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PREFACE

This text 1s intended to cover the course outlined by
representatives of some forty institutions who met at the Mass-
achusetts Institute of Technology in November, 1941 to consider
the demand, engendered by the war, for engineers and physicists
with tralning in the ultra-high-frequency field. But despite
the fact that the book is the result of war pressure, 1t covers
no specific military material. Its contents will be useful in
time of peace as well as war, and 1t represents essentlally a
reorientation of viewpoint rather than a choosing of topics for
an excessively speclalized purpose.

All the authors were members of the conference and in
preparing the manuscript they have adhered closely to the sylla-
bus produced there. The title of the book is the title chosen
for the course, and 1s slightly ambiguous in that the text is
more concerned with the bases of u-h-f techniques than with the
techniques themselves, except in the laboratory manual of Ch. 15.

The book begins with a brief review of the elements of
circuit theory and electron tubes. Thereafter, following the
outline evolved by the conference, it presents in unified manner
the material required as the minimum basis for technical work in
the ultra-high-frequency field. 1In certain sections, subject '
matter 1s included which exceeds that required as the minimum
basis, in order that the book may have even wider application.
It also contains much necessary material from other fields, be-
cause u-h-f work requires the use of many low-frequency circuits
and pleces of equipment. Consequently, considerable material
from ordinary communication courses is presented (in condensed
form), so that the student can work continuously through this
book without referring to others as he proceeds.

The general "level" is that of senior students in elec-
trical engineering and physics. Sufficient theoretical back-
ground 1s given for the varilous topics to make the presentations
convincing, and to give the student an appreciation of at least
some of the rossibilities which each toplc offers, the difficul-
ties which may be encountered, and the actual or potential ap-
pPlications. Although a reasonable mathematical background 1s
presented, particularly in those filelds such as radiation and
hollow wave guides where the senior student is likely to meet
material entirely new to him, nevertheless most of the text can
be read by a person seeking specific information without involve-
ment in the more detailed developments of the theory. A brief
laboratory manual is included covering the experiments which are
an integral part of the course.
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This text 1s designed as a:strictly utilitarian tool for
use in the standard techniques course. It has been prepared on
short notice by men who have been well occupled with other du-
ties, and the results of the quick preparation of the manuscript
undoubtedly show in the text. The authors will welcome criti-
cisms, not only to improve the present content of the book but
also to make such changes in emphasis and content as will permit
the text to be of greatest possible service at this time.

It has been convenient to make direct use of numerous
existing 1llustrations, as well as indirect use of much pub-
lished material. To the original producers of these the authors
extend their thanks. 1In addition, Professor Reich has used sec-
tions from his "Principles of Electron Tubes" in Ch. 4 and a
number of 1llustrations in Ch. 2. The authors are indebted to
the McGraw-Hill Book Co., and in particular to Mr. James 3.
Thompson, Vice-President of that company, for permission to use
this material.

Through an unfortunate mistake, credit was not given in
the first printing to Dr. W. W. Hansen for original material
furnished by him and used in Sec. 10-21. The authors regret
this oversight.

This preface would not be complete without an acknowledg-
ment of the work of Professor W. L. Barrow, who organized and
presided over the conference from which the ultra-high-frequency
techniques course grew, and from which arose the immediate cause
for this book.

July, 1942 The Authors
It was not possible to have the manuscript read by each

author, and such lack of coordination as may be found in the
work 1s the fault of the editor. J.G.B.




EDITORIAL PREFACE

by

W. L. Barrow
Massachusetts Institute of Technology

Early in the summer of 1941 our country was in a period
in which matters pertaining to its defense were receiving in-
tensive consideration. We were then introduced to the variety
of military and naval activity that has since become our dally
fare. Many 1lluminating lessons were being learned from our
allies as well as from our enemles, and our National Defense
Program was belng formulated into a coherent and clear picture.
Although many radically new weapons, battle tactics, and mili-
tary and naval devices were being continually presented to our
view, no other single matter was more striking than the vital
role of radio communication in the war. It became clear to many
of us that the demand for trained specilalists in electrodynamics
and ultra-high-frequency techniques would shortly exceed the
country's normal capacity to supply them. It was further evi-
dent that although the shortage of manpower would occur in both
the upper and lower levels of competency, the shortage of men
having a degree in engineering physics or its equivalent, as
well as a speclalized training appropriate to the new field, was
a difficult problem to overcome. No substitute for the time
element in preparing men of such qualifications car be devised.

A proposal for increasing the number of men trailned at
this high level was made by Dr. Karl T. Compton, Dean Edward L.
Moreland, and others at the Massachusetts Institute of Tech-
nology in accordance with which a group of educational institu-
tions throughout the country would provide uniform special
courses for seniors 1n electrical englneering and physics. These
courses, following adequate prerequisites, would provide a suf-
ficient amount of the specialized knowledge necessary for im-
mediate work in the fileld. The specific objective of this pro-
posal was to create an immediate sourse of men tralned at this
high level for the folloving activities:

1. Army, Navy, and Marine Corps in their various branch-
es.

2. Electronics Training Group Replacement, for a period
of service 1n England.

3. Governmental research and development, such as Radia-
tion Laboratory and Civil Service.

4. Industry, particularly 1n regard to its military and
naval requirements.
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5. Teaching, particularly to enlarge further the reserve
of tralned specialists.

further and most important objective was to organize a group
of co8perating.universities that could be utilized in ways dic-
tated by the developments of the succeeding period. This pro-
posal coincided with plans already in evolution in the Engineer-
ing Defense Training Bureau of the U.S. Office of Education,
Federal Security Agency (renamed the Engineering, Science, Man-
agement Defense Training Bureau during the subsequent year).
This Bureau under the leadership of Dean R. A. Seaton, gave 1its
enthuslastic support and sponsorship to this program. Its fore-
sight in anticipating the country's needs made possible the es-
tablishment and operation of this training program even prior to
the eventful date of December 7 when the program of defense be-
came a program of war. ‘

A close codrdination of the various institutions invited
by the E.S3.M.D.T. to participate in this program was necessary
to insure the maintenance of certain minimum standards of in-
struction and of course content. This thought found expression
in the brier course for instructors of electrodynamics that was
held at the Massachusetts Institute of Technology at the request
of E.3.M.D.T. A further reason for having instructors for these
courses meet in conference was the newness and unavailability of
much- of the material on which the instruction was to be based.
It was 1mportant that time be not wasted by the inclusion of in-
appropriate material and that the newer material, available only
in scattered articles in periodicals, be made available in a
format admitting of efficient instruction in both class and lab-
oratory.

The instructors' conference was held at the Massachusetts
Institute of Technology from October 27 through November 13, .
1941, during which time numerous specialists gave talks on se-
lected pertinent topics. Opportunities to visit laboratories
were provided and demonstrations of equipment and technigque in
the newer flelds were presented. The objectives of this con-
ference were fourfold: the coBrdination of training, the accom-
plishment of a uniformity of instruction up to a certain minimum
level, the dissemlnation of special technical information not
available in textbooks, and the formulation of a syllabus of the
course to be given in the forty institutions represented by del-
egates to the conference. This syllabus represents perhaps the
most important result of the conference. Committees including
all of the forty delegates assumed the responsibility of compil-
ing the detailled technical syllabus for the course which was
called Ultra-High-Frequency Techniques. The syllabus was care-
fully considered by the group as a whole and had their unaniinous
approval.

This conference provided the initial step toward the ac-
complishment of this training program. Notes from the talks of
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the various speakers were made avallable to aid instructors in
thelr work and a further step was taken by consolidating at the
Massachusetts Institute of Technology the purchases of apparatus
for all approved institutions. It became evident to all dele-
gates that a still further step would materlally aid in the ef-
fective conduct of the program, namely; the preparatlon of a
suitable text in which the pertinent topics were available in
one volume and in a form adaptable to the needs of the institu-
tions giving the course. Thus arose the conception of a book to
be made available at the earliest possible moment. To accom-
plish this 1t was necessary to have the collaboration of a group
of qualified instructors with actual experilence in the course to
prepare the written material and to find a publisher who would
be willing to eliminate the traditional time consuming elements
in book production. The first of these two requirements was

met by assoclating together the four authors of this book, all
of whom are pre-eminent in the field of electrical engineering
and who are original workers and authorities in the particvlar
phases of the subject which they undertook: Professor J. G.
Brainerd of the University of Pennsylvania, Professor Glenn
Koehler of the University of Wisconsin, Professor Herbert J.
Relch of the University of Illinoils, and Professor L. F. Wood-
ruff of Massachusetts Institute of Technology. Professor
Brainerd who has had wide experience in the preparation of text
material assumed the additional responsibility of editing the
material. This group has worked most intensively to complete
the book in record time and their ready assumption of this ex-
tra work and effort should be viewed, in my opinion, as a per-
sonal and important contribution to the war effort.

The second requirement was satisfied by the D. Van
Nostrand Company which provided freely of its secretarial and
editorial staff, and by printing the book in offset rather than
by the more laborious letterpress process, enabled it to be pro-
duced in record time. Thus the book is made available months
earlier than would otherwise be possible.

It 1s hardly to be expected that such an intensive pro-
gram would turn out a highly polished product and indulgence 1is
asked from teachers and students alike who use the book. It 1is,
however, our bellef that the delay that would have been occa-
sioned had the authors sought perfection would be inconsistent
with the general objectives of the text and would not be Jjusti-~
fied under war conditions. In future editions such polish and
modifications as are indicated by the experience of 1ts use can
be incorporated. The book, therefore, is presented without
apologles in the sincere hope that it will be an appreciable
factor in the training program, which has as its sole objectlve
the defeat of the Axis.

July, 1942







INTRODUCTION

The reader will find on the whole that as he reads
through this text he deals with elements rather than systems.
The chapter titles for the most part emphasize this fact, and
except in the chapters on transmitters and receivers, systems
in which the elements are to be used do not appear. Thus it be-
comes necessary to keep in mind the very great number of possi-
ble uses of the various topics as they arise.

In general, a system may be said to transform an origi-
nal signal or stimulus into a useful result at a specified point
or points. The stimulus may be of acoustic, electric, thermal,
light, mechanical, or other origin. It in some way enters the
system, 1is changed to an electrical representative which is mod-
ulated, amplified, limited, cut, transmitted, detected, and
otherwise purposely changed, and ultimately emerges in useful
form.

The pickup devices--microphones, photoelectric cells,
thermocouples, and all the numerous other means for changing a
stimulus of non-electric kind into an electric signal--are not
treated here. Nelther are the non-electrical devices such as
loudspeakers, curve-tracers, etc., which are the ultimate re-
ceivers yielding the useful result. However, many electrical
circuits and devices of importance as pickups or reproducers in
modern radio applications are included.

It is highly desirable to become accustomed to thinking
in terms of block diagrams. A block diagram of a system is one
in which each essential major element is indicated by a large
rectangle, and labeled appropriately. S8Several block diagrams
are shown in Ch. 9, and others can be constructed to suit the
problem at hand. For example, a long-distance telephone conver-
sation in which carrier telephony is used would show blocks of
the pickup (caller's telephone), local central office, long-
distance office, local oscillator, modulator, transmission line
with repeaters (amplifiers), long-distance office at the receiv-
ing point, filters, detector, amplifier, local office at the
receiving point, and ultimate receiver (telephone of the person
called). If one also considers television, picture transmis-
sion, telegraph, radio broadcasting, marine and aeronautical
beacons, blind-landing systems, and so on, it 1is seen that block
diagrams may grow almost ad 1ib. But, frequently, block diagrams
may not cover such broad topics. A simple instrument--for exam-
rle, a recording strain gauge of electrical design--may be out-
lined in a block diagram and thus patterned to a plan of units,
many of which may possibly be constructed independently of the
others.

ix
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It may be asked, "Why are high frequencies used?" There
are numerous reasons, some of the more important of which are
the need of high-frequency currents for radiation, the necessity
of spreading over a large frequency spectrum to provide many
channels, and the size of equipment in relation to wavelength.

With this brief introduction the reader will be left to
a perusal of the discussions of the many elements or components
which can possibly be combined to obtain a desired result in a
given case.

It is desirable, however, to mention several usages
usually frowned upon which have been accepted here. One 1is the
use of kc and Mc or kilocycles and megacycles when kc/s and
Mc/s or kilocycles per second and megacycles per second are
meant. Until some simpler name than cycles per second is adopt-
ed in the English-speaking countries, 1t is inevitable that
kilocycles or kc, and megacycles or Mc, will be used in oral
transmission. The popular custom has been followed here. An-
other designation, not often approved but found in this book,
is that of using the words frequencies, high frequencies, and
ultra-high frequencies instead of the words current or voltage
components of high frequency. For example, the statement "the
high frequencies pass through an impedance" 1s employed many
times to mean "the high-frequency components of the current pass
through an impedance." Likewise, the term wave has at times
been usea intentionally in a generic sense, meaning either volt-
age or current or both. And finally, direct-current has been
used as an adjective 1n a general sense, leading to such expres-
sions as d-c voltage.




CONTENTS

Chapter Page

IOE 0000000000000 00000000000000000000000000000000000 2babih
Editorial Preface by W. L. Barrow ..ceceeeceecveocooscss v
15X DB 00000000060 00000000000000000000000000000000 223

Linear Circuit Analysis .....ccieecevsccrerosssosesovoss 1

2. Pundamentals of Tubes; Power Supplies .........ece000... 48

o W\

O 00 -]

10.
11.
12.
13.
1y,
15.
16.

AMPLILICALION +vevererrocecnsnsssosessscsssanssssansesns T6

Trigger Circuits (Gates), Pulse-sharpening Circuits
8Nnd 0SCIL1ALOTS +.vevveve-nsoccsocancsasssssasssassanses 168

. Cathode-Ray Tubes and CiTcuitsS ....uvececessenseraanssss 208

. MOAQULABLION 4.vvroscococsvossnssessosssscsssssssssnssassae 229

Demodulation (Detection) s..eceeececeencscencns tesesesess 250

. REA10 RECEIVEIrS ..vveeeceososscessosososvssncaresnossnesas 271

TransSmitters ..veeeeeeesceocasocacasacsssssssnsasssnsses 287
Ultra-High-Frequency Gensrators ....c.ceeocoeoscsesssese 295
Transmission LINeS ..eeisereersarvercascassasasosanasess 43
RBALABELION +vvvevnsvnsn . cvoatoacncrocsncanessassssassossas 309
Propagation .e.ceceesserersocscrsncscasscsssssncssssssse 435
HOllow Wave GUIAES ..oveeccscscsoscsossocesosssnssancess 455
Laboratory Manu@l .......eocecscevocccsossencs. s eeseess U495
Bibliography and Index to Bibliography......ececececoise 521

I 530 00 0000 060000 0000000 0000000000000000000000000000000 S

x1






Chapter |

LINEAR CIRCUIT ANALYSIS

Ultra-high-frequency circuits and devices require in
thelr design, operation, and maintenance techniques which dif-
fer in many respects from those which serve at the lower fre-
quencies. Yet the same basic principles apply at the ultira-
high frequenciles, and in addition, devices which depend in part
on currents of ultra-high frequency may have in them elements
or sections which operate at much lower frequencies, or even
with direct current. Thus efficient worlt in the u-h -f fileld
depends not on a knowledge of the ultra-high frequency regilon
alone, but on the theory and techniques in virtually all the
frequency ranges up to the u-h -f as well.

It 1s expected that the student will have some acquaint-
ance with the methods of linear circuit analysis and with therm-
ilonic devices and their applications. Accordingly. only a very
compact presentation of underlying principles will be given here.
arranged as much for purposes of easy reference as for study ma-
terial.

I-1, Alternating Currents.- Alternating currents ani
voltages in circults having fixed parameters of resistance, 1i.-
ductance, and capacitance will be the subject of our initial
investigation. The ideal alternating wave has a sinusoidal
variation with time; for example

e = E sin (wt + ¢) instantaneous volts (1-1)

as expressed in terms of a peak or maximum voltage E, an angular
velocity w equal to 2n times frequency, and a phase anzle ¢. An
alternating or cyclical wave may have some other shape than a
pure sinusoid, but so long as it 1s periodic 1t may be resolved
into 1ts sinusoidal or harmonic components, each of which will
have the form of eq. (1-1), but with 1ts individual values of E,
w and ¢. If we are dealing with linear circuits, each sinusoi-
dal component applied to the circuit will produce its response
independent of any others, and therefore a linear circuit theory
based on sinusoidal wave forms will serve also when the wave
form 1s not sinusoidal.

1-2, Complex Quantities and Exponentials.- The various
operations which must be performed on expressions such as eq.
(1-1), 1f applied directly, lead to rather cumbersome expres-
sions, and so 1t 1s common usage to represent the entire
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equation by a rotating vector E as shown in Fig. 1-1. The vec-
tor E at the left, with length equal to the maximum value of the
sine wave, 1s shown in a position such that 1its projection on

.

E (cos p+4-J sin ¢)

v wt

/= I

ol E sin ¢
&
6"
(=4
—

FIG. 1-1. Sinusoidal voltage wave and representation by a vector and by a complex
number.

the vertical axis 1s equal to the instantaneous value of the ~
sine wave when t = 0. If the vector rotates counterclockwise
with angular velocity w, the projection on the vertical at any
time t is equal to E sin (wt + ¢) and so to the ordinate of the
sine wave. In this sense, the rotating vector represents the
entire sine wave, and two or more sine waves of the same fre-
quency may be combined by addition or subtraction of their rep-
resentative vectors.

Since rotating vectors are commonly drawn with their
starting points at the origin, the terminal point only needs to
be specified in order to specify the vector and the original
sine wave. The terminal point 1s conveniently specified in
terms of a single complex number a + jb, where j = v-1, with
the real portion a understood to specify the coordinate of the
point along the real axis, usually the horizontal; and the size
b of the 1maginary portion specifying the other coordinate. The
addition and subtraction of complex numbers follow the same laws
as those for combining vectors in a plane.

Instead of considering in turn the rotating vector as
the analog of the sine wave, and the complex number as the
analog of the vector, the same result is obtalned from the
identity.1

o0t +0) _ o5 (wt + @) + j sin (wt + ©) (1-2)

1. The e in (1-2,3,4 etc.) 1s the base of the natural logarithms. This 1is
standard notation, but leads to a conflict with the use of e for voltage.
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gso that the original sine function 1s the size of the imaginary
portion of the exponential. If the original wave had been a
cosine function, it would have been the real part of the ex-
ponential. The advantage of the exponential form over the sine
or cosine form manifests itself when derivatives or integrals
are involved 1in the circuit; and is due to the fact that taking
derivatives and integrals of exponentials does not alter the
form of the original function. Actually, the sine and cosine
functions may be expressed in exact exponential form by the

identities

gJWt SJwt

sin wt = ;je h) (1'3)
Jwt SJwt
cos wt = = ; g s (1-4)

but the writing of a great many characters 1s saved by writing
only one of the exponentials, or none at all. Thus we have a
variety of possible expressions for a wave, such as

E cos (wt + ¢)
E sin (wt + ¢ + n/2)

e

E (cos ¢ cos wt - sin ¢ sin wt) (1-5)
edlwt+o) | I(wt+ o)
2

Real part of E eJ{Wt+ @)

The five foregoing expressions state the value of the instan-
taneous voltage e as explicit functions of time. The words
"Real part of" in the last expression of (1-5) are sometimes ab-
breviated to "Re," but more often omitted altogether, although
understood, leaving only E ed(Wt+ @)

The expression for the rotsting coplanar vector E 1is
variously written as

E = E o?,
= E (cos ¢ + J sin ¢)
E /e
Throughout this text a complex number or vector will be repre-

sented by an underscored symbol; the same symbol without the
underscoring will represent the size only of the quantity. The

Footnote continued
The context will usually enable the two uses to be easlly distinguished;
for example in the last of the group of equations denoted (1-5) the two
e's appear but the meaning of each is evident.
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vector E 1s the complex equivalent of the lnstantaneous e in the
manner already explained, and illustrated in Fig. 1-1, but there
is not a true mathematical equality between e and E.

1-3. Impedances and Admittances.- There are just three
basic forms of circuit parameters which tend to limit current
flow. These are resistance (R), inductance (L), and capacitance
(C). If a current 1 1s flowing through a series connection of
R, L, and C, the voltage drop e 1s equal to

-rt+ L3+ o f1at volts (1-6)

R being expressed in ohms, L in henrys end C in farads. If
1 = IeJ®t, then by substitution

= (R + joL + ijC) It (1-7)

and the quantity in parenthesis is called the impedance of the
connection, and designated by the symbol Z = R + jX, X being
called the reactance and equal to wL - i%n It will be noted
that Z is in general a complex number, and the ratio of the
size of E to the size of I 1s the size of Z. Complex numbers,
like vectors, are indicated by underscored . symbols; the size of
the number by the same symbol without underscoring. The angle
of Z 1s the angle between the voltage vector E and the current
vector I.

Inverting the expression

Z ===R + JX complex ohms (1-8)

|H|lm

we may write the admittance

= G + JB complex mhos, (1-9)

lmkH

1
1_§=

where G 1s the conductance and B the susceptance. In terms of
the seriles resistance R and reactance X of the same branch,

‘ G = ;"' mhos; (1-10)
-X
B =7 mhos. (1-11)
A series connection of several impedances Z), Z2,...-.,
2, offers a total impedance of 2, + Zz + ... + Z, complex ohms;
and a parallel connection of several admittances Y., Y2, ... Yp
offers a total admittance of ¥ + Y2 + ... + Y, complex mhos.

For several impedances Zi, Z2, ... Zn 1in parallel, the equivalent
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impedance Z 1s

Z=7 1 L 1 complex ohms. (1-12)
— 4+ — 4+ + =
21 Ze Zn
For only two branches, eg. (1-12) becomes
2122
=2 2. (1-13)
I-4, Kirchhoff's Laws (Loop and Node Equations).- When

we have to deal with a network of impedances, the current and
voltage relations must be solved by the use of the two Kirch-
hoff laws of zero voltage around any loop, and zero net current
to any junction or node, combined with the impedance relation
of voltage to current in each branch. The forms of the basic
equations on which network solutions must depend are

ZI = 0 at any junction (node); (1-14)

E = 0 around any loop. (1-15)

The E's must include not only the Z I drops but also any gener-
ated or other voltage of the same frequency.

The I's may be the actual currents in each branch, or
optionally the equations may be written in terms of hypotheti-
cal "loop" currents which after solution are combined by vector
addition or subtraction in such branches as are common to two
or more loops.

1-5, Dyality of Series and Parallel Circuits.- The mutu-
al relations between complex voltage and current, in the three
basic types of circuilt parameter, may be written in a form to
bring out the reciprocal nature of the relations which exist.

E=RI

E = jwLI » ZE = 0 around a loop (1-16)
E = I/juC

I=GE |

I = jwCE » £I = 0 at a junction (1-17)
1= E/JWLJ

The second group of equations (1-17) is obtained from the first
group (1-16) by substituting I for E, E for I, G for R, C for L
and L for C. 1In all cases 1t 1s possible, starting with a cir-
cult to which a group of equations such as (1-16) 1s appropri-

ate, to determine a dual of that circuit to which the appropri-
ate equations will be those obtalned by the substitutions just

enumerated. It 1s to be observed that the dual of a seriles
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branch containing resistance and inductance 1is a parallel con-
nection of conductance and capacitance. The dual of a series R,
L, C branch 1is a parallel combination of G, C, and L, actually
three individual branches. Note that the circuit shown in Fig.
1-9 1is not the dual of a simple series R, L, C circuit. 1In
other words, the circuit usually called a parallel resonant cir-
cuit 1is not the dual of a series resonant circuit except in the
special case in which resistances can be neglected. The dual of
a loop consisting of several series branches 1s a junction hav-
ing radiating from it the duals of these branches. The dual of
voltage 1s current; and of a constant-voltage source, a con-
stant-current source.

In so far as calculations are concerned, nothing is
gained by the analysis of the dual of a circuilt instead of the
original, since the equations are identical, but there may be
already avallable a solution of a circuit which is the dual of
one to be analyzed. In such a case, need for a second analysis
is eliminated. For certain purposes of measurement or control,
when a specified function must be realized as a relation between
voltage and current, there may be an option whether to use a
specific circuit or its dual. Cholce can then be based entirely
on considerations of cost and convenience.

1-6. Principle of Superposition.- In a linear system,
each applied force produces a response independent of the re-
sponse due to any other applied force, and the total response
i1s the sum of the responses due to all the applied forces.

If & linear® network has a response characteristic such
that a voltage E5 applied in series with any branch a causes a
flow of current I., in branch ¢, and if also a voltage Ey ap-
plied in series with a branch b causes a flow of current I.p in
branch ¢, then when both E, and Ep are applied simultaneously
they cause a total current I., + Iqp in branch c.

A useful application of this relation is in the calcula-
tion of the current which will flow in a new branch of im-
pedance Zap to be connected between two points a and b of a net-
work having any number of voltage sources. If a hypothetical
generator, of voltage equal and opposite to that existing at the
connection point, is assumed to be in series with the new branch
ab, then no current would flow. This zero current may be re-
garded as the sum of the current which would have flowed in the
absence of the hypothetical generator, and the current produced
by the hypothetical generator in the new branch and the original

2. Most circuits containing only lumped parameters, transmission lines, some
tube circuits, etc. are linear; circuits containing iron-core reactors,
many tube circuits, etc. are non-linear.
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network 1n the absence of any other generated voltages. The
current in the new branch may be found then as the negative of
that caused by the single hypothetical generator and is the
quotient of the voltage of the system between the points of con-
nection a and b before the connection was made, divided by the
sum of the new branch impedance Zap plus the impedance looking
into the original network from the point of connection. This
application of the superposition principle 1s sometimes called
Thevenin's theorem.

A similar artifice may be used in connection with the
calculation of current which will flow in an existing branch A
when there 1s inserted in series with that branch a new im-
pedance Z. It may be shown that the current in the branch after
the insertion of the impedance Z 1s equal to lo/(l + 2 ZAA):
where Io 1s the current before the insertion, and Yaa the ad-
mittance looking into the network from A, before the addition
of Z. This 1s sometimes called Norton's theorem.

The superposition principle 1is often useful in determin-
ing the response as a function of time, due to any arbitrary
force function of time. 1In order to apply 1t for such a pur-
pose, 1t 1s necessary to know the response to some simple basic
force function, such as the unit step function. This is a func-
tion which has a value of zero before and unity after the time
t = 0. This use involves transient phenomena, and will be dis-
cussed later in the chapter.

1-7. Reciprocity Theorem~ The reciprocity theorem, due
to Rayleigh, states that in any linear network there will be
the same response I in a branch B due to a force E applied in
any branch A, as will exist when the positions are reversed,
that 1s, when the force E is applied in branch B and the re-
sponse measured in branch A.

1-8, Equivalent Constant-Yoltage and Constant-Current
Generators.- A generator or linear amplifier which develops a
fixed internal voltage E and has an internal impedance Z 1is
equivalent in its external characteristics to a constant-current
generator developing a fixed current g/g, and shunted by the
same 1lmpedance Z. 3ee Fig. 1-2.

The constant-current equivalent circuit is often much
simpler to analyze, because with it all the various loads on
the generator may often be reduced to a number of simple paral-
lel branches; otherwise series-parallel circuits would have to
be handled.
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Output %‘) z Output

(a) (I;)

Fic.1-2. Equivalent generator circuits,

(a) Constant E with series Z;
(3) Constant I with shunt Z.

1-9, Maximum Power Transfer.- In most communication cir-
cults operating at low and medium power levels it 1s usually
more important to obtain maximum power output from a generator
or source of any kind, than to operate with a very high effi-
clency or ratio of output to input powers. By Thevenin's
Theorem a source 1s nearly always representable by a simple cir-
cult such as that of Fig. 1-2a, with fixed internal impedance
and fixed voltage developed.

Suppose first that the internal impedance is representa-
ble as a simple ohmic resistance R; for example, the plate re-
sistance of a vacuum-tube amplifier. If the output supplies a
load of resistance Ry, then obviously the power P transferred
to the load will be RLIz, or, in terms of E, R and Rp,

P = (ﬁ)z RL. (1-18)

To find the condition for maximum transfer of power P we dif-
ferentlate P with respect to Ry and equate the derivative to
zero, whence we find:

R; (1-19)

Ry

=
n

Prax = 3 vatts. (1-20)

=4

If the internal impedance Z 1s complex, equal to R + jX,
then obviously the load should have a reactance component of -X,
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if a maximum power transfer 1s to be attalned, and

ZL = R - jX; (1-21)
E2
Pnay = 3g vatts. (1-22)

If there 1s a constrailnt on the load impedance Z1 so
that 1t must be of some arbitrary specified power-factor angle
8, in general different from that of Z whose angle will be
called ¢, then the power transferred is

_ E2ZL cos 6
~ (2 cos ¢+ 2 cos 8)° + (Z sin ¢ + 21 sin 6)

P = watts, (1-23)

which has a maximum for

21 = 2, (1-24)
L
and 2
E™ cos 8
Prax = 2271 + cos o -~ 9)] watts. (1-25)

Equation (1-25) 1s a more general form from which (1-20) may be
checked by setting 6 = O and ¢ = 0; and (1-22) also may be
checked by setting ¢ -0.

I-10, Frequency Characteristics of Simple Networks.-
Non-dissipative networks are made up of elements of inductance
and capaclitance, the reactances of which are respectively wL and
-1/wC. It may be observed that the derivatlve of each of these
reactances with respect to w 1s positive. This holds in general
for any linear network, and for any reactance associated with
the network, whether it be a self or a transfer’ reactance.
Hence a plot of reactance as ordinates against w as abscilssas
will always produce curves which have a positive or upward slope
throughout the entlire range 0 < w <®. The magnitude of the de-
rivative of each of the baslc reactance terms wL and -1/wC,
taken with respect to w, 1s equal to X/w, and this value of de-
rivative 1s the minimum to be found in any linear network.

Since the slope of the reactance X, which may be written

3. Transfer impedance is the factor relating the current at one point in a
network to a voltage at some other place in the network; self-impedance
relates the current through to the voltage across a particular branch.
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FIG. 1-3. Frequency characteristics of basic circuits
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X(w) to show that X depends on w, 1s always positive, it follows
that zeros of the function willl be separated by infinite values,
where the X(w) goes on up to infinity and begins again at minus
infinity.

Frequency characteristics of some simple non-dissipative
networks are shown in Fig. 1-3.

The forms of the graphs of the reactance functions of
simple combinations of the basic circuilts may be deduced readily
by combining the graphs of the first four elements shown in Fig.
1-3. For example, in the circuit of Fig. 1-4 there are two

|
)
I L c
b
' o — T :
Cd
X (v) vk

b 8

I"
w2 11

LA
! - C.
T—
|
I
1
; ~wCa ( ehi= ’..E-,)
l X(“) -
1 1

i “Ll—ﬁ,-w_c,
[

2
WE e W

2
1
- w_c. ( wz- wz >
F1c.1-4. Frequency characteristic of a simple non-dissipative network.

parallel branches having characteristics shown in the previous
figure, and repeated here as dotted curves. When the reactances
of the two branches are equal in size and of opposite sign, the
combined reactance will be infinite, as shown on the graph at wz.
When the reactance of the upper branch 1s zero, at w,, the com-
bined reactance is zero. For w < wy, each branch i1s capacitive
(reactance negative); hence the combination resembles at any one
frequency two capacitors in parallel; for w > wz the combination
resembles at any one frequency an Iinductor and a capacitor in
parallel.

Again in the series-parallel cilrcult of Fig. 1-5, the
graphs of the X(w) functions of the parallel connection and of
the series connection are shown separately by dotted lines. The
full lines, whose ordinates are the simple sums of the corre-
sponding ordinates of the dotted lines, comprise the graph of
the reactance of the entire circuit.
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L,
X
L,
G
0
L
X(w)w=wly + +
w l-w_Cl

wi— w?
(3
Fiq. 1-5. Frequency characteristic of a nondissipative two-terminal network.

It is possible to graph in one plane the 1mpedance or
reactance characteristics of any network which has no resistance
elements, but since this 1deal non-dissipative condition 1s
physically unrealizable, it must be recognized that actual im-
pedance functions g(w) are complex functions, and in fact never
have a zero or an infinity provided there 1s some resistance
(and there always 1s) in each branch. When the resistances are
small, they have usually no material effect on the impedance
except near the points where X(w) 1s zero or infinity in the
corresponding non-dissipative circuit. The function g(w) has a
size Z(w) which 1s approximately given by inverting all the neg-
ative sections of the X(w) functions for the dissipationless
circuit, and altering the zeros and infinitles by rounding off
the sharp junctions, 1if any exist, by small cusps, thus elimi-
nating zeros and infinities.

The reactance function X(w) in passing through the zero
axis, and changing sign, could be described also as undergoing
a phase shift of n radians or 180 degrees. The same change oc-
curs at the iInfinities; that 1s, another change of 180 degrees.
In the general impedance function, a plot of the angle of Z as
ordinate against w as abscissa will exhibit a very steep slope
where the size Z of Z 1s passing through elther a minimum or a
maximum.

I-11, Series Resonant Circuits.- Although the resistance
is often only an extremely small fraction of the reactances in a
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circult, it may be of great lmportance because the normal oper-
ating value of w 1s likely to be such that the reactances may
cancel in some of their effects, and the resistance may very
largely control the character of the response.

Consider for example the basically important series
resonant circuit illustrated in Fig. 1-6. The impedance func-

R L C
F1G. 1-6. Simple series circuit.

tion g(w) has the simple expression

Z(w) = R + j(wL - ;%) complex ohms (1-26)
and the size Z(w) of the impedance is
z(w) =\Ai2 + (wL - 513)2 ohms. (1-27)

Consider that L and C are held constant. Z will be a minimum
when wL = 1/wC, or w = 1/ VLC, which will be called w,. This
is true for any value of R. When w; has this critical value,
it is R and R alone which determines and in fact comprises the
impedance of the entire circuit. In graphing the function, it
will be more convenlent to show the reciprocal Y(w) of the im-
pedance. This 1s shown in Fig. 1-7, for a number of values of
resistance. At low frequencies, the capacitive reactance 1s the
controlling factor, while at high frequencies the inductive re-
actance controls. At the critical frequency the admittance 1is
equal to 1/R, and has a maximum value.

The variation of the phase angle of Y(w) with w is shown
in Fig. 1-8. When the resistance is zero, the admittance func-
tion undergoes a sudden jump of 180 degrees, from +90 to -90, as
w 1s increased and passes through the resonance value
Wy = l/\/ﬁ

Applications of the series resonant circuit are obvious
and well known. A very low voltage of angular velocity wi, when
applied to the terminals of the resonant circuit, will produce a
greatly amplified voltage as a drop across the inductive re-
actance and the same across the capacitive reactance. The ratio
of amplification will be w:L/R, and hence 1s inversely propor-
tional to R, other things being equal. One of these reactive
drops may be used to energize the grid of an amplifier or other
vacuum tube.
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The steepness with which the resonance curve Y(w) falls
from its peak value at w = w, is of important practical interast.
Let us designate Q as the ratio wL/R. Very little error is in-
troduced in analyzing the shape of the resonance peak if Q in
that vicinity is considered as a constant and equal to w,L/R.
With this approximation, it is easy to show that the width of
the resonance curve between the "half-power" points is equal to
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Curve for

%" /L R-0 )

60°|- F1G.1-8. Phase characteristics of a
simple series circuit for various
resistances.
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the fractlon 1/Q of the resonance angular frequency wy. In
other words, when w =w (1 - 1/2Q),

Z =R - jR (1-28)
and wvhen w =uw (1 + 1/2Q),
Z =R + jR. (1-29)

In both cases the size of the admittance 1s 1/\2 of 1its peak
value. For a fixed impressed voltage the current would of

course have 1/\/2 of its resonance peak value, and the power
represented would be just one-half its peak value. This ap-
proximate rule 1s very close so long as Q 1is large, and since
it 1s usually at least 100, no appreciable error 1s involved.
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Two of the curves on each of the Figs. 1-7 and 1-8 have been
plotted for very low values of Q, thils selection having been
made 1in order to get the entire curve on the sheet. The typil-
cal resonance curve as actually used in tuned circuits would
have from 25 to 100 or more times the peak values shown in the
lower Y(w) curves, and the phase angle curves would lie much
nearer the curve for R = 0. Smith*? gives some "universal"
resonance curves (both Y and phase angle).

Ideal Admittance Characteristics. If a sine-wave volt-
age e = E cos wt impressed on the input terminals of a lilnear
constant-parameter network produces a current 1 at the output
terminals, 1 will be a sine wave of amplitude I and phase angle
9 determined by the transfer admittance of the network Y = YZQ

e = E cos wt
1 =EY cos (wt + 8) = I cos (wt + 8).

If now the input voltage e contains numerous sine-wave compo-
nents of different frequencies, there will be a component of i
corresponding to each component of e. In order that the wave
shape of 1 (total) be the same as that of e, the magnitude of
each component of 1 must be the same multiple of the magnitude

of the corresponding component of e as is any other (hence Y

must be constant over the range of frequencies concerned) and the
phase shifts must keep the relative phases of the components un-
altered. This requires that:-6 = -wtg where tgq 1s a constant, and
consequently each component of 1 will be of the form

EY cos w(t - tg)

where E and Y are the magnitude of the component and the magni-
tude of the transfer admittance of angular frequency w. Thus
an ideal characteristic from the point of view of maintaining
wave shape 1s Y = Yo/-wtgq where Yo and tg are constants. None
of the characteristics shown so far are of this nature. Figure
1-23 shows low-pass filter characteristics which are ideal from
the steady-state viewpoint. The quantity tg 1s called the de-
lay time, since EY cos w(t - ta) is "delayed" (lags) with re-
spect to E cos wt.

Where wave shape 1s important, the considerations out-
lined above are also important, although 1t 1s shown later that
these steady-state conditions do not serve completely in non-
steady-state cases.

I1-12, Parallel Resonant Circuits.~ A parallel resonant
circuit 1s shown 1in Fig. 1-9. An inductance element L must

4. Smith, F. Langford, Radiotron Designer's Handbook, third ed., p. 129.
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R L
MM —— TR ——

—WWWA— |-
R¢ c
F1G. 1-9. Parallel resonant circuit.

inevitably have some resistance assoclated with it, and this is
shown as Rp. The parallel capacitive element C of course will
have some resistance R¢ also, but in general 1t may easily be
reduced to an insignificant fraction of that of the other branch.
If this 1s done there 1s no appreciable error involved in ignor-
ing the condenser resistance altogether. The impedance Z of the
two individual impedances 21 and Z¢ in parallel 1s

212
z =g (1-30)

When Ry 1s small, there are four distinct frequencies at
or near resonance which are very close together and which have
speclal significance. Sometimes they are confused with one an-
other. The following definitions will distinguish among them.

The natural angular frequency w, of oscillation of the
loop circult L, Ry, C of Fig. 1-9 is given by the expression

wn = [ - 3’*; (1-31)
1C 4=

This indicates the frequency of the alternating component of the
transient current which would flow in the circult shown nd 1is
assocliated also with an exponential decrement factor o-Rt /2L

An angular frequency w, may be defined so that the in-
ductive reactance w;L and the capacitive reactance 1/w,C are
made equal, whence

0, = [ (1-32)

A third definition may represent an angular veloclty wp
at which the impedance of the parallel circuit, as expressed in
(1-30), 1s a maximum. This expression is too complicated to be
of much practical utility, and 1s very nearly equal to w; so
long as wiL/R (1i.e., Q) is large.

A fourth definition, wo, represents an angular frequen-
cy at which the phase angle between total current through, and
voltage across, the parallel connection is zero. This 1s given

by
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—
[1 [L-Rrfc:

w — — — -

° *VLCcVL - RgC* (1-33)

Because of 1ts simplicity, the expression for w, as giv-
en in (1-32) will be used in the further analysls of the circuit.

At angular velocity wi, when wL = 1/wC, the denominator
of (1-30) reduces to Ry + R¢. Under this condition, also,
2L = Z¢ approximately, and so the numerator is (wiL)? very near-
ly. It does not change rapidly with w, but the denominator does
change rapldly with w if Q 1s large. The entire function is
seen to be, then, the product of a quantity Z1Z¢ which 1s ap-
proximately constant near the angular velocity w,;, multiplied
by the admittance 1/(2p + Z¢) of the series circult around the
loop, which 1s the exact function whose size 1s plotted in Fig.
1-7. The impedance function Z(w) for the parallel resonant cir-
cult 1s seen therefore to have a shape near resonance which is
the same as that of the admittance function Y(w) for the series
resonant clircuit.

At resonance, the parallel circuilt has an impedance
which 1s approximately a pure resistance having a magnitude

equal to 5
fLw;! _ _ a2 _
R + Rg - UL = QR (1-34)

vhere Q 1s w,L/Ry and Xr is w,L, and Ry > Rg.

The width of the resonance curve at the half-power
points 1s again equal approximately to the fraction 1/Q of the
resonance angular velocity (or frequency), so long as Q 1s rea-
sonably high, just as in the series resonant circuit.

It 1s seen from eq. (1-34) that a parallel resonant cir-
cult with high Q develops a very high equivalent resistance
across its terminals, much higher (by a factor Q) than the total
impedance of either branch. This feature 1s of value in match-
ing the high impedance of some sources, to obtain maximum power
transfer.

The action of the series resonant circuit was seen to
be similar to that of a voltage amplifier with an amplification
factor of Q at resonance. The parallel resonant circuit, con-
versely, acts as a current amplifier and produces a circulating
current around its loop Q times as large as the line current.

In dealing with resonators to be used in place of tuned
circuits at very high frequencies (Ch. 10), it is not convenilent
to determine directly the R, L, and C of such devices. Instead,
there are used the resonance angular frequency Wy = 1/\/55, the

Q at resonance
ul L
@ =R “R\VC

and the input impedance at resonance which, assuming all re-
sistances to be small, is
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= L

=R

It 1s seen that these three quantities can specify the circuit
of Fig. 1-9 just as well as the usual R, L, C.

Re

I-13. The Transformer.- The basic transformer circuit is
shown in Fig. 1-10. It consists of two colls each having self-
inductance, and with a mutual inductance between them. The

— MW\ VWWA——
R, Rs

Ly Lg

[
M

F16.1-10. Basic (low-frequency) transformer circuit.

circuit equations, based on positive directions of I, and I»
both producing magnetic flelds in the same direction in the
core, are

Ex = (R1 + jwLi)Ii + joMIz; (1-35)

Ez = (Rz + jwLz2)I= + jwMI,. (1-36)
Somewhat more generally we may write

Ey1 = 2,11 + JuMIz (1-37)

0 = ZoI> + jWMIy (1-38)

in which the output voltage E> 1s supposed connected to some im-
pedance which 1n series with the transformer secondary impedance
produces a total impedance Z». We may eliminate I> between the
two equatlons (1-37) and (1-38) and arrive at an input impedance
Z11 equal to

232

IHpm
= {r
)

211 = =2 + complex ohms. (1-39)
Eliminating I, between them enables us to solve for I2, from

which the transfer 1mpedance Z,> 1s readily obtained as

212
L = jlwM + £222)  complex ohms. (1-40)
2 wM

IHIIM

212 =
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By rationalizing and separating reals from imaginaries, the re-
sistance and reactance components of the input and transfer im-
pedances are obtained and in these terms we find:

2,2 2,2
Z11 = [R1 LN S DZII Rz] + j[Xl - ﬂg—%—z-} complex ohms (1-41)
2 2

2,2
Z12 = [- Bizjtj%Z*Ba ]+ j[m Mo R;;2 - Xlxz]complex ohms (1-42)

It is seen from (1-41) that the input impedance on the primary
(DzMsz (DZMZXZ
.2 I ==

2 2
sometimes called the "transferred"or transformed" impedance.
(Transferred impedance should noc be confused with "transfer
‘mpedance" mentioned in footnote 3 of this chapter.)

The highest possible value for the mutual inductance M
in a coupled circuit is VL,Lz, and this upper limit could be
reached only theoretically if all the magnetic flux linking the
primary winding also linked every turn of the secondary winding.
The ratio M/\VLilz 1s called the coupling coefficient, with
symbol k. In order for k to be nearly equal to unity, it is
necessary to provide a transformer core of magnetic material,
so as to reduce the amount of leakage flux, or flux which links
one winding and not the other. The magnetic material may be
thin steel laminations or wires, permalloy, or powdered iron.
Core losses take place in these materials, however, and these
are larger at high frequencies. The coefficlent k seldom ex-
ceeds 0.95 even in the best transformers.

side is increased by a complex quantity

I-14, The Resistance-Capacitance Network.- Simple re-
sistance-capacitance networks are in common use in communication
circuits; for example, in the coupling between stages of an
audio-frequency or video-frequency amplifier. While the actual
connections may be very simple; the equivalent circuits which
have to be considered for extremely low and high frequencles
may be much more elaborate. - For example, Fig. 1-11 illustrates
a simple resistance-capacitance coupling network® comprising
only three actual circuit elements, namely a coupling resistance
Rq, 8 coupling condenser C.,, and an output-tube grid-leak re-
sistance Rgo. The equivalent circuit, also shown in the same
figure, includes six elements, the added ones being the plate
resistance rpi of the input or left-hand tube, the plate (and
lead) capacitance Cpi of the input tube to ground, and the grid
(and lead) capacitance Cgo of the output tube. The direct-cur-
rent supplies are not shown. Over an.intermediate range of fre-
quencies, the coupling capacitance C; has a negligible reactance,

5. See Sec. 3-6 and Fig. 3-10; also Sec. 3-19, part A.
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F1G.1-11, Physical and equivalent circuit of a simple resistance-capacitance
coupling network. The subscript ¢ on R, and C. indicates that these are
part of the coupling network; subscript i indicates input tube and subscript
o refers to output tube.

and the grid-leak resistance Rgo will draw a negligibly small
current. The effect of the plate and grid capacitances 1is also
negligible over this intermediate range. The value of Ego over
this range is therefore given very closely by the expression

—BRe volts. (1-43)

EBO = “Egi I'pi + RC

At very low frequencies, the plate and grid capacitances
will be of negligible effect, but the current drawn by the grid
resistance Rgo will be of importance in causing a voltage drop
through the coupling capacitance C.,, whose reactance is inverse-
ly proportional %o frequency. We may use the actual circuit as
shown in Fig. 1-11, with the inclusion of the plate resistance
rpi, but this has the disadvantage of involving a series-paral-
lel combination. It is advantageous to use the equivalent con-
stant-current source described in Sec. 1-8, and to obtain there-
by the low-frequency equivalent circuit of Fig. 1-12. Since rp
and Re are in parallel, they have an equivalent resistance which
may be designated by a single symbol R,, where

- o P Il -
Ty~ e Eg

Egl _ E
eri— Gt =t ot Re

F1a. 1-12, Low-frequency equjvalent circuit of resistance-capacitance
coupling network.
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- Befpi -
Ra = §_°% P01 (1-44)

The output voltage Ego is merely the drop across Rgo, and a sim-
ple analysis shows that

RRQ
= g 1-
Ego = EgigmiRa Ra + Rgo + 1/jwCe (1-45)
Ra 1s usually much smaller than Rgo, and in the denominator 1t
may therefore be dropped out. The ratio of the sizes of Eg, and
Egi1 may be written, to this approximation, as

Ego RaR
- 7’—%&% 1-46
Egi Rgo + X ( )

The phase angle between Egpand Egj is tan™* xc/hg. There 1s a
reduction 1n§ho(§git° 71 per cent of its intermediate-frequency
value when Xcgo = Rgo.

At very high frequencies the coupling condenser C. has
only a negligible effect, being equivalent to a short circuit,
and so all the remaining elements are in parallel, if the con-
stant-current source equivalent of Fig. 1-12 is used. The stray
capacitances, plate and grid, have to be considered, and the
equivalent circuit is that shown in Fig. 1-13. Here Re 1s the

LN . o

8miEgl Egp

R, Cs
(=Cpi+Cg)

F1c. 1-18. High-frequency equivalent circuit of
resistance<capacitance coupling network.

equivalent resistance of rpi, Re and Rgo in parallel. The out-
put voltage 1is merely the impedance drop across the parallel
impedances Re and l/jwca, due to current Egigmi and is readily
shown to have a size given by

R
Ego _ -
Egi \/1 + wCg2Re 2 (1-47)

and a phase angle relative to Egj of - tan™! wCgRe. The size of
Ego/Egi drops to 71 per cent of its value at intermédiate fre-
quencies when Xz = Rg.

The network has been analyzed by the use of three
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different equivalent circults, each appropriate to a restricted
range of frequencles. The advantage of this procedure becomes
apparent when the expression 1s considered which gives the com-
Plete response over the entire frequency range. It is

E&._ “?_1&2 (1-1&8)

Egi 21Z2 + rpi(Z + Z2) + (22 + rp1)/juCe ’

where

Rgo(l - ;wc%QREQ)
Z = 1 + wCgoRgp (1-49)

Rell - jwCpiR

2% 1 + 0%CpiRe

(1-50)

I8

A much more complicated equation would be required to state ex-
plicitly the ratio of sizes of Ego and Egj, or the relative
phase angle.

1-15, Definition of Q.- The "Q" of a simple inductance
coll 1is defined as the ratio of wL/R or XL/R of the coil. For
a condenser, the Q 1s again defined as X/R, but here of course
this is 1/wCR, R in both cases being considered exclusively as a
series circuilt parameter.

At very high frequencles, and in some other cases also,
a more general definition of Q is required. This is

volt-amperes
watts dissipated

Q= (1-51)
for the circuilt element whose Q 1s to be evaluated. Q 1s seen
to be a figure of merit. Typlcal values of Q for colls lie be-
tween 100 and 300, and 50 to several thousand for condensers,
depending on the insulation and the frequency primarily. The Q
of a resonant circuit is equal to the product of the time con-
stant of the envelope of the transient oscillation, multiplied
by the natural angular velocity. This definition applies as
well to hollow resonators.

The definition of Q in (1-51) may be seen from circuit
considerations thus: assume a sine-wave current of rms value I
(or peak value V2 I), and frequency f = 1/T; then Q may be writ-

ten
wl waIgI EI
Q=] = "R “RI®

which 1s (1-51). Another way of looking at Q, which 1s impor-
tant at very high frequencies, is shown by

whL 21 %LI2 energy stored per half cycle
Q= R ZE RIZ ~ CRG 23 energy dissipated per half cycle

T)
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1-16, Tuned Coupled Circuits.- Tuned coupled circuits
are used widely in interstage coupling, and in band-pass filter
coupling. The coupling may be accomplished by mutual inductance,
or by the use of a common self-inductance or common capacitance.
Either one or both of the coupled circuits may be tuned, or a
chain of more than two coupled circuits may have tuning in each
circuit.

In the tuned coupled circuit® 1llustrated in Fig. 1-14,
coupling is by the mutual inductance M, and there is a series

L, Ly

R, Ry

—— e’
M

F1G.1-14, Taned coupled circuits.

tuning condenser on each side. Such an arrangement is sometimes
used in the coupling of band-pass circuits.

There have already been developed, in egs. (1-40) and
(1-42), expressions for the transfer impedance Z:2 of a mutually
coupled circult. An expression for the output voltage E2 over
the entire frequency range, and for any degree of tuning on the
two sides, 1s obtained from the relation Ez = Ei/jwC2Z:2. How-
ever, it will be much more convenient to develop an approximate
expression for Ez which will be good over a restricted range
near the resonance frequency.

The assumption is made that the primary and secondary
are both tuned to the same frequency: that 1is,

LiC1 = L2C2 (1-52)
Let the resonance angular velocity be defined as
wo = 1/V1.C1 = 1/VLgCa2. (1-53)

This general coupled circuit may be simplified by con-
sidering it as the equivalent of one in which Lz = L;, and having

6. See Sec. 3-18, paragraph beginning "Doubly-Tuned Transformer Coupling.”
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an ideal transformer in the secondary circuit to correct the
voltage ratio. The ideal transformer would have a ratio\VL:/Lz.
We may then without loss of generality analyze a circuilt whose
primary has parameters R,, L, and C, mutual M, and secondary Rz,
L, and C.

In the range near resonance, which 1s of primary inter-
est, WoL »wL - 1AC, the total reactance in the primary or
secondary. For a small change in angular velocity from Wo to W
there 1s an approximately equal change in the inductive and ca-
pacitive reactance, so that the total reactance on elther side
is 2L(w - wo). From eq. (1-42) we may write, for conditions
near resonance,

E2 JwMR 2
E:x = j[RiRz + 0°M° - 4w - wo)2L*) - 2{w - wo)L(Ry + R2)’

(1-54)

The mutual reactance wM in the numerator may without much error
be considered as equal to woM, a constant, over the restricted
range near resonance. In the denominator, however, it has to be
considered as a variable. The response Ez/E: is inversely pro-
portional to the size of the denominator of (1-54), since the
numerator is essentially constant.

As the value of M is varied, the other parameters re-
maining fixed, the response curve E=/E1, plotted as a function
of frequency, takes on different shapes. When M 1is large, near-
1y equal to L, there are two distinct and well-separated peaks,
with a depression in between. As M is reduced, the peaks con-
verge, maintaining approximately the same height. The depth of
the depression decreases, until finally when the mutual re-
actance woM reaches a value

woM =@, (1-55)
V2

both maxima and minimum are coincident at w = wWwo.

If R, = Rz = R then woM = R. For still lower values of
mitual reactance, the gain drops materially, there being but a
single peak to the curve.

If the primary and secondary circuits have Q's respec-
tively Q1 and Qz, then the critical coefficient of coupling k

as defined above 1is
1 1 i
kK="= |5 +5 (1-56)
vai T &’

1
k = Q. (1'57)

S8ince the Q of a coil may easily be two or three hundred, this
indicates a very loose coupling.

or 1f Q1 = Qa2,
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The critical coupling gives a desirable characteristic
because it combines nearly maximum response, a fairly wide flat
top to the resonance curve, and absence of frequency distortion
due to the presence of two separate peaks (see Fig. 3-47 of
Ch. 3). With eritical coupling, the voltage response 1s down
to 71 per cent of its maximum when

Ry + R
Weo Wy = t 22282 1-58
or
W, _+1 1 1 _
N AR ) (1-59)

Other types of coupled circuit to which the same analy-
sis and formulas apply include those with a common capacitance
branch or a common self-inductance branch.

1-17. Broad-Band or Compensating Coupling Networks.-
From eq. (1-47), which states the gain or ratio of sizes of Ego
to Eg1 In a resistance-capacitance coupling network, it has been
seen that there 1s a drop to the half-power point, or 0.707 of
maximum voltage galn, when the frequency becomes so high that
the reactance of the stray shunt capacitance Cg 1s equal to the
equivalent resistance Re. If we call the angular frequency at
which this occurs wo,

1
w - ——— -
o CBRO » (1 60)
and the high-frequency gain may be written
—8BmiRe
Ego _ B (1-61)

Egt V1 + (w/wo)? ~

8ince the numerator gpiRe of (1-61) is essentlally constant, the
curve of gailn will evidently be fairly flat until w begins to
approach wo in size, and the flat part may be extended by making
Wo as large as possible. This requires that the capacitance Cg
be made as small as practlicable, and so special tubes need to
be selected or designed with this object in mind. A large
transconductance aids in improving the gain all along the curve,
but not in extending the range over which the gain 1s fairly
close to constant, except in so far as 1t affects wo.

By 1nspecting again the high-frequency equivalent cir-
cuit of Fig. 1-13, it 1is readily realized that the cause of the
droop in gain around wo is the fact that the reactance of Csg 1s
becoming so small that it is draining away most of the hypothe-
tical constant current Eg18m1, leaving less to flow through R,
whose ohmic drop is the output voltage Ego-

In order to improve conditions, we should like to in-
crease the reactance of Cg at high frequencies, while not
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materially lowering 1t at intermedlate frequencles. Optilonally,
we may increase the impedance of the Re branch at high frequen-
cles so that its smaller current will still produce a relative-
ly large voltage drop. It 1is necessary to keep the circuit sim-
ple, because for broad-band video amplifiers, to work up to
about 4,000,000 cycles per second, the distributed capacitance
effects are very important. The size of Cg, which needs to be
kept to a minimum, would increase greatly if an elaborate net-
work were used to approximate a constant impedance with varying
frequency. It is therefore the practice in some video ampli-
fiers to add a small inductance in series with the coupling re-
sistance Re producing an equivalent circuit approximating that
shown in Fig. 1-15. Based on this equivalent circuilt having an

'gml Egn l-:;,
I
Cl
L I

F1G. 1-16. High-frequency equivalent of
resistance-capacitance-coupling network,
with inductance L. for high - frequency
response correction.

impedance Z of 1ts two branches in parallel, the gain 1s evi-
dently

E
280 _ Z 1-62
Eqy - Gnt ( )
where
!Rg + ij)(Jng

Z = size of Re + JuL + 1/3juCq

lez (L 2.2 2\?
+ - - w L = Re )
- w cs CE . (1-63)

wCg [Re~ + (WL - 1/wCg)*]

At low and intermediate frequencies this expression is equal ap-
proximately to Re. The phase angle of Z is

L w?L? - Re®

-2 C
tan = R /aCa . (1-64)

By making use of the abbreviations

1
Wo = ROCB » (1'65)
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L
K = cs_Rez’ (1-66)

the ratio of Z to 1ts intermediate-frequency value 1s expressed
as

2 Ego / 1+ Kow?/wo?

Re Ego int = V1 - (2K - 1)w"/wo® + Kw¥/wo® (1-67)
and the phase angle 1is
tan™' [(K - 1)w/wo - K2w®/we’]. (1-68)

To find the condition which will make the gain at wo the same as
at lower frequencles, we may equate (1-67) to unity while making
w/wo also unity, and solve for K, which must be equal to 1/2.
This does not of course indicate a flat response characteristic
out to w = wp. Actually, the gain rises to a small peak for
values of w somewhat less than wo, and then declines continuous-
ly as w 1s Increased, passing through the reference value when
W = Wo,

The relative phase delay when w = wo and K = 1/2, as
compared to a reference value of delay which holds constant over
the intermediate frequencies, is, from (1-68),

tan™* (- %) for = we (1-69)
tan (- 35 - fg5g) for @ = wo/10 (2-70)

and the time delays for the two angular velocitles are -0.643/wg
and -0.0502/0.1lwg second, respectively. Thus it 1s seen that
the difference in delay is 0.141/wo second.

Conversely, a value of K may be determined that will
yield the same time delay at wo as at intermediate frequencies
by equating the product of (1-68) and 1/w for the two values of
angular frequency w = we and w = 0.lwg. This procedure 1indi-
cates a value of K equal to 0.32. 8ince the shape of the phase
characteristic 1s important in video amplifiers, this figure
must be given some weight, and if wg 1s the upper limit of the
desired operating range, a compromise value of K approximately
halfway between 0.5 and 0.32 should be used.

Six variations of the high-frequency compensating cou-
pling network are shown in Fig. 1-16.

l-18, Impedance Matching Networks.- It has been shown
in 8ec. 1-9 that the conditions for maximum power transfer re-
quire that the load impedance be made equal to the conjugate of
the impedance of the source. This may not always be the most
desirable condition, because it usually involves operation at an
efficiency of only 50 per cent. It 1s the criterion in most
communication circuits, however, and even when it 1is not the
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sole criterion,it does have some welght in the decision as to
what value the load impedance should have.

It 1s very often necessary for a source to supply power
to a load of radically different impedance. Some sort of match-
ing network is then of advantage, which for exact matching
should have an input impedance equal to the impedance of the
source, and an output impedance (i.e., impedance looking into
the matching network from its output terminals) equal to the
load impedance.

The -.simplest and most common circuilt for impedance
matching 1s the transformer. If the coefficient of coupling is
nearly unity, the ratio of voltage transformation is approxi-
mately the same as the ratio of turns, and the impedance ratic
varies as the square of the number of turns. Thus, to supply a
100-ohm load from a 900-ohm source, & 3-to-1 transformer should
be used. Considering it as an ideal transformer, that 1s, one
without losses or leakage reactance, the impedance looking to-
ward the load from the high-tension primary would be 900 ohms,

a perfect match for the source. Also, the impedance looking to-
ward the source from the low-tension secondary would be 100 ohms,
a perfect match for the load.

The coupling transformer may be of the autotransformer
type, with the two low-tension terminals taken from one end of
the complete winding and from some tap point along the winding,
with the high-tension terminals coming from the two ends (usual-
1y) of the winding.

Impedance matching over a restricted narrow frequency
range may be accomplished by taking taps from the circuit ele-
ments of a resonant circuit, and by means of connections made to
pleces of transmission line having distributed parameters. This
method of matching will be discussed in connection with the
theory of transmission lines, in Ch. 11. Equivalent "lumpy"
networks may also be used for the same purpose.

I-19, Simple Filter Circuits.- Consider the uniform re-
curring network 1llustrated in Fig. 1-17.

z, z, z,

F16.1-17. Ladder network.
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All the serles impedance elements are the same, each equal to Zy
complex ohms, and all the shunt elements, with the exception of
those at each end, are equal each to Z2. This arrangement is
the equivalent of a number of n sections connected in series,
each n having leg impedances of 2Z» on each side. It may be
shown that this type of structure has very useful properties as
a filter, in attenuating greatly certain frequencies and pass-
ing others with relatively little attenuation.

Suppose there are an infinite number of the n sections,
of which one is shown in Fig. 1-18, connected in series. Let

zZ,
MW

Ki1—
2Z g 2Z,

,;(J-J

LAA

F1G. 1-18. Elementary x- section of mid-ahunt filter.

the input impedance of the infinite ladder be K- complex ohms.
Then if the single elementary mn section is given a load of im-
pedance K2 at one end, the ilmpedance looking into the other end
must be K> also. We may write then

BEE_££__ + 21) 222

2Z2 + K2 -
Ko = — - complex ohms (1-71)
- 222 Kz

—_—=C 4 21 + 222

2&2 + Ez - -

whence, solving for K2 in terms of Z, and Za,
2122

Ko = —=S"— complex ohms. (1-72).
T VZiZo + 23/4

If Z; and Z2> are so related that Kz 1s a constant, and not a
function of frequency, then the filter is called a constant K
filter.

If the current is taken as I and the voltage Kzl at the
load end of the mn section, the corresponding values of current
and voltage at the other end are found to be these same values
each multiplied by the same factor

2Z2 + K2
91 - 2Z2 - K2 (1’73)

This equation will serve as a definition of the symbol Y, which
is called the propagation constant per section. Also, Wwe set
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Y =a+ jB (1-74)

where a and P are real quantities. Alpha (a) is the attenuation
constant per section, and B the phase constant per section. A
current or voltage, in passing through any number n sections,
will be attenuated by a factor e'“u, and will undergo a phase
retardation in its direction of travel amounting to np radians.

We shall concern ourselves here with the attenuation
constant a, which it must be remembered is a function of fre-
quency. If we substitute back into (1-73) the value of Kz from
(1-72) and simplify, we have

V1 + 422/Z, + 1
ol = S complex numeric. 1-75
\/1 + u_z_z; &1 -1 L2 ( )

On the assumption that the ladder impedances Z, and Z2 are made
up of lossless slements, they will be pure imaginary numbers and
their ratios real, and either positive or negative. If the twin
radicals in (1-75) are zero or imaginary, then the numerator and
denominator sizes are identical, although there will be a dif-
ference in phase angle. This condition will be characteristic
of the pass band or bands of the structure, and evidently holds
when

iZz

Z £ - 1. (1-76)

In other words, 4Z, 2 Z, in size, and the two reactances must be
of opposite sign (one inductive, the other capacitive) in the
frequency range which 1s passed without attenuatlon.

When the radical is real, the numerator is larger than
the denominator, and the circuit has attenuation, but no phase
shift with ideal lossless elements.

Actually, of course, the circult elements will have some
loss, but the losses may be kept small enough usually so that
their effects are relatively unimportant.

Low-pass Filter. S8uppose that the series impedances Z
conslst only of inductances of L henrys each, and the shunt 1lm-
pedances 2Z> of capacitances C farads each, as shown in Fig.
1-19. Here

Z; = jul (1-77)
Z2 = 1/juC . (1-78)
422/2: = -4/w®LC (1-79)
The critical angular frequency w,, from (1-76), will be
2
w - = 1-80
1 VE ( )

and for values of w less than this, there is no attenuation (in
the absence of resistance or other losses) as shown in the curve
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Attennation

0 f Frequency
FiG. 1-19, Low-pass filter T- gection, and attenunation characteristic.

of attenuation plotted against frequency in Fig. 1-19.

High-pass Filter. If the series Z, is a purely ca-
pacitive element (2, = 1/jwC) and each shunt Z» an inductive
element (Z> = jwL), then

422/2, = -4u?LC (1-81)

and the critical angular frequency w, at which this expression
becomes equal to -1 is

W, = E§f€ radians per second. (1-82)

At frequencies greater than the critical frequency, the attenua-
tion would be zero (with lossless elements making up the filter),
vhile at lower frequencies there is attenuation. The attenua-
tion curve of Fig. 1-19 would serve also for the high-pass fil-
ter 1f the frequency scale is used as the reciprocal of the
values of f/f1 Indicated for the low-pass characteristic.

Band-pass and band-elimination characteristics are ob-
tained by proper design of the Zy and Z2 elements. There is a
wide literature on filter design to which the reader must be
referred for more detailed analysis of these more complicated
realizations, the m-derived, the lattice type, and other struc-
tures.

The analysils given here was based on the m section, but
the T or the L section would serve equally well. For the T-
type, or mld-series terminated filter, the ladder network of
Fig. 1-17 would have a series element of §1/2 at each end, all
other series elements being Z, and all shunt elements Zz. The
characteristic impedance Ki of this infinite structure would be

K1 = V2122 + 23/4, (1-83)
and
ot (1-84)

2Ky - Z,
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F1G.1-20, Simple constant-K filter sections.
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1-20, Change in Impedance Level in Network Design.- When
a fillter has to work out of a source of one value of impedance
into a load of another level, 1t 1s possible to accomplish the
impedance matching by using unsymmetrical filter terminations.
Thus an L-section filter, in which each section has a series 1im-
pedance Z, and a single-shunt impedance Z2 at one end, exhibits
a differént characteristic impedance depending upon which end 1s
used as the lnput., Looking into an infinite line of these L
sectlons from a serles Z; termlnation, that is, from the left in
Fig. 1-21, we may write for the characteristic impedance Zs

ZaZ
Zo = 2, + —momi complex ohms, (1-85)
= = Zs + Z2
whence
Z
Zs = 31 t V2,22 + 23/} complex ohms (1-86)

The value indicated by the minus sign 1s not usually physically
realizable 1n a passive network, so only the plus sign will be
considered.

zZ,

Z;—> Z; <z,

P —

F&G.lJﬂ.Unsynuneuﬁuﬂ}ﬂuuruéa;n.

Now looking into the infinite chain of sections from a
shunt termination, such as from right to left in Fig. 1-21, we
write for the characteristic impedance Z.

(24 + 21)22

Z4 = Ze + Z1 + 22 complex ohms, (1-87)
whence Z1
Zo = - t V2120 + 23/4 complex ohms. (1-88)

Here again the minus sign will be disregarded for the same rea-
son given above. The ratio of the change in impedance level 1is

X
n S
+
0
(M
&
LM
+
S
(™
~
=

- (1'89)
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V91 + 422/2, + 1

TVI + §22/2, -1 (1-90)
If
25, (1-91)
Z1

there 1s a change in impedance level to the ratio indicated by
eq. 1-90. A gradual change or taper in the sectlon constants
is sometimes used to correct a small mismatch.

1-21. Non-sinusoidal Waves.- It has been polnted out
that, in linear networks, periodic or cyclical voltages” having
some other shape than a pure sinusoid will have the same total
effect 1in setting up currents or other responses as that ob-
tained by combining the individual responses due to the in-
dividual component pure sinusolds into which the non-sinusoidal
voltage may be resolved. If the force impressed on the network
is considered to be a current rather than a voltage, the same
approach may of course be used.

The solution of linear circuit problems with non-sinusoi-
dal waves therefore consists of two steps:

1. Resolve the wave into sinusoidal components.

2. Calculate individually and combine (if desired) the

responses to the sinusoidal components.
More often than not, the combination of the responses does not
need to be made, because a knowledge of the response at each
frequency usually suffices.

1.22, Fourier Series.- Let £(t) be any periodic voltage,
or current, or other quantity varying cyclically with the time
t with period T (see footnote 7). Then 1t is possible to expand
£(t) as follows:

£(t) = %a0 + a1 cos wt + a2 cos 2Wt + ...+&8y COS NWt +...
+ by sin wt + bz sin 2wt + ... + by sin nwt + ... (1-92)

where w ®# 2n/T. The following are various other forms of the
Fourier series, all equivalent to (1-92) and to each other:

7. By a periodic voltage 1s meant one which mathematically satisfies
£(t) = £(t + nT) where n is any integer and T 1s the (constant) period.
In words, this says that the voltage at any time t is the same as at any
time an integer number of periods before or after t, and this 1s true for
every point on the cycle. Thus the voltage, or more generally f(t), must
repeat itself 1dentically every period.
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£(t) = %80 + n§1 {(an cos nwt + by sin nwt)

= ‘ﬁ'ao+n§1 cn cos (nwt - 6n) |en =Van® + bnE
On = tan™? (bn/an).

= T dp et dn = #(ay - jby) for n  (1-93)
D positive, conjugate for
n negative

The coefficients ap and b, may be determined in the fol-
lowing way. Multiply both sides of (1-92) by cos nuwt, giving

f(t) = 480 cos nwt + aycos Wt cos nwt + az cos 2wt cos nuwt
4 ... + 8y cos® nwt + ... + b1 sin wt cos nuwt
+ bz sin 2wt cos nwt + ... + by sin nwt cos nwt + ... (1-9%)
Integrating both sides with respect to t over the range from
T

- E-to % reduces every term on the right-hand side to zero ex-

cept an cos2 nwt %
an f; cos? nwtdt = ap % (1-95)
. = %
whence an = % ;éé £(t) cos nwtdt n=0,1,2,3,.. (1-96)
T
and likewise by = % T? £(t) sin nwtdt n=1,2,3,... (1-97)
o8-
Note that 4y = = Zr(t) e-In%W4t p=...-2,-1,0,1,2,...
T J@ (1-98)

'
ol

If the function to be represented is the output of a
half-wave rectifier, consisting of only the positive halves of
a sine wave in which the voltage (or current) is zero from
wt = 