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THE LINEAR DISTORTION OF FM SIGNALS
IN BAND-PASS FILTERS FOR LARGE
MODULATION FREQUENCIES

By J. K. SkwirzyNskI, B.Sc., AR.C.S.

The follcing arlicle sels oul to show that the linear distortion of a frequency-
modulated (M) harmonic signal in a svmmetrical band-pass filter follows almost
exactlv the static response curve of the network provided that the modulation frequency
is not less than about two-thirds of the semi-bandwidth.

Introduction

O.\'LY a very small portion of the field of distortion of IFM signals in passive
networks is covered in what follows. On the other hand, the results obtained
below are to be considered as supplementary to those published in the following

article.™  In spite of that, it was decided to publish this article separately, as the

mathematical techniques used here are quite distinct and show an obvious method

of attack not previously used.

I'rom the practical point of view, the problem would be stated as follows:
What is the distortion (i.c., the ratio of the output to the input signal) to be expected
when o 193 signal of the form

fin = 1o €XP (Jogl - 7 sin pf) (1)
ix passed through a band-pass filter with a general admittance function
Y(w) = Glo) + jB{v)

— |Y(0)] exp fig(o)} @)
where amplitude of the signal.
oy 2w xcarrnier frequency.
P - 23 = modulation frequency.
(101)
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= é = modulation index.

m
A = 27 X maximum deviation frequency.
Y = complex admittance.

& = conductance.
B = susceptance.

Y| = modulus of the admittance function.

¢ = phase of the admittance function.

It is important to state here clearly what is meant by the expression ‘‘ the
output signal,” when used by a practical engineer. The signal obtained at the output
terminals of a passive network is both amplitude and frequency modulated. The
amplitude modulation is subsequently equalised and the signal which is now of
constant amplitude but varying phase is passed through a discriminator whose
output is proportional to the instantaneous frequency of the signal. Thus, from the
practical point of view, it is the derivative of the output phase with respect to time,
which is of immediate interest.

Hence, there is not much point in presenting the output signal both as an
amplitude and phase modulated time variable, unless the instantaneous frequency
of that expression can be readily obtained.

In general, a solution of such a problem would thus present immense mathe-
matical and, what is still more important, computational difficulties.

The distortion is most conveniently expressed in terms of the modulation radian
frequency p and the maximum deviation radian frequency A. Further, it should
be divided into two distinct parts:—

(1) Linear distortion, being that part of the output signal which is of the same

frequency as the input modulation frequency.

(2) Non-linear distortion, being those components of the output signal which
are various harmonics of the input modulation frequency.

It should be noted that here and subsequently, the expression ““ output signal”’
indicates, unless otherwise stated, the output from the linear frequency discriminator,
as explained above.

In the present work, the range of the modulation radian frequency p and of the
maximum deviation radian frequency A is limited; in order to fix the limits properly
consider the ratios of p and A to the semi-bandwidth radian frequency of the
network wz. We shall now divide the practical values of p arbitrarily into ““ large ”
and “ small,” using the following convention:—

p is said to be ““ large ” if

06<? <1 (3)
Wp
and ‘““ small "’ if
0<? <06 (32)
Wy

This mode of division will become clear below, where we shall see that the follow_ing
analysis is applicable to ““ large ”” values of p only. On the other hand, the possible
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viahies of A cover the whole of the semi-bandwidth:

(O~ A-<1 (4)

Wy
FFurthermore, the analvsis will only hold for highly selective networks, i.e., those

O o s@_0 o 9 o o . .
where () ,)J” is sufficientlv large to justify the use of arithmetical approximation.
Zeny,

Thus, the frequency response of a general band-pass filter can be always expressed
i terms of the parameter
o ) (O] ), =
No== S 0 (5)
2oy \owy ©

When o, -2y, Lo, @ -0 1) we can write

‘\, . )~ g =
Wy

<o that X is proportional to the frequency deviation from the carrier point. Since

the amplitude response of a band-pass filter is always an even function of X, the

approximation (3a) will cause this response to he an even function of the frequency

deviation abont the carrier frequency.

It will be scen below that the use of (5a) will greatly facilitate the mathematical
analvsis,

Summing up, the following analvsis is applicable only to highly selective band-
pass Glters with modulation frequency of the applied signal being not less than about
two-thirds of the semi-bandwidth; the maximum deviation frequency can have
any value within the semi-bandwidth.

‘The Development of the Method

Assuming the input signal to be a sinusoidally {requency modulated current as
i (1), we can expand it into harmonics in the usual way, as follows:—

I = 14 OXP (Jout -+ Jmi sin pi)
n = 4
= Iy exp (Jugl) Z Jalm) exp (gnpt) (6)

where [, () is the Bessel function of order 1 and argument .
Lot the transfer admittance of the band-pass filter be Y(np), such that
wpN = P = 0 — oy (7)
Lhus upois equal to the frequency deviation from the carrier, provided that we can

nse the arithimetical approximation (5a).

The \ult,wo on the output terminals of the filter will be thus given by the
Fourier series:- -

n == +4ce
o = iy €XP (o) Z Jul) Y () exp (jnp) ®
I'rom (2) T
Ynp) = Gupy + jB(np) (2)
(103)
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Hence, (8) becomes

n=-+ow

€out = g €XP (Jogf) Z Jn (m {[ (np) cos npt

— B(np) sin nj)t] +7 [B(np) cos npt + G(np) sin npt] } 9
Since the admittance function Y(np) is assumed to be symmetrical round th
carrier frequency:
G(—np) = G(np)
B(—np) = —B(np)
Jn () = (=1)" [y (m) (11)

The relations (10) and (11) greatly simplify further analysis; making use of them :—

(10)
Also

m=m@meW>

+ 2 Z Jom (m [ np) cos 2npt — B(2np) sin ant] (12)

n=1

+2% > Jon1(m) [G(Z—n — 1p) cos 2w — 1pt -+ B(2m — 1p) sin 27 — 1 1pz]}
n=1
As stated in the introduction we shall require the phase of this expression; this
can be written:—

=)

Z Gan—y (m, P, 1) /

A = ot + tan™t / ATL (13)
ﬂl + Z Ban (71, P, f)\
where: n
as (m, p, ) = g (m, p) sin spt + by (m, p) cos spt 14
Bs m, P, t) = g5 (m, p) cos spt — b (m, p) sin spt (14)
and
& 5 ) 2] !111) G(sp)
o 7 (15)
2] (m) B(sp)
by (m, p) = £
| )= )
For brevity we shall write —
os (m, p, t) = a,
, 16
B, m. 5,9 =B, 1o
Note also that
Ous
5 — % = s (17)
9Bs
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Expressions (13) show that provided m is suthciently small (i.c., m << 2:405, which
is the first root of J, (1) = 0), the values of g, (m, p) and b, (me, p) will decrease rapidly
as s increases. We shall discuss below more fully the rate of decrease of these quantitics
where it will be seen that for a limited range of p and A it is sufficient to take into
consideration only the first two terms.

Then

. A .
¥ wpl + tan™! ill»l- 30‘} (18)

Hence, the instantaneous {requency becomes:—

9y s (1 4 Bo) (2 + 23) — B (% + %)

CRCT o TET (1B )
1 B.) (B, + 3%,) 4+ 2u, (2, + =,
— g - P (1 + .J_) (. 1 o .'3)_ .1 (1‘} : 7.\) (19)
(14 39)% & (% + 7g)* ‘

from (17). This expression will be further simplified by neglecting higher order terms
which are comparatively small.  Then

4oL 36 e 6 0 g
IR =t TR =< T o TS B A W) a
Oppst — ©g = P Do 2 (20}
1 RV I e

Substituting from (14) and making the neccessary trigonometrical manmpulations, we
can group the terms in (18) in the following wayv:—

N(p1)

Ojpst = O = p [)(/)[) (1)
where
N(pt)y = Ay cos pt + Bysin pt - Ay cos3pi - By sin Spt oo
D(pt) = Ay = Aycos 2pt = B, sin 2pt =)
and where
I e . K
Ag =1 (5~ 1)
)
Ay =g o (g ke by
. )
— By = by~ o (81 by o= Dy )
L, , 238
Ay =20, — , (g — b)) . =
— By == 20, — g, b,
. ' |
Ay = 3g; — o (8182 =1y by
S , 1
L:, == J/)s -, (.31 /12 - /)1 L) )
The quantities
g =g m, p) .
by == by (m, p) ()
(105)
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are defined in (15) as functions of the network response and the appropriate Bessel
coefficients. The output signal is proportional to the time dependent part of the
instantaneous frequency. Thus, the required value of the output current is:

[ PN
D)

This expression will consist of a signal of frequency p/2= and a series of harmonics
of that frequency. These components can all be separated by standard Fourier
analysis. Thus, the »th harmonic of (25) becomes:—
1 [T pN(pt) . R
o= I g Gy ap (26)
a3 28 + aj Z* + a, 722 + a,

_ fﬂ @ e ) sz (27)

J™as Je <Z4+d*2-+;;>

2 2

(25)

where Z — exp (jp7) and ¢ denotes the unit circle. Also

ag :As +st (28)
ag = Ay — j By -
The roots of the denominator in (27) are given by
2= T g (29)
a,
@=—2(1+8 (30)
where )
asas\’ .
a—<1 _ 2L ) (31)
ap

Hence (27) can be written
Z).zZn?
A of .
ogmay Jo (28 —€?) (22— 3 az 3
where

02) =Q(~2) =& 25+ ] Z* + &, 2 + a (33)

The integrand in (32) has poles within the unit circle at Z — 0 (when 2 < 2)
and Z = 4- 8. Hence, the amplitude of the fundamental component of the output
signal will be given by

L= 2b 00

3%a, {32 — &2
o p N2 * 29 A ll3 a;
- [a1+5 (@35 + ap) 2% (34)

In a similar way we could deduce the expressions for further harmonics but this
will not be done here since they will be well outside the pass-band of the network
in the range of p and A where (21) is applicable; this is discussed below.

The Range of Applicability of the Results
In deriving expression (20) from (13) we have neglected in the total output

(106 )
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phase expression (18) all terms multiplying harmonics higher than the third. Hence
the range of the modulation index # will be determined by the relative magnitudes
of the coefficients g, and b, defined in (15). An inspection of tables of Bessel functions
will show us that for m = 1

Slm) . g0

Ja(m)

so that we shall specify the range of m as
0<m< 1 (35)

Further, since we neglect all harmonics

' higherthanthird, themodulation frequency

VVV 2 must be sufficiently high, so that all its

harmonics higher than the third should fall

well beyond the pass-band of the network.

| This condition will obviously be governed

2 by the selectivity of a particular band-pass

filter, but we can safely propose a con-
3 2 1 43 55 Blag venient range for p

Pl 2.7 (36)

3 Wy

¢ / Thus, for a conventional maximally flat
amplitude, triple tuned circuit, the attenua-
tion associated with the fourth harmonic
for p = 2/3 is about 25 db (for Q = 20),
while for a single tuned circuit the corres-
ponding attenuation is only 9 db. Hence,
a2 A S bfes the condition (36) will hold well for com-
paratively selective networks. In Fig. 1 we
see the shaded regions of pj/wy, AJwy and
m where inequalities (35) and (36) hold.

Fre. 1

The regions where equation (34) holds are shaded

The Fundamental Component of the Output Signal

Expression (34) can be directly computed for any type of network whose
admittance is symmetrical round the carrier point. It will be useful, however, to
obtain the first order approximation of (34) in terms of the network and signal
parameters.

Remembering that for “ large " values of p
lagl < lag] < lay] <1 < |ag|

we obtain
= p [Z:} — “jl?] (37)
“pa |1 g lal =g aexp (— %) | (38)
(107)
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where v, 1s the phase of ¢, in (28). Hence, from (28), (23) and (15)
: 1 o
Loe vo(p) {1+ gmt [1— 4|V (0 — 2 ¥ (2p)] exp (i (200p) — 62 |}

We observe that for small values of A and sufficiently high p, the fundamental
component follows the static characteristic Y(p). In particular, the amplitude of this
component is governed by the static amplitude response, while its phase is the
conjugate of the static phase.

We can thus state that the attenuation of the fundamental is given by :—

D (p, &) = 20 [logy Y (p) + logye 4 (p, A)] (40)
02, &) = 2% — ¢(p) + 4(p, 1) (41)

while the phase is

where
1
A, 8) =1+ {1 — 4 V() — 21 (2p)] cos 12(p) s

tan [(p, A)] = — 17 1Y(2P)] sin (26(p) — ¢(2p)]

A(p, &) (33)

Y(p)

Fig. 2 shows the relations between
the static response and the fundamental
component of the output, as expressed
in terms of the correction factors 1(p, A)
and {(p, A). From (42) it is seen that for
plog < 1, the amplitude correction factor
A(p, A) <0 since then |Y(p)i2>1. Thus,

the attenuation curve of the output signal

{ \! will, for modulation frequencies less than
O(p.4) . the semi-bandwidth, lie under the static
=P (p) response curve; for modulation {requencies
greater than the semi-bandwidth, the
TNy A attenuation of the output signal may, how-
ever, be smaller than the corresponding
static attenuation. In general, liowever,
Y(fp) both correction factors (42) and (43) are
- quite small. We shall now apply these
results to two typical networks, namely,

ﬁp)A(p.A) the single tuned one and the maximally

flat amplitude triple tuned one (Butterworth

i ?(p)

Fic. 2
Vector relation between the output signal and the typ e) :
static response (not to scale)
Applications

For sufficiently high Q, the transfer admittance of a single tuned circuit may be
written:—
Y(nP) = (1 + n*P%)~texp {— j tan~! (nP)} (44)
1 npP
= —7 : 44
1+ mpr 71 4+ pepe (442)

(108)
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The distortion correction factor for two networks discussed in the text

while for a conventional triple tuned, maximally flat amplitude circuit (see Ref. 1):—

. /2P — 3 Pe
YrP) = (1t Pytexp  —j tanct (T2 2000 )
1 —2n2P?%  2nP — u3 D3 -
BTt (45a)

(109)
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The variable #P is to be considered here as dimensionless, since P is regarded as
a fraction of the semi-bandwidth (see pp. 102-103):-—

P = ploy,.

Since m = A/P, the amplitude correction factor A (£, A), as defined in (42) and
m Fig. 2 can be written:

AP, A) =1 — A2F(P) <P > i) (46)

where A here again is to be regarded as normalised with regard to the semi-bandwidth.

For the single tuned circuit (44)
S4+17P% — 44

FP) = gpei 4 P9 (1 4 4P (47)

while for the maximally flat amplitude, triple tuned circuit

5 -+ 253 P8 — 48 P8 — 64 P12
° (48) |

EB) = gps (1 + P8 (1 + 64 %) |

These two functions (47) and
N 07 (48) are shown in Fig. 3 for suitable
range of the modulation frequency P |
normalised with respect to the semi- |
bandwidth (see Fig. 1). The dashed
™ }\\( 0-8 curve shows the maximum value of
N the normalised maximum deviation |
Lo--A frequency for which the graphs are |
applicable for a given value of the '
modulation frequency P.

|

\\\ In Iiig. 3 we see that for the *
3 modulation frequency p = 0-98w,,

\x the factor F(P) for a triple tuned

Y network changes sign and the atten-

uation of the fundamental com-

ponent of the output signal becomes

\\ smaller than the static attenuation. |

In Fig. 4 the static attenuation
3 curve is compared with the attenua-
© -8 bve L2 0] I tions of I'M signals for wvarious
P=f/ws  values of P and A in a single
FiG. 4 tuned circuit. We observe that |
Output signal attennation for the single tuned circuit this attenuation hardly ever exceeds
the static attenuation by 1 db

within the range of the modulation frequency where our formulae apply.
The corresponding curves for a maximally flat amplitude, triple tuned circuit

0.4
& 0.6 STATIC SELECTIVITY CURVE

////

db ATTENUATION

(110)
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would almost coincide with
the static attenuation curve,
as can be seen from the
form of the corresponding
I’y factor in Fig. 3.
o This network will be dis-
1 cussed fully in the following
N / article where the corres-
" ponding distortion curves
5/ will he shown over the whole
° range of /2 in the pass-band.
P It is sometimes impor-
tant {e.g., in problems con-
nected with the double [F)
modulation) to  determine

A

Vs
;// the phase of the output
/ signal.  This can be eval-

FADIANS

SSTATIC FHASE RESPONSE

uated directly from equa-

yd
L
6% tion (43) and is shown for
s
L]

the single tuned circuit in
Fig. 5. We observe again
02 here that the phasc almost
follows the static response
curve. A similar set of
P =P curves for the triple tuned
Fic. s case  will  be shown in

Phoase vesponc for the single fumed c1rcnit the following article®,

es

@
o
5
i
o

Conclusion and Summuary

Faquations (40} and (41) show that the linear component ol the output follows
essentiadly the statie network attennation and phase response curves provided
that

(M The modulation frequency 72 is at Jeast equal to two thirds of the semi-

bandwidth,

2y The modalation index m does not exceed unity,

£ The network is sufficiently selective to warrant the use of the arithmetic ™

Approsumation in its response equations: -

v I A G A W ORI O
2op \0y T oy

Fhese conclusions were applied to a single tuned network with results shown in
Fies 4 and A0 They agree well with the experimental work performed in the
laboratories of the Marconi Co. and also in U.S.AG,
[ is praposed to continue this work with two aims in view —
(1) To imvestigate the lincar and non-lnear distortion in band-pass filters for
Csmall 7 values of the modulation frequency p.
(20 To generalise the results for networks where the ' arithmetic ™ approxima-
tiom no longer holds,

(111)
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THE DISTORTION OF FM SIGNALS IN
PASSIVE NETWORKS

By R. H. P. CoLLinGs and J. K. SKWIRZYNSKI, B.Sc., A.R.CS.

The distortion of sinusoidal I' M signals in passive networks is examined and a new
method of treating this distortion is derived which compares Sfavourably with existing
methods. The results are applicable within a well defined region of network and signal
parameters. The method is applied to the maximally flat amplitude triple tuned circuit.

The resulls are exemplified by Tables and Graphs. Special attention is given to the

effccts of detuning.

Introduction

HE aim of this article is to present general results on the behaviour of
sinusoidally frequency modulated signals in electric networks. It is hoped that
this has been achieved completely within a certain range of the signal para-

meters; thesc are the modulation frequency and the maximum deviation frequency
in relation to the network parameters such as the mid-band frequency and the
bandwidth,

The results obtained are general in the sense that they can be applied to any
passive network,

Part T discusses the existing methods of attack, especially that due to Fry
and Carson™; a careful examination of these methods is given with special reference
to their drawbacks.

It will be found that the so-called “ quasi-stationary theory ” is in many ways
unreliable, especially from the point of view of the fundamental component of the
output signal,

Part 1T gives the derivation of theoretical formulae together with a thorough
ciscussion on the range of their applicability. The fundamental component and the
first four harmonics of the output instantaneous frequency are then given in terms
of a serics expansion in the modulation frequency and the modulation index. The
coefficients of expansion depend entirely on the network parameters. Since the
latter were obtained by expanding the network functions in terms of the frequency
deviation from the carrier, it was found necessary to investigate the possibility of
such a simple expansion for band pass filters which are not symmetrical about the
mid-band point. This forms the subject of Part IIT where a general table is given
converting the coefficients of expansion of a network function in terms of the ““ band

pass parameter
- (O] w
X=0Q(- — J")
O &)

to an expansion in terms of the frequency deviation 8w = « — oo This table also
includes the effects of a possible detuning.

Part IV contains a discussion of the maximally flat amplitude triple tuned circuit
(also called the * Butterworth » circuit). The distortion coefficients of this network
are given in a special table and the fundamental and harmonic distortions of the
output instantaneous frequency are plotted for a selected range of parameters. The

(113)
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detuning of such network shows here mterestlng consequences. Furthermore, the
distortion of the fundamental component is, for a “high Q" case, extended to
modulation frequencies up to the value of one-half bandwidth by means of results
obtained in the preceding article.

The final and fifth part of this article contains a comparison of our method with
those discussed in Part I; it is found that it agrees well with the results obtained
previously by Fry and CarsonV and by Stumpers®.

PART 1
GENERAL CHARACTERISTICS OF EXISTING METHODS

The problem of estimating the distortion of FM signals by linear networks has
received the attention of many eminent mathematicians and engineers; it was first
considered by Fry and Carson( in their classic article and since it has been followed,
up to now, by most other workers in this field, it will be useful to discuss their method
in some detail.

1.1. The Fry and Carson Method

In their paper® Fry and Carson deduce the following expression (29) for the |
output current / due to the applied e.m.f. as defined in their equation (25):

¢ |
I =FEexp(j wct+jf u dt) % (7 wg) Z 7 C Y™ ( ]w)} (29) ,
0

n=1

where Y(jo) is the transfer admittance of the network, «, is the carrier angular
frequency and u = p(#) is the variable part of the instantaneous angular frequency.

Expression (29) forms the basis of most of the work done on this subject by Iry
and Carson as well as by other authors. As I'ry and Carson remark, however, the
series in (29) may not be convergent and is very laborious to compute.

Actually the series in (29) is of asymptotic nature (as has been shown by
Stumpers; see Ref. 2 and Section 1.2.1 below) and diverges in most practical cases.
This is due to the peculiar structure of the operators C,,. Thus:

C=up Cy = — Jjup’ | — p”

Cy = p* — g1 Co=p — 67’ | — dup” — 3u® + ju'”

Fry and Carson then use the following approximation:—

. w—1Dn , _
Cn:.u“—J( 2) wout? o (p. 519)

which as we see includes only the first two terms in each C; i.e., in the above table
the terms which are to the left of the vertical dashed line.
Then (29) becomes:—

&
I = Eexp(jogt + Jj wdt) Y (jo, t)
0
where

Y (jont) = ¥ (5Q) + 7% v2(joy (16a)

(114)
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and where

Q) = o, + ul) (3)

The expression (16a) is of great importance in the further history of the problem.
Thus it is identical with the formulae used subsequently by Stumpers (Ref. 2),
van der Pol (Ref. 3) and hence by all authors following van der Pol.

Many writers have been content to take the first term only of (16a); this is the
so-called quasi-stationary approximation.” Some very useful results have been
obtained by means of this approximation but there has always been some doubt
as 1o the range of its validity. .

Irom inspection of the table of coefficients C,, we observe that the quasi-
stationary ”* term in (16a) includes only the first term of the expression for Cy
(i.e.. u™ while the second term in (16a) corresponds to the second term in the
A — 1)n
7

o w "% Both first and second terms include

expression for €, (l.e. —

distortion components and examination shows that the “ (uasi-stationary ”’ term
includes some distortion components cancelled by the components included in the
second term.  Ifurthermore, some of the remaining terms are again cancelled by
those parts of the expression for C, which are neglected in (16a). The use, either
of the * quasi-stationary " approximation, or of (16a) thus results in the appearance
of distortion components which would not be shown if the complete expression (29)
were used,

Ftis thus obvious that the “ quasi-stationary "’ approximation cannot give the
correct output/nput relation; in fact, it is only true for zero modulation frequency,
a rather trivial case.  Tor, let

<

u = Asin pt

where A - maximum deviation frequency,
p — modulation frequency.

Then the terms in the fivst column of the table of C, become proportional to
A AZ A% L AD

and are completely independent of p. This fact, of course, does not preclude the
output harmonics of the instantaneous frequency being functions of p, for if we
expand Y (7€) in a power series of the frequency deviation from the carrier, p will
appear there; such dependence, however, on the modulation frequency will not
necessarily give the actual magnitude of the harmonics and the fundamental,
especially of the latter.

Similarly, by including the second term in the expression (16a) we shall still
obtain an answer true only as far as the first order in P, the terms in the second

column in the table of C,, become proportional to
Ap. A%, A%p, LA,
One can thus state generally that the expression (16a) is only true as far as the first

power of p (see section 1.1.2).

I.I.1. The Fry and Carson “ Retarded Time " Formula
Fryand Carson include also in their paper a slightly modified approach, which,
however.is of great importance, as will be seen below They write

V{joe+jo) =Y (o, + jo) | e-i (33)
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where
¢ = 0T + o7 + B(w)
pO)=p(0) =0
and where < is the initial delay of the network.

tl
I =TI exp (y[‘ Q (7) (ir)
o 0
x [1-+ju'yY<7o%) > Q}cnu»] (35)
n =2

where " — ¢ — 7 is the “‘ retarded ” time, and
o° ) . .
Ty - 7'n("‘):-) ; { o Y (] Oy —}-]m) g-].@(w)}
dw, : R

This expression has a great advantage in that it presents the output current in
an easily interpreted way. An [FM signal when passed through a network will be
delayed by the amount 7 and also distorted; the distortion as seen from (33) is due
to the varying amplitude response of the network as well as to the non- linearity of
phase as e\pressed by 8.

It will be seen in the last part of this articte (p.134) that the “‘ retarded time
formula of Fry and Carson agrees completely with that derived by us in an entirely
independent way. |

It is necessary to stress the fact that the “ retarded time ” formula of Fry and 1-
Carson 1s the only one met up to now in the literature which allows the engineer
to obtain the required results without an excessive amount of mathematical labour.

We observe, however, that in (35) Fry and Carson do not include the  quasi-
stationary ~ admittance at all. It will be interesting, therefore, to consider how the
“ quasi-stationary ”’ admittance of a linear phase network reacts to a harmonic
I3 signal.

3y

1.1.2. Critical Test of the ‘‘ Quasi-stationary ” Approximation
Suppose that
Y (Jo) = g

Le., the network has a flat amplitude response and a linear phase response. Then,
from 1.1. (16a)
Y’(] Q) gj:«»(. e

Hence:
1

I = E exp {j wd 47 f wdt 4 jro. + _7'7.112

0

and the instantaneous frequencv becomes:

W = . + -+ ou'
or, when
u = A sin pt
w; = o, + Asin pt + % Ap cos pt

Thus, the amplitude of the fundamental becomes proportional to:

AV | o2 p?

(116)
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which is in complete disagreement with equation (35) of the Fry and Carson paper,
unless p = 0. The reason for this discrepancy becomes obvious if we remember that
Y (742) was obtained by Fry and Carson by including only the first terms of the
expression for €, (see p. 114) which are not sensitive in . .

This example shows directly how dangerous it is to use the *“ quasi-stationary ”’
approximation even for qualitative results for it would seem that the amplitude of
the fundamental would increase with the modulation frequency which, as will be
shown below, is not true; the amplitude of the fundamental would in this case remain
constant, independent of . This point is further discussed in section 5.2.

1.2. Prof. van der Pol’s Method.

In his paper on “ The Fundamental Principles of Frequency Modulation *®)
Prof. van der Pol derives the ** quasi-stationary ’ approximation in a somewhat
different way from Fry and Carson. The output current is given formally in an
operational form:

i(f) = exp {jcot + 7s (t + d;-{»-) } Y (jo) (36)

where
t
s(t) = Ao)f g(t) dt

and g(/) is the modulating signal. Expression (36) is deduced from the expansion
of a time dependent admittance which results in an asymptotic series. (See section
1.2.1. below.)

Considering only the first term of the expansion (38), Prof. van der Pol obtains
the quasi-stationary solution:

i(t) = exp (j f 0 dt) Y(5Q) (39)

which he defines as such when ““ the circuit is completely capable of following through
stationary states the variable frequency of the applied emf.” The solution (39)
thus represents a limiting case; but we have seen above (section 1.1.2.) that unless p
vanishes identically, an approximation like (39) may lead to erroneous results. Thus
Prof. van der Pol states that “in the quasi-stationary approximation the total
current signal (including its distortion) is completely “determined by the phase
characteristic of the admittance only, and is therefore—at least explicitly—
independent of the amplitude characteristic of the admittance.” Applying this
conclusion to the case treated above (section 1.1.2.) we again find that the output
instantaneous frequency deviation is increased by:

1+ 1 o® (Aw)? p?

whiere = is the initial group delay of the admittance. Moreover, Prof. van der Pol
states that the ** quasi-stationary *’ approximation is true provided:

pAo<< B (p.158)
where: B is equal to the 3 db bandwidth of the network.

~ Such a condition is rather misleading for it imposes no restriction on the value
of p alone but on the product pAw. We shall see below that Stumpers modifies
van der Pol's condition correctly (section 1.2.1.). It may be added, also, that in the

(117)




The Distortion of FM Szgnals in Passive Networks

Fry and Carson expansion discussed above, the “ quasi-stationary =’ approximation
is Intrinsically non-sensitive as far as p is concerned and van der Pol’s limiting
condition shows it perfectly.

Van der Pol discusses further the next term in his expansion, but since this is
included in the Stumpers’ formulation, it is better to describe it there.

1.2.1, The Stumpers’ Method.

The paper of Dr. I'. L. H. M. Stumpers on ‘* Distortion of Frequency Modulated
Signals in Electrical Networks ™ is the first critical contribution dealing with the
problem. Stumpers recognises the asymptotic nature of the IFrv and Carson series
and concludes that it is asymptotic in the sense of Poincaré when p—0.” Hence
the expression for the output current is expanded in terms of p and, what is still
more important, the range of the validity of the expansion is defined by two
conditions, one involving the product pAw (as in van der Pol’s paper), the other
involving p only (see p.86 of ref. 2).

The Stumpers’ expression is very simple to use especially when the power
expansion of the network function is given.

We shall discuss this method again in the last part of this article (p. 133) where
the Stumpers’ formula is compared with the Fry and Carson and our present
formulation.

PART 11

GENERAL DESCRIPTION OF THE METHOD

2.1. Theory
The input current is assumed to be:
Iin = Iy expijwet 4 jm sin po, 1! (2.1.1)
which can be expanded as a Fourler series:
Tin = Toexp (jont) > Jubm) exp (npen ) (2.1.2)
Let also: e
Z(0w) = M(w) exp {jo(w)! (2.1.3)

be the transfer impedance of a passive network. For the purpose of our analysis
we shall express the independent variable o in (2.1.3.) in terms of the modulation
frequency p wp of our input signal (2.1.1.) by writing:

W = Oy + }’l]') Wy (21'”

The output signal due to (2.1.1) expressed as the voltage on the output terminals
of the network whose impedance is (2.1.3) will be given by:

=]

E — Iyexp (joot) > Julm) M(npey) exp {jupont + jo mpo)!  (2.1.5)

n= —oo

The amplitude M and the phase ¢ of (2.1.3) can be expanded round the carrier
frequency as a series in the deviation from that {requency: the method of expansion
is discussed at length in Part III of this article. TFor the time being let us write:
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Mpoy) = > _ b (npey)® (2.1.6)
s=0

o(np o) = Z ag (np wg)® (2.1.7)
s=0

In most practical cases the coefficient 4, in (2.1.7), which represents the constant
phase at the carrier frequency, will vanish; the coefficient a; represents here the
initial group delay. It was already pointed out by Fry and CarsonV) (also see in
Part I of this article, section 1.1.1), that it is convenient to exclude this delay from
the analysis at this stage. This can be done by introducing the “ delayed time
of the output signal:

T =14 aq (2.1.8)
Then, substituting (2.1.6 — 8) in (2.1.5), we obtain
E = I exp {jo, (—a) + ja,} = (2.1.9)
where
E= > Julm) M(upoy) exp jupoy = + 4 (1pon)] (2.1.10)
and where: o
Y (npowp) = @ (npwy) — ag — ay npwy (2.1.11)

from (2.1.7).

It has been pointed out already in section 1.1.2 that an ideal network with flat
amplitude response and linear phase response should introduce no distortion beyond
shifting the time scale of the output signal by the amount equal to its delay. Thus
in (2.1.10), if we put:

M (npoy) = 1
Y (npwg) =0
we obtain:
= = exp {jm sin poy |
and:

E =1Iyexp {joy (v — ay) + jag + jn sin poy, =
as expected.
Returning to (2.1.10), consider the expansion of the product:

q

M (npey) exp ¥ (mpon)t= > dy (npon) (2.1.12)

3=0

where ¢ is a large but finite integer. The choice of ¢ will obviously be governed by
the number of terms sufficient to represent the impedance function within its passband
and also—still more important—by the algebraical and computational labour
involved in obtaining required results. In our analysis we have chosen ¢ = 6; it
will be shown in section 2.1.1 that such an expansion of the impedance function
covers well the required ranges of frequency deviation, without making the amount
of mathematical work prohibitive.

The coefficients d; are easily found as polynomials in terms of a; and b, the
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phase and amplitude coefficients of the impedance function respectively.
Hence substituting (2.1.12) in (2.1.10):

== Z Tulm) {Z d, (npwn)*‘»} exp (jnp wy 7) (2.1.13)
n= —x s=0

Before proceeding with the analysis further it will be necessary to show under
what conditions the series Z is an absolutely convergent one. The modulus of the
n'™ term of (2.1.13) becomes:

& = Julm) [dy+-d; (mpowg) + . . .. dg(np wp)9]

As n increases, while m is reasonably small, we can write: |

Tulm) = (4 |

n!

so that: |
& m {do +dy (npwy) -+ .. dy (1P wy)?
€noi 2n dy+dy (m—T1 poy) + . . . dy (n—1 p(oB)q} J
Hence: |

. tn om q -
Llrfll»co (‘in—l) o (1 + n) !

It follows that provided ¢ is finite, the above limit vanishes and thus the series
(2.1.13) 1s absolutely convergent for any finite ¢ and m. Note, however, that for a
given value of ¢, the maximum values of P and m must be appropriately limited as
explained in section 2.1.1.

Under these circumstances it is permissible to exchange the order of summation
in (2.1.13):

q

=1 4 { > Jalm) (npey)s exp (jnp(oBT)} (2.1.14)

5=0 n= —x

G

= Z (— ) d, (887)5 [exp jn sin p ey 7)) (2.1.15)
s=0
Now let:
exp (jm sin pwy7) = exp [78(x)] = v(x) (2.1.18)
where:
g(x) = msin pog = (2.1.17)

Thus, substituting (2.1.15, 16) into (2.1.9), we obtain the final formula for the
output voltage:

E =1Tyexp {joy (v — ay) + 74y -+ jmosin pagy iy (2.1.18)
where:
- . 1 (a3
X = ZO (—7)° ds {ym (a;) [y(r)]} (2.1.19)

In the expression (2.1.18) the first part of the product represents an undistorted
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output signal subject only to a constant delay, as on p. 15.  The second part, i.e., the
sum ¥, differs from unity to the extent to which distortion has been introduced by the
network.

Subject to the limitations introduced by the convergence proof above (i.e., finite
g), the output signal is completely specified by (2.1.18, 19).  In practical applications
the accuracy of the solution will be found to depend only on the extent to which the
transfer impedance can be represented in the form (2.1.6, 7) by a finite number of
terms.

2.1.1. Range of Applicability of the Formulae

We should note at this stage that for given value of ¢ as defined in (2.1.19) there
are further restrictions which must be imposed on the values of » and m owing to the
nature of the expansions described in section 2.1. and leading to (2.1.19).

As mentioned on p. 119 the choice of ¢ will be governed by the number of terms

sufficient to represent the impedance function of a given network within as large a

portion of the pass-band as possible

P without the necessary mathematical
labour being prohibitive.

It was decided by the authors

6

s to take the value of ¢ =6 which
in particular covers about 609,
] of the centre of the 3db band of

a conventional maximally flat
(Butterworth) triply tuned network.
24 For a given value of the modulation
index m = A|p we can easily find
the number of sidebands not ex-

e ceeding a certain small wvalue,

i 2 3 + s say 0-01 times the unmodulated

4 amplitude of the carrier. Assuming

Fic. 1 that further sidebands are not

Regions within which it is permitted to use the expansion significant we can find the maximum
(2.1.19) for g=06 value of the normalised modulation

frequency p for a given m (and
hence A) such that no significant sidebands will lie outside the limits + 0-6 of the
semibandwidth where our expression ceases to be valid. Fig. 1 shows the resulting
region of validity of p and A (shaded).

2.2. The General Expressions for the Instantaneous Frequency.

. The direct application of the expression (2.1.19) to practical problems involves
considerable labour; it is thus fortunate that the work can be reduced to quite
modest proportions by some further simple though tedious manipulations.

These consist of evaluating the network coefficients d, of finding the time
function appearing within the curly brackets of (2.1.19) in terms of harmonics of the

delayed input signal and of collecting the terms contributing to each individual
harmonic.  In this way we obtain an expression in the form:

L=exp (_4 +Jif) (2.2.1)
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where:
4 = Ylog {(Re %)? + (Im »)2| (2.2.2)
Im ¥,
— tan—! S 2.2.8
/S = tan {ReX; (2.2.3)

The quantity _4¢ in (2.2.1) represents the amplitude {modulation) distortion of
the output signal which will not be considered further in this analysis. The quantity
/S represents the phase distortion. The total phase of the output signal is from
(2.1.18), (2.2.1) and (2.2.3):

= wy (v — @) 4 ay + m sin poyr + £ (2.2.4)

This involves rather tedious multiplication of series like those in (2.2.1) and leads to
a result in the form
/. Cycos poys + S, sin PwyT
+ €y cos 2pwyt + S, sin 2wy~

™
o
.’1

This expression is directly applicable to phase modulation (see below); the
corresponding expression for frequency modulation, in terms of instantaneous
frequency, is found in the usual way by differentiating with respect to =

Q= wy+ A{(l + Hey) cos pogt - Hs,sin pogt
- Hcey cos 2pwp v + Hs, sin 2p gt (2.2.6)

where the harmonic ratios He,, etc., can be expressed in terms of the signal parameters
P and m and the coefficients of the expansions (2.1.6.7). These coefficients are
tabulated below up to and including the term s = 6 in these expansions.

We note that the phase coefficients C, S of (2.2.5) can be obtained from the
F.M. coefficients He, Hs using the following relations:

Hs, — npoyCy o nCn
mp wy m
(2.2.1)
He, — np oy Sy _ % 8.
mp oy m

Hep = =59 p% 4 [Tao + Taam¥ Py + [Teo | Team?® + Ty 1] PO

Hsy = [739 + w5 m?] p3 + (Ts0 + Tsam? -+ w5 m4] po

Hey = oy mp? + (o5 + oy m?] mp?

Hsy = oy mp® + [0, + Ogs M) mpt + [0 + cgam® + g5 mi] mps
Hey = g m*pt + [, + Geg M2 MPpS

Hsy = oo m*® + g5 - G54 7% MPPP

Hey = uyy m3pd

Hsy = g m®p* + [1gs + g m=] mdps
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where:
m =y T = — (@3 + aby); T = —1ay
T =% (20, —a3); =100+ biby, —2a3 —b3 —3 by by)
T = — (a5 + agby+ ag by + azbs); Ty = —3as
sy = —+(15a;+ 6a,0, + 17 azb, + 17 a3 —8aybf —9a, 0,0, + a, b3)
w0 = § (20 —2aya, —a3 —~2aya3b, —a3by)
s =} (30by —34aya, —124} —15a,a,0, —18a30, + 4by0, —150,b;
+ 8aZb? —b} + b3b, + 2D, by by —353)

T = 15 (30b —16aya, —9aj —14 by, —200,0; —60% + 2 b3

4 165, b, by + 12030, — 60303 — 663 b5 + 211 b,)
Gay = —dy; Oy =30y —Diby; oy = —(Tay+ 6azh + 6ay0, —ay %)
Gy = —a,; o3 = 15b; —14a,a; —6a3b; —b by —byb;

6y =1 (100 —Baya; —4byby —6b, b, -+ 20,03 + 36104 —b3b,)
= —1(98a, —144a3 + 90 a;b, + 90 a, by + 90 azby + 90 ay b,
—6ay0,b, —3a,03 —3a,b7 —6ay b by)
6oy — —L(60ag —4ad + 30a;0; + 48a,0, + Sdayb; + 48a,0,
—-36a5b by —12a,03 —3a,bt —18a,b7 —30a,0, b,
+ 903 ay + 18 ay 07 D,)

1

Cgs — 16 %6

Dys = Tap. Pga = OTae; @2 = —i (25a; + 184, by + 21 ayby + 21 a, b, ‘

—9a,b,by, — 6ayb} + a,13)
3 b R < I

Psa = 2 V51, Pe1 T T Ve

Ggs = + (270 ag —246 aya, —126 a3 —279a, a5, — 102a3b, —24 b, b, -
+ 45b, b, —18a3b} — 9b3 + 6by by by —3 b by + 03)

tas = 5 0y g3 = Osa; Mgy = 3 Tes

he — — L (45a; —2ad + 20a;b; + 32a,by —30 a3, by + 32a,b, + 34 a3 0y

—18a, b3 —a, b} + 124,020, —10a, b3 + Bazb} —28a,0,1y)

The practicability of this method of analysing the distortion depends of course

on being able to express the amplitude and phase characteristics of the network

in terms of the coefficients a, b of (2.1.6, 7). In Part III we shall develop a method
for evaluating these coefficients for a large class of important networks.

PART III
THE EXPANSION OF THE IMPEDANCE FUNCTION

Most passive networks used in FFM transmission are band-pass filters such
that their impedances can be expressed in terms of the “ band-pass’ parameter.

X:Q(?" —‘”0) (3.1.1)

w,
TFor example, the impedance of a single tuned circuit can be written
Z(X) = (1 + X¥ texp (j tan™t X) (3.1.2)
and expanded in the form (2.1.6, 7)
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MX)—1-} X2+ 38X ... (3.1.3)
o(X) =X —FXP+ X5 .. (3.1.4)

However, to use the method described in (2.1) for the calculation of distortion,
the expansion required must be in powers of w—w,= npw,. To facilitate this we
shall now develop a general method such that if the expansion in X can be obtained ‘
for any particular network, the corresponding expansion in npws= du can be |
determined immediately (rom tables. I
The expansion will be made in such a way that the effects of mistuning can be I
readily determined. To this end we shall write |

15 N 14w o A K4 20 92 _
X =0 (‘”o co) Q( o 1+ '1}) =0 a (1 + o) (8.1.5)

when:

dw dow 1
S S K 1 2
v 2(.)B.Q,1—1+6, K =1 o (3.1.6)

Wy

and o is the mistuning factor, i.e. the centre frequency is taken as oo, rather than ¢,
We can expand (3.1.5) in terms of the *“ small parameter ” -

X = = {K +2-K)v — (1 — K) Z (=) v } (3.1.7) H

1
0

0 <— . 1 — .07 /305 .
VI-K £S5 T VL E & (con) A

Similarly, any power of X can be expressed as:

1 = Es O % [ Sw\»
T 1 R @
3P = e E "y (0)B> (3.1.9) |

Consider now either the phase or the amplitude of an mmpedance function ; these

can be represented as:
o(X) =d,+ A, X + A, X2 . ..

(3.1.10)
MX)=1+MX+ M, X2
The expansions required, i.e. in powers of (bw) are in the form
Wy
dw dw dw\?
Q(‘“B) a0+ﬂl(0)n>+az<")ﬁ) o |
(3.1.11)

M(M')) — by + by (b‘”) + b, (8_‘”) :
Wy [OT Wpg

Hence, comparing the coefficients in (3.1.1 1) and (3.1.10) and using the expansion
(3.1.9), we find:

I S g Sy . |
@, 72" Z (I_K)sgl.srAs, by == 5 ZO (1_1{)52 o D, (0.1.12) |

=)

Y

5=0 $=
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so that the coeflicients required when calculating distortion from (2.2.6) are obtain-
able using (3.1.12).  To avoid the considerable labour involved, Table I has been
prepared using (3.1.12) so that the a, and b, coefficients may be read directly.

In Table I the coefficients I'; are the A, or M, (ie., the phase and amplitude
coefficients, in the X-expansion) of (3.1.10). The successive rows represent a, or

b, associated with a given power of (ow). In the preparation of Table I we have
oftt

neglected the nonlinear terms in /' (see 3.1.6) since in most practical applications

It should be observed that even il coefficients of powers of X in (3.1.10) higher
than the sixth are included in the analysis, their inclusion would not modifyv any of
the coetficients evaluated in Table 1.

EExamination of Table I shows that the most significant terms lie either on the
main diagonal or immediately to the left and to the right of the diagonal terms.
Those on the lelt (proportional to Q') are more important in wide-band work, while
those on the right (proportional to the detuning factor v ~~ — 208, where o — 1 - 3)
are more important in narrow-band work where the effects of mistuning are
particularly serious.

PART IV

APPLICATION
1.1. General Procedure of Using the Method
As an example of the technique described we shall evaluate the distortion intro-
duced by a maximally-flat triple tuned circuit.
In the interest of simplicity we shall impose the following restrictions:
0 =3; |4 208 | < 0.2; 3] < 0.01
p<08; Aw< 0.3 (4.1.1)

In spite of these restrictions it will be found that the resulting formulac have con-
siderable practical value.
IFor the maximally flat triple tuned circuit.

M(X) -1 }Xs

o(X) 2X — P N3 - 2 Ne (4.1.2)
Using the values in Table [ for the coefficients in (4.1.2) the a,, by coefhicients
are found to have the approximate values shown in Table II. This table also shows
the maximum numerical values of the coefficients a., b, when the restrictions of
(4.1.1.) apply.
Substituting from Table IT into (2.2.6), the distortion formulae of Table III
are obtained. In deriving these formulae only those terms have been retained which
are necessary for the formulae to be accurate to within about -+ 3 db.

4.3. Maximally Flat Amplitude Triple Tuned Circuit

The tvpe ol network considered here, namelv the maximally flat amplitude
triple tuned circuit, is of great practical importance in FA/ engineering because of
comparatively easy tuning, good value of the gain-handwidth product and relative
simplicity of construction.

(126)
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TABLE I1

Approximate Forms of the coefficients a; and b, for the Maximally Flat Triple
Tuned Circuit.

Magn. of Coeft.
Coeff. Algebraic Form | .
Low @ High Q
g ) 4 (30)? — 2 _2.16
ol a 1/20 1250 0-25 104
~n
) ay —1/3 —16 (80)2 —0-33 —1-0
0 e i
&)
= a, 1/4Q +435 0 0-12 108
a —2/5 —0-40 —0-40
g 120 0-25 0
< 30 (50)2 0 _12
0N
[\P)
& by 630 0 +1-2
=3 1o 05 —0'5
g

NB. by =by = by =0

IFrom (4.1.2.) we see that the amplitude response of this network decreases as
1 —4$X® near the mid-band frequencyv; we should thus expect the distortion of the
fundamental component of the output signal to be negligible. The actual value of
the fundamental distortion is so small for low values of ), as to make impracticable
any closer investigation. This can be seen immediately from the values of the
coefficients He; and Hs, in Table III. For higher values of Q, the amplitude and
phase of the fundamental component of the output follow the static expressions
with small though significant deviations; this subject is discussed more fully in the
next paragraph 4.3.1.

Considering the second harmonic, the second term for Hs, in Table III
1s —238() m p?, as in the case of the single tuned network (see 4.2.3). Hence, to the
first, approximation, the amplitude of the second harmonic of the output signal is:

9] N
— 803 A 9;]3' 68

Oy’

(4.3.1)

where A {0 = maximum angular [requency deviation.

P = modulation angular frequency.

w, = carrier angular frequency.

3w = detuning angular frequency.
(1297)
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The Distortion of FM Signals in Passive Networks

This expression is only valid for large values of Q. For p >0-2 the next term
in Hs, becomes significant. Under these circumstances:

3 9 D2 )2
HZ':,—SQ*%?"? (1+5P 4 ) (4.3.2)
0

%

The third harmonic component can likewise be seen to be identical (as far
as the first approximation is concerned) with that derived for the single tuned
circuit (see 4.2.5 and Table III).

TABLE III.

Algebraic Forms of the coefficients for the Maximally Ilat Triple Tuned
Circuit.

2< 0 <20
30 < 0-2
Fundamental | He, — (3Q)? (32 + 47 m?) p*
! i
| 1
| Hs, } 12 [1 + 48 (8@)2] (4 4 3 m?) p3
|
()
Ind Harm. | g {é [é + 298 (3@)] +i [é + 64 (SQ)] m2§ ps
I . , 11 \
Hs, ‘ AN + 4 (6Q)] mpr— 1 [Q -+ 16 (6Q)] (7+m2) mp¥]
3rd Harm. Heg 1’ — 141 (3Q)% m? p*
1
Hs, l % [1 448 (3@)2] m? p3
4th Harm. | N
arm i He, | é [% -+ 64 (SQ)] m® p3
[ 1T
Hs, f —3 [Q + 16 (SQ)] m® pt

In Fig. 2 are plotted the amplitudes of the second and third harmonics against
the Q of the circuit for various values of the maximum deviation frequency normalised
with respect to the carrier-frequency. The values of Alw, were again taken as:
-001, -002, -005, -01, -02. _All these curves are plotted from expressions derived in
Tablf} }{II. These expressions are accurate as far as the p* term.

e curves in Fig. 2 are grouped in three rows corresponding to th 1
of the modulation index. P P § 10 e e
m=05,10 15
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The Distortion of FM Signals in Passive Networks

Furthermore, the second harmonic distortion is divided into three graphs fo; each
value of m, corresponding to the positive detuning of

3 =0, 0-002, 0-01
It is seen that the positive detuning does not decrease the distortion here. In fact

quite the opposite occurs, especially for large values of (, where the second harmonic
distortion for 19, detuning may be as much as 20 db greater than in the tuned case.

T

Pain'a/ADANE

2

-100] ’// 001 ) / e f/\/< [ / | !

pana Nl |

p 7 T
=110 / \ \/ = -110 /\( / i

VIR | R
= 2 4 ) \ Ilz 16 o!—> R 120 2 4 ) 12 I8 'QL 20
(a) ®)
Fic. 3

Mascimally flat triple tuned circuit.  Second harmonic distoriion Jor negative detuning

(@) 8 = +o'002; (b) 3 = 4001

This effect is not symmetrical, as for a negative detuning, a characteristic dip
occurs in the distortion curves. In Figs. 3a and 3b we have shown the effects of
negative detuning for the case of m — 1. In all cases the curve for positive detuning
lies above the corresponding curve for negative detuning.
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In Fig. 4 is shown the amount of negative detuning corresponding to the
minimum second harmonic distortion as a function of Q of the network. This value
of & is not well defined as can be seen in IFig. 3a where the minima do not correspond
to the same value of ().

4.3.1. Distortion of the Fundamental Component over the Pass Band

Some work has been done previously by one of the authors (see preceding article)

on the distortion of that component of the output voltage which is of the
fundamental modulation frequency.

o7 The analysis was applicable to
filters with symmetrical charac-
teristic about the carrier, l.e. {or
06 sufficiently high @ so that the
“band-pass parameter ”’ X becomes
proportional to the frequency
deviation. Moreover the analysis
"05 could be managed only for a
small number of sidebands; this
necessarily limited the range of
applicability of this method to
values of the normalised modulation
frequency p which were high enough

‘04

o3 to make m — —=> sufficiently small.

In particular the method
was applied to a maximally flat
‘02 amplitude triple-tuned circuit for
which the frequency response is:

M(X) = (1 + X8~ (4.3.1.1)

: 2X — X*
¢(X) = — tan™ ;W

(4.3.1.2)

3 8 ) 10 20 The range of the normalised
modulation frequency taken was
Fic. 4 06 < p < 1:0 while the maximum
Masxcimally flat triple tuned circuit.  Amount of negative deviation frequency A was varied
detuning for mininmm second harmonic distortion from 0 to 1-0 (see pp. 106-110
in ref. 4). It was found then that
the amplitude and phase distortions of the fundamental component of the output
Instantaneous frequency follow very closely the static response curves (see Fig. 9
and 10 in ref. 4).
~ The method of analysis discussed here, is, on the other hand, especially applicable
for small values of p and thus it is of some interest to see how the results of the
two methods fit each other over the pass band. In Fig. 5 we see the amplitude
dlstortlon.curves together with the static selectivity curve (corresponding to A = 0).
The full lines on the right (large values of p) give the distortions obtained by the
method used in ref. 4; those on the left (small values of ») give the distortions obtained
by the method used here. Remembering the limits of the applicability of both
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methods (see pp. 119 and 121) it is easy to join the two sets of curves for the smaller
values of the maximum deviation frequency A (i.e. 0<< A < 0-6). The continuous
curves, including the dashed portions of the middle give the fundamental distortion
over the whole of the band. For higher values of A (> 0-6) the joining of two sets of
curves becomes more problematical because of the limited range of each of the
two methods.

“sMALL VALUES OF p. . "LARGE' VALUES OF p.
p — 02 04 E 06 o8 -0
a ;
* :
o2 1 \ :
l ] : | ] I
N, 1
|
o4 |
| L
| | |
A
|
o6 !
J |
1 I ! l 4
|
/ ______ -
o8
L | | |

,_’_._\L\__p‘_u__ui L ‘ \

THE THICK LINES REPRESENT THE SEM1! «- BANDWIDTH
Frc. v
The sideband distribution

Fig. 6 shows the two similar sets of curves joined together and representing the
relative phase of the fundamental, where:

Prel = —Pstatic T Protal 1T 27 (4313)

where g, = the static phase characteristic of the network.
Protal = the output phase characteristic of the fundamental.

Returning to Fig. 5 we observe a definite maximum of the amplitude distortion
for values of p between 0-4 and 0-6 of the semi-bandwidth. This phenomenon can
be explained by considering the sideband distribution associated with given values
of pand A. In Fig. 7 we see the relative amplitudes and positions of the upper
sidebands for given values of p and A, the semi-bandwidth being represented by the
thick lines. The values of p and A which can be treated by the analysis used in
ref. 4 are associated with the sideband distributions above the broken line; the
dotted vertical line divides  large ” values of p (treated in ref. 4) from * small ”’
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values of p. It will be observed that as we move in the direction of the arrows more
and more of the significant sidebands are shifted to the regions of the passband
where the approximation due to taking ¢ = 6 in 2.1.12 results in significant errors
(l.e. p and A > 0-6).

Iig. 6 also shows that the relative phase characteristic behaves in a similar way.

PART V

COMPARISON OF THE RESULTS OBTAINED HERE WITH
OTHER METHODS

5.1. Standards of Comparison

In Part I of this article we have discussed the powerful method introduced by
Fry and Carson and subsequently developed by Stumpers. We have seen there
that the  quasi-stationary ”’ approximation taken alone will give misleading results
especially when applied to that part of the recovered signal which is of the fundamental
modulation frequency (see section 1.1.2).

It will be useful now to compare the results obtained in Part IV with the results
which would be obtained in similar conditions by Stumpers and by Fry and Carson
using their ““ retarded time " formula.

We shall thus consider a network whose phase and amplitudes are expanded

in terms of (Sw

Wp
to the cubic term inclusively.

Thus:

) as explained in Part III. The expansion will be carried out only

9 (Qw) =a; dw + a, (8w)? + a; Bw)3 (5.1.1)
M (o) =1+ b, (8v) + by (30)* + by (Sw)?

It is important here to state briefly the criterion by which a method of evaluating
the response of a network to a harmonic FM signal can be tested. In section 1.1.2
we have seen that the “ quasi-stationary ” approximation fails as far as the funda-
mental component of the output signal is concerned. The obvious test will thus be
to see whether this fundamental follows the static response of the network for
vanishingly small values of the modulation frequency p.

We have seen this to be the case in the previous part of this article. Morcover,
in the case of the maximally flat triple-tuned circuit the fundamental output never
deviates considerably from the static response within the whole of the pass-band
(see section 4.3 and ref. 4).

The examination of (5.1.1) will show that for networks whose amplitude response
1s an even function of the frequency deviation S, the most important coefficients
are a; in the phase expansion and b, in the amplitude expansion.

The coefficient a; will cause the whole of the signal to be delayed by the time
equal to a,, since it represents the initial delay; the coefficient &, will thus be decisive
as far as the distortion is concerned and in particular the fundamental part of the
output signal should, for vanishingly small values of p, follow the expression:

Remembering that b, is always negative for band-pass filters, it is clear that the
output at fundamental frequency will diminish as p increases.
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5.2. The Stumpers’ Method.
The formula of Stumpers is given in ref. 2, equation 16a. It is easily seen that
if the input frequency is given by:
= w;4+ Asin pogt (5.2.1)

the two terms in curled brackets of (16a) are respectively of orders p® and, Pt We
shall only consider here terms up to $°® and thus we can write Stumpers’ formula
(16a) as:

jwll
wy =l (pogt) + po B + p* l:% " (@'2 i )] .. (5.2.2)

Here, from (5.1.1): 5 4 .
"= 2 )
v R e D) (5.2.3)
M"= 2b, + 6b;

Note that the dashes here refer to differentiation.

After some manipulation, we obtain formulae corresponding to those given in
Table II:
Hs; =1 + w3 p?
Hep =i p + v m2 p°

Hs, = o, mp? (5.2.4)
Hey = o5 mp?®
Hey = — 75, m? p®

where:
T =% (20, — a,?)
T =& Oy1 — dy (5.2.5)
9 =3%a G§1=2ala2+bﬁ~&

If we compare (5.2.5) with the coefficients obtained by our method we observe that
they are identical as long as a, = 0; since the underlined coefficients are those
obtained by us by the method described in Part II.

We see thus that as far as the 2nd and 8rd harmonics are concerned, Stumpers
agrees with us provided that the first order approximation is taken: we have seen
in Part IV that this approximation is quite sufficient for many practical applications.

Equally, for the fundamental, we can write approximately:

Hsp =1+ 15 p?

(5.2.6)
He, = T1o ?
VHs T (Hal = V1T @+ 0 52
= VI F2, 52 (5.2.7)

as required.

Hence, the Stumpers formula agrees completely with that obtained by us as
far as the first approximation is concerned. Moreover, expression (5.2.7) shows
exactly where the ““ quasi-stationary approximation fails in neglecting further
terms. By assuming that tjy = 0. i.e. by neglecting the 2 term one obtains a rising
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amplitude response of the fundamental, whereas in fact this coefficient cancels out
with the corresponding one in the 2% term leaving only the part depending on the
static amplitude response, as required.

We have thus shown that it is a dangerous procedure to use the ‘“ quasi-
stationary *’ approximation, since (as this has been shown in pp. 114 and 115, and in
section 1.1.2) although this approximation will in general give the fundamental,
component as a function of p, such dependence is completely misleading. This
is due to the way in which the ‘ quasi-stationary "’ approximation picks out the
terms in the power expansion of the output signal (see p. 115).

On the other hand if one has to use the “ quasi-stationary ” approximation,
the only way one can arrive at a reasonable result is to change the time scale as in
(2.1.8). This leads us to the “ retarded time " formula of Fry and Carson, but this
is no longer ‘“ quasi-stationary *’ in form.

[t is interesting to note that in a recent article on the same subject, R. G.
Medhurst® comes to similar conclusions (see pp. 173, 175 of ref. 5) stating that
‘“ the constant part of the group delay (i.e. ) should not affect the distortion”’. This
is certainly the case, although not for the reasons stated by the author, as can be
seen {rom the above discussion.

The Fry and Carson ‘‘retarded time ” formula (35) is however much more
involved to use especially if one tries to obtain the output instantaneous frequency ;
this requires evaluating the inverse tangent of the complex expression which is
rather laborious. Stumpers expression (16a) gives the instantaneous frequency directly
and is thus of much greater practical importance.
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