting action, most of any small amplitude modulation associated 
with the phase-modulation process. The result is eg wherein the instan¬ 
taneous frequency has been multiplied by a suitable integer, viz., 

e0 = Ac sin 

= Ac sin 

. , nkiAi . ' nwct H- sin 
wi 

T sin wii 
wi 

(13-10) 

where we = nwc and Awe = nkiAi. 
Equation (13-10) is the frequency-modulated wave sought. The mod¬ 

ulation index can be controlled by the choice of n and other design factors. 
It is interesting to observe in (13-10) that multiplication of the instan¬ 
taneous frequency multiplies the modulation index by the same factor. 
Theoretical considerations have shown that the distortion inherent to the 
production of a phase-modulated wave by the process represented by (13-8) 
is principally odd-order products of modulation. In practical designs the 
total distortion amounts to about 5 per cent when the peak phase departure 
is plus or minus 25 degrees. 
Sometimes it is not convenient to obtain a sufficiently large modulation 

index by direct multiplication of the phase-modulated wave in (13-8). As 
an alternative, the resulting signal can be moved downward in the fre¬ 
quency spectrum after the first multiplication. This is accomplished by 
modulating the signal in a product modulator with a suitably placed car¬ 
rier and selecting the difference frequency, a process that does not alter 
the modulation index. Then, starting with the difference frequency, the 
multiplication process is repeated. 

Class II 

The theoretical treatment of Class II, the class of frequency modulators 
that involve a direct variation of frequency, is more complicated and re¬ 
quires some caution (Ref. 19). In practice, modulators of this class are 
widely used and with excellent results. However, in this case, stabiliza¬ 
tion of the center frequency is somewhat more complicated and usually re¬ 
quires a form of negative feedback for purposes of automatic control. 
Another scheme, also in this class, involves the direct application of the 
modulating wave to the grid return leads of a suitably designed multi-
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vibrator. This scheme is especially useful for obtaining frequency modu¬ 
lation when the carrier frequency is below one megacycle per second and 
the frequency deviations are a large percentage of the carrier. 

DEMODULATORS 

As mentioned previously, a pure frequency-modulated wave is devoid 
of variation in amplitude. In practice, the frequency-modulated wave 
that arrives at the detector input after passing over the transmission me¬ 
dium ordinarily displays considerable variation in amplitude. Typical 
reasons for this may be traced to the limited band width; unstable attenu¬ 
ation in the medium; transmission distortion varying as a function of fre¬ 
quency; interference caused by noise; crosstalk from other systems; and 
crosstalk from other channels of the same system. 

Limiter 

To reduce amplitude variations, a very important device termed a lim¬ 
iter is normally used ahead of the frequency-modulation detector. A lim¬ 
iter might, for example, be a sequence of very strongly overloaded vacuum 
tubes or transistors. Thus, all that is preserved of the input signal after 
passing through the limiter is the time distribution of its axial crossings, 
or zeros. This is, however, equivalent to having a very large number of 
samples of the modulated wave over the cycle of the modulating wave. 
According to the sampling principle, there is more than enough informa¬ 
tion to define the modulating wave. 

Discriminator 

Usually the output from the limiter is filtered in order to suppress har¬ 
monics of the carrier and their associated side frequencies. The result is 
applied to a discriminator which is a device the output wave of which has 
instantaneous values proportional to the corresponding values of the in¬ 
stantaneous frequency of its input wave. This represents a recovery of 
the original modulating wave, and, in practice, the filter at the output of 
the limiter is ordinarily a part of the discriminator circuit. 

Ideal Discriminator 

An ideal discriminator would produce an output proportional to the vari¬ 
ation in instantaneous frequency and would be absolutely insensitive to 
variations in the amplitude of the applied wave. Most practical discrimi¬ 
nators are, in some measure, sensitive to amplitude variations of the signal, 
and it is for this reason that the limiter is so important in removing these 
amplitude variations. In a conventional demodulator, it is only through 
the removal of amplitude variations in the frequency-modulation detector 
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that frequency modulation achieves its full noise advantage. The ratio 
detector of Seeley (Ref. 10) goes a long way in making the output of the 
discriminator independent of the amplitude of the incoming modulated 
wave. 

Simple Discriminators 

Probably the commonest form of discriminator is the type which applies 
the incoming wave (after it has been passed through a limiter followed by 
a band-pass filter) to a conversion network the output of which includes 
not only a frequency-modulated wave but, in addition, the wanted signal 
in the form of an amplitude-modulated wave. Next, this amplitude-mod¬ 
ulated wave is applied to an envelope detector (Chap. 10) which produces 
the desired signal in its output. The envelope detector is insensitive to 
frequency modulation. 
Two of these simple discriminators are shown in Fig. 13-2. In a most 

elementary form, it is an idealized inductor L in the plate circuit of a 
pentode. The frequency-modulated wave e applied to the grid is 

e = Ac cos ojct “F Ar I F(0 d/ (13-11) 

where time zero is so chosen as to make the initial phase angle of the un¬ 
modulated carrier zero. 
The current i, in the plate circuit of the pentode, is assumed to be equal 

to the transconductance gm of the tube multiplied by the grid voltage, e. 
It is also assumed that the resistance in L, the inductive plate load, is 
negligible, that the pentode is linear, and that the load impedance of the 
detector circuit is negligible. Under these conditions, the plate current i is 

i = egm = Acgm cos wct -f- ki V(i) dt (13-12) 

The voltage er is 

eL = ~L = AcgmL[wc + &iV(0] sin (13-13) 

The voltage e0 in the output of an ideal envelope detector would be equal 
to the envelope of the expression for cl, that is, 

Co = Acg„L[^ + fciU(i)]. (13-14) 

The first term is a d-c or fixed current term and the second is the desired 
signal. 

In the foregoing example, conversion from frequency modulation to 
amplitude modulation was accomplished by differentiating the input sig¬ 
nal. Since the total frequency swing of the carrier is usually only a small 
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percentage of the total carrier frequency, the sensitivity of a detector of 
this type is very low. Accordingly, it is usual to increase this sensitivity, 
as in (b) of Fig. 13-2, by using a more complicated network such as an 
antiresonant arm in the plate circuit of the pentode. Static character¬ 
istics of both circuits are shown in (c) of Fig. 13-2. 

Fig. 13-2 Simple frequency-modulation detectors 

In the case of (b) in Fig. 13-2, curvature of the static characteristic, as 
well as increased sensitivity, is evident. Results of theoretical studies of 
the generalized response of a network to a frequency-modulated wave have 
been given by van der Pol (Ref. 19) and also by Carson and Fry (Ref. 21). 
It is shown that the resulting response is equal to the product of the applied 
voltage and the transfer characteristic of the network at the instantaneous 
frequency; plus a correction series that depends, first, upon the higher 
derivatives of the steady-state transfer characteristic with respect to fre¬ 
quency and, second, upon the derivatives of the variable input frequency 
with respect to time. 

If the transfer characteristic is a linear function of frequency, the cor¬ 
rection series vanishes, and the so-called quasi-stationary or instantaneous 
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frequency analysis is valid. On the other hand, even if there is nonlinearity 
in the steacy-state characteristic, the instantaneous frequency analysis 
gives a close approximation to the true state of affairs, provided the modu¬ 
lator index is large; the error being of the order of the reciprocal of the 
modulation index. 

Analytically, the characteristic of (b) in Fig. 13-2 may be handled, as 
implied previously, by expanding the static characteristic in a power series 
about the operating point. While a phase characteristic is assigned, for 
large modulation indices, phase distortion in the conversion network is 
negligible compared with the distortion arising from higher order terms in 
the series expansion. Accordingly, by substituting the expression for in¬ 
stantaneous frequency in the expansion, the output signal can be computed. 
Such an analysis will not be carried out here. 

Balanced Detectors 

Balanced detectors (examples are shown in Figs. 13-3 and 13-4) have 
two very important properties: first, they reduce distortion by providing a 
balance for all even-order distortion; and second, they reduce residual 
amplitude modulation. The first property is a familiar one and will not 
be discussed further. The second results from the fact that, with carrier 
alone on the detector, a change in amplitude causes an equal effect on both 
sides of the detector; and since the voltages are subtracted in the output, 
no effect is produced. This balance is, of course, somewhat upset by the 
presence of a signal and, therefore, some amplitude modulation will be de¬ 
tected with a signal present. The balanced detector complements the lim¬ 
iter and helps to offset its imperfections. 

In Fig. 13-3, (a) is an example of a balanced detector. The two cir¬ 
cuits, one for each branch, are tuned to slightly different frequencies and 
are differentially connected. 
Another interesting and widely used balanced detector (Fig. 13-4) oper¬ 

ates on the principle that the voltage across the secondary of a tuned trans¬ 
former is in quadrature with the primary voltage at resonance and departs 
from the quadrature relationship nearly linearly on both sides of resonance. 
The voltages Eit E2, E3, and Et are defined in (a) of Fig. 13-4 and a vector 
diagram showing the relative magnitudes and phases of E3 and Et appears 
in (b) of Fig 13-4. The circuit is designed so that the magnitude of the 
primary voltage Ei is twice the magnitude of E2. Thus, 

Et = 2E2. (13-15) 

It is assumed further that resonance occurs at the carrier frequency; that 
E2 is 90 degrees ahead of Ei at this frequency; and that the departure from 
the quadrature relationship is some constant k multiplied by Awc. For a 
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physically realizable network this relation is, of course, only approximate. 
Expressing these facts symbolically in conventional complex notation gives 

as indicated by the vector diagram in Fig. 13-4. 

(a) 

Fig. 13-3 Balanced frequency-modulation detector 

It is assumed further that the rectifiers are perfect and the load of no 
consequence so that 

ei = E 3 and e2 = Et. (13-17) 
Now 

Es = Ei 4- E2, Et = Ei — Es, and eo = Ci e2. (13—18) 
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By the law of cosines and using (13-18) and (13-15) it follows that 

e, = Es = + Et1 - 2EiE2 cos + 0j = ̂ Vl.25 + sin 0 (13-19) 

and 

62 = yjE^ + E^ - 2EiE2 cos - 0^ = E,<1.25 - sin 0 (13-20) 

and consequently 

= V1.25 4- sin 0 - V1.25 - sin 0. (13-21) 
Ei 

The relation (13-21) is plotted in (c) of Fig. 13-4. Actually, the apparent 
linearity is deceptive, since the curve falls off as 0 increases and is in error 

VECTOR DIAGRAM 

(b) 

Fig. 13-4 Balanced frequency-modulation detector 

by 5.5 per cent at 40 degrees as compared with a line of the same slope at 
the origin, and by 8 per cent at 50 degrees. Better linearity can be ob¬ 
tained by deliberately overcoupling the transformer and causing the volt¬ 
ages Ei and E2 to vary somewhat with frequency. 

Other Types 

Many other types of detectors for frequency modulation have been pro¬ 
posed and used. One of these, known as frequency-meter type, has re¬ 
cently (Ref. 22) been included in a monitoring instrument. In this type 
of detector, a pulse of uniform shape is generated every time the input 
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wave passes through zero, and the area under each of these pulses is inde¬ 
pendent of the rate of occurrence. Thus, the integrated area under a se¬ 
quence of these pulses is a direct measure of the instantaneous frequency. 
Another type of detector is based upon feedback and a homodyne de¬ 

tector. The homodyne detector is a product amplitude-demodulator and 
is supplied with two inputs. One is the incoming signal and the other is 
the output of a local high-quality frequency modulator at about the same 
frequency as the incoming signal. After passing through a low-pass filter, 
the homodyne detector output goes to the input of the local-frequency 
modulator where it operates to hold the local-modulator frequency in step 
with the frequency of the incoming signal. Thus, the input to the local 
modulator (the output of the homodyne detector) will be a direct measure 
of the modulation. In fact, it is the desired message. 
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Problems 

1. A phase-modulated wave is produced by integrating the modulating wave and 
causing the integrated wave to amplitude-modulate cos wct in an ideal balanced 
product modulator the output of which is also supplied with a quadrature carrier 
component. The resultant output contains both amplitude and phase modu¬ 
lation. 
Assume the modulating wave is cos uvt. Show that the residual amplitude¬ 

modulation in the output of the modulator which would be detected by an en¬ 
velope detector is composed of components that are even harmonics of the 
modulating frequency, that is components corresponding to the fundamental 
and all odd narmonics of the modulating frequency are absent. 

2. In Problem 1, what is the phase deviation of the phase-modulated wave if the 
total amplitude modulation never exceeds one-tenth of one per cent of the un¬ 
modulated carrier? 

3. If M(t) = Ac cos o>ct + Ai cos (œe + uv)t, what is wi, the deviation of the in¬ 
stantaneous radian frequency from expressed as a function of time? In partic¬ 
ular, what is Wi for Ai/Ae = 0.1, 0.95, 1.0, 1.05, and 10 respectively? 

. IT 
sin m — 

4. A square-wave carrier, Au S- cos nwut, perturbs a phase-modulated 

m 2 
wave cos [a><J + KV(t)]- The essential components of V(i) are confined to the 
radian frequency range 0 < w, < w2. Au is restricted to the range 3 < Au < 10 
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ÜÎ2 
and 0 < a)u < — • The amplitude and length of the interfering square wave 

are modulated respectively by Vi(i) and TVO, two independent modulating 
waves each restricted in frequency to essential components greater than zero 
and less than wu/2(hr. The duration of the duration modulated pulses may vary 
from 7r/2wu to 3tt/2wu. 
How can the perturbed phase-modulated wave be treated so that a replica 

of F(i) may be recovered with negligible distortion and only nugatory inter¬ 
ference from the modulated square-wave carrier? Assume distortionless trans¬ 
mission over a high-frequency channel that has a band width of 200«2. 



CHAPTER 14 

NOISE AND INTERFERENCE IN FM SYSTEMS 

Although other systems may be more efficient, frequency modulation 
represents a simple and convenient way of exchanging band-width occu¬ 
pancy for improved signal-to-noise ratio. As in other systems which 
permit this type of exchange, the threshold effect is very pronounced for 
large improvements. 
When the peak noise exceeds the peak unmodulated carrier, the zeros of 

the desired modulated wave change in number as well as position; or, in 
terms of a limiter, a phenomenon occurs which is commonly referred to as 
“breaking through” the limiter. When noise, characterized by a uniform 
power-density spectrum and random phases exceeds about 1/20 (13 deci¬ 
bels below) the average signal power, it is found in practice that breaking 
through the limiter begins to be noticeable. 
For large modulation indices, the threshold is a critical function of the 

signal-to-noise ratio at the input to the limiter. At noise levels appreci¬ 
ably above this critical value, the signal-to-noise ratio rapidly deteriorates 
and becomes worse than the performance of an ordinary amplitude-modu¬ 
lation system. 
The analysis of a frequency-modulation system at high noise levels is 

fairly complex and will not be treated here. Papers by S. O. Rice and 
F. L. H. M. Stumpers (Refs. 1 and 2)* deal with this topic in considerable 
detail. 

RESISTANCE NOISE 

The analysis will be limited to low noise levels, a situation commonly 
encountered in systems of communication and of considerable practical 
importance. Resistance noise will be assumed. 

General Approach 

It will be shown that frequency modulation can be used to drive the 
noise still lower by occupying a wider band in the transmission medium 
and, of course, by using a larger index of modulation in order to utilize 

* The references cited are listed at the end of each chapter according to the number 
used in the text. 
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this wider band. As a practical illustration of the advantage of frequency 
modulation, a comparison will be made with familiar systems of amplitude 
modulation, assuming the same noise-power density (noise power per cycle 
per second) at the detector inputs. 
The signal-to-noise ratio at the output of a system will be defined as the 

ratio of the average power of a sinusoidal signal at a specified modulation 
level to the average noise power in the absence of a modulating wave. 
This definition of signal-to-noise ratio is commonly used in specifying the 
performance of telephone and program channels and is justified by the 
fact that noise is most serious when the signal is absent or at a low level. 
It turns out, as shown by other investigators, that, for low noise levels, the 
noise in the output of either an amplitude-modulation detector or a fre¬ 
quency-modulation detector is essentially independent of whether a mod¬ 
ulating wave is present. It is, of course, true that, for other types of mes¬ 
sages which might use frequency modulation, the received noise may also 
be important when the wanted signal is present. 

Amplitude Modulation 

When an amplitude-modulated sinusoidal carrier is written as a function 
of time, we have (from Chapter 9) 

M(t) = Ae[l + *V(0] cos (wci + $c), (9-1) 

and if F(Z) = A, cos (w„i + 0„), the modulated wave is 

M (I) = Ac[l -f- kAv cos (aM + 0») ] cos (wci + it), (14—1) 

and the average carrier power is 

= I A} (14-2) JU 

in a circuit of one-ohm resistance. 
When the foregoing wave is applied to an ideal amplitude-modulation 

detector, the output will be a signal voltage, e„ proportional by a factor m 
to the modulation kAcA„ cos + 0,). That is, an ideal amplitude-mod¬ 
ulation detector merely translates the spectrum of each sideband, with or 
without inversion, to its original location. Therefore, 

e, = mkAcAv cos (wti + 0V), (14-3) 

and the signal power So from the detector is 

So = | mWAfAJ = m^A^P, (14-4) 

where for convenience a one-ohm output circuit is assumed. 
We recall that equation (14-3) may be obtained by multiplying (14-1) 

by 2m cos (uct + ̂e) and rejecting the d-c term and the high-frequency 
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terms falling above the essential frequency range of the modulating wave. 
This rejection can be provided by a low-pass filter at the detector output. 
Such a filter would pass all frequencies up to B with uniform attenuation 
and no distortion and essentially suppress all higher frequencies. 

It is also assumed the detector would be preceded by an ideal band filter 
that transmits frequency components from fc — B to fc + B without loss 
and highly attenuates frequency components above and below. The noise¬ 
power density at the input to the detector is uniform and equal to n watts 
per cycle per second. Since (Ref. 1) the random, uncorrelated components 
will add on a power basis, the noise power at the input to the detector is 
2Bn. By using Parceval’s theorem (since there is no correlation between 
the noise in the two sidebands), we deduce that the noise power at the out¬ 
put of the low-pass filter is 

No = m^Bn. (14-5) 
Hence, 

<? P 

where kAv is recognized as the modulation factor. 
Thus, the average signal-to-average noise power at the output of the 

detector is proportional to the square of the modulation factor. With 
100 per cent modulation, the signal-to-noise ratio at the output is given 
by the ratio of average carrier power to average noise power at the input 
to the detector, that is, 

[>.L -
Frequency Modulation 

Frequency modulation of a sinusoidal carrier by a sinusoidal modulating 
wave may be represented by (from Chapter 13) : 

M(f) = Ac sin 
F . uct + y sin uvt • (13-10) 

Here F is the cyclic frequency deviation, is the cyclic modulating fre¬ 
quency, and the instantaneous frequency (defined as the time rate of 
change of the argument) is given by 

w> = + 2trF cos uvt 
= uc up cos u„t (14-8) 

where up is the instantaneous angular frequency deviation. 
Signal Output. The frequency detector is assumed to be ideal in every 

respect. For example, it does not recognize the presence of amplitude 
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modulation, it is distortionless, and it is noise-free. When the wave of 
(13-10) is demodulated by the frequency detector, the voltage at the out¬ 
put of the low-pass filter, that is, the output of the detector, is given by 

e, = mur cos «„t (14-9) 

where m is a factor of proportionality. The corresponding average out¬ 
put power in a one-ohm circuit is 

So = (14-10) 

Sum of Two Sinusoids. At this point it will be helpful to recall the 
resultant of two sinusoids of different frequencies, as expressed by 

R = A cos a + B cos ß. 

Set — - X and a — ß = y. Then, 21 

R = A cos a + B cos a cos y + B sin a sin y 

= A [(1 + X cos y) cos a + (x sin y) sin a] 

= A V1 2x cos y + X2 cos (a — 0) 
where 

„ , xsmy 0 = tan 1 —-1 + X cos y 

(14-11) 

(14-12) 

(14-13) 

If a and ß are replaced by a — - and ß — -, (14-11) and (14-12) become 

R = A sin a + B sin ß 

and 
R = A Vl + 2x cos y + X2 sin (a — 0), (14-14) 

respectively, where 9 is still given by (14-13). 

Let A = Ac, a = wct, and ß = (wc + un)t. Then, by noting that y = — 
and by using (14-14) and (14-13), we may write 

R = ACV1 + 2x cos + X2 sin [wet — 0] (14-15) 

where from (14-13), 

, —X sin . i 0 = tan-' —- - (14-16) 
1 + X cos wnt 



222 MODULATION THEORY 

Also, 
wi = instantaneous radian frequency 

di 

= Uc + XUn 
X + COS Unt 

1 + 2x cos unt + x2

— Uc Un ï 
- 4~ cos unt 

1 + ̂ z- f X + COS Unt 

1 , 1 , ^ + - COS Unt 
“ Uc “l” Un û>n J 

14— « 4- ~ cos u„t x2 X 

(14-17) 

(14-18) 

(14-19) 

Equation (14-15) is exact and may be regarded as a sinusoid that has 
been both amplitude-modulated and angle-modulated. If this wave goes 
to an ideal frequency demodulator, such as a balanced linear discriminator 
tuned to ue/2ir, the output will be proportional to the deviation of the in¬ 
stantaneous frequency from the carrier, as expressed by the last two right¬ 
hand terms of (14-19). 

For large or small values of x in (14-18), this factor of proportionality is 
asymptotic to 1 /2, but in the neighborhood of x = 1 the factor varies sub¬ 
stantially over a modulating cycle depending on x. As x varies from a very 
small value to a value appreciably greater than one, the change in instan¬ 
taneous frequency (14-19) approaches un/2ir. As x approaches unity from 
either above or below, there is at x = 1 a reversal in the polarity of the 
angle modulation. With increasing x, this means that B = xAc grabs con¬ 
trol when x exceeds unity. 
This transfer of control is indicated by the following consideration. 

When the sum of two sinusoids is expressed as a single sinusoid with a 
variable amplitude and variable argument (14-15), an examination of the 
amplitude factor will show that, provided x 1, the radicand never goes 
through zero regardless of the possible values of cos t. Thus all the zeros 
of (14-15) must be included in the sinusoidal factor. Incidentally, the 
factors A and B can always be made positive by an appropriate choice of 
the origin of reference or by a suitable choice of the arguments of the 
sinusoids. 

Noise Outp-A. Assume here, as previously, that the carrier is not mod-
ulated when the noise is to be evaluated, and that uncorrelated noise is 
uniformly distributed in frequency over the frequency range accepted at 
the detector input. Assume further that the band of noise may be re-
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placed by a large number of sinusoidal elements, each of amplitude AN 
and unrelated in phase and frequency. For exact representation of the 
noise wave, the sampling principle specifies the least number of sinusoidal 
elements conforming to this specification. 

AN 
Since x = -j- « 1, if we combine equations (14-13) and (14-14), the 

sum of a particular incremental noise sinusoid and the unmodulated car¬ 
rier may be written to a first approximation in the form 

R = Ac sin uct + AN sin [(wc + u„)t + $„] 

= AeVl + 2z cos (unt + in) sin [aid + x sin (aint + <!>„)]. (14-20) 

This is in the same form as (13-10). The instantaneous frequency is given 
by 

AN 
Ui ~ uc + -y ain COS (aint + 4>„) (14-21) 

which is in the same form as (14-8). 
Equation (14-20) represents a composite wave consisting of the unmod¬ 

ulated carrier plus an incremental noise component, and the instantaneous 
frequency of this wave is given by (14-21). When the composite wave is 
applied to the same frequency demodulator, amplitude modulation may 
be ignored, and the incremental output noise voltage e„ will be 

AN 
en = m -7- un cos (unt + $„). (14-22) 

■^C 

The incremental noise power dNn in the assumed one-ohm output circuit 
is given by 

dNn
m2 FAA 72
2 Ue. 

Un2- (14-23) 

Since x is small and consequently the frequency deviation is small, it may 
be assumed, to a rough approximation, that superposition applies. Ac¬ 
cordingly, the net noise may be approximated by finding the separate 
noise output corresponding to each incremental component at the input 
and evaluating their sum. 

If df is an elementary width of band that includes the frequency repre¬ 
sented by the sinusoid of amplitude AN, then, for a one-ohm load resistance, 

AN = V2ndf (14-24) 

where n is the uniform noise density in watts per cycle per second and AN 
is in volts. The factor V2 appears because AN is the amplitude of the 
sinusoid. When we place the right-hand member of (14-24) in (14-23), 
we have 

2 

dNn = m2 n df. (14-25) 



224 MODULATION THEORY 

It is important to note that, in the absence of signal, the output fre¬ 
quency of the interfering noise is the same frequency as the absolute value 
of the difference between the original noise frequency and the carrier fre¬ 
quency. Although average noise power output is independent of modula¬ 
tion for the type of noise and modulating wave assumed, as the modulation 
varies, noise components are contributed by different parts of the spectrum. 

Also, (14-22) provides the basis for the familiar statement that fre¬ 
quency modulation yields a triangular noise spectrum, since the angular 
frequency un appears as a factor in the differential noise output voltage. 
That is, the magnitude of the incremental noise voltage at the output in¬ 
creases linearly with the frequency difference of the interfering component 
from the carrier. 
The average output noise power No is closely approximated by 

(14-26) 

Since Pc
A 2-y-, (14-26) may be written 

No
_ 4tt2 m2

3 Pc
nB3. (14-27) 

Signal-to-Noise Ratio. On the basis of the previous assumptions, the 
signal-to-noise ratio at the output of a frequency-modulation system is 
given by dividing (14-10) by (14-27), viz., 

Al 
AoJfM 

- Q — c
[bJ 2Bn 

(14-28) 

The last factor on the right in (14-28) is recognized as the ratio (at the 
input of the detector) of the average carrier power to the average noise 
power in the pair of noise sidebands immediately above and below the 
carrier. The signal-to-noise ratio at the output of the detector is propor¬ 
tional to the square of the ratio of the frequency deviation to the band 
width of the output filter. 

Thus, it is seen that the signal-to-noise ratio may be increased indefinitely 
by increasing the frequency deviation F, so long as “break through” of the 
limiter does not occur. However, as F is increased, the band width of the 
transmission medium must be increased to minimize distortion, and thus 
a wider band of noise is accepted. Hence, for a given transmitter power 
and a specified medium there is a limit to F and, therefore, to the improve¬ 
ment. 

In amplitude modulation the output signal and noise powers are pro¬ 
portional to the incoming signal and noise. In a frequency-modulation 
system, when the frequency deviation is large compared with the frequency 
of the modulating wave, and when the signal-to-noise ratio at the input to 
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the detector is substantially less than one, the signal-to-noise ratio at the 
output is large. When the signal and noise at the input are equal, the 
output is very noisy. If now the noise is gradually increased, once the 
noise substantially exceeds the unmodulated carrier, the noise “grabs” or 
takes over, and the wanted signal is badly distorted and soon deleted. 
One of the reasons for noise reduction with increasing band-width occu¬ 

pancy is that small noise perturbations tend to alter the modulated wave 
in a way that the receiver chooses to ignore. In the absence of noise, the 
many side-frequency components of the modulated wave are individually 
of just such amplitude and phase as to cause large deviations in the instan¬ 
taneous frequency during a modulating cycle. In the absence of signal, 
because the noise components are random, small, and uncorrelated, their 
maximum effect in changing the instantaneous frequency is small. 
Component parts of the demodulator do not account fundamentally for 

noise reduction. They are merely aids in realizing more closely an ideal 
frequency demodulator which is sensitive only to frequency modulation. 
For example, the function of the limiter is to wipe off amplitude modula¬ 
tion, whereas the dual function of a balanced linear discriminator is to 
make pure amplitude modulation nugatory and to produce an output that is 
proportional to the deviation of the instantaneous frequency from the carrier. 

Other equally effective alternatives would serve as well. If we assume 
large signal-to-noise ratios and perfect transmission, the theoretical pos¬ 
sibility of signal-to-noise improvement by frequency modulation requires, 
first, the production of a frequency-modulated wave whose frequency devi¬ 
ation exceeds B/VS and, second, detection by a sufficiently exact fre¬ 
quency demodulator. 

Comparison of Amplitude and Frequency Modulation 

The signal-to-noise ratios already developed allow at least one direct 
comparison between amplitude and frequency modulation. This is on the 
basis of the same carrier power, the same noise-power density at the de¬ 
tector input, and full modulation. The comparison is obtained by divid¬ 
ing (14-28) by (14-7) which gives 

N n_ FM 

JVo_ AM 

= 3£2. 
3 B 2 (14-29) 

For this case it is obvious that frequency modulation, in exchange for 
band-width occupancy, can provide much better transmission than ampli¬ 
tude modulation. 
On the basis of the same peak power at the transmitter, single-sideband 

modulation, as shown in Chapter 9, has an eight-to-one noise advantage 
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over conventional amplitude modulation. It is also true, however, that, 
when peak power is the basis of comparison, frequency modulation pro¬ 
vides another four-to-one advantage over amplitude modulation beyond 

Fig. 14-1 Ou-put signal-to-noise ratios of a double-sideband, amplitude-modulation 
detector and a frequency-modulation detector (75 kilocycle-per-second frequency 
deviation); cutoff of output low-pass filter varied; noise-power density at detector 
inputs constant 

that shown by (14-29). Therefore, if the peak power delivered by trans¬ 
mitter is the same, the noise performance of frequency modulation as com¬ 
pared to single sideband is 

r^’ 
WoJfm = 3P 
'Sol 2 B* 
JVoJsSM 

(14-30) 
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Figures 14—1 and 14-2 show some of the foregoing relationships. In 
these figures the factor X is the ratio of carrier-power to noise-power density. 

In Fig. 14-1 the noise performance is shown as a function of the cutoff 
in cycles per second of the low-pass filter located in the output of the sys-

Fig. 14-2 Output signal-to-noise ratios of a double-sideband, amplitude-modulation 
detector and a frequency-modulation detector; output low-pass filter cutoff, 200 cycles 
per second; deviation of frequency-modulated wave varied; noise power density at 
detector input constant 

tem. It is evident that the frequency-modulation system improves at a 
logarithmic rate three times that of the amplitude-modulation system as 
the cutoff frequency of the output filter is reduced. 
For a fixed frequency deviation of 75 kilocycles per second as shown, for 

example, in Fig. 14-1, the performance of the frequency-modulation sys¬ 
tem is much better in the range of interest for broadcast purposes. For 
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B = 15,000 cycles per second, the improvement ratio is seventy-five to 
one, or 18.8 decibels. It is of interest to note that the noise performances 
are equal when B = V3 F or, in the case shown, when B = 130 kilocycles 
per second. 

In Fig. 14-2 the factor X is plotted as a function of the frequency devia¬ 
tion. This has no effect on an amplitude-modulation system, but has a 
substantial effect on a frequency-modulation system. There is a 6-decibel 
or four-to-or.e improvement in the ratio of signal power to noise power for 
each two-to-one increase in the frequency deviation, provided B is held 
constant (at 200 cycles per second for the example illustrated by Fig. 14-2). 

Large Noise Theory 
As mentioned previously, a high noise level exceeding the improvement 

threshold, as evidenced by breaking through the limiter, requires an en¬ 
tirely different type of analysis. References 1 and 2 treat this problem 
and demonstrate that the output noise of a frequency-modulation system 
increases sharply at a critical noise level and, finally, as the input noise is 
further increased, a saturation effect prevents further increase in output 
noise. It is also shown that any signal in the presence of high noise tends 
to be suppressed. 

DE-EMPHASIS 
General Theory 

In many systems of communication the magnitude of the modulating 
wave varies statistically as a function of frequency. For example, in voice 
and many other types of signals, the energy at the upper end of the signal 
spectrum is a great deal less than at the lower end. To take advantage 
of this, at the transmitting end the signal is first passed through a network 
that leaves the low signal frequencies unaffected but increases the higher 
signal frequencies. This process is called pre-emphasis. 

In order to restore the signal components to their proper relationship, 
the inverse process is carried out at the receiver. This is called de-empha-
sis. As a result, the output signal is not appreciably altered by the addi¬ 
tion of pre-emphasis and de-emphasis networks. However, even though 
the signal is unaffected, noise will be affected because the de-emphasis net¬ 
work is in the significant noise path. 

In practice, de-emphasis is usually accomplished by a simple resistor¬ 
capacitor combination in the signal path of the demodulator. The circuit 
employed in many frequency-modulation receivers appears in Fig. 14-3. 
A time constant r of 75 microseconds is commonly used for broadcast 
reception. As compared with no pre-emphasis, in practice pre-emphasis 
of the signals to match the network of Fig. 14-3 may require that the mod¬ 
ulation level of the transmitter at low frequencies be reduced. In the 
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treatment to follow, this factor will be ignored. The signal used for com¬ 
parison purposes will be a sinusoidal modulating wave at a low frequency 
not appreciably affected by pre-emphasis. At this frequency it will be 
assumed that the modulation level is the same as with no pre-emphasis. 

T = RC = 75 X IO'6 SECONDS 

Fig. 14-3 Simple de-emphasis network 

The transmission characteristic of the network of Fig. 14-3 may be re¬ 
garded as given by 

1 
Ei _ iCw _ 1 
El p 1 iur + 1 

R+ iC^ 

(14-31) 

where œ is the radian frequency of an assumed demodulated noise compo¬ 
nent and T = RC. The square of the absolute value of this ratio, namely, 

2

Ei 
1 

1 + œM (14-32) 

is of particular interest. 
The technique now involves application of (14-32) to expressions for 

the incremental noise voltage squared. The phase angle of the transmis¬ 
sion characteristic is of no concern since the phases of the noise components 
representing resistance noise are random and the integration is on a volt¬ 
age squared or power basis. Integration of the new expressions for the 
incremental output noise then gives the noise with the de-emphasis net¬ 
work in the demodulator output. Because of the shape of the noise spec¬ 
trum in a frequency modulation system, the de-emphasis network is par¬ 
ticularly effective for this type of modulation. 

Amplitude Modulation 

Without de-emphasis 
re 

No = 2m?n I df = m22Bn. 
Jo 

With de-emphasis 

[2V0]d = 2m2nJ^ ! +

(14-33) 

tan-1 2itBt. 
ITT 

(14-34) 



230 MODULATION THEORY 

The improvement in the ratio of average signal power to average noise 
power due to de-emphasis is given by 

No = (14-351 
[Wok tan-1 2vBt’ ’ 

and with the aid of (14-6) we obtain 

^1 = [^r^T- 1 (14-36) _NoJam-d \_2B n JLtan 1 2ttBtJ 

The first factor on the right is the modulation factor squared; the second, 
the ratio at the detector input of average carrier power to average noise 
power; and the third, the improvement factor due to de-emphasis. With 
complete modulation, = 1 and 

■Sof = r T 2*Bt ' 
JVoJam-d [2Bn JLtan-1 2irBr_ 

(14-37) 

The improvement factor due to de-emphasis will be designated ^am, viz., 

(14-38) 

The factor ^am for a de-emphasis time constant of 75 microseconds is 
shown in Fig. 14-4 for a variable low-pass filter cutoff. Consideration of 
^am for small angles shows that ^am approaches unity as B approaches 
zero. It is cf interest to note the rate at which the improvement factor 
increases for large cutoff frequencies, and this may be done by expanding 
the inverse tangent in an infinite series, viz., 

tan-1 x 1 ± + -i- Í__L. 
2 x 3x3 5z5

With this substitution, 
2ttBt 

yam = - : IT I 

2 2ttBt 

2*Bt > 1. 

As B becomes very large, 
lim, am —* ̂ Bt. 

(14-39) 

(14-40) 

Thus, when the band width of the low-pass filter is large, the improvement 
is proportional to the band width used. 

Frequency Modulation 

Without de-emphasis 

-r Sm^nir2 CB „ ,, Sir2?«2 —_ m^n 4tt2B3 (14-26) 
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With de-emphasis 

r . 8m2mr- Ç" pdf 1 . 1B n l « 
°k - A2 Jo 1 + Wt2P “ Pct2 Lß “ 2tt tan 27rßrJ (14-41 ) 

and 
, Afo (2irBr)3

_ Aok “ - tan-1 2wBt] (14-42)

Also 
hm, iAfm 1 (14-43) 

and 
r (2irBr)2
hm, —♦— g- (14-44) 

CUTOFF FREQUENCY OF LOW-PASS FILTER IN DETECTOR OUTPUT 
IN CYCLES PER SECOND 

Fig. 14-4 Improvement in output signal-to-noise ratios of a double-sideband, ampli¬ 
tude-modulation detector and a frequency-modulation detector for a dc-emphasizing 
time constant r of 75 X 10~6 second; cutoff frequency of output low-pass filter varied; 
noise-power density at detector inputs constant 

Thus, when B is very small, the improvement factor due to de-emphasis 
reduces to unity. When B is large, the improvement factor is propor¬ 
tional to B2 instead of B as in the case of amplitude modulation. For 
purposes of comparison both ̂ fm and ̂ Am were plotted on Fig. 14-4. 
The signal-to-noise ratio is given by 

’Sol 
JVoJfm-d Ao. 

(14-45) 

where the factors on the right are (14-42) and (14-28). 
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INTERFERENCE BETWEEN SIMILAR SYSTEMS 

In general, it works out that a wide-band frequency-modulation system 
is relatively immune to interference from other systems for exactly the 
same reason that explains the noise improvement. Compared on the basis 
of crosstalk between adjacent channels in the spectrum, frequency modu¬ 
lation also has the further advantage that the crosstalk is less intelligible 
and, therefore, less distracting. Compared with amplitude modulation, 
the interchannel crosstalk is less, and a broadcast transmitter requires less 
power to cover a given area. 
The tendency of frequency modulation to favor the strongest signal 

affects intersystem interference in an important way. Imagine two sta¬ 
tions spaced geographically and operating on the same frequency. Con¬ 
sider that a receiver is carried from one to the other of these stations. 
With a large-index frequency-modulation system, the mid-range region 
within which the two signals are both heard is relatively small, much 
smaller than for an amplitude-modulation system. According to studies 
made by the British Broadcasting Corporation (Ref. 12), a separation ratio 
of 30 decibels between the signals from two stations causes no perceptible 
interference in the output of a receiver, whereas, when the ratio falls to 
10 decibels, the interference completely ruins intelligence. 
The channel-grabbing characteristic can produce some annoying effects 

if the receiver is located between two transmitters operating at the same 
frequency. When fading conditions exist, it may so happen that the re¬ 
ceiver will switch from one signal to the other, depending on their relative 
field intensity at the receiver. 

IMPULSE NOISE 

As already mentioned, resistance noise may be regarded as having a 
uniform power-density spectrum over the radio-frequency acceptance band 
but random phases. Although impulse noise has a uniform power-density 
spectrum, the components are so phased that at certain times they all add. 
Hence, the magnitude of impulse noise increases in proportion to the ac¬ 
cepted band width. 
The foregoing discussion implies that the carrier power required to reach 

the improvement threshold will be greater for impulse noise, and this is 
indeed the case. Fortunately, however, it becomes less necessary for the 
signal to override impulse noise because the duration of the impulse is short. 
Even though the signal may be completely eliminated by noise for a brief 
interval, the degradation is likely to be slight. 
The magnitude of the interference produced in the output of the receiver 

is determined by the change in instantaneous frequency. The change in 
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instantaneous frequency caused by an impulse is limited by the band width 
of the intermediate-frequency path to something not much larger than the 
frequency deviation. The duration of the interruption to signal reception 
in the output of the receiver is also determined essentially by the band 
width of the intermediate-frequency path. With a broadcast system using 
a frequency deviation of 75 kilocycles per second, this duration is only 
13 microseconds. The acoustic effect of such a short interruption would 
be extremely small. Since impulse noise originating in man-made sources 
is not uncommon, this characteristic of frequency modulation is very im¬ 
portant. 
The possibilities of reducing the effects of high values of impulse noise 

are not limited to frequency modulation. A good amplitude limiter in a 
wide-band intermediate-frequency stage achieves much the same result for 
an amplitude-modulated receiver. Such a limiter is described in Refer¬ 
ence 13, and a similar principle has been utilized in other experimental 
receivers. 

DISTORTION IN FREQUENCY MODULATION 

In the usual forms of frequency-modulation receiver, too narrow a band 
in the high-frequency circuits will cause nonlinear distortion. Similarly, 
phase irregularities in the transmission path may also produce nonlinear 
distortion because the component vectors then add improperly. Fading, 
even in the microwave range, may be a source of serious distortion inas¬ 
much as such effects in the radio-frequency propagation path may intro¬ 
duce severe phase variations. Multipath transmission, with consequent 
selective fading, will be a source of severe distortion if the selective fades 
are so deep that they cause breaking through the limiter. Reasons for 
the distortion are fairly obvious when the steady-state transmission char¬ 
acteristic is considered. 
Phase distortion in a frequency-modulation system can so rotate the 

side frequencies that frequency modulation is transformed into amplitude 
modulation. When this occurs ahead of the receiver limiter, the ampli¬ 
tude modulation is eliminated. No equalizer can restore the frequency 
modulation after limiting. The effect varies as an even function of the 
phase distortion. Second-order distortion varies as an odd function and 
can be minimized by equalization of opposite side frequencies. Odd-order 
products of distortion cannot be improved in this way. 
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Problems 

1. A sinusoidal carrier cos wct plus resistance noise goes to a distortionless filter 
having a pass band that is essentially limited to frequencies ranging from fc — B 
to fc + B. The ratio of carrier to noise is large. The output of the filter goes 
to a quiet linear amplifier the output of which is divided into two independent 
parts. One goes to an ideal product-demodulator, the other to an ideal fre¬ 
quency-demodulator. Included in the output of each demodulator is a low-
pass filter capable of passing without distortion all frequencies less than B cycles 
per second. 

Is there any way the noise out of the product-demodulator can be modified 
so as to approximate closely, at all instants of time, the noise out of the frequency 
demodulator? 

2. In Problem 1 assume the carrier frequency is very high and replace the frequency¬ 
demodulator by an ideal envelope-detector. What is the difference between the 
noise out of the envelope-detector and the noise out of the product-demodulator? 

3. A phase-modulation system and an amplitude-modulation system are equally 
vulnerable to resistance noise when transmission is over the same medium. 
The amplitude-modulation system transmits the carrier and both sidebands. 
The loss over the medium is independent of frequency, and the carrier power is 
the same ir. the two cases. The peak phase deviation with PM is 20 degrees. 
What is the percentage peak modulation with AM? 
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4. Frequency modulation without de-emphasis results in a received noise power 
which varies as the cube of the band width when the interference is resistance 
noise due to thermal agitation. Explain. 

5. Assume a frequency-demodulator as shown including a limiter preceded by an 
ideal band-filter that accepts without loss a band of 150 kilocycles per second 
and attenuates completely outside this band. The frequency of the unmodu¬ 
lated carrier is in the center of this band. Assume also an ideal, 10-kilocycle-
per-second, low-pass filter in the output. The ratio of average carrier power to 
total average noise power at A is 40 decibels. Assume resistance noise. Assume 
the input is a frequency-modulated wave that has been modulated by a sinusoidal 
signal. The frequency deviation of the frequency-modulated wave is 50 kilocycles 
per second. 

(a) What is the ratio in the output of average signal power to average noise 
power expressed in decibels? 

(b) What is the ratio in (a) if a simple resistor-capacitor de-emphasis network 
whose time constant is 100 microseconds is used in the output of the de¬ 
modulator? 

6. In Problem 5 assume that the limiter and frequency-demodulator are replaced 
by an ideal, double-sideband, amplitude-modulation demodulator and that the 
signal is replaced by an amplitude-modulated carrier that has been 100 per cent 
modulated by a sinusoidal modulating wave. Assume also that the average 
carrier power to total average noise power is 40 decibels. What is the ratio in 
decibels of average signal power to average noise power in the output of the 
demodulator? 

7. It is desired to transmit 20-kilocycle-per-second program channels using pulse¬ 
code modulation over an existing frequency-modulation radio system. The 
radio system has a low-pass or base band, that is, a video pass-band of 120 kilo¬ 
cycles per second, and may be frequency-modulated + 240 kilocycles per second. 
The receiver band width (at intermediate frequencies) is 480 kilocycles per 
second. Under nonfading conditions the signal-to-noise ratio (ratio of average 
powers) as measured at the output of the intermediate-frequency amplifier is 
53 decibels. For purposes of computation it may be assumed that the peak 
video noise is 13 decibels above the root-mean-square video noise. 
(a) If a 30-decibel fading margin is to be allowed, how many pulse-code-modula¬ 

tion channels each having 529 linear quantum steps may be transmitted 
over a single-link radio system without errors due to noise? Describe the 
code used. 

(b) Suppose the system is to be extended to ten identical links. If a fade of 
30 decibels may occur in any or all links at the same time, and complete 
freedom of instrumentation is afforded, how many program channels may 
be transmitted? Describe briefly the code and necessary instrumentation. 

8. Consider a radio receiving system as shown: 
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The radio receiver accepts without loss a frequency band 12 megacycles per 
second wide and attenuates completely outside the pass band. The unmodu¬ 
lated carrier is centered in the pass band of the receiver. The output low-pass 
filter has the characteristic of an ideal structure, cutting off at 4 megacycles 
per second. Assume that the only noise is resistance noise and that the ratio 
of average carrier power to average noise power is 50 decibels at point A. The 
received signal is a frequency-modulated wave deviated by a television signal 
and the instantaneous peak-to-peak frequency excursion is 8 megacycles per 
second. 
(a) What is the ratio of peak-to-peak output signal to average noise signal? 

(Ratio in decibels of the average power in a sinusoidal signal, the root-mean-
square value of which is equal to the peak-to-peak video signal, to the average 
noise power in the absence of modulation.) 

(b) What theoretical noise improvement could be realized by using simple 
pre-emphasis and de-emphasis RC networks with a time constant of 0.5 
microsecond? 



CHAPTER 15 

PULSE-MODULATION ESSENTIALS 

Pulse modulation as distinct from pulse-code modulation will be adopted as 
a designation for unquantized pulse modulation. Familiar examples are 
pulse-amplitude modulation (PAM), pulse-duration modulation (PDM), 
and pulse-position modulation (PPM). Any of these may be quantized, 
and, in terms of present nomenclature, they then come under the heading 
of pulse-code modulation. 

Certain operating features are essentially the same for any pulse system. 
These are reviewed in the present chapter, and the review will provide 
background material for use in subsequent chapters. 

SAMPLING 

In a pulse-modulation system, the message information is transmitted 
intermittently rather than continuously. A series of discrete pulses (un¬ 
quantized code elements) rather than a continuously changing wave carries 
the specification of the message. When the message is not already made 
up of values arranged in a discrete time sequence, it must be reduced 
to this form before transmission. Sampling affords a means for represent¬ 
ing a continuously varying wave by a series of single values. Sampling is 
important, but it may be only a preliminary step in a pulse-modulation 
process. 
The sampling principle has been treated in Chapter 4. For the present 

purpose, it will suffice to recall one conclusion. This is that successive in¬ 
stantaneous measurements of magnitude made upon a continuous message 
wave, such as speech, at the rate of 2B measurements per second (where B 
is the significant band width of the message in cycles per second) provide 
enough information for reconstruction of the original wave. 
With PAM, PDM, and PPM systems, one pulse normally specifies each 

sample of the message wave. In these cases, the minimum number of 
pulses is 2B per second per channel. 

MULTIPLEXING 

Characteristic of pulse modulation is the comparative ease with which 
channels may be multiplexed by time division as distinguished from fre-

237 
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quency division. Multiplexing by time division simplifies instrumenta¬ 
tion, since relatively simple synchronous switches or gating circuits replace 
the modulators, demodulators, carrier generators, and band-pass filters 
ordinarily employed in a frequency-division system. Many of the termi¬ 
nal operations can be common to a plurality of channels. 
The foregoing discussion is not intended to suggest that, for all multi¬ 

plex transmission, pulse modulation with time division is preferred when 
all factors are considered. In any practical application a final choice will 
be influenced by many factors pertaining to the particular situation. 
Numerous combinations and variations of the pulse modulating process 

are possible. One example is a time-division system wherein individual 
pulses are modulated in different ways by several independent modulating 
waves. If it were permissible to widen the band, each pulse of a PPM 
array might, in addition, be independently amplitude-modulated and also 
independently varied in duration. This triply modulated pulse train could 
then be made to amplitude-modulate a frequency-modulated wave. This 
frequency-modulated wave could have been generated by letting another 
triply modulated pulse train frequency-modulate a sinusoidal carrier. In 
this way a total of six messages might be impressed upon one wave by this 
complicated process of multidimensional modulation. 

It is not suggested that the foregoing illustrative example is either prac¬ 
tical or efficient. However, other combinations might find practical ap¬ 
plication, particularly in conjunction with appropriate nonlinear operations. 
In any event, it should be appreciated that useful systems are not limited 
to the ones enumerated. 

Method of Operation 

Conventional multiplexing of channels in time division is accomplished 
at the transmitting terminal by feeding pulses from the channel equip¬ 
ment to a common output circuit, and by controlling the generation of 
individual pulses so that pulses for different channels fall within successive 
and recurrent intervals of time. This is illustrated by the three-channel 
PPM system shown in schematic form at the top of Fig. 15-1. This sche¬ 
matic represents only one of many alternative arrangements and is de¬ 
scribed only to illustrate the basic operations involved in multiplexing 
position-modulated pulses. 

In Fig. 15-1, (b) depicts the relative times of occurrence of the pulses 
for the individual channels and also the multichannel array obtained after 
interleaving the individual channel pulses. The positions occupied by 
unmodulated pulses are indicated by solid lines, and the positions occupied 
by pulses modulated to the maximum extent are indicated by dotted lines. 
Marker pulses are used for synchronization. In this example, the marker 
pulses are of greater duration than the channel pulses. The interval oc-
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cupied by one complete set of pulses (in this case a marker pulse and one 
pulse for each message channel) is called a frame. 
The timing of each channel pulse is controlled by a synchronizer. Usu¬ 

ally the synchronizer includes a plurality of synchronized pulse generators 
that control certain synchronized operations. As indicated in Fig. 15-1, 
and as is usually the case, the available time is divided equally among all 
channels. Thus, if the duration of a frame is T seconds and if the number 
of similar channels (including the marker pulse) is N, the frame time al¬ 
lotted to a particular channel is T/N seconds. 
At the output of the block labelled “receiving equipment” in (a) of 

Fig. 15-1, multiplexed pulses are recovered in approximately their original 
form. From the receiving equipment they go to electronic circuits, called 
gates, which separate them and route them to the proper channel equip¬ 
ment. This is done by timing the “open” and “closed” intervals of the 
gates so that a particular channel gate is open only when the pulses that 
should pass this gate are being received. Operation of the gates is con¬ 
trolled by pulses from the synchronizer. 

Gate Circuits 

There are several varieties of gate circuits. A simplified form of one in 
common use appears in Fig. 15-2. In this circuit, pulses from the receiv¬ 
ing equipment are combined with rectangular pulses from the synchronizer 

and impressed upon the grid of a triode along with a negative biasing volt¬ 
age. Pulses from the synchronizer are of positive polarity. Their mag¬ 
nitudes are slightly below the negative biasing voltage so that, by them¬ 
selves, they cannot drive the triode into its conducting condition. Pulses 
from the receiving equipment likewise are of positive polarity and, in the 
case of either PPM or PDM systems, their magnitude is about equal to 
that of the synchronizing pulses. Under these conditions, the triode be¬ 
comes conductive only during intervals when pulses from the receiving 
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equipment and from the synchronizer are simultaneously impressed upon 
the grid of the triode. 
Thus, the gate is open only when a pulse from the synchronizer is pres¬ 

ent. When the triode is in the conducting condition, its cathode voltage 
is very nearly proportional to its grid voltage. As a result, the pulses at 
the output of the gate have almost the same shape as those from the re¬ 
ceiving equipment. This is illustrated in (c) of Fig. 15-1. 
The same type of gate may be used with PAM systems. Here the mag¬ 

nitude of the pulse from the synchronizer must be great enough to make 
the triode conducting when the superimposed PAM pulse has its least 
magnitude. 

Two-Channel System 

When a system has only two channels, it is possible to use a simpler 
method of gating at the cost of a G-decibel signal-to-noise penalty. Posi¬ 
tive pulses are transmitted for one channel and negative pulses for the 
other. Therefore, gates may be used that separate pulses on the basis of 
differences in polarity rather than differences in times of occurrence. 
A gate of this type might consist of a germanium diode connected be¬ 

tween the output of the receiving equipment and the input of the channel 
equipment. Two diodes, one for each channel, would be connected into 
the circuit in opposite directions. Since diodes are essentially conducting 
in one direction only, positive pulses would pass through one of the diodes 
and negative pulses through the other. This method of gating simplifies 
the instrumentation and is applicable to two-channel PDM and PPM as 
well as PAM systems. 

CONVEYING THE INFORMATION OF THE SAMPLES 
TO THE DISTANT RECEIVER 

In (a) of Fig. 15-1 there is shown a block marked “transmitting equip¬ 
ment” at the input to the transmission medium, and another block marked 
“receiving equipment” at the output of the medium. The operations that 
must be performed by these blocks of equipment depend not only upon the 
nature of the transmitting medium but also upon the frequency allocation. 

In the simplest case the transmission medium might consist of a pair of 
wires or a coaxial cable, and the allotted frequency band might occupy 
the low end of the range, starting at zero cycles per second. The trans¬ 
mitting equipment would then include a low-pass filter to restrict the fre¬ 
quency components of the multiplexed pulses. Similarly, the receiving 
equipment would include another low-pass filter to attenuate high-fre¬ 
quency noise and other out-of-band interference. After filtering, the in¬ 
coming pulses would be amplified and fed to gate circuits. 
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In other situations the allotted frequency band is in a relatively high-
frequency region. This would be true when the pulses are transmitted by 
radio. The transmitting equipment of (a) in Fig. 15-1 then includes a 
modulator for translating the pulses to their allotted band. When a single 
sideband is transmitted, the result is to shift the spectrum of the train of 
pulses to its desired location in the radio spectrum. If double-sideband 
amplitude modulation is used, the required band width is doubled; and if 
frequency modulation is used, the band-width occupancy might be even 
greater. 
A long transmission system will, in general, include repeaters at various 

intermediate points. These may be either linear amplifiers or circuits that 
perform the dual function of amplifying and reshaping the pulses. The 
latter type of repeater is employed chiefly in PDM and PPM systems, 
wherein a noise reduction and an improvement in the interference threshold 
of the system are realized by reshaping or regenerating the pulses. 
At the receiving terminal, signals are fed to the receiving equipment 

indicated in (a) of Fig. 15-1, where they eventually are demodulated so 
that the pulses once again occupy a band at the lower extreme of the fre¬ 
quency range. 

A METHOD OF SCALING WHEREBY TIME DIVISION IS 
REGARDED AS A SCALE MODEL OF A SINGLE-CHANNEL 

SYSTEM 

Assume that noise in the transmission medium has the properties of 
resistance ncise. Suppose further that the ratio of average signal power 
to average noise power at the output of the system and band-width occu¬ 
pancy in the transmission medium have been specified in terms of a one-
channel system. Then the transmission of N channels over the same 
medium while maintaining the specified signal-to-noise ratio in each chan¬ 
nel involves several modifications. The band-width occupancy is in¬ 
creased A-fold, the time available to transmit each pulse is divided by N, 
the peak power of each pulse is multiplied by N, each frame contains N 
pulses, and the average transmitted power is increased A-fold. This 
treatment assumes that the in-band loss over the high-frequency trans¬ 
mission path is independent of the number of channels and ignores syn¬ 
chronization. 

SYNCHRONIZATION 

Although most pulse systems require synchronization, Chapter 20 de¬ 
scribes a type of system which operates with nonsynchronized pulses. 
Chapter 19 goes into a more advanced treatment of additional features 
and problems relating to synchronized systems and synchronized networks. 
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An altogether different system of synchronization is described in Chap¬ 
ter 20 which offers a solution to the problem of two-way multichannel 
synchronous transmission between a central station and a plurality of 
mobile stations. 
Apart from repeaters, in any system of synchronized transmission we 

will be concerned with two synchronizers, one at each end. This is be¬ 
cause a great many of the terminal operations must be controlled and timed 
to a nicety by a synchronizer. For example, synchronizing equipment at 
the transmitting terminal controls the generation of marker and channel 
pulses so that they occur in proper sequence and at exactly the right times. 
At the receiving terminal, the operation of gates must be synchronized 
with the incoming pulses. 
There are two basic types of receiving synchronizers which have been 

termed start-stop and long-time. Synchronizing methods used at the trans¬ 
mitting terminal are substantially independent of those which might be 
adopted for the receiving terminal. 

Synchronization at the Transmitting Terminal 

The over-all operation of a pulse-modulation system is controlled at the 
sending end by a master oscillator or, where stability requirements are not 
too stringent, by a free-running multivibrator. Through the use of ap¬ 
propriate circuits, pulses derived from the waves generated by the oscil¬ 
lator or multivibrator are utilized to drive the sampling circuits, marker 
generator, and other circuits. 

Consider, for example, a three-channel PAM system whose pulse train 
has the form shown in (a) of Fig. 15-3. During each frame interval, four 
control pulses are supplied in succession to four paths at the output of the 
synchronizer. One path goes to the marker generator and the others to 
sampling circuits for the three channels. The pulses are equally spaced 
and of like duration. 
There are various ways of timing the generation of control pulses. One 

that is highly accurate utilizes a master oscillator with a frequency so 
chosen that there is one cycle of oscillation for each pulse to be trans¬ 
mitted. 
The control pulses might also be generated by a ring circuit driven by a 

master oscillator. In this arrangement the ring circuit constitutes a multi¬ 
stage device wherein each stage may be in either an “on” or an “off” con¬ 
dition, with only one stage in the “on” condition at a time. For the sys¬ 
tem depicted in (a) of Fig. 15-3, the ring circuit would have four stages. 
At the output of each stage, one pulse is produced every four cycles of the 
oscillator wave. These pulses might be fed through pulse-shaping cir¬ 
cuits, and the resulting pulses of substantially rectangular shape and proper 
duration would then go to the four paths mentioned previously. 
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In a system where the timing requirements are lenient, a multivibrator 
is permissible. It might operate at the rate of one cycle per frame, which 
corresponds to 8,000 cycles per second in the three-channel PAM system 

MARKER INTERVALS 

VOLTAGE 
ACROSS 

CAPACITANCE 

(b) RDM SYSTEM TIME— 

MARKER PULSES 

TRANSMITTED 
PULSES 

(C) PPM SYSTEM TIME — ► 

Fig. 15-3 Start-stop synchronization for several three-channel systems 

of Fig. 15-3. The four channel pulses required per frame could be derived 
from the multivibrator wave through use of a resistor-capacitor timing cir¬ 
cuit. A description of this type of circuit appears in the next section. 

Start-Stop Synchronization 

Method of Operation. With the start-stop method, synchronization is 
usually maintained on a per frame basis. At the expense of increased 
errors in timing, the same principle may be applied by taking several 
frames at a time. In a many-channel telephone system (10,000 channels, 
for example), the synchronizing interval might be a fraction of a frame. 
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Assume synchronization is on a per frame basis. The method involves 
transmitting something, in addition to the message-bearing pulses, to serve 
as a time mark within each frame interval so that gates may be made to 
open and close at the proper times at the receiving terminal. In some 
cases, the necessary time mark is established by transmitting a special 
pulse, or “marker,” per frame. In other cases, a marker space may be 
used: that is, an interval in which a pulse is omitted. 

Problem of Marker Identification. When marker pulses are used, they 
must differ from the message-bearing pulses in some recognizable way. 
Various wave forms are possible, but the choice is restricted to some ex¬ 
tent by the following considerations : first, pulse systems frequently employ 
repeaters to reshape the pulses at various points along the route, and the 
marker pulse preferably should be capable of being handled conveniently 
by the repeaters in the same way as the other pulses; second, the marker 
pulse should not be of shorter duration than the other pulses or the re¬ 
quired band width will be increased ; and third, to simplify instrumentation, 
it is advantageous to make the interval allotted to a marker pulse equal 
to that allotted to any other pulse. 

Figure 15-3 depicts three examples of markers that might meet system 
requirements. A three-channel system is assumed, but the same types of 
pulses are suitable for systems with larger numbers of channels. 

Identification of a Marker by Its Magnitude. The scheme shown in (a) 
of Fig. 15-3 applies to a PAM system where the marker is identified by 
making its magnitude exceed that of the other pulses. It is relatively 
easy to isolate this marker. For example, the incoming pulses could be 
fed to the grid of a vacuum tube that is biased beyond cutoff by an amount 
just in excess of the maximum magnitude of the other pulses, so that these 
pulses never are able to drive the tube conducting. Since a marker pulse 
is able to drive the tube conducting, a pulse is produced in the plate cir¬ 
cuit whenever a marker is impressed on the grid. How this pulse is used 
to synchronize other operations will be explained presently. 

Identification of a Marker by Its Absence. In (b) of Fig. 15-3 is shown 
a method which applies to a PDM system; a marker interval is shown in¬ 
stead of a marker pulse. The description to follow represents one way of 
identifying a marker interval. Basically the method utilizes the charging 
time of a resistor-capacitor circuit to measure the duration of the intervals 
between successive duration-modulated pulses. One terminal of the ca¬ 
pacitor is tied to ground and the other is connected through a resistor to a 
relatively high-voltage, positive, d-c supply. At the beginning of each 
duration-modulated pulse, a circuit is activated which throws a low im¬ 
pedance across the capacitor and thus allows it to discharge. The low 
impedance is removed after the lapse of an interval that is short compared 
to the interval between successive duration-modulated pulses, at which 
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time the capacitor starts to charge again. The charging continues until 
the beginning of the next duration-modulated pulse, when the cycle of 
operations repeats. 
The time constant of the resistor-capacitor circuit is so chosen that, 

during the normal charging interval, the voltage across the capacitor rises 
to an assigned value equal, for example, to one-fourth of the d-c supply 
voltage. During the marker interval, the voltage reaches a considerably 
higher value. The ungrounded terminal of the capacitor is connected to 
a suitably biased vacuum tube, so that this tube is driven conducting, and 
a pulse is generated in its plate circuit during each marker interval. The 
voltage across the capacitor is shown by the lower curve of (b) in Fig. 15-3. 

Identification of a Marker by Its Duration. Part (c) of Fig. 15-3 applies 
to a PPM system, and in this case the marker pulse is distinguished by 
making its duration several times longer than that of the other pulses. At 
the receiving terminal the marker pulse may be separated from the other 
pulses essentially by the method just described for a PDM system. The 
capacitor is allowed to charge during the time of occurrence of each pulse, 
and the capacitor is discharged during the intervening intervals. Conse¬ 
quently, the capacitor voltage reaches its highest value during the time of 
occurrence cf a marker pulse. This is illustrated by the lower curve of (c) 
in Fig. 15-3. 

Generation of Control Pulses. After the marker pulses have been sepa¬ 
rated from the message-bearing pulses, they are used to control the oper¬ 
ation of the synchronizing circuit at the receiving terminal. The function 
of this circuit is to open and close channel gates in proper sequence. This 
requires circuits that, in effect, measure off pre-assigned time intervals 
starting from the marker pulse and cause gates to operate at the ends of 
these intervals. The charge (or discharge) time of a resistor-capacitor 
(ßC) circuit is sometimes employed for this purpose. 

In a three-channel system, for example, there would be three RC cir¬ 
cuits, all having different time constants. During the time of occurrence 
of the marker pulse, low-impedance shunts are automatically connected 
across the capacitors to bring their voltages practically to ground potential. 
Then, at the end of the marker pulse, the shunts are simultaneously re¬ 
moved, allowing the capacitors to charge through resistors connected to a 
positive d-c supply of relatively high voltage. 
The time constant of one RC circuit is so chosen that the voltage across 

the capacitor reaches a pre-assigned value at the beginning of the gating 
interval for channel 1. The voltages across the other two capacitors reach 
the same value at times corresponding to the beginning of the gating inter¬ 
vals for channels 2 and 3. Each capacitor is connected to a circuit that 
generates a pulse as soon as the voltage across the capacitor reaches the 
above-mentioned value. The circuits are so designed that the duration of 



PULSE-MODULATION ESSENTIALS 247 

each pulse is equal to a gating interval. The pulses thus generated are 
fed to the appropriate channel gates. 
Noise Considerations. It is characteristic of start-stop synchronization 

that noise, received along with the marker, increases the channel noise in 
a PPM system. This occurs because the edges of the received pulses do 
not rise in zero time, but are somewhat sloping. The exact position in 
time of the edge of a received pulse is regarded as the time at which the 
magnitude of the pulse passes through a pre-assigned value. This might, 
for example, correspond to half the peak value. When noise is added to 
the sloping edge of a pulse, the cross-over time is advanced or retarded, 
depending upon the polarity of the noise. Thus, as a result of noise, the 
apparent position in time of a marker pulse will “jitter” from frame to 
frame. 

In a PPM system the value of signal represented by a channel pulse is 
proportional to and measured by the interval between the channel pulse 
and the marker. Jitter of the marker changes this time interval and thus 
translates noise associated with the marker pulse into channel noise. Sim¬ 
ilarly, noise causes the channel pulses to jitter independently of the marker. 
Since these jitter effects are uncorrelated, and because the edges of the 
marker and channel pulse have equal slopes, the total noise power at the 
output of a channel will be doubled. 

Jitter of the marker pulse is of less consequence in PAM systems due to 
the fact that the magnitude of the wanted signal represented by a channel 
pulse is determined by the magnitude of the pulse rather than by its time 
of occurrence. In PDM systems, the signal magnitude represented by a 
channel pulse is determined only by the interval between its leading and 
trailing edges. Both edges will jitter, thereby contributing to the total 
noise, but the effect of marker-pulse noise may be minimized. 

Long-Time Synchronization 

Derivation of the Synchronizing Frequency. With long-time synchroniza¬ 
tion, the timing operations are controlled by a sinusoidal component ob¬ 
tained by filtering the received pulse train with a filter having a very 
narrow pass band. To elucidate this principle, consider a three-channel 
PPM system in which four pulses are transmitted per frame, a marker 
pulse being used for reasons to be given shortly. The marker pulse has 
the same duration as the channel pulses and is position-modulated at a 
4-kilocycle-per-second rate. The pulse train has the form shown in (a) 
of Fig. 15-4. A frequency component of this sequence of pulses is the 
sinusoidal wave shown on the lower curve of (a) in Fig. 15-4. When 
8,000 frames per second are transmitted, the frequency component of inter¬ 
est is 4 X 8,000 cycles per second. Now, if the pulses are fed to a filter 
with a pass band centered at 32 kilocycles per second, the output of the 
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filter will be the sinusoidal wave shown in (a) of Fig. 15-4, but displaced 
in relation to the same component at the input by the phase shift of the 
filter. 

Generation of Control Pulses. After the phase of this derived sinusoidal 
wave is suitably corrected, it drives a four-stage ring circuit. Successive 
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Fit. 15-4 Long-time synchronization for three-channel PPM systems 

stages of the ring circuit are switched to the “on” condition at the rate of 
one switching operation per cycle of the driving oscillation. Pulses from 
the first stage operate a gate for the marker pulse, and pulses from stages 
2, 3, and 4 operate gates for channels 1, 2, and 3 respectively. Since there 
is nothing to distinguish one cycle from another, there is only one chance 
in four that the timing of the gates would be correct if nothing further 
were done. To make this method of synchronization automatic, an addi¬ 
tional circuit serves to bring the pulses from the ring circuit into proper 
time relationship with the channel pulses. 
This requires two steps. First, an indicator is needed to determine 

whether or not the system is in synchronization. Second, during intervals 
when the system is not in synchronization, the time relationship between 
the ring circuit pulses and the incoming channel pulses must be changed 
automatically and progressively until the proper relationship is found. 
This action will be termed “hunting.” 

Indicator Circuit. A marker pulse is provided as part of the method for 
achieving the first step. This marker pulse is modulated, at the transmit-
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ting terminal, by a 4-kilocycle sinusoid in the same way that the channel 
pulses are modulated by the speech waves. Each voice-input circuit 
(Fig. 15-1) is provided with a low-pass filter which attenuates 4-kilocycles, 
thereby insuring that the marker pulse is the only one that can ever be 
modulated at this rate. 
When the system is in synchronization, each marker pulse passes through 

its gate and into receiving channel equipment similar to that for the voice 
circuits. At the output of this particular channel equipment is a narrow 
band-pass filter that freely passes 4-kilocycles. 
Under operating conditions, a 4-kilocycle sinusoid appears at the output 

of the filter. When the system is out of synchronization, the filter output 
is substantially zero because channel pulses instead of marker pulses are 
passed by the marker gate. The 4-kilocycle wave is rectified, and this 
rectified current controls a relay which turns on the “hunting” circuit 
whenever the system is out of synchronization. 
Hunting Circuit. While the hunting circuit is in action, it periodically 

causes the four-stage ring to skip one step and thus establishes in succession 
the four possible relationships between the received pulses and those gen¬ 
erated by the ring. The circuit operates at a comparatively slow rate, 
say ten times per second, so that the relay will have time to function. As 
soon as synchronization is restored, the relay operates to turn off the hunt¬ 
ing circuit. 
Hunting action may also be secured by an oscillator operating at a fre¬ 

quency a few cycles per second greater (or less) than the 32-kilocycle wave. 
The four-stage ring is driven by this oscillator, which is allowed to run 
freely at times when hunting action is required. But as soon as synchro¬ 
nization is established, the oscillator is made to lock in with the received 
32-kilocycle wave and thus maintain the proper relationship between the 
received pulses and those generated by the ring circuit. 

Avoiding the Necessity for a Hunting Circuit. The necessity for a hunt¬ 
ing circuit may be avoided by utilizing a lower frequency component of 
the received pulses. This frequency must be equal to or less than the 
frame frequency. For example, in the case of the three-channel PPM sys¬ 
tem the synchronizing frequency would be 8 kilocycles per second or lower. 
One way to obtain this frequency is to use a marker interval, (b) of 

Fig. 15-4, in place of a marker pulse. An 8-kilocycle component is ob¬ 
tained by applying the received pulses to the input of a narrow band-pass 
filter. Aside from the phase shift introduced by the filter, this component 
is phased with respect to the pulses as indicated on the lower curve of (b) 
in Fig. 15-4 and is caused to drive a pulse generator. This pulse generator 
produces short pulses at the rate of 8,000 per second. These pulses oper¬ 
ate gate-generating circuits in a manner similar to that described for the 
resistor-capacitor start-stop synchronization system. 
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It should be noted that there are other ways of providing an 8-kilocycle 
component in the pulse train. For example, making the marker pulse 
wider than the channel pulses also produces this component. 

Sources of Error. In the foregoing illustrative example, the use of the 
8-kilocycle synchronizing frequency instead of a 32-kilocycle frequency, 
has the significant disadvantage that it increases the timing errors. A 
1-degree error in the phase of the 8-kilocycle wave results in the same tim¬ 
ing error in the synchronizing operations as a 4-degree error in the 32-kilo¬ 
cycle wave. Requirements for the band-pass filter, phase-correcting net¬ 
work, and pulse-generating circuit are proportionally more stringent. 
Accordingly, application of this method is generally restricted to systems 
with a relatively small number of channels. 
Another possible source of error, in the long-time synchronization 

method, is that caused by sidebands that appear around the 8- or 32-kilo¬ 
cycle synchronizing frequency when the pulses are position-modulated. 
If the band-pass filter does not cut off sharply enough, a portion of these 
sidebands will pass through, mix with the synchronizing frequency, and 
produce timing errors. To minimize this effect, low-frequency suppression 
networks are used in the channel transmitting equipment to prevent the 
transmission of signal frequencies below a certain value. Then the width 
of the pass band of the synchronizing-frequency filter is limited to this 
same value or less on either side of the synchronizing frequency. 

Noise-Considerations. Noise accumulated from the transmission me¬ 
dium also mixes with the synchronizing frequency to produce errors. 
However, the width of the band occupied by the interfering noise is equal 
to that of the synchronizing-frequency filter, which should and can be 
comparatively narrow. This means that the channel noise is increased 
only a trivial amount by noise from the synchronizing circuit. In PPM 
systems, long-time synchronization has a noise advantage of nearly three 
decibels over start-stop synchronization for this reason. Although de¬ 
scribed previously in relation to a PPM system, the same synchronizing 
methods are applicable to PAM and PDM systems. 



CHAPTER 16 

PULSE-AMPLITUDE MODULATION 

Amplitude-modulated pulses are old, much older than amplitude-mod¬ 
ulated sinusoids. However, the complete and exact analysis of pulse¬ 
amplitude modulation is comparatively new; only within the last fifteen 
years has it been thoroughly understood in its most general form. Cur¬ 
rent interest lies in its application to time-division multiplex systems, in¬ 
strumentation, and other electronic fields. An advanced treatment of 
time-division systems given in Reference 1,* by W. R. Bennett, is clearly 
presented and comprehensive. References 2 to 4 provide additional back¬ 
ground. Before entering upon a detailed treatment of pulse-amplitude 
modulation, its salient features will be summarized. 
Amplitude-modulated pulses are usually multiplexed by time division 

or phase discrimination. Once the essential frequency ranges of the simul¬ 
taneous, independent, and unquantized modulating waves are specified, a 
minimum band width (Ref. 1) equal to the sum of the individual bands 
will theoretically be required if there is to be no interchannel interference. 
The ratio of average signal to average noise power in the output of each 
message channel can, in principle, be made independent of band-width 
occupancy, provided this occupancy equals or exceeds that minimum band. 
Also, this ratio equals the theoretical ratio for a corresponding multichan¬ 
nel, frequency-divided, single-sideband, suppressed-carrier system. The 
foregoing conclusions pertaining to noise assume that the average signal 
power applied to the medium is fixed and that the noise has the properties 
of resistance noise. 
When peak instead of average power is controlling, the situation is dif¬ 

ferent. In this case, whenever the band width occupied by a PAM system 
exceeds the theoretical minimum, the resulting signal-to-noise ratio is less. 
Also, the wider the band, the smaller the ratio. Accordingly, for a specified 
signal-to-noise ratio at the output of the system, more peak power is re¬ 
quired as the band is widened. Although a wider band implies a larger 
signal power, other requirements are eased. This follows since the over¬ 
all transmission requirements and practical tolerances tend to become un-

* The references cited are listed at the end of each chapter according to the number 
used in the text. 
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reasonably severe unless the occupied band is considerably wider than the 
theoretical minimum. 

Unlike PDM or PPM, PAM is not able to reduce small noise perturba¬ 
tions in exchange for increased band-width occupancy. It does, however, 
have the advantage of simplicity. 

Fig. 16-1 Idealized pulse shapes for pulse-amplitude modulation (PAM) 
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MODULATION METHODS 
Objective 

A primary function of the modulation process is to convert the message 
wave into a series of amplitude-modulated pulses. More often than not, 
the message wave is sampled at regular intervals. The result is a series 
of pulses proportional in magnitude to the sampled values. The wave 
form of these pulses depends upon the instrumentation. Four idealized 
pulse shapes are shown in Fig. 16-1. The message wave is represented by 
dotted lines and the corresponding amplitude-modulated pulses by solid 
lines. 

Production of Single-Polarity, Amplitude-Modulated Pulses 

The pulses in (a) of Fig. 16-1 are of positive polarity and of the type 
produced by the sampling circuit in Fig. 16-2. In this circuit, the mes¬ 
sage wave from the voice-input circuit and the rectangular pulses from the 
synchronizer are combined with a negative biasing voltage and impressed 

Fig. 16-2 Simplified drawing of a sampling circuit 

upon the grid circuit of a triode. Sufficient biasing voltage is applied so 
that the message wave alone cannot drive the tube into a conducting con¬ 
dition. Pulses from the synchronizing circuit are of constant amplitude 
and positive polarity. The synchronizing pulses are large enough to drive 
the triode well into its conducting region even when the message wave is 
at its most negative value. 

Accordingly, the tube is conductive when synchronizing pulses are pres¬ 
ent and is nonconductive when they are absent. The output of this sam¬ 
pling circuit is the voltage across the cathode resistor. When the tube is 
nonconductive, the cathode-resistor voltage is zero; and when the tube is 
conductive, the cathode-resistor voltage is accurately proportional to the 
grid voltage. Since the grid voltage during each conductive interval 
changes by an amount equal to the change in the message voltage, the 
tops of the pulses have the same shape as the message wave. 
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Production of Double-Polarity, Amplitude-Modulated Pulses 
The pulses shown in (b) of Fig. 16-1 differ from those shown in (a) in 

that their magnitudes may be positive or negative and are defined with 
reference to magnitude zero. They might be obtained from a balanced 
sampler or by adding to the pulses from the sampling circuit of Fig. 16-2 
a train of rectangular, negative pulses of such amplitude as just to cancel 
out the pulses from the sampling circuit when the message voltage is zero. 
The required negative pulses may be derived from pulses generated by the 
synchronizing circuit. For example, when positive pulses from a synchro¬ 
nizer are impressed upon the grid of a triode, negative pulses appear in the 
plate circuit. 

Production of Flat-Top, Amplitude-Modulated Pulses 
The pulses shown in (c) of Fig. 16-1 are flat-topped. Their amplitudes 

are proportional to the values of the message wave at times coinciding 
with the leading edges of the pulses. Generation of the pulses may be 
facilitated by the use of “holding” circuits. In such a circuit, a capacitor 
is charged to a voltage equalling that of the message wave at the sampling 
time. Then the capacitor is disconnected from any path through which 
it could lose its charge. 

Voltage across the capacitor is fed to the input of a sampling circuit sim¬ 
ilar to the one shown in Fig. 16-2. In this case voltage from the capacitor 
replaces the voltage from the voice-input circuit. An appropriately timed 
pulse from the synchronizer makes the triode in the sampling circuit con¬ 
ductive, thus producing a pulse across the cathode resistor. Since the 
voltage across the capacitor is constant during this interval, the generated 
pulse is flat-topped. At the end of the pulse, the capacitor is discharged 
and thereby made ready to repeat a similar set of operations. 
The double-polarity, flat-top pulses shown in (d) of Fig. 16-1 differ from 

those in (c) only in that their amplitudes are unbiased. They might be 
derived by adding a train of rectangular, negative pulses to the type shown 
in (c) of Fig. 16-1. 

SPECTRA OF AMPLITUDE-MODULATED PULSES 

Unit Sampling Function 
Time zero may be so chosen that the unit sampling function shown in 

(e) of Fig. 16-1 is given by 
TT , smmktr . ziciÁ U = k £ - j- cos mad (16—1) 

m- —oo mKir 

where k = io/ T is the ratio of the duration of a pulse to the interval be¬ 
tween centers of successive pulses, and = 2irfc = is the funda¬ 
mental frequency of the pulse train in radians per second. 
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Double-Polarity, Amplitude-Modulated Pulses 

The double-polarity pulses of (b) in Fig. 16-1 are obtained by multiply¬ 
ing the message wave, V(Z) = V, by the unit sampling function. If 
V(£) = Av cos (uvt + 0v), 

= UV 

— kAvY. S’n cos [(wtoc + + 0„] 
— oo Ml KIT 

X QI T1 />) /'7T 
= kAv cos (w„i + 0„) + kAv ¿ -- i- cos [(m&c ± uv)t + 0„]. 

1 mk* (16-2) 
In equation (16-2) the two plus and two minus signs go together. 

Since an arbitrary band-limited modulating wave F(t) may be repre-
00 

sented by £ A„ cos (wd + 6^, the spectrum of the train of double-polarity, 

amplitude-modulated pulses is proportional to the modulating wave and 
to the upper and lower sidebands of this wave around wc/2ir and its har¬ 
monics. Since superposition (Chaps. 9 and 10) applies in this and all 
cases to follow, V(t) may be regarded as a single sinusoid without loss of 
generality. 

Single-Polarity, Amplitude-Modulated Pulses 

The single-polarity pulses in (a) of Fig. 16-1 may be formed by adding 
UK, where K is a suitable factor, to the pulse train of (b) in Fig. 16-1. 
Thus, 

1W2(O = 2lZi(0 + Kk £ sm cos (16-3) 
— X m^TT 

Double-Polarity, Flat-Top Pulses 

The double-polarity, flat-top pulses of (d) in Fig. 16-1 may be expressed 
analytically by the following procedure. When a modulating wave is 
sampled at regular intervals, the samples approach closer and closer to 
flat-top pulses as the sampling interval is progressively shortened. In the 
limit, the pulses are differentially short, and, for our purposes, expression 
(16-2) for the resulting amplitude-modulated pulses reduces to 

dr 50

M^t) = L cos [(mcoc + u,)t + 0,] (16-4) 

when t0 is replaced by dr, a differentially small interval. 
Double-polarity, flat-top pulses, as in (d) of Fig. 16-1, may be regarded 

as an ensemble of a large number of trains of differentially short pulses 
side by side ; that is, as the sum of a large number of trains of short pulses 
wherein each successive train of recurrent pulses is delayed by an additional 
interval dr. Assume that the leading edge of a flat-top pulse occurs at 
time zero and that its duration is t0 seconds. The entire collection of 
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short pulses, delayed by amounts ranging from zero to /0, then add to de¬ 
termine the complete pulse. The desired sequence of flat-top pulses is 
obtained by summing the contributions of all of the trains of short pulses 
over the range zero to t0. Accordingly, (16-4) is replaced by 

= 4? L / cos [(77tac + œ^Çt — r) + 0„] dr 
' Jo 

. , mu, + 
„ sin kir- _ , 
co / 

= kA? X- ~- cos {moie + wt)( 
_ oc . mwc i L \ 

ktt -
(10-5) 

where as previously k = ta/T. 
The variable factor of the sinusoidal term corresponding to m = 0 in 

(16-5) is 
to sin ai„ -

- (16-6) 

and illustrates the basic theorem for aperture effect in sampling, referred 
to in Chapter 4 on pages 40 to 41 and discussed briefly on page 55. 
The physical interpretation is that the process of clamping instantane¬ 
ous samples for t0 seconds introduces a delay of ta/2 seconds and a 

. to sin uv — 
distortion factor given by - -r—- The distortion is linear and can be 

to 
2 

compensated for by an equalizer. 

Single-Polarity, Flat-Top Pulses 

Single-polarity, flat-top pulses are pictured in (c) of Fig. 16-1. They 
differ from double-polarity, flat-top pulses by adding to the latter the unit 
sampling function multiplied by a suitable factor K. This adds a d-c 
component and components corresponding to the recurrence rate wc/2ir 
and its harmonics. The complete expression for the pulses of (c) in 
Fig. 16-1 is 

+ Kk Ê cos mwct (16-7) 
— oo mkir 

where MJt) is given by (16-5). 

DEMODULATION METHODS 

Pulses generated at the transmitting terminal are multiplexed, conveyed 
to the receiving terminal, and routed to the proper channel equipment by 
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gating circuits, as described in Chapter 15. The pulses are then ready to 
be demodulated, that is, converted back to the same form as the original 
message wave. 
Almost all types of amplitude-modulated pulses are easily demodulated 

by a low-pass filter, or network, having an appropriately shaped loss-fre¬ 
quency characteristic. The process amounts to selection of the modu¬ 
lating wave from the modulated pulses. Network characteristics are 
determined from the spectrum of the pulses. 
Equation (16-2), which applies to double-polarity, amplitude-modulated 

pulses as distinguished from flat-top pulses, shows that the modulating 
wave is present. It is represented by components of the form kAv cos 
(œvt + dj. Since k does not depend upon the frequency of the modulating 
wave, the loss-frequency characteristic of the filter should be flat in the 
pass band for distortionless demodulation. 
Above the pass band the filter must introduce enough loss for adequate 

suppression of other spectrum components. Suppose the system trans¬ 
mits speech and the highest transmitted frequency is 4 kilocycles per sec¬ 
ond. The pass band of the filter that demodulates the pulses then extends 
from zero to 4 kilocycles. If transmission is at the Nyquist rate, the value 
of a>c/27T corresponds to 8 kilocycles, and the low-pass filter must suppress 
the first lower sideband extending from 4 to 8 kilocycles per second. This 
is impractical because no guard space separates the pass band from the 
band to be attenuated. 

If the pulse recurrence rate is 10 kilocycles per second instead of 8 (while 
rhe message frequencies are still restricted to a 4-kilocycle band) the situ¬ 
ation is relieved. Frequencies represented by the lower sideband of the 
recurrence frequency now fall in a band extending from 6 kilocycles to 
10 kilocycles. Accordingly, the loss of the filter may be increased gradu¬ 
ally from 4 to 6 kilocycles per second, since there are no components to be 
suppressed in this intermediate region. The filter must also provide sup¬ 
pression above the recurrence frequency to reduce the upper sideband. 
Whether suppression of still higher frequency components is required will 
depend upon system design. 
The spectrum of single-polarity, amplitude-modulated pulses shown in 

(a) of Fig. 16-1 differs from the one for the double-polarity pulses in (b) 
of Fig. 16-1 merely in that it has added to it the recurrence frequency and 
its harmonics. Except at these frequencies where additional suppression 
is required, a filter designed to demodulate the pulses of (a) would have 
the same loss-frequency characteristics as the one used for the pulses of 
(b). This additional suppression is important because the recurrence fre¬ 
quency and its harmonics are present all of the time, whereas other spec¬ 
trum components increase and decrease along with the voice wave. When 
the amplitudes are comparable, frequency components that are continu-
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ously present are much more objectionable than those existing only in the 
presence of speech. Hence, unmodulated components present in the ab¬ 
sence of speech require relatively more suppression. 
The flat-top pulse trains of (c) and (d) in Fig. 16-1 are likewise readily 

demodulated by the method just described. 
As previously mentioned, a simple equalizing network is sometimes 

needed in addition to the low-pass filter. This equalizer makes the in-
band loss decrease as the frequency increases in such a manner as to com¬ 
pensate for the aperture effect, namely, 

kirœv
wc

The amount of equalization needed is rather small, and may be omitted in 
some practical applications, especially when the pulses are short. The 
amount required is greatest when the values of k and are maximum. 
This occurs when the pulse duration is equal to the recurrence interval and 
the system is transmitting at the Nyquist rate. Then œ: assumes its maxi¬ 
mum value, namely, half the radian recurrence frequency, wc. Under these 
conditions, the coefficient mentioned above becomes equal to 2/tt at the 
maximum message frequency, as against unity at zero frequency. This 
corresponds to a 3.9-decibel increase in loss across the pass band, and, in 
order for the over-all transmission characteristic of the system to be flat, 
the equalizer must provide the inverse variation with frequency. 

In a working system, the message wave recovered at the output of the 
low-pass filter may be smaller than required. Accordingly, it may be nec¬ 
essary to pass the message wave through a linear amplifier as a final oper¬ 
ation. 

INTERCHANNEL CROSSTALK 

To illustrate the evaluation of interchannel crosstalk, we shall assume 
that synchronized switches at the two ends of the system sequentially con¬ 
nect N similar channels to a distortionless line at regular intervals corre¬ 
sponding to times a second. T = 2ir/wc is the frame interval, T/N 
is the amount of frame time allocated to each channel, and i0 is the dura¬ 
tion of each switching connection. The essential frequency range of each 
channel approaches half the frame frequency. 

Let j = 1, 2, . . . N and assume that a sinusoid 

e¡ = Ej cos (w„2 + 0„) (16-8) 

is present on channel j. 
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Except for a time displacement that is the same between all adjacent 
channels, the N switching functions are alike, viz., 

TT , “ sin mkir , t . 
U i = k 2^ - :—- cos (mwct — mi;) m - — oo Dlk TV 

00 

= k 22 Am cos (muj — mi,) (16-9) — oo 
t. n 3 ~ 14 sin mkir where i¡ = 2ir and Am —- ;-

N mkrr 
Let I, be the line current as a function of time from channel j. Then 

I¡ = e^. (16-10) 
By writing e,- and U, as the real part of appropriate imaginary exponen¬ 

tials, it is apparent that 

I, = kE, 22 Am cos [(»toe + — mi, + 0„], (16-11) 
— 00 

Equation (16-11) shows that commutator-type switching at the sending 
end results in the production of the signal itself (analytically regarded as 
the upper sideband about zero frequency) and upper and lower sidebands 
around the switching frequency and each harmonic of the switching fre¬ 
quency. 
At the receiving end, the synchronized switching process between chan¬ 

nel I and the line may be represented by 

Gi = k ¿ Am cos (mud — mit) (16-12) 
— 00 

where k has been made the same as at the sending end and 

Consider I ¡i to be the current received in channel I when channel j is ac¬ 
tive and let it be understood that j and I may be any two of the N channels. 

I¡i = e¡U,Gi. (16-13) 
Assume an ideal low-pass filter with cutoff B = uc/4ir in the output of 

each channel. Also assume that M is the upper bound of m = 0, ±1, 
. . . , and that io and consequently k are small so that Am can be replaced 
by unity. Under these conditions the crosstalk is given by 

= 1 + 2M ? + 2 ? C0S ] 

= 1, if I = 3 

sin (2M + l)r 

(2Af + 1) sin 7T 
, if Z 5^ J. (16-14) 
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Thus, when M = —5— > the crosstalk is zero. In this case, N = 2M +1, 

and (2M + 1)B is the total band width. If all channels are active, the 
system transmits N sidebands on zero frequency; N upper and N lower 
sidebands on fc, the switching frequency; and N upper and N lower side-

2V — 3 bands on the first — — harmonics of fc. In theory, therefore, a system 

is capable of simultaneously transmitting N channels without mutual in¬ 
terference. The theoretical band-width occupancy of this system is the 
same as for N single-sideband, amplitude-modulation channels multiplexed 
by frequency division. It should be noted that equality of the N side¬ 
bands and their exact phases account for the suppression of interchannel 
crosstalk. 
Systems with even numbers of channels can also be devised. These 

would use only upper and lower sidebands of the switching frequency and 
its harmonics. In fact, complete information for the separation of N 
channels should be and is contained in any set of N sidebands (Ref. 1). 

Useful switching functions (Ref. 1) are not limited to the simple func¬ 
tion given by (16-9). Furthermore, with the simple commutator type of 
switching, as the contact duration /0 is decreased from its largest value 
T/N, optimal band widths appear which give better crosstalk suppression 
than bands somewhat wider or narrower. This means that a particular 
system must be designed and operated appropriately to realize either little 
or theoretically zero mutual interference. An essential requirement is a 
suitable choice of a generalized switching function. It should be noted 
that the term interchannel crosstalk as used here is the same as intersymbol 
interference. This has been discussed in earlier chapters. 

SIGNAL-TO-NOISE RATIO 

Important in the design of a communication system is its susceptibility 
to various types of interference that may be encountered in the transmis¬ 
sion process. More than any other single factor, signal-to-noise ratio 
places an upper limit upon the spacing between terminals and repeaters. 
Furthermore, signal-to-noise ratios tend to determine the kinds and num¬ 
bers of systems that can operate in the same transmission medium. 
The amount of interference that can be tolerated depends upon the 

type of system, the nature of the message, the character of the interference, 
the transmission properties of the medium, and many other factors. The 
treatment here will be limited to PAM systems operating under idealized 
conditions, and it will be assumed that the interference is resistance noise. 

Let N similar channels each occupying a frequency range 0 < f < B be 
multiplexed by time division. Assume a commutator-type system as de-
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scribed in the preceding section. Let N he odd, and assume N sidebands 
are transmitted. This means that, at the transmitting end, frequencies 
above NB are attenuated by a low-pass filter. Transmission distortion 
will be ignored by assuming a distortionless line, uniform transmission, 
and ideal filters. 

Consider that a typical modulating wave, V(i), is multiplied by — 
to^N 

before it is sampled by the commutator-type switch. Then the average 
signal power in the N sidebands delivered by this particular channel, and 
as measured at the output of the transmitting low-pass filter, will be 
This follows from: Theorems I, III, and IV in Chapter 4; recognition that 
the sidebands are nearly equal, provided t0 is sufficiently small; and Parce-
val’s theorem. It is assumed that V(t) satisfies the conditions of Theorems 
III and IV. Moreover, if the N modulating waves are incommensurable 
and the average channel powers are alike, the total average signal power is 
-V times that of a single channel. 
From Theorems I, II, III, and IV in Chapter 4, and (16-13), we find 

that the ratio of average signal power to average noise power at a particular 
channel filter output is equal to the ratio at the filter input of the average 
signal power associated with that particular channel to the input noise 
power in a band B. The numerical measure of the average input noise 
power in a band B is Bn, where n is the average noise-power density per 
cycle per second. 
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Problems 

1. Assume two ideal single-sideband channels with identical transmission charac¬ 
teristics. The two channels are connected to an ideal line so that loss is inde¬ 
pendent of frequency. The frequency ranges occupied by the two sidebands 
are distinct and nonoverlapping. At the receiver input, the noise power density 
is uniform and uncorrelated : for example, resistance noise. 

Let So be the effective (that is, root-mean-square) signal at the output of 
channel 1 and Vo the effective noise. At the sending end, let the same modu-
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lu ting signal be transmitted over channel 2. At the transmitting end, the two 
inputs to the two channels are so adjusted that the two receiver outputs are 
Si and S2, where Si2 + «Sa2 = So2 and So > Si > S2. Thus, S2 = ¿Si where 
0 < k < 1. 
At the receiving end, assume the output of channel 1, namely, Si and Ao, is 

multiplied by a factor w, with 0 < u < co , so that the modified output is wSi 
and uNo. The effective values of the output from channel 2 are S2 and A2, 
where A22 = A02. The two outputs are so combined that the signals add in 
phase with the result that the effective value of the combined signal output is 
Si + S2. 
What is the combined noise output? What is the ratio of the effective value 

of combined signal to the effective value of the combined noise? What is the 
value of u for maximum ratio of combined signal to combined noise expressed 
as a function of ¿? What is the expression for the corresponding optimum signal-
to-noise ratios? 

2. Resistance noise is limited by an ideal filter to a band just less than B. Will 
B samples per second uniquely define the in-phase component of the noise? 

3. Assume a four-channel system of the on-and-off commutator switching type. 
Assume that the on-time is short. Theory shows that four sidebands of equal 
amplitude are sufficient to convey each message without interchannel crosstalk. 
With the carriers for channel 1 as a reference, what are the proper phases and 
frequencies of the carriers for the other three channels? 

4. In Problem 3 show tliat the crosstalk from channel 1 into any other channel is 
zero. 



CHAPTER 17 

PULSE DURATION MODULATION 

Pulse-duration modulation (PDM) is sometimes referred to in the lit¬ 
erature on the subject (Refs. 1 to 19)* as pulse-length modulation or pulse-
width modulation. Pulse-duration modulation is a particular form of 
pulse-time modulation. It is modulation of a pulse carrier (pulse carrier 
is defined on page 30 of Chapter 3) in which the value of each instantane¬ 
ous sample of a continuously varying modulating wave is caused to pro¬ 
duce a pulse of proportional duration. 
The modulating wave may vary the time of occurrence of the leading 

edge, the trailing edge, or both edges of the pulse. In any case, the mes¬ 
sage-bearing signal to be transmitted is composed of discrete values, and 
each value must be uniquely defined by the duration of a modulated pulse. 

Pulse-duration modulation has an advantage analogous to that of fre¬ 
quency modulation. Noise and interference can be reduced at the expense 
of increasing the band-width occupancy, provided the extraneous disturb¬ 
ances are below the improvement threshold. This advantage is very 
important in multichannel operations. 
When considering different ways of multiplexing channels, time division 

has simplicity and flexibility in its favor; but systems possessing these ad¬ 
vantages require wide bands. The narrower the high-frequency band, 
the harder it is to make a time-division system work. Even in the PAM 
case, there is an urge to employ a very wide band to ease the transmission 
tolerances associated with a specified, interchannel, crosstalk requirement. 
With PDM, the crosstalk requirements are relaxed by an amount corre-
sponding to the noise advantage associated with the wider band. Thus, 
if a very wide band is available, multiplexing not only becomes easier; but, 
in addition, average signal power is conserved. 

In PDM, the part of the signal power that carries no information to the 
receiver is wasted. The amount of power wasted depends upon the maxi¬ 
mum extent to which a pulse can be modulated. When the useless part 
is subtracted from PDM, we have PPM. The power saved represents 
the fundamental advantage of PPM over PDM. 

* The references cited are listed at the end of each chapter according to the number 
used in the text. 

263 
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MODULATION METHODS 

Three ways of modulating pulse duration are illustrated in Fig. 17-1. 
Solid lines indicate the durations of the unmodulated pulses, and dotted 
lines show the two extremes for maximum modulation. “Guard interval” 

(a) TRAILING EDGE MODULATED, LEADING 
EDGE FIXED 

I 

I 
I 
I 

Fig. 17-1 Pulse-duration modulation or PDM 

(Fig. 17-1) refers to the minimum interval between the trailing edge of 
one pulse and the leading edge of the next when the pulses are fully mod¬ 
ulated. 

There are many schemes for producing duration-modulated pulses. Any 
particular scheme may be utilized in any one of three ways. For purposes 
of illustration, Fig. 17-2 depicts a particular procedure wherein the trail¬ 
ing edge alone is modulated. , The message or modulating wave is first 
converted to a series of flat-top, amplitude-modulated pulses, all of maxi¬ 
mum duration. A saw-tooth sweep wave, as in (a) of Fig. 17-2, from the 
synchronizer is then added to the amplitude-modulated pulses, and the 
combination is applied to the input of a slicer. A slicer has the property 
that its output is zero whenever its input is below a certain value (referred 
to as the “control value”) and is maximum whenever the input exceeds 
this value. The amplitude of the saw-tooth wave is slightly greater than 
the difference between the tops of most negative and most positive ampli¬ 
tude-modulated pulses. This process produces the duration-modulated 
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pulse train shown on the lower curve in (a) of Fig. 17-2. This method of 
sampling is called “uniform sampling” because pulse durations are pro¬ 
portional to message-wave values at uniformly spaced sampling times. 

To simplify instrumentation, the same modulation result is sometimes 
realized without converting the message wave to PAM. Such a scheme is 
illustrated in (b) of Fig. 17-2. The message wave varies during the sweep¬ 
ing process, and the duration of a duration-modulated pulse is proportional 
to the magnitude of the message wave at the trailing edge of the pulse. 
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Thus, the time of sampling varies and coincides in time with each trailing 
edge. Leading edges are fixed and occur at regular intervals. 
When this method is used to produce pulses with leading edges modu¬ 

lated, the shape of the saw-tooth wave is reversed. Pulses with both 
edges modulated can be produced with sweep waves in the form of isosceles 
triangles. 
The sampling associated with any way of modulating pulse duration 

may be either uniform or natural. In the case of uniform sampling, if the 
leading edge is modulated or if both edges are modulated and + kT/2 is 
the extreme variation in duration, the sampling information is delayed 
more than kT/2 seconds in carrying out the modulation process. 
The illustrations in Fig. 17-2 are for a single-channel system. As an 

alternative to using one pulse-duration modulator for each channel of a 
multichannel system, the message waves may be converted to amplitude-
modulated pulses, which are then multiplexed by time division, and the 
combined array converted to duration-modulated pulses in a common¬ 
channel modulator. Again, the sampling may be either uniform or nat¬ 
ural. 

SPECTRA OF DURATION-MODULATED PULSES 

The following expressions for the spectra of duration-modulated pulses 
were taken from unpublished papers by W. R. Bennett. The method of 
derivation was based on a double Fourier series expansion in two vari¬ 
ables, a procedure originally developed by Bennett (Ref. 18) for the pur¬ 
pose of analyzing rectified waves. The method has proven to be highly 
effective in the systematic and rigorous treatment of certain complicated 
modulation problems. It is worthy of special attention here and is ex¬ 
plained in the following section. 

Method of Analysis 

Although application of the double Fourier series method of analysis 
will be described with reference to duration-modulated pulses as illustrated 
in Fig. 17-2, the general method can be applied to other types of waves. 

Natural sampling is assumed. The modulating wave is a single sinusoid 
represented by Av cos The fundamental frequency of the pulses is wc 
radians per second, so that uc is equal to 2tt times the number of pulses 
transmitted per second. 

In the general case, ai„ and uc are incommensurable and the pulse train 
is nonperiodic. To get around this difficulty, Bennett represented the 
duration-modulated pulses by the three-dimensional geometrical configu¬ 
ration illustrated in the upper drawing of Fig. 17-3. This diagram rep¬ 
resents part of a region in which many walls have been erected, all parallel 
to each other and of identical shape. The walls rest upon a flat surface 
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that will be referred to as the XOY plane. The positions occupied by the 
walls are indicated by the shaded areas. All walls are of the same height, 
their tops are flat, and their sides are perpendicular to the XOY plane. 

The walls are flat on one side; on the other side, their shape is defined, 
for this example, by the relation 

x' = B + Q cos y (17-1) 

where x' is the difference between the two sides of a wall, measured along 
lines parallel to the X-axis. 
B and Q are expressed in units of length. There is one wall (Fig. 17-3) 

for every 2tt units of length along the X-axis. Likewise, there is one com¬ 
plete cycle of Q cos y for every 2r units of length in the F-direction. 
Now suppose that a plane, perpendicular to the XOY surface and in¬ 

cluding the origin, is passed through the walls along the line OA in the 
drawing. When the intersection of this plane with the walls is projected 
upon a second plane, likewise perpendicular to the XOY surface but in¬ 
cluding the X-axis, the resulting curve will have the shape shown at the 
bottom of Fig. 17-3. Here H represents the height of the walls. 

If x is considered to represent time instead of distance, the above-men¬ 
tioned curve may be thought of as a train of duration-modulated pulses 
with modulated trailing edges. Furthermore, the duration of each pulse 
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is determined by the value of Q cos y at the end of the pulse rather than 
its value at uniformly spaced instants, so that the sampling is natural 
sampling. 

In order to represent a given train of duration-modulated pulses by the 
configuration of Fig. 17-3, x and y must be related to time essentially as 
follows : 

x = wj, (17—2) 
and 

y = wvt. (17-3) 

These relationships have the following significance. For each value of 
time inserted in (17-2) and (17-3), a point is specified in the XOY plane. 
The locus of all such points is a straight line passing through the origin 
and with a slope uv/wc. This line corresponds to OA in Fig. 17-3. 
Now, consider the entire region to be sectioned into elementary squares 

with edges 2t units long. Then, over an interval corresponding to one 
second of time, the plane the position of which is specified by OA will 
traverse wc/2r squares in the A’-direction. Since wc was defined in radians, 
pulses are generated at the rate of wc/2ir cycles per second. Similarly, 
the plane will encounter o»„/27r squares in the F-direction, and this corre¬ 
sponds to the pulses being modulated by a message wave with a frequency 
of <J„/2?r cycles per second. 
The quantities B and Q need to be expressed as functions of parameters 

that define the given train of duration-modulated pulses. B may be speci¬ 
fied as a funct ion of k where k is the ratio, in the absence of modulation, of 
pulse duration to the interval between pulse centers. From Fig. 17-3 it 
is apparent that 

B = 2rfc. (17-4) 

Q may be specified as function of Av, the amplitude of the sinusoidal 
modulating wave. In Fig. 17-3, the extreme change in position of the 
trailing edge from its unmodulated time of recurrence is 2Q and the pulse 
recurrence interval corresponds to 2ir. Therefore ±tt is a bound to the 
maximum possible excursion or modulation of a pulse. Let 

Q = Mir (17-5) 

define M, which will be called “modulation index” since + Mir is the max¬ 
imum excursion of the trailing edge from one extreme to the other. 
The foregoing discussion has shown how a train of duration-modulated 

pulses may be represented by a three-dimensional geometrical configura¬ 
tion when the modulating wave is a sinusoid. The next step will explain 
why this helps in deriving an expression for the spectrum of the pulses. 
A key to the explanation lies in the following consideration. 

If the XOY plane in the configuration of Fig. 17-3 is sectioned into ele-
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mentary squares with edges 2r units long, the portions of the walls within 
the different squares are identical. This suggests that the height of the 
configuration can be expressed as a function of x and y by means of a double 
Fourier series. The double Fourier series will be designated F(x, y). 
When, for example, the modulating wave is a sinusoid, a series such as this 
can be used to represent the pulse train. It is only necessary to replace 
x and y in the series with the time function given by (17-2) and (17-3). 
Since the series gives the height of the configuration at any point on the 
XOY plane, it must also give the height along the particular line OA traced 
out by these time functions. The double Fourier series may be developed 
as follows. 
The line of intersection of the walls with a plane perpendicular to the 

XOY plane and including the X-axis has the same form as a train of rec¬ 
tangular pulses, all of equal duration. Now if the plane is kept parallel 
to the X-axis but moved to a new point of intersection with the F-axis, a 
train of rectangular pulses of durations that are all equal is again obtained. 
Since these pulses are periodic with respect to x, the intersection of the 
plane with the walls may always be described by a simple Fourier series, 
written 

1 x
F(x, Z/i) = 5 a0(2/i) + L [ara(2/i) cos mx + bm{yi) sin mx] (17-6) 

where 

am(2/i) = - I F(x, y^ cos mx dx, m = 0, 1, 2, . .., (17-7) 
Jo 

1 f2’ 
bm(yi) = - I F(x, yA sin mx dx, m = 1, 2, . .. , (17-8) 

Jo 

and yi is the point of intersection of the plane with the F-axis. 
The values of the coefficients am(yi) and bm(yi) depend upon the point of 

intersection of the plane with the Y-axis, and are therefore functions of y. 
Since these values are periodic with respect to y in intervals of 2tt, they 
may also be represented by Fourier series. For example, the coefficient 
am(yi) may be written as follows for all possible values of y: 

1 “ 
O-Áy} = 5 Com + L [Cnm COS ny + dnm SHI 727/] (17~9) 

¿ n- 1 

where 
1 f2’ 

Cnm = - I am(ÿ) COS ny dy (17-10) 
Jo 

and 
1 f2’ 

dnm = - J am(y) sin ny dy. (17-11) 
K J a 
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The coefficient bm(yi) likewise may be written as Fourier series. Thus, 
the coefficient of each term in the original series (17-6) is replaced by a 
complete Fourier series with y as the variable. 
The problem now is to put this double series into a convenient form. 

The first step is to replace a^yi) in (17-6) with the series given in (17-9), 
and make similar substitutions for the coefficient bm(yi) in (17-6). In the 
new series, products of trigonometric functions are expanded and like 
terms collected. The coefficients in this new series then consist of (17-10) 
and (17-11), along with other coefficients of similar form which are present 
in the series for bm(y¿). 
The second step is to expand these expressions for the coefficients. For 

example, in (17-10) the term am(y) is replaced by (17-7). Thus, 

1 pti f2’ “I Cnm = _ I - I F(x, y) cos mx dx cos ny dy 
Jo L71" Jo -I 

= — I I F(x, y) cos mx cos ny dx dy 
Jo Jo 

i rir p* 

= —2 I I F(x, y) cos (mx + ny) dx dy 
Jo Jo 

1 C2t C2t
+ tup I I F(x, cos (mx — dx dy- (17-12) 
~K Jo Jo 

Here the coefficient cnm is equated to the sum of two terms. When sim¬ 
ilar operations are performed on the other coefficients and like terms col¬ 
lected, the double Fourier series reduces to the following expression: 

1 00 . 

F(x, y} = 5 A oo + E 14 on COS ny + Æo„ sin ny] n = 1 

+ ¿ [Am0 cos mx + Bm0 sin mx] 
m-1 

+ Ê E [A mn cos (mx + ny) + Bmn sin (mx + ny) ] (17-13) 
m = ln = ±1 

where 

mn 

and 

F(x, y) cos (mx + ny) dx dy 

^mn 

2x 

F(x, y) sin (mx + ny) dx dy. 

(17-14) 

(17-15) 

With X and y replaced by the time functions (17-2) and (17-3), the terms 
of the double Fourier series (17-13) are subject to the following interpreta¬ 
tion: 

The first term 5 AOo is the d-c component of the pulses. The frequency 
À 



PULSE-DURATION MODULATION 271 

components of the second term correspond to the frequency components 
of the modulating wave and its harmonics. The third term separates into 
frequencies corresponding to the fundamental frequency of the pulses and 
to harmonics of this frequency. The frequency components of the last 
term are given by the ensemble of all possible pairs formed by taking the 
sum and difference of integral multiples of each fundamental. 
The double integral (17-14) is proportional to the volume of a solid that 

occupies one elementary square in Fig. 17-3 and has a shape that is de¬ 
termined by multiplying the height of the wall, namely, F(x, y), evaluated 
at every point within the square, by the factor cos (mx + ny). Since the 
area of the elementary square is 4tt2, Amn is equal to twice the average 
height of the weighted solid. 

Expression (17-15) is subject to the same interpretation, except that 
the height multiplier in this case is sin (mx + ny). 
To summarize, this general method of spectrum analysis consists of the 

following operations: 

1. The train of duration-modulated pulses is represented by an appropri¬ 
ate three-dimensional configuration as illustrated by Fig. 17-3. 

2. The height of the three-dimensional configuration at all points is ex¬ 
pressed in terms of a double Fourier series (17-13). The coefficients of 
the terms in the series are obtained by evaluating the definite integrals 
(17-14) and (17-15). 

3. The final expression for the train of duration-modulated pulses is ob¬ 
tained by replacing x and y in the double series (17-13) by the time 
functions (o>c/) and (W), respectively. 

When this method of analysis is applied to waves other than duration-
modulated pulses, the procedure is the same, but the walls have different 
shapes. The general method used to determine the shape of the walls 
can be illustrated as follows. 

Consider two planes perpendicular to plane OXY : plane A includes 
line OA and plane B includes line OX. Consider also the portion of the 
geometrical configuration in Fig. 17-3 which occupies the elementary square 
bounded by x = 0 to 2ir and y = 0 to 2tt. The shape of the wall within 
this square is such that, when its intersection with plane A is projected 
upon plane B, the resulting projection has the shape of a duration-modu¬ 
lated pulse in which the leading edge coincides with the beginning of one 
cycle of the modulating wave. This follows since line OA crosses the flat 
side of the wall, which represents the leading edge of the pulse, at the 
origin where y equals zero. Therefore, this point marks the beginning of 
one cycle of the modulating wave, Q cos y. 

Next, consider the elementary square bounded by x = 2tt to 4tt and 
y = 0 to 2tt. The point at which the line OA crosses the flat side of the 
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wall in this square depends upon the slope of OA with respect to the 
X-axis. The slope of OA is equal to uv/uc. With the value of slope that 
was arbitrarily assigned to OA in Fig. 17-3, the crossover occurs at the 
point where y is approximately equal to 2tt/3. Accordingly, the shape of 
the geometrical configuration above the line OA in this square is the same 
as the shape of the duration-modulated pulse produced by the modulator 
when the leading edge of the pulse occurs 2tt/3 radians after the beginning 
of a cycle of the modulating wave. In any other elementary square, the 
shape of the geometrical configuration above the line OA is related to the 
shape of the duration-modulated pulses in a similar manner. 

Since the walls are identical in all elementary squares, the preceding 
result may be applied to lines drawn parallel to OA in the elementary 
square bounded by x = 0 to 2tt and y = 0 to 2%. Thus, the shape of the 
geometrical configuration along and above any such line in this square 
corresponds to the shape of a duration-modulated pulse in which the lead¬ 
ing edge occurs y" radians after the beginning of a cycle of the modulating 
wave. Here y" is the point of intersection of the line with the F-axis. 
To establish the shape of the geometrical configuration, it is only nec¬ 

essary to determine how the shape of the pulses produced by the modu¬ 
lator varies as a function of y". Since this relationship defines the shape 
of the geometrical configuration above any line parallel to OA, the shape 
of the configuration is defined at all points within the elementary square 
bounded by x = 0 to 2r and y = 0 to 2tt. 

In general, this method of spectrum analysis is applicable to any modu¬ 
lation process wherein the carrier and modulating waves are periodic func¬ 
tions of time. The modulating wave does not have to be a single-frequency 
wave, as in the preceding example. It may have any form encountered 
in a physical system so long as it is periodic. 

There are several points to be noted in connection with practical appli¬ 
cations of this method. 

In some cases, it is helpful to express the double Fourier series in com¬ 
plex form, namely, 

where 

F(x, y) = Y Y 
m- -oo n- -ao 

(17-16) 

Ümn 
1 
4r2

2» 

F(x, y)f-'(mz+nv'> dx dy. (17-17) 

In evaluating the integrals (17-14) and (17-15), or (17-17), the area of 
integration does not need to be a square. Any other shape is permissible, 
provided the area is 4tt2 and provided the configurations in all elementary 
areas are identical. The validity of this follows from the fact, previously 
noted, that each integral represents the volume of an elementary portion 
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of a solid. If a solid is sectioned into a given number of identical parts, 
the volume of each part is independent of the shape of the part. 
When the integrals cannot be solved by analytical methods, any par¬ 

ticular component of the double series can be determined by numerical 
integration. This amounts to finding the average height of the solids 
mentioned before. 

In the preceding discussion, the phase angle of the modulating wave 
cos uvt was taken as zero. F or phase angles other than zero, y is replaced by 

y = uvt + 6 (17-3a) 
where 6 is in radians. 

In the configuration of Fig. 17-3 this is geometrically equivalent to mov¬ 
ing the plane from the position indicated by line OA, to another in which 
it crosses the F-axis at a distance 0 from the origin, while keeping constant 
its angle with respect to the X-axis. It may be noted that the phase of 
the sinusoidal modulating wave is significant only when the frequency of 
the modulating wave and the fundamental frequency of the pulses are 
commensurable. 
The purpose of this section has been to describe Bennett’s method of 

analysis completely enough to allow the reader to apply it to other two-
frequency modulation problems. For those interested in the detailed der¬ 
ivation of the spectrum of the pulses shown in Fig. 17-3, the integrals are 
evaluated in the following section. 

Pulses with Trailing Edge Modulated 
It turns out that evaluation of the integrals is simplified by expressing 

them in complex form. However, we wish to express the final series in 
real instead of complex notation, and for this purpose it is convenient to 
express the integrals a little differently than in equation (17-17). By com¬ 
bining (17-14) and (17-15), 

A mn + iBmn F(x, dx dy. (17-18) 

Reference to Fig. 17-3 will show that the height of the walls is equal to 
the constant H for all values of x between 0 and B + Q cos y, and is zero 
for other values of x up to 2tt. Therefore, the preceding integral takes the 
following form when applied to this particular configuration : 

A mn + iBmn 

B+Q cos V 
^(mx+ni/) fa ¿y 

iH 

2ir2m 
eHmB+mQ cos v+nÿ) _ e'"»] dy. (17-19) 
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Except fcr the case where n — 0, the term einv does not contribute to the 
definite integral. This follows because, the term represents trigonometric 
functions that are periodic with respect to y in intervals of 2t. 

Since m appears in the denominator, equation (17-19) is indeterminate 
for the case where m = 0. The cases where m or n is zero have to be con¬ 
sidered separately. 
Equation (17-19) with the foregoing restriction becomes 

Amn + iBmn = — émB dy (17-20) ¿rm Jo

and is of the form (Ref. 20) 

i~n
Jn(Z) =~ ** 

Jo 

where the left member is a Bessel function of the first kind with integer 
suffix. 
When Z is replaced with mQ and $ with y, we have 

I fimQ ro8 v£inv = 2rïnJ„(mQ). (17-21) 
Jo 

When (17-21) is substituted into (17-20), 

iH Amn + iB™ = — — — emB 2irinJ„(mQ). 

Since in = 

Amn + iBmn + »'/«/„(mQ) (17-22) 
ivm 

where 

’ A™ = — Jn(mQ) sin (mB + (17-23) 
1V1TL \ / 

and 

Bmn = - — JJmQ) cos (mB + (17-24) 
m \ ¿ J 

valid for all integer values of m and n except zero. 
The evaluation of the integral for the special cases where m or n equals 

zero is straightforward so that it will not be discussed here. 
After completing the integrations and combining some of the terms, the 

coefficients are inserted in the double series (17-13). The symbols x, y, 
B, and Q are then replaced by their equivalents from equations (17-^), 
(17-3), (17-4), and (17-5), respectively. As a matter of convenience, the 
common factor H is set equal to unity. This gives the following series for 
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duration-modulated pulses with trailing edges modulated by natural sam¬ 
ples of a sinusoidal modulating wave. 

M . ’ sin mwrt 
F At) = k + — cos wvt -

2 m = 1 

_ £ J^mirM} _ 2mirfc) 
“i mir 

— E E - sin muct + nu»t — 2mirk 
m -1 n = ± 1 mir \ 

(17-25) 

nirf 
2 

The symbols in equation (17-25) have been defined in this and the pre¬ 
ceding section. The modulating wave is M cos o>„t. 

Duration-modulated pulses produced from uniform samples of the mod¬ 
ulating wave may be similarly analyzed. The walls in the geometrical 
configuration have a different shape, and the integration is simplified by 
taking, for the area of integration, a parallelogram with one pair of sides 
parallel to the F-axis and the other pair parallel to the line OA. The 
analysis as given below applies to pulses with trailing edges modulated 
and uniform sampling. 

A(i) = k - E 
2nirfcwo nir nmA - — 

2, 

Ä 1 — ĴmirAF) . E- ~- sin mud "i mir 
(17-26) 

-EL — - -m = l n=il f i x7* 
(»e + nwc) — 

sin (m>c + no>„)(i — nir 
~2_ 

Again the modulating wave is M cos uvt and the symbols have their previ¬ 
ous meaning. 
The timing of the pulses is such that the leading, or unmodulated, edge 

of one of the pulses occurs exactly at time t = 0. This is true for both 
types of sampling. 

Pulses with Leading Edge Modulated 

Obviously pulses with trailing edges modulated become pulses with lead¬ 
ing edges modulated when the time scale is reversed. Therefore, to ob¬ 
tain the series expression for the latter pulses, it is only necessary to put a 
negative sign in front of t in the formulas of the preceding section. For 
example, 

F3(t) = F^-t) (17-27) 
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where F3(t) is the series representing a train of duration-modulated pulses 
with leading edges modulated and natural sampling. Similarly, 

F^t) = F^-t) (17-28) 

where F^t'; is the series representing a train of duration-modulated pulses 
with leading edges modulated and uniform sampling. 

Since cos ( —w„t) = cos uvt, the modulating wave is the same as before. 
The timing of the pulses is such that the trailing, or unmodulated, edge of 
one of the pulses occurs exactly at time t = 0. This is true for both types 
of sampling. 

Pulses with Both Edges Modulated 

Pulses with both edges modulated may be considered as a combination 
of two pulse trains, one with leading edges modulated and the other with 
modulation on the trailing edges. The duration-modulated pulses of the 
two preceding sections occur in the proper time relationship to one another 
so that, when they are added together, the required pulses are obtained. 
Duration-modulated pulses with both edges modulated may be represented 
by the addition of appropriate formulas from the two preceding sections. 
That is, 

F¿t) = F^t) + F3(t) = FM + F^-t) (17-29) 

where Fs(t) is a series representing a train of pulses with both edges modu¬ 
lated and natural sampling and 

FeW = F^t) + F^t) = P2(i) + Fs(-0 (17-30) 

where Fe(t) is a series representing a train of pulses with both edges mod¬ 
ulated and uniform sampling. 

DEMODULATION METHODS 

Before or in the process of recovering the original modulating wave, ad¬ 
vantage should be taken of the noise-reducing properties of duration-
modulated pulses. One procedure is to change the received pulses into 
rectangular pulses by means of a “slicer.” The slicer is a circuit that 
extracts very thin, horizontal segments of the received pulses. Each slice 
is usually taken about midway between the base and top of the pulse so as 
to include points on the leading and trailing edges where the absolute value 
of the slope is a maximum. In practice, a slicer might consist of several 
appropriately biased vacuum tubes or transistors operating in tandem. The 
thin segments are then processed to form enlarged pulses of similar shape. 

Low-Pass Filter 

By far the most common scheme for deriving the wanted signal is to 
connect the output of the slicer sequentially to low-pass filters, one filter 
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being associated with each channel. Amplification is provided before and 
after filtering as required. In a multichannel system where the index of 
modulation is inherently small due to the many channels, the wanted sig¬ 
nal is recovered with negligible distortion. 

In the case of a single-channel system where the modulation index is 
likely to be substantial, the amount of distortion may be serious. For 
example, consider the case of natural sampling and modulation of the trail¬ 
ing edges by a sinusoidal modulating wave. The spectrum is given by 
(17-25). The wanted component is present and harmonics of the modu¬ 
lating wave are absent. The frequencies of the important in-band dis¬ 
tortion components are wc — 2«„, wc — 3w„, a>c — 4w0, et cetera. The co¬ 
efficients of these terms are independent of frequency, but depend upon 
the magnitude of the modulation index, M. 
At low-modulation levels the third order product, uc — 2w„, follows a 

square law with respect to the modulation index; wc — 3a>„ follows a cube 
law; and so on. The following table illustrates how these products com¬ 
pare with the message wave at three modulation levels. The tabulated 
values are the decibel ratios of the coefficient of the last term in (17-25) 
to the coefficient of the second term. 

Modulation Index M Product 
in Per Cent — 2wv wc — 

5 28 60 
10 22 48 
20 16 36 

It is apparent that the modulation index must be small to prevent undue 
distortion of the message. The permissible distortion depends not only 
upon the nature of the message but also upon the class of services for 
which the system is designed. In a multichannel system, the modulation 
index is inversely proportional to the number of channels. 
When regular sampling is used, the output of the low-pass filter (17-26) 

contains not only the wanted message wave, but its harmonics. With 
natural sampling these harmonics are missing. As with natural sampling, 
the other in-band distortion products of the form — nwv are present. 
This would lead one to expect a net deterioration of quality when the sam¬ 
pling is regular instead of natural. Detailed studies show this to be true. 

Conversion to PAM 

In principle any distortion, aside from that introduced by noise, can be 
eliminated since a PDM signal has all the information necessary for exact 
recovery of the modulating wave. Uniform sampling and conversion to 
PAM followed by a filter can provide exact recovery of the wanted message. 
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Conversion to PAM may be accomplished by means of a holding circuit. 
With this arrangement, a capacitor is charged to a voltage proportional to 
the duration of the duration-modulated pulse, and the voltage is then held 
at a virtually constant value while a new pulse proportional in magnitude 
to the voltage across the capacitor is generated. 
To allow sufficient time for these operations, alternate pulses are usually 

fed to separate holding circuits. The conversion process is illustrated, for 
one of the groups, in Fig. 17-4. As indicated at the top of this figure, the 
time allotted for the transmission of each pulse is h seconds. Alternate 

POM 

VOLTAGE ACROSS 
CAPACITANCE 

Fig. 17-4 Conversion of PDM to PAM 

pulses are omitted from this train so that this represents the series of 
pulses fed to one of the holding circuits. The voltage across the capacitor 
is assumed to be substantially zero coincident with the leading edge of a 
pulse. Thereafter, the voltage is caused to increase almost linearly, until 
the trailing edge of the pulse is reached. At this time the capacitor is dis¬ 
connected from any branch of the circuit through which it might lose its 
charge. 
The voltage across the capacitor is then impressed upon the input of a 

sampling circuit. During the interval immediately following a duration-
modulated pulse, while the capacitor voltage is constant, a rectangular 
pulse from the synchronizing circuit drives the sampler triode conductive. 
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The voltage at which the triode changes from nonconducting to conduct¬ 
ing is labeled “control value” in Fig. 17-4. Since the voltage at the sam¬ 
pling-circuit output is proportional to the capacitor voltage during the 
conducting interval, the output consists of the amplitude-modulated pulses 
shown at the bottom of Fig. 17-4. 
At the end of the holding interval, a shunt is connected across the ca¬ 

pacitor to remove its charge. Coincident with the leading edge of the 
next pulse, the shunt is removed, and the converter is ready to repeat its 
sequence of operations. 
Except for imperfections of instrumentation, the amplitudes of the am¬ 

plitude-modulated pulses generated by the above method are precise 
samples of the original modulating wave. With uniform sampling the 
modulating wave may be recovered in undistorted form by feeding the 
amplitude-modulated pulses to the input of an appropriate low-pass filter 
and equalizer. 
With natural sampling, the amplitudes of the amplitude-modulated 

pulses are not proportional to samples taken at equally spaced instants. 
Instead, they are proportional to samples taken at times coinciding with 
the positions of the modulated pulse edges. With the above-mentioned 
method of detection, this results in distortion of the modulating wave at 
the receiving terminal. The distortion becomes smaller as the magnitude 
of the modulating wave decreases. It is also small in a system with a 
large number of channels. 
Although both methods of demodulation have been described with ref¬ 

erence to the trailing edge case, they are both applicable in all three modu¬ 
lating schemes. 

SIGNAL-TO-NOISE RATIO 

Even when the noise is small compared with the wanted signal, the noise 
manifests itself as jitter in the leading and trailing edges of the recovered 
pulses. Since the positions of the leading and trailing edges define pulse 
duration, it is evident that the receiver cannot distinguish between signal 
modulation and noise. Slopes of the leading and trailing edges influence 
noise reduction. The absolute value of the slope is proportional to the 
band width. If the noise has the properties of resistance noise, the reduc¬ 
tion in root-mean-square noise current is proportional to the absolute value 
of the slope. 
Inasmuch as noise affects FDM and PPM systems similarly, the treat¬ 

ment of noise will be deferred to Chapter 18. Here it is sufficient to state 
a fundamental principle common to all pulse systems, namely, that the 
noise reduction depends upon the ratio of band width utilized to the total 
band width of the N like channels. When the noise has the properties of 
resistance noise and is small compared with the signal, an interesting pro-
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portionality exists. The ratio of average signal power to average noise 
power at the output of each channel is proportional to the square of the 
ratio of the prorated band width gainfully utilized by the channel to the 
band width of the channel itself. In theory, channel band width would 
be measured by half the sampling frequency. 
As previously mentioned, both leading and trailing edges of the pulses 

are affected by noise. Noise contributions from the two edges will com¬ 
bine to an extent depending upon their correlation. With resistance noise, 
the correlation is negligible. Consequently, the signal-to-noise ratio is 
three decibels poorer than when only one edge is affected, provided the 
absolute values of the slopes of the two edges are equal at the operating 
level of the slicer. If the noise is a wave, low in frequency compared with 
the recurrence rate of the channel pulses, the two noise contributions add 
almost directly. If the absolute values of the two slopes are equal, the 
signal-to-noise ratio will be about 6 decibels poorer than when one edge 
only is affected. 
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Problems 

1. (a) In the description of the double Fourier series method of analysis described 
on pages 266 to 275, suppose that rhe trailing edges are modulated by 
uniform instead of natural samples and that the modulating wave being 
sampled is a square wave instead of M cos a: J. Draw a diagram showing 
what geometrical configuration would take the place of the one pictured in 
Fig. 17-3. Make the drawing correspond to the following conditions: 
The timing of the modulating wave is such that one cycle of the wave 

starts precisely at time t = 0. The wave is positive during the first half of 
each cycle and negative during the second half of each cycle. The modu¬ 
lating wave is sampled at times corresponding to the leading edges of the 
duration-modulated pulses. 
The timing of the duration-modulated pulses is such that the leading 

edge of one pulse occurs exactly at t = 0. 
The maximum duration of the duration-modulated pulses is B + Q and 

the minimum duration is B — Q, where B is the pulse duration in the ab¬ 
sence of modulation. The duration of the duration-modulated pulses is 
longest for positive samples of the modulating wave and is least for negative 
samples. 
The fundamental radian frequency, of the modulating wave is smaller 

than the fundamental radian frequency, w„ of the unmodulated pulses. 
(b) Describe, in a few sentences, the additional operations which must be carried 

out to complete the spectrum analysis of the duration-modulated pulses 
after the geometrical configuration of (a) has been determined. 

(c) Is the preceding analysis valid when w„ is greater than o>c? 



CHAPTER 18 

PULSE-POSITION MODULATION 

Pulse-position modulation is a particular form of pulse-time modulation 
in which the value of each instantaneous sample of a modulating wave is 
caused to vary the position in time of a pulse relative to its unmodulated 
time of occurrence. The variation in relative position may be related to 
the modulating wave in any predetermined unique manner. Compared 
with pulse-duration modulation, pulse-position modulation conserves sig¬ 
nal power and for this reason has aroused considerable interest in recent 
years (Refs. 1 to 24)*. However, in situations where band width is at a 
premium, it is less desirable than some other methods, such as pulse-code 
modulation. Practical applications of PPM systems have been on a mod¬ 
est scale, even though their instrumentation can be extremely simple. 

v In either pulse-duration modulation or pulse-position modulation the 
maximum modulating signal must not cause a pulse to enter adjacent al¬ 
lotted time intervals. In telephone systems this requirement leads “to a 
very wasteful use of time space. In fact, almost all of the frame time 
available for modulation is wasted in almost every frame because many of 
the busy channels may be expected to be inactive, and most of the rest 
will be carrying small signal power. Consequently, although pulse-posi¬ 
tion modulation is more efficient than pulse-duration modulation, both 
fall short of the theoretical ideal when used for multiplexing ordinary tele¬ 
phone channels. 

SPECTRA OF PULSE-MODULATION SYSTEMS 

At this point and before proceeding with the treatment of pulse-position 
modulation, a slightly different way of deriving the spectra will be devel¬ 
oped for the purpose of drawing additional general conclusions. This par¬ 
ticular method was suggested by J. G. Kreer, Jr., as a means of clarifying 
the various classifications of pulse modulation. 
The modulated waves associated with any type of pulse-modulation 

system belong to a class of functions that are partially periodic in nature. 

* The references cited are listed at the end of each chapter according to the number 
used in the text. 
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It is characteristic of the functions within this class that they may be 
divided into equal segments in the independent variable, and within each 
segment the function is one of a class of single-parameter functions. 
Such functions may be conveniently expressed as a series of modulated 

sinusoidal waves, modulated either in phase or amplitude or both. This 
is made possible by assuming that each period function is repeated in¬ 
definitely and expanding in a Fourier series. The desired series is then 
obtained by letting the coefficients of the Fourier series vary from period 
to period in accordance with the modulating wave. 
As an example of this procedure, let us consider a pulse-modulation sig¬ 

nal in which the unmodulated pulses are ideal rectangular pulses with 
time of duration ¿0, amplitude unity, and repetition period T. That is, 
the cyclic pulse-carrier frequency/c is equal to 1/T, and the corresponding 
radian frequency wc is equal to 2tt/T. Assume that the leading edge is 
modulated with a modulation factor K3, the trailing edge with a modula¬ 
tion factor Kt, and the amplitude with a modulation factor K3. The mod¬ 
ulated wave may then be described as follows: 

M(t) =0, (n - i) T < t < nT - | + K^TJ 

M(t) = 1 + K3V3(Tn,), 

nT — + K^T^ <t<nT + % + (18-1) 

M(f) = 0, nT + + KiV^TJ <t<(n + ̂ \T 

where 71(0, and V3(t) are independent modulating waves, n = 0, 
±1, ±2, . . . , and Tn¡ , T^, and T„, denote the respective times in the nth 
period that Vi(<), and VsG) were sampled. Our immediate interest 
will be served by setting Fi(i) = F2(f) = V3{() = F(<), and T^ = T^ = 
Tn, = Tn. With uniform sampling Tn can be replaced by Tn. 
Assume that the modulated wave M(/) may be represented by 

OC 

M(f) = a0(n) + am(n) cos mwct + bm(n) sin mad (18-2) 

where am(n) and bm(ri) are constants over any one period, T, but may vary 
from period to period. Then we have: 

/• nT + I + K,V(Tn) =<¡ 
ao(n) = ̂  [l + K^T^dt 

7 JnT - I + KlV(Tn)-C 

1 + [<0 + (x2 _ XOFiT,)], (18-3) 
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2 Cd
a„(n) = I [1 + R3V(Tn)] cos mud dt 

Jc 

= Zsin + K27(T„)1 + sin muc R? - AW^T) 
7H7T \ |_2 J |_2 J/ 

2(1 + R3V(Tn)] . —- sin mu, mir 

and 

bm(n) = 

cos mu, 2 (18-4) 

+ RiViT^] sin muct dt 

mir 
cos mu, 

+ cos mu, § - A^n)]) 

2(1 + R3V(TnY\ . po = —- 1- sin muc -
mir L2 

Ri — Ri 

Ri 4“ Ri tr/m \ sin muc- g- lu»). (18-5) 

'When (18-3), (18-4), and (18-5) are substituted for the 
coefficients in (18-2) we obtain: 

appropriate 

MW = ̂  + Ri — Ri 4~ Rdo T V(T„) + 
KzÇKi — Ai) 

T V\Tn) 

- 2 ri + r3v(t„y 
m_i L . sin muc

io 
2 

A. +A2
2 V(Tn) cos mud 

4- sin muc sin mud 

to i Ri — Ai 4- R3tn V(T , , A3(A2 — Ai) T/2/T
4- - V{In) 4- - V2{1 „ 

ri + R3V{Tn)-] 
- - sin 

TUTT J 

Ri - Al 
2 

cos mud — mu, (18-6) 

It should be noted that, by using a proper set of clamped samples, (18-6) 
applies to either uniform or natural sampling. 
The first three terms in (18-6) may be regarded as an amplitude-modu¬ 

lated zero-frequency carrier. The remaining terms are familiar in form 
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and each is recognized to be a combination of an amplitude- and phase-
modulated sinusoid. The frequencies of these sinusoids are fc and its 
harmonics. 
From (18-6) it follows that K3 and (Æ2 — Ki) contribute amplitude 

modulation only, and (Ki + K2) contributes phase modulation only. It 
follows from (18-1) that position modulation of the center of the pulses is 
proportional to (Ki + Æ2), whereas duration modulation of the pulses is 
proportional to K2 — Ki. 
When Ki = K2 and K3 = 0, for example, we have PPM; and if Ki = K2 

and K3 0, we have both PPM and PAM. It is interesting to note (18-6) 
that, as (Ki + A^) contributes pure phase modulation, the corresponding 
modulating wave is not P(i) but the clamped samples of F(i). The mod¬ 
ulating wave that amplitude-modulates fc and its harmonics is more diffi¬ 
cult to describe, but in many cases of interest it may not differ appreciably 
from the clamped samples of V(t~). 

In contrast to the methods of Chapter 17, note especially that equation 
(18-6) holds for an arbitrary V(i). Even so, it does not display the spec¬ 
trum of the modulated wave M(t). Instead, it expresses M(t) as the sum 
of a series of modulated carriers, the carrier frequencies being 0, fc, 2fc, 
3fc, et cetera. It is possible to extend the analysis to display the spectrum, 
but this extension is so tedious that it would have to be justified for a par¬ 
ticular problem. 

MODULATION METHODS 

Position-modulated pulses may be produced in many ways. One is to 
derive them from duration-modulated pulses. The modulating wave is 
sampled and converted to duration-modulated pulses as explained in Chap¬ 
ter 17. In carrying out this process, either uniform or natural sampling 
is permissible. The duration-modulated pulses then go to a circuit that 
generates a rectangular pulse of short duration each time the modulated 
edge of a duration-modulated pulse passes through a specified value. The 
position-modulated pulses thus produced are all of equal duration. 
Another simple way of producing position-modulated pulses is to pass 

the modulating wave and a sinusoid having a frequency that is equal to 
the sampling rate through a miniature, highly nonlinear inductance. The 
nonlinear inductance forms the primary winding of a transformer. The 
desired position-modulated signal appears upon rectification of the trans¬ 
former output. In the absence of a modulating wave, the output is the 
unmodulated pulse train. 

This is an example of natural sampling, and the time of appearance of 
the position-modulated pulse represents the instant that the modulating 
wave was, in effect, sampled. With special miniature transformers of 
this type, termed “kick” coils, the duration of the position-modulated 
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pulses might be as short as a microsecond. If shorter pulses are desired, 
the ensemble of pulses may be subjected to a differentiating and clipping 
process. 

SPECTRA OF PPM 

The results of a spectrum analysis of pulse-position modulation will be 
given for the case of channel pulses that are position-modulated by a sinus¬ 
oidal input. The unmodulated pulses will be represented by the unit 
sampling function expressed as an even function of time, viz. 

U = sin mkir 
mkir cos muj (18-7) 

where k = h/T with i0 as the duration of a pulse, and with T = 2ir/wc as 
the unmodulated pulse repetition period or frame interval. 
When a sum is bilateral and both limits infinite, as in (18-7), the limits 

will be omitted. Likewise, if the variable that assumes all possible posi¬ 
tive and negative integral values including zero is obvious, it will not be 
indicated. 
The modulating wave is represented by 

7(f) = A, sin uvt. (18-8) 
Let 

¿17(0 = M sin uvt (18-9) 

where ±MT/2 is the maximum excursion of a pulse from its unmodulated 
time of recurrence. 

If PPM denotes the representation of the unit pulses position-modulated 
by A„ sin uvt, then 

PPM = EL cos (mwc + (18-10) 

where am„ depends on whether the sampling is uniform or natural. The 
following values of amn were obtained by the double Fourier series method. 

Uniform Sampling 

Omn = ¿(—)n (18-11) 

in which the coefficient on the right is a Bessel function of the first kind 
with integer suffix and real argument. 

In the case of uniform sampling the modulating wave is assumed to be 
instantaneously sampled at regular intervals T, and the pulses are subse¬ 
quently position-modulated. To carry out this operation it is necessary 
to delay the sampling information by an interval greater than MT¡2. 
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Natural Sampling 
• T i "»"I ? sin m + n — kir 

amn = k(- )" - - - Jn(Mmir). (18-12) 
thktt 

In the case of natural sampling we produce PPM by making the dis¬ 
placement of successive pulses from their unmodulated positions propor¬ 
tional to the magnitudes of the modulating wave at the instants of sending 
the pulses. That is, the time of sampling coincides with what we may 
choose to regard as the time of appearance of the position-modulated pulse. 

DEMODULATION METHODS 

While deriving the preceding equations for the frequency spectrum of 
pulse-position modulated signals in 1942, J. 0. Edson recognized an inter¬ 
esting fact. He noted that, when M was made moderately small, a de¬ 
layed copy of the original signal with little distortion could be obtained by 
simply passing the PPM signal through a low-pass filter followed by an 
appropriate amplifier. This is true for either uniform or natural sampling. 
The amplifier gain falls 6 decibels for each two-to-one increase in frequency. 
An additional fact brought out by (18-11) and (18-12) is that, although 
this method of detection may produce little distortion regardless of the 
sampling method, there is less distortion in the case of natural sampling. 
When the wanted signal is derived in the manner described and with 

uniform sampling, Fig. 18-1 displays the degree of linearity and higher-

Fig. 18-1 Calculated linearity and distortion products of PPM assuming uniform 
sampling and demodulation by feeding the position-modulated pulses to a low-pass 
filter followed by an amplifier whose gain falls 6 decibels per octave 
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order products of distortion. F or natural sampling, an error of less than one 
per cent is introduced by replacing the sine by its argument in (18-12), viz., 

^mn (18-13) 

Another way to demodulate position-modulated pulses is to convert 
them first to duration-modulated pulses. This may be done by means of 
a double-stability circuit that is thrown to its “on” position by regularly 
spaced pulses from the synchronizer, and to its “off” position by the re¬ 
ceived position-modulated pulses. The circuit switches to the “off” posi¬ 
tion whenever the voltage of one edge of the position-modulated pulse 
passes through a pre-assigned value. Either the leading or trailing edge 
may be made to control the operation. The duration-modulated pulses 
at the output of the double-stability circuit are all of the same magnitude. 
The duration-modulated pulses may be demodulated by any of the meth¬ 
ods described in Chapter 17. 

SIGNAL-TO-NOISE RATIO 
Small Noise 

Noise will modify the times at which the incoming pulses reach the slicing 
level. Figure 18-2 shows how a small noise voltage of root-mean-square 

value N', when superimposed on a 
video pulse of peak value S', acts 
to change the root-mean-square 
triggering time of the slicer by an 
amount e. From the geometry 
of the figure, 

8' = J_ 
N' Be' (18-14) 

s0' _ s' r B 1 
NÓ N'LaVafçJ 

Fig. 18-2 Equation for signal-to-noise 
improvement 

After passing the intermediate¬ 
frequency amplifier of band width 
B and the second detector, the 
approximate slope of the leading 
edge of the pulse at the slicing 
level is S'B, and the corresponding 
“time of rise” is 1/B. Another 
figure that is sometimes used is 
2/irB. In any event, the time of 

rise is inversely proportional to the band width, other factors being equal. 
The time of rise is about twice as long as for a typical low-pass filter. 

This follows since we are, in effect, concerned with the envelope detection 
of upper and lower sidebands around the mid-band frequency of the inter-
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mediate-frequency of the intermediate-frequency amplifier. A low-pass 
filter for an equivalent system would occupy half the band width of the 
intermediate-frequency amplifier. 
When the output of the slicer is passed to the receiving multiplex, the 

error in timing, e, will cause a noise voltage, No', in the output of the low-
pass filter individual to each channel. 

Single Channel. Assume a one-channel system as in Fig. 18-3, and as¬ 
sume that the maximum permissible excursion of a pulse is the limiting 
value of plus or minus l/2/c. 
This implies B is so much 
larger than fc that the dura¬ 
tion of the pulse is negligible 
in relation to half the frame 
time. Consequently, it may be 
ignored. Then plus or minus Fig - 18-3 Single-channel pulse-position modu-
, . , ’,, . . lation system 
l/2/c represents the peak mod¬ 
ulation of a pulse, or the maximum displacement in time from its un¬ 
modulated position. When the pulses are modulated fully by a single¬ 
frequency test tone, the corresponding root-mean-square displacement 

approaches —7=— If So' denotes the corresponding root-mean-square 
2V2fc

signal voltage in the output of a low-pass filter individual to the channel, 

° 2V2/C
(18-15) 

where K is a constant factor of proportionality. 
In Fig. 18-2, N1 may be regarded, for the moment, as the voltage of an 

instantaneous noise sample taken at the time of triggering and e as the 
corresponding error in timing caused by the noise sample. N' would nor¬ 
mally vary from sample to sample. The root-mean-square value of e is 
the root-mean-square value of N' divided by the slope which is approxi¬ 
mately S'B. This follows if we note that the root-mean-square value of 
the noise (Chapter 4, Theorems III and IV) will equal the root-mean¬ 
square value of the instantaneous noise samples, N'. Let No' denote the 
root-mean-square noise in the output of a low-pass filter individual to the 
channel. Since 

and since 
Na' = (18-16) 

we have, 
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Improvement Threshold 

Common to all systems that exchange band width for noise improvement, 
PPM has a well-defined improvement threshold. As a result, the greater 
the noise improvement, the larger the increase in noise once the 
threshold is exceeded. For example, in the case of PPM-AM, if 
the PPM is recovered by envelope detection of the upper and lower 
sidebands of the position-modulated pulses, the threshold is half the peak 
signal. 

Present concern will be with signal-to-noise ratio just at the threshold. 
This is usually set by specifying the probability that the threshold will be 
violated. Next, the peak factor of the noise is evaluated. Peak factor 
is the ratio of peak to root-mean-square value and may depend upon the 
above-mentioned probability. In the case of resistance noise, Table 7-1 
in Chapter 7 indicates the decibel equivalent of the ratio associated with 
probabilities in the range of interest. This figure added to the improve¬ 
ment threshold expressed in decibels specifies the ratio of the peak value 
of the pulse to the root-mean-square noise at the slicer input. This in 
turn implies the signal-to-noise ratio at the output of each channel. 

For example, if the threshold is 6 decibels and we specify that the root¬ 
mean-square noise should be 12 decibels below the threshold, then the 
root-mean-square noise should be 18 decibels below the improvement 
threshold at the input to the slicer. In this instance, S'/N' = 8, approxi¬ 
mately. 

If ~S£ 
_N¿]t 

designates the corresponding ratio of root-mean-square signal 

to root-mean-square noise at output of the channel low-pass filter, equation 
(18-17) at threshold becomes 

■s/i = 2V2B 
Wo Jr fa 

(18-18) 

where, it will be recalled, 2B » 
J Channels. To extend the foregoing results to a multichannel system, 

let J equal the number of like channels while retaining the nomenclature 
and symbols of this and the previous section. With like channels, the 
part of the frame time allocated to each channel will be Even 
though we assume that pulses in adjacent channels just touch when all 
channels are fully modulated, only part of the allocated time is available 
for modulation. The part of the frame time occupied by the pulse itself 
is not available for time modulation. With B as the band width of the 
intermediate amplifier, it is reasonable to assume the significant pulse 
duration to be 2/B. 
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On this basis, the maximum excursion of a pulse becomes plus or minus 
‘J_ 1" 
2Jfe B. ' When this is inserted in place of l/2/c in (18-17), we have 

¿V = s' i r b 
No' N' V2 L2J/e (18-19) 

Again suppose that peak noise four times its root-mean-square value would 
probably be exceeded rarely enough to make this value acceptable as a 
limit. This would set the noise peak at S'/2, which is the assumed im¬ 
provement threshold with no allowance for margins. Then S'/N' = 8 as 
before and 

'ST 
Wo'Jr (18-20) 

If, for example, the so-called rise time is assumed to be 2¡iíB instead of 
1/B, (18-19) and (18-20) become 

So' S' r r B ,“1 
No' N'2V2l2Jfc J (18—19a) 

and 

fe.r = 2v/2’r .2^ “ \ ’ (18-20a) 
respectively. 
The relationships illustrate a general principle common to all pulse sys¬ 

tems, namely, that the ratio of root-mean-square signal to root-mean-
square noise at the output of each like channel is approximately propor¬ 
tional to the ratio of total band width gainfully used to the sum of the 
channel bands. 

DESCRIPTION OF A WORKING SYSTEM 

To illustrate the application of some of the principles discussed in this 
and the three preceding chapters, the following is a brief description 
(Ref. 22) of an early portable multichannel microwave radio relay system. 

Equipment and Operating Features 

The system provides eight high-grade telephone channels between points 
separated by an unobstructed line-of-sight transmission path. Message 
channels are multiplexed by time division, and pulse-position modulation 
serves to minimize interchannel crosstalk and improve signal-to-noise ratio. 
Simultaneous two-way communication is achieved by the use of different 
radio frequencies confined to nonoverlapping bands, one for each direc¬ 
tion of transmission. That is, the two directions of transmission are over 
different microwave channels separated by frequency division. 
The position-modulated pulses are caused to key a microwave oscillator 

that generates a frequency of nearly five billion cycles per second. At 
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Fig. 18-4 Block diagram of a single-link system 
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this extremely high frequency, static and most man-made interference are 
absent. Spurts of microwave power from the oscillator go to an antenna 
that radiates a highly directive and sharply focused microwave beam. 
Because the antennas are highly directional, the transmitter power is made 
only one four-millionth as great as would be required were the antennas 
omnidirectional. For these reasons peak power of a few watts serves for 
distances as great as one hundred miles. Since transmission is along a 
iiiie-of-sight path, the distance between stations is limited by the curva¬ 
ture of the earth. Communications may be extended by using pairs of 
intermediate sets as repeaters. 
The frontispiece depicts one arrangement used in field operations. The 

arrangement shown is a portable microwave radio set and, as indicated in 
Fig. 18-4, takes the form of a combined radio transmitter and receiver 
with multiplex arrangements for modulating and demodulating the eight 
channels. Pulses are synchronized on a start-stop basis by a 4-microsec-
ond synchronizing pulse called a marker. Eight thousand times a second 
a 4-microsecond burst of microwave power is followed by eight 1-micro-
second bursts corresponding to the eight position-modulated channel pulses. 
Each spurt of microwave power is substantially constant in magnitude and 
frequency. 
At the receiving end, attenuated microwave spurts from the distant 

transmitter go to a converter as shown in Fig. 18-4. The converter changes 
microwave pulses to intermediate-frequency pulses which are further am¬ 
plified and detected by the “radio receiver.” The position-modulated 
pulses produced by the second detector go to the receiving multiplex. 

NOISE FREE WITH NOISE CLIP TOP 

CLIP BOTTOM 

Fig. 18-5 Reduction of noise by slicer 
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The radio receiver has automatic tuning to correct for unwanted fre¬ 
quency drifts originating in the transmitting oscillator. The receiver also 
has automatic volume control to compensate for fading in order that the 
signals fed to the slicer will be of constant magnitude. The slicer (Fig. 
18-5) carves out a narrow slice amounting to about 5 per cent from each 
video pulse and, as explained in the preceding section, thereby substan¬ 
tially frees the pulses of noise. 

FREQUENCY IN HUNDREDS OF CYCLES PER SECOND 
Fig. 18-6 Typical transmission-frequency characteristic 

Transmission Performance 

The telephone channels which the system provides are high-quality mes¬ 
sage circuits and meet commercial standards for long-distance telephone 
transmission. Each channel is capable of transmitting signaling, dialing, 
facsimile, pictures, or multichannel voice-frequency telegraph. 
As shown by the typical transmission-frequency characteristic plotted 

in Fig. 18—6, the over-all transmission varies less than one decibel as the 
signal frequency varies from 300 to 3,000 cycles per second. 
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Load-carrying capacity is indicated by the typical characteristic shown 
in Fig. 18-7. The sinusoidal input to a channel may vary up to plus 8 
decibels above a milliwatt without appreciable overloading. The “zero¬ 

level point” of reference used in Figs. 18-7 and 18-8 refers to the point 
where the multiplex connects to an external two-wire telephone circuit. 
As indicated by the analytical treatment of noise and as clearly shown 

in Fig. 18-8, the circuit noise contributed by a single link depends primarily 
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upon the radio-frequency attenuation of the path. For a many-link sys¬ 
tem the total noise power is the sum of the noise powers contributed by 
the individual links. Even so, under normal conditions of use each mes¬ 
sage channel is unusually quiet. Over a typical 50-mile path, if it is as¬ 
sumed that the signal is 8 decibels above a milliwatt at the zero level point, 
the root-mean-square, signal-to-noise ratio is 75 decibels. Moreover, as 
indicated by Fig. 18-8, an additional increase in path loss of 48 decibels 
can be encountered before the system fails. 

In the nonsynchronous system to be described in Chapter 20, our con¬ 
cern will be with pulses that are intentionally caused to jitter with respect 
to their unmodulated positions. Accordingly, it will be of interest at this 
point to note the order of magnitude of the intervals of time that are sig¬ 
nificant in determining the exact position in time of a channel pulse in a 
conventional PPM system. For example, in Fig. 18-8, assuming a typi¬ 
cal 50-mile path, if the relative average random jitter of the trailing edges 
of the channel pulses had been as great as one billionth of a second, the 
average power of the background noise present in the output of each mes¬ 
sage channel would have been doubled. 
Although the path attenuation may vary by substantial amounts due to 

meteorological conditions, the over-all transmission stability of the eight 

6:oo P.M. 12:00 A.M. 6:00 A.M. 12:00 P.M. 6:oo 

Fig. 18-9 Transmission stability of a 3,200-mile circuit 

channels is unusually good. This, of course, might be surmised since the 
amplitudes of the pulses do not convey the specification of the message. 
The over-all transmission stability of a 3,200-mile circuit is illustrated by 
a typical 24-hour recording (reproduced in Fig. 18-9) of the received level 
of a 1,000-cycle-per-second test tone. The maximum variation is less than 
plus or minus half a decibel. In this instance a long circuit was obtained 
by operating ten sets so as to form five two-way, eight-channel systems, 
each operating simultaneously over the same 40-mile air path. By con¬ 
necting in tandem the five systems, the eight channels, and both directions 
of transmission, the resulting one-way transmission was over an air path 
3,200 miles long. 
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Problems 

1. Derive an expression for the spectra of the instantaneous samples of V(0, as¬ 
suming (a) regular sampling and (b) natural sampling. 

2. Derive an expression for the spectra of clamped samples of V(i), assuming 
(a) regular sampling and (b) natural sampling. 

3. Solve Problem 2(a) under the condition that the stored samples decay (a) linearly 
and (b) exponentially. 

4. Binary digits are transmitted over a PAM-FM radio system. Theoretically, 
what is the minimum peak signal-to-peak noise ratio at threshold in the radio¬ 
frequency system and at the output of the final detector? 



CHAPTER 19 

PULSE-CODE MODULATION 

When called upon to communicate messages by electric signals, engineers 
have used, in the past, either amplitude modulation or frequency modula¬ 
tion. In both cases, the process is continuous and the application of a 
continuously varying message wave causes amplitude or frequency varia¬ 
tions of a sinusoidal carrier with time. For some purposes, frequency 
modulation (Chapters 12 to 14) is better than amplitude modulation 
(Chapters 9 to 11), although it does require a greater use of frequency 
space, which is valuable, and it calls for somewhat more complicated trans¬ 
mitter and receiver techniques. 

Pulse modulation (Chapters 15 to 18) now joins these older methods to 
give engineers a new* tool for improving communication systems. In 
pulse modulation, the message is not projected continuously, as in other 
modulation methods, but as discrete signal elements, for example, short 
spurts or pulses. These discrete signal elements represent samples defin¬ 
ing the specification of the message. However, the samples are of con¬ 
tinuous variation; that is, they are not quantized. 
More recently, communication engineers have shown considerable inter¬ 

est in pulse-code modulation. This is a new method of transmitting con¬ 
tinuous signals in which the signal is sampled and the magnitude of each 
sample is rounded off to the nearest one of a finite set of permitted values. 
This allows the signal to be transmitted by codes such as have been used 
in all telegraph systems, with all the advantages these systems have over 
the ordinary methods of transmission. 
The development of modern pulse-code modulation stems from two 

factors : one, a recognition that quantized samples may closely approximate 
an exact specification of a continuously varying wave; the other, the avail¬ 
ability of improved techniques whereby quantized samples may be gen¬ 
erated and translated into more complex codes at the enormous speeds 
corresponding to our present-day broad-band systems of communication. 
Although it is too early to predict to what extent code modulation will dis-

* Pulse modulation is not entirely new. Pulse-amplitude modulation goes back 
many generations. Pulse-duration modulation was suggested in an invention by R. A. 
Heising filed on April 18, 1924. Pulse-position modulation was described in a patent 
by R. D. Kell which was filed on September 29, 1934. 
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place or supplement other established methods, it seems likely that pulse¬ 
code modulation will be a strong competitor in many communication 
areas. 
Although a pulse-code modulation (PCM) system inherently is capable 

of transmitting discrete messages, the term is usually understood to mean 
a system that permits the conversion of a continuously varying wave into 
quantized samples that normally can be and often are translated into a 
more appropriate code for transmission over the medium. The treatment 
to follow will be confined to PCM systems that transmit code characters 
to represent the quantized instantaneous samples of the continuously vary¬ 
ing wave to be conveyed. 
Compared with conventional systems of modulation, PCM is reasonably 

attractive as a way of communicating efficiently (as brought out in Chap¬ 
ters 6, 7, and 8) and it places minimum restrictions upon the type of mes¬ 
sage that may be transmitted. It has the advantage that, through the 
use of regenerative repeaters, transmission in which the signal-to-noise 
ratio is substantially independent of the number of repeaters becomes pos¬ 
sible. To obtain this advantage the only requirement is that noise, inter¬ 
ference, and other disturbances add up to less than half a quantum step at 
each regenerative repeater. 

SAMPLING AND QUANTIZATION 

As mentioned in Chapter 5, application of the sampling principle per¬ 
mits the reduction of a continuously varying wave to a limited number of 
discrete values per second, and application of the quantizing principle per¬ 
mits the value of each sample to be represented with sufficient accuracy by 
an appropriate code character. The code characters use various combina¬ 
tions of a specified number of code elements. Each code element is quan¬ 
tized and hence may be a binary, ternary, or in general an n’ary code 
element. Systems using binary code elements require extra band width 
for a given information capacity, but in return they are more tolerant to 
interference. Band width is conserved by using many quantum steps per 
code element, but only at the expense of increased susceptibility to inter¬ 
ference. These relationships are discussed in Chapters 6, 7, and 8. 

NUMBER AND SIZE OF QUANTUM STEPS 

Since quantization is a method for representing a continuously varying 
function by a set of discrete values, the representation is necessarily ap¬ 
proximate, although the accuracy always can be improved by using smaller 
steps. Consequently, the number of quantum steps and the size of each 
step, if the steps are tapered, are matters of keeping the granularity noise 
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(Ref. 1)* due to quantization (Chap. 5) within acceptable limits. Clearly, 
the optimum design will depend entirely upon the characteristics of the 
message. 

In ordinary telephony, 64 to 128 steps that are logarithmically tapered 
result in a high degree of fidelity as judged by experienced observers. On 
the other hand, if the message wave is derived from the output of a multi¬ 
channel, frequency-division, carrier telephone system or represents a high-
quality sound program, nearly uniform steps are needed because in this 
instance the quantization noise is required to be substantially independent 
of the magnitude of the message wave. High-speed facsimile, television, 
and other types of messages could be expected to impose still different re¬ 
quirements. In any event, the general principle is to use enough steps to 
make the effects due to granularity unimportant. The steps may be equal, 
unequal with logarithmic variation, or unequal with any other law of vari¬ 
ation, depending upon the type of message. 

METHOD OF ESTABLISHING A CODE AND THE 
RESULTING NUMBER OF CODE ELEMENTS 

When the principles that are described in Chapter 6 are followed, the 
proper number of code elements becomes a matter of trading band width 
for noise reduction and, therefore, will depend upon the particular applica¬ 
tion. However, when the number of code elements and the number of 
quantum steps per element have been selected, the transmitter power is 
indicated and needs to be enough to over-ride noise, usually to the extent 
implied by half a quantum step. In addition, extra power is required for 
a variety of practical reasons including margins and tolerances. 

If q is the number of code elements comprising each code character and 
s the number of quanta per code element, (s’)! represents the available 
number of different codes. In other words, the factorial of the number of 
values into which the samples are quantized represents the number of 
different ways in which the possible values of a sample may be correlated 
with the code values. Usually the choice of code will be controlled en¬ 
tirely by the problem of how to simplify the instrumentation. This point 
will be illustrated by examples in a later section of this chapter dealing 
with the instrumentation of coders and decoders. 

PCM TIME-DIVISION SYSTEMS 

In applications using PCM, it is natural to multiplex channels by time 
division. This has advantages which will be mentioned. However, list¬ 
ing the advantages of PCM is not intended to give the impression that it 

* The references cited are listed at the end of each chapter according to the number 
used in the text. 
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is preferable. In practical applications, preference as to the over-all choice 
depends upon many other factors which we are not considering. 
From a theoretical point of view, time division affords a degree of flexi¬ 

bility and other features not obtainable in a frequency-division system. 
For example, problems of adding and dropping channels at intermediate 
repeater points are simplified substantially. In a time-division system, it 
is particularly convenient to multiplex widely different types of channels. 
In frequency division, this may impose hardships. For example, in cable 
carrier systems, the requirement that any voice channel be capable of 
handling voice-frequency telegraph leads to composite requirements for 
repeaters and terminals that are more difficult to meet than corresponding 
requirements imposed by a system in which the channels are either all 
telephone channels or all telegraph channels. Similarly, a broad-band, 
carrier-telephone system capable of handling television channels is also 
faced with composite terminal and repeater requirements of a complicated 
nature. Finally, time division may prove to be flexible and economical 
from the standpoint of coordination with switching, signaling, nationwide 
dialing, and other related operations. 

In time division, each channel keeps its individuality throughout the 
journey from the first transmitter to the last receiver; whereas in frequency 
division, economic considerations usually lead to a definite grouping of the 
channels. This individuality accounts for the comparative ease with which 
channels may be dropped or reinserted at any repeater point in a time¬ 
division system. To drop channels, we merely remove every Ath pulse 
or group of pulses following the synchronizing pulse, and to reinsert chan¬ 
nels we merely reinsert pulses. By contrast, in present types of frequency¬ 
division systems, these same operations require a formidable array of mod¬ 
ulating and filtering equipment. 
To illustrate the application of time division to switching, let us envision 

a group of N channels in which each channel is sampled simultaneously; 
next, these samples could be multiplexed in any time sequence by the in¬ 
sertion of suitable delays; time-scanning of the group would connect the 
individual incoming channels to outgoing paths in an order determined by 
the value of the individual channel delay; and finally, by changing the 
delay encountered by individual channels, channels could be switched be¬ 
tween incoming and outgoing paths in any desired manner. 
Time division implies switching at precisely fixed times. To avoid 

crosstalk in a time-division system, operations in group equipment com¬ 
mon to a number of channels must proceed without memory of the signals 
from preceding channels. This requires that the build-up and decay times 
be small, and it implies a sufficiently wide pass band together with suffi¬ 
cient phase linearity. 
As the number of similar channels is increased, the time interval that 
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can be allotted to each channel must be reduced, since all of them must be 
fitted into a period of time corresponding to the reciprocal of the sampling 
rate. This means that the allowable duration of a code character repre¬ 
senting an individual sample is shortened as the number of time-division 
channels in a group is increased. Then too, pulses or signal elements tend 
to become more difficult to generate and to transmit as their duration de¬ 
creases. Moreover, if the pulses become short enough, phase linearity 
and other imperfections of the transmitting medium may begin to inter¬ 
fere with the proper operation of the system. For these reasons, it in¬ 
evitably becomes necessary eventually to restrict the number of channels 
that can be included within a time-division group. For larger numbers of 
channels, frequency division may be used to keep each time-division group 
within practical limits. 

METHOD OF SYNCHRONIZATION 

If the system of communication is to be efficient, the connection of a 
transmitting channel to its proper receiving circuit in a time-division part 
of a PCM system requires that the two terminals be synchronized. This 
means that the timing operations at the receiver, except for the time lost 
in propagation and repeatering, must follow closely those at the transmit¬ 
ter. In a general way this amounts to getting a local clock to keep the 
same time as a distant standard clock except as the local clock is slow by 
an amount corresponding to the time required to transport the signals. 
Here, the criterion of good time-keeping might be regarded as extremely 
precise by some standards. For example, in a 10,000-channel telephone 
system, we cannot work with a discrepancy as long as 1/500 of a micro¬ 
second, for the very good reason that incorrect routing of pulses would 
occur and this would produce intolerably large decoding errors. To avoid 
this, the system of synchronization usually provides means whereby : first, 
the synchronization is monitored continuously; second, if the system is out 
of frame (as it may be after transmission has been interrupted temporar¬ 
ily), the monitoring circuit hunts for and establishes synchronism; and 
third, whenever the system is not synchronized and properly framed, all 
messages on all channels are interruped so as to avoid unnecessary noise 
and crosstalk. 
One possible procedure is to set aside a code element or pulse within the 

frame and to transmit this pulse only every other frame. For example, 
if the channels are ordinary telephone channels, the time allocated to a 
frame would be the reciprocal of the sampling rate, for example, 125 micro¬ 
seconds. The fundamental frequency that the synchronizing pulse gen¬ 
erates is selected by a band filter, and the effects of modulation and noise 
on the frequency selected are made unimportant by using a sufficiently 
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narrow band filter. That is, sidebands produced by other modulated code 
elements are attenuated to negligible proportions, as is the background 
noise. It is the output of this filter that serves to control the receiving 
clock. 
Once the transmission is interrupted, it is highly improbable that the 

two clocks (transmitting and receiving) will indicate the same time. Ac¬ 
cordingly, in carrying out a synchronizing process, an orderly procedure 
is set up for locating the synchronizing pulse. This consists of examining 
the code elements one by one until the synchronizing pulse is reached and 
identified. After any one element is viewed long enough to establish the 
absence of the synchronizing pulse, the receiving clock is set back one code 
element and the next code element is viewed. Hence, the time required 
to synchronize a repeater or the receiver varies, depending upon the epoch 
at which the system connection is re-established. 

In order not to limit the usefulness of the PCM channels, it is customary 
to provide a system of synchronization that can tolerate values of noise 
and interference that would cause the message channels to fail. Apart 
from the fact that a failure of synchronization affects all channels, it also 
is reasonably easy to provide this feature. 
Channels are not only dropped and added at intermediate repeater 

points, but it is usually necessary to transfer channels from one system to 
another. In a typical communication network, such branching and junc¬ 
tion points would be encountered at a comparatively large number of the 
repeaters. If it is assumed that the channels are multiplexed by time divi¬ 
sion, this creates a synchronization problem at the branching and junction 
points. This, in turn, implies network synchronization. 
Apparently, the most promising solution to this problem is to provide 

one master oscillator for the entire network of many systems throughout 
the country and to control a plurality of slave sources from this master 
source. The purpose of this is to insure that identical frame frequencies 
are generated at all branching, junction, and terminal points in every sys¬ 
tem. Suitable provision must be made so that when the master oscillator 
fails, or when the network is broken up into parts by failure in one or more 
repeater sections, the control function will be taken over temporarily by 
appropriate ones of the slave sources which automatically become master 
oscillators, in accordance with a pre-arranged order of succession. When 
the trouble condition has been cleared, the master oscillator regains con¬ 
trol. 

In addition to frame-frequency control, delay networks are required for 
bringing the frames into coincidence on the time axis at interconnecting 
points. In order to be able to interconnect successfully, variations in 
delay from point to point must be held to within a small fraction (perhaps 
10 per cent) of the interval assigned to a code element. For example, for 
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a 10,000-channel telephone system using binary code elements, this would 
mean variations in delay of less than about 1/5,600 microsecond. 

ESSENTIALS OF REGENERATIVE REPEATERING 

One of the major problems in communication systems design has been 
the reduction of noise and distortion that is picked up along the way or 
introduced by equipment. Until recently, noise and distortion have been 
controlling factors in long-distance transmission. This is principally be¬ 
cause of the cumulative building-up of noise and other transmission im¬ 
pairments with each of the many amplifications necessary over long dis¬ 
tances. 

In fact, in all of the conventional or nonquantized systems, the repeaters 
must have exceptionally low distortion so that a signal may be propa¬ 
gated through a large number of them (say 1,333 repeaters for a 4,000-
mile cable circuit made up of 3-mile repeater spans) without too much de¬ 
formation. In spite of good repeater design, a signal passing through such 
a large number of repeaters will accumulate considerable noise, consider¬ 
able interference from other systems, and considerable linear and nonlinear 
distortion inherent to each repeater. In nonquantized systems there is 
no escaping accumulations of this sort. 
By transmitting quantized signals, it is possible to remove noise and dis¬ 

tortion as a limiting factor. When the total perturbation from all causes 
is less than half a quantum step, the quantized signal element can be 
identified. Next, if regenerative repeatering is assumed, a new-pulse gen¬ 
erator is caused to produce a new signal element of the correct magnitude 
and correct wave form, occurring at the correct time. By this means, it 
has been found practical in actual installations to transmit through as 
many repeaters in tandem as may be desired, with no apparent impairment 
of the quantized message. 
On the other hand, one of the characteristics of a regenerative PCM 

system is that attenuation in any one span in excess of the threshold limit 
will cause the system to fail. This means that, in engineering a system, 
the noise margins must be large enough to make the likelihood of a failure 
due to this cause sufficiently remote. 

It should also be noted that regenerative repeatering entails additional 
delay. At each regenerative repeater there will be a delay corresponding 
to the time lost in identifying a code element, plus the time required to 
regenerate the element, plus the time required to put the signal back on 
the transmitting medium. When the first and last of these three opera¬ 
tions include filtering, as is commonly the case, the delay corresponding 
to the time of transmission through each filter is unescapable. 
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METHODS OF INSTRUMENTATION OF THE CODER AND 
DECODER . 

Although there are many different ways of instrumenting a coder or de¬ 
coder, they can be divided into three categories according to the way in 
which they evaluate the magnitude of the samples. This classification is 
independent of whether the code elements are binary, ternary, or in gen¬ 
eral n’ary. In the first category, the magnitude is measured by compari¬ 
son with one code element value after another, proceeding from the most 
significant element value to the least, and subtracting the code element 
value in question each time that value is found to be smaller than the 
magnitude (or its residue from the previous subtraction). In the second 
category, a magnitude is measured by counting out the number of units 
contained in it one by one, until less than one unit remains. In the third 
category, magnitude is measured in a single operation by comparison with 
a set of scaled values. The number of operations and the time required 
for coding tend to be least in the third category. Obviously, rapid coding 
is highly desirable since it allows more channels to be handled by common 
equipment. 

Feedback Subtraction (Ref. 2) 

To illustrate the subtraction process associated with the first category, 
we will assume a multichannel, voice-frequency, time-division system in 
which each quantized speech sample is represented by a code character 
composed of five binary code elements. 

Coder. Each voice wave is sampled at regular intervals to produce 
amplitude-modulated pulses. These pulse samples (Fig. 19-1) have an 
average value when the signal is zero and may have any value between 
zero and twice average when a signal is present. 
Each pulse sample in turn is stored as a charge on a capacitor. Let it 

be assumed that the average stored charge in the absence of modulation is 
16 units and the maximum possible charge is just less than 32 units. A 
comparison circuit measures the stored charge (that is, the sample) and 
compares it with a reference voltage of 16 units. If the stored charge 
exceeds 16 units, the first code element is transmitted and 16 units of the 
stored charge are removed from the storage capacitor. If the stored charge 
does not exceed 16 units, the first code element is not transmitted and the 
stored charge is left unchanged. In either case the charge remaining on 
the capacitor is less than 16 units. 
Next, the stored charge is compared with 8 units. The second code 

element is sent if the charge exceeds 8 units and suppressed if it is less than 
8 units. Again, if the charge exceeds 8 units, the subtraction circuit op¬ 
erates and removes 8 units of charge. The residual charge must now be 
less than 8 units. 
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Repetitions of the process with successive reference voltages of 4, 2, and 
1 units, respectively, reduce the stored charge to less than 1 unit and result 
in the successive transmission or suppression of the corresponding code 
elements (Fig. 19-2). Finally, the storage capacitor is discharged com¬ 
pletely and stands ready to receive the next signal sample and to transmit 
the next code character in a similar manner. 

Fig. 19-1 Binary and decimal equivalents 

Decoder. Synchronization and gating are performed in the usual way. 
At the instant preceding the reception of each code character, a storage 
capacitor is charged to a standard reference voltage. Next, as the five 
successive binary code elements that comprise a code character arrive, a 
subtraction circuit similar to that used at the transmitter removes charge 
at the rate of 16 units for the first pulse, 8 units for the second, and so on. 
Thus, the total charge removed is the same as that required to discharge 
the storage capacitor at the transmitter. The total charge removed is 
delivered to the input of a low-pass filter. The result of a sequence of 



Fig. 19-2 Pulse-amplitude modulation (PAM) and pulse-code modulation (PCM) 
transmitting and receiving wave forms 

Pulse Counting (Refs. 3 and 4) 

The following sequence of events, presently to be described in more de¬ 
tail, result in the automatic conversion of speech to code (Fig. 19-3), and 
is an example of the counting method classified under the second category. 
The method, of course, is not limited to a speech wave; a speech wave is 
merely taken for purposes of illustration. It will be assumed that the 

CHANNEL 

Fig. 19-3 Functional diagram of PCM transmitter 
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voice-frequency channels are multiplexed by time division, and an eight-
channel system will be described. The quantized samples will be repre¬ 
sented by code characters consisting of five binary code elements. 

Fundamentally, the functional operation of the coder as indicated in 
Fig. 19-3 centers around the use of a binary counter (Refs. 5 and 6). At 
the transmitting end, preliminary to the production of a code character, 
the binary counter counts the number of pulses passing through a “gate” 
that, in turn, is opened for an interval of time proportional to the magni¬ 
tude of a logarithmically compressed sample of the speech wave. The 
condition of the binary counter at the end of each count will be found to 
display and will be utilized to produce the particular code character, that 
is, the desired pattern of pulses for transmission over the high-frequency 
medium. 
At the receiving end, as depicted by Fig. 19-4, the primary function of 

the PCM receiver is to perform the same sequence of operations, but in 

INPUT 

GATING 
PULSES 

Fig. 19-4 Functional diagram of PCM receiver 

the reverse order, and not necessarily by the same methods. The message 
delivered will be a delayed copy of the original modulating wave. It is 
possible to arrange the design so that the accuracy of the delivered message 
depends primarily upon the granularity of the quantized samples of the 
modulating wave, that is, upon the degree of fineness of the quantum steps. 
PCM Transmitter. As indicated in Fig. 19-3, all of the operations in 

the PCM transmitter are accurately timed by a 320-kilocycle-per-second, 
crystal-controlled oscillator. This control is exercised, first, by a variety 
of pulses produced by circuits known as “ring counters” (Ref. 7) and, sec¬ 
ond, by a 1,600,000-cycle-per-second sinusoidal timing wave obtained by 
generating the fifth harmonic of the 320-kilocycle oscillations. In the 
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diagram of Fig. 19-3, these control circuits are included in the block marked 
“oscillator and pulse generators.” The output of the 320-kilocycle oscil¬ 
lator drives a five-stage ring counter. Each stage of this ring counter 
divides the input frequency by five so that 64,000 pulses per second appear 
in the output of each stage. Pulses in the output of a particular stage are 
coupled to the input of an eight-stage ring counter with the result that 
8,000 pulses per second are produced in the output of each stage. These 
pulses occur at 125-microsecond intervals and have a duration of 15 5/8 
microseconds. Also, at any particular instant, one and only one stage is 
producing a pulse. 
As indicated on the left of Fig. 19-3, the input to each channel is filtered 

by passing through a low-pass filter with a cutoff frequency of less than 
4,000 cycles per second. Each channel is sampled 8,000 times a second 
by a sampler, individual to the channel. A particular channel sampler is 
activated by pulses from a particular stage of the eight-stage ring. The 
outputs of all of the samplers are combined to produce an array of ampli¬ 
tude-modulated pulses multiplexed by time division. 
The amplitude-modulated pulses go to a common-channel converter and 

are changed to duration-modulated pulses, compression being introduced 
so that the duration of each pulse is logarithmically related to the magni¬ 
tude of the corresponding sample. These duration- or length-modulated 
pulses are used to enable an amplifier which is referred to as a gate. Thus, 
the amplifier is active during intervals of time corresponding to the dura¬ 
tion of each pulse. 
The grids of this amplifier are driven in a push-pull relationship by a 

1,600-kilocycle timing wave. The plates connect to the input of the bi¬ 
nary counter (Fig. 19-5) and deliver short pulses or “pips” at the rate of 
3,200,000 per second for the duration of each of the duration-modulated 
pulses. Each group of pips is counted. Counts from 0 to 31 are possible. 
With no input to a channel, a count of 15 or 16 is equally probable. 
The binary counter (Fig. 19-5) has five stages, and each stage has two 

tubes which will be designated A and B. Each stage is designed so that 
when A conducts, B does not, and vice versa. If a pulse is applied to the 
input of a stage, the stage reverses its position and assumes the opposite 
state regardless of which state it was in. For example, if A is conducting 
and B is not, the next pulse makes A nonconducting and B conducting. 
Stages are so connected that a pulse is applied to the next stage only when 
B of the previous stage is conducting. Knowledge of the condition of 
either A or B tells whether the stage has counted an even or odd number 
of pulses. 
Thus, at the end of a counting interval, to determine how many pulses 

were counted, it is sufficient to look at the A tubes. If the A tube of the 
first stage is conducting, we write 1, and, if nonconducting, we write zero. 
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Fig. 19-5 Block diagram of coder oo 
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If the A tube of the second stage is conducting, the number we write is 2, 
and, if nonconducting, 0. For the remaining three stages, we write 4 or 0, 
8 or 0, and 16 or 0 respectively. The sum of the five numbers equals the 
number of pulses counted. 
The counter has provision whereby the application of a reset pulse 

forces all of the B tubes to conduct. Removal of the reset pulse leaves 
the counter in a condition to register the count of the next series of pulses. 
For purposes of illustration, Fig. 19-5 depicts particular, idealized wave 
forms as a function of time in the output of the different stages of the 
binary counter. 
At the end of each counting period and preceding the reset pulse, in¬ 

formation describing the count that has been registered is transmitted 
over the high-frequency medium to the PCM receiver by sending in suc¬ 
cession a binary digit for each counter stage to describe whether its A tube 
is conducting or nonconducting. The first digit is transmitted directly 
under the control of the A tube. The remaining data are stored. This 
is accomplished by charging, under the control of the A tubes, storage 
capacitors. Gates coupled to the storage capacitors are turned on by 
control pulses in successive intervals and do or do not deliver pulses ac¬ 
cording as the A tube of each counter stage is or is not conducting. Since 
the storage tubes reverse the polarity, the output of the first counter stage 
is reversed relative to the other stages. 

Pulses derived from the coder are not of uniform duration or shape and, 
hence, are applied to a new-pulse generator. The new-pulse generator 
consists of a gate, opened or closed by the coder output and fed by short 
pulses from the synchronizer that are of constant amplitude and recur 
uniformly at a 320-kilocycle rate. By this means, the transmitted pulses 
are of uniform shape, amplitude, and duration. 
PCM Receiver. Since the channels are multiplexed by time division, 

the channels are separated (Fig. 19-4) by pulsed amplifiers serving as 
gates that are opened sequentially by pulses from the receiving synchro¬ 
nizer. By a process of decoding that is the reverse of the coding process, 
amplitude-modulated pulses are obtained and are applied to a low-pass 
filter. The output of the filter is amplified to the desired signal power for 
transmission to the subscriber. 

Electron Beam Coders and Decoders (Refs. 8 to 10) 

Although high-speed beam coders and decoders are a comparatively new 
suggestion they would seem to offer attractive possibilities for creating 
simpler, better, and more flexible systems of pulse-code modulation. Re¬ 
cently these possibilities have been explored by producing a twelve-channel 
transmitter and receiver. A specially developed beam deflection tube was 
used for coding and electronic circuits for decoding. 
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Twelve-Channel Transmitter. Again using multichannel speech waves 
for purposes of illustration, each audio input (Fig. 19-6) is passed through 
a low-pass filter with a cutoff comfortably below 4,000 cycles per second, 
and then through a limiter that chops off the positive and negative peak 
of any signal exceeding a prescribed maximum absolute value. The in¬ 
puts then enter a “collector” circuit, that assembles samples of the chan¬ 
nels on a common lead. The result is an array of amplitude-modulated 
pulses multiplexed by time division. Although the collector circuit func¬ 
tions electronically under the control of pulses derived from a master oscil¬ 
lator that clocks the PCM transmitter, the resulting switching operations 
are analogous to the operation of a mechanical commutator. The “con¬ 
tact arm” rotates 8,000 times a second, and provides a conducting path to 
a common multiplex lead from each channel circuit in turn for an interval 
of 1/12 of a revolution. This implies a group of twelve channels. 

It should be noted that one of the advantages of a time-division system 
is that certain functions may be performed by circuits common to a plural¬ 
ity of channels. In this instance, for example, the time-divided, ampli¬ 
tude-modulated pulses go to a common-channel instantaneous compressor 
(Refs. 11 to 13) having an input-output characteristic of the form depicted 
in Fig. 19-6. The general purpose of this type of circuit was discussed in 
Chapter 5 where it was pointed out that there are substantial advantages 
if the quantized samples vary logarithmically. Steps that are approxi¬ 
mately logarithmic mean that a considerable number of small steps are 
devoted to the treatment of low-level signals. 

After compression, the multiplex signal goes to the input of two coders. 
The function of the coder is to convert a sample to an appropriate code 
character composed of seven binary code elements. As indicated in 
Fig. 19-6, the samples are stored on “holding capacitors” in order that 
they do not change during the operation of coding. In Fig. 19-6 the anal¬ 
ogy of a rotating switch is again called upon to illustrate the routing of 
alternate samples to separate six-channel coders. Each compressed chan¬ 
nel sample is connected to a holding capacitor for 5 microseconds and is 
held for about 16 microseconds. 

Simplified Description of the Coder and Decoder. The general principles 
of electron beam coders and electronic circuits for decoding are illustrated 
by Fig. 19-7, which indicates the successive functional operations starting 
with the incoming voice wave of one channel, at the upper left, and ending 
with the corresponding outgoing reproduced wave at the lower right. In 
Fig. 19-7, five instead of seven binary digits are shown for ease of illustra¬ 
tion. This beam coder utilizes a new electronic beam tube wherein a beam 
sweeps across a checkered mask as shown in the upper part of Fig. 19-7. 
In effect, the checkered mask is used as a scale for the measurement of 
each sample. The five columns of the scale are divided into fractions of 
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2 3 5 1 2 MODULATOR 

Similarly, the received pulse code 
groups might be decoded by the 
checkered scale. When a pulse is 
received in any pulse group posi¬ 
tion, the fractional value of the 
total magnitude represented by the 
unshaded portion of the corre¬ 
sponding column is projected. The 

Sum of these projected values is 
then the sampled magnitude value 
that was represented by the pulse 
code group. Since the pulse group 
representing magnitude A, at the 

right, has a space in position 1, no 
value is projected; since it has a 
pulse in position 2, the value 1 /4 is 
projected; since it has a pulse in 
position 3, the value 1/8 is pro¬ 
jected; since it has a space in posi¬ 
tion 4, no value is projected; and 
since it has a pulse in position 5, 
the value 1/32 is projected. The 
total value is thus 13/32. 

8-MILLISECOND PORTION_ , 

• » »X» 4 » » 4 » »-4—■ 

Fig. 19-7 Simplified drawing of the coding and decoding processes 
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its total range, namely, 1/2, 1/4, 1/8, 1/16, and 1/32. If the sample, as 
projected on this scale, encounters the unshaded portion of any column, a 
pulse is placed in the corresponding digital position of the code character 
that specifies the magnitude of the sample. For example, consider sam¬ 
ple A. Since A is less than 1/2, the code element in digital position 1 ap¬ 
pears as a space, that is, no pulse. Since A is greater than 1/4, the code 
element in digital position 2 appears as a mark, that is, as a pulse. Since 
A is more than 3/8, digital position 3 is occupied by a mark. Since A is 
smaller than 7/16, position 4 is a space, and since A is greater than 12/32, 
position 5 is a mark. This process is repeated for other samples, for ex¬ 
ample, samples B and C. Code-modulated signals are transmitted and 
received as indicated by the diagram in the center of the figure. 
A similar mask or checkered scale shown in the lower part of Fig. 19-7 

might serve to decode the message at the receiver. Actually electronic 
circuits are used that associate the proper values with the various digital 
positions and add them. After decoding, the reconstructed samples are 
distributed to their respective channels. The wanted message wave is ob¬ 
tained by passing the expanded samples through a low-pass filter. 

Coder. As shown in Fig. 19-8, an input voltage representing a com¬ 
pressed sample may be converted into a code character by means of the 
electron beam deflection tube shown in (a) of Fig. 19-8. The code mask¬ 
ing plate (sometimes referred to as an aperture plate) is at the focal point 
and perpendicular to the axis of the electron gun. The deflection axis of 
the X and Y deflector plate pairs are aligned with the coordinates of the 
code masking plate. Whenever the electron beam passes through an open¬ 
ing in the code masking plate, it strikes the output plate. 
When an input voltage of appropriate value is applied to the Y deflector 

plates, the beam is deflected to point a of the code masking plate as indi¬ 
cated in (a) of Fig. 19-8. With a fixed voltage on the Y deflector plates, 
if a linear-sweep voltage is applied to the X deflector plates, the electron 
beam sweeps across the code masking plate along the line a-b. When the 
beam passes through the openings of the code masking plate along the 
line a-b, a series of pulses is produced in the output of the coder. 

In order to simplify the instrumentation of the coder, the code masking 
plate shown in Fig. 19-8 is laid out in accordance with the binary number 
system. For purposes of simplifying the illustration, the code masking 
plate shown in Fig. 19-8 is a four-digit code plate and, therefore, provides 
only sixteen discrete magnitude values. 
The uniform spacing between the horizontal dashed lines in (b) of Fig. 

19-8 means that the code characters are separated by equal increments of 
input voltage on the Y deflector plates. If the electron beam were infi¬ 
nitely small, input voltages corresponding to the range from 0 to yi would 
produce the same code character. Similarly, input voltages or samples 
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corresponding to the range from yi to y^ would produce another, although 
always the same code character. 
Thus, the method as described divides the total input range into sub¬ 

ranges and is so arranged that input voltages within a particular subrange 
produce one and only one code character. Under these conditions the 
input samples would, in effect, be quantized in the process of encoding. 

Fig. 19-8 Electron beam deflection tube for coding 

However, the tube of Fig. 19-8 will quantize successfully if and only if 
the axis of the X deflection plates and the code masking plate are aligned 
exactly, and if and only if the electron beam is infinitely small. Reason¬ 
ably accurate quantization and correct code characters are required. These 
problems have been solved by the use of a quantizing grid located in front 
of the code masking plate. On some of the figures, the code masking plate 
will be referred to as the aperture plate. 
The quantizing grid consists of horizontal wires parallel to the X-axis so 

placed that one wire as viewed by the beam lies between each adjacent 
pair of code characters. By means of a feedback path to the Y deflection 
plates, which is shown schematically in Fig. 19-9, the desired result is ob¬ 
tained. A detailed description of this instrumentation is included in the 
source articles by R. W. Sears (Refs. 9 and 10). By the use of this arrange¬ 
ment, quantization is accomplished in a fraction of a microsecond. The 
feedback circuit functions to counteract unwanted changes that, without 
feedback, would move the beam as much as two grid wires in either direc¬ 
tion. 
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As shown schematically in Fig. 19-10, the coder includes, in addition to 
the coding tube, a sampling and holding circuit that sorts out the odd (or 
even) channels from the input multiplex signal, push-pull amplifiers for 
vertical and horizontal beam deflection plates, and simple arrangements 
for blanking, focusing, and centering. 

plates: 

Fig. 19-9 Coding tube with quantizing grid and circuit schematic 

Plate II pictures an experimental model of an electron beam tube that 
transforms speech samples into patterns of code characters, each code char¬ 
acter consisting of seven binary code elements. The tube is about 11 1/4 
inches long and 2 1/4 inches in diameter. 

SWEEP 

Fig. 19-10 Functional schematic of the coder 

The four electrodes of the assembled target, secondary collector, quan¬ 
tizing grid, aperture plate (that is, code masking plate), and outer plate 
are shown in Plate III from bottom to top respectively. The target end 
of the tube as viewed from a point near the gun is shown in Plate IV. Be¬ 
hind the parallel wires of the quantizing grid, we see the code-element 



Plate II Coding tube: this new electronic device transforms speech samples into 
seven-digit codes 
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Plate IV 
Interior of the coder tube, viewed from the gun end 
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Plate V Typical pulse-code outputs 
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openings or “digit holes” in the code masking plate, laid out in accordance 
with the binary number system. One may count 64 holes in the vertical 
column on the left, 32 holes in the next column, 16 in the next, and so on. 
The 129 grid wires mask the upper and lower edges of every one of these 
holes when viewed from the point of origin of the beam. 

Plate V illustrates the performance of the tube. Successive pulse posi¬ 
tions occur from left to right. As indicated in Fig. 19-6, small imperfec¬ 
tions in the wave forms of the pulses delivered by the coder are minimized 
by passing the output of the coder through a slicer. 

+B +B 

Fig. 19-11 Shannon decoding circuit and wave forms 

Decoder. The method of decoding (Ref. 14) is a very simple one origi¬ 
nally proposed by C. E. Shannon. In its basic form it uses a resistance¬ 
capacitor circuit as illustrated in Fig. 19-11. Upon the arrival of each 
code element, an identical increment of charge is placed upon the capacitor. 
The time constant RC is such that any charge on the capacitor decays pre¬ 
cisely 50 per cent during the interval of time allocated to a code element. 
Thus, at any designated time following the arrival of a complete code char-
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acter, the total charge remaining on the capacitor is the sum of the con¬ 
tributions of the seven on-or-off pulses weighted in a binary manner. For 
example, suppose the contribution of a pulse in the last digital position is 
regarded as 1/2. Then the contributions of pulses in successively earlier 
digital positions will be 1/4, 1/8, 1/16, 1/32, 1/64, and 1/128 respectively. 
Any value from 0 to 127/128, in steps of 1/128, might be produced. Of 
course, the openings in the code masking plate of the coding tube are ar¬ 
ranged to make this simple method of decoding workable. 
Three typical code characters are depicted in Fig. 19-11. In the first, 

a mark in the last digital position produces a decoded value of 1/2; in the 
second, a mark in position 1 produces 1/128; and in the third, marks in 
positions 2, 5, and 7 give a decoded value of 41/64. By the alternate use 
of two decoders, there is an idle interval (corresponding to the time al¬ 
lotted to seven code elements) between successive code characters that are 
to be decoded by a particular decoder. This allows sufficient time for the 
result of one decoding operation to decay to negligible proportions before 
another code character has to be decoded. 

TO CATHODE 
FOLLOWER 

Fig. 19-12 Shannon-Rack decoder 

Clearly, precise timing (Ref. 15) is required for the Shannon decoder. 
Although sufficient accuracy can be obtained without impracticable diffi¬ 
culty, a modification has been introduced that greatly eases the require¬ 
ments. This modification, suggested and developed by A. J. Rack, uti¬ 
lizes a damped resonant circuit in combination with a resistor-capacitor as 
shown in Fig. 19-12. The damped resonant circuit resonates at the pulse 
rate, and the time constant of its damped oscillation (2RiCi) matches that 
of the resistor-capacitor, ñiCi. By properly choosing Ci and Ci, the mag¬ 
nitudes of the damped wraves may be so proportioned that the derivative 
of their combined potential equals zero at successive points one pulse 
period apart. In fact, it is worth while to make both the first and second 
derivatives simultaneously equal zero at such points. 
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As a result of this modification, both the time of occurrence of a code 
element and the subsequent time of sampling the accumulated charge are 
made much less critical. Figure 19-12 depicts the response to a typical 
pair of code elements, and Plate VI is a presentation of the wave forms of 
a full set of the 128 possible code characters in sequence as delivered by the 
cathode-follower of a Shannon-Rack decoder and superimposed on an oscil¬ 
loscope screen. It can be noticed that, in each successive time interval, 
the number of possible values is doubled. In the last two intervals, the 
number of lines is so great that the individual lines cannot be distinguished. 

Twelve-Channel Receiver. Figure 19-13 shows in diagrammatic form a 
PCM receiver for a twelve-channel group. The detected signals appear 
at the input to the PCM receiver. Here they are sliced at the half-ampli¬ 
tude level to minimize the effects of noise. Code characters, each com¬ 
posed of seven binary code elements, are routed alternately to two 
Shannon-Rack decoders, that handle even and odd channels respectively. 
Alternate routing to two decoders is indicated in Fig. 19-13 by a two-
segment commutator designated A and rotating at 48,000 revolutions per 
second. Before entering the decoder, the pulses are again sliced to secure 
better uniformity and more exact timing. Immediately after the arrival of 
the last code element of each code character of these standardized pulses, 
the decoder delivers a voltage proportional to the quantized value repre¬ 
sented by the code character. 

Because the quantized samples produced by the decoder are available 
only momentarily, each is sampled at the proper time and stored as a 
charge on a holding capacitor. This process is represented symbolically 
by switches B and B', one for each decoder. Each switch closure lasts 2 
microseconds, and the stored sample is held for about 19 microseconds. 
The next operation is to collect the six samples from the odd-numbered 

channels stored successively on one holding capacitor and the six from the 
even-numbered channels stored on the other and combine them into a twelve¬ 
channel, time-divided pulse array. Switch C carries out this operation. 

This twelve-channel multiplex signal goes to a common-channel instan¬ 
taneous expander. The compressor and expander use identical silicon 
units. In the expander, the nonlinear silicon unit is in the feedback path 
of a wide-band negative feedback amplifier rather than in the direct trans¬ 
mission path, thus providing an accurate inverse characteristic. 

Except for a constant factor of proportionality, the wave form at the 
output of the expander is essentially the same as that at the input to the 
twelve-channel compressor (Fig. 19-6) in the PCM transmitter. As 
shown in Fig. 19-13, the channels are routed to their respective channel 
destinations by distributor D which rotates at the rate of 8,000 revolutions 
per second. It will be recalled, as mentioned previously, that electronic 
circuits are used to achieve these results. 
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Pl \te VI Output of Shannon-Hack decoder for a signal giving 100 per cent modulation 



PCM RECEIVER PCM TRANSMITTER 

Pute VII Terminal apparatus for an eight-channel PCM system using a five-pulse 
binary code 
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TRANSMISSION PERFORMANCE OF WORKING SYSTEMS 

Plate VU pictures the terminal apparatus for an eight-channel PCM 
system housed in portable units suitable for field use. The five-pulse, 
binary-code characters generated by the PCM transmitter may be propa-

other path capable of propagating 320,000 on-or-off pulses per second to 
the PCM receiver. 
The eight telephone circuits which the system provides give acceptable 

performance, as indicated by the transmission-frequency and load per-

10 
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1000-CYCLE INPUT IN DECIBELS ABOVE I MILLIWATT 
(MEASURED AT O-LEVEL POINT) 

Fig. 19-15 Typical load performance 
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formance characteristics of Figs. 19-14 and 19-15. Characteristic of code¬ 
modulation systems, the over-all transmission stability is outstanding. 
Fig. 19-16 is a typical record and shows that the over-all variation in trans¬ 
mission is less than 0.3 decibel. The 160-mile circuit mentioned in Fig. 
19-16 was obtained by connecting the eight-channel PCM system to a 

Fig. 19-16 Transmission stability of 160-mile circuit 

160-mile, microwave, radio-relay system that included three intermediate 
repeaters. 
An experimental 96-channel, pulse-code modulation system has been 

described by C. B. Feldman (Ref. 16). Tests were made utilizing terminal 
equipment for twelve channels plus power-supply equipment for ninety-
six channels. This system was set up to evaluate experimentally the 

problems involved in providing multichannel facilities of toll-system qual¬ 
ity. Figure 19-17 shows the over-all transmission and illustrates the 
aperture effect (Chap. 4) and its subsequent equalization. The aperture 
effect comes about because at the receiver the reconstructed samples are 
prolonged as a means of conserving voice-frequency amplification and 
thereby simplifying instrumentation. Figure 19-18 shows a typical, over¬ 
all, input-output characteristic for the case of a single channel and for 
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five channels connected in tandem. The latter simulates a circuit layout 
that involves decoding to voice-frequencies at four junction points as well 
as at the final terminal. This should not be confused with tandem re-
peatering wherein the PCM pulses are successively regenerated without 

Fig. 19-18 Input-output characteristics of PCM channels 

decoding. In the latter case, of course, the over-all performance is vir¬ 
tually independent of the number of spans. 

In a properly designed PCM system, quantization is the only significant 
source of noise in the reconstructed message in the output of the final re¬ 
ceiver. Values of noise measured in the absence of speech are shown in 
Fig. 19-19. These measurements are for various numbers of channels 
from one to ten, connected in tandem. Figure 19-19 shows two scales of 
ordinates. One is the reference scale of weighted noise commonly used in 
evaluating the noise performance of a telephone circuit. The other on 
the right relates the corresponding, unweighted, root-mean-square noise 
to the maximum, undistorted, single-frequency output of the system. 
With five links in tandem the noise is 8 decibels less than the accepted 
limit for a 4,000-mile circuit. The average noise power due to quantiza¬ 
tion is proportional to the number of links. 

Experience with the transmission performance of working systems dem¬ 
onstrates that the service provided by well-designed multichannel PCM 
systems compares favorably with regular wire service. The user is en¬ 
tirely unaware that his words are being transported by discrete code sym-
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bols. It has been found that the over-all quality more than meets the 
requirements generally imposed upon such systems with respect to such 

Fig. 19-19 Noise measurements on idle PCM channels 

factors as band width, volume range, fidelity of reproduction, noise, and 
crosstalk. 
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CHAPTER 20 

MOBILE PULSE-MODULATION SYSTEMS 

Time-divided channels may be either distributed or grouped. Mobile 
pulse-modulation systems deal with distributed channels. Distributed chan¬ 
nels are encountered in a system wherein each of many transmitters has 
access over a common transmitting medium of limited band width to any 
of many receivers. All multichannel pulse-modulation systems that have 
been discussed previously transmitted groups of channels between specified 
points. 

Regardless of whether channels are grouped or distributed, they may 
be multiplexed either by orthogonal functions or by nearly orthogonal 
functions. When the channels are divided in time: orthogonal functions 
imply synchronous transmission; almost orthogonal functions permit non-
synchronous transmission. 

In a point-to-point pulse system, groups of channels may be multiplexed 
in time by orthogonal functions and synchronously transmitted. This is 
advantageous because the signal-to-noise ratio is very much better for a 
given band width, as compared with multiplexing by almost orthogonal 
functions and nonsynchronous transmission. Even though the problems 
of synchronizing a complete communication network become fairly in¬ 
volved, the advantages offset the disadvantages. Synchronized networks 
of this type were treated in Chapter 19. 

DISTRIBUTED CHANNELS 

■When channels are distributed, it is more difficult to estimate the rela¬ 
tive advantages and disadvantages of synchronous versus nonsynchronous 
transmission. Synchronous transmission may be realized in a straight¬ 
forward manner. Nonsynchronous systems are intriguing from a theoret¬ 
ical point of view, but have not been studied sufficiently to permit an ap¬ 
praisal of their practical potentialities. 
An example of each type will be described to indicate the important the¬ 

oretical advantages and disadvantages of each. First, however, the dis¬ 
tributed-channel case and its two solutions will be described in more general 
terms. Although the philosophy is with reference to mobile systems, the 
results are equally applicable when the terminals are stationary. 

328 
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Typical Mobile System 

Consideration will be limited to a system that provides individual two-
way channels for simultaneous communication between a main station, 
called the control station, and each of a plurality of independently located 
substations. As indicated by Fig. 20-1, one end of each of A' two-way 

Fig. 20-1 Typical multichannel system layout for providing two-way communication 
between a control station and a plurality of substations 

channels terminates at a control station. The other ends of the N two-
way channels terminate at N other stations at distinct (and, in general, 
different) distances and directions from the control station. 

All of the stations may be in relative motion. Although not indicated 
by Fig. 20-1, the stations may move in N different arbitrary directions at 
unrelated and diverse speeds. The stations might be airplanes, ships, 
automobiles, or trains. 
The medium might be radio. Either time or frequency division might 

separate the two directions of transmission. With frequency division, 
communication to and from the control station would be carried over dif¬ 
ferent frequency bands, and time division would serve to multiplex channels 
in each direction. Pulse systems of this type might find application to 
fixed and mobile distributed-channel communications generally. Typical 
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examples would be navigation, traffic control, control of manufacturing 
and farming operations, field maneuvers, fire-fighting operations, and so on. 

Multiplexing by Orthogonal Functions 

Theoretical considerations (Refs. 1 to 8)* confirm and justify our nat¬ 
ural, intuitive feelings that there must exist a great many different ways 
of multiplexing channels. By far the commonest and best-known meth¬ 
ods of multiplexing are frequency division, time division, and phase dis¬ 
crimination. In theory and under idealized conditions, all three utilize 
orthogonal functions of time. That is, each channel transmits only sig¬ 
nals that are orthogonal to any signals that may be transmitted by any 
other channel. For example, in frequency division, to the extent that 
the frequencies transmitted by different channels are confined to nonovcr-
lapping bands, the integral over all time of the product of the signals trans¬ 
mitted by any two channels each expressed as a function of time is zero. 
In general, whenever true orthogonality exists, complete separation is pos¬ 
sible, at least in principle. 

For purpose of appraisal and comparison with other alternatives, an im¬ 
portant consideration is the minimum band width for complete separation. 
We note that different channel messages cannot be represented by the 
same signal at the same time. Consequently, if messages individual to 
each channel are not quantized; if at the sending end, messages are trans¬ 
mitted as fast as they are received except for a fixed delay encountered in 
the process of transforming the messages to their desired signal representa¬ 
tion for multiplex transmission over the medium; and if in the absence of 
significant noise, only correct messages are delivered: then it is a funda¬ 
mental principle that the total band width of the multiplexed signal shall 
be at least as great as the sum of the individual channels. 
Frequency division is a good illustration. Here the signal output from 

a particular channel may consist of any one of all signals that do not con¬ 
tain significant frequency components outside the frequency range allotted 
to that particular channel. A similar description applies to any other 
channel in the group of channels being multiplexed. Also, no significant 
frequency component shall be common to two or more channels. Accord¬ 
ingly, the total band is the sum of the channel bands. 

Similarly, in time division, the total time is the sum of the channel times. 
As explained in Chapter 16, in a time-division system the total band is 
never less than and usually exceeds the sum of the channel bands. This 
conclusion was the result of assuming complete channel separation, non¬ 
quantized signals, no avoidable delay in getting the correct messages 
through, and synchronous transmission. 

* The references cited are listed at the end of each chapter according to the number 
used in the text. 
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Multiplexing by Approximately Orthogonal Functions 

The difficulty with truly orthogonal functions is that, if a broad-band 
channel is divided into N channels, there is no convenient opportunity to 
accommodate an additional channel. A standard, frequency-division, 
twelve-channel bank, as described in Chapter 11 on page 170, divides 48 
kilocycles per second into twelve, pre-assigned, 4-kilocycle-per-second 
bands, and there is nothing left to assign to a thirteenth talker. 

In essence, this is a lack of flexibility. Any system has a definite capac¬ 
ity ; and the more efficiently it is used, the sharper will be its threshold if it 
is over-loaded. It is fundamental that if an efficient system is over-loaded 
by adding more channels, the system will deliver less information per chan¬ 
nel, and at best the reduced rate per channel multiplied by the number of 
channels cannot be higher than the theoretical capacity (that is, informa¬ 
tion rate) of the system. 
However, as pointed out in many of the references (Reference 8, for ex¬ 

ample), there would seem to be many advantages in the kind of a system 
in which channels are assigned approximately orthogonal functions of time. 
The use of approximately orthogonal functions would have the disadvan¬ 
tage of introducing a certain amount of crosstalk. The deleterious effects 
of this crosstalk cannot be overcome merely by using more signal power. 
The system would have the following features: Each modulating wave 

is acted upon by its associated coder. Different coders are not synchro¬ 
nized in any way. The outputs of the different coders go to a common 
transmitting medium. The medium is coupled to each decoder. Decod¬ 
ers are not synchronized in any way. A particular decoder is associated 
with a particular coder. Each wanted modulating wave is recovered at 
the output of its corresponding channel decoder. 

It should be noted that in this system the coders and decoders take the 
place of conventional switching. 

This type of system has one outstanding advantage. As many channels 
as desired (a thousand, for example) may be connected to the common 
medium. Although it is true that the system has only a limited capacity, 
say fifty, depending on the capacity of the broad-band channel of the trans¬ 
mitting medium, nevertheless any fifty out of the thousand may use the 
medium at any one time, without any switching. In practice, when the 
number of channels is large, it usually works out that we do not have to 
provide appreciably more capacity than corresponds to average usage. 
A definite disadvantage of this type of system, however, is that the 

previously-mentioned inherent crosstalk or noise is reduced only 3 decibels 
per octave instead of 6 as we increase the band width to reduce the intrinsic 
interference. This disadvantage may be serious if it becomes necessary 
to resort to considerable reduction in order to obtain satisfactory quality. 
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The nonsynchronous mobile system described at the end of the chapter 
is a good example of a system of this type. 

MOBILE SYSTEM WITH SYNCHRONOUS TRANSMISSION 

Little has been published to indicate that mobile time-division systems 
may be readily synchronized. A practical scheme for achieving this de¬ 
sirable result was invented and described by J. 0. Edson (Ref. 9). The 
scheme is not limited to pulse-position modulation. It is, for example, 
equally applicable to pulse-code modulation. 

General Description 

As a specific illustration, consider the eight-channel PPM system de¬ 
scribed at the end of Chapter 18. Assume a control station designated 0, 
and eight substations designated 1 to 8 variously located and communicat¬ 
ing by radio. At the control station, the transmitting and receiving an¬ 
tenna systems are nondirective. The antenna at a substation is either 
nondirective or directive. When it is directive, it is at all times caused to 
point to the control station. Channels 1 to 8 are assigned to the eight 
control stations. 

Obviously, even though the nine stations may be in relative motion 
with respect to one another, there is no new problem in communicating 
from the control station to any one of the eight substations. Synchroniza¬ 
tion is achieved as usual. The 4-microsecond marker pulse precedes the 
eight 1-microsecond, position-modulated channel pulses and is identified 
at each substation because of its longer length. Identification of the 
marker pulse would ordinarily cause eight gates to open sequentially and 
admit the position-modulated pulses one by one to independent, pre-as¬ 
signed receiving circuits. In this instance, at each substation, seven of 
the eight receiving circuits are not required. Even with only one receiv¬ 
ing circuit, the channel assigned to a particular substation may be readily 
changed by varying the adjustment of the channel gate. 
Transmission in the opposite direction obviously creates a new problem. 

Assume, for practical reasons, that the two directions of transmission are 
separated by frequency division. The problem that confronts us is to ar¬ 
range to transmit each pulse from each substation at just such a time that 
the eight pulses in a particular frame arrive at the control station not only 
in proper sequence but also each at just the right time. In the case of 
moving stations, this timing must be continuously regulated. The con¬ 
trol station, however, is in a unique position of being able to determine the 
extent to which the incoming pulses are early or late and, moreover, may 
transmit information at all times to each substation at the expense of using 
band width. Therefore, a solution to the problem exists. 
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The control station is called upon to communicate to each substation 
information relative to the time that modulated pulses from that particu¬ 
lar substation arrived at the control station. According to whether the 
pulses received by the control station arrive early or late, this information 
is received and utilized by each substation to correct and control the tim¬ 
ing of its transmitted pulses. 

In Fig. 20-2, the position-modulated pulses associated with a particular 
voice frequency channel are simultaneously position-modulated at the 

Fio. 20-2 Control station of a synchronous multichannel mobile system 

control station by a pilot current that is proportional to the time of arrival 
of the position-modulated pulses coming from the corresponding substation. 
The times of arrival of modulated pulses from a particular substation are 
measured relative to their assigned times. At each substation, as indi¬ 
cated in Fig. 20-3, as a result of demodulating the received position-modu¬ 
lated pulses, the pilot current is recovered and is utilized to vary the phase 
and frequency of an oscillator. It is the output of this oscillator that con¬ 
trols the transmission of position-modulated pulses in the reverse direction. 
These operations will be explained in more detail presently. 
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Differences 
Compared with the grouped-channel case (as, for example, in a conven¬ 

tional point-to-point system with fixed stations) the equipment differences 
are relatively small. At the control station (Fig. 20-2) the usual low-pass 
filters in the incoming and outgoing voice-circuits are replaced by band¬ 
pass filters. Each band filter has a pass band that extends from 200 to 

Fig. 20-3 Substation of a synchronous multichannel mobile system 

3,500 cycles per second. By this means the low-frequency channel used 
for synchronization control is separated from its associated voice frequency 
channel and vice versa. Also, as shown in Fig. 20-2, an oscillator clocks, 
or times, the operations of the receiving multiplex in addition to controlling 
the transmitting multiplex. The use of a single oscillator to synchronize 
both multiplexes simplifies some of the control circuits. 
The general objective at the control station is to frame the receiving 

gates with reference to the transmitted marker pulse. At a control sta¬ 
tion, the received signals do not contain any marker pulse. In each re-
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ceiving channel, as indicated in Fig. 20-2, provision is made for obtaining 
a d-c current that is a measure of the mean position of the channel pulses. 
This current is passed through the slow or fast nets, as shown in Fig. 20-2, 
and the voice or other signal frequencies are adequately filtered out. 
At a substation, as depicted by Fig. 20-3, the low-pass filters are sim¬ 

ilarly replaced by band-pass filters. The receiver is synchronized by the 
incoming marker pulse, and a pre-assigned channel is demodulated in the 
usual way. The output contains two wanted signals. One is the usual 
audio signal which is selected by the band-pass filter. The other is the 
pilot-current control, and it is selected by a low-frequency net. After 
selection, the pilot control is applied to a reactance tube and thereby varies 
the phase and frequency of the transmitting oscillator and hence the timing 
of the transmitted pulses. Thus, the transmitter at each substation is 
synchronized by remote control in response to signals received from the 
control station. 

Operation 

The method of operation can best be understood by referring (Fig. 20-4) 
to the frame diagrams that depict the relative positioning of the pulses at 

Fig. 20-4 Generated and received pulses at the control station 

various points in the system. Figure 20-4 shows the pulse array trans¬ 
mitted by the control system. In each frame a 4-microsecond marker is 
followed by eight 1-microsecond channel pulses. Assume that the time of 
transmission to substation 1 is t. Then the pulses arriving at substation 1 
are depicted by (b) of Fig. 20-4. 

If the substation transmitter were operated in synchronism with the re¬ 
ceived pulses, the channel-1 pulse received by the control station would 
arrive at a time indicated by the dotted pulse on (d) of Fig. 20-4. By com-
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paring this with (a) of Fig. 20-4, the pulse is seen not to fall in the time 
allotted to channel 1, but elsewhere so as to interfere with pulses from 
another substation. Moreover, as the two stations move relative to one 
another, the relative position of the channel-1 pulse at the control sta¬ 
tion moves. The same sort of result would be produced by the pulses 
from other substations, and the combined result would be a disordered 
array. 
Now, if the pulse transmitted from substation 1 is delayed by an amount 
d as shown in (c) of Fig. 20-4, the channel-1 pulse arriving at the main 
station will be the solid-line pulse in (d) of Fig. 20-4, and this falls in its 
assigned position and passes the channel-1 gate. Clearly, if the delay d 
is regulated as the distance between stations varies, synchronization of 
channel 1 is maintained. Other channels can be similarly synchronized. 
As explained, at each station the receiver gives out a d-c current, de¬ 

pending on the mean position of the channel pulse. At the control sta¬ 
tion, this d-c current position-modulates the transmitted pulses. At the 
substation, this d-c current is recovered, and it varies the oscillator that 
controls the timing of the transmitted pulses. If the mean position of 
the channel pulses received at the control station is late, the correspond¬ 
ing outgoing channel pulses will be late, and late pulses at the correspond¬ 
ing substation will cause the pulses transmitted therefrom to be earlier. 
The control circuit is a closed loop. The problem of its stable operation, 
when viewed in terms of its envelope response, is identical in principle to 
the problem of stability in a feedback amplifier. 
Suppose the transmitter at the substation were turned on and varied in 

frequency so as to sweep the channel pulse until contact was established. 
The pulses generated would pass through time periods assigned to other 
channels. This would affect the pilot-current controls of these other chan¬ 
nels and would throw their transmitters out of correct timing. If the re¬ 
sponses of the different nets to an impulse were identical, established chan¬ 
nels would be thrown out of synchronization before the searching pulse 
had traversed that channel interval. 

This difficulty is avoided by providing the control circuit of each channel 
with filter networks of widely varying constants. During search, a com¬ 
paratively wide-band network is used and the searching pulse sweeps rap¬ 
idly across the channels. Once contact is established, the wide-band net¬ 
work is replaced by a narrow-band network having a band width that is 
limited to a few cycles per second. 

Stations already synchronized are operating with a control channel the 
band width of which might be of the order of 2 cycles per second. Then 
pulse-sweeping during search at the rate of, say, 100 cycles per second will 
not affect sufficiently the control circuits of operating stations to throw 
them out of synchronism. The only effect of a sweeping pulse will be to 
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cause a burst of noise lasting for about one millisecond as it passes through 
the time period of such a station. 

Automatic Seizure 

Figure 20-5 indicates a modification of Fig. 20-2 whereby the above-
mentioned change from a condition for establishing contact to one for com¬ 
munication is carried out automatically. The resistor and capacitor des¬ 
ignated RC are the equivalent of the fast network in Fig. 20-2, provided 

Fio. 20-5 Circuit that provides for automatic seizure at the control station 

Ri is short-circuited by operation of the relay. When the relay is not op¬ 
erated, the time constant is longer and is equivalent to the slow network 
in Fig. 20-2. 

In the absence of any received pulse in the demodulator output, the 
vacuum tube shown in Fig. 20-5 is conducting and the relay is in its op¬ 
erated position. When a signal pulse appears, the grid is driven sufficiently 
negative to block space current so that the relay is released, thereby in¬ 
troducing the slow network. Another resistor-capacitor network in the 
grid circuit serves to slow the release of the relay, thus preventing a large 
transient on the opening of the relay contacts. 
With automatic seizure and in the absence of a channel pulse, the control 

circuit will always be in the fast operating condition required for search¬ 
ing. When, during searching, the pulse finds its proper position in time, 
the control circuit is automatically shifted to the condition for communi¬ 
cation; that is, it is connected to the network having a long time constant. 
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The system as described transmits pulses without regard to whether a 
channel is busy or idle. It would be a comparatively simple matter to 
transmit pulses only when a channel was “busy,” “busy” in the sense that 
the two-way voice channel was being used for talking, supervision, or sig¬ 
naling and not in the sense that it was active for a short talk spurt. 

Advantages 

The advantages are the very important transmission improvements that 
are made possible by synchronous transmission. These include conserva¬ 
tion of signal power and band-width occupancy coupled with high-quality 
reception and liberal operating margins. The value of these improve¬ 
ments is offset by the cost of the synchronizing system with its many two-
way control channels, one for each substation. 

MOBILE SYSTEM WITH NONSYNCHRONOUS 
TRANSMISSION 

In principle, the type of nonsynchronous system mentioned earlier would 
be applicable to either mobile or fixed communications and would provide 
the required two-way channels from a control station to each of a plurality 
of substations. References 10 to 13 deal with certain aspects of nonsyn¬ 
chronous operation. 

J. R. Pierce originally proposed and analyzed a pulse-modulation sys¬ 
tem for achieving this type of performance. A system of this type was 
developed by A. L. Hopper and is described in References 8 and 10. The 
description to follow is abstracted from these references and includes the 
results of laboratory tests. It represents an example of the second type of 
solution to the problem of distributed channels multiplexed by time division. 

Description 

Each modulating wave is sampled at somewhat irregular intervals. This 
irregularity is introduced by means of a statistical source so that there is a 
lack of exact coherence between the instants of sampling for the different 
channels. The average sampling rate is about the same for all channels 
and is somewhat in excess of the Nyquist rate. Channel samplers are not 
synchronized in any way. 
The magnitude of each sample is conveyed by a group of pulses. The 

group also carries information identifying the channel to which the pulses 
belong. For example, in the system tested, the group was a pair of pulses 
of equal but opposite amplitudes, and the spacing between pulses identified 
the channel. 
Each receiver responds only to pulse groups associated with a particular 

channel. The amplitude of the pulses that compose a group is propor-
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tional to the magnitude of a sample. When a pulse group is accepted, the 
magnitude of the sample is stored as a voltage on a capacitor. This volt¬ 
age is amplified and then goes to the usual low-pass filter. When another 
pulse group is accepted, the voltage on the capacitor is changed to corre¬ 
spond to the magnitude of the new sample. By this means the magnitude 
of this new sample is held. The method of operation is to hold each sam¬ 
ple until a new sample is accepted. As a result, when a sample is lost due 
to interchannel crosstalk, the previous value is used and amplified and is 
then sent to the low-pass filter. 

If interchannel crosstalk overlaps the wanted pulse group sufficiently, 
the deformed group is rejected and a sample is lost. If the overlap is 
slight, the group is accepted, but the sample is in error to the extent that 
the magnitude is wrong. Accidental production of the wanted code group 
by interchannel crosstalk will also cause error in the accepted group. By 
precise timing and by making the requirements for accepting or rejecting 
a group very precise, errors in accepted groups can be reduced at the ex¬ 
pense of increasing the number of samples lost. 
When different channels use almost the same average sampling rate but 

without a small amount of superimposed random jitter, interchannel cross¬ 
talk will cause the loss of a series of successive samples. Experiments have 
demonstrated that this is more objectionable than random loss of samples. 

Advantages 

When band width is not at a premium and is available, the signal-to-
noise ratio (with due allowance for interchannel crosstalk) can be made as 
large as required by using a wide enough band. The average power intro¬ 
duced by interchannel crosstalk is proportional to the number of active 
channels so that more channels can be accommodated at the expense of 
more crosstalk. Interchannel crosstalk is unintelligible. For some types 
of service including ordinary telephony, holding the previous sample when 
a sample is lost reduces interchannel crosstalk. Pulses are not transmitted 
when a channel is idle, that is, in the absence of talk spurts. This con¬ 
serves power and minimizes interchannel crosstalk. There is no limit to 
the number of assignments if essentially the same mean sampling rate is 
used for each channel. Accordingly, a system of this type might be at¬ 
tractive for relatively light traffic use where many stations must have con¬ 
tinuous access to the medium. 

Operation 

The operation of the channel coder is depicted by Fig. 20-6. The mod¬ 
ulating wave is filtered by the usual low-pass filter in order to attenuate 
frequency components equal to or higher than half the sampling rate. 
Whenever the modulating wave exceeds a predetermined value, it operates 
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the “voice-operated relay.” This connects the random pulse generator to 
the sampler, and samples of the modulating wave are produced at some¬ 
what irregular intervals as previously described. The paired pulses or code 
group is produced by a delay line and combining amplifier. The delay 
line governs the exact spacing between the two pulses of a group. 

Fig. 20-6 Simplified diagram of channel coder for a nonsynchronous, time-division 
system with holding and random sampling 

The random-pulse generator includes a thyratron noise source the out¬ 
put of which is amplified and goes to a blocking oscillator. The output of 
the oscillator goes to a one-shot multivibrator. The output of the multi¬ 
vibrator goes to a differentiator and then to a clipper. These tandem op¬ 
erations guarantee that the random-spaced pulses going to the sampler 
are of constant amplitude. 
The delay line has a total delay of about 10 microseconds, taps are lo¬ 

cated at 1/4-microsecond intervals, phase is linear to about 1.4 megacycles 
per second, and loss rises to about 3 decibels at 1 megacycle per second. 
The approximate band width of the system measures about 0.5 megacycle 
per second, pulse shapes are approximately Gaussian, and pulses endure 
for about 2 microseconds. 
The method of operation of a channel decoder is shown in Fig. 20-7. 

The decoder is called upon to recognize each desired pulse group unless it 
is deformed beyond recognition by interchannel interference; to store the 
magnitude of one of the recognized pulses on the storage capacitor; and 
to amplify and filter the voltage across the holding capacitor. By the 
use of a tapped delay line, a desired code group at a particular time would 
produce the voltages 1, 2, 3, and 4 as indicated at the top of Fig. 20-7 at 
taps 1, 2, 3, and 4, respectively. The “recognizer” checks that voltage 1 
is equal and opposite to 3 and also to 4, and that 2 is equal and opposite 
to 3 and also to 4. This is done in such a way that, at all other times, x 
disables the gate. The fifth tap on the delay line provides an enabling 
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pulse that is utilized to be sure that the four voltages which the recognizer 
checks are not all zero. If the checks are satisfied and the gate is enabled, 

Fig. 20-7 Simplified diagram of channel decoder for a nonsynchronous, time-division 
system with holding and random sampling 

the peak value of the pulse enters the gate by way of y and is stored as a 
voltage across the storage capacitor. The held samples are amplified and 
filtered to produce the desired output. 

Transmission Performance 

Inspection of Fig. 20-8 shows that, when a single channel is lightly loaded 
with a sinusoidal signal the frequency of which is 1,000 cycles per second, 
there is a background of noise. This noise is the result of filtering clamped 
samples irregularly spaced in time. With increased loading, distortion 
due to nonlinearity of the circuits becomes predominant and the ratio of 
signal to noise-plus-distortion becomes poorer in the region above reference 
level output. The two-channel characteristic shown in Fig. 19-8 indicates 
the increase in noise caused by crosstalk from the added channel and gives 
a measure of the effect of the lost samples. In Reference 8, this effect is 
calculated and it is demonstrated that the measurements agree with the 
calculations. The values of noise and distortion plotted in Fig. 20-8 were 
measured with a so-called “2B noise-measuring set” with “FIA” line 
weighting, a measuring device which takes into account the frequency 
characteristics of present telephone equipment and which is standard for 
the measurement of noise on message circuits. 
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Listening tests were also made, and it was found that, when a second 
channel was active, the intelligibility of the message received over the first 
channel was not interfered with at normal talking levels, although the 
channel was judged to be below toll quality. Lost samples produced a 

Fig. 20-8 Average signal, noise, and distortion powers expressed in decibels relative 
to the sinusoidal output designated zero decibels on the axis of abscissa 

rasping effect, and by simulating the effect of more interfering channels, 
the distortion became progressively worse. It was concluded that speech 
intelligibility would be tolerable with between five and eight active, inter¬ 
fering channels. The band width of the system was about 500,000 cycles 
per second, the average sampling rate was about 8,000 cycles per second, 
and, as shown in Fig. 20-9, the over-all transmission of a typical channel 
was reasonably flat up to about 3,100 cycles per second. 

Application to Rural Telephony 

To indicate for what use a nonsynchronous pulse-multiplex system of 
this general type might be particularly well suited, we shall consider briefly 
its possible application to rural telephony as described in References 8 and 
10. Figure 20-10 depicts a small subscriber’s exchange in which each 



MOBILE PULSE-MODULATION SYSTEMS 343 

Fig. 20-9 Over-all transmission-frequency characteristic 

Fig. 20-10 Application of nonsynchronous, time-division pulse-modulation to rural 
telephony 
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substation has a directional antenna pointing to a central, nondirectional 
repeater. Each subscriber transmits on a common channel the center 
frequency of which is /i, and each receives on f2. The output from each 
subscriber’s transmitter is so adjusted that the repeater inputs are equal¬ 
ized. The repeater is also a frequency changer. Received pulses are 
amplified, are changed in frequency from fi to fa, and are reradiated in all 
directions. 
Each subscriber is assigned a number and to that number corresponds a 

particular pulse group. By means of a dial, each subscriber may simulta¬ 
neously set his transmitter and receiver to any allowable number. When¬ 
ever a subscriber’s receiver is not in use, his transmitter and receiver auto¬ 
matically revert to the particular pulse group corresponding to his assigned 
number. Each subscriber’s receiver is operating all the time, and, with 
the receiver down, whenever a pulse group is received corresponding to 
the subscriber’s number, a bell rings. Each subscriber’s transmitter radi¬ 
ates pulses whenever his “ring” button is operated or whenever the sub¬ 
scriber is talking and thereby producing talk spurts that operate the voice-
operated relay shown in Fig. 20-6. 
To make a call, A lifts his receiver, dials B’s number, pushes his ring 

button, and thereby causes his transmitter to radiate B’s pulse group; B’s 
bell rings, and B lifts his receiver. .4 and B may now talk to each other, 
both using the pulse group corresponding to B’s number. Numbers might 
also be assigned to one or more operators to provide connections to distant 
exchanges. 
C may talk to A and B by calling B. C cannot reach A because A and 

B are talking on B’s pulse group. Thus, eavesdropping is possible as it 
now is on rural party lines. Also, there is no busy signal. When a sub¬ 
scriber’s phone is busy, the subscriber does not know he is being called. 
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Problem 

1. Given the known empirical properties of resistance noise waves, show that any 
two finite segments from independent noise sources are approximately orthogonal 
functions if the segments are sufficiently long. 
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REVIEW QUESTIONS AND EXERCISES 

1. If the modulating wave is restricted essentially to a limited frequency range 
in which the essential frequency components range from zero to B cycles per 
second, and if the frequency of the carrier is sufficiently high: 
(a) Is the band width of an amplitude-modulated sinusoid independent of the 

carrier frequency? 
(b) What is the band width of a single sideband? 

2. What happens to the essential information-carrying capacity of a conven¬ 
tional, double-sideband, amplitude-modulated sinusoid when: 
(a) One sideband is eliminated from the transmitted wave? 
(b) Both sidebands are eliminated from the transmitted wave? 
(c) The carrier is eliminated from the transmitted wave? 

3. In a suppressed-carrier, single-sideband modulation system, what determines 
the frequency and phase requirements imposed upon the local oscillator at the 
receiver which supplies the missing carrier? 

4. How might the pulses for a two-channel, time-division pulse-modulation system 
be distinguished from one another, assuming uniform sampling and no syn¬ 
chronizing circuits at the receiver? 

5. For each of the three categories into which the instrumentation of coders has 
been classified, outline the principle of operation. 

6. With reference to pulse-modulation theory, what is meant by the “aperture 
effect”? Is it possible to compensate for it? 

7. Why do we sample the message wave at the transmitting terminal of a pulse¬ 
modulation system designed for voice transmission? 

8. Does superposition hold in a frequency modulator? 
9. Write a general expression for a frequency-modulated wave, assuming a sinus¬ 

oidal carrier and a modulating wave V(t). 
10. What is the purpose of the marker pulses (or marker intervals) in a time-

division pulse-modulation system using “start-stop” synchronization? 
11. Name the two operations which permit the reduction of a continuously chang¬ 

ing message wave to a finite number of discrete values per second. 
12. Which type of sampling, “uniform” or “natural,” employs uniformly spaced 

sampling intervals? 
13. Describe one type of marker pulse that may be used in time-division PAM systems. 
14. In the application of the double Fourier series to the spectrum analysis of a 

train of modulated pulses, what are the formulas that relate the variables x 
and y to time? 

15. Draw a simple circuit diagram showing a carrier generator, a modulating-wave 
generator, and two nonlinear elements combined to produce a balanced modu¬ 
lator the output of which theoretically will contain no even-order distortion of 
the modulating wave. 

347 
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16. Do the noise voltages that are received along with the marker pulses in a time¬ 
division PPM system affect the signal-to-noise ratio at the output of the system 
when synchronization is on a “start-stop” basis? 

17. Write a general expression for a phase-modulated wave, assuming a sinusoidal 
carrier and a modulating wave V(0. 

18. In the three-dimensional configuration used in the double Fourier series method 
of spectrum analysis, how is the slope of the line OA (along which the section is 
taken) with respect to the X-axis (along which the carrier is represented) 
related to the angular frequencies œ,. and o>c? 

19. To which type of modulating wave is the double Fourier series method of spec¬ 
trum analysis applicable, one in which the modulating wave is periodic with 
respect to time, or one in which the modulating wave is nonperiodic with respect 
to time? 

20. How does the average power in a frequency-modulated wave vary with the 
modulating signal? 

21. What is the purpose of the “gates” used at the receiving terminal of a time¬ 
division pulse-modulation system? 

22. In a time-division pulse-modulation system using a “long-time” synchronizer, 
what is the requirement on the frequency of the sine wave that controls the 
operation of the synchronizer in order to eliminate the need for the hunting 
feature? 

23. Describe one type of marker pulse that may be used in time-division pulse¬ 
position modulation (PPM) systems. 

24. Theoretically, in a pulse-code modulation (PCM) system, what ordinarily is 
the only significant source of noise in the reconstructed message delivered by 
the final receiver? 

25. Is the double Fourier series method of spectrum analysis applicable to waves 
other than pulses? 

26. What is meant by the terms pre-emphasis and de-emphasish 
27. Distinguish between the maximum possible rate of generating information 

and the actual rate. 
28. If a modulating wave occupies a frequency band almost B cycles per second 

wide, what is the minimum sampling rate that will allow the original wave to 
be precisely reconstructed from the sampled values? 

29. What is meant by the “principle of superposition”? 
30. Explain what is meant by “pulse-duration modulation” (PDM). 
31. Which method is capable of giving the more favorable signal-to-noise ratio at 

the output of a time-division PPM system: “long-time” synchronization or 
“start-stop” synchronization? 

32. Is it true that any system which transmits quantized messages and makes full 
use of the product of frequency range multiplied by the time during which it is 
available for use inevitably will suffer from a threshold effect with respect to noise? 

33. Given a number, n, of quanta per code element and the number, m, of code 
elements comprising each code character, what is the number of different codes 
that might be used? 

34. Let S be the average signal power, and suppose the noise is resistance noise of 
average power N in the band B occupied by the signal. Write the formula for 
the maximum information capacity of this system expressed in terms of binary 
digits per second, assuming a frequency of errors as arbitrarily small as may be 
desired and not precluding involved encoding and decoding and long delays 
at the transmitter and receiver. 
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35. In the three-dimensional configuration used in the double Fourier series method 
of spectrum analysis, how are the shapes of the portions of the surfaces (walls) 
that occupy the different elementary squares (with edges 2ir radians long) 
related to one another? 

36. In time-division pulse modulation systems using “start-stop” synchronization, 
how many marker pulses are transmitted per frame of message-bearing pulses? 

37. Name two outstanding advantages of pulse-code modulation (PCM). 
38. What property of a frequency-modulation system makes the use of de-emphasis 

in the receiver particularly advantageous? 
39. Assume that a sinusoidal modulating wave is caused to phase-modulate a 

sine-wave carrier, and assume further that the peak phase deviation is 
radians. Write expressions for the amplitudes of the carrier and the various 
side frequencies which are present. 

40. Which of the four arithmetical operations characterizes amplitude modulation 
(AM)? 

41. Does a transmitted carrier AM telephone system that is limited to 100 per cent 
modulation utilize its available power capacity efficiently? 

42. What is the precise definition of signal-to-noise ratio that is commonly used 
in developing formulas to depict the effects of noise and interference in fre¬ 
quency-modulation systems? 

43. In a time-division PPM system using “long-time” synchronization, a sine 
wave is used to control the operation of the receiving synchronizer. How is 
this wave ordinarily obtained? 

44. List three different classifications of PDM that are independent of the type of 
sampling. 

45. Can the granularity due to quantization be eliminated from the output of a 
PCM receiver? 

46. What is the purpose of the filter that is used at the output of the transmission 
medium (that is, the filter appearing in the input to the receiver or input to a 
repeater) in a time-division, pulse modulation system? 

47. Describe very briefly time-division, frequency-division, and phase-discrimina¬ 
tion multiplexing. 

48. Can any measurement be made on a frequency-modulated or phase-modulated 
wave that will distinguish which of the two types of modulation the wave 
represents without a knowledge of the modulating wave? Explain. 

49. When an envelope detector is used to recover the modulated wave from 
a double-sideband, amplitude-modulated wave, the modulation must be less 
than 100 per cent if substantially undistorted reproduction is desired. This 
limit is lowest when the frequency of the modulating wave is high. Give the 
physical reason for this limitation of percentage modulation. 

50. Define the term guard interval, as applied to a train of PDM pulses. 
51. What is the primary function of the synchronizing circuit that is used at the 

transmitting terminal of a time-division pulse-modulation system? 
52. Why is it undesirable, in a time-division pulse-modulation system, to use 

marker pulses which are of shorter duration than the message-bearing pulses? 
53. Compare the output waves of a low-index phase modulator and an amplitude 

modulator if both are modulated with the same modulating wave. 
54. What similarities are there between the processes of modulation and demodula¬ 

tion? 
55. Summarize the three basic steps in the procedure used in the double Fourier 

series method of spectrum analysis. 



350 MODULATION THEORY 

56. What is the expression for the advantage gained in signal-to-noise power ratio 
in a frequency-modulation system over a double-sideband amplitude-modu¬ 
lation system? Assume equal detector input noise-power density for both 
systems, assume that the noise-power density is independent of frequency 
and uncorrelated, and assume that the cutoff of the output low-pass filter is 
the same in each system. Also assume sinusoidal modulating waves in both 
systems, 103 per cent modulation in the amplitude-modulation system, and 
the same carrier power in both cases. 

57. Name three types of unquantized pulse-modulation systems. 
58. In the integrals that give the coefficients of the double Fourier series, is it 

necessary that the area of integration be a square? 
59. Assume that a sinusoidal modulating wave is caused to phase-modulate a 

sine-wave carrier. What happens to the side frequencies as the phase deviation 
becomes very small? What are the amplitudes of the side frequencies when 
the deviation is very small? Assume the unmodulated carrier amplitude is unity. 

60. Which gives the more compact expression for a double Fourier series: real or 
complex notation? 

61. What happens to the output signal from a conventional frequency demodulator 
when the band width in the transmission medium is too restricted? 

62. Are the in-phase and quadrature components of a modulated wave uniquely 
defined waves? 

63. Define interference threshold. 
61. In Chapter 15, a method of scaling was described whereby the properties of an 

W-channel time-division pulse-modulation system may be derived in terms of 
the properties of a one-channel system. Under the conditions assumed with 
this method, what is the ratio of the transmitted power in the A-channel system 
to the transmitted power in a one-channel system? 

65. Draw a simple circuit diagram showing a carrier generator, a modulating-wave 
generator, and two nonlinear elements combined to produce a balanced modu¬ 
lator the output of which will contain no sidebands around even harmonics 
of the carrier. 

66. As applied to time-division pulse-modulation systems, what is the purpose of 
the “hunting” circuit that is used in synchronizers operating on a “long-time” 
basis? 

67. State the sampling principle either in its most general form or in one of its more 
common but restricted forms. 

68. What factors are involved in determining the distortion produced by envelope 
detection of a vestigial sideband wave? 

69. What is the ratio of power in the upper sideband to that in the lower sideband 
of an undistorted amplitude-modulated wave? 

70. What is meant by an efficient coder? 
71. Define quantization. 
72. Is the multiplexing of channels usually performed on a time-division basis or 

on a frequency-division basis in a pulse-modulation system? 
73. What is the function of the synchronizing circuit that is used at the receiving 

terminal of a time-division pulse-modulation system? 
74. Define code, code element, code character, binary code, ternary code, N’&ry 

code, and signal element. 
75. How does the information-carrying capacity of a one-channel single-sideband 

system compare with the information-carrying capacity of the corresponding 
voice-frequency system occupying the same band? 
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76. What property of the modulating waves used in voice and program trans¬ 
mission allows pre-emphasis to be used to advantage? 

77. Define regenerative repea tering. 
78. At what rate can the signal-to-noise power ratio at the output of a frequency¬ 

modulation system improve as the allowed high-frequency band width is 
increased? Assume that the noise-power density over the high-frequency 
band is constant and uncorrelated and that in the absence of modulation the 
carrier power is large compared to the total noise power. 

79. Define “Nyquist interval” and state its significance. 
80. What is the central problem of information theory? 
81. What is meant by information-bearing signals? 
82. According to modern communication theory, what is the most efficient method 

for reducing the chance of error in transmission? 

In the following exercises check the correct statements: 

83. The three parts into which the spectrum of a modulated wave naturally sepa¬ 
rates are called 
_ amplitude, phase, and frequency. 
_ upper sideband, lower sideband, and carrier. 
_ current, voltage, and power. 
_ attenuation, phase shift, and delay. 

84. A spectrum of a real function of time that is an odd function of frequency must 
_ be pure imaginary. 
_ be real. 
_ represent an odd function of time. 
_ represent an even function of time. 

85. In order for the spectrum in the output of a balanced modulator to contain no 
overlapping components, the carrier of an amplitude-modulated wave must be 
_ less than the lowest signal frequency. 
_ greater than the highest signal frequency. 
_ equal to the average signal frequency. 
_ greater than twice the highest signal frequency. 

86. If the output of a binary pulse-code modulation system (in which the pulses 
are rectangular, completely fill their assigned time interval, and have equal 
probability of being positive or negative) is transmitted by double-sideband 
amplitude modulation and the carrier is 100 per cent modulated, the ratio of 
the average power in both sidebands to the average carrier power is 
_ two to one. 
_ one to one. 
_ one to two. 
_ one to four. 

87. If in question 86 the pulses occupy only one-half of their allotted time interval, 
the ratio of average power in both sidebands to average carrier power is 
_ two to one. 
_ one to one. 
_ one to two. 
_ one to four. 

88. An amplitude-modulated wave is 
_ the sum of the carrier and the modulating wave. 
_ the difference between the carrier and the modulating wave. 
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_ the product of the carrier and the modulating wave. 
_ the ratio of the modulating wave to the carrier. 

89. If an amplitude-modulated wave is passed through a network the transmission 
function of which has odd symmetry about the carrier, 
_ the in-phase component is identical to the quadrature component. 
_ the in-phase component is zero. 
_ the quadrature component is zero. 
_ nothing can be said about the quadrature component without more informa¬ 

tion. 
90. If a resistance generator works into a network made up of an inductor, capaci¬ 

tor, and resistor in parallel, 
_ the real part of the transmission function has approximately odd symmetry 

about the resonant frequency. 
_ the imaginary part of the transmission function has approximately even 

symmetry about the resonant frequency. 
_ neither part satisfies any symmetry relations even approximately. 
_ the real part has approximately even symmetry and the imaginary part has 

approximately odd symmetry about the resonant frequency. 
91. If in question 90 the generator voltage is an amplitude-modulated wave with 

its carrier component at the resonant frequency, the carrier frequency is high 
compared to the highest frequency component of the modulating wave, and 
the voltage across the output is resolved into its in-phase and quadrature com¬ 
ponents about the carrier, then the 
_ in-phase component is negligible. 
_ quadrature component is negligible. 
_ quadrature component will have infinite peak value. 
_ in-phase and quadrature components will have opposite signs. 

92. Two product demodulators receive their inputs through perfect band filters, 
one for double-sideband reception, the other for single-sideband reception of 
the same signal, and their carriers are adjusted to give the same signal output. 
If the input is resistance noise, the ratio of the output noise power from the 
single-sideband system to that in the double-sideband system is 
_ four to one. 
_ two to one. 
_ one to one. 
_ one to two. 
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Amplitude, definition of, 27 
instantaneous, 27 

Amplitude factor, 125 
/Amplitude limiter (see Frequency de¬ 

modulators and Frequency modu¬ 
lators) 

applied to AM, 233 
Amplitude-modulated pulses: 

analytical treatment of, 251. 255, 256, 
258, 259, 260, 261, 283, 284, 285 

production of: 
double-polarity, 254 
flat-top, 254 
single-polarity, 253 

spectra of: 
double-polarity, 255 
double-polarity, flat-top, 255, 256 
single-polarity, 255 
single-polarity, flat-top, 256 

wave forms of, 308 
Amplitude modulation (AM) : 

analytical description of modulating 
wave in, 126-129 

analytical expression for, 125 
carrier for, 126, 130 
carrier power for complete, 131-134 
complete, 126 
definition of, 19, 125 
efficiency of, 19, 125 
envelope of modulated wave in, 126 
examples of, 20-24 
frequency displacement in, 152, 153, 

157 ’ 
generalized definition of, 125 
modulating factor in, 126 
modulating wave in, 126 
negative modulating factor in, 126 
percentage modulation in, 126 
positive modulation factor in, 126 
sideband power for complete, 131-134 
spectrum analysis of, 23, 130, 153 
susceptibility to small signal interfer¬ 

ence of: 
with product demodulator, 134, 135 
with rectifier detector, 135-136 
with square-law detector, 136, 137 

Amplitude spectra (AM) : 
of demodulated wave, 153 
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Amplitude spectra (AM) (Cont.): 
of modulated wave, 23, 153 
of modulating wave. 23, 153 

Anger’s expansions in Fourier series of 
Bessel coefficients, 188 

Angle, definition of, 27 
Angle modulation (see also Frequency 

modulation and Phase modula¬ 
tion) 

channel grabbing characteristic with, 
181, 222. 225, 232 

coverage with, 181, 182 
definition of, 27, 182 
disadvantages of, 181, 182 
failure of superposition in, 182, 195. 

196, 197 
frequency deviation in. 27. 183 
high efficiency transmitter with, 181 
instantaneous frequency in, 28 
modulation index in, 27, 183 
noise reducing properties of, 181 
noise vs. band width with, 181 
nomenclature in, 206 
nonlinearity requirements for, 182, 233 
phase deviation in, 27, 183 
phase requirements for, 182, 190 
power output with, 181, 190, 204 
two-tone telegraphy is, 181 

Antisymmetrical spectrum, 173 
Aperture effect in sampling: 

description of, 40. 41, 55 
equalization of, 40, 41, 258, 324 
expression for, 40, 55, 255, 256 
fundamental theorem of, 55 

Aperture plate (see Code masking plate) 
Asymmetric-sideband networks, 175 
Attenuation factor, 153 
Automatic seizure, 337 
Automatic tuning, 294 
Automatic volume control, 294 
Average power, definition of, 131 

of a q’ary code, 103 
of broadcast transmitters, 148 
of carrier and both sidebands (AM), 

133, 134, 168 
in PAM, 251, 261 
in PDM, 263 
in PM, 190, 204 



354 SUBJECT INDEX 

Balanced modulators, 143 
improvement due to, 145 
net output from, 145 

Band-width occupancy, 49, 50, 65, 68, 
111, 200, 225, 251, 260, 263 

definition of, 111 
Binary and decimal equivalents, 307 
Binary code, definition of, 63 
Binary counter, 309, 310, 311, 312 
Binomial theorem, 144 
Bit, definition of, 78 
Boothroyd-Creamer system, 102, 112, 113 
channel capacity of, 113 

“Breaking through” the limiter, 218, 228 

Capacity (see Channel capacity) 
Carrier (see also Pulse carrier) 

definition of, 19 
leak, 147 
sinusoidal, 19, 20, 21, 22, 23, 25, 26, 27, 

28, 29 
suppressed, 20, 22, 137, 142, 143, 147, 

173 
Carrier telephone terminal, 12-channel, 

172 
Cascading phase-shift networks, 174 
Central theorem, 72. 95 . 96, 97, 103, 104, 

106, 111, 121, 123 
Channel capacity: 
according to Nyquist’s theorem, 103-

107 
and signaling speed, 110-113 
definition of, 92-95 
in the absence of noise, 101, 102 
nonsurpassable ideal, 71, 72, 95 
of a continuously variable quantity, 

72, 116 
of existing systems, 95, 96, 97, 106 
of PCM when interchannel crosstalk is 

controlling, 107 
of physical systems, 111 
significance of, 101 

Channel grabbing effect: 
in AM, 136 
in FM : 

description of, 181 
illustrations of, 222 
with large index, 232 
with large noise, 225 

Channel time, 240, 282, 290, 291, 302, 303 
Choice, uncertainty, and entropy, 80, 81 

(see also Entropy) 
Code, definition of, 63 

five unit, 4 
illustration of, subject to general and 

special restrictions, 63 
method of establishing a, 301 

Code (Cont.) 
number of code elements in a, 301 
optimum type of, 7 
subject to: 

general restrictions, 63 
particular restrictions, 63 
self-imposed restrictions, 63 

Code character, application of, 4, 7 
definition of, 63 
to represent a quantized sample, 300 

Code element, definition of, 63 
differences ignored in identifying a, 63 
example of, 108, 109 
shape of, 7 

Code masking plate, 318 
Code transmission, definition of, 62, 63 

early example of, 3, 4, 63 
Commensurable carrier and modulating 

frequencies, 273 
Commensurable modulating frequencies, 

197, 199 
Common-channel converter, 310 
Comparison of PM with FM : 
by illustrative example, 192, 193, 194 
in Table, 192 

Complete communication system, 2, 292 
Complex amplitude-density spectrum, 

152 
Compound modulation (see Modula¬ 

tion) 
Compressed signal, 34 
Compressor, instantaneous common¬ 

channel, 314 
Crystal filters, 170 

Day’s system, 176-178 
advantages of, 176 
amplitude stability required by, 178 
analysis of, 177 
crosstalk in, 177 
disadvantages of, 178 
phase stability required by, 177 

De-emphasis, 30, 228, 229, 230, 231 
Delay line, 340 
Delay per filter section, 174 
Delta function (see Unit impulse) 
Deviation data, 73 
Diode gates, for two-channel pulse sys¬ 

tem, 241 
Direct Fourier transform, 151, 152, 157 
Discriminator (see Frequency demodu¬ 

lators) 
Distortion, in frequency modulation, 233 

linear, 107 
nonlinear, 35, 107 
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Distributed channels and nonsynchro-
nous transmission: 

advantages of, 331, 339 
applications of, to rural telephony, 342, 

343, 344 
description of, 328. 329, 331, 338, 339 
disadvantages of, 328, 331. 342 
features of, 331 
operation of, 339, 340, 341 
transmission performance of, 341, 342, 

343 
Distributed channels and synchronous 

transmission : 
advantages of, 328, 338 
compared with group channels, 334, 

335 
disadvantages of, 331, 336, 337, 338 
general description of, 328, 330, 332, 

333 
operation of, 335-338 

Doherty amplifier, 148-151 
Doppler effect, 160 
Double-balanced modulator, 146, 147 

realizable improvement due to, 147 
Double Fourier series: 
applied to: 
PDM, 273-276 
PPM, 286-287 

complex form of, 272 
geometric representation of, 266, 267, 

268 
method of analysis: 
PDM. 266-273 

trigonometric form of, 270 

Efficient communication: 
evolution of, 71-73 
first step in, 83 
general stipulations for, 125 
interdependence of modulation and, 1, 

71 
inverse receiver operations for, 1, 71 
message specification for, 71, 73 
optimal signal for noisy channel for, 

71 
orthogonal functions for, 330 
practical vs. ideal, 72, 95, 96, 97, 106 
synchronization for, 303 

Efficient encoders for PCM : 
example of 1-gram approximation to, 

89, 90 
combined with further reduction of 
redundancy, 89, 90, 91 

Efficient encoding of English text, ex¬ 
ample of 1-gram approximation 
to, 86-88 

Electron beam deflection tube, for cod¬ 
ing, 316, 317, 318, 319 

Elliptic integrals of the first and second 
kinds, 135 

Enhanced carrier (AM), 168 
Entity: 

definition of, 2 
in relation to codes, 2, 63 

Entropy, calculated from statistical 
structure of message, 81-83 

definition of, 80, 81 
digram, 81 
digram, of printed English, 82 
joint, of transmitter output and re¬ 

ceiver input, 93 
maximizing (per unit of average sig¬ 

nal power) signal: 
delay inherent to, 122 
practical advantage of, 122 
theoretical advantage of, 121-123 

N-gram, 82 
of a continuous source, 116 
of message source, 101 
of printed English based on long range 

statistical effects, 83 
of printed English based on word fre¬ 

quencies, 83 
of receiver input, 93 
of receiver input when entropy of 

transmitter output is known, 93 
of transmitter output, 93 
one-gram, 79 
one-gram, for printed English, 80 
relative, definition of, 84 
trigram, 82 
trigram, for printed English, 82 

Envelope detector: 
allowable peak modulation factor of, 

163 
analysis of, 163 
for vestigial sideband, 176 
method of operation of, 162 

Envelope wave forms, in Doherty am¬ 
plifier, 149 

Equalization by frequency translation, 
14, 15 

Equivocation, definition of, 93, 94 
example of, 105 

Error correction by retransmission, 118, 
119, 120 

optimal length of frame for, 118 
saving in average signal power by, 120 

Error detecting codes, principle of, 119 
Error-free reception, discussion of, 101 

theoretically impossible. 116 
Even function, 127, 128, 129, 152, 233 
Even symmetry, 153 
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Expandor, instantaneous common-chan¬ 
nel, 321 

Fano code, 84, 85 
Fourier-integral representation, 126-129 
exponential form of, 127 
Hartley’s symmetrical form of, 126 
trigonometric form of, 127, 128 

Fourier series (see Double Fourier se¬ 
ries) 

Fourier transform (see Direct Fourier 
transform) 

Frame, definition of, 240 
Frame frequency (see Recurrence fre¬ 

quency) 
Frequency, definition of, 28 

instantaneous, 28, 182 
Frequency allocation, for a 12-channel 

terminal, 171 
Frequency demodulator (see also Angle 

modulation, Frequency modula¬ 
tion, and Phase modulation) 

amplitude limiter for, 209 
analysis of discriminator for, 210-214 
balanced discriminator for, 212-214 
conversion from frequency to phase 

demodulator and phase to, 29, 193, 
194, 206 

de-emphasis for, 30, 228, 229, 230, 231 
feedback homodyne detector type of, 

215 
frequency-meter type of, 214, 215 
function of discriminator for, 209 
ideal discriminator for, 209, 210 
other types of, 214, 215 
ratio detector type of, 210 
response to FM wave of, 211, 212 
simple discriminator for, 210, 211 

Frequency deviation, cyclic, 220 
definition of, 27, 183 
dependence of noise on, 224 

Frequency discrimination (see Single 
sideband modulation, SSM) 

Frequency division, definition of, 11, 68 
early speculations concerning, 4 
early telephone system using, 6 
example of, 12, 66. 69 
for directional separation, 332 

Frequency meter type of detector (see 
Frequency demodulators) 

Frequency modulation (FM): 
band width for, 200 
Carson’s mathematical analysis of, 6 
compared with PM, 192, 193, 194 
conversion from FM to PM and PM 

to, 29, 193, 194. 206 
definition of, 28, 183, 190 
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Frequency modulation (FM) (Cont.) : 
equation of, when modulating wave 

is: 
ensemble of sinusoids, 195, 196 
sinusoidal, 191. 192 
square, 197. 199, 200, 201, 202 
unsymmetrical, 196, 197 

illustrations of, 25, 26 
interference between similar systems 

with, 232 
less power to cover a given area with, 

232 
spectra of modulated waves in, 197, 

198, 201, 202 
superposition fails in, 195, 196, 197 

Frequency modulator (see also Angle 
modulation, Frequency modula¬ 
tion, and Phase modulation) 

amplitude limiter in, 208 
cathode-ray tube for, 206 
Class I type of, 206, 207, 208 
Class II type of, 208, 209 
control of modulation index in, 208 
conversion from frequency to phase 

modulator and phase to, 29, 193, 
194, 206 

distortion in, 208 
frequency multiplier for, 208 
large index, 207, 208 
multivibrator for, 208, 209 
pre-emphasis for, 29, 228 
reactance tube for, 206 
saturable-core generator for. 206 
theory of operation of, 206, 207, 208 
tied back to frequency standard, 206, 

208 
variable capacitor for, 206 

Gating circuits: 
for PAM, 241 
for PCM, 309, 311, 312, 322 
for synchronized mobile systems, 332 
for two-channel system, 241 
method of operation of, 240, 241 

Gaussian normal-error curve. 103, 121, 
122 

General nonlinear element, for AM : 
distortion terms generated by, 145 
expression for, 144 

Generalized frequency, 28 
Generalized response, of a network to 

FM, 211, 212 
Granularity in quantized signals, 60, 61, 

300 
Granularity noise, 60, 61, 300 
Guard interval, 264 
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Harmonic, usage of the term, 27 
Harmonic function, 24, 27 
Hartley, definition of, 79 
High-efficiency, grid-modulated ampli¬ 

fier, 150 
Higher-order modulators, expression for, 

147 
theory of, 147, 148 

High-power amplifiers and modulators, 
148-151 

Homodyne detection, 68, 215 
Homodyne detector, 215 
Hunting circuit (see Long-time synchro¬ 

nizer) 

Impulse of area 2tt, 152 
Impulse of unit area (see Unit impulse) 
Impulse noise, in FM, 232, 233 
Incommensurable carrier and modulat¬ 

ing frequencies, 266 
Information, amount of, 2, 6, 7, 8, 64 

capacity, 6, 8, 92-97, 101-107, 110-113 
conceptual meaning and interpretation 

of, 64, 78 
content, 9 
measure of, 6, 7, 8, 78-80 
minimum, for accurate reception, 101 
nature of, 2, 64 
rate, 111 

Information-bearing signals, 2, 67, 68 
Initial phase angle, 182, 273 
In-phase and quadrature components ■ 

general treatment of, 153-156, 159, 160 
of single sideband, 154 
of two sinusoids, 155 

Input and output characteristics of 
PCM channels, 323, 325 

Instantaneous amplitude, 27 
Instantaneous frequency, 28, 182, 184, 

191, 196 
Integral powers of cos C, in terms of 

multiple angles, 144 
Interchannel crosstalk, 258, 259, 260, 263, 

302 
Interference threshold, 

as a function of: 
band width, 73-76 
extra delay, 76, 77 

expression for, 74 
Intersymbol interference, 101, 102, 108, 

109, 110, 111, 260 

Jacobi’s expansions in Fourier series of 
Bessel coefficients, 188 

J channels, PPM, 290 
Jitter, 247, 279, 296, 339 

Kerr cells, 142 

Law governing exchange of band width 
for signal power: 

example of, 75, 76 
general case of, 77 
Nyquist’s expression of, 75 
with approximately orthogonal sig¬ 

nals, 331 
Linear prediction, 73 (see also Redun¬ 

dancy) 
Linear rectifier-type modulator, expres¬ 

sion for, 143, 144 
Local carrier generators, 169 
Long-time synchronizer: 
avoiding hunting circuit in, 249 
derivation of synchronizing frequency 

in, 247, 248 
examples of, 247, 248, 249 
generation of control pulses by, 248 
hunting operation in, 249 
indicator for, 248, 249 

Loss of information due to noise, 104 
(see also Equivocation) 

Lost samples, noise caused by, 341 
Lower sideband, definition of, 24, 130 

illustration of, 23 

MacColl's proposal for rapid signaling, 
102, 107-110 

extension of, to include noise, 111, 112 
Magnitude-space function, 8 
Magnitude-time function, 8 
Marker identification: 
by absence of pulse, 245, 246 
by pulse duration, 246 
by pulse magnitude, 245 
example of, 244, 293 
problem of, 245 

Marker pulse, 238 
Maximizing entropy of signal per unit 

of average signal power, delay in¬ 
herent to, 122 

practical advantage of, 122 
theoretical advantage of, 121-123 

Mean value, 131, 132, 133 
Message, definition of, 2, 64 

final destination of, 2 
general processing of, 1, 125 
meaning of, 2, 64, 78 
minimum processing of, 11 
reduction of continuous to discrete, 72, 

73, 75-77 
specification of, 64, 78, 125, 237 
statistical structure of, 2, 11 

Message efficiency (see Relative en¬ 
tropy) 
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Method of instrumenting, PCM coders 
and decoders : 

electron beam, 312-322 
feedback subtraction, 306-308 
pulse counting, 308-312 

Minimum number of pulses for PAM, 
PDM, and PPM, 237 

Minimum sampling frequency, for a 
band of width B, 56, 57 

Mobile systems, 328-344 
Modulating wave, definition of, 19 
Fourier integral representation of, 126— 

129 
Modulation (see also Amplitude modu¬ 

lation (AM), Angle modulation, 
Frequency modulation (FM), 
Phase modulation (PM), Pulse 
modulation, Pulse-amplitude mod¬ 
ulation (PAM), Pulse-duration 
modulation (PDM), Pulse-posi¬ 
tion modulation (PPM), Pulse¬ 
time modulation, and Pulse-code 
modulation (PCM) ) 

compound, 2 
example of compound, 66, 69 
extended definition of, 2 
meaning of, 1, 2 
multidimensional, 238 
pulse length (see Pulse-duration mod¬ 

ulation) 
pulse width (see Pulse-duration mod¬ 

ulation) 
to add redundancy, 116-123 
to balance band width and sensitivity 

to noise, 14 
to convey messages from one point in 

space time to another, 17 
to increase band-width occupancy and 

transmitted power, 13 
to increase frequencies for ease in ra¬ 

diation, 13 
to multiplex by: 
approximately orthogonal functions, 

328, 331, 332 
frequency division, 4, 6, 11, 12, 66, 

68, 69 
orthogonal functions, 328, 330 
phase discrimination, 67, 68, 178 
time division, 3, 4, 5, 6, 11, 12, 67, 

68, 237, 238, 239, 242, 258-261, 301, 
302, 303, 314, 329, 330, 338-344 

to prepare message for transmission, 1, 
2, 11-15 

to prepare received signals for de¬ 
livery, 2, 16 

to remove redundancy, 2, 11 

SUBJECT INDEX 

Modulation (Cont.) 
to shift frequencies to assigned loca¬ 

tion, 13 
to telephone by ordinary methods, 15 
to translate frequencies to simplify re¬ 

quirements, 14, 15 
to translate mechanical operations into 

electric signals, 16 
to translate signals from one medium 

to another, 15, 16 
Modulation factor, 22, 126, 220, 230 
Modulation index, in FM, 27, 183 

in PDM, 268, 277 
Monaural telephone systems, 169 
Multidimensional modulation (see Mod¬ 

ulation) 
Multidimensional optimal alphabets, 118 
Multiple-balanced modulators, 147 
Multiplexing: 
by approximately orthogonal func¬ 

tions, 328, 331, 332 
by frequency division, 4, 6, 11, 12, 66, 

68, 69 
by orthogonal functions, 328, 330 
by phase discrimination, 67, 68, 178 
by time division, 3, 4, 5, 6, 11, 12, 67, 

68, 237, 238, 239. 242, 258-261, 301, 
302, 303, 314, 329, 330, 338-344 

N’ary code, definition of, 63 
Natural sampling, 42, 265, 266, 268, 275, 

276, 277, 279, 284, 285, 286, 287, 288 
Negative feedback : 

for automatic frequency control, 208 
for expandor, 321 
in Doherty amplifier, 150, 151 
in frequency demodulator, 215 

Noise measurements: 
on a nonsynchronous pulse system, 

341, 342 
on idle PCM channels, 326 
on idle PPM channels, 295 

Noise vs. path loss, for PPM, 295 
Nonlinearity, 35 
Nonoverlapping spectra, 131, 170 
Nonsynchronous pulse generator, 340 
Nyquist interval, definition of, 8 
Nyquist rate, 65, 112, 122 

Odd function, 128, 129, 233 
Odd symmetry, 153 
Optimal signal to match line, 125 
Optimum band width, definition of, 65 
Optimum code, for messages of unequal 

probability, 84, 85 
examples of, 86-92 
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Parceval’s theorem for integrals, 131, 132, 
133, 137, 190, 220 

Peak factor, 133. 134 
Percentage modulation. 21, 22, 126, 176 
Percussion sounds of music, 169 
Phase demodulator (see Frequency de¬ 

modulator) 
Phase deviation, definition of, 27, 183 
Phase discrimination (see Multiplexing 

by phase discrimination) 
Phase modulation (PM): 
average power with, 190, 204 
compared with FM, 192, 193, 194 
conversion from PM to FM and FM 

to, 29, 193, 194, 206 
definition of, 27, 28, 183 
extent of spectrum with, 188 
equation for: 

general, 183 
large phase deviation, 188 
small phase deviation, 184 

illustrations of, 25, 26 
phase requirements for, 190 
vector interpretation of: 

large phase deviation, 189, 190 
small phase deviation, 184-188 
compared with AM, 185, 186, 187 

Phase modulators (see Frequency mod¬ 
ulators) 

Phase-shift networks, in Doherty am¬ 
plifier, 148, 151 

Plate-modulated Class C amplifier, 149, 
150 

all day efficiency of, 150 
Plosives in speech, 169 
Power density, 132 
Power spectrum, 132 
Prediction, nonlinear, 73 
Pre-emphasis, 29, 73, 228 
Pre-equalizer (see Pre-emphasis) 
Product demodulator, analysis of, 157, 

158, 159 
over-all response of, 159, 160 
susceptibility to small signal interfer¬ 

ence of, 134, 135 
Productor modulator, expression for, 141, 

142 
obtained : 
by coupling a loud speaker to a mi¬ 

crophone, 141 
with a light valve, 142 
with a sampler, 142 
with two Kerr cells, 142 

Products of modulation, due to non¬ 
linear response, 35 

Pulse-amplitude modulation (PAM) 
(see also Amplitude-modulated 
pulses) 

analysis of, 251, 255, 256, 258, 259, 
260, 261, 283, 284, 285 

application of, 251 
definition of, 30, 31, 32 
example of, 31 
idealized pulse shapes for, 252 
interchannel crosstalk in 258, 259, 260 
methods of demodulating, 256, 257, 

258 
methods of multiplexing, 251 
practical tolerances for, 251 
primary function of, 253, 254 
production of, 253 
signal-to-noise ratio of, 251, 252, 260, 

261 
Pulse carrier, 32, 125, 263 
examples of, 31 
meaning of, 30 

Pulse-code modulation (PCM) (see also 
Channel capacity, Signaling at the 
Nyquist rate, Signal-to-noise ra¬ 
tio) 

band width vs. noise in, 300, 301 
codes and decoders for, 306-322 
coding and decoding processes in, 315 
description of, 33, 34, 299, 300 
establishing a code for, 301 
examples of, 34, 323-326 
method of synchronizing, 303, 304, 305 
number of channels in, 303 
outstanding properties of, 33, 34, 300, 

305 
performance of working systems using, 

323-326 
philosophy of time division in, 301, 

302, 303 
receiver for, 309, 322 
regenerative repeatering and, 305 
scope of treatment of, 300 
stems from two factors, 299 
transmitter for, 308, 309, 310-313 
usual meaning of, 33, 34, 237, 300 

Pulse-duration modulation (PDM): 
advantages of, 263 
characteristic properties of, 32, 33, 263, 

279, 280 
compared with PPM, 263 
definition of, 32, 263 
distortion in demodulating, 277 
examples of, 31 
methods of demodulating: 

conversion to PAM, 277, 278, 279 
low-pass filter, 276, 277 

methods of producing, 264-266 
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Pulse-duration modulation (PDM) 
(Cont.) : 

signal-to-noise ratio in, 263, 279, 280 
spectra of: 
both edges modulated, 276 
leading edge modulated, 275, 276 
trailing edge modulated, 273-275 

with natural sampling, 265-279 
with uniform sampling, 265, 266, 275-

279 
Pulse-length modulation (see Pulse-du¬ 

ration modulation) 
Pulse modulation (see also Pulse-ampli¬ 

tude modulation (PAM), Pulse¬ 
duration modulation (PDM), 
Pulse-position modulation 
(PPM), and Pulse-time modula¬ 
tion) 

definition of, 237 
Pulse-position modulation (PPM): 
compared with PDM, 263 
definition of, 32, 282 
demodulating, 287, 288 
diagram of successive frames of, 43 
efficiency of, 282 
expressed as a series of modulated car¬ 

riers, 282-285 
improvement threshold of, 290, 291 
microwave system using, 291-296 
mobile system using, 332-338 
signal-to-noise ratio of, 288-291, 295, 

296 
spectra of : 

general, 286 
natural sampling, 287 
uniform sampling, 286 

with longer interval between pairs of 
samples, 43, 44 

with natural sampling, 42. 287 
with uniform sampling, 42, 286 

Pulse-time modulation (see also Pulse¬ 
duration modulation and Pulse¬ 
position modulation) 

definition of, 32 
Pulse-width modulation (see Pulse du¬ 

ration modulation) 

Quantization: 
application to PCM, 34, 299, 300, 301 
concept of, 9, 59-63, 300, 301 
illustration of, 59, 61 
inherent error in. 60, 65 

Quantized speech samples, 60, 62 
Quantizing grid, 317, 318 
Quantum steps: 

definition of, 59, 60 
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Quantum steps (Cont.): 
optimum design of, 62, 301 
tapered, 59. 62. 75. 300, 301 
uniform, 59 

Quasi-stationary analysis, of network re¬ 
sponse to FM, 211, 212 

Radiant beam telephone. 16 
Radio relay system, block diagram of. 292 
multichannel microwave. 291-296 

Random-pulse generator, 340 
Rate of transmission of information: 
evaluation of, 92, 93 
numerical example of, 92. 93, 94 
three expressions for, 94 

Ratio detector (see Frequency demodu¬ 
lators) 

Receiver converter, 292, 293, 295 
Reception, reliable only on the average, 

104, 120 
Rectifier demodulator (same as Recti¬ 

fier detector) : 
distortion in, 161, 162 
expression for. 161. 162 
reduction of distortion in, 162 

Rectifier detector (same as Rectifier de¬ 
modulator), susceptibility to in¬ 
terference of, 135. 136, 137 

Recurrence frequency. 257, 258, 259, 304 
Recurrence rate (see Recurrence fre¬ 

quency) 
Reduced carrier, 168, 169 
Redundancy, absence of, 2 

addition of, 116-123 
definition of, 84 
of printed English, 83 
reduction of, 11, 73, 84-92 

Regenerative repeatering, 63, 65, 300, 305 
residual probabilities contributed by, 

120 
Relative entropy (see Entropy) 
Remodulation, 1, 157 
Repeaters, 2, 14, 15, 34, 63, 102, 112, 242, 

300, 302, 305, 324, 325, 343, 344 
Resistance noise, 105, 106, 113, 116, 117, 

120, 121, 132, 137, 218, 232, 242, 
279 

Ring counters, 309, 310 

Samples (see also Natural sampling and 
Uniform sampling) 

analysis of, 39, 40, 255, 256, 283-285 
bunched, 50 
delay associated with flat-top, 40, 41, 

256 
duration of, 38 
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Samples (Cont.) 
equalization for flat-top, 40, 41, 258, 

324 
flat-top, 40, 254 
ordinary, 38, 39, 254 
quantized, 59-62 
requirements for recovering message 

from, 48 
Sampling, exact time of, 42 
Sampling at irregular intervals, 338 
Sampling principle: 

application of: 
to envelope detector, 163 
to multivalued functions, 44 
to PCM, 299, 300 
to sampling a spectrum, 156. 157 

band-width restrictions of. 45-50 
description of, 37 
examples of theoretical limitations of, 

47-49 
generalized statement of, 50 
illustrations of theoretical limitations 

of, 46 
illustrative applications of. 37, 39, 40, 

42, 43, 209, 223 
more generalized special statement of, 

41 
significance of, 41, 42 

special statement of, 37, 237 
significance of, 38 

theorems pertaining to periodic sam¬ 
pling of signals: 

Theorem I, 51, 52, 261 
II, 52. 261 
III, 52, 53, 103, 261 
IV, 53, 54, 261 
V. 54 
VI, 55 
VII, 56 
VIII, 56 
IX, 56 
X, 56, 57 

theoretical limitations of, 44, 45 
with reference to bunched samples, 50 

Sampling the spectrum, 156, 157 
Shannon decoder, 319, 320 
Shannon-Rack decoder, 320, 321 
Shannon’s Theorem 9, 

application of, 117, 121, 122 
delay implied by, 122 

Sideband currents, 130 
Sidebands, definition of, 24, 130 

of the sampling frequency, 40 
Side frequencies, 185, 188, 189, 190, 196, 

198, 200, 225, 233 
Signal element, definition of, 64 

Signaling at the Nyquist rate: 
absence of intersymbol interference 

when, 101 
extra signal power for PCM when, 104 
in the presence of noise, 103, 104 
over a noisy channel, computations of, 

105, 106 
Signal-to-noise ratio: 

calculation of. for binary digits em¬ 
bedded in resistance noise, 105, 
106 

definition of, 219 
in AM, 219, 220 
in AM vs. SSM, 137-138 
in AM with de-emphasis, 229, 230 
in FM, 220-225 
in FM due to impulse noise, 232, 233 
in FM vs. AM, 225. 226. 227, 228 
in FM vs. SSB, 225-226 
in FM when like FM systems inter¬ 

fere, 232 
in FM with de-emphasis, 230, 231 
in FM with high noise level, 218, 228 
in nonsjmchronous pulse systems, 328, 

331, 342 
in PAM, 251, 252, 260, 261 
in PCM, 104, 105, 106, 326 
in PDM, 263, 279, 280 
in PPM, 288-291, 295 
of q’ary code perturbed by resistance 

noise, 103, 106 
Sine wave, usage of the term, 24, 27 
Single channel PPM, 289 
Single-error-correcting code, 117 

saving in power by the use of a, 120 
Single sideband demodulators, 172, 173 
Single sideband modulation (SSM) : 
amplitude vs. frequency requirement 

for, 169 
band-width saving with, 169 
delay limit for, 174, 175 
demodulators for, 172, 173 
description of, 22, 24 
essential function of, 169 
generated by: 

frequency discrimination, 169, 170, 
171, 172 

phase discrimination, 169, 170, 171, 
172, 173, 174 

locally generated carrier for, 169 
low-frequency limit for, 174 
modulators for, 169, 170, 171, 172, 173, 

174 
Single sideband modulators, 169, 170, 

171, 172, 173, 174 
Single sideband program channel, by 

phase discrimination, 173, 174 
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Single sideband transmission, 12 
Sinusoidal wave, usage of the term, 24, 27 
Slicer, 264 , 276, 288 , 293, 294, 313, 319 
Specification of the message, in general, 

64. 78, 125 
in pulse modulation, 237 

Spectrum, of modulating wave, 151, 152 
of steady state characteristic, 153 

Spectrum of AM, represented by: 
ensemble of sinusoids, 152, 156, 157 
in-phase and quadrature compo¬ 

nents, 153-156, 159, 160 
Speed of signaling: 

definition of, 7 
maximum, of existing systems, 113 
minimum band for specified, 7 
Nyquist, 8 
relation of delay to, 102 
with nonquantized signals, 112 

Square-law demodulator, distortion in, 
160, 161 

expression for, 160, 161 
reduction of distortion in, 161 

Square-law modulators, expression for, 
142, 143 

practical applications of, 143 
Start-stop synchronizer : 
examples of, 238-240, 242-247, 293, 332, 

335 
generation of control pulses by, 243, 

244 
method of operation of, 244, 245 
noise considerations in, 247 
synchronization interval for, 244, 245 

Storage and delivery of signals, 17 
Suppression of unwanted sideband, 170, 

173 
Switching frequency (see Recurrence 

frequency) 
Switching rate, 5, 6 
Synchronization, description of, 65, 66 

of mobile systems, 328, 332-338 
reason for, 303, 304, 305 

Synchronization control : 
at junction and branching points, 304 
by marker at receiver, 245, 246, 247 
by master oscillator or multivibrator 

at transmitter, 243, 244 
examples of, 238-240, 242-250 
for dropping and adding channels, 303, 

304, 305 
in mobile system, 332-338 
required accuracy of, 303, 304, 305 

Synchronizer (see Long-time synchro¬ 
nizer and Start-stop synchronizer) 

Target, electrodes, 318, 319 
Telegraph, electromagnetic, 3, 4 
Telegraph dot, spectrum of, 127 
Television : 
band-width and quality for, 6 
wave-number-range by distance in, 8 
width of vestigial sideband for enve¬ 

lope detection of, 176 
Terminal apparatus, for 8-channel PCM 

323 
Ternary code, definition of, 63 
Theorem of modulation, 152 
Threshold effect, 218, 232, 290, 291, 295 
Time-divided channels: 
approximately orthogonal signals and, 

328, 331, 332 
distributed, 328 
grouped, 328 
nonsynchronous, 328 
orthogonal signals and, 328, 330 
synchronous, 328 
typical examples of, 330, 338-344 
typical layout for system with, 329 

Time division: 
application of, to switching, 302 
common-channel circuits in, 314 
definition of, 11, 67, 68 
duration of contact in, 5 
early speculations concerning, 4 
early telephone system using, 5 
examples of. 12, 237, 238, 239, 329, 330 

338-344 
first telegraph applications of, 3, 4 
interchannel crosstalk in, 258-261 
philosophy of, in PCM, 301, 302, 303 
quantitative requirements of, 5, 6, 242 
speed of switching in, 5, 6 

Time-frequency duality, 126 
Translation, 64, 75, 77, 120 
Transmission medium, 2, 151-157, 158-

159, 209, 241, 242 
Transmission stability, of PCM, 324 

of PPM, 296 
Triply modulated pulse train, 238 
Two channels by quadrature carriers 

(see Day’s system) 
Two sinusoids: 
amplitude factor of, 221 
channel grabbing effect of, 222 
instantaneous frequency of, 222 
sum of, 221 

Two-tone telegraphy, 181 
Typical load performance, of PCM, 323 

of PPM, 294 
Typical transmission-frequency charac¬ 

teristics : 
of nonsynchronous pulse system, 343 
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Typical transmission-frequency charac¬ 
teristics (Cont.): 

of PCM, 323 
of PPM, 294 

Uniform sampling, 41, 42, 265, 266, 275, 
276, 277, 279, 283, 284, 285, 286, 287 

Unit impulse, 52, 132 
Unit sampling function, 38, 39, 142, 252, 

254, 286 
Unsymmetrical modulating wave, 196 
Unsymmetrical side frequencies, 196, 197 

Vector diagram, for balanced FM detec¬ 
tor, 214 

3G3 
Vector diagram (Cont.) 

of phase-modulated waves, 186, 187, 
189 

Vestigial sideband: 
advantages of, 175 
description of, 22, 23, 24 
requirements of : 

for product demodulator, 175 
for envelope detector, 175, 176 

Visible speech, 3 
Voice-operated relay, 340 
Voice transmission over an air path, 13 

Wave number, 8 
Wave-number-range, 8 
Word frequencies, for printed English, 83 








